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KANTOROVICH DUALITY FOR GENERAL
TRANSPORT COSTS AND APPLICATIONS

NATHAEL GOZLAN, CYRIL ROBERTO, PAUL-MARIE SAMSON, PRASAD
TETALI

ABSTRACT. We introduce a general notion of transport cost that
encompasses many costs used in the literature (including the clas-
sical one and weak transport costs introduced by Talagrand and
Marton in the 90’s), and prove a Kantorovich type duality theorem.
As a by-product we obtain various applications in different direc-
tions: we give a short proof of a result by Strassen on the existence
of a martingale with given marginals, we characterize the associ-
ated transport-entropy inequalities together with the log-Sobolev
inequality restricted to convex/concave functions. Some explicit
examples of discrete measures satisfying weak transport-entropy
inequalities are also given.

1. INTRODUCTION

Concentration of measure phenomenon was introduced in the seven-
ties by V. Milman [14] in his study of asymptotic geometry of Banach
spaces. It was then studied in depthy by many authors including Gro-
mov [31, 30], Talagrand [59], Maurey [12], Ledoux [35, 10], Bobkov
[6, 11] and many others and played a decisive role in analysis, proba-
bility and statistics in high dimensions. We refer to the monographs
[36] and [15] for an overview of the field.

One classical example of such phenomenon can be observed for the
standard Gaussian measure v, on R™. It follows from the well known
Sudakov-Tsirelson-Borell isoperimetric result in Gauss space [58, 11]
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that if Xy,..., X, are n iid random vectors with law ~,, and f :
(R™)" — R is a 1-Lipschitz function (with respect to the Euclidean
norm), then

(1.1) P(f(X1,..., Xp) >m+t) <e /0y > g

with ¢ = 1 and t, = 0, and where m denotes the median of the random
variable f(Xi,...,X,). The remarkable feature of this inequality is
that it does not depend on the sample size n. This property was used
in numerous applications [30].

The standard Gaussian measure is far from being the only example of
a probability distribution satisfying such a bound. In this introduction,
we will say that a probability p on some metric space (X, d) satisfies
the Gaussian dimension-free concentration of measure phenomenon if
(1.1) holds true, with a constant a independent on n, when the X;’s
are distributed according to p and f is a function which is 1-Lipschitz
with respect to the distance dy defined on X" by

n 1/2
dg(flf,y) - lz d(zz>yz)2] s T,y € X",
i=1

This is also equivalent to the following property: for all positive integers
n, and all Borel set A C X™ such that p™(A) > 1/2, it holds

(1.2) pH(A) =1 — e Y0y >
where A; = {y € X" : Jz € A dy(x,y) < t}.

For instance if p is a probability measure on R™, or even more gen-
erally on a smooth Riemannian manifold M equipped with its geodesic
distance d and has a density of the form e, where V is some smooth
function on M such that the so-called Bakry—Emery curvature condi-
tion holds

(1.3) Ric + Hess V > K1d,

for some K > 0, then the Gaussian dimension-free concentration of
measure phenomenon holds with the constant a = K (a direct proof
can be found in [30]).

Another very classical sufficient condition for the Gaussian concen-
tration of measure property (1.1) is the Logarithmic Sobolev inequality
introduced by Gross [32] (see also Stam [55] and Federbush [21]). If,
for some C' > 0, u satisfies

(1.4) But, (/%) <2C [ IV dp,
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for all smooth functions f : M — R, then it satisfies (1.1) with a = C
(a proof of this classical result due to Herbst can be found in [36]). We
recall that the entropy functional of a positive function g is defined by

Ent,(g) = [ glog (fjdu) dpu. Condition (1.4) - denoted LSI(C') in the

sequel - is less restrictive since, according to the famous Bakry—Emery
criterion (1.3) implies (1.4).

It turns out that Condition (1.4) can be further relaxed. Indeed,
in [61], Talagrand introduced another remarkable functional inequal-

ity involving the Wasserstein distance W5 defined, for all probability
mesures (1, v on M by

(L5) Wip) = inf EIE(X, V),

where the infimum runs over all pairs of random variables (X, Y'), with
X distributed according to p and Y according to v. A probability mea-
sure y satisfies Talagrand’s transport inequality Ts(D) for some D > 0,
if

(1.6) W3 (v, n) < 2DH (v|p),

for all probability measure v on M, where H(v|u) denotes the relative
entropy defined by H(v|p) = Ent,(h), h = dv/dp if v < p (ie., v
absolutely continuous with respect to p) and +oo otherwise. A nice
argument first discovered by Marton [39] shows that (1.6) is a sufficient
condition for the Gaussian demension-free concentration property (1.1)
with @ = D. One crucial ingredient to derive dimension-free concen-
tration from T is the tensorization property enjoyed by this inequality
(the same property holds for LSI): if u satisfies To(C'), then for any
positive integer n, the product measure " also satisfies To(C'). Con-
dition (1.6) is again an improvement upon Condition (1.4) since it was
proved by Otto and Villani [17] (see [7] for an alternative proof and [27]
and the references therein for extensions to more general spaces) that
(1.4) implies (1.6) with D = C. It was then shown by the first author
[22] that Condition (1.6) was not only sufficient but also necessary for
Gaussian dimension-free concentration. More precisely, if (1.1) holds
true with some a (and all n), then p satisfies T (a).

One of the main motivations behind this work, and a few satellite
papers by the same authors and Y. Shu [29, 54, 28], is to understand
what can replace each term in the chain of implications:

(1.3) = (1.4) = (1.6) & (L.1)
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in a discrete setting (for instance, when the space is a graph, finite or
otherwise).

While several useful variants of the logarithmic Sobolev inequality
are well identified in discrete (involving different natural discrete gradi-
ents, see e.g. [50, 12]), the other terms are far from being understood.

After the works by Lott-Villani [38] and Sturm [57] extending (1.3)
to non-smooth geodesic spaces through convexity properties of the en-
tropy functional on the space of probability measures equipped with
the Wasserstein distance W5, the question of generalizing the Bakry-
Emery condition in a discrete setting attracted in recent years a lot of
attention. We refer to the works by Ollivier [15], Bonciocat-Sturm [13],
Ollivier-Villani [16], Erbar-Mass [20], Hillion [33] and the work [29] by
the authors for different attempts to give a meaning to the notion of
“discrete curvature”.

In the present paper, the focus is put on the rightmost terms of our
chain of implications: namely, our purpose is to find out what type
of dimension-free concentration results we can hope for in a discrete
setting and what type of transport inequalities can be related to it. At
this stage, it is worth noting that, unfortunately, Talagrand’s inequality
is never satisfied in discrete (except of course by a Dirac mass). For
instance, it is proven in full generality in [27], that if 4 is a probability
measure on a metric space (X, d) which satisfies T, then its support is
connected. It follows from the equivalence (1.6) < (1.1), that Gaussian
dimension-free concentration is also never true in discrete.

One thus looks for a transport-cost sufficiently weaker than W2,
to allow discrete measures to satisfy the related transport inequal-
ity, but sufficiently strong to make the transport inequality stable un-
der tensor products. A natural candidate would be the W; distance:
Wi(v,p) == inf{E[d(X,Y)] : Law(X) = p,Law(Y) = v}. Although
transport inequalities involving W instead of W2 (the so called T,
inequalities) make perfectly sense in discrete (see Bobkov-Gétze [8],
Djelout-Guillin-Wu [1&], Bobkov-Houdré-Tetali [9]), these inequalities
tensorize only with a constant depending on the dimension! So the W}
distance does not fulfill the second requirement.

The present paper is devoted to the study of a family of weak trans-
port costs, one typical element of which is the following weak version
of the cost W2 defined as follows. If y and v are probability measures



KANTOROVICH DUALITY FOR GENERAL COSTS AND APPLICATIONS 5

on a metric space (X, d), one defines the weak cost T3(v|u) as follows
- Ny )
Ta(vin) = inf E|Ed(X,Y)|X]?]

where again the infimum runs over all pairs (X, Y") of random variables
such that X follows the law g and Y the law v. Jensen inequality
immediately shows that

Wi (v, 1) < Ta(vlp) < W3 (v, p).

Two weak versions of Talagrand’s inequality are naturally associated
to this cost: a probability pu is said to satisfy T5 (C') for some C' > 0 if

Tao(ulv) < CH(v|p), W
and to satisfy T3 (C) if
Towlp) < CHW|p), o

Since 75 is not symmetric these two inequalities are not equivalent in
general. Both are of course implied by the usual Ty(C') inequality.
As we shall see in Theorem 5.1, which is one of our main results, a
probability measure p on X satisfies the two inequalities T3 (C) for
some C' > 0 if and only if it satisfies the following demension-free
concentration of measure property: for all positive integer n and all set
A C X" such that p™(A) > 0, it holds

~ 1 2
1.7 p(A) >1— ——e /P >0,
for some D related to C. In this concentration inequality the enlarge-
ment A; of A is defined as follows

Ay ={y e X":3p e P(X") with p(A) = 1 such that

n 2
> ([ dlas ) pldn)) <2,
i=1
where P(X") is the set of all Borel probability measures on X". Taking
p = 0, with z € A, we see immediately that A; C A; and therefore
(1.7) is less demanding than (1.2).

Before going further into the presentation of our results, let us make
some bibliographical comments on these weak transport costs and on
the concentration property (1.7). First of all, this way of enlarging sets
first appeared in the papers [59, 60] by Talagrand, in the particular case
where d(z,y) = 1,4, is the Hamming distance (see [59, Theorem 4.1.1]
and [60, (1.2)]). It was shown by Talagrand that any probability mea-
sure p on a polish space X satisfies the concentration inequality (1.7)
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with some universal constant D (and with the Hamming distance).
This deep result known as Talagrand’s convex hull concentration in-
equality has had a lot of interesting applications in probability theory
and combinatorics [59, 36, 2]. The result was given another proof by
Marton in [41], where she introduced (again with d being the Ham-
ming distance) the weak transport cost 73 (denoted dy in her work)
and proved that any probability measure p satisfies

Ta(lve)"* < H (i |1))""? + (2H (va|p)?,

for all probability measures v, 5. Then she proved the tensorization
property for this transport inequality and derived from it, using an
argument that will be recalled in Section 5, Talagrand’s concentra-
tion result. A similar strategy was then developed by Dembo in [16]
in order to recover the sharp form of other concentration results by
Talagrand involving a control by ¢ points. Finally the third named
author extended in [51] the tensorization technique of Marton to some
classes of dependent random variables. In [53] he improved Marton’s
transport inequality to recover yet another sharp concentration inequal-
ity by Talagrand (discovered in [60]) related to deviation inequalities
for empirical processes. Besides the Hamming case, almost nothing is
known on the inequalities T5. Note that Marton’s result shows at least
that any probability measure on a bounded metric space (X, d) (for in-
stance a finite graph equipped with graph distance) satisfies T3 (C)
for C' = 2Diam(X), but the optimal constant C' can be much smaller.
Note also that if our primary motivation was to consider these inequal-
ities on discrete spaces, the continuous case is also of interest since the
inequalities TQi could be a good substitute for probability measures
not satisfying the usual T5. The aim of the paper is thus to provide
different tools that can be useful in the study of these weak transport
cost inequalities and to exhibit some new examples of such inequalities
(mostly on unbounded spaces).

The main new tool we introduce is a version of the Kantorovich
duality theorem suitable for the weak transport cost 75. Actually this
duality result holds for a large family of transport costs that we shall
now describe. To each cost function ¢ : X x P(X) — [0,00], (where
P(X) is the set of Borel probability measures on X) we associate the
optimal transport cost 7. defined, for all probability measures u, v on
X, by

(1.8) Telvl) = inf [ e(e,p.) pu(do),
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where the infimum runs over the set of all probability kernels p : X —
P(X) : © — pg(-) such that up = v. Note that the usual cost
W2 corresponds to ¢(x,p) = [ d*(x,y) p(dy) and the weak cost T3 to
c(x,p) = ([ d(z,y) p(dy))*. Under some easily satisfiable technical as-
sumptions on ¢ (an important one being that ¢ be conver with respect
to its second variable p), we prove in Theorem 9.5 that

Tevli) = sup { [ Repla) ulda) = [ () viay) }.

where the supremum runs over the set of bounded continuous functions,
and

R.p(x) _pel'lgl(fX {/gp p(dy) + c(z, p)} r e X.
Note that, when ¢(x, p) = [ d*(x,y)p(dy), then R.p(x) = inf,ex {o(y)+
d*(z,y)} and the result reduces to the classical Kantorovich duality for
W3 (see e.g. [63, 64]). Up to our best knowledge, this class of cost
functionals has not been considered before in the literature on Optimal
Transport but we think that it may find interesting applications in this
field. For example, denoting by T, the weak cost associated to the
cost function ¢(x,p) = ||z — [y p(dy)||? defined on R™ x P(R™) where
| - || is some norm on R™, it turns out that the duality formula for
T immediately gives back a well known result by Strassen [56] about
the existence of martingales with given marginals. This is detailed in
Section 3.

The paper is organized as follows.

Section 2 introduces a general definition of optimal transport costs
and presents in detail three particular families of costs (all variants of
Marton’s costs T defined above) which will play a role in the rest of
the paper. In particular, we state a Kantorovich duality formula for
each of these transport costs.

Section 3 is dedicated to the proof of Strassen’s theorem on the
existence of martingales with given marginals.

Section 4 introduces the general definition of transport-entropy in-
equalities (involving general transport costs of the form (1.8)) and
presents their basic properties such as their dual formulation and their
tensorization.

Section 5 deals with the links between concentration of measure and
transport-entropy inequalities. We recall in particular the argument
due to Marton that enables to deduce concentration estimates from
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transport-entropy inequalities. We also extend to this general frame-
work a result by the first author and show that in great generality
demension-free concentration gives back transport-entropy inequali-
ties. In particular, we give a characterization (in terms of a transport-
entropy inequality involving the cost T, defined above) of demension-
free Gaussian concentration (1.1) restricted to Lipschitz convex (or
concave) functions.

In Section 6 we recall the universal transport-entropy inequalities
developed by Marton [41, 40], Dembo [16] and Samson [52, 53] in order
to recover some of Talagrand’s concentration inequalities for product
measures. We take advantage of our duality theorems to revisit and
bring some simplifications in the proof of [53].

In Section 7 we study the examples of Bernoulli, Binomial and Pois-
son laws and prove some sharp transport-entropy for them.

In Section 8 we show the equivalence between transport-entropy in-
equalities involving the transport cost T3 and the logarithmic-Sobolev
inequality restricted to the class of log-convex or log-concave functions.
This enables us to get other examples for these transport inequalities.

Finally, Section 9 contains the proof of our general Kantorovich du-
ality result, Theorem 9.5, for a transport cost of the form (1.8).
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2. OPTIMAL TRANSPORT COSTS AND DUALITY

In this section, we introduce a general class of optimal transport
costs and describe an associated Kantorovich type duality formula.

2.1. Notations. Throughout the paper (X, d) is a complete separable
metric space. The Borel o-field will be denoted by B. The space of all
Borel probability measures on X is denoted by P(X).
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If v: R, — R, is a lower-semicontinuous function satisfying
(23(0) =0 and  A(u+v) <C(y(u) +7(v)),  wveRy,

for some constant C', then we set

P,(X) = {n e POX); [l 0) o) < o0

for some (hence all) z, € X. In the specific cases where v, (u) := u',
w > 0, 7 > 0, we use the simpler notation P,.(X) := P, (X). We
shall also consider the limit case vo(u) = 1,20, u > 0, for which

Py (X) = P(X).

We also denote by @, (X) (resp. ©. (X)) the set of continuous (resp.
continuous and bounded from below) functions ¢ : X — R satisfying
the growth condition

(2.2) ()] < a+by(d(z, z,)),  VeelX,
for some a,b > 0 and some (hence all) z, € X.

The spaces ®.,(X x X) and P, (X x X) are defined accordingly, with
X x X equipped with (say) the ¢; product metric.

The space P, (X) will always be equipped with the o-field F., gener-
ated by the maps

P (X)—1[0,1] : v +— v(A),

where A is a Borel set of X. In particular, one says that p : X —
P,(X) : © — p, is a kernel if it is measurable with respect to the
Borel o-field B on X and the o-field F, on P,(X). This amounts to
requiring that, for all A € B, the map X — [0,1] : z — p,(A) be Borel
measurable.

2.2. Costs functions, couplings and weak optimal transport
costs. In this paper, a cost function will be a measurable function
c: X X Py(X) — [0,00], for some fixed v satisfying (2.1). For all
m € P, (X x X), we set

Lir) = [ e(w,p,) m(do),

where 7 is the first marginal of 7 and x +— p, the (m-almost every-
where, uniquely determined) probability kernel such that

m(dxdy) = m (dz)p.(dy).

Note that if 7 € P, (X x X), then p, € P,(X) for m; almost all z € X
and thus the preceding definition makes sense.



KANTOROVICH DUALITY FOR GENERAL COSTS AND APPLICATIONS 11

Given two probability measures p and v on X, we denote by
M(p,v) ={r € P(X xX);w(dexx X) = pu(dzr) and 7(X xdy) = v(dy)}

the set of all couplings m whose first marginal is p and whose second
marginal is v. Note also that if, p, v € P,(X), then II(p, v) C P, (X x
X).

Using the above notations, we introduce an extension of the well-
known Monge-Kantorovich optimal transport costs as follows.

Definition 2.3. Let c¢: X x P,(X) — [0,00] and p,v € P, (X). The
optimal transport cost T.(v|p) between p and v is defined by
T.(v|p):= inf I.[r]= inf c(x, pr) p(dx).

rell(u,v) rell(u,v)

Let us first remark that optimal transport costs in the classical sense
(see e.g. [63, 64]) enter the framework of this definition. Namely, if
w: X x X — [0,00] is some measurable cost function, and ¢(z,p) =
Jw(z,y) p(dy), for all x € X and p € P(X), then it is clear that

Tetwl) = int { [[ w(a,y) nldady) : 7 € MG v) |

which is the usual optimal transport cost related to the cost function w.
In the sequel, we will denote by T, (v, i) the usual Monge-Kantorovich
optimal transport cost, defined by the right hand side above. One
sees that while in the usual definition every elementary transport of
mass from p to v represented by p, is penalized by its mean cost
Jw(z,y) pe(dy), our definition allows other types of penalization. See
Section 2.4 below for some examples.

2.3. A Kantorovich type duality. If w : X x X — [0, 00] is lower
semi-continuous, then according to the well known Kantorovich duality
theorem (see for instance [64, Theorem 5.10]), it holds

Tolv.p) = sup { [ w(@) uldz) = [ o(y) vidy)}

where the supremum runs over the class of pairs (¢, ¢) of bounded
continuous functions on X such that

Y(x) —o(y) <w(z,y), Va,yeX.

A classical and simple argument shows that one can always replace ¥
by the function @,y defined by

Quip() = yien)f({w(y) +w(r,y)}, reX
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Therefore, the duality formula above can be restated as follows

To(von) = sup { [ Quitw) nlde) = [ o) v(dy)}.

where the supremum runs over the class of bounded continuous func-
tions . In case the function (), is not measurable, then we under-
stand [ Que(x)p(dx) as the integral with respect to the inner measure
1+ induced by p. Recall that if g : X — R is a function bounded from

below, then
[ 9(@) () = sup [ f(x) p(da)

where the supremum runs over the set of bounded measurable functions
f such that f <g.

Under some semi-continuity and convexity assumptions on the cost
function ¢, this duality formula generalizes to our optimal transport
costs in the sense of Definition 2.3. This duality property is described
in the following definition.

Definition 2.4. Let v : Ry — Ry satisfy (2.1) and ¢ : X x P (X) —
[0, 400] be a measurable cost function. One says that duality holds for
the cost function ¢, if for all p,v € P, (X), it holds

Te(Wlp) = Sup {/Rcw ) 1+ (d) /so }
IS
where

Rep(z) == inf {/@ p(dy) +C(xp)} reX, @€y (X).

pEP~ (X

Section 9 is devoted to the proof of a general result showing that
duality holds under mild regularity conditions on ¢. Among these con-
ditions, the main requirement is that ¢ is convex with respect to the
p variable. We refer to Theorem 9.5 for a precise statement. Since
we do not know whether the conditions of Theorem 9.5 are minimal,
we prefer to postpone its statement to Section 9 and to focus on par-
ticular families of cost functions (which are especially relevant for the
applications we have in mind) for which the duality holds.

2.4. Particular cases. As we already observed, if w : X x X — [0, 00]
is a measurable function and c(z,p) = [w(z,y)p(dy), * € X,p €
P(X), then the associated optimal transport cost corresponds the usual
Monge-Kantorovich optimal transport cost 7T, defined by

T (v, 1) inf // w(z,y) m(dxdy).

mell(p,v)
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Among these costs a popular choice consists of taking, for z,y € X,
w(z,y) = a(d(x,y)), where a : R™ — R is a convex function.

The simple idea that leads from this classical family of cost func-
tions to the family of cost functions described below, is to weaken ¢ by
applying Jensen inequality:

cla,p) = [ a(de.) pldy) = o ( [ dla,y) p(ay)) = i)

Cost functions of the form ¢ as above appeared (in the particular case of
the Hamming distance) in papers by Marton [11, 10], Dembo [16], Sam-
son [51, 52, 53] in their studies of transport-type inequalities related to
Talagrand’s universal concentration inequalities for independent ran-
dom variables. See Section 6 for more information on the topic.

2.4.1. Marton’s cost functions. Fix a function v : R, — R, satisfying
(2.1) and a convex function a: Ry — [0, +00]. The optimal transport
cost associated to the cost function

25) cw.p)=a([day)pdy).  weX.  pePX)

will be denoted by 7, and is defined by
26 Tl = _nf [ o [(d@w)p(d) )

mell(p,v
where x — p, is the probability kernel defined as usual by 7(dzdy) =
w(dx)p,(dy). We will refer to this family of cost functions / optimal
transport costs as Marton’s costs since they were first considered in
[41] for v = 70 and « being the quadratic function, and therefore
c(w,p) = ([ Logy p(dy))” = p(X \ {z})*.

Note that, in general, 7, is not symmetric in p,r. Moreover, as we
already observed above, if w(z,y) = a(y(d(z,y))), then by Jensen’s
inequality,

Tolv|p) < Tolv, ).

Finally, using probabilistic notations, one has
Talvln) = inf B[ a(ER@XY) Y1),

where the infimum runs over the set of all pairs of random variables
(X,Y) where X has law p and Y has law v. The following result gives
sufficient conditions for duality for Marton’s costs.

Theorem 2.7. Assume either that
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e (X,d) is a complete separable metric space, a : R, — R, is a
convex continuous function with «(0) =0 and v : Ry — Ry s
continuous,

e or (X, d) is either a compact space or a countable set of isolated
points, a : Ry — [0,+00] is a convex lower-semicontinuous
function with «(0) = 0 and v : Ry — Ry s lower-semicont-
NUOUS.

Then, duality holds for the cost function ¢ defined in (2.5). More pre-
cisely,

(2.8)
Ta(v|p) = =L {/Qaw p(dx) — /@(y) V(dy)}, 1, v € Py(X),
where
Qup() )= nf {/s@ p(dy) + (/7 T y))p(dy))},

forxz e X, p € @, (X).

We observe that, anticipating the present paper, the duality formula
(2.8) was already put to use in [29], in connection with displacement
convexity of the relative entropy functional on graphs.

2.4.2. A barycentric variant of Marton’s cost functions. When X C R™
(equipped with an arbitrary norm || - ||) is a closed set, a variant of
Marton’s costs functions is obtained by choosing

29)  cap)=0(a— [ypldy). aeX, pePX),

where 6 : R™ — [0, 00] is a lower-semicontinuous convex function. The
corresponding transport cost is denoted by Ty and defined by
(210)  Towlw) = inf [0 (x—/ypw(dy)) u(d).

well(p,v)

We use the notation 7, with a bar in reference to the barycenter en-
tering its definition.

Using probabilistic notations, we have the following alternative def-
inition

To(vlp) = inf E[6(X —E[Y]X]) |,

where the infimum runs over the set of all pairs of random variables
(X,Y), with X having law p and Y having law v. Moreover, if w(x,y) =
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alllz = y|]), =,y € R™, where o : Ry — R, is convex, and 0(u) =
a(l|u]]), w € R™, then the following holds:

To(v, 1) = Ta(vlp) > To(v|p).

As we shall see below, this family of transport costs has strong con-
nections with convex functions, and convex ordering of probability mea-
sures. In particular, the transport cost corresponding to 6(z) = |z,
r € R, will be involved in a new proof of a result by Strassen on the
existence of a martingale with given marginals (see Section 3).

Duality for this family of costs functions is established in the follow-
ing result. Note that for the “bar” transport cost, the duality formula
for Ty can be expressed using only convex functions. This fact will
repeatedly be used in the applications.

Theorem 2.11. Let X C R™ be a closed subset of R™ equipped with
a norm || - || and 0: R™ — Ry be a convex function such that 0(x) >
allz|| + 0, for all x € R™ and for some a > 0 and b € R. Then duality
holds for the cost function defined in (2.9). More precisely:

(1) The following duality identity holds

Towln) = sw{ [Quelw) utdo) = [ o) vld) |, v € PrX),

PE® 1 (X)

where for all x € R™ and all p € &y 4(X),

=t ([ o 0 s~ o).

Since P1(X) C Pi(R™), the same conclusion holds replacing
1 4(X) by ®145(R™) in the dual expression of Tg(v|u), and
P1(X) by Pi(R™) in the definition of Q.

(2) For all p € ®1,(R™) and all x € R™, it holds

Qpp(x) := inf {/go p(dy) —l—H(m—/yp dy)}:an(x),

pEP1(R™)

where P denotes the greatest convex function h : R™ — R such
that h < ¢, and we recall that Qgg(x) = inf erm{g(y) + 0(x —
y)}7 g€ él,b(Rm% r € R™.

(8) For all p,v € P1(X), it holds

To(v|p) = sup { /Qggo dp — /<pd1/; 0 :R™ — R, conver,

Lipschitz, bounded from below}.
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The results (1),(2),(3) also hold when 6 : R™ — [0,400] is a lower
semi-continuous convex function and X is either compact or a count-
able set of isolated points.

2.4.3. Samson’s cost functions. Let 5 : Ry — [0,400] be a lower-
semicontinuous convex function and pg be a reference probability mea-
sure on X. The choice

(2.12) c(r,p) = /6 <v(d(x,y))j—li(y)> po(dy), v €X,

if p € P is absolutely continuous with respect to pg on X \ {x}, and

c(x, p) = 400 otherwise, yields the family of weak transport 73 defined
by

213) T = _at [ 5 (~tate L)) e o)

mell(p,v)

for all measures u,v € P;(X), absolutely continuous with respect to
to- Cost functions of this type were introduced by the third named
author in [53].

Again, if § = « is convex, then Jensen inequality gives

To(vlu) < Ts(v|p),
but there is no clear comparison between 7T3(v|x) and T, (v|u) with
W(l',y) = Oé(d([lf,y)), T,y € X.

Finally we state a duality theorem for the “hat” transport cost.

Theorem 2.14. Let (X, d) be a compact metric space or a countable
set of isolated points. Let f : Ry — [0, +00] be a lower-semicontinuous
convex function with 5(0) = 0 and lim,_, f(z)/x = +00. Assume
that v : Ry — Ry is lower-semicontinuous with v(0) = 0 and vy(u) > 0
for all w > 0. Let py be a reference probability measure on X. Then
duality holds for the cost function defined in (2.12). More precisely, for
all p, v € Py (X) absolutely continuous with respect to p, it holds

To(vln) = = {/Qas@ pldz) — /sO(y) V(dy)},
where for x € X and p € O, ,(X),

2= 00
Qpele) = PEP(X), P<<uoonX\{m} p(y) p(dy)

[ 3 (st ) 20 .
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2.4.4. Notation. We end this section by introducing notations for the
optimal transport costs related to power functions. When «a(x) = 27,
x>0, p> 0, we will use the notation 7, and 7, to denote the costs
above. Accordingly, if X = R™ is equipped with a norm || - || and
0(x) = ||z||?, we will denote the third transport cost by T,.

3. PROOF OF A RESULT BY STRASSEN

In this short section, we show that the transport cost 7, can be
used to recover an old result by Strassen [56] about the existence of a
martingale with given marginals.

In the sequel, we equip R™ with an arbitrary norm || - ||. Let p,v €
P1(R™); one says that p is dominated by v in the convex order sense,
and one writes u <¢ v, if

[fau< [ rav

for all convex® f : R™ — R. Note that, in particular, this implies that
[ fdu= [ fdv for all affine maps f : R™ — R.

It is not difficult to check that u <¢ v if and only if [ fdu < [ fdv
for all 1-Lipschitz and convex f : R™ — R bounded from below”.

The following result goes back at least to the work of Strassen [50].

Theorem 3.1. Let p,v € P(R™); there exists a martingale (X,Y),
where X follows the law p and Y the law v if and only if u <¢ v.

Below we obtain Strassen’s theorem as a consequence of the duality
formula for the cost T, given in the following proposition.

Proposition 3.2. For all u,v € Pi(R™),
T1(v|p) = sup { /god,u - /<pd1/;<p convez, 1-Lipschitz,
bounded from below}.

!Note that since p,v € Py (R™), any affine map is integrable with respect to
and v. Since a convex function is always positive up to the addition of some affine
map, we see that the integral of convex functions with respect to u and v makes
sense.

20ne possible way to prove this is to use the fact that if f: R™ — R is convex,
then the classical inf-convolution operator Q f(z) := infyerm {f(y) + 1|lz — y||} is
convex, 1/t-Lipschitz and Q. f(z) 1 f(z) when ¢t — 0 for all z € R™.
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Proof. We already know from Point (3) of Theorem 2.14 that for all
i, v € Pr(R™) it holds

T1(v|p) = sup { /ngp dp — /cpdu; ¢ convex, Lipschitz,
bounded from below}.

with Q1¢(z) = infyerm{@(y)+|lz—yl|}, x € R™. It is easy to check that
if o : R™ — R is convex and bounded from below, so is Q;¢p: R™ — R.
Being an infimum of 1-Lipschitz functions, Q¢ is itself 1-Lipschitz.
Moreover, if ¢ : R™ — R is some 1-Lipschitz convex function, then
Q1Y = 1; namely, for all x € R™, one has

02 Qup(e) —¥(x) 2 inf {v(y) —¥(@) + v —y[} 2 0.
From these considerations, we conclude that
Ta(v|p)
= sup {/ Qrody — /<pd1/; @ convex Lipschitz bounded below}

IN

sup {/¢d,u — /wdl/; ¥ convex, 1-Lipschitz, bounded below}

sup {/Qﬁb dp — /’(/Jdl/; 1 convex, 1-Lipschitz, bounded below}
< sup {/Qup dp — /godu; © convex, Lipschitz, bounded below} .

This concludes the proof. O

Proof of Theorem 3.1. If m € II(u,v) denotes the law of (X,Y), the
condition that (X,Y) is a martingale is expressed by

(3.3) /ypx(dy) =z, for p almost every x € R™.

Recall that T1(v|u) = infrengu,) [ |2 — [y p.(dy)||p(dz). Therefore,
there exists some 7 € I1(u, v) satisfying (3.3) if and only if 71 (v|u) = 0.
Since, by Corollary 2.11,

T1(v|p) = sup { /fd,u - /fdl/; f:R™— R, 1 — Lipschitz,
convex and bounded below},

the expected result follows. O
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Remark 3.4. Let us note that we obtained in fact the following slightly
more general result: Let e > 0 ; two probability measures p, v € Py (R™)
satisfy [ fdu < [ fdv + €, for all 1-Lipschitz convez functions f :
R™ — R, if and only if there exists a pair (X,Y") of random variables,
with X of law p and Y of law v, such that

Ef|X - EY|X][] <e.

4. TRANSPORT-ENTROPY INEQUALITIES: DEFINITIONS,
TENSORIZATION, AND DUAL FORMULATION

In this section, we introduce a general notion of transport-entropy
inequalities of Talagrand-type and investigate them.

4.1. Definitions. We recall that if u, v are two probability measures
on some space X, the relative entropy of v with respect to u is defined

by
dv
Hv|p) = /log <@> dv € Ry U{+o0},
if v < pu. Otherwise, ones sets H(v|u) = +oo.
Definition 4.1 (Transport-entropy inequalities T.(ay, as) and T.(b)).

Let ¢: X x Py(X) — [0,00] be a measurable cost function associated
to some lower-semicontinuous function v: Ry — Ry satisfying (2.1),

and p € Py(X).

o The probability measure p is said to satisfy T.(aq,as), for some
ay,as >0 Zf

(4.2) Te(|ve) < a1 H (| p) + asH (vo| ), Vin, vy € Py(X).

e The probability measure p is said to satisfy T (b) for some

b>0,if
(43) T0li) <bH(lp), v e Py(X).
e The probability measure p is said to satisfy T, (b) for some
b>0, if
(4.4 Tul) <bH(lp), v e Py(X).

For the specific transport costs ’7~;, and T, introduced in Section 2.4./
we may use the corresponding notations Tp(ay, as), Tf(b), respectively

T,(ar,as), T, (b).
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Let us comment on this definition. First we note, that when c(z, p) =
Jw(z,y)p(dy), (4.3) and (4.4) give back the usual transport-entropy
inequalities of Talagrand type (see [36], [64] or [23] for a general intro-
duction on the subject). Also, we observe that T.(ai,0) or T.(ag,0)
(which are not considered in the above definition, since a;, ay > 0) has
no meaning. Indeed, if T.(ay,0) holds, then 7.(v1|va) < a1 H(vi|p) for
all vy, o which in turn implies 7.(u|v2) = 0 for all vy which is impos-
sible. Finally, using the convention that 0 - oo = 0, we observe that
T (b) is formally equivalent to T.(b,00), and T, (b) is equivalent to
T (00, b).

As for the classical inequality, T.(aq, as) does enjoy the tensorization
property. Moreover, if duality holds for the cost function ¢ (in the sense
of Definition 2.4), we can state a dual characterization of T.(ay,as) in
the spirit of Bobkov-Gotze dual formulation [8].

We now state these properties and characterizations.

4.2. Bobkov-Gotze dual characterization. The following charac-
terization extends, thanks to the dual formulation of the transport cost
[8]; see also [23].

Proposition 4.5 (Dual formulation). Let ¢: X x P,(X) — [0, 00] be
a measurable cost function associated to some lower-semicontinuous
function v: Ry — Ry satisfying (2.1). Assume that c(x,6,) = 0 for all
x € X and that duality holds for the cost function c. For pn € P,(X)
and ay,as,b >0, Items (i)’s and (i) ’s are equivalent:

o (i) T.(ay,as) holds;
(1) for all ¢ € @ 4(X) (resp. for all non-negative p € ®.,), it
holds

w0 (ool (fon{-Z}a)"

e (i) TF(b) holds;
(¢") for all p € ®.4(X) (resp. for all non-negative ¢ € ®.), it
holds

(4.7) exp {/Rcwdu} (/eXp{%p}du)b <1

o (i) T (b) holds;
(it") for all o € @, 4,(X) (resp. for all non-negative ¢ € ®.,), it
holds
b

(4.8) (/exp{%}du) exp{—/apdu} <1,
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where we recall that Re.p(x) = inf,cp x) {[ ¢(y) p(dy) + c(z,p)}, = €
X.

Moreover, specializing to the “bar” cost Tg, one can replace, in (ii),
(it") and (it"), Rep by Qop = infyerm {@(y) +0(- —y)} and restrict
to the set of functions  that are convex, Lipschitz and bounded from
below.

Remark 4.9.

e The preceding result thus applies to the cost functions defined in
Section 2.4 under the assumptions of Theorems 2.7, 2.11 and
2.1/ and more generally to all the cost functions satisfying the
assumptions of our general duality Theorem 9.5.

e In the result above, we implicitly assumed that functions R.p
were measurable. If it is not the case, then integrals of R.p
with respect to p have to be replaced by integrals with respect to
the inner measure [i,.

o When c(xz,p) = 0(x — [yp(dy)), x € R™, p € P (R™), for
some convex function 6 : R™ — Ry, the inequality T.(ay, as) is
thus equivalent to the following exponential type inequality first
introduced by Maurey [12] (the so-called convex (T)-property):

Qg a2z @ ai
(/e 5 du> </6_H d,u) <1, Vo : R™ — R, convex.

Proof. By duality (i.e. using Definition 2.4), T.(aq, as) is equivalent to
have

s (/ Rep dvs —H(I/2|,u)) + a4 </—a%du1 - H(V1|u)> <0,

a2

for all p € ®,4(X) and all 14,15 € P,(X) with finite relative entropy
with respect to u. The expected result follows by taking the (two inde-
pendent) suprema, on the left hand side, over v; and vy, and by using
Lemma 4.10 below. Note that since ¢(z,0,) = 0 for all x € X, one al-
ways has R.p < ¢, for all ¢ € ®,,(X) and so the function ¢ = R.p/as
satisfies the assumption of Lemma 4.10. This completes the proof of
the equivalence (i) < (i7).

Note that (4.6) is invariant under translations ¢ — ¢ + a and so the
functions ¢ can be assumed non-negative.

The two last equivalences follow the same line (and the details are
left to the reader). Similarly, the specialization to the “bar” cost is
identical, one just needs to apply Item (3) of Theorem 2.11. O
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Lemma 4.10. Let i € P,(X) for some lower-semicontinuous function
v : Ry — Ry satisfying (2.1); for all measurable function v : X — R
such that ¢ < ¢ for some ¢ € ®,(X), it holds

sup {/wdu—H(VLu)} = log/ed’d,u.
veP(X)

), © > 0.
A simple calculation shows that U*(t) := sup,.o{tz — U(z)} = e,
t € R. Since ¢ < @, for some ¢ € ¢, (X), one concludes that [[¢], dv
is finite for all v € P,(X), and thus [ dv is well-defined in RU{—o0}.

Let v < pu ; applying Young’s inequality xy < U(z)4+U*(y), z > 0,y €
R, one gets

/1/1du</U* du+/ < )du /wld,u—l—H(VW)

Applying this inequality to 1) + u, where u € R, we get
/@Ddu— H(v|p) < e“_l/ed’d,u—u,

and this inequality is still true, even if v is not absolutely continuous
with respect to p. Optimizing over u € R and over v € P, (X) yields:

sup {/wdu— (1/|u}<log/ e¥ du.

vePy (X

Proof of Lemma 4.10. Consider the function U(z) = zlog(x), x
[

To get the converse inequality, consider A, = {x € X;¢(x) < k}, for
k > 0 large enough, vi(dx) = fef:x) 14, (z) p(dz). Since p belongs

to P,(X) and v, has a bounded densfcy with respect to u, v also
belongs to P, (X). Furthermore

/wdz/k — H(wlp) = log </ 1 du) S log </ew du) ,

when k — oo. This completes the proof. 0

4.3. Tensorization. In this section, we collect two important prop-
erties which will allow us to deal with one-dimensional measures in
applications.

Theorem 4.11 (Tensoring property). Let v: Ry — Ry be a lower-
semicontinuous function satisfying (2.1), (X1,d1), ..., (Xn, d,) be com-
plete separable metric spaces equz’pped with measurable cost functions

: X X Py(X;) = [0,00], i € {1,...,n} such that cl(xl,éx) =0 and

pz > c,(:cz,pz) is convex for all z; € X;. For alli € {1,...,n}, let

Wi € Py(X;) satisfying the transport inequality Tcz(ag),ag ) for some
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agi), ag) > 0. Then the product probability measure j1 ®- - -® pp, satisfies
the transport inequality Te.(ay1, as), with a; := max; agl), ay = Mmax; ag),
for the cost function ¢: Xy x -+ x X, X Py(Xy x -+ x X,) = [0, 00)

defined by
C(zvp) = Cl(xlapl) + -+ Cn(xnapn)a

forallx = (xq,...,2,) € X3 X ---x X,,, and for all p € P, (X1 x--- X
X,.), where p; denotes the i-th marginal distribution of p.

The following is an immediate corollary of Theorem 4.11.

Corollary 4.12. Let v: R, — Ry be a lower-semicontinuous func-
tion satisfying (2.1) and assume that p € P,(X) satisfies the trans-
port inequality T.(a1,as) for some ai,as > 0 and some cost function
c: X xPy(X) = [0,00] that satisfies c¢(x,0,) = 0 and p — c(x,p)
convex for all x € X. Then for all positive integers m, the product
probability measure p* € P, (X") satisfies the inequality Ten(aq, az),
where ¢ : X™ x P.(X™) — [0,00) is the cost function defined by

n

Mz, p) = clz,ps), x=(x1,...,2,) € X", p € Py (X"),

i=1

where p; denotes the i-th marginal distribution of p.

The proof of Theorem 4.11 is postponed to Appendix A.

5. TRANSPORT-ENTROPY INEQUALITIES : LINK WITH
DIMENSION-FREE CONCENTRATION

In this section, extending [22], we characterize the transport-entropy
inequality T.(aj,az) in terms of a dimension-free concentration prop-
erty. We recall first (and introduce) some notation.

Let v: R, — Ry be a lower-semicontinuous function satisfying (2.1)
and ¢ : X x P,(X) — [0,00) such that ¢(z,d,) = 0 for all z € X.
Recall from Corollary 4.12 that for all integers n > 1,

x,p) = clw,py), r=(x1,...,2,) € X", p € P.(X"),
i=1

where p; denotes the ¢-th marginal distribution of p. For all ¢ €
P, (X™), define as before

Renp(x) = inf ){/godp+c”(x,p)}, re X"

PEP~ (XN
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Finally for all Borel sets A C X", let

n — s f n Xn
A= (B €02 T €T

and, for t > 0,
A} ={x e X" : i(x) <t}.

5.1. A general equivalence. We are now in a position to state our
theorem.

Theorem 5.1. Let v: Ry — R, be a lower-semicontinuous function
satisfying (2.1) and ¢ : X x P, (X) — [0, 00) a measurable cost function
such that c(x,0,) = 0 for all x € X, and for which duality holds in the
sense of Definition 2.4. For p € P,(X) and ay,ay > 0, the following
are equivalent:

(1) p satisfies Te(ar, az);
(17) there exists a numerical constant K such that for all integers
n > 1, for all Borel sets A C X™, it holds

(5.2) P X\ AM)e (A < Ke™t > 0,

(1ii) there exists a numerical constant K such that for all integers
n > 1, for all non-negative ¢ € ®.,(X"), it holds

P (Renp > u)u™ (o < v)™ < Ke Yu,v € R.
Remark 5.3.

e The implication (i) = (ii) was first discovered by Marton [39,
L1, 10]. This nice observation is at the origin of the interest in
transport-entropy inequalities.

o The implications (i) = (i) and (it) = (i17) are in fact true
solely under the assumptions c(x,d,) = 0 for all v € X and
p > c(x,p) is convex, as the proof indicates.

Proof. First we prove that (7) implies (iz). Since p satisfies T.(aq, az),
by the tensorization property, for all positive integers n, it holds

Ten(v1|ve) < arH(vi|p") + ax H (v2|p™),

for all 14,15 € P,(X™). Let A C X" be a Borel set and define v (dx) =

if((fx)) p"(dz) and vo(dx) = if((;)) p"(dz), where B = X™\ A7, for some

t > 0. Then H(n|p") = —logu™(A) and H(w|u™) = —logu™(B).
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Furthermore, if 7 € I1(1y, v1) with disintegration kernel (p,),exn, then
for vy almost all z € X™, p,(A) = 1. Therefore,

neoy 18(2)
/c(a:,px) vo(dx) > /CA(:E) (D) ' (dz) > t,

where the last inequality comes from the fact that ¢’j(z) > t for all z €
B ={x e X" : 4(x) > t}. Taking the infimum over all 7 € II(vy, ;)
finally yields

E< Torlnli) < —an Tog(u™(A)) — alog " (X" \ AZ),
which proves (7).

Now we prove that (i) implies (ii7). Fixn > 1, m € R, t > 0 and a
non-negative ¢ € ®.(X"). We will prove that { Ren¢ > m+t} C {c} >
t} with A := {¢ < m}. To that aim consider x € {Rm¢ > m + t}.

Then, for all p € P,(X™) with p(A) = 1, we have [pdp < m so that,
by definition of R, it holds

m+t</g0dp+c"(:)s,p) <m—+c"(z,p).

Hence, taking the infimum over all p with p(A) = 1 leads to ¢j(x) >
t, which is the desired result. Point (i7i) then immediately follows
applying Point (i7) to A.

Finally we prove that (éiz) implies (7), following [24]. Fix e € (0,1
Given f € ®.(X), non-negative, let ¢(z) = f(a1) + f(z2) + -+~
f(x,), x € X™. Then, ¢ € ¢, (X") is also non-negative and R (z)

?, Ref(x;), so that, using the product structure of p™,

Ref a2 [ a1
(/e(lJrs)ag d/”L) (/e (1—-g)ay d/”L)

R.n¢ GTQ @ aTl
(5‘4) — (/e(1+5)a_2 duﬂ) (/ 6—_(15)a1'dlun) )

Our aim is to prove that the right hand side, to the power n, is bounded.
Thanks to Point(iii), for any v € R it holds

R.ny o0 ch(p
o dy” = 1 / g —=r > d
Jeiae v [ o ()

).
+

a1

80 " ag 1 (-gajv ] _
<1l4+p"|{—"——<w Kae / e " du
(1—-¢)ay 0

al

1 Cer 1 (-eaw
=14+ -pu" Lgy K“lze =
€ (1 —¢)ay
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In particular, for all v € R,

ch&p Z_? (p 1e —€’U
(—1 + /e“*f)% d,u") e 'u" | ——— < K=
(1-— 5)a

5“1

Since fe_(lfﬁ)al du™ = [ e u" (ﬁ < v) dv, integrating the lat-
ter implies that

a2 L

e Ko
( 1+/€(1+5)a2 d,u ) /6 (T=e)ay d,un < Tz
£ “

This in turn implies, by simple algebra that

R.ne az © al
(/6(1+6)a2 d/,l/n> (/ e_ (I1—e)aq d/,l/n)
1 — A e a
<|1+- (8/6 (a=<)ay du") (/e (I=s)a; d,u")
3

al

B 1 “
=((femmar)™ +
g a2
1 \*
1+ ,
< 51"‘(12)

where in the last line we used that ¢ is a non-negative function.

Plugging this bound into (5.4) leads, in the limit n — oo, to

Ref az R “
(/6(1+5)a2 dﬂ) (/e (I—e)ay d/J“) S 1.

Taking € to 0 gives T.(a1, az), thanks to Proposition 4.5. O

5.2. Particular cases. In this section we focus on concentration in-
equalities related to the usual Monge-Kantorovich transport-cost and
to barycentric transport-costs.

5.2.1. Usual costs. Note that when c(z,p) = [w(z,y) p(dy), for some
measurable w : X x X — [0,00), the enlargement A} of some set
A C X reduces to

A ={z € X";Jy € As.t. Z w(z;,y;) < t}.

=1

In particular, when X = R™ and w(z,y) = ||z —y||", r > 2, where || - ||
is a given norm on R™, then denoting by

(55) b = {e e @YYl 1],
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it holds
A= A+,

Concentration of measure inequalities are usually stated for enlarge-
ments of sets of measure bigger than 1/2 as in (1.2) (see [30]). In what
follows we connect (5.2) to the usual definition for some families of cost
functionals.

Lemma 5.6. Consider a cost function c¢ of the form

c(x,p) = /v(d(x,y))p(dy), reX, pePyX)

with v : Ry — Ry an increasing convex function such that ~(0) =
' (0) = 0 and suppose that v satisfies (2.1). Suppose also that, for a
giwenn € N* a probability measure p on X satisfies, for some constants
a>0,b>1, the following concentration property :

(5.7) ph(XT\ AY) <be Ve WE>0,

for all A C X™ such that p™(A) > 1/2.
Then 1 satisfies the following property : for all s € (0,1) and for all
AcC X",

(5.8)  pM(XT\ADYEIT AT <pete V>0,

where the exponent r is defined by r = sup,.q 2z, (z)/v(x) € (1,00),
(here ' stands for the right derivative).

Conversely, if the concentration property (5.8) holds, then one has
(by optimizing over all s € (0,1)), for all A C X™ such that p™(A) >
1/2, for all t > max(alog(2b),0),

(—s)r—1

nxn\ A" < g (09t otst —t(l—s)rl/a) _ g (1) /a
P A < int (0 : be ,

log 2 1/r
with £(t) = (3—1gogb> .

Proof. The fact that 1 < r < oo follows from (2.1) and the convexity
inequalities v(2z) > v(z) + x7/(x) and v(x)/x < +'(x), x > 0.

To clarify the notations, we will omit some of the dependencies in n
in this proof. The fact that (5.7) implies (5.8) is a consequence of the
following set inclusions (that are justified at the end of the proof):

(@) ACX"\((X"\A,),), Yu>0,
and for all s € (0, 1),

(b) (A“)U C A(ul/r-i-vl/r)r C ASTL*I'F Vu,v Z 0.

—v .,
(1—s)r—1
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The last inclusion above follows from the identity,

1/r 1/r\" — u v
(5.9) (u + v ) 861{%{1) {Sr_l + A= sy } :

Lett > 0,s € (0,1) and A C X™ and let us consider the set B = Agr-1;.
If u(B) > 1/2 then by applying first (b) for u = "' and v = (1 —
s)"~'t, and then the concentration property (5.7), we get

X"\ Ay) < p (X7 Bogrn) < be (0700

If u(B) < 1/2 then p(X™\ B) > 1/2. Therefore by applying first (a)
for u = "'t and then the concentration property (5.7), we get

p(A) < p (X" (X7 B)grog) < bem 00,

As a consequence in any case the concentration property (5.8) holds.

Now let us justify the inclusion properties (a) and (b).

To prove (a) let us show that AN (X™\ A4,), = 0. Suppose on the
contrary that there is some z € AN (X™\ 4,),, then there is some
y € X"\ A, such that ¥ | y(d(z;,v;)) < u. But, since y € X"\ Ay,
it holds Y-, v(d(yi, 21)) > u for all z € A. In particular, taking z = =,
one gets a contradiction.

Finally, let us show (b). According to e.g. [20, Lemma 4.7], the
function z + 7'/7(x) is subbadditive. It follows easily that (z,y)
(X, v(d(zi, 1)) defines a distance on X™. Point (b) then follows
immediately from the triangle inequality. U

For the next corollary, recall the definition of B given in (5.5).

Corollary 5.10. Let r > 2 and consider the cost c(x,p) = [z —
yl|" p(dy), = € R™, p € Pi(R™), where || - || is a norm on R™. For a
probability measaure p € P.(R™), the following propositions are equiv-
alent :

(1) There exist ai,b; > 0 such that, ¥Yn € N*,
pr(A+tY"TBY) > 1 —be V>0,

for all sets A such that p™(A) > 1/2.
(2) There exist ay,by > 0 such that, ¥Yn € N*,

p(f > med (f) +71) < bpe /2, Vit >0,
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for all f: (R™)" — R which are 1-Lipschitz with respect to the
norm || - || defined on (R™)" by

n 1/7"
Jallr = (Z ||xz-||f)  se®my.
=1

(3) There exist az,bs > 0 such that, ¥Yn € N* Vs € (0,1), and
VA C (R™)",

R\ AR (AT et > 0,

where AT = {z € (R™)"; c(v) <t} = A+tY/"B".
(4) Jas > 0 such that Vs € (0,1), p satisfies

T,(as/s" " as/(1 —s)1).

(5) Jas > 0 such that u satisfies T (as) (which is equivalent to
T, (as) for that cost).

Moreover (1) < (2) with as = ay and by = by, (3) = (4) with ay = as,
(4) = (3) with az = a4 and by = 1, (4) & (5) with ay = a5, (1) = (3)

r—1 (1*8)7471

with a3 = a; and by = by, (3) = (1) with by = bgl_s) 25T and
a1 = g for any s € (0,1).

Note that this result is not as general as possible; see [22, Theorem
1.3] for a similar statement involving more general cost functions.

Proof. The equivalence (1) < (2) is very classical (see e.g [36, Propo-
sition 1.3]).

The implications (1) = (3) and (3) = (1) are given in Lemma 5.6.
(3) = (4) and (4) = (3) are consequences of Theorem 5.1.

If the property (4) holds, then for all 4 € P,.,

Tr(vi, 1) = To(n|p) < —=H(n|p) Vs € (0,1).

— Sr—l

As s goes to 1, we get (5), u satisfies T (a4) or equivalently T, (ay).
Conversely assume that (5) holds. By the triangular inequality, we get
for all v1,15 € P,,

Te(nilw) = T(w,va) < (To(w, )7 + o, v0)'7)
< ((asH ()" + (aH (vl ) ")

The property (4) with ay, = a; then follows from the identity (5.9). O
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5.2.2. Barycentric costs. When c(z,p) = ||z — [yp(dy)||", z € R™,p €
P (R™), for some norm || - || on R™, then the enlargement of a set
A C (R™)" reduces to

A" = conv(A) + tY/"B",
denoting by conv(A) the closed convex hull of A and B as defined
in (5.5). Indeed, denoting || - ||, for the norm defined on (R™)" by
lz]|” = (0, |la]|)Y", then, for all z € (R™)", it holds ca(z) =
infyec{lle —yll?} = inf,o{llz —yll}, with & = {Jyp(dy);p € P1(A)}.
It is well known that C' = @onv (A), which proves the claim.
The result below shows in particular that inequalities T3 are respon-

sible for Gaussian demension-free concentration for convex and concave
Lipschitz functions.

Corollary 5.11. Let v > 2 and consider the cost c(x,p) = |z —
Jypldy)|l", = € R™, p € P (R™). For p € Pi(R™), the following
propositions are equivalent :

(1) There exist ai,b; > 0 such that, ¥Yn € N*,
pHA4tTBY) > 1 — et vt >0,

for any set A which is either convex or the complement of a
convex set and such that pu"(A) > 1/2.
(2) There exist ay,by > 0 such that, VYn € N*,

p(f >med (f) +1t) <be /%2 V>0,

for all f : (R™)" — R which is either convex or concave and
1-Lipschitz with respect to the norm || - || defined on (R™)" by

n 1/7"
faf” = (Z ||xz~||’“) C ze®M"
=1

(3) There exist az,bs > 0 such that, ¥Yn € N* Vs € (0,1), and
VA C (R™)",

PR AP O (AT < gt > ),

where A} = {x € (R™)"; 4(x) <t} =conv A + 7B

(4) There exists ay > 0 such that p satisfies Tp (3, 7=5=) Vs €
(0,1).

(5) There exists as > 0 such that p satisfies T, (as) and p satisfies

T?“ (CL5).
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Moreover (1) < (2) with ay = a1 and by = by, (3) = (4) with a4 = ag,
(4) = (3) with az = a4 and by = 1, (4) & (5) with ay = as, (1) = (3)

187‘1(15)T1

with ag—al and by = by, (3) = (1) with b, —b 27T and
a = 8=t ST r for any s € (0,1).

Proof. Adapting [36, Proposition 1.3], one sees easily that (1) < (2),
and, according to Theorem 5.1, (3) < (4).

Let us show that (3) implies (1). Let A be a convex subset. As
in Lemma 5.6, if ©"(A) > 1/2, then, by applying (3) to A and since

r—1 (175)771

A, = A+tY7"B we get (1) for convex sets with b; = S
and a; = == for s € (0,1). Let D = (R™)™\ A and assume that

(D) >1/2. For all t > 0, the set C' = (R™)"\ (D + /" B") is convex
and satisfies for all ¢ < t,
Cy = (C+tY"B") c (R™)"\ D.

Since p™*(D) > 1/2, it follows that p"((R™)™\ Cy) > 1/2. As a conse-
quence, applying (3) to the set C, we obtain for all ¢ > ¢’ > 0, for all
s € (0,1),

sr—1 sT—1y

WM(R™)\ (D + 7 BY)) = u"(C) < by 20 Te T

As t' goes to t, this implies the concentration property (1) for comple-
ment of convex sets.

We adapt the proof of Lemma 5.6 to get (1) = (3). The property
(a) is replaced by the following, for all subset A,

(/) AcenvAc (R™"\[(X\A,)+u"B,  u>0.

Since A, = conv A+ u!'/"B", this property (a’) is a simple consequence
of the property (a) applied to the set conv A. For the same reason, the
property (b) still holds. Then following the proof of Lemma 5.6, by
using (a’) and (b), with the set B = A1, s € (0,1), and applying the
concentration property (1) to the convex set B or to it’s complement
(R™)™\ B, we get (1) = (3) with a3 = a; and b = b;.

The equivalence between (3) and (4) is a consequence of Theorem
5.1.

If the property (4) holds, then for all vy, € P, and for all Vs €
(0,1),

WH(WW)

Tr(nlp) < = H(lp), and T, (ulvs) <
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As s goes to 1 or to 0, we get (5) — that y satisfies T (ay) and T, (ay).
Conversely assume that (5) holds, then (4) follows with a, = a5 by the
following triangular inequality, for all vy, v, € P,

T |)V" < T (o) + T () 7.

U

6. UNIVERSAL TRANSPORT COST INEQUALITIES WITH RESPECT TO
HAMMING DISTANCE AND TALAGRAND’S CONCENTRATION OF
MEASURE INEQUALITIES

This section is devoted to universal transport-entropy inequalities
associated to the weak transport costs 7 and 7 with respect to the
Hamming distance.

6.1. Transport inequalities for Marton’s costs. In this section,
we recall a transport-entropy inequality obtained by Dembo [16], im-
proving upon preceding works by Marton [10] and used in its dual form
by the third named author [53] to obtain optimal concentration bounds
for supremum of empirical processes.

Let us introduce some notation. For ¢ € (0, 1), define o by

t(1—u) log(1—u)—(1—tu) log(1—tu) fo<u<1

at(u) _ { t(1—t)

+00 otherwise

and also set ag(u) = (1 —u)log(l —u)+u and oy (u) = —u—log(l —u)
when u € (0,1) (and +oo otherwise). Let us consider the cost of the
form T associated to oy:

T (i) = inf / o ( / 1., px(dy)> vo(d) |

where the infimum runs over the set of kernels p such that vep = 1.

Theorem 6.1. Let (X, d) be a polish space, t € (0,1) and p € P(X).
Then, for all probability measures vy, o on X, it holds

~ 1 1
(6.2) Tew (1|12) < EH(M‘M) + ;H(V2|/~L)-

Fort =0, it also holds
Tao(1|11) < H (v p),

and fort =1, N
Tou (plv2) < H(vo|p).
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The transport inequality (6.2) is due to Dembo [16, Theorem 1.(i)].
A short proof of this theorem is given in [53] (see Lemma 2.1.) As
shown in [53], the behavior of the family of cost functions «; allows
to capture optimal bounds for the deviations of suprema of empirical
bounded processes.

Let us just recall simple and useful corollaries of Theorem 6.1. First
observing that a;(u) > u?/2, we immediately recover using Theorem
5.1 (implication (i) = (ii)) the following celebrated concentration result
by Talagrand (see [59, Theorem 4.1.1]).

Corollary 6.3. For any probability measure i on X, it holds

1
pt X"\ AY) < We—st@ vt >0,Vs € (0,1),

forall A C X™ and n € N*, where

A} = {y € X" :3dp e P(X") with p(A) =1 such that

-:1 </ 1wi¢yip(d:v))2 < t}.

)

We refer to [59, 36, 2, 19, 19] for applications of this concentration
inequality, under the so-called convex hull distance .

Corollary 6.4. Suppose that p is a probability on R™ (equipped with
some arbitrary norm || - || ) such that the diameter of supp(u) is bounded
by M > 0. Then p satisfies the inequality To(4M? AM?) and thus
To(4M?,4M?).

Proof. Observe that a;(u) > wu?/2, for all u € [0,1] and ¢t = 1/2.
Furthermore, if 14, 15 are absolutely continuous with respect to p then
supp(v;) C supp(u). Therefore, if w(dxdy) = v1(dx)p,(dy) is a coupling
between vy and v,, then [ ||z — y|| po(dy) < M [ 1z po(dy), for v;-
almost all x, and so

2]\142/(/Hx_ynpw(dy))Qh(dx)

< [ac(57 [ he=vllpatan)) mata
< [ ([ Loy pald) ) ().

Optimizing over all 7, and then using Theorem 6.1 for ¢ = 1/2, com-
pletes the proof. O
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We recover from the preceding result, and Corollary 5.11, the well-
known fact that any probability measure with a bounded support sat-
isfies demension-free Gaussian type concentration for convex/concave
Lipschitz functions.

6.2. Transport inequalities for Samson’s costs. Now we consider
a stronger variant of Theorem 6.1 involving costs of the form 7. To
state this result we need to introduce additional notation. Fort € (0, 1),
one sets

Biu)i=sup{su=Gi(s)},  weR
sE
where 3] is defined by

tel=8s 4 (1 —t)e™t —1
“(s) = R.
Bt (S> t(l - t) ) s €

We extend the definition for ¢ € {0,1} by setting
By(s) =e"—s—1 and Bi(s) =e*+s—1, Vs € R.

In general, f; does not have an explicit expression, but for ¢ € {0, 1}
an easy calculation shows that

Bo(u) = (1+u)log(l +u) —u, u>-—1
Br(u) = Bo(—u) = (1 —u)log(l —u) +u, u<l.

Finally, consider the cost of the form T associated to these functions:

Ttonla) = nt ] 6 (1o 2200 ) (o)

where the infimum runs over the set of kernels p such that, in addition,
P <K i for vy-almost all x € X.

Theorem 6.5. Let (X,d) be a compact metric space or a countable
set of isolated points. Let t € (0,1) and p € P(X). Then, for all
probability measures vy, vy on X, it holds

N 1 1
(6.6) T (vi|ve) < 1—_tH(V1|M) + ;H(V2|M)-
Fort =0, it also holds

Tao(vilp) < H (),
and fort =1,
T (plv2) < H(va|p).
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By Proposition 4.5 and Theorem 2.14, one sees that Theorem 6.5 is
exactly the dual form of Theorem 1.1 of [53] (for n = 1). This new
expected formulation of Theorem 1.1 in [53] is therefore a direct con-
sequence of the generalization of the Kantorovich theorem (Theorem
9.5).

A direct consequence of Theorem 6.5 and implication (i) = (ii) of
Theorem 5.1 is the following deep concentration result that improves
the one by Talagrand [60, Theorem 4.2.].

Corollary 6.7. For any probability measure i on X, it holds
1
Mn(A)s/(l—s)

for all A C X™ and n € N*, where

p (XM AL < e ™, vVt >0,Vs € (0,1),

A?, = {y € X" :dp e P(X") with p(A) =1 and p; < p, Vi

such that Z/ﬁs <1xi¢yi di(xl)> p(dr) < t},
i=1 H
where we recall that p; denotes the i-th marginal of p.

In Talagrand’s paper [60], this kind of concentration result is the
main ingredient to get deviation inequalities of Bernsteintype for sup-
rema of centered bounded empirical processes. Starting from the opti-
mal transport inequality of Theorem 6.5, the third-named author has
obtained optimal constants in the Bernstein bounds for the deviations
under and above the mean [53]. This transportation method is an al-
ternative of the entropy method introduced by Ledoux [35], and then
developed by many authors. We refer to the book by Boucheron, Lu-
gosi and Massart [15] for more development in this field.

Below, we sketch the proof of Theorem 6.5, by revisiting and to some
extent simplifying some of the arguments given in [53] with the help of
the duality results developed in the present paper and in [24]. The first
of these duality formulas is Kantorovich duality for the cost 7 given in
Theorem 2.14. The second formula is more classical and is recalled in

the following proposition.

Proposition 6.8. Let § : [0,00) — R be a lower semi-continuous
strictly convex and super-linear function (i.e. f(x)/z — 400 as r —
o0). Let p be a probability measure on a polish space X and denote by
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Us the function defined on P(X) by

fi(8) o

if v is absolutely continuous with respect to p and +o0o otherwise. Then,
for any bounded continuous function @ on X, it holds

s { [ ot o) = Ui} = int { [ 57 ot0) + 0 o) — .

where B% denotes the monotone conjugate of (5, defined by 5% (x) =
sup,~o{zy — B(y)}, v € R.

We refer to [24, Proposition 2.9] for a short and elementary proof of
this result.

We begin with an elementary lemma connecting monotone and usual
conjugates of our functions ;. The proof is left to the reader.

Lemma 6.9. For all uw € R, B (u) = B/ ([u]+).

The next lemma gives an expression of @mgo, which will be crucial
in order to establish the dual form of the transport inequality.

Lemma 6.10. Let (X, d) be a compact metric space or a countable set
of isolated points and t € [0,1]. For all bounded continuous function
v : X = R, there exists a function v : X — R such that v(x) < ¢(z)
for all x € X and such that

Quplw) = viw) = [ 8 (w(@) — v(w)]s) (dy).

Proof. Fix x € X and recall that

Qp.p(x) = inf { / e(y) p(dy) + / By (1z¢yg—i(y)> u(dy)},

where the infimum runs over the set of probability measures p < p on
A probability p of this set can be written p = ad, + (1 — a)q, with
a = p({x}) and where ¢ is another probability such that ¢ < p and

q({z}) = 0. So
Quel)—p@) = it it { [(1—a)(o() - o)) aldy)

a€l0,1] g p,q({z})=

(6.11) +/5t <(1 - a)1x¢y3—Z(y)> u(dy)}-
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Consider the probability measure pu, with the following density with
respect to pu: d“”“‘( ) = A"11,,,, where A = u(X \ {z}) > 0 (we assume
of course that x4 is not the Dirac mass at point x), then ¢({z}) = 0
and ¢ < p if and only if ¢ < p, and in this case dqux = )\g—z, fz-almost
everywhere. Therefore, (6.11) becomes

Queelw) = (o) = inf int { [(1-a)(ely) - o(@)) aldy)

a€l0,1] <1z
+A/ﬁt <(1 ;OO dﬁ(?ﬂ) ux(dy)}-

So it holds

Queel@) = p(e) = inf | inf { [(1=a)(e(y) = ¢(a)) aldy)
+A/6t <(1 %) dcii (y)> ux(dy)}

i { [ ( gxz ;;o(y)) +r> o (dy) —7’}

— inf —mf{/ﬂt v — o))+ Loy (dy) — (1 — ) (v — }

a€gl0,1) veER

)
= inf sup{(l—a /Bt v—p x;,gy,udy}
)}

ae[ovl} veER
_ f { - / . Loosy p1(dy)
e ME B (e ol
= sup { /ﬁt U — ) ]-ac;éy :U’(dy>} )
veER

where the second equality comes from Proposition (6.8) and Lemma
6.9, and the last one from (an elementary version of) the Min-Max
theorem. In particular,

@gtgo(x):go(x)—[v(x — p(@)]- - / B ([0(@) = e(y)]+) Loy 1(dy):
= min(v D= [ B () = e Losy nldy)

for some function v (realizing the supremum in the last identity).

For a fixed € X, consider the function F(v) = —[v — ¢(2)]- —
B ([v—¢(y)]+) 1axy p(dy), v € R. Since [ is increasing on [0, 00),
the function F is clearly non-increasing on [p(z), +00). Therefore F'
reaches its supremum on (—oo, ¢(x)]. On (—oo, ¢(x)), the function F
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is differentiable and it holds
Fllo)=1— / cI=O@ ey 1 (dy)

+ / T s () Lty ()

1 / CI-OR@—20 1 1(dy) + / @l 1 i(dy).

It is not difficult to prove the existence of a point v (independent of x)
such that

(6.12) /e(l—t)[ﬂ—so(ym Loz, p(dy) =1+ /6—t[17—s0(y)]+ 1,2y 11(dy)

and to check that the function F' reaches its supremum at v(z) :=
min(s, ¢ (z)).

Finally, note that [v(x) — ¢(y)]+ = [v(z) — v(y)]+, which completes
the proof. O

The next result is Lemma 2.2 of [53].

Lemma 6.13. Let i be some probability on a measurable space X . For
every bounded function v : X — R, it holds for all t € [0,1],

1 1/(1—
< / eto(@) =t [ 87 (1o(a) ()] uldy) (dz)) . ( / e~ (1) (dx)> o

With these lemmas in hand, we are now in a position to prove The-
orem 6.5.

Proof Theorem 6.5. Fix t € (0,1) ; according to Proposition 4.5, the
transport inequality (6.6) is equivalent to proving that

~ 1/t 1/(1-1)
(6.14) (/ e!Qs. (@) u(dx)) (/ e~ (17De(@) ,u(da:)) <1,

for all bounded continuous function ¢ : X — R. But according to
Lemma 6.10,

Qup(w) = v(@) — [ B ([v(@) = v()]) uldy),

for some function v < ¢ (possibly depending on t and on p). According
to Lemma 6.13, it holds

(/ tQp, o(x (dx)>1/t </ ~(1—t) (d;p))l/(l_t) < 1.

Since v < ¢, this gives (6.14) and completes the proof. O
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Now for the sake of completeness, we give a quick proof of Lemma
6.13 in the particular case t = 1. The general case is more tricky and
the interested reader is referred to [53].

Proof of Lemma 6.13 for t = 1. In this case, the conclusion of the lem-

ma amounts to proving that for all bounded measurable v : X — R, it
holds

(6.15) [ e dp(a) <1,
where
H(v(@)) = v(a) = [ o(y)duly) = Dlv()),

with D(v(x)) = [ Bf([v(z) — v(y)]+)dpu(y). Replacing everywhere v by
Av, A > 0, it is equivalent to showing that for all A > 0,

o) = /eH(A”(x))du(a:) <1.

Since ¢(0) = 1, it is sufficient to get that ¢’(A) < 0 for all A > 0. Let
us first observe that since 3 (h) = e +h — 1,

HOw(z)) = / (1 — el / Ao )1 du(y).

It follows that for A > 0,
d O = [ ( [1o@) = o) e 00 dpgy)
~ [1o() = o@)die) ) dp)
_ / / [0(z) — v(y)]. (e—Mv(@—v(y)}++H(Av<x>) — O ) dp(y)

For v(x) > v(y) one has

—A(x) = oY)l + HAw(x) = H(dw(y)) = D(Av(y)) — D(Av(z)) < 0,
and therefore ¢'(A) <0 for A > 0. This ends the proof of (6.15). O

7. DISCRETE EXAMPLES : BERNOULLI, BINOMIAL AND POISSON
LAWS

In this section, we give some examples of probability measures satis-
fying weak transport inequalities. We start with the Bernoulli measure,
from which we derive weak transport inequalities for the binomial law
and the Poisson distribution.
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7.1. Weak transport inequality for the Bernoulli measure and
the product of Bernoulli measures. We will use some results for
the Bernoulli measure, derived in [52], and as such introduce some
notations from there.

Let w: R — Ry U {400} be defined as

1 —2x)log(l — if v <1
() = (1 —z)log( x)+ T 1 x <
+00 if x> 1,

and observe that (1 — z)log(1 — x) + 2 compares to min(z?, || log(1 +
|z|)). Then, given p € (0,1), define u,: R — R, U {400} as

o) = 2L (<) 4wl

p 1-p
[l jeg op0on) 4 (1 gy log(1—w), if <o <1
") 400 otherwise

and given t € (0,1), let 6,;: R — R be defined as
6)pﬂf(h) =
i 211 = t)up(l — 7) + tuy,(1 — 7(1 = h))] if h >0
t(1—1t) e L1 = tur—p(1 = 7) + tus_,(1 = 7(1 + )] ifh<0.
It is easy to see that w and u, are convex. We shall prove in Appendix
B that 6, is also convex for any p and ¢ and compares to A% on [—1,1]
and 6,; = +oo on R\ [—1,1] (see [52, Proposition 2.4] and Appendix

B). Finally, we define 6,, and 6,; as the limit when ¢ tends to 0,
respectively 1, of 6,;. As proved in [52, Proposition 2.4], it holds

u,(h) if h >0
0,0h)=14""
polh) {ul_p(—h) if h <0,

and
Hp,l(h) =
%[(1—/} h)log 55228 — (1 — h)log(1 —h)| if h € [0,1— ]
L |(p+h)log P;h (1 +h)log(1 + h)] if h € [—p,0]
+00 otherwise.

Finally we define
0,0 R — RU{+o0}
hs 0,4(h) == min (0,,(h),0,,(—h)).
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It is a tedious but easy exercise to verify that, for all ¢ € [0, 1] and
all h € R, 0,,(h) = 6,.(]h|) when p € (0,1/2] and 6,,(h) = 61_,+(|R|)
when p € [1/2,1).

Using a result from [52] and the duality results proved in Section 2.4,
we get the following weak transport inequalities for the non symmetric
Bernoulli measure. Set p, := (1 — p)dy + pd1, p € [0, 1].

Proposition 7.1. For allt,p € (0,1), it holds
(7.2)

_ 1 1
To,.(1|n) < I—_tH(V1|Mp) + ;H(V2|Mp) Vi, ve € P({0,1}).

In particular
Topa(bolv) < H(vlp,) and T, (v|p,) < H(v|p,) Vv e P({0,1}).
Moreover, the same inequalities hold replacing T()pyt, 7-9,3,1 and Tgp,o

respectively by %p,u 75, and 7?6,),0'

The cost function 6, corresponds to the optimal choice in the trans-
port inequality (7.2). Indeed, we may prove that

To,.(vilva) = 0, ([1 — ZS;D va(1) + (—[1 - Z;Egim 72(0):

If 1(1) < wy(1), then (see [52]) we may check that

Ton i) = (1= 20 ) )

. 1 - 1
= Vz(l)glf% {WH(VHM) T

where the infimum runs over all probability measures 7y, 5 on {0,1}
such that

H@mp)} ,

n(1) _ wn()

Pa(1) (1)
A similar observation is true when (1) > v5(1). This shows that the
cost function 6,, is optimal.

The proof of the above proposition relies on the following lemma?.

3To be precise, Lemma 7.3 is proved for the centered non symmetric Bernoulli
measure (1 —p)d_,+ pdi—,, p € (0,1). However, by a simple translation argument
the result also holds for the Bernoulli measure p1, (details are left to the reader).
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Lemma 7.3 ([52]). For allt,p € (0,1) and all f: R — R, convez, it

holds y -
</ ethpytfde) </ e—(l—t)fdlup> <1,

Qo f(2) == inf {£(y) + Opez —y)}.

where

Proof of Proposition 7.1. Inequality (7.2) follows from Lemma 7.3 and
the Bobkov-Gotze dual characterization (Proposition 4.5) together with
Corollary 2.11. The other two inequalities follow by choosing v = p,
and v, = pu,, and by taking the limits ¢ — 1 and ¢ — 0, respectively.

Now, observe that for every probability measure p € P({0,1}) and
for any z € {0, 1}, it holds

[ le=vlp(dy) = ({1 =} = o = [yplay)|.

Hence, since 6, is increasing on [0, +-00), 7~;~p [(n|v2) < Ty, (n|ve) and

the results involving ’7'50 o ,7_9; . and ,7_9; , follow. The proof is complete.
O

By Theorem 4.11, the weak transport inequalities for the Bernoulli
measure /i, given in Proposition 7.1 tensorizes. Hence, the product of
Bernoulli measures ) := ji, ® - -+ @ i, on the hypercube €2, = {0, 1}"
satisfies the following n-dimensional version of the 7 and 7 -transport-
entropy inequalities. Recall that the corresponding n-dimensional costs
are defined, for all x = (zy,...,z,) € Q, and all p € P(Q,), respec-

tively by
= Zep,t (Iz - /Q Yi Qi(dyi>>

i=1
and

pt 93 q Zept </ _yi|Qi(dyi)> )

where ¢; € P(Qy) is the z—th marginal of ¢. We denote by 7_'E(n> and
Pyt
T(n) the corresponding transport costs. Applying Theorem 4.11, we
p

immediately get, from Proposition 7.1, the following weak transport-
entropy inequalities for product of Bernoulh measures.

Corollary 7.4. For allt € (0,1), all p € (0,1) and alln =1,2..., it
holds

1
(7 5) T (n)(l/1|l/2) S

1
T H (v |py) + ?H(I/2|,u7pl) Yy, ve € P(2,).
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In particular

Teo(uplv) < HWlpg) - and T oo (vlig) < H(vluy) Vv € P(Q).

Moreover, the same inequalities hold replacing TE(7L), 7(3(70 and Ta(")
p,t p,1 p,0

respectively by T.oy, T.y and T .
Cpit Cp1 €p,0

7.2. Weak transport cost for the binomial law. In this section
we prove weak transport cost inequalities for the binomial distribution
B(n,p), p € (0,1). The basic idea is to project the n-dimensional
transport cost inequalities (7.5), from the hypercube €, = {0, 1}" onto
I, :={0,1,...,n}, the state space of B(n, p).

Let p,, denote the binomial measure on I,,, i.e. i, ,(k) = (Z)pk(l -

p)"~k for all k € I,,. Then the image measure of p, by the projection
0 Q3 (21,...,2,) — X x; € I, is the measure p, ,. Let also
OF .= {z € Q,: ¢(x) = k} be the slices of the cube, k € I,,.

We may start with a general projection result. The lemma below
shows that any n-dimensional weak cost of type ¢ on the hypercube
provides a weak cost on I,, through the projection ¢. As a consequence,
any weak transport-entropy inequality on the hypercube give rise to a
weak transport-entropy in I,, with the projected cost.

Lemma 7.6. Let c: 3 x P(§2;) — [0,00] be a cost function and con-
struct ¢™: Q, x P(Q,) — [0,00] on Q, by

n

"Nz,q) =" (i, @), r=(21,...,2,), q€P),
i=1

where as usual g; € P()y) denotes the i-th marginal of q. Then, given
G € P(I,), for all ¢ € I,, and all x,y € QF, it holds inf, ™ (z,q) =
inf, ™ (y,q), where the infimum runs over all ¢ € P(5,), so that
q(F) = (k) for all k € I,. In particular, one can define a cost
function on I, ¢: I, x P(1,,) — [0,00], by ¢(¢,p) := inf, c(z, q) where
x € QY is arbitrary. Moreover, such a cost satisfies the following prop-
erties:

(i) If ¢ — c(x,q) is convex for all x, then so is G — ¢(¢,q) for all
n and all € I,.

(ii) If e(x,q) = 0 (m — Ja, yq(dy)) (on €y ) for some convex function
0: R — Ry, then it holds

&(t,4) > no (1 (6 _ / kc](dk:))) . Wlel, VieP(L).

n
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(iii) If c(x,q) =0 (le |z — y q(dy)) (on ) for some convex func-
tion 6: R — R, then it holds

1
&(L,) > nb (— (/ 10— k) cj(dk))) . Weel, YieP().
n In

(iv) Assume that there exist a1, as > 0 such that it holds

Tew (n|12) < arH (vi|py) + a2H (valp) . Vin,ve € P(Q).
Then, it holds
72(&1‘792) S CL1H(1§1|,U%7P) —+ CLQH(IQQLU%W) s Vﬁl, ﬁg c P([n>

Proof. Fix ¢ € I,, v,y € QY and § € P(I,). Then, since z,y € QF
have the same number of ones and zeros, there exists a permutation
o € S, so that y; = x,) for all i. Given ¢ € P(€,) satisfying
q(F) = G(k) for all k € I,, define ¢, € P() by ¢-(2) = q(z)
where we set for simplicity z, := (Z5-1(1), -+, Zo-1()) (With o~! being
the inverse of o). It is easy to verify that (1) : ¢, € P(€2,) is such that
4o (QF) = (k) for all k € I,,, (2) : the i-th marginal of q, equals the o (i)-
th marginal of ¢: (go); = ¢o()- Hence ™ (y,q,) = iy c(yi, (¢0):) =
S Tty Qo)) = Sorey (i, ¢;). Inturninf, ™ (y, q) < inf, ™ (2, )
and the first part of the lemma follows.

Item (7) is easy to verify and follows from the fact that the constraints
on q are linear.

As for Item (i4), fix £ € I,, and ¢ € P(I,,). Then, for all z € QY and
all ¢ € P(£,) such that ¢(F) = G(k) for all k € I,,, by convexity it
holds

Taking the infimum over all ¢ € P(Q,) such that ¢(QF) = ¢(k) for all
k € I, yields the desired result.

The proof of Item (i7i) is similar and is left to the reader (with the
hint to use the triangle inequality).
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To prove Item (iv), fix 4,05 € P(I,) and define v; € P(€),) by
n(z) = ﬁl(‘P(x))/(ngc))’ x € (), where we recall that ¢ denotes the
projection ¢(x) = i, ;. Then, H(v1|py) = H (1| ). Hence, defin-
ing identically v5 € P(2,) from s, the result follows if we prove that
Too (v1|v2) > Ta(D1|D2). By Theorem 9.5, and restricting the supremum
by using the projection ¢, we have

Teotaa) = sup { [ ([ 900 atd) + < 0,0)) )

Ved(2,) q€P(Qn) JQy,

~fossion)

> s ([ (L nt [ #e0)a) + 00

\i’GCP(In qu(Qn) Qn

- [ e i)}

Qp

Hence, by the first part of the lemma and again Theorem 9.5, we have
Teom (v1]12)
> sup { / inf inf </\If q(dy) + " (z, q)> vo(dx)
Q, Q,

3 GeP(n)  aeP(@n):
Ved(In) a(k)=a(k),VkEIn

- /I (k) (dk;)}

— an {f ( inf /nif(k)a(dkwe(go(x),a)) i de)

bea(l,) 4€P(In) J1
— [ ﬁl(dk)}
In
— sup { / ( inf / @(k)g(dk)+é(k,g)> D (dk)
\ije(I)(In) n (jE'P(In) n

— [ an)}

This ends the proof of the lemma. O

= Te(01]02).

As a consequence of the above lemma we get the following weak
transport inequalities for the binomial distribution i, ,.
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Corollary 7.7. For allt € (0,1), all p € (0,1) and alln =1,2..., it
holds
(7.8)

_ 1 1
T 6,0 (1|12) < 1—_tH(V1|Mn,p) + ;H(V2|,Un,p)> Vvi,ve € P(Iy).

In particular,
Tep,l,n (:Un,p|’/) < H(”mn,p) and Tﬂp,o,n(ymn,p) < H(an,p) Vv € P([n)
where 0,4 ,(h) :=nb,:(h/n), h € R.

Moreover, the same inequalities hold replacing Tgpm, Tepyl’n and

To,0., Tespectively by Tg T . andTg . where

p,Ln

épﬂg,n(h) = min(ﬁp,mn(h), epﬂf,n(_h))a h € R.

Proof. The inequalities involving 7 follow easily from Lemma 7.6 (Point
(#7) and (iv)) and Corollary 7.4. Similarly the inequalities involving T~
follow from Lemma 7.6 (Point (éiz) and (iv)) and Corollary 7.4, once
one shows that 6,,, is convex. This is a simple consequence of the
fact that 6,,,(h) = Oon1_psn(|h]) (see the beginning of the section)
and that 6,; is convex as proved in Appendix B. This completes the
proof. O

7.3. Weak transport cost inequality for the Poisson measure.
In this section we derive a weak transport-entropy inequality for the
Poisson probability measure p,, with parameter A > 0 : for all k € N,

(k) = %Te_’\. The idea is to use the weak convergence of the binomial

distribution p,, ,,, with p, := A/n, towards the Poisson measure pj.

Set, for t € (0,1), h € R,

, h
cai(h) = lim nf,, <ﬁ> :

The convexity of 6, , provides the convexity of the cost function cy ;.

We claim that
A ri(h) A h+ri(h)
— 1
tw<,x>+1—tw< A h=0

(7.9) ce(h) =

where r = r;(h) € [0, \) is the unique solution of the following equation,
(7.10) A=r)"" A =7 —h) =\, h <0.

The technical proof of this claim is given in Appendix B. We may

observe that lim;_,or(h) = 0 and lim;,; r4(h) = min(—h, \) (see the
end of the proof of Proposition 7.11 below).
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Set also

Q. f(0)= inf {/qu+cx,t (ﬁ—/kq(dk)>} (eN,

qeP(N)

the corresponding inf-convolution operators (for all f: N — R, say
bounded).

Proposition 7.11. For all A > 0, t € (0,1), it holds

1 1
(712) Tck’t(V1|V2) S EH(ZA |p>\)+¥H(V2‘p>\) y VI/l, Vo € P(N)

we also have

(7.13) TeroPalv) < H(v|py), Vv € P(N),
with cyxp(h) == Aw (%) 1p<0, and
(7.14) 7‘ck,1(1/|p)\) < H(v|py), Vv € P(N),

with C)\71(h) = Aw (_Th) 1hS0'

The weak transport inequalities (7.13) and (7.14) are the boundary
cases of the weak transport inequality (7.12) when ¢ goes to 0 or to 1
and vy = py or 1, = py.

Remark 7.15. From the proof it will be clear that our approach fails
to give a weak transport-entropy inequality involving T for the Pois-
son measure py. Indeed, one of the key ingredients is to use the limit
Jim nf(h/n) which, in the case of the T cost, is trivial: Jim. nf(h/n) =
0 for all h € R. However there is no clear evidence that such inequali-
ties do not hold.

Finally, we observe that (7.14) and (7.13) are optimal, i.e. the con-
stant 1 cannot be improved. Indeed, e.g. (7.14) is equivalent, thanks to
Proposition 4.5, to

exp {/@cwf dpx}/e‘f dpy <1,
which is an equality for f(x) = —tz, x € R, t > 0 (the same holds for

(7.13)).

Proof. We first start with the proof of (7.12). Recall that s, , denotes
the binomial distribution on I, = {0,1,...,n}. From Proposition 4.5
(i.e. the Bobkov-Gétze dual characterization) and Corollary 7.7, for all
integers n, all p € (0,1) and all bounded function f on N, it holds

_ 1/t 1/(1—t)
(7.16) </ etQ%t»”fd,u,W) </ e_(l_t)fdun,p> <L
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where we recall that @y, f, is the (bar) infimum convolution of f
associated to the cost function nf,,(-/n) defined by

Qo f(0) = inf { [ pdq-+ntg (% (B— k:q(dk:)))}, rel,

Our aim is to take the limit in (7.16), with p = p, := A/n. To achieve
it, we need to prove that inverting the infimum and limit goes in the
right direction. Namely we shall prove the following claim.

Claim 7.17. It holds
lim Qg, .. f(0) > Q. f((), €N

n— oo

We postpone the proof of the claim for a moment, but first by using
it we complete the proof of (7.12). Using the claim, we get from (7.16),
by the weak convergence of p, ,, towards py, as n goes to oo,

~ 1/t 1/(1—t)
(7.18) (/ etQCMfdp,\) (/ e_(l_t)fdp,\) <L

The thesis then follows by the Bobkov-Gotze dual characterization
(Proposition 4.5).

Now it remains to prove Claim 7.17. Set ||f|loc := supgey|f(k)|.
Since 6, , >0, and 6, ,(0) = 0 it holds for ¢ € I,

Qq,, .. f(6) > inf { fdq+nb,, (—1 [e_ k;q(dkj)} )}
. . - i

where [X]_ := max(—X,0) denotes the negative part. The above
infimum is reached by compactness at some ¢ (that depends on p, ¢, n, k)
satisfying:

/In fdg+nb, . (—% [6 — /n k@(dk)}_) < @Gw’nf(g) <1 £1loo-

At this point we claim that for all £ € (0,1), A > 0 and n > 2,

h

1
(7.19)  nb, o(~h/n) > T—w (-(1 . t)ﬁ> = v (h).

The proof of this claim is given in Appendix B. Let v;' denote the
inverse function of increasing bijection v, : R, — R,. It follows that

o [ki@n)] <o @), Veel.
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In turn, since P(1,) C P(N),

Tty d O 2 [ fd0+eni (0= [Ritan)
= s by (hfn) = e (B)

—v; (2] flloo) <h<0

>Q., f(0) - sup [10p,. (h/n) = exe (R)]

—v; 1 (2] flloo) <R <0

The pointwise convergence of né,, (h/n) to cy;(h) and the mono-
tonicity of 6,, ; on R_ implies, according to a classical variant of Dini’s
theorem, that

lim sup |0, + (h/n) —cxe (h)] = 0.

T o @I o) <h0
The proof of the weak transport inequality (7.12) is completed.

The boundary cases (7.13) and (7.14) of Proposition 7.11 can simi-
larly be obtained from the Bobkov-Gotze dual characterization of (the
boundary cases of) weak transport inequalities of Corollary 7.7. For
t = 0, the proof to get (7.13) is identical, replacing ¢ by 0. In the proof
of (7.14) for t = 1, we need to replace the claim (7.19) by the following
inequality: for all h > 0,

nf,, o(—h/n) > h? /2.
This easy computation and the details of the proof of (7.13) and (7.14)
are left to the reader.

We could also obtain (7.13) and (7.14) from (7.18) as ¢ goes to 0 or
to 1, with more computations for appropriate justifications. Let us just
show that for all h > 0,

%i—r}%C}Ht(_h) =\w <_Th> = cyo(—h),
and for all h > 0, h # 1,
%i_:r)r%c,\t(—h) =\w <§> =cya1(—h).
Let h = h/X\ and 7#(h) = 7(h) = 7:(—=h)/X < 1. Rewriting (7.10), one
has for all h > 0,
(1 —t)log (1 —7(h))+tlog(l —h—7(h)) =0.
This implies that
ht1—/(h+1)2 - 4th N
5 <
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The second inequality is obtained by applying twice the inequality
log(l —u) < w,u < 1, and the first inequality by applying twice the
inequality log(1 —u) > —u/(1 —wu),u < 1 followed by few easy compu-
tations.

These inequalities ensure that lim, o 7¢(h) = 0 and limy ;7 (h) =
min(1,~). Then the given limits of cy.(—h), as ¢t goes to 0 or to 1
easily follow. O

8. WEAK TRANSPORT-ENTROPY AND LOG-SOBOLEV TYPE
INEQUALITIES

In this section, our aim is to give some explicit links between the
weak transport-entropy inequalities introduced in Definition 4.1 and
functional inequalities of log-Sobolev type. Except for the first result
below, we are not able to deal with general costs. Hence (except for
Section 8.1), we restrict to the specific case (already of interest) of
To (introduced in Section 2.4). Furthermore, to avoid technicalities,
we may restrict to the particular choice 6(z) = [|z||*> (for some norm
on R™), even if most of the results below could be extended to more
general convex functions (at the price of denser statements and more
technical proofs). As an application, using the characterization of Ty
by means of log-Sobolev type inequalities and results from [1], we may
give more examples of measures satisfying such a transport-entropy
inequality on the line.

8.1. Transport-entropy and (7)-log-Sobolev inequalities. In this
section, we generalize the notion of (7)-log-Sobolev inequality intro-
duced in [25] (see also [20]) and describe some connection to weak
transport-entropy inequalities.

First we need some notation. Given A > 0 and ¢ € ©.(X), define

R)p(x) :== inf {/go p(dy) —|—)\c(:cp)} r e X.

pEP~ (X

Observe that R! = R., where R, is defined in Theorem 9.5. Follow-
ing [25], we introduce the (7)-log-Sobolev inequality as follows. We
recall that for any non-negative function g, one denotes Ent,(g) =

[ glog <fjdu> du.

Definition 8.1 ((7) — LSI.(\,C)). Let v: Ry — Ry be a lower-
semicontinuous function satisfying (2.1), ¢ : X x Py(X) — [0,00) and
C € (0,00). Then p € P,(X) is said to satisfies the (T)-log-Sobolev
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inequality with constant C, A and cost ¢ (or in short (1) — LSI.(\,C))
if, for all f with [ feldu < oo, it holds

(8.2) Ent,(ef) < C’/(f — RM)el dp.

The following result extends [25, Theorem 2.1].

Proposition 8.3. Let v: Ry — R, be a lower-semicontinuous func-
tion satisfying (2.1) and ¢ : X x P,(X) — [0,00) be a cost function. If
1 € Py (X) satisfies T, (b), then it satisfies (1) — LSL.(\, 253 for all
A€ (0,1/b).

Remark 8.4. In R™ [25], and more generally in metric spaces [26], if
one considers the usual transport cost Ty (with cost w(z,y) = d(x,y)?),
it is proved that the corresponding T4 (b) is actually equivalent to some
(7)-log-Sobolev inequality. In order to get such a result in the setting
of the present paper, one would need to develop a general Hamilton-
Jacobi theory which is not available at present (see [51] for some de-

velopments). This is the primary reason for us restricting ourselves to
the specific case of the “bar” cost in the next sections.

Proof. Fix a functlon f: X — Rwith [ fe/du < oo, A € (0,1/C) and
define dvy = Terdu fd dp. One has

f f
HO) = [108 (15 ) o
:/fduf—log/efdu
< [yavy~ [ rdn.

where the last inequality comes from Jensen’s inequality. Consequently,
if m(dzdy) = v¢(dz)p,(dy) is a probability measure on X x X with first
marginal vy and second marginal ,

Hivglw) < [[(f(a ) w(dady)

- /( / >>pm<dy>) vy (d).

It follows from the definition of R? that — [ f(y) p(dy) < —R)f(z) +
Ac(z, p,) for all x € X, so using that p, is a probability measure,

JU@ = 1@)paldy) = f@) = [ F)palay)
< f(z) — RMf(x) + Ae(z, o), reX.
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Hence,
Hvglu) < [ (£@) = R (@) vy(da) + X [ elap.) vy(d).

Optimizing over all 7 (or equivalently over all p,) with marginals vy
and g, it holds

Hivglw) < [ (f(x) = R (@) vs(da) + MTolpalvy)

< f;dﬂ/(f—Réf) ef dy + MbH (vf| ).

The thesis follows by noticing that (f ef du) H(v¢|pu) = Ent,, (ef). O

8.2. Weak transport-entropy inequalities 7_';[ . In this section we
give different equivalent forms of Tzi in terms of the classical log-
Sobolev-type inequality of Gross [32] restricted to convex/concave func-
tions, to the (7)-log-Sobolev inequality (8.2) and to the hypercontrac-
tivity of the (classical) Hamilton-Jacobi semi-group, also restricted to
some class of functions.

Throughout this section, we consider the cost

x—/yp(dy) 2

where [ - || is a norm on R™ whose dual norm we denote by || - [[.. We
recall that ||z[|, = maxyecgm |y|=1 2 - y. Recall the definition of T, from
Section 2.4 and the (7)-log-Sobolev inequality (8.2) defined with such

a cost. As usual, ||f]|, := ([ |f|" d,u)%, p € R* (including negative real
numbers) and || f|lo := exp{[log|f|du} whenever this makes sense.
Also, given p: R™ — R, t > 0, let

: 1 m
35 Q)= inf o)+ 5 lo-l’}, wer™,

yeR™

, xERm,pepl(Rm),

1
cle.p) = 5 |

1
Pepla) i= sup {oly) = 5 e =9I’} @R

yeR™
We will make use of the following observation (see Theorem 2.11): for
any ¢: R™ — R convex, Lipschitz and bounded from below, it holds

Qi = Rep = inf : {/@(y)p(dy) + C(x,p)} :

pEP1(X

In the result below, we assume that || - ||, is strictly convex, i.e. it is
such that

(8.6) (x 7y with [zl = llyll. =1) = (1 = )z + ty[l. <1.
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This assumption is made to ensure that the operation f +— Q,f trans-
forms a convex function into a C'-smooth convex function (this well
known property is recalled in Lemma 8.12 below). The proof could
certainly be adapted without this assumption, but we dont want to
enter into these technical complications.

Remark 8.7. It is well known that the strict convexity of the dual
norm || - ||+ is equivalent to the C*-smoothness of the initial norm || - ||
on R™\{0}. These equivalent conditions are fulfilled for instance by the
classical p-norms : ||z, = [Z0, |25]P]VP, 2 € R™, for 1 < p < +oo0.

Theorem 8.8. Suppose that || - ||« is a strictly convex norm and let
€ Pi(R™). Then the following are equivalent:

(i) there exists b > 0 such that T, (b) holds;
(ii) there exists X\, C' > 0 such that (1) — LSI.(\, C) holds;
(iii) there exists p > 0 such that for all C'-smooth function p: R™ —
R convezx, Lipschitz and bounded from below, it holds

1
(8.9) Buty(e) < 5 [ V6|6 dn

(iv) There exists p' > 0 such that for every t > 0, every a > 0 and
every ¢: R™ — R convex, Lipschitz and bounded from below, it
holds

(8.10) €9 latpre < 1€ la-
Moreover

i) = (i1) for all A € (0,1/b) and with C'=1/(1 — b\);
i) = (iii) with p = 5;

i) = (iv) with p' = p;

1

P

(
(
(
(1v) = (i) with b =

Remark 8.11. The implication (ii) = (i) is a variant of a well known
result due to Otto and Villani [17] showing that the logarithmic Sobolev
inequality implies the classical transport-entropy inequality To. Here
we will make use of the arguments developed in [7]. On the other hand,
in the classical setting, the equivalence (i) <= (ii) was studied and
developed in [25, 26, 27].

Observe that the relations between the various constants are almost
optimal. Indeed, starting from T, (b), we deduce from (ii) = (i)
that the log-Sobolev inequality (8.9) holds with p = supy¢(g 1) A/C =
Supye(o.1/p) AL — bA) = 55 (the mazimum is reached at X = 1/(2b)).
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From this we deduce (iv) with p' = 1/(4b) which gives back T, (4b),
and in all we are off only by a factor 4.

We may make use of the above result to obtain example of measures
satisfying T, (b) in Section 8.3. Indeed, the “convex” log-Sobolev in-
equality (8.9) was studied in the literature [1].

We will use the following classical smoothing property of the infimum
convolution operator.

Lemma 8.12. Let || - || be a norm on R™ whose dual norm is strictly
conver. If ¢ : R™ — R is a convex function, then for all t > 0, the
function Qp defined by

1
Quole) = jnf {ol) + gylle —ulP},  weR™

yeR™

is also convex and C*-smooth on R™.

Proof. The fact that Q;p is convex is well-known and easy to check.
Consider the Fenchel-Legendre transform of @,y defined by

(Qup)™(x) = sup {z -y — Quo(y)}, xr e R™.

yeR'm

A simple calculation shows that (Qyp)*(z) = ¢*(z) + 1||z||?, for all z €
R™. By assumption, || - ||, satisfies (8.6). This easily implies that (and
is in fact equivalent to) the convex function z ~ ||z||? is strictly convex
(in the usual sense : if x # y, then ||(1—t)z+ty|> < (1—1t)||z||®+]|y]?,
for all £ € (0,1)). Therefore, the function = — (Qup)*(z) is strictly
convex on R™. A classical result in Fenchel-Legendre duality (see e.g.
(34, Theorem E.4.1.1]) then implies that (Q;p)** = Qs is C'-smooth
on R™. U

Proof of Theorem 8.8. That (i) implies (i7) is given in Proposition 8.3.

To prove that (i7) implies (7i4), fix p: R™ — R a C'-smooth func-
tion which is convex, Lipschitz and bounded from below. Then, by
convexity, for all z,y € R™, it holds

o(x) — p(y) < Ve(z) - (z—y).

where u-v denotes the scalar product of u,v € R™. Hence, given A > 0
and z € R™, by the Cauchy-Schwarz inequality u-v < o [|ul|2+ 3[jv[|?,
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u, v € R™, we have

p(z) — Rog(

- { f1et0) = et ptan - e~ [wwiane]
< s {9t - st - Gl - [t}

peP1(R™)

- ){wm)-(x— [ wvtan) =31 = [y}

pePL(R™
1
< — Z
< o5 V@)
The expected result follows.

To prove that (i7i) implies (iv), we follow the now classical argument
from [7] based on the Hamilton-Jacobi equation satisfied by (¢,z)
Qup(x). Since we do not assume that p is absolutely continuous with
respect to Lebesgue measure (one of our main motivations is to study
transport inequalities for discrete measures), there are some technical
difficulties to clarify in order to adapt the proof of [7, Theorem 2.1] to
our framework. First, as shown in [27] or [1], the followmg Hamilton-
Jacobi equation holds for all t > 0 and x € R™ :

d+ Lo o
(8.13) Q@) = 5|V Quel*(2),

where, d* /dt stands for the right derivative, and by definition |V~ f|(z)
is a notation for the local slope of a function f at a point x, defined by

)~ @)

ly — =

|V~ fl(x) = lim sup
y—x

Here, since ¢ is convex, the regularization property of the inf-convol-
ution operator (); given in Lemma 8.12 implies that for all ¢ > 0,
the function z — Q;f(z) is actually C'-smooth on R™. It is then eas-
ily checked that |V~Qip|(z) = ||[VQip(2)|«. Moreover, according to
Lemma 8.12 again, if ¢: R™ — R is convex, then so does (Q;¢. There-
fore, (8.9) can be applied to the function Q¢ for all ¢t > 0. To complete
the proof of the implication, we leave it to the reader to follow the proof
of [7, Theorem 2.1] (see also [27, Theorem 1.11]).

Finally we prove that (iv) implies (). We observe that, at t = 1 and
a =0, (8.10) means precisely that,

/ep’leo du < o [edn
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This is equivalent to T, (1/p), thanks to Proposition 4.5 and to the fact
that, as recalled above, Q¢ = R.p = %anx) {[ () p(dy) + c(x,p)},
pPEF1

for any ¢: R™ — R convex, Lipschitz and bounded from below. This
completes the proof. O

In order to give a series of equivalent formulations of T;r(b), we
need to introduce the notion of c-convexity (see e.g. [64]). We recall
that if ¢ : X x X is some cost function on a space X, a function
f: X — RU{xo0} is said to be c-convex, if there exists some function
g: X — RU{£o0} such that

flz) = ilel)g{g(y) —c(z,y)}, VeeX.

In what follows, we will use this notion with c¢(z,y) = %HI —ylI%,
z,y € R™ where A > 0 and || - || is some norm on X = R™, such
that || - ||« is a strictly convex norm in the sense of (8.6). In other
words, a function f: R™ — RU {400} is 3| - ||*-convex, if there exists
g: R™ — R U{+£oo} such that f = Pig (recall the definition of P,
from 8.5). In [27, Proposition 2.2], for example, it is proved that f is
21 - [|*-convex if and only if f = P1Qu f. Furthermore, if f is of class

C*and || - || = | - | is the Euclidean norm, then f is 3| - |*-convex if and
only if Hessf > —AId (as a matrix), where Hess denotes the Hessian
(see e.g. [27, Proposition 2.3]).

To avoid the use of too heavy a terminology, we will denote by
Fr(R™); A > 0, the class of all functions f : R™ — R that are concave,
Lipschitz, bounded from above and || - ||*-convex.

Remark 8.14. According to Lemma 8.12, if g is concave on R™ and
A > 0, then Qi/\(—g) is convex and C'-smooth. In particular, [ =
—Q1/x(—g) is concave and C'-smooth. But f = —Q1/x(—g) = Pi/\(g)
and thus f is also 3| - ||*-convez. Furthermore, if g is assumed to be
Lipschitz and bounded from above, then f is also Lipschitz and bounded
from above. This shows that the class Fy(R™) N CYHR™) is not empty.

Theorem 8.15. Suppose that || - ||. is a strictly convex norm and let
w € Pi(R™). Then the following are equivalent:

(i) there exists b > 0 such that Ty (b) holds;
(ii) there exist A\,C' > 0 such that for all p € Fy(R™), it holds

(8.16) Ent,(¢¥) < C / (¢ — Qup)e? dpi;



KANTOROVICH DUALITY FOR GENERAL COSTS AND APPLICATIONS 57
(iii) there exist p, N > 0 such that for all C*-smooth function o €
.F)\/(Rm), it holds
1
(8.17) Buty(c) < 5 [ V6] dn

Moreover

(i) = (i1) for all X € (0,1/b) and with C =1/(1 — b\);
(i) = (iid) for all X' € (0, ) and with p = 22*;

(iii) = (i) with b= 2.

Remark 8.18. Also, Equation (8.16) is very close to (yet different
from) the (7)-log-Sobolev inequality (8.2). The difference is coming
from the fact that, for concave functions, R.f # Qf, while equality
holds for convex functions.

In particular, we emphasize the fact that T, (b) encompasses infor-
mation about convex functions, while T;r(b) about concave functions.

Finally, we observe that the constants in the various implications are
almost optimal. Indeed, starting from T;(b), we end up with T;(b’),
with ¥ = S0 with A € (0,1/b) and X' € (0,)). Choosing
A =1/(2b) and N = 1/(4b) one gets V! = 12b and we are off by a factor
12, at the most.

Proof. To prove that (i) implies (ii), we follow the argument of the
proof of Proposition 8.3. Consider a concave function f, Lipschitz and
bounded above, A € (0,1/b) and define for simplicity s = 1/\ and

% dp. By Jensen’s Inequality we have

H(vslu) = /1og <J"eePifdM> f;:;fdu dyt /Psfdl/f—IOg/ePsf dji
S/Psfduf—/PSfdu
= [1Pf = flavy = [ Pofdu+ [ favy
< /[Psf— fldvy + AT (ve|w).

dl/f =

where in the last line we used the homogeneity of the transport cost (as
a function of the cost (recall that s = 1/))) and the duality theorem
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(Corollary 2.11) to ensure that (since Q1(—¢) = —Pip)
T2(ve|p) = sup {/Qw dp — /sodvf;
@ convex, Lipschitz, bounded from below}
= sup {—/Plgodu + /godyf;

@ concave, Lipschitz, bounded from above}.

Applying T; (b) and rearranging the terms, we end up with the follow-
ing inequality (since ([ exp{P,f}dp) H(vs|p) = Ent, (exp{P,f})):

Bnt, (™) < 1 _1

o 1P = £l du,

which holds for any f concave, Lipschitz and bounded above, and for
any A € (0,1/b) and s = 1/A. Now, our aim is to get rid of P, f. To that
purpose, we observe that, since f is concave, Lipschitz and bounded
above, Q,f is also concave, Lipschitz and bounded above® (for any
s > 0), so that, if we assume in addition that f is 3| - ||*-convex,
applying the latter to QQsf and using that P,Q,f = f, we finally get
the desired result of Item (i7).

Now we prove that (i) implies (#i7). Assume Item (i7) and consider
a function f € Fy(R™), with X € (0,\). Our aim is to make use of
the ’\7/|| - ||?-convexity property of f to bound f — Q1 f from above by
|V f]|?; we may follow [27].

Since f is ’\E,H - ||*-convex, it satisfies P,Q,f = f, where for sim-
plicity s = 1/X (see e.g. [27, Proposition 2.2]). Define m(z) =
{g eR™: f(z) = g(y) — Xz — §||2}, i.e. the set of points where the
supremum is reached, which is is non-empty by simple compactness
arguments (see [27, Lemma 2.6]). Given y € m(x), we have for all
z € R™,

(8.19)
/

N A
f@) = Quf @) — Flo = 3l* < f(2) + 5 (= = 3lI° = = — 41 -

These facts follow from the fact that Qs f(z) = inf, {f(z — y) + $|y||*}. Hence
Qsf is concave as infimum of concave functions. On the other hand, z — f(z —
y)+3 ly||? are uniformly (in y) Lipschitz functions so that Q, f is again Lipschitz as
infimum of Lipschitz functions. Finally, Qsf < f and therefore is bounded above.
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Since f is concave and C!-smooth, it holds
f(z) < f(z)+ Vf(z)- (2 — ), Vz € R™.

Inserting this inequality in (8.19), one gets

/

A . . m
0<Vf(@)- (z=2)+ Z(lz =yl = lle—ull"),  VzeR™
Applying this to z; = (1 — t)x + ty, with ¢ € (0, 1), one obtains
_ N -
0<iVf(z)-(y =)+ 5 (1= = Dlle—glI*
Dividing by ¢ and letting ¢ — 0, one ends up with the inequality
Nz =glI* < Vf(z)- (5 —2) < [[VF@) ]z — gl
According to (8.19), the triangle inequality, and the inequality ||z —
gl < IV f(@)]«, one gets
N )
f@) < 1)+ 5 (Il = 2l + 20|z = |l - 71])

/

< f(2) + % (HZ |42z —af M)

/

A A=)
Sf@w+;v—ﬂﬁ+(w—zMVﬂwm— . nz—wﬂ
1

s IV @I

A
< () + Sl -l +
Optimizing over z € R™, one gets the inequality

1
(@) = Qunf@) < 5535

which inserted into (8.16) yields (8.17).

It remains to prove that (iii) implies (7). To that purpose, let £(t) :=
—p(1 —1t), t € (0,1) (observe that £(t) < 0), set s = —£(t)/N, and
consider a convex, Lipschitz and bounded below function f: R™ — R.
We shall apply the log-Sobolev inequality to ¢ = £(t)Q.f for a given
t € (0,1). We need first to verify that ¢ is concave, Lipschitz, bounded
above and M c-convex. Since f is convex, (;f is convex and so, since
0(t) < 0, ¢ is concave. On the other hand, since f is Lipschitz, so
does . Also, f being bounded below, Q;f > inf f and £(t) < 0, we
have ¢ = £(t)Q.f < £(t)inf f which proves that ¢ is bounded above.

IV£@)II
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Finally, since Q) is a semi—group and since in general Q,(g) = —P,(—g),
we have for all ¢ € ( 5, 1) (to ensure that s <),

=0(t)Qs(Qi—sf) = —l(t)Ps(—Qi—sf) = Z(t)( (t)Qt—sf)
= Py ((0)Qu-s ).

hence ¢ is Nc-convex. In turn, applying the log-Sobolev inequality to
¢ (which is C'-smooth according to Lemma 8.12), we end up with the
following inequality that we shall use later on:

/ 0()Qu f" D9 dy — H(t)log H(t) = Ent,,(e"D%f)

((t)?
- _(2/3 JI9QuF2 0% dy.

where H(t) := [e'@%/dy. Hence, by the Hamilton-Jacobi equation
(8.13),
T L g ) = (O H () og H(t) + (1) H (1))
at \ () °® T 0H®) &

! (6’@) Ent,, (e"V97) + ¢(t) /aQtf D q )

T U(O2H()

A0 awaury , L) 2 0)Q:

— W (Entu(e O 4 W / IVQ.f]le t)Q fd,u)
@ (11 s ons o

< SHE (; - w)) JI19Qu 302 dyu =0,

since ¢'(t) = p. Therefore the function ¢ — [e?*/[;) is non-increasing
(p 2> 1). In particular, in the limit, we get

o f
I ey < e
UE5r)
that we can rephrase as
ptN

o Qurdn (/6 P

Now, since @, f < f, we conclude that

pN
AT du) <1
efQ1fdu (/6_%fd/1,) P <1

which implies T (p+’\ ) by Proposition 4.5 and Corollary 2.11. This
completes the proof O
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8.3. Sufficient condition for T, on the line. In this short section,
we would like to take advantage of some known results from [1] to give

a sufficient condition for the transport-entropy inequality T, to hold
on the line.

Our starting point is the following result.

Theorem 8.20 ([1]). Let pu be a symmetric probability measure on the
line. Assume that there exists ¢ > 0 and o < 1 such that for all x > 0,
p([r + £,00)) < ap([z,00)). Then, there exists C(c, o) € (0,00) such
that for every smooth, convexr function ¢: R — R, it holds

Ent,(e?) < C(c, a)/cp'ze“”d,u.

Observe that we assumed symmetry for simplicity. It is not essential
and a similar result holds for non-symmetric measures.

Corollary 8.21. Let i be a symmetric probability measure on the line.
Assume that there exists ¢ > 0 and o < 1 such that for all x > 0,
p(r+ £,00)) < ap(lx,00)). Then, there exists C' = C(c, o) € (0, 00)
such that T, (C) holds.

Proof. Theorem 8.20 guarantees that Item (iii) of Theorem 8.8 holds,

with 1/(2p) = C(c,a) (Choose || - || = | - |, where | - | is the absolute
value, so that || - ||« = |- |). The desired result follows from Theorem
8.8. U

We refer to [28] for a complete characterization of the inequalities
T, (and other T inequalities) on the line. As proved there in [28,
Theorem 1.2], a probability measure y satisfies T (C) and T (C) for
some C'is and only if there exists some D > 0 such that the monotone
increasing rearrangement map U transporting the symmetric exponen-
tial probability measure v(dz) = 1e™*l dz on p satisfies the following
growth condition:

1
sup |U(x +u) — U(z)| SE\/u+1, Yu > 0.

See [28] for an explicit relation between the constants C' and D, and
also for a more general statements.
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9. GENERALIZATION OF KANTOROVICH DUALITY

9.1. Notations. First let us recall and complete the notations intro-
duced in Section 2.1. Throughout this section, (X,d) is a complete
separable metric space. The space of all Borel probability measures on
X is denoted by P(X) and the space of all Borel signed measures by
M(X).

If v: R, — Ry is a lower-semicontinuous function satisfying (2.1),
we set

My (X) = { € MX); [ 9(d(, ) |l (d) < oo}

for some (hence all) z, € X.

We equip M, (X) with the coarsest topology that makes continuous
the linear functionals p — [@du, ¢ € ®.(X), where we recall that
®,(X) denotes the set of continuous functions ¢ : X — R satisfying
the growth condition (2.2). This topology is denoted by o(M.,(X)).
To be more specific, a basis for this topology is given by all finite
intersections of sets of the form
(9.1)

Upae = {m e M, (X); '/apdm —a

<a}, ped,(X),aeR e>0.

The set P,(X) := P(X) N M, (X) is equipped with the trace topol-
ogy denoted by o(P,(X)). Let us remark that if v is bounded, then
P,(X) =P(X) and the topology o(P,(X)) is the usual weak topology
on P(X).

We define similarly the spaces P, (X x X) C M. (X x X) and equip
them with the topologies o(M., (X x X)) and o(P,(X x X)) defined
with the class ©.(X x X) of continuous functions ¢ : X x X — R
such that there exist a,b > 0 and z, € X such that |p(z,y)| < a +
b(y(d(zo, ) + vy(d(z0,y))) for all z,y € X.

Finally, we recall that @, ,(X) is the set of the elements of ®.(X)
that are bounded from below.

Before stating our main result, we need to introduce some technical
assumptions and comment on them. Below we denote by 7(dxdy) =
p.(dy)m (dz) the disintegration of a probability measure 7 on X x X
with respect to its first marginal 7.
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Definition 9.2 (Conditions (C'), (C"), (C")). Given (X,d) a complete
separable metric space and c: X xP,(X) — [0,00] a cost function asso-

ciated to some lower-semicontinuous function v : Ry — R, satisfying
(2.1), we say the condition (C') holds if

(Cy1) For all p € Py(X), the function m w— I.[r| :== [c(x,p,) m(dx)
1s lower-semicontinuous on the set

O(p, - ) :=={r € Py(X x X);m(dz x X) = p(dx)}.

In other words, for all s > 0, the set {m € (u, -); Il [r] < s}
is closed for the topology o(P,(X x X)).

(Cy) The function p — c(x,p) is convex for all v € X.

(C3) The function (x,p) — c(x,p) is continuous with respect to the
product topology.

(Cy) The cost c is such that if p € P, (X) and (p,)zex are measurable
probability kernels such that p, € P,(X) for all x € X and
Je(x,py) p(de) < oo, then v = up € P (X).

Similarly we say that condition (C") holds if (C1),(Cs), (Cy) hold to-
gether with

(C%) (X,d) is compact and the function (z,p) — c(z,p) is lower-
semicontinuous with respect to the product topology,

and that condition (C") holds if (Cs), (C4) hold together with

(CY) X is a countable set of isolated points and for all x € X, the
function p — c(z,p) is lower-semicontinuous.

The above conditions are technical. However, Condition (Cy) is the
least we can hope for.

As for applications, the main difficulty is coming from Condition
(C1). Let us make some comments about this assumption. First spe-
cializing to g = §,, condition (C) implies that for all z € X, the
function p — ¢(x, p) is lower semicontinuous on P, (X). In the discrete
setting, the converse is also true : as shown in the proof of Theorem 9.5,
Condition (C%) implies Condition (C}) (this is why the latter does not
appear in Condition (C”)). For more general spaces, we do not know
if Condition (C) is strictly stronger than lower-semicontinuity of the
cost function c¢. Nevertheless, we have the following rather general ab-
stract result whose proof is postponed to Section 9.5. In particular,
such a result applies to the transport costs 7, 7 and T introduced in
Section 2.4.
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Proposition 9.3. Let (X, d) be complete separable metric space. Let
(Vr)ken be a sequence of elements of (X x X) (with v : Ry — Ry
satisfying (2.1)) such that po = 0. Assume that the cost function c :
X x Py (X) = [0,00] is defined by

O4fr.p) =sup [ () p(dy).  Vre X, WpePy(X).

Then Conditions (Cy) and (C3) hold and ¢ : X x P, (X) — [0,00] is
lower-semicontinuous with respect to the product topology.

We are now in a position to state the main result of this section: a
generalization of the Kantorovich duality theorem.

Theorem 9.5. Let (X,d) be a complete separable metric space. Let
c: X X P,(X) — [0,00] be a cost function associated to some lower-
semicontinuous function v: Ry — Ry satisfying (2.1). Assume that
condition (C),(C") or (C") holds. Then, for all p,v € P,(X), the
following duality formula holds:

Tl = swp | [ Reeto) wtda) = [ o)},
where

Rep(z) ;== inf {/<p p(dy) + c(x, p)} reX, ped,  (X).
PEP (X

Remark 9.6. Note that since ¢ > 0, R.p is bounded from below as
soon as ¢ is bounded from below. Therefore, [ R.p(x)p(dx) is al-
ways well defined in (—oo0,00|. Note also, that R.p is always mea-
surable. This is clear under Condition (Cs), since in this case R.p is
lower-semicontinuous as an infimum of continuous functions. Under
Condition (CY%), it is not difficult to check that R.p remains lower-
semicontinuous, using the fact that P,(X) is compact.

The proof of Theorem 9.5 uses classical tools from convex analysis
that we recall in a separate subsection (see Section 9.3 below), and then
apply them to our specific setting. We refer to Mikami [13], Léonard
[37], Tan-Touzi [62] for similar strategies.

9.2. Fenchel-Legendre duality. The main tool used in the proof of
Theorem 9.5 is the following Fenchel-Legendre duality theorem (see for
instance [65, Theorem 2.3.3]).

Theorem 9.7 (Fenchel-Legendre duality theorem). Let E be a Haus-
dorff locally convex topological vector space and E' its topological dual
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space. For any lower semicontinuous convexr function F: E —| —
00, 00|, it holds
F(z) = sup{l(z) — F*(0)}, z€k,
(eE’
where the Fenchel-Legendre transform F* of F' is defined by

F(0) = sup{l(a) ~ F()}, (€ E

To apply Theorem 9.7 in our framework, one needs to identify the
topological dual space of (M., (X), 0(M,(X))) equipped with the top-
ology defined in Section 9.1. More precisely, the next lemma will enable
us to identify the dual space (M., (X),d(M,(X)))" to the set &, (X).

Lemma 9.8. A linear form {: M. (X) — R is continuous with respect
to the topology o(M.(X)) if and only if there exists ¢ € ®,(X) such
that

l(m) = /gpdm, Vm e M. (X).

The proof of this lemma appears, for instance, in the book by Deus-
chel and Stroock [17]. We recall it here for the sake of completeness.

Proof of Lemma 9.8. The fact that linear functionals of the form m
Jpdm, ¢ € @, are continuous comes from the very definition of the
topology o (M., (X)). Conversely, let £ be a continuous linear functional
and let us show that ¢ is of the preceding form. Define p(z) = £(4,),
x € X (where 0, is the Dirac mass at z). First we will show that
¢ belongs to ®,(X). The map X 3 = — §, € M, (X) is con-
tinuous. Namely, for all ¢q,...,¢, € ®,, it holds {z € X;d, €
m?:lU@i,aiyfi} = {SL’ S X; |301(x> - ai‘ < 8i7V7; < n}v (Where U%',ai,ei
is defined by (9.1)) and this set is open, which proves that x +— 4, is
continuous on X. As a result ¢ is continuous. It remains to prove
that ¢ satisfies the growth condition (2.2). Since ¢ is continuous, the
set O == {m € M,(X);|¢(m)| < 1} is open and contains 0. By
the definition of the topology o(M, (X)), there exist an integer n,
Ol on € Py, a1,...,a, € Rand €q,...,¢, > 0 such that O con-
tains N U, aie, and 0 € NI Uy, 4, ;- As a result,

n
0€ () Upyaies = A:= max

i=1

and (given m € M, (X))

n
2.
i=1

/?dm'<1—A = m € O.
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Thus, since m/¢(m) §é 0,

6(m) Z

Applying this inequality to m = J, and using the growth conditions
(2.2) satisfied by the ¢ls, one sees that ¢ verifies (2.2).

Finally, let us show that ¢(m) = [@dm, for all m € M, (X). If m
is a linear combination of Dirac measures, then this identity is clearly
satisfied. Since any measure m can be approached in the topology
(M, (X)) by some sequence m,, of measures with finite support, the
equality /(m) = [ ¢ dm extends to any m € M, (X). d

/ 7 dm‘ Vm e M., (X).

During the proof of Theorem 9.5, we will also use the following easy
extension of Prokhorov’s theorem.

Theorem 9.9. A set A C P, (X) is relatively compact for the topology
o(My (X)) if and only if for all € > 0, there exists a compact set
K. C X such that

/X\Ks(l +y(d(z,, x))) v(de) <e, — WveA,

where x, is some arbitrary fixed point.
9.3. Proof of Theorem 9.5 (Duality).

Proof of Theorem 9.5. Fix p € P,(X) and let us consider the function
F defined on M, (X) by

F(m) =T.(m|p), it m € P, (X) and F(m) = +o0 otherwise.

Let us show that the function F satisfies the assumptions of Theorem
9.7.

First we will prove that F' is convex on M. (X). According to the
definition of F, it is clearly enough to prove the convexity of F' over
(the convex set) P, (X). Take vy, 14 € Py(X) and m; € (p, ;) i =0, 1
with disintegration kernels (p°).ex, (pl)zex. Then for all ¢t € [0, 1],
= (1—t)mo+tm € Il(p, (1 —t)vp+try) and its disintegration kernel
satisfies p!. = (1 —t)pY + tpl, for p almost every z € X. Since the cost
function ¢ is convex in its second argument, it holds

F((1 -t +tn) < I[m] = /c(x,px) wu(dr) < (1 —t)I[mo] + tl.]m] .

Optimizing over my, m gives F'((1—t)vg+try) < (1 —1)F(vo) +tF (1),
which proves the desired convexity property.
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Next we will prove that F' is lower-semicontinuous, for the topology
o(M, (X)), on M, (X). Let (my), be a sequence of M., (X) converging
to some m. One needs to show that F'(m) < liminf, . F'(m,). One
can assume without loss of generality that F'(m,) < oo for all n. By
the definition of 7.(-|u), for all n € N*, there exists m, € II(u, m,)
such that I.[r,] — 1/n < To(my,|p) < I.[m,]. Since m, is a converging
sequence, the set {m,;n € N*} U{u} is relatively compact. Therefore,
according to Theorem 9.9, for some arbitrary fixed point z, € X, for
all € > 0, there exists a compact set K. C X such that

sup L+ v(d(zo,y)) mn(dy) < e
neN* X\Ks

and
14+ ~(d(z, 2))p(dz) < e.
S, L o D)) < ¢
Therefore, letting M := sup,,cn+ [ 7(d(20, ) my(dz) < 0o and K¢ =
X \ K., it holds

/X><X\(K5><KE) L+ v(d(2o, z)) + v(d(70,y)) mn(drdy)

S Je e 1T Y(d(z0, ) +v(d(20, y)) Tn(dxdy)

+ | L d(we, )+ (d(wo, y) ma(drdy)

< ma(K9) [ Ad(wo,@)) plde) + [ 1+ 3(d(as, ) ma(dy)

Kg

n /K 1+ y(d(w, ) plde) + p(K)M

<e (2 F M+ [ (dro,2) u(d@) .

So according to Theorem 9.9, it follows that {m,;n € N*} is relatively
compact. Extracting a subsequence if necessary, one can assume with-
out loss of generality that 7, converges to some 7% € P, (X x X).
This 7* has the correct marginals p and m. Furthermore, denoting by
¢ =liminf, . I.[m,] = liminf, . T.(m,|u), we see that, for all r > 0,

T € {m € Py(X x X);m(de x X) = p(dx) and I[r] < l+r}:= Ay,

for infinitely many n € N*. By assumption (C), the set A, is closed
for the topology o(P,(X x X)). Therefore, the limit 7* also belongs
to Agy,. In other words,

F(m) = Te(m|p) < Le[r"] < liminf Te(ma |pw) + 7, Vr > 0.
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Since r > 0 is arbitrary, this concludes the proof of the lower-semi-
continuity of F.

According to Lemma 9.8, the topological dual space of M. (X) can
be identified with the set of linear functionals m — [ ¢ dm, where ¢ €
®,(X). Applying Theorem 9.7 together with Lemma 9.8 we conclude
that, for any m € P, (X),

F(m)= sup {/apdm—F*(gp)}: sup {/—gpdm—F*(—gp)}.

pedy (X) ped (X)

Now we show that the last supremum can be restricted to @, ,(X).
Observe that

F—¢)= swp {[—pdm—Fm)}

meP~(X)
=sup sup {/—(gp\/k)dm—F(m)}:supF*(—(ap\/k‘)),
keR meP, (X) keR

so that for all ¢ € ¢, (X) and m € P,(X), we have
/—gp dm — F*(—p) = lim [ —(pVk)dm — F*(—(p V k).
Therefore,

F(m)= sup ){/—godm—F*(—go)}

ped (X

< sup ){/—wdm—F*(—w)},

PED, (X

and since the other inequality is obvious, the two quantities are equal.
To conclude the proof, it remains to show that

(9.10) F'(=9) = = [ Repla) uldz), Vi € @,(X).
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For all ¢ € ®,;, it holds

F(ep)= swp | [ ~odm—Tmiw)

meP(X)
= mesvglﬁx 7rEsﬂu}?m {/ edm — I [m }
= sup {/ {/ —(y) pz(dy) — C(ifapx)] p(dz);

(px)zex probability kernel such that pp € P, (X )}

:—inf{/[/go y) pa(dy) + c(x, p2)

(pz)zex probability kernel such that pp € P, (X )}

p(dz);

By definition, R.p(x) = infyep (x){[/ @ dp + c(x,p)}. Therefore, one

has
— [ Replw) pu(da

Let us show the converse inequality. One can assume without loss of
generality that [ R.p(z) p(dz) € (—o0,00). For all ¢ > 0 and 2 € X,
consider the set M: defined by

M; {pEP /sodp+6(:vp)<Rcs0()+€}

Note that, since ¢ is bounded from below and ¢ > 0, R.p(x) > —o0,
for all z € X, we have that M; is non-empty for all € > 0.

Assume that for all ¢ > 0, there exists a measurable kernel X —
P,(X) : &+~ p: such that forall z € X, p; € MZ. Then, if ¢ is bounded
below by k, one sees that [c(x,pS) pu(der) < —k+e+ [ Repdu < oo.
According to condition (Cy) one concludes that v* = up® € P,(X). So
it holds

Fr(—¢p //@ y) p(dy) +c(z, p;) pldz) /Rcso

which gives the desired inequality when € — 0.

When the condition (C3) holds, the kernel p¢ is obtained by apply-
ing the elementary measurable selection result of Lemma 9.11 below.
Indeed, note that the function H(z,p) = [@dp + ¢(x,p) is continuous
(and thus upper-semicontinuous), and that Y = P, (X) equipped with
the topology (P, (X)) is metrizable (for instance, by the Kantorovich
metric W, if v = ~,, or the Lévy-Prokhorov distance for the usual
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weak-topology if v = ~9) and separable (see [64, Theorem 6.18], [5,
Proposition 7.20]).

Under condition (CY%), the space X is compact and the function H
defined above is lower-semicontinuous. The selection Lemma 9.12 be-
low ensures that there exists a measurable kernel X — P (X) : x — p,
such that R.po(z) = infpep (x) H(z,p) = H(z,p.). The conclusion
easily follows.

Under condition (CY%), X is a countable set of isolated points. So
all subsets of X are open (the topology on X is thus the discrete one)
and all functions are measurable (and even continuous). Therefore by
choosing for each = in X, some element p; in the non-empty set M:, we
get a measurable kernel X — P, (X) : x — p5. The same conclusion
follows.

To complete the proof, one needs to justify that Condition (C)
follows from Condition (C¥). Assume that (X, d) is a countable set of
isolated points and that for all z € X, the function p — ¢(z, p) is lower-
semicontinuous and let us show that 7 +— I.[r] is lower semicontinuous
on II(u, ). Let (m,), be a sequence in II(u,-) converging to some 7
for the topology (P, (X x X)). Write 7, (dzdy) = psn(dy) p(dx) and
denote by v, (resp. v) the second marginal of m, (resp. ). The
sequence v, converges to v, therefore it is relatively compact and so
according to Theorem 9.9, for all € > 0, there is some compact K, C X
(i.e. a finite set) such that [i. v(d(xo,y)) va(dy) < €, where z, is some
fixed point in X. In other words,

S Y Wd(o, y))pea{y})n({a}) <&

yeK¢exeX

In particular, for all x € X in the support of u, it holds

> (d(zo, y))pen{y}) < e/n({a}),

yeK¢

and so, according to Theorem 9.9, {p, ,:n € N} is relatively compact.
Without loss of generality (extracting a subsequence if necessary), one
can assume that I.[m,] = [c(z, pyn) p(dr) converges. Since for all x
in the support of u, {p..;n € N} is relatively compact, the classical
diagonal extraction argument enables us to construct an increasing
map o : N — N such that p, ;) converges to some p, € P,(X) as
n — 0o, for all x in the support of p. Finally, using Fatou’s lemma and
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the lower-semicontinuity of p — ¢(z,p), one gets

lim Io[m,] = lim [ (2, pro()) p(de)

n—oo

> lim inf C(l’ap:c,a(n)) ,u(dx)

n—oo

> [ ela,p.) nlde).

It remains to show that the last term is equal to I.[x]. But if f :
X x X — R is bounded (continuous), then by dominated convergence,

/ f(z,y) m(dwdy) = lim / f (@, y)mo(m) (drdy)
= lim [ ([ 19 P o)) i)

n— o0

= [ (] #@.9)patdy) ) ptan).

Since this holds for all f, one concludes that p,(dy)u(dz) = w(dzdy)
and so in particular, [c(x,p,)p(de) = I.[r], which completes the
proof. O

In the proof of Theorem 9.5 we used the following results, elementary
proofs of which can be found in [5] (see Proposition 7.34 and Proposi-
tion 7.33).

Lemma 9.11. Let X be a metrizable space, Y a metrizable and sepa-
rable space and H: X xY — R U {+oo} be an upper-semicontinuous
function. Denoting by H(z) = inf,ey H(x,y) € RU {£oo}, for all
e > 0, there exists a measurable function x +— s*(x) such that

- H(z) +e if H(x) > —o0
H(z, 5°(x)) S{ Ry S

Lemma 9.12. Let X be a metrizable space, Y a compact metrizable
space and H: X XY — RU{+o00} be a lower-semicontinuous function.
Then there exists a measurable function x — s(x) such that for all
reX

H(x,s(x)) = inf H(z,y).
yey
9.4. Proofs of Theorems 2.7, 2.11 and 2.14.

9.4.1. Proof of the usual Kantorovich duality theorem. As a warm up,
let us begin with the proof of the classical Kantorovich duality that we
restate below.
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Theorem 9.13. Let (X,d) be a complete separable metric space. As-
sume that w : X x X — [0,00] is some lower-semicontinuous cost
function. Then it holds,

(9.14)

To(v, ) = sup {/pr ) pa(dz) — /so } 1, v € P(X),

PECH(X

where p, denotes the inner measure induced by v and
Quielw) = inf {ply) +w(z)},  T€X, weG(X)

Proof of Theorem 9.15. First assume that w: X x X — [0, 00) is con-
tinuous and bounded from above. Then ¢(z,p) = [w(z,y) p(dy) is con-
vex in p and continuous on X x P(X), with P(X) equipped with the
usual weak topology. Moreover I .[n] = [w(z,y)7(dxdy) and so 7 +—
I [n] is continuous on P(X x X). So assumptions (C1), (Cs), (C3), (Cy)
of Theorem 9.5 are fulfilled with P,(X) = P(X) and ®,;, = Py. It
follows that

To(v, 1) = S { / Rep(x) p(dx) — / ©(y) V(dy)},

with
Rep(a) = it { [ o)+ e pldy)}
- ylen)f( {oly) +w(z, y)}
= Qc¢(x>7

which completes the proof in the case of a bounded continuous cost
function. Once Kantorovich duality is established for bounded con-
tinuous cost functions, one can apply a rather standard approximation
argument to extend the duality to lower-semicontinuous cost functions.
This is explained for instance in [63, Point 3 in the proof of Theorem

1.3]. O
9.4.2. Proof of Theorem 2.7.

Proof of Theorem 2.7. Depending on the assumption on the space and
on «, one needs to verify that Condition (C'), (C") or (C”) of Theorem
9.5 is satisfied. We distinguish between the different cases.

Assume first that a: R, — R, is convex and continuous. Then
the cost c(z,p) = a([v(d(z,y))p(dy)) is clearly convex with respect
to p and, by definition of the topology o(P, (X)), it is continuous on
X x Py(X) (equipped with the product topology). So assumptions
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(Cs), (C3) of Theorem 9.5 are fulfilled. Condition (Cy) follows at once
from Jensen’s inequality. As for Condition (C}), let us set a(t) = +oo
for t < 0, so that « is lower-semicontinuous on R. According to the
Fenchel-Legendre duality Theorem 9.7,

a(t) = 533/1()0){St —a’(s)} = ssgg{st —a’(s)},

where o/(0) is the non-negative right-derivative of « at point 0, and
a*(s) = sup;so{st — a(t)}. So

c(x,p) = sup sy(d(z,y)) — a”(s) p(dy)

= swp [ sy(dla.y) — tp(dy)

(s,t)€epi(a*)

=sup | oi(z,y) p(dy),
keN
with o = 0 and p(z,y) = spy(d(x,y)) — ty, k > 1 where (sg, tg)r>1 is
any dense subset of epi(a*) = {(s,t) € [0,00) x R;t > a*(s)}. For all
keN, ¢, € ®,(X x X) and so according to Proposition 9.3, the cost
function c verifies (C).

Now assume that a : R — [0, +00] is convex and lower-semiconti-
nuous. Then ¢ is also clearly convex with respect to p (hence Condition
(Cy) is satisfied). Since 7 is lower-semicontinuous, there exists an in-
creasing sequence (yy ) yen of Lipschitz continuous functions vy : Ry —
R, that converges to v (for example yy(u) = inf,er{7(v) + N|u—v|}).
By using the Fenchel-Legendre duality for « as above and by monotone
convergence, one has

c(r,p) = sup sup [ syn(d(z,y)) —tp(dy)
(s,t)eepi(a*) NeN

= sup / or(z,y) p(dy),
keN

with @9 = 0 and (2, y) = swy N (d(@,y)) — tew), & > 1, where
(s1,t1)1en is any dense subset of epi(a*) = {(s,t) € [ o0) X Ryt >
a*(s)}, and the map N* 3 k — (N(k), ((k) ENlesonetoone. By
Proposition 9.3, the conditions (C}), and (C%) are fulfilled when X is
compact, and respectively (C4) when X is a countable set of isolated
points. Condition (C}) is again a consequence of Jensen’s inequality.

The result of the corollary is finally a direct consequence of Theorem
9.5. O
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9.4.3. Proof of Theorem 2.11.

Proof of Theorem 2.11.

(1) The proof of the first point is similar to that of Corollary 2.7.
Namely, if : R™ — R is a convex function, assumptions (Cs), (C3) are
satisfied with v = 7. Since §(z) > a||z|| + b for some a > 0 and b € R,
Condition (C}) follows easily from Jensen’s inequality. Finally, using
Fenchel-Legendre duality for 6, one sees that

o) =0 (e [upd)) = sw [ —y) = tpiay)

with epi(6*) = {(s,t) € R™ x R;0*(s) < t}. Taking a dense countable
subset (s, tx)r>1 of epi(6*), one concludes that

c(r,p) = sup / or(r, y) p(dy),

with ¢9 = 0 and @i (x,y) = sg(z — y) — tr. These functions belong to
®1(X x X), so according to Proposition 9.3, the cost function ¢ verifies

(C1).

If : R™ — (—o0,+00] is a lower-semicontinuous convex function,
we show similarly that (Cy), (Cs), (C4) are fulfilled, along with (C%)
when X is compact, and respectively (C%) when X is discrete.

(2) Let ¢ € & ,(R™), it holds for all z € R™,

Qop(r) = _inf {/sodp+9 <:v—/yp(dy))}
= inf {g(2) +0(z—2)},

z€R™

where
g(2) = mf{/sodppepl /ypdy —z} z € R™

The function ¢ is easily seen to be convex on R™. This implies that
g < . Let us show that ¢ > . Since ¢ is bounded from below,
there is some a € R such that ¢(y) > a, for all y € R™. Then by
the definition of @, it holds ®(y) > a, for all y € R™. Since < ¢, it
follows that P is finite everywhere. As a consequence, one can apply
Jensen’s inequality: if p € P;(R™) is such that [y p(dy) = z, then

/@ p(dy) > /@ p(dy) >s0</ypdy)—s0()

Optimizing over p, one concludes that g(z) > @(z), for all z € R™ and
so finally g = .



KANTOROVICH DUALITY FOR GENERAL COSTS AND APPLICATIONS 75

(3) Let p, v € Pi(R™) and ¢ € ®;,(R™). According to Point (2), since
© < ¢, it holds

JQwedn— [eav= [Qdn— [¢av< [Qipan— [zav.

The function P is convex, bounded from below and, since ¢ € ®1(R™),
satisfies p(z) < a + b||z||, = € R™, for some a,b > 0. This shows that
® € ®1,(R™). From these considerations, it follows that

Tow) < sup{ [ Qupdp ~ [dvip € Bra(R™)}
< sup {/ng dp — /wdy; € Oy ,(R™) convex}

< sup {/@9¢dﬂ - /@Dd’/;w € q)l,b(Rm)}
= To(v|n).

The third inequality is a consequence of Point (2), since ¢ = 1) for
all convex functions ¢ € ®;,(R™). Remarking that a convex function
belongs to ®1(R™) if and only if it is Lipschitz, the proof of Point (3)
is complete. O

9.4.4. Proof of Theorem 2.14. We start with an alternative represen-
tation of ¢(x,p) that will be useful subsequently. We recall that ¢ :
X x P,(X) — Ry is defined by

cta.p) = [ 5 (state) ) ) mta),

if p < po on X \ {z} and +oo otherwise, where (i is a reference
probability measure and § : R, — [0, 00] is a lower-semicontinuous
convex function such that 5(0) = 0 and f(x)/z — oo as © — co. As
before v : R, — R, is a lower-semicontinuous function satisfying (2.1).

Lemma 9.15. Let X be a metric space being either compact or a count-
able set of isolated points. The cost function ¢ defined above satisfies
the following duality identity:

cap) = sup { [ hntda.y) pldy) = [ 5 0)0) o)},

hedo(X),h>0

where 3*(y) = sup,>o{ry—B(x)}, y € R, denotes the Fenchel-Legendre
transform of 3.

Proof. The proof is easily adapted from Theorem B.2 in [38]. O
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Proof of Theorem 2.14. First, we observe that Condition (C5) is a sim-
ple consequence of the convexity of 5 and Condition (Cy) of Jensen’s
inequality. According to Lemma 9.15, it holds

(9.16)
clwp) = s [ hrdie.g)py) ~ [ 50 poldy)}

hed((X),h>0

= sup sup [(h(y)yn(d(z,y)) — B*(h)) p(dy),
hedy(X),h>0 NEN

where (yn)nen is (as in the proof of Corollary 2.7) an increasing se-
quence of Lipschitz continuous functions converging to v and B*(h) =
I B*(h)dpo.

For all h € ®¢(X) non-negative and all N € N, the function (z,y)
h(y)yn(d(z,y)) is continuous. Therefore, p — [ h(y)y(d(x,y))p(dy) is
a continuous function on X x P, (X). Being a supremum of continuous

functions, ¢ is lower-semicontinuous on X x P, (X). In particular, this
shows (C%) and (CY).

Next we will check that Condition (C7) holds (in the compact case).

Since (X, d) is compact, the space ®(X) of continuous functions
(equipped with the norm || - ||,) on X is separable (see [5, Proposition
7.7]). Let {hy, ¢ € N} be a countable dense subset of ®q(X). Since 5*
is convex and finite on R it is continuous on R. Therefore, the function
®o(X) = R : h+— B*(h) is continuous. It follows that

(0120r.p) = sup [ @u(e.y)pldy).  Vre X,  ped(X),

where o = 0 and (2, y) = ho) (Y)Tvgw) (d(2,y)) — B*(he(k)), k = 1,
and N* 5 k — (¢(k), N(k)) € N x N is one-to-one. Since, for all k € N,
the function ¢, belongs to ®.(X,X), the lower-semicontinuity of I,
follows from Proposition 9.3.

Corollary 2.14 now follows from Theorem 9.5. U

9.5. Proof of Proposition 9.3. The proof of Proposition 9.3 is adap-
ted from [3, Theorem 2.34].

Proof of Proposition 9.3. The function p — ¢(z, p) is convex as a supre-
mum of linear functions.

For all n € N, define c,(z,p) := sup,<, [ oi(z,y)p(dy). When n
goes to 0o, ¢,(x,p) is a nondecreasing sequence converging to c. Let
m € (p, -), n(dedy) = p.(dy)p(dx) such that (9.4) holds for p-almost
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all z. Defining I, [7] = [cu(x, p,) p(dx), the monotone convergence
theorem shows that I.[r] = sup,,cy I, [7]. Since a supremum of lower-
semicontinuous functions is itself lower-semicontinuous, it is enough to
prove that I, is lower-semicontinuous at point 7. We will now prove
such a property.

For p-almost all z, define ¢y (x) = [ r(z,y) pe(dy), k < n. Then it
holds

L.[r] = / iggtbk(x) = fsup / ka Vi (z) p(dz),

where the supremum runs over the set of continuous functions f; taking
values in [0, 1] and such that fo+---+ f, < 1. Let us admit this claim
for a moment and finish the proof of the proposition. For all fy, ..., f,
as above, it holds

Since Yp_ fror € @4(X x X)), the functlon T = 3o frprdr is
continuous on II(y, -). Since a supremum of continuous functions is
lower-semicontinuous, this proves that I. is lower-semicontinuous at
point 7.

It remains to prove the claim. Obviously, if fy, fi,..., f. take values
in [0, 1] and are such that >3;'_, fi < 1, then it holds

/iﬁmWMMM§/inmmmmww

</wp% z:n
gﬁ?m+@mm=mm,

where the last equality comes from the fact that sup;[¢;]; = sup; ¢,
since g = 0 and 1y = 0. This shows that

I, [7] > sup /ka )V () p(dx).

(fe)k<n

To prove the converse inequality, let for all £ < n, A, = {x €
X [Y]y = sup;[¥h;]4(7)}, and define recursively By = Ao, By = Ay \
(BoU---U Bg_1). Then it holds

:é@wmmm.
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When (X, d) is a discrete space, the functions f; = 1p, are continuous
and >}, fr = 1. Since 1)y, is non-negative on Ay, one has

7= 3 [ Aleyinta) utd).

and the claim follows in this case.

Assume now that (X, d) is complete and separable. For all & < n,
consider the finite Borel measure pu(dz) = [t (x) p(dz). Let € > 0
; since finite Borel measures on a complete separable metric space are
inner regular (see for instance [18, Theorems 3.1 and 3.2]), for all k < n
there is a compact set Cy, C By such that ug(By) < p(Cr)+¢/(n+1).
So it holds

I, Z/ [V + dz)
< Z/ p(dx) +
- z /C () ) .

The compact sets C}, are pairwise disjoint, so d, = min,,; d(C;, C;) > 0
Consider the family of continuous functions fis : X — [0, 1] defined
by
d(z,C
fk,g(z)zll—y] , xr e X, k<n, 5> 0.
+

When 6 < 6,/2, for any x € X, at most one of the functions is not zero
at x and therefore Y2}_ frs(x) < 1. Passing to the limit when § — 0,
we see that

k=0

So if ¢ is small enough it holds
Le[7) £ Y [ frs(@)in(a) pld) + 2.
k=0

Taking the supremum over all possible functions fi, and then letting
go to 0, gives the desired inequality

I, [7] < sup /ka )V () p(dx),

(fe)k<n

and completes the proof. O
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APPENDIX A. PROOF OF THEOREM 4.11

The proof of the tensorization property for transport-entropy in-
equalities uses the chain rule formula for the entropy on the one hand,
and on the other, a similar property for the transport cost, which we
now state in the following lemma of independent interest.

Lemma A.1 (Chain rule inequality for the transport cost). Let v:

R, — Ry be a lower-semicontinuous function satisfying (2.1), (X1, d;),
(Xo,ds) be complete separable metric spaces equipped with cost func-
tions ¢; : X; X Py(X;) — [0,00], i € {1,2} such that ¢;(x;,0,,) =0 and
pi — ci(x4,pi) is convex for all v; € X;. Define ¢: X1 X Xy x Py(Xy X
X3) = [0,00) by c(z,p) = c1(x1, p1)+ca(z2,p2), © = (21, 22) € X1 X Xo,
p € Py(X;1 x Xy), where p; denotes the i-th marginal distribution of p.

Then, for all v,v" € Py(X; x X3), all € > 0, there exists a kernel pj
such that

TeV10) < Toy (i) [ Togvhon, lva(an, )i (an, dynon(do) 2

where vy and vy are the first marginals of v,V respectively; the kernels
x1 > va(xq, - ) and y1 — V's(y1, - ) are such that

v(drydzs) = vi(dzy)ve(zy, dxs) and V' (dyidys) = vy (dy1)vs(y1, dys);

and the kernel p3, defined so that 75(dxidyy) = vi(dxy)pi(x1,dy) €
H(Vlv V{); satisﬁes 7;1 (V1|V{) > fX1><X1 Cl(xlvpi(xlv ’ )) I/1(d$1) - ¢

Remark A.2. If one assumes that the cost functions ¢, and co satisfy
assumption (C4), then the error term e can be chosen 0. Indeed, under
assumption (Cy) the function ™ — [ ¢i(x, p,) vi(dzy) is lower semicon-
tinuous on the set I1(v},v1) which is easily seen to be compact (using
Theorem 9.9 below). Therefore it attains its infimum and so there ez-
ists some kernel p1 such that T, (11|v)) = [ci(zy, pi(zy, -)) vi(day).
The same applies for cost functions based on the cost cs.

Proof of Lemma A.1. Fix v,v € P,(X; x X3) and € > 0. Our aim is
first to define a probability kernel p appropriately related to v and v/.

To that purpose, let p; be a probability kernel (that depends on
e although not explicitly stated for simplicity) so that m (dz1dy;) :=
Vl(dl'l)pl(l’l, dyl) c H(Vl, V{) and

(A.3) /X al@npen, ) nlde) < T, (4n) + <.

Similarly, for all z1,y; € X3, let X3 2 29— ¢35V (29, - ) € P(X3) be a

T1,Y1

probability kernel (that depends also on ¢) satisfying m5 "' (dzodys) ==
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vo(21, dxg) gy (w2, dys) € (v, ), (11, -)) and
(A4)

o2, g3 " (2, - ) va(a1, dwg) < Toy(vy(yn, - )|va(w, ) + €.
X2><X2

Then observe that, for all f: X; x Xy — R, it holds:

[ Fnvolpa (o, dyn)gs™ (e, dys) v(dardas)
= [ £y Ips(an, dyp)as (@, dys) vaar, daa)vs (dor)
= [ £ gIpr @, dy)vh(n, dy)a(dan)
= [ Flr )bl dy)vi (dyn)
= [ 1) (ay).

T1,Y1

Hence, p(x,dy) := pi(x1,dy1)gs " (22, dys) is a probability kernel sat-
istying m(dzdy) := p(x, dy)v(dx) € T(v,v'). Let

P2 (ZE

*) 2:/ pi(z1, dy) gy (w2, ) € P(Xa)
X1

be the second marginal of p(xy, -), observing that p;(z,-) is its first
marginal.

Finally, using the definition of the transport cost, the definition of
the cost and Jensen’s inequality, it holds:

Te(V'v) < c(x, p)v(dx)

X1 ><X2

= Alcl(xl,pl(xl, ~))I/1(d(lfl) + Cg(l’g,pg(l’, ))V(d‘r)

X1xXo
STaWbn) +o+ [, ealan 5 (oo, o, dy)v(de)
ST e
[ ([ ealon g @ Do) ) . dysoa ()
< 721(’/1“7/1) +e
o Talohon, v, ) ), dynon (i)

where the last two inequalities follow from (A.3) and (A.4) respectively.
The expected result follows and the proof of the lemma is complete. []
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Proof of Theorem 4.11. By induction, it is enough to consider the case
n = 2. Given v, € P,(X; x X3), thanks to Lemma A.1, for all ¢ > 0,
there exists a kernel p] such that

T/ < T (4ln)+ [ Tey(vhon, -lvalen, )i (o, dyoa(dan)+2.
X1 x X1

where v, V], 15, v} are defined in Lemma A.1. Applying the transport-
entropy inequalities that hold for p; and ps, we get

TV [v) < eV H(wilm) + ay H (v |m) + 22

[ [P H@ i) + o Hlos(er, ) laa)] i, dyy s (dn)
1 1
<ar |H ) + [ H ()i (d)

+as |H (1| 1) +/ (v2(1, - |M2)V1(d931)] + 2¢

= aH (V' |p) + axH (v|p) + 2¢,

where we used that [y pi(zi,de)) = 1, [y, pi(z1, - )vi(der) = vi(-)
and the chain rule formula for the entropy (recall that we set a; :=
max(agl), agz)) and as = max(aél), aéz))). Letting € go to zero completes

the proof of the theorem. O

Remark A.5. Alternatively, following [53], one could give a proof
based on the dual characterization of Proposition 4.5.

APPENDIX B.

In this appendix we prove some technical results on the function 6,
of Section 7.

Recall that, given p € (0, 1),

p

400 otherwise;

Lpllz) log1 Pl x)—l—(l—x)log(l—x) if —12<r<i1
up(x) = g

and given t € (0,1), define 6,,: R — R as
6)pﬂf(h) =

11 = t)u,(1 = 7) + tu,(1 — 7(1 — h))] if h >0
L1 = tur—p(1 = 7) + tus_,(1 = 7(1 + h))] if h <O,



82 N. GOZLAN, C. ROBERTO, P.-M. SAMSON, P. TETALI

Observe that

. infleS% wup(h, x) if h € ]0,1]
(Bl) ep,t(h'> = m lnflgxgﬁ wt71—p(_h7 l’) if h c [—]., 0]
+00 otherwise

where
Yol ) == (01— up(1 = ) + (1 — (1~ h))].

Define 0, for t = 0,1 as the point-wise limit of ,, as ¢ tends to 0, 1.
That is, (see [52, Proposition 2.4]),

u,(h) if h >0
0,0(h) =4 *
polh) {ukA—h)ifh<0

and

Hp,l(h) =
(1= p— ) log 528 — (1~ h)log(1 —h)] it he[0,1-p]
(o + M) log 288 — (1 + h)log(1+ k)] ifh e [—p,0]
+00 otherwise.

Lemma B.2. For allt € [0,1] the mapping R > h — 6,,(h) is convex
and compares to h* on [—1,1].

Proof. We will first prove that 6, is convex. The limiting casest — 0, 1
can be deduced from the general case t € (0,1) on which we focus
now. We may start with A € [0,1). For simplicity, and when there
is no confusion, we may often drop the indices p and ¢ in the above
notations, setting v := 1) ,, etc.

A simple computation leads to

0 1 1—px 1—pz(l—nh)
1
and
H'(z) = ~ - (1—th — pa(1 — 1)) ,

(1= pz)(1 = pa(l = h))
for any = € [1,1/p]. Since h € [0, 1], the mapping G: [1,1/p] > =
1 —th — px(1 — h) is decreasing and so G(z) > G(1/p) =h(1 —t) >0
for any = € [1,1/p]. It follows that H' < 0 on [1,1/p] and therefore
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that H is decreasing. Now H(1) = tlog = 7{) > 0 (since h € [0, 1))
and lim,_,;/, H(x) = —oo, so that there exists a unique point ¥ =
Zpi(h) € [1,1/p] such that H(z) = 24 (h,z) = 0, and (since H and
T %w(h, x) have opposite signs)

0ya() = st Tpah). e 0.1
Moreover, T is unequivocally (and implicitly) defined by the equation
(B.3) (1= p7) (1 pr(1 = B)) =1 p.
Now, since %@b(h 7) = 0, we get after simple computations®
0? 0?
0= 00"(R) = () + 5o (h, ) - 2(h)

t —t
= — + = -
(1 =h)A —pr(1—h)) (1 —pr(l-h)
__ tz= (=T (h)]
Z2(1—h)(1 - pz(1—h))’
It follows by differentiating Equation (B.3) that
i tz(1 — px)
B4 =
(B4) T = T =)
which in turn implies (after some algebra) that
1
1 — >
0" (h) (1—h)(1—th—pz(l—h)) — 0

since h € [0,1),t € (0,1) and 1 —th — pz(l —h) >1—th— (1 —h) =
h(1 —t) > 0 (noting that pz < 1).

-2'(h)

By the construction of 0, ;, we also have ¢, > 0 on (—1,0]. Hence,
all what remains to prove is that 6,, is continuous at h = 0 and
limy, - 0, ,(h) < limy,_0+ 0] (h) By the above computations, we de-

duce that z(0%) = z(07) = 1 , so that 6,,(07) = utldp(to)) =0 =

tzzf(_ot)) = 0,,(0") (since u,(0) = 0). Furthermore, since 1-21),,(h,z) =
log(1 — px(1 — h)) — log[z(1 — p)(1 — h)], we have limy_,o- 0, ,(h) =

limy, g+ 0, ,(h) = 0. This ends the proof of the convexity of ¢, ;.

That 6,,; compares to h? on [—1,1] is a simple consequence of the
fact that, (1 — p)0),(h) = 1+ o(1), when h — 0% (and similarly, but
with a different multiplicative factor, when h — 07). O

SFor the reader’s convenience, we observe that 1 n ahz/J(h x) =log(1—pz(l—h))—
log[z(1 — p)(1 = h)].
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Proof of Claims (7.9) and (7.19). We start with the proof of (7.9),

. h . A Tt(h) A hf‘l"f’t(hf)
Jim nf,, ; (ﬁ) - l?“’ ( A ) M ( A Lo,

where r = ry(h) € [0, A) is the unique solution of (7.10).

Let us first consider the case of h < 0. According to the definition

(B.1) of 8,,+, and from the proof of Lemma (B.2), we know that for
h <0,
(B.5)

n _ _
M0p,e(h/n) = ——[(1 = t)ur—p, (1 = Tn) +turp, (1 = Zu(1 + 2/n))],
where, by (B.3), z,, = Z,,(h, t) is the unique point in [1,1/(1— p,)] such
that

(B.6) 0= (1—1t)log (1 (- pn)f"p_ 1)

n—1  h
—l—tlog(l—(l—pn) <x +I—>>
pn TP

It follows that lim,, . T, = 1. Let g,(2) = (1—1)log(1 —2) +tlog(1l —
Z+uy), with u, = —(1 = p,)z,h/A. The real z, = (1 — p,) (T, — 1)/pp
is the unique solution in [0, 1) of ¢, (z) = 0,

0= (1—1t)log(1—2,) +tlog(l—z,+u,).

Let 7 € [0, 1] be the limit of an extracting sequence of (z,,),. As n goes
to 0o, the above equality provides that » = A7 is the solution of

0=(1—-t)log(1—r/N)+tlog(1—(r+h)/N),

which is exactly (7.10). This solution is unique and therefore lim z, =
r/A. It follows that
r 1
a:n:1+—+0<—).
n n
This result provides the limit of nf,, ,(h/n) as n goes to oo, by a Taylor
expansion left to the reader.

Now, assume that h > 0. Following the same idea of proof, we get
from (B.1) that

n,, +(h/n) = xﬁ (1= By, (1 — Zp) + tuy, (1 — Zn(1+ h/n))] .,

n
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where z, € [1,1/p,] and the real z, = n(z, —1)/(1 — p,) is the unique
solution of h,(z) = 0, with

_ Pn Pn h hpn
hn(z) = (1—t)log <1 — ;z) +tlog (1 . (1 — ﬁ) Z 4+ m) :

Since h,(0) > 0 and for n sufficiently large h,(2h) < 0, one has 0 <
z, < 2h, or equivalently, for n sufficiently large

T, — 1 < 2h/n.
After few computations, this estimate implies that lim nb,, +(h/n) =
0. This completes the proof of Claim (7.9).

We now turn to the proof of Claim (7.19). We want to show that for
allt € (0,1), h >0 and n > 2A,

h

nb, (—=h/n) > %w <—(1 - t)ﬁ> |

Since uq_,(x) > Tin w (—1—;393), the equality (B.5) implies for all h > 0,

npPn 1 1—pn _
_ > _ _ _

where z,, = T,(—h,t) satisfies (B.6). By the concavity of the logarithm
function, (B.6) provides

z, — 1 < thz,/n,

and therefore

nb, (—h/n) > — w(—l_p”(l—t)hgzn).

T 1-—t A
Then the expected result (7.19) follows from the monotonicity property
of w on R_, since z,, > 1. O
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