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KANTOROVICH DUALITY FOR GENERAL TRANSPORT COSTS
AND APPLICATIONS

NATHAEL GOZLAN, CYRIL ROBERTO, PAUL-MARIE SAMSON, PRASAD TETALI

ABSTRACT. We introduce a general notion of transport cost that encompasses many costs
used in the literature (including the classical one and weak transport costs introduced
by Talagrand and Marton in the 90’s), and prove a Kantorovich type duality theorem.
As a by-product we obtain various applications in different directions: we give a short
proof of a result by Strassen on the existence of a martingale with given marginals, we
characterize the associated transport-entropy inequalities together with the log-Sobolev
inequality restricted to convex/concave functions. Some explicit examples of discrete
measures satisfying weak transport-entropy inequalities are also given.

1. INTRODUCTION

Optimal transport is a very active field with many connections and applications to other
areas of mathematics, including Probability Theory, Analysis, Geometry... One possible
reference for an introduction and related topics is the book by Villani [37]. A key tool in the
whole theory is the celebrated Kantorovitch duality theorem which, if w: X x X — [0, 00)
denotes a (say) continuous cost function on a complete and separable metric space (X, d),
asserts that, given any two probability measures p, v on X,

weliﬁ;ft,v) {//w(x’y)ﬂ(dxdy)} N goesclﬁ)x) {/Q“(pd”_ /‘de} ;

where TI(u,v) denotes the set of probability measures 7w, on X x X (couplings), with
first marginal p and second marginal v, and Cy(X) is the set of all bounded continuous
functions p: X — R, with

Quip(r) := ylg)f( {o(y) + w(z,y)}, z € X.

Note that the assumptions in the above statement can be weakened (see [37], [28] and the
references therein). The associated transport cost T, (v, i) := infrerr(u,n) { /) w(z,y) 7(dzdy)},
with w(z,y) = d(x,y)? plays an important role in many applications (again, see e.g. [37]).
However, in many interesting situations, including the discrete setting, one would like to
deal with more general transport costs.

The main aim of the present paper is to give a unified general setting that includes
many costs used in the literature and to prove the corresponding duality theorem. As a
consequence, we shall give different applications in very different contexts.
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To be more specific, besides the classical case mentioned above, our setting should
include the following weak transport costs introduced respectively by Talagrand [34] and
by Marton [22]. In the definitions below, if 7 € II(u, ) is a coupling between p and v, its
disintegration with respect to its first marginal is written as follows

m(dzdy) = pe(dy) p(dx),

where x — p, is a measurable probability kernel. If a, 3: RT — R™ are convex functions,
one defines the following transport-like cost functionals :

(1) Totoln) = __int | [[8 (1oa 5o motdnutie),

mell(p,v)

where in addition p,r are assumed to be absolutely continuous with respect to a fixed
(reference) probability measure pg; and

(1.2) Tt = __int [ o ([ Lurypala) ) utdo)

Also, when X = R™ is equipped with some norm || - ||, our setting should include the
following variant (6 : R™ — [0, 00] is a convex function)

(1.3) Totlw) = ot [0(o= [yptan)) (o).

mell(p,v)

The transport cost defined in (1.1) is implicitly used by Talagrand to reach concentration
results on product spaces (see [34, Theorem 4.2]). As a main application, it provides
Bernstein type deviation inequalities for supremum of empirical processes. This method
was further developed by the third named author [31, Theorem 1.1] to get transport
type inequalities and optimal deviation bounds for supremum of empirical processes (see
Section 7.5, where some of these results are recalled).

On the other hand, the transport cost defined in (1 2) was used by many authors (see
Marton [21, 23, 22], Dembo [7], Samson [29, 30, 31], Wintemberger [38]) to deal with
concentration results, including some apphcatlons in discrete settings [32], and as a dis-
crete counterpart of the usual 75 Kantorovich-Wasserstein distance in some displacement
convexity property of the entropy along interpolating paths, on graphs [15].

Finally, we shall introduce the transport cost 7 (the terminology bar makes reference
to the barycenter entering its definition) since, for 6(x) = |z|, x € R, it will appear as a
key ingredient in a new two-line proof (which basically reduces only to the corresponding
Kantorovich duality theorem) of a result by Strassen [33] on the existence of a martingale
with given marginals.

Having these applications in mind, if P(X) denotes the set of all probability measures
on X, a cost is a function c: X x P(X) — [0, 00] and its associated transport cost is

Tl = _int [ cw.po) (o).

rell(u,v)

Note that, as expected, this definition encompasses the classical case (with c(z,p) =
Jxw ( y)p(dy)), the weak transport costs introduced by Talagrand and Marton (with

c(x,p) =[P (1$¢yduo( )) po(dy) and c(x,p) = [ o ([ 1z, p(dy))), respectively, as well
as the “bar” transport cost with c(z,p) := 6 (x — [yp(dy)). Our main result is thus

to prove a Kantorovich duality theorem for such general transport costs: under some
technical assumptions on ¢ — see below for a precise statement — it holds

Te(vlp) = Sgp{/Rctpdu—/tpdV} :
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with
Rep(x) := igf{/sodp+ C(fﬂ,p)} ,  zEX,

where the supremum (resp. the infimum) above runs over an appropriate class of contin-
uous functions ¢ (resp. probability measures p).

The proofs of such a result and of its corollaries (involving the specific costs mentioned
above) are quite involved and rely on a careful choice of the topology on the set of probabil-
ity measures (with an identification of its dual) together with the Fenchel-Legendre duality
theorem, and, for the corollaries, on a careful verification of some technical assumptions.

Besides the applications mentioned above, taking advantage of the above duality re-
sult, it is then possible to characterize, extending Bobkov-Gétze [6] and the first named
author [9], the associated transport-entropy inequality of Talagrand-type (by means of
the inf-convolution operator R, and using dimension-free concentration properties). Also,
specializing to the “bar” cost and extending ideas from [12, 13], the duality result will
allow us to characterize the log-Sobolev inequality restricted to convex/concave functions.
Examples are provided at the end of the paper.
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2. NOTATIONS

In this section, we introduce the various notations that we use in the rest of the paper.

2.1. Space and topology. Throughout the paper (X, d) is a complete separable metric
space. The space of all Borel probability measures on X is denoted by P(X) and the
space of all Borel signed measures by M(X'). Let v : Ry — R, be a lower-semicontinuous
function satisfying

(2.1) 10)=0 and  y(u+0) <COH) +1w),  uwveRy

for some constant C'. We set
M, () = {1 € MOV [ (dla, ) (o) < 0}

for some (hence all) x, € X. In the applications we shall mainly consider the specific cases
Yr(w) :==u", u>0,r>1,and yo(u) := Lyx0, u > 0 for which we use the simpler notation
M (X) == M, (X), r = 0,r > 1. We equip M,(X) with the coarsest topology that
makes continuous the linear functionals p — [@du, ¢ € ®,(X), where ®,(X) denotes
the set of continuous functions ¢ : X — R satisfying the growth condition

(2.2) lo(z)] < a+ by(d(z,x,)), Ve e X,

for some a,b > 0 and some (hence all) z, € X. This topology is denoted by o(M(X)).

To be more specific, a basis for this topology is given by all finite intersections of sets

of the form
/(pdm —a

The set Py(X) = P(X) N M, (X) is equipped with the trace topology denoted by
o0(Py(X)). For v = v, ®o(X) := @, (X) = Cp(X) is the set of all bounded continuous
functions and Py(X) := P, (X) = P(X). In this case, the topology o(Py(X)) is the usual
weak topology on P(X).

We define similarly the spaces P, (X x X) C M, (X x X) and equip them with the
topologies o(M, (X x X)) and o(Py(X x X)) defined with the class ®-(X x X) of con-
tinuous functions ¢ : X x X — R such that there exist a,b > 0 and x, € X such that
oz, )| < a+b(y(d(z,, ) +7(d(x0,y))) for all z,y € X.

All the spaces considered above will always be equipped with their Borel sigma fields.

(2.3)  Ugae = {m € M, (X);

<€}, pe® (X), acR, e>0.

Finally, we denote by @, ,(X), the set of the elements of ®.(X) that are bounded from
below.
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2.2. Costs and couplings. A cost is a measurable function ¢: X x P (X) — [0, cc], for
some . For all m € Py (X x X), we set

I.[r] = /c(x,pw)m(dm),

where 71 is the first marginal of 7 and x +— p, the (m; almost everywhere uniquely
determined) probability kernel' such that

m(dzdy) = m1(dz)p,(dy).

Note that if 7 € P, (X x X), then p, € Py(X) for 7 almost all x € X and thus the
preceding definition makes sense.

Given two probability measures p and v on X, we denote by
I(p,v) ={r € P(X x X);7(dx x X) = pu(dz) and 7(X x dy) = v(dy)}

the set of all couplings m whose first marginal is ¢ and whose second marginal is v. Note
also that if, p, v € Py(X), then II(u,v) C Py (X x X).

3. WEAK TRANSPORT COSTS AND THEIR DUAL FORMS

In this section, we introduce the notion of weak transport costs we shall deal with, some
technical assumptions and state a generalization of Kantorovich duality theorem (our first
main theorem).

Using the above notations, we introduce a variant of the well-known Monge-Kantorovich
optimal transport costs as follows.

Definition 3.1. Let c: X xP(X) — [0,00] and p,v € Py(X). The transport cost Te(v|u)
between 1 and v is defined by

= inf [ = inf .
Tl = nt Llxl=_int [ e(@.pe) n(de)

This definition encompasses the following particular cases:
(1) When
o) = [wlp)pidy),  weX,  pePX),

with w : X x X — [0, 00| a lower-semicontinuous cost function, one recovers the
usual Monge-Kantorovich optimal transport cost 7, defined by

To(v,u) = inf )//w(m,y)w(dwdy).

mell(p,v
(2) The choice

o) =a( [2dwp),  ceX.  peP,),

with o : Ry — [0, 00] a lower-semicontinuous convex function, yields to another
family of transport costs

Tl = [ a( [ 1.0 pdy) ) utae)

introduced by Marton in [22] (for v = 7o, defined below, and therefore c(z,p) =
a ([ 1,2, p(dy))). Note that, in general, 7, is not symmetric in p,v. If w(z,y) =

1We recall that a probability kernel is a measurable mapping X 3 x — p, € P(X).
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a(y(d(z,y))), then by Jensen’s inequality, To(v|1) < To,(v, ). Finally, using prob-
abilistic notations, one has

Ta(vlp) = inf E[o (E[y(d(X,Y))[Y])],

Talvlp) = inf Ela (EL(dX,Y))Y])
where the infimum runs over the set of all couples of random variables (X,Y)
where X has law p and Y has law v.

(3) When X C R™ (equipped with an arbitrary norm || - ||) is a closed set, another
variant is obtained by choosing

o) =0 (s~ [ypay). zeX. peP(x),

where 0 : R™ — [0, oo] is a lower-semicontinuous convex function. The correspond-
ing transport cost is denoted by 7Ty and defined by

Towin) = _int [ 0(a= [ypatan)) niao).

We use the notation 7 with a bar in reference to the barycenter entering its
definition. As we shall see below, this last family of transport costs has strong
connections with convex functions, and convex ordering of probability measures.
In particular, the transport cost corresponding to 6(x) = |z|, = € R, will be
involved in a new proof of a result by Strassen on the existence of a martingale
with given marginals (see Section 4).

(4) Let 8 : Ry — [0,+00] be a lower-semicontinuous convex function and puo be a
reference probability measure on X. The choice

c(r,p) = /ﬁ <w(d(w,y))%(y)) po(dy),  re€X,

if p € P is absolutely continuous with respect to pg on X \ {z}, and ¢(z,p) = + o0
otherwise, yields the family of weak transport 7z defined by

Totol) = __int  [[ 5 (st <dy>) poldy) pu(de),
mell(p,v)

for all measure p,v € P1(X), absolutely continuous with respect to pg. The

above cost was introduced by Talagrand [34] with vo(d(x,y)) = 1,4, to measure

the distance from a point x € X to a subset A C X, namely he introduced the

following pseudo-distance

Dia. 4) = (o) aldy) = int )

inf / 3
pEP(A), p<Lpo on X \{x} pEP(A)

(When £ is positive except at point 0, A = {z € X, D(x,A) = 0}.) Talagrand
used such a pseudo-distance to obtain concentration results on product spaces ([34,
Theorem 4.2.]). It also provides Bernstein type deviation inequalities for supremum
of empirical processes as developed in [31, Theorem 1.1.] (to get transport-type
inequalities and optimal deviation bounds for supremum of empirical processes).

When a(z) = 2P, z > 0, we will use the notation 7, and 7, to denote the costs above.
Accordingly, if X = R™ is equipped with a norm || - H and 9( ) = ||=||P, we will denote
the third transport cost by 7.

Before stating our main result, we need to introduce some technical assumptions and
comment on them.
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Definition 3.2 (Conditions (C), (C"), (C")). Given (X,d) a complete separable metric
space and c: X X Py(X) — [0,00] a cost function associated to some lower-semicontinuous
function v : Ry — Ry satisfying (2.1), we say the condition (C') holds if

(C1) For all p € Py(X), the function m — I.[r] is lower-semicontinuous on the set
Oy, -) = {m € Py(X x X);m(dze x X) = p(dzx)}.

In other words, for all s > 0, the set {m € (u, -);I.[r] < s} is closed for the
topology o(Py(X x X)).

(C2) The function p — c(z,p) is convex for all x € X.

(C3) The function (x,p) — c(x,p) is continuous with respect to the product topology.

(C4) The cost c is such that if p € Py(X) and (pg)zex are measurable probability
kernels such that p, € Py(X) for all x € X and [c(z,py)p(de) < oo, then
v=up € Py(X).

Similarly we say that condition (C") holds if (Cy),(C2), (Cy) hold together with

(C%) (X,d) is compact and the function (z,p) — c(x,p) is lower-semicontinuous with
respect to the product topology,

and that condition (C") holds if (C2), (Cy) hold together with

(C%) X is a countable set of isolated points and for all x € X, the function p — c(x,p)
is lower-semicontinuous.

The above conditions are technical. However, Condition (Cs) is the least we can hope
for.

As for applications, the main difficulty is coming from Condition (C7). Let us make
some comments about this assumption. First specializing to u = d,, condition (C7) implies
that for all z € X, the function p — c(x,p) is lower semicontinuous on P,(X). In the
discrete setting, the converse is also true : as shown in the proof of Theorem 3.5, Condition
(C¥) implies Condition (C7) (this is why the latter does not appear in Condition (C”)).
For more general spaces, we do not know if Condition (C4) is strictly stronger than lower-
semicontinuity of the cost function c. Nevertheless, we have the following rather general
abstract result whose proof is postponed to Section 8. In particular, such a result applies
to the transport costs 7, T and 7.

Proposition 3.3. Let (X, d) be complete separable metric space. Let (¢k)ren be a sequence
of elements of ®~(X x X) (with v : Ry — Ry satisfying (2.1)) such that oo = 0. Assume
that the cost function ¢ : X x Py(X) — [0,00] is defined by

(3.4) c(x,p) = sup/gok (x,y) p(dy), Vo € X, Vp € Py (X).

Then Conditions (C1) and (C2) hold and ¢ : X x Py(X) — [0, 00] is lower-semicontinuous
with respect to the product topology.

We are now in a position to state the main result of this section: a generalization of the
Kantorovich duality theorem.

Theorem 3.5. Let (X,d) be a complete separable metric space. Let ¢: X x Py(X) —
[0,00] be a cost function associated to some lower-semicontinuous function v: Ry — Ry
satisfying (2.1). Assume that condition (C),(C") or (C") holds. Then, for all p,v €
P, (X), the following duality formula holds:

T = s { [ Repteutan) = [ owpvian},
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where

Rep(x) == _inf {/sa(y)p(dy) + C(w,p)} ;o meX,  ped(X).
PEP~(X)

Remark 3.6. Note that since ¢ > 0, R.p is bounded from below as soon as ¢ is bounded
from below. Therefore, [ Rep(x) p(dx) is always well defined in (—oo,00]. Note also, that
Ry is always measurable. This is clear under Condition (C3), since in this case R.p is
lower-semicontinuous as an infimum of continuous functions. Under Condition (C%), it is
not difficult to check that R.p remains lower-semicontinuous, using the fact that P (X)
is compact.

The proof of Theorem 3.5 together with the forthcoming corollaries are postponed to
Section 8 for clarity of exposition.

Specializing Theorem 3.5 to the cost functions introduced above, we obtain the following
corollaries. The first result is in fact the usual Kantorovich duality theorem that we recall
for the sake of completeness (see for instance [37, Theorem 5.10] and the references therein).

Corollary 3.7. Let (X,d) be a complete separable metric space. Assume that w : X x X —
[0, 00] is some lower-semicontinuous cost function.Then it holds,

68) L= sw { Q@) - [ewrd},  wre ),
p€eCy(X)

where L, denotes the inner measure induced by p and Qup(x) = infyex {p(y) +w(z,y)},

r e X, peC(X).

For transport costs of the form 7~', one has the following result.

Corollary 3.9. Assume either that (X,d) is a complete separable metric space, o : Ry —
Ry is a convexr continuous function with a(0) = 0 and v : Ry — Ry is continuous, or
(X,d) is either a compact space or a countable set of isolated points, o : Ry — [0, +00]
is a conver lower-semicontinuous function with «(0) = 0 and v : Ry — Ry is lower-
semicontinuous. Then, the following duality formula holds

10 T = s | [Quete)uttw) - [evan ], pyePi(x)

where

Qup(z) = inf : {/@(y)p(dy) +a (/W(d(w,y))p(dy)) } ;o rEeX, @€ Py (X).

PEP~ (X

We observe that, anticipating the present paper, the duality formula (3.10) was al-
ready put to use in [15], in connection with displacement convexity of the relative entropy
functional on graphs.

As for the “bar” transport cost, the duality formula for 74 can be expressed using
convex functions only. This fact will repeatedly be used in the applications.

Corollary 3.11. Let X C R™ be a closed subset of R™ equipped with a norm || - || and
0: R™ — R, be a convex function such that 6(x) > a||x|| +b, for all x € R™ and for some
a>0and b eR. Then,

(1) The following duality identity holds

Toth) = s A [Gpetwynta) = [owmtan ], v ePio),

PED 3 (X
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where for all x € R™ and all p € &1 ,(X),

Qop(x) :peg;fx){/w p(dy) +9(m—/ypdy)}

Since P1(X) C P1(R™), the same conclusion holds replacing ®1(X) by ®1(R™)
in the dual expression of To(v|w) and P1(X) by P1(R™) in the definition of Qye.
(2) For all ¢ € ®1,(R™) and all x € R™, it holds

Qetw)i= it | ol pldy) +0 (o~ [ypid) | = Qipto)

pEPl(Rm)
where P denotes the greatest convex function h : R™ — R such that h < ¢, and we
recall that Qog(x) = infyerm {g(y) + 6(z — y)}, g € P1(R™), z € R™.
(8) For all p,v € P1(X), it holds
To(v|u) = sup {/anp du — /Lpdl/; ¢ : R™ = R, convex, Lipschitz, bounded from below}

(4) In particular, if 0(x) = ||z||, x € R™, then for all p,v € P1(R™),
T1(v|p) = sup {/gpd,u — /gody;go convez, 1-Lipschitz, bounded from below}.

The results (1),(2),(3) also hold when 6 : R™ — [0,4+00] is a lower semi-continuous
convex function and X is either compact or a countable set of isolated points.

Finally we state a duality theorem for the “hat” transport cost.

Corollary 3.12. Let (X,d) be a compact metric space or a countable set of isolated
points. Let B : Ry — [0,400] be a lower-semicontinuous convex function with 5(0) = 0
and lim, o B(x)/x = +00. Assume that v : Ry — Ry is lower-semicontinuous with
7(0) = 0 and y(u) > 0 for all w > 0. Let py be a reference probability measure on X.
Then, for all p,v € Py (X) absolutely continuous with respect to p, it holds

= _aw | [ Qoo - [t vian}.

where for v € X and ¢ € @, ,(X),
. ‘ i

x) = inf / p(dy) +/ ( ap > d } .
Usela) PEP,(X), p<Ho onX\{;c}{ (dy B duo (y) | dpo(y)

4. A PROOF OF A RESULT BY STRASSEN

In this short section, we show that the transport cost T4 can be used to recover an old
result by Strassen [33] about the existence of a martingale with given marginals.

In the sequel, we equip R™ with an arbitrary norm || - ||. Let p,v € P1(R™); one says
that p is dominated by v in the convex order sense, and one writes u <¢ v, if

[fan< [av

for all convex” f : R™ — R. Note that, in particular, this implies that [ fdu = [ f dv for
all affine maps f : R™ — R.

2Note that since w,v € P1(R™), any affine map is integrable with respect to pu and v. Since a convex
function is always positive up to the addition of some affine map, we see that the integral of convex
functions with respect to u and v makes sense.
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It is not difficult to check that u <¢ v if and only if [ fdu < [ f dv for all 1-Lipschitz
and convex f : R™ — R bounded from below®.

The following result goes back at least to the work of Strassen [33].

Theorem 4.1. Let p,v € P(R™); there exists a martingale (X,Y), where X follows the
law p and 'Y the law v if and only if un <c v.

Proof. If m € TI(u, v) denotes the law of (X,Y"), the condition that (X,Y) is a martingale
is expressed by

(4.2) /ypx(dy) =z, for p almost every x € R™.

Recall that T1(v|p) = infreniqu) [ 11# — [ ype(dy)llp(de). Therefore, there exists some
7 € I (u, v) satisfying (4.2) if and only if 71 (v|p) = 0. Since, by Corollary 3.11, T (v|u) =
sup{[ fdu— [ fdv; f: R™ — R, 1 — Lipschitz, convex and bounded below}, the expected
result follows. O

5. CHARACTERIZATION OF WEAK TRANSPORT-ENTROPY INEQUALITIES

In this section, we introduce a general notion of (weak) transport-entropy inequalities of
Talagrand-type and investigate them. We recall that if u, v are two probability measures
on some space X, the relative entropy of v with respect to p is defined by

d
Hvlp) = /log <£> dv € Ry U {+00} |
if v < p. Otherwise, ones sets H(v|u) = +oo.

Definition 5.1 (Transport-entropy inequalities T¢(a1, a2) and T¢(b)). Let c: X xP(X) —
[0,00] be a cost function associated to some lower-semicontinuous function v: Ry — Ry
satisfying (2.1). The probability measure p € Py(X) is said to satisfy Tc(a1,a2), for some
ay,az > 0 if for all vi,vo € P.(X) it holds

(5.2) Te(ni|ve) < a1 H(vi|p) + agH (vap).

On the other hand, p € P (X) is said to satisfy T} (b), respectively T, (b), for some b > 0,
if for all v € P, (X) it holds

(5-3) Te(v|p) < 0H (v|p),
respectively
(5.4) Te(plv) < bH (v|p).

For the specific transport costs 7~; and T, introduced in Section 3 (with a(z) = xP, x > 0
and O(z) = ||z||P, x € R™, p > 1), we may use the corresponding notations Tp(a1,asz),
T;,t(b), respectively Tp(ay,as), T;E(b).

Let us comment on this definition. First we note, that when ¢(z,p) = [w(x,y) p(dy),
(5.3) and (5.4) give back the usual transport-entropy inequalities of Talagrand type (see
[18], [37] or [10] for a general introduction on the subject). Also, we observe that T.(aq,0)
or Tc.(az,0) (which are not considered in the above definition, since a;,as > 0) has no
meaning. Indeed, if T.(aq,0) holds, then T.(v1|ve) < a1 H(vq|p) for all vy, vy which in
turn implies T.(p|r2) = 0 for all vy which is impossible. Finally, using the convention

30ne possible way to prove this is to use the fact that if f: R”™ — R is convex, then the classical
inf-convolution operator Q: f(z) := infyerm {f(y) + +||z — y||} is convex, 1/t-Lipschitz and Q. f(z) 1 f(z)
when t — 0 for all x € R™.
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that 0-oco = 0, we observe that T (b) is formally equivalent to T.(b,00), and T, (b) is
equivalent to T, (00, b).

As for the classical inequality, T.(a1,a2) does enjoy the tensorisation property. More-
over, using the dual formulation of Section 3, we can state two different characterizations
of Tc(ai,az): one in the spirit of Bobkov-Gotze dual formulation, and one in the spirit
of the first named author’s characterization of dimension-free concentration property [9].
We now state these properties and characterizations.

5.1. Bobkov-Go6tze dual characterization. The following characterization extends,
thanks to the dual formulation of the transport cost [6]; see also [10)].

Proposition 5.5 (Dual formulation). Let c¢: X x Py (X) — [0,00] be a cost function
associated to some lower-semicontinuous function v: Ry — Ry satisfying (2.1). Assume

that c(x,6;) = 0 for all z € X and that Condition (C'), (C') or (C") holds. For i € Py(X)
and ay,az,b >0, Items (i)’s and (ii)’s are equivalent:

e (i) T.(ay,as) holds;
(i1) for all p € (X)) (resp. for all non-negative ¢ € @), it holds

o () (fe{ 2] o

o (i) TF(b) holds;
(") for all ¢ € @ (X)) (resp. for all non-negative p € ®.,), it holds

(5.7) exp{/Rcapd,u} (/exp{%ﬁ}du)b <1

e (i) T_(b) holds;
(i) for all ¢ € @~ 4(X) (resp. for all non-negative p € ®.,), it holds

5 (o %)) e [oan) <1,

where we recall that Rep(x) = infpep (x){ [ #(y) p(dy) + c(z,p)}, v € X.

Moreover, specializing to the “bar” cost Ty, one can replace, in (ii), (ii') and (ii"), Rep
by Qo = infycrm {@(y) + 0(- —y)} and restrict to the set of functions ¢ that are convez,
Lipschitz and bounded from below.

Remark 5.9. When c(z,p) = 0 (x — [yp(dy)), = € R™, p € P1(R™), for some convex
function 6 : R™ — R, the inequality T.(ay,az) is thus equivalent to the following expo-
nential type inequality first introduced by Maurey [24] (the so-called convex (T)-property):

Qov a2 _e a1
(/6“2 du) (/e a du) <1, Yo : R™ — Ry conver.

Proof. By duality (i.e. using Theorem 3.5), T.(a1,az) is equivalent to have

R,
as (/_%Ddy2 —H(V2|,u)> + a1 </—£du1 —H(V1|,u)> <0,
a3 a

for all p € ®.,(X) and all vy, € P,(X) with finite relative entropy with respect to p.
The expected result follows by taking the (two independent) suprema, on the left hand
side, over 1 and 19, and by using Lemma 5.10 below. Note that since ¢(x,d,) = 0 for all
x € X, one always has R.p < ¢, for all ¢ € @, ,(X) and so the function ¢ = Rcp/as
satisfies the assumption of Lemma 5.10. This completes the proof of the equivalence

(i) & ().
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Note that (5.6) is invariant under translations ¢ — ¢ + a and so the functions ¢ can
be assumed non-negative.

The two last equivalences follow the same line (and the details are left to the reader).
Similarly, the specialization to the “bar” cost is identical, one just needs to apply Item (3)
of Corollary 3.11 rather than Theorem 3.5. U

Lemma 5.10. Let p € P, (X) for some lower-semicontinuous function v : Ry — R
satisfying (2.1); for all measurable function 1 : X — R such that ¥ < ¢ for some ¢ €

., (X), it holds
sup {/z/)du—H(uLu)} zlog/ewd,u.
vEPy(X)

Proof of Lemma 5.10. Consider the function U(x) = zlog(z), x > 0. A simple calculation
shows that U*(t) := sup,~o{tz — U(x)} = €71, t € R. Since ¢ < ¢, for some ¢ € P, (X),
one concludes that [[¢]; dv is finite for all v € P, (X), and thus [ dv is well-defined in
R U{—o0}. Let v < pu ; applying Young’s inequality xy < U(z) + U*(y), = > 0,y € R,

one gets
d
/wdyg/U*(w)du—i—/U(d—y) du:/ewfldu—i—H(ym).
1
Applying this inequality to ¥ + u, where u € R, we get

/wdy—H(y]u) Seu_l/ewdu—u,

and this inequality is still true, even if v is not absolutely continuous with respect to u.
Optimizing over u € R and over v € P, (X) yields:

sup ){/Q,Z)du—H(uLu)} §log/ewd,u.

veP~ (X

To get the converse inequality, consider, for k£ > 0 large enough, v (dx) = fe%(x)dul A, () pde)
Ak

where A, = {z € X;4¢(x) < k}. Since p belongs to P, (X) and v, has a bounded density
with respect to p, v also belongs to P (X). Furthermore

/zpduk—H(yk\,u) = log (/ewlA,C d,u) — log (/e¢du),

when k£ — oo. This completes the proof. O

5.2. Tensorisation. In this section, we collect two important properties which will allow
us to deal with one-dimensional measures in applications.

Theorem 5.11 (Tensorisation property). Let v: Ry — Ry be a lower-semicontinuous
function satisfying (2.1), (X1,d1), ..., (Xn,dy) be complete separable metric spaces equipped
with cost functions ¢; : X; x Py(X;) — [0,00], i € {1,...,n} such that c;(x;,0,,) =0 and
pi — ¢i(xi,p;) is convex for all x; € X;. For alli € {1,...,n}, let p; € Py(X;) satisfying
the transport inequality Tci(agl),ag)) for some agl), agz) > 0. Then the product probability
measure 11 @ --- & py, satisfies the transport inequality T.(a1,a2), with a; := max; agz),
a9 1= max; ag), for the cost function c: X1 x -+ x X, X Py(X1 X+ x X)) = [0,00) defined
by
C(Z’,p) — cl(xlapl) +---+ Cn(xnapn)a

for all x = (x1,...,2,) € X1 X --- x Xy, and for all p € P (X1 x --- X X,,), where p;
denotes the i-th marginal distribution of p.

The following is an immediate corollary of Theorem 5.11.
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Corollary 5.12. Letv: Ry — Ry be a lower-semicontinuous function satisfying (2.1) and
assume that p € Py(X) satisfies the transport inequality Te(ai,a2) for some ai,az > 0
and some cost function ¢ : X x P, (X) — [0,00] that satisfies ¢(x,0,) =0 and p — c(x,p)
convex for all x € X. Then for all positive integers n, the product probability measure
p" € Py(X™) satisfies the inequality Ten(ar, az), where ¢ : X™ x Pp(X"™) — [0,00) is the
cost function defined by

n

" (x,p) ::Zc(xi,pi), x=(x1,...,2y) € X", p € Py(X"),
i=1

where p; denotes the i-th marginal distribution of p.

The proof of Theorem 5.11 uses the chain rule formula for the entropy on the one hand,
and on the other, a similar property for the transport cost, which we now state in the
following lemma of independent interest.

Lemma 5.13 (Chain rule inequality for the transport cost). Letv: Ry — Ry be a lower-
semicontinuous function satisfying (2.1), (X1,d1),(X2,d2) be complete separable metric
spaces equipped with cost functions ¢; : X; x Py(X;) — [0,00], i € {1,2} such that
¢i(zi,0z,) = 0 and p; — c;i(z,p;) is convez for all x; € X;. Define c¢: X1 x X X Py(X; X
X3) = [0,00) by c(z,p) = c1(x1,p1)+c2(z2,p2), © = (x1,22) € X1 X Xa, p € Py(X1 X X2),
where p; denotes the i-th marginal distribution of p.

Then, for all v,v" € Py (X1 x X3), all € > 0, there exists a kernel p such that
Te(V'|v) < Tey (Vi) +/X . Tea (o (y1, - )lva(ay, - ))pi (21, dy)vi(der) + 2¢,
1XA1

where v1 and vy are the first marginals of v,V respectively; the kernels x1 — vo(x1, ) and
y1 — Va(y1, - ) are such that

v(dzidze) = vi(dzy)va(z, dee) and Vi (dyrdys) = vi(dyr )V (y1, dys);

and the kernel p5, defined so that w5(dx1dy1) = vy (dzq)ps(x1,dyr) € U(vy, 1)), satisfies
Ter(11V1) =[x, xx, c1(w1,pi (21, ) vi(dey) —e.

Remark 5.14. If one assumes that the cost functions c1 and ca satisfy assumption (C1),
then the error term ¢ can be chosen 0. Indeed, under assumption (C1) the function m
[ c1(z,pe) Vi (dxy) is lower semicontinuous on the set 11(v],v1) which is easily seen to be
compact (using Theorem 8.3 below). Therefore it attains its infimum and so there exists
some kernel p1 such that Te, (v1|V]) = [ e1(x1,p1(x1, -)) vy (dxq). The same applies for cost
functions based on the cost cs.

Proof of Lemma 5.15. Fix v, € Py(X; x X3) and € > 0. Our aim is first to define a
probability kernel p appropriately related to v and v/

To that purpose, let p; be a probability kernel (that depends on € although not explicitly
stated for simplicity) so that m (dz1dyy) := v1(dzq)p1 (21, dyr) € U(v1,vq) and
(5.15) | alenpen, ) wlden) < T 04lm) +<.
X1 ><X1

Similarly, for all z1,y1 € X, let Xy > xy — ¢3""*(x2, -) € P(X2) be a probability
r1,y1 T1.y1

kernel (that depends also on ¢) satisfying w5, """ (dradys) = vo(x1,dre)gy """ (xa,dya) €
M(va(x1, - ), v5(y1, -)) and

(5.16) /X o c2@2,0"" (@2, ) v, dra) < Tep (a(y1, - lva(an, ) + e
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Then observe that for all f: X7 x X9 — R it holds

/f(yh y2)p1 (w1, dy1) gy (2, dya) v(dey das)

= /f(’yl,y2)P1($1,dy1)¢]§1’y1($2,dy2)V2($1,d902)7/1(d901)

= [ Sy @ dp)vh o dyndan) = [ Fn vl di)vidn) = [ F@)V' ().
Hence, p(x,dy) := p1(z1,dyr)gy"?" (ﬂ:g,dyQ) is a probability kernel satisfying w(dzdy) :=

p(z,dy)v(dz) € I(v,v)). Let pa(z, ) = [y, p1(21,dy1)gs"" (z2, -) € P(X2) be the
second marginal of p(x1, - ), observing that p1(z,-) is its first marginal.

Finally, using the definition of the transport cost, the definition of the cost and Jensen’s
inequality, it holds

T.(v'v) < /X el p)v(de) = /X ci@n e Dalde) + [ cafanpale, )uda)
< T (i) +e+ 2 ca(z2, 43" (z2, - ))p1(z1, dyr)v(dz)

=Te, (V1) + e+ (/ 2(w2, g5 9627'))’/2(951765362)) pi(@1, dyr)vi(dzy)
< Taliln) +2 + / (Tes (V. vz, ) + &) paen,di (o)

where the last two inequalities follow from (5.15) and (5.16) respectively. The expected
result follows and the proof of the lemma is complete. O

Proof of Theorem 5.11. By induction, it is enough to consider the case n = 2. Given
v,V € Py(X; x X3), thanks to Lemma 5.13, for all € > 0, there exists a kernel p§ such
that

Te(V'v) < Tey (V1)) + oy Teo(wa(y1, - )|va(z1, - ))pi (21, dyr)vi(dey) + 2,

where v, V], 1o, v/, are defined in Lemma 5.13. Applying the transport-entropy inequalities
that hold for u; and uo, we get

TV |v) < aiVH@h|m) + S H (v )

+ ol H(va(n, o) + al H(va(w, )lpa) | 05 (w1, dypn v (dary) + 22

X1 ><X1 |:

<o [HOAm) + [ B3]

+ a {H(Vl\m) +/X H(va(a1, ')\M2)V1(d9€1)} + 2
= arH(V'|p) + azH (v|p) + 2.,

where we used that [y pj(v1,dzy) =1, [, pi(z1, - )v1(der) = vi(-) and the chain rule
(1 (2 (1 (@2

formula for the entropy (recall that a; := max(a; ’,a;”’) and ay := max(as ’,ay ' )). Let-
ting € go to zero completes the proof of the theorem. O

Remark 5.17. Alternatively, following [31], one could give a proof based on the dual
characterization of Proposition 5.5.
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5.3. Dimension-free concentration. In this section, extending [9], we characterize the
transport-entropy inequality T.(aj,az2) in terms of a dimension-free concentration prop-
erty. We recall first and introduce some notations.

Let v: Ry — Ry be a lower-semicontinuous function satisfying (2.1) and ¢ : X x
P,(X) — [0,00) such that ¢(x,d,) = 0 for all z € X. Recall from Corollary 5.12 that for
all integers n > 1,

n
Z xz,Pz x:(xl,"'axn)eXna pGPr(Xn),

where p; denotes the i-th marginal distribution of p. For all ¢ € ®,(X"), define as before

Remnp(x) = inf {/Lpdp—i—c (x, p)} r e X"
PEP~(X™)
Finally for all Borel sets A C X", let

= f xn
ci(z) per s © '(z,p), wEX",

and, for ¢t > 0,
A ={x e X" : li(z) < t}.
We are now in a position to state our theorem.

Theorem 5.18. Letv: Ry — Ry be a lower-semicontinuous function satisfying (2.1) and
c: X X Py(X) —[0,00) such that c¢(x,d;) = 0 for all z € X and which satisfies Condition
(C), (C") or (C"). For p € Py(X) and ay,a2 > 0, the following are equivalent:

(i) p satisfies To(ar,az);
(7i) there exists a numerical constant K such that for all integers n > 1, for all Borel
sets A C X™, it holds

(5.19) LXT\ A2 (A < Ke™t Wt > 0.

(7i1) there exists a numerical constant K such that for all integers n > 1, for all non-
negative p € ®,(X™), it holds

W (Renip > u)2p"(p < v)™ < Ke "t Yu,v € R.
Remark 5.20.

(1) Note that when c(z,p) = [w(z,y) p(dy), for some measurable w : X x X — [0, 00),
the enlargement A} of some set A C X reduces to

AP = {.’E e X"y e A st Zw(xzﬁyi) < t}'

i=1
In particular, when X = R™ and w(z,y) = || —y||", r > 2, where || - || is a given
norm on R™ then denoting by
(5.21) ={ze@®R™" Z ll:||” < 1},

then it holds
Al = A4 tY/"B™.
(2) When c(z,p) = ||z — [yp(dy)||", z € R™,p € P1(R™), for some norm || - || on
R™ then the enlargement of a set A C (R™)" reduces to

A7 = Gonv(A) + /7 BT,



16 NATHAEL GOZLAN, CYRIL ROBERTO, PAUL-MARIE SAMSON, PRASAD TETALI

denoting by conv(A) the closed conver hull of A. Indeed, denoting by || - || the
norm defined on (R™)" by ||z||7 = (S0, ||z |7, then, for allz € (R™)", it holds
ca(x) = infyec{llz —yl7} = inf e {lle —yl}, with C = {[yp(dy);p € PL(A)}. It
is well known that C = tonv (A), which proves the claim.

(3) The implications (i) = (it) and (ii) = (iii) are in fact true solely under the
assumptions c(x,d,) = 0 for all z € X and (C3) (p — c(z,p) is convez), as the
proof indicates.

Proof. First we prove that (i) implies (7). Since u satisfies Tc(a1, az2), by the tensorisation
property, for all positive integers n, it holds

Ten(n1lve) < arH (v1[p") 4 a2 H (v2|p™),

for all vq,v5 € Py(X™). Let A C X™ be a Borel set and define vy (dz) = La(@) p"(dx) and

Ay K
vo(dr) = if((xg "(dx), where B = X™\ A}, for some ¢ > 0. Then H (v |u"™) = —log u"(A)
and H(ve|p") = —logpu™(B). Furthermore, if 7 € II(v,r1) with disintegration kernel

(pz)zexn, then for vy almost all z € X™, p,(A) = 1. Therefore,

/c(m,pgc) vo(dx) > /cﬁ(m) if((é)) " (dx) > t,

where the last inequality comes from the fact that ¢j(z) > t forallx € B = {z € X" :
i (z) > t}. Taking the infimum over all © € II(v9, ;) finally yields
t < Ten(vilp2) < —arlog(u"(A)) — aglog u™(X™ \ A7),

which proves (i).

Now we prove that (i7) implies (iii). Fix n > 1, m € R, ¢ > 0 and a non-negative
p € ®,(X"™). We will prove that {Renp > m +t} C {c} > t} with A := {¢ < m}. To
that aim consider x € {Re¢ > m +t}. Then, for all p € P, (X"™) with p(A) =1, we have
[ ¢dp < m so that, by definition of R.», it holds

m+t< /wdp + (2, p) <m+c"(z,p).
Hence, taking the infimum over all p with p(A) = 1 leads to ¢4 (z) > ¢, which is the desired

result. Point (i7i) then immediately follows applying Point (i7) to A.

Finally we prove that (iii) implies (i), following [11]. Fix € € (0,1). Given f € ®,(X),
non-negative, let ¢(z) = f(x1) + f(x2) +--- + f(z,), € X". Then, ¢ € ®,(X") is also
non-negative and Renp(z) = Y11 R.f(x;), so that, using the product structure of u”,
(5.22)

Ref a2 . ai _Reng az/n s ai/n
</e(1+5)a2 d,u> (/e (1—e)aq d/’[/) — </ (14-2)asg d/’[/ > </e (1—¢)ay du”) .

Our aim is to prove that the right hand side, to the power n, is bounded. Thanks to
Point(7it), for any v € R it holds

Jotiae e [ (5> ) o
gl)an

SO _Z_; 1 (I1—g)aqv o0
<14+uy" (7 <v) Kae a2 / e “"du
0

“ay 1 (d-e)ajw
:1+1n L<’U 2Ka126 a21_
© ( Yar =
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In particular, for all v € R,

az

—1 Le—&"v
(—1+/ (1+E)a2 du ) e ( 1 ) S Kal -
— 6 22

g

. - oo —
Since [e =91 du™ = [Fe UM"( = E)Q ) v, integrating the latter implies that

RTL(P E e Kal
( 1+/e(1+s)a2 du ) /6 (1—e)a du < 1+a2 .

This in turn implies, by simple algebra that

R .n a2 p al
(/e(1+s)fg d,un) (/ ei (1—e)aq d/’[/n)

1 @ 73_1 e ) ai

< (1 + - (6/6_(1—6)a1 d,un) 2) (/ e (=9 d,un)
IS

a1 a2 as

e ay 1 1

(e e ty) < (o)

g a2 g a2

where in the last line we used that ¢ is a non-negative function.

Plugging this bound into (5.22) leads, in the limit n — oo, to

Ref az _f “
(s () o

Taking ¢ to 0 gives T.(a1, az2), thanks to Proposition 5.5. O

Concentration of measure inequalities are usually stated for enlargements of sets of
measure bigger than 1/2 (see [18]). In what follows we connect (5.19) to the usual definition
for some families of cost functionals.

Lemma 5.23. Consider a cost function c of the form

cap) = [dlw)pldy),  aeX, peP(X)

with v : Ry — Ry an increasing convex function such that (0) = ~/(0) = 0 and suppose
that ~ satisfies (2.1). Suppose that, for a given n € N*, a probability measure p on X
satisfies, for some constants a > 0,b > 1, the following concentration property :

5.24 XM\ AP <be t V>0,
(5.24) P X"\ A

for all A C X™ such that pu"(A) > 1/2.
Then p satisfies the following property : for all s € (0,1) and for all A C X™,

(5.25) p(X7\ AV AT ST < petle e >0,

where the exponent r is defined by r = sup,~qzv, (x)/v(x) € (1,00) (here v/, stands for
the right derivative).

Conversely, if the concentration property (5.25) holds, then one has (by optimizing over
all s € (0,1)), for all A C X™ such that p"(A) > 1/2, for all t > max(alog(2b),0),

ph(XT\ A7) < inf <b<1—s>’"-1 o UTT —t1-s) l/a):be—tﬂ—a(m’"/a,
s€(0,1)

1/r
with e(t) = (ili)igfgb) .
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Proof. The fact that 1 < r < oo follows from (2.1) and the convexity inequalities y(2x) >
(@) + 29/ (x) and y(x)/z <~/ (x), = > 0.

To clarify the notations, we will omit some of the dependencies in n in this proof. The
fact that (5.24) implies (5.25) is a consequence of the following sets inclusions (that are
justified at the end of the proof):

(@) ACX"\((X"\An),), Yu>0,
and for all s € (0,1),

(0) (Au), C A(ul/rﬂur)* C AST+1+ p Yu,v > 0.

The last inclusion above follows from the identity,

5.26 Yr o) = inf { = ; }

( ) (u +v ) 8613)71) o + 1—s1

Let t >0, s € (0,1) and A C X™ and let us consider the set B = Ag—1;.

If 4(B) > 1/2 then by applying first (b) for u = s" 7't and v = (1 — 5)" "'t and then the
concentration property (5.24), we get

p(X"\ A < p (Xn \ B(lfs)r—lt) < pe~ (=) /a,

If 4(B) < 1/2 then u(X™\ B) > 1/2. Therefore by applying first (a) for u = s" 't and
then the concentration property (5.24), we get
p(A) < (X7 (X" B)grory) < be™ 10,
As a consequence in any case the concentration property (5.25) holds.
Now let us justify the inclusion properties (a) and (b).

To prove (a) let us show that AN (X" \ A,), = 0. Suppose on the contrary that there is
some x € AN(X"\ Ay),, then there is some y € X™\ A, such that i, v(d(z;,v:)) < u.
But, since y € X" \ A,, it holds Y i* | v(d(ys,2;)) > u for all z € A. In particular, taking

z = x, one gets a contradiction.
Finally, let us show (b). According to e.g. [13, Lemma 4.7], the function z — /" (z) is

subbadditive. It follows easily that (z,y) — (31, v(d(xi,yi)))l/r defines a distance on
X"™. Point (b) then follows immediately from the triangle inequality. O

For the next corollaries, recall the notations introduced in Remark 5.20.

Corollary 5.27. Let v > 2 and consider the cost c(z,p) = [ ||z — y||" p(dy), x € R™,
p € P1(R™), where || - || is a norm on R™. For a probability p € P.(R™), the following
propositions are equivalent :

(1) There exist ai,by > 0 such that, ¥n € N*,
pHA+tYTBYY > 1 —be7t/ >0,

for all sets A such that u™(A) > 1/2.
(2) There exist az, by > 0 such that, ¥Vn € N¥,

p(f > med (f) 4+ 1) < bye t/o2, Vit >0,

forall f: (R™)" — R which are 1-Lipschitz with respect to the norm || - || defined
n (R™)" by

n 1/r
=7 = <Z Hfﬂi\lr> , T E@®M)".
=1
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(3) There exist as,bs > 0 such that, Vn € N*, Vs € (0,1), and VA C (R™)",
P (R A A=y (AT < pgent/ > 0,

where AP = {z € (R™)";c%(z) <t} = A+t/"Br.
(4) Jag > 0 such that Vs € (0,1), p satisfies
T,(as/s" L as/(1—s) 1),
(5) Jas > 0 such that p satisfies T, (as) (which is equivalent to T, (a5) for that cost).
Moreover (1) < (2) with az = a1 and by = by, (3) = (4) with ay = a3, (4) = (3) with
ag =ay and bg =1, (4) & (5) with ag = as, (1) = (3) with a3 = a1 and bg = by, (3) = (1)

r—1 (1-s)" "1

wz’thblzb(l R (mdal—(l Tlforanysé(Ol)

Note that this result is not as general as possible; see [9, Theorem 1.3] for a similar
statement involving more general cost functions.

Proof. The equivalence (1) < (2) is very classical (see e.g [18, Proposition 1.3]).

The implications (1) = (3) and (3) = (1) are given in Lemma 5.23. (3) = (4) and
(4) = (3) are consequences of Theorem 5.18.

If the property (4) holds, then for all 14 € P,

Tovro ) = Telnili) < 5 H(alw) - Vs € (0,1).

As s goes to 1, we get (5), u satisfies T, (a4) or equivalently T, (a4).
Conversely assume that (5) holds. By the triangular inequality, we get for all vy, 15 € Py,

Te(vi|v2) = Tr(v1,v2) < (77»(V1,M)1/r + Tr (1, Vz)l/r)r

< ((asH (1) + (a5 H (vo|)) 7).
The property (4) with as = as then follows from the identity (5.26). O

Corollary 5.28. Let r > 2 and consider the cost c(xz,p) = ||z — [yp(dy)||", v € R™,
p € P1(R™). For a probability u € P1(R™), the following propositions are equivalent :

(1) There exist a1,by > 0 such that, ¥n € N*,
pHA+ "B > 1 —be7t . vE>0,

for any set A which is either convex or the complement of a convex set and such
that u"(A) > 1/2.
(2) There exist az, by > 0 such that, Vn € N*,

p"(f > med (f) 4 1) < bpe /92, Vit > 0,

for all f : (R™)"™ — R which is either convex or concave and 1-Lipschitz with
respect to the norm || - || defined on (R™)" by

1/r
]l = <ZH$@HT> , e ®™)".

(3) There exist as,bs > 0 such that, Vn € N*, Vs € (0,1), and VA C (R™)"
Mn((Rm)n \ A?)l/(lfs)r_lIu’n(A)l/sT_1 < bgeﬂf/ag7 Vit > 0,

where A} = {x € (R™)" ;% (z) <t} =conv A+ tl/rlﬁ?.
(4) There exists aq > 0 such that Vs € (0,1), u satisfies Tp(aq/s" 1, aq/(1 —s)"71).
(5) There exists as > 0 such that p satisfies T:(%) and p satisfies T, (as).
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Moreover (1) < (2) with az = a1 and by = by, (3) = (4) with ay = a3, (4) = (3) with
ag =ay and bs =1, (4) & (5) with ag = as, (1) = (3) with a3 = a1 and bs = by, (3) = (1)

r—1
27T and ay = # for any s € (0,1).

1_8)7‘71 (1—s)

with by = b

Proof. Adapting [18, Proposition 1.3], one sees easily that (1) < (2), and, according to
Theorem 5.18, (3) < (4).

Let us show that (3) implies (1). Let A be a convex subset. As in Lemma 5.23, if
p™(A) > 1/2, then, by applying (3) to A and since A; = A+4t'/" B, we get (1) for convex
-1 (1=s)r Tt
sets with by = bgl )" 9T and a; = (17‘;% for s € (0,1). Let D = (R™)" \ A and
assume that (D) > 1/2. For all t > 0, the set C' = (R™)" \ (D + t'/"B?) is convex and
satisfies for all ¢ < t,

Cy = (C+¢""Br) c (R™)"\ D.
Since p"(D) > 1/2, it follows that pu™((R™)™\ Cy) > 1/2. As a consequence, applying (3)
to the set C, we obtain for all ¢ > ¢ > 0, for all s € (0,1),

r—1 STy

PP(R™) (D + 17 Bp)) = p(C) < by 2T e

As t' goes to t, this implies the concentration property (1) for complement of convex sets.

We adapt the proof of Lemma 5.23 to get (1) = (3). The property (a) is replaced by
the following, for all subset A,

() AcconvAcC (R™)"\[(X\A,)+u"BY, u>0.

Since A, = conv A4u'/" B?, this property (a’) is a simple consequence of the property (a)
applied to the set conv A. For the same reason, the property (b) still holds. Then following
the proof of Lemma 5.23, by using (a’) and (b), by considering the set B = Ay -1,
s € (0,1), and applying the concentration property (1) to the convex set B or to it’s
complement (R™)"\ B, we get (1) = (3) with a3 = a1 and b3 = b;.

The equivalence between (3) and (4) is a consequence of Theorem 5.18.

If the property (4) holds, then for all vy, s € Py,

a — a
Srfl H(|p), and Tp(ulvz) < WH(WW, Vs € (0,1).

7_-7"(V1’M) <

As s goes to 1 or to 0, we get (5) — that u satisfies T;r(a4) and T, (a4).
Conversely assume that (5) holds, then (4) follows with ay = a5 by the following triangular
inequality, for all 11,5 € Py,

TV < T )" + T (plro) V.

6. WEAK TRANSPORT-ENTROPY AND LOG-SOBOLEV TYPE INEQUALITIES

In this section, our aim is to give some explicit links between the weak transport-entropy
inequalities introduced in Definition 5.1 and functional inequalities of log-Sobolev type.
Except for the first result below, we are not able to deal with general costs. Hence (except
for Section 6.1), we restrict to the specific case (already of interest) of Ty (introduced in
Section 3). Furthermore, to avoid technicalities, we may restrict to the particular choice
O(x) = ||z||? (for some norm on R™), even if most of the results below could be extended
to more general convex functions (at the price of denser statements and more technical
proofs).
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6.1. Transport-entropy and (7)-log-Sobolev inequalities. In this section we gener-
alize the notion of (7)-log-Sobolev inequality introduced in [12] (see also [13]) and give
some connection with weak transport-entropy inequalities.

We need some notations. Given A > 0 and ¢ € ®.,(X), define

RYp(z) := selnf {/sa(y)p(dy) + AC(w,p)} ,  weX.

Observe that R! = R., where R, is defined in Theorem 3.5. Following [12], we introduce
the (7)-log-Sobolev inequality as follows. We recall that for any non-negative function g,

_ g
one denotes Ent,(g) = [ glog <f9du> dp.
Definition 6.1 ((7) — LSI.(\,C)). Let v: Ry — Ry be a lower-semicontinuous function
satisfying (2.1), ¢ : X x Py(X) = [0,00) and C € (0,00). Then p € Py(X) is said to
satisfies the (7)-log-Sobolev inequality with constant C,\ and cost ¢ (or in short (1) —
LSI.(\,C)) if, for all f with [ fe/du < oo, it holds

(6.2) Ent, (/) < C / (f = R f)e! du.

The following result extends [12, Theorem 2.1].

Proposition 6.3. Let v: Ry — Ry be a lower-semicontinuous function satisfying (2.1)
and ¢ : X x Py(X) — [0,00) be a cost function. If i € Py(X) satisfies T (b), then it
satisfies (1) — LSI.(\, 1255) for all A € (0,1/b).

Remark 6.4. In R™ [12], and more generally in metric spaces [13], if one considers the
usual transport cost T (with cost w(z,y) = d(x,y)? in Item (1) of Section 3), it is proved
that the corresponding T5 (b) is actually equivalent to some (T)-log-Sobolev inequality. In
order to get such a result in the setting of the present paper one would need to develop a
general Hamilton-Jacobi theory which is not available at present (see [32] for some devel-
opments). This is mainly the reason why, in the next sections, we restrict ourselves to the
specific case of the “bar” cost.

Proof. Fix a function f : X — R with [ fe/du < oo, A € (0,1/C) and define dvy =

fee;du dp. One has

! !
H(Vf|ﬂ):/10g<feefdﬂ> f:fdeMZ/def—log/efd,ug/fduf—/fd,u,

where the last inequality comes from Jensen’s inequality. Consequently, if 7(dzdy) =
vf(dx)ps(dy) is a probability measure on X x X with first marginal v; and second marginal

1,

Hvsl) < [[ (@) = $0) wlaody) = [ (([(7@) = 1) pa(dn) ) vy,

It follows from the definition of R} that — [ f(y)p.(dy) < —R)f(x) + Ac(x, p,) for all
x € X, so using that p, is a probability measure,

[G@ = 1) paldy) = £@) = [ F@)peldy) < F@) = R @)+ Melwp2), v € X,

Hence,

Hgl) < [ (£@) = R @) vyda) + A [ e(w.pe) vy(da).
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Optimizing over all 7 (or equivalently over all p,) with marginals v and p, it holds
Hivgln) < [ () = R (@) vy(da) + Me(alvy)
< m/(f - Rcf) el dp + Ao H (vf|p).

The thesis follows by noticing that (f ef d,u) H(vf|p) = Enty, (ef). O

6.2. Weak transport-entropy inequalities 7_'; In this section we give different equiv-
alent forms of T;‘L in terms of the classical log-Sobolev-type inequality of Gross [16] re-
stricted to convex/concave functions, to the (7)-log-Sobolev inequality (6.2) and to the
hypercontractivity of the (classical) Hamilton Jacobi semi-group, also restricted to some
class of functions.

Throughout this section, we consider the cost ¢(z,p) = 3 ||z — [yp(dy)|?, = € R™,
p € Pi(R™), where || - || is a norm on R™ whose dual norm we denote by || - |[.. We
recall that ||z« = max,cgm |,)=1 * - y. Recall the definition of T from Section 3 and the

(7)-log-Sobolev inequality (6.2) defined with such a cost. As usual, || f]|, := ([ |f|P d,u)%,
p € R* (including negative real numbers) and | f|lo := exp{[log|f|du} whenever this
makes sense. Also, given ¢: R™ — R, ¢ > 0, let
(6.5)

_ 1 1 m
Quetw) = int {o) + 55l =9I’} Piote) = sup {oly) = gyl oI}, w e R™
We will make use of the following observation (see Corollary 3.11): for any ¢: R"™ — R con-
vex, Lipschitz and bounded from below, Q1 = Rep = infpep, (x) { [/ ¢(v) p(dy) + c(z,p)}.

In the result below, we assume that || - ||, is strictly convez, i.e. it is such that
(6.6) (z #y with |[z]le = [lyll. = 1) = [|(1 = )z + ty[l. < 1.

This assumption is made to ensure that the operation f — Q:f transforms a convex
function into a C'-smooth convex function (this well known property is recalled in Lemma
6.12 below). The proof could certainly be adapted without this assumption, but we dont
want to enter into these technical complications.

Remark 6.7. [t is well known that the strict convexity of the dual norm || - ||« is equivalent
to the Cl-smoothness of the initial norm || - || on R™ \ {0}. These equivalent conditions
are fulfilled for instance by the classical p-norms : ||z|l, = [X0 |2:|P]Y/?, © € R™, for
1 <p<+oo.

Theorem 6.8. Suppose that || - ||« is a strictly convex norm and let p € P1(R™). Then

the following are equivalent:

(i) there exists b > 0 such that Ty (b) holds;
(7i) there exists \,C > 0 such that (1) — LSI.(\,C) holds;
(iii) there exists p > 0 such that for all C*-smooth function p: R™ — R convex, Lips-
chitz and bounded from below, it holds

1
(6.9) Enty(e) < o [ [V]26% d

(iv) There exists p' > 0 such that for every t > 0, every a > 0 and every ¢: R™ — R
convex, Lipschitz and bounded from below, it holds

(610) HthLp”a—l—p’t S He(pHG'

Moreover
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i) = (i) for all X € (0,1/b) and with C' =1/(1 — bA);

i) = (iii) with p = 2;

i11) = (iv) with p' = p;
=

. . . _ L
w) = (i) withb= .

=
=

(
(
(
(

Remark 6.11. The implication (ii) = (i) is a variant of a well known result due to
Otto and Villani [26] showing that the logarithmic Sobolev inequality implies the classical
transport-entropy inequality To. Here we will make use of the arguments developed in [5].
On the other hand, in the classical setting, the equivalence (i) <= (ii) was studied and
developed in [12, 13, 14].

Observe that the relations between the wvarious constants is almost optimal. Indeed,
starting from Ty (b), we deduce from (ii) = (iii) that the log-Sobolev inequality (6.9)
holds with p = supy¢(g.1/p) A/C' = supe(o,1/5) A(1 — bA) = 3 (the mazimum is reached at
A = 1/(2b)). From this we deduce (iv) with p' = 1/(4b) which gives back T (4b), and in
all we are off only by a factor 4.

We may make use of the above result to obtain exzample of measures satisfying T4 (b) in
Section 7. Indeed, the “convex” log-Sobolev inequality (6.9) was studied in the literature

[1].

We will use the following classical smoothing property of the infimum convolution op-
erator.

Lemma 6.12. Let || - || be a norm on R™ whose dual norm is strictly convex. If ¢ :
R™ — R is a convex function, then for all t > 0, the function Qsp defined by

. 1 m
Qole) = mt {ot) + Sl o}, zemn

is also convexr and Ct-smooth on R™.

Proof. The fact that Qs is convex is well known and easy to check. Consider the Fenchel-
Legendre transform of Q¢ defined by (Qip)*(7) = sup,epm{z -y — Qrp(y)}. A simple
calculation shows that (Qup)*(z) = ¢*(2) + 3 z[2, for all z € R™. By assumption, || - ||
satisfies (6.6). This easily implies (and is actually equivalent to) that the convex function
x + ||z||? is strictly convex (in the usual sense : if x # y, then [|(1 — t)x + ty|]? <
(1 —t)||x||? + t||y||?, for all t € (0,1)). Therefore, the function = — (Qp)*(x) is strictly
convex on R™. A classical result in Fenchel-Legendre duality (see e.g. [17, Theorem
E.4.1.1]) then implies that (Q;p)** = Qs is Cl-smooth on R™. O

Proof of Theorem 6.8. That (i) implies (i7) is given in Proposition 6.3.

To prove that (i) implies (iii), fix p: R™ — R a C'-smooth function which is convex,
Lipschitz and bounded from below. Then, by convexity, for all z,y € R™, it holds

p(z) —p(y) < Ve(z) - (z—y).
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where u - v denotes the scalar product of u,v € R™. Hence, given A > 0 and x € R™, by
the Cauchy-Schwarz inequality u - v < o |[ul|? + 3[|v]|?, u,v € R™, we have

plo) ~ Rp(a) = sup {/wm)—w( Notdy) — 5l [[ypian) P}

peP1(R™)
< s { [ Vo) @-y)ptdy) - Sle = [yaap]?}
p€771 (R™)
= sup {W w—/yp (dy)) ——Hx—/yp (dy) HZ}
p€771(]Rm)
2
< LIve@IE.

The expected result follows.

To prove that (7i7) implies (iv), we follow the now classical argument from [5] based on
the Hamilton-Jacobi equation satisfied by (t,z) — Qi¢(x). Since we do not assume that p
is absolutely continuous with respect to Lebesgue measure (one of our main motivations is
to study transport inequalities for discrete measures), there are some technical difficulties
to clarify in order to adapt the proof of [5, Theorem 2.1] to our framework. First, as shown
n [14] or [3], the following Hamilton-Jacobi equation holds for all t > 0 and x € R™ :

dt Lo
(6.13) —p @) = =5V el (2),

where, d*/dt stands for the right derivative, and by definition |V~ f|(x) is a notation for
the local slope of a function f at a point x, defined by

]V_f](x) _ limsup [f(y) — f(.%')]_ )
y—o ly — ||

Here, since ¢ is convez, the regularization property of the inf-convolution operator @; given
in Lemma 6.12 implies that for all ¢ > 0, the function z + Qqf(z) is actually C'-smooth
on R™. It is then easily checked that |V~ Qup|(x) = [|[VQip(z)||«. Moreover, according to
Lemma 6.12 again, if ¢: R™ — R is convex, then so does Q. Therefore, (6.9) can be
applied to the function Q:p for all ¢ > 0. To complete the proof of the implication, we
leave it to the reader to follow the proof of [5, Theorem 2.1] (see also [14, Theorem 1.11]).

Finally we prove that (iv) implies (i). We observe that, at ¢ = 1 and a = 0, (6.10)
precisely means that,

/ep’Qw du < o [edn

This is equivalent to Ty (1/p'), thanks to Proposition 5.5 and to the fact that, as recalled
above, Q1 = Rep = inf,cp (x){/ »(y) p(dy) + c(x,p)}, for any ¢: R™ — R convex,
Lipschitz and bounded from below. This completes the proof. ]

In order to give a series of equivalent formulations of T; (b), we need to introduce the
notion of c-convexity (see e.g. [37]). We recall that if ¢ : X x X is some cost function on
a space X, a function f: X — R U {400} is said c-convex if there exists some function
g: X — RU{£o0} such that

fl@) = Sup{g( ) —clz,y)}, VrelX.
yeX
In what follows, we will use this notion with ¢(z,y) = 2 5l — ylI?, z,y € R™, where A > 0
and || - || is some norm on X = R™, such that | - H* is a strictly convex norm in the
sense of (6.6). In other words, a function f: R™ — RU {£oc} is 3| - [|*-convex if there
exists g: R™ — R U {+£oo0} such that f = P%g (recall the definition of P; from 6.5). In
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e.g. [14, Proposition 2.2] it is proved that f is 3| - ||?-convex if and only if f = P%Q%f
Furthermore (see e.g. [14, Proposition 2.3]), if f is of class C? and || - || = | - | is the

Euclidean norm, then f is %| - |>-convex if and only if Hessf > —AId (as a matrix), where
Hess denotes the Hessian.

To avoid the use of too heavy a terminology, we will denote by Fy\(R™), A > 0, the
class of all functions f : R™ — R that are concave, Lipschitz, bounded from above and
2 - [|?-convex
5 )

Remark 6.14. According to Lemma 6.12, if g is concave on R™ and A > 0, then Qyx(—g)
is convex and C'-smooth. In particular, f = —Ql/)\(—g) is concave and C'-smooth. But

f=—=Q1x(=g) = Py/x(g9) and thus f is also %H - ||?-convex. Furthermore, if g is assumed
to be Lipschitz and bounded from above, then f is also Lipschitz and bounded from above.
This shows that the class Fx(R™) N CHR™) is not empty.

Theorem 6.15. Suppose that || - ||« is a strictly convex norm and let pu € P1(R™). Then
the following are equivalent:

(i) there exists b > 0 such that T;(b) holds;
(it) there exist \,C > 0 such that for all p € F\(R™), it holds

(6.16) Ent,(e?) < C/(Lp — Qq/ap)e? du;

(iii) there exist p,\' > 0 such that for all C*-smooth function o € Fy(R™), it holds
(6.17) Ent, (¢9) < o= [ IVeler dp.
Moreover

(1) = (i1) for all A € (0,1/b) and with C = 1/(1 — b\);
(i) = (i) for all X € (0,)) and with p = 23
(i11) = (i) with b= p;y_
Remark 6.18. Also, Equation (6.16) is very close to (yet different from) the (T)-log-

Sobolev inequality (6.2). The difference is coming from the fact that, for concave functions,
R.f # Qf, while equality holds for convex functions.

In particular, we emphasise the fact that Ty (b) encompasses information about convex
functions, while T;r(b) about concave functions.

Finally, we observe that the constants in the various implications are almost optimal.
Indeed, starting from Ty (b), we end up with Ty V), with b = % with \ €
(0,1/b) and X' € (0,A). Choosing A = 1/(2b) and N = 1/(4b) one gets V' = 12b and we

are off only by a factor at most 12.
Proof. To prove that (i) implies (i7), we follow the argument of the proof of Proposition
6.3. Consider a concave function f, Lipschitz and bounded above, A € (0,1/b) and define

exp{Ps/}
Jexp{Psf}du

i~ o) o [ v 71
< [Pgdvy— [Padp= [1Pf = flavy = [ Pofdu+ [ 1avy

< [1Puf = flavy + XToloslp).

for simplicity s = 1/ and dvy = du. By Jensen’s Inequality we have
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where in the last line we used the homogeneity of the transport cost (as a function of the
cost (recall that s = 1/))) and the duality theorem (Corollary 3.11) to ensure that (since

Qi(—¢) = —Piyp)
Ta(velp) = sup {/Qupdu - /<pdyf; ¢ convex, Lipschitz, bounded from below}

= sup {— /Plgpd,u + /gpduf;  concave, Lipschitz, bounded from above} .

Applying T; (b) and rearranging the terms, we end up with the following inequality (since
(J exp{Psf}dp) H(vg|p) = Enty (exp{Psf})):

Buty, (™) < { - b

[1Pas = P! d,

which holds for any f concave, Lipschitz and bounded above, and for any A € (0,1/b) and
s = 1/A. Now, our aim is to get rid of Psf. To that purpose, we observe that, since f is
concave, Lipschitz and bounded above, Q, f is also concave, Lipschitz and bounded above*
(for any s > 0), so that, if we assume in addition that f is 3| - ||*-convex, applying the
latter to Qsf and using that P;Qsf = f, we finally get the desired result of Item (7).

Now we prove that (ii) implies (iii). Assume Item (i7) and consider a function f €
Fy(R™), with A" € (0, A). Our aim is to make use of the %H - ||?-convexity property of f
to bound f — Q) f from above by |V f|12; we may follow [14].

Since f is %/H - ||>-convex, it satisfies PsQsf = f, where for simplicity s = 1/)\ (see
e.g. [14, Proposition 2.2]). Define m(z) = {g eER™: f(x)=g(y) — )‘%Hx - §H2} (i.e. the
set of points where the supremum is reached (that is non empty by simple compactness
arguments (see [14, Lemma 2.6])). Given y € m(x), we have for all z € R™,

N N
(619)  f@)=Quf @) ~ Gl —gI* < f() + 5 (Il =9l ~ =~ IP”) -
Since f is concave and C'-smooth, it holds
f(2) < f@) + V(@) (z—a), VzeR™

Inserting this inequality in (6.19), one gets
N —112 —|2 m
0= Vf(@) (z=2)+ Sz =9l" =z =57,  v=eR™

Applying this to z; = (1 — t)x + ty, with ¢ € (0, 1), one obtains
/!

0 < 1V /(@) (7~ ) + 5 (1~ 17 = ) — 5.

Dividing by ¢ and letting ¢ — 0, one ends up with the inequality

Nz —g* < V(@) (§—=2) < [Vf(@)ll]z 7]

4These facts follow from the fact that Q. f(z) = inf,{f(z — y) + 2|ly||*}. Hence Q.f is concave as
infimum of concave functions. On the other hand, z — f(z — y) + £|y||* are uniformly (in y) Lipschitz
functions so that Qs f is again Lipschitz as infimum of Lipschitz functions. Finally, Qsf < f and therefore
is bounded above.
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According to (6.19), the triangle inequality, and the inequality ||z — || < ||V f(x)||, one
gets

£(@) < £G)+ 5 (12 = ol + 20 e —y||)

<)+ 3\\z—muz (Hz—wHHVf( e

< Sz —z|? + 2,
< 1)+ 5~ + 5 IV @
Optimizing over z € R™, one gets the inequality
2
@) = Qunf(@) < g IV 1 @IE.

which inserted into (6.16) yields to (6.17).

It remains to prove that (i7i) implies (). To that purpose, let £(t) := —p(1—t), t € (0,1)
(observe that £(t) < 0), set s = —£(t)/N, and consider a convex, Lipschitz and bounded
below function f: R™ — R. We shall apply the log-Sobolev inequality to ¢ = £(t)Qf for
a given t € (0,1). We need first to verify that ¢ is concave, Lipschitz, bounded above and
Ne-convex. Since f is convex, Q. f is convex and so, since £(t) < 0, ¢ is concave. On the
other hand, since f is Lipschitz, so does ¢. Also, f being bounded below, Q:f > inf f
and £(t) < 0, we have ¢ = £(t)Q.f < ((t)inf f which proves that ¢ is bounded above.
Finally, since Q; is a semi-group and since in general Q,(g) = —P,(—g), we have for all
te (p+)\,, 1) (to ensure that s <t),

= (t)Qs(Qtfsf) = _E(t)Ps(_Qtfsf) =P @ (g(t)Qtfsf) = P% (E(t)Qtfsf)a

hence ¢ is Mc-convex. In turn, applying the log-Sobolev inequality to ¢ (which is C!-
smooth according to Lemma 6.12), we end up with the following inequality that we shall
use later on:

[ 60Qure O dp — H(#)1og H() = Bt (09 / IVQuFI2e O dp
where H(t) := [e“%fdy. Hence, by the Hamilton-Jacobi equation (6.13),
i ( g H( >) o (~COH@ 0B ) + 0 H (1)
at \0(t) °® )log

( Ent Z(t Qtf) +€(t)2/ 8Qtfeé(t)Qtf d‘u/)

( 00ty 4 J [ vQupizeoas du)

\V4 2600Q:f gy, = 0
since ¢'(t) = p. Therefore the function ¢ — HthfHE(t) is non-increasing on (;£y,1). In
Q_p f
particular, in the limit, we get ||e@1f|| oy < e Y that we can rephrase as
U=57)

N

_ o) pA
oJ Qi (/e ”“’Qp—i&—ffdu> <1.
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Now, since Q, f < f, we conclude that

p+X

eJ @1fdn (/ e_%fdu) "~ <1,

which implies T;r(p;r—;/‘/) by Proposition 5.5 and Corollary 3.11. This completes the proof.
O

7. EXAMPLES

In this section, we give some examples of probability measures satisfying weak transport
inequalities. We start with the Bernoulli measure, from which we derive weak transport
inequalities for the binomial law and the Poisson distribution. Also, using the characteri-
zation of To by means of log-Sobolev type inequalities of the previous section and results
from [I], we may give more examples of measures satisfying such a transport-entropy
inequality on the line.

We will use some results for the Bernoulli measure, derived in [30], and as such introduce
some notations from there.

Let w: R — R4 U {400} be defined as

{(1—:c)log(1—x)+x ifz <1

w(z) = .
400 ifx >1,

and observe that (1 — z)log(1 — x) + = compares to min(z2, |z|log(1 + |z|)). Then, given
€ (0,1), define u,: R = Ry U {400} as

uple) = L () 4 w(a)

P P
[ og RS 4 (1 - a)log(1—2), if — L <a <1
Too otherwise

and given t € (0,1), let 6,;: R — R be defined as
6,.(h) = . 111 = t)up(1 — 7) + tuy,(1 — 7(1 — h))] if h>0
PR T =) 21 | 2 [(1 = t)us_p(1 = 7) + tus_,(1 = 7(1 4+ h))] if h<0.
It is easy to see that w and u, are convex. We shall prove in Appendix A that 6,; is also
convex for any p and ¢ and compares to h? on [—1,1] and 6,; = +o00 on R\ [-1,1] (see

[30, Proposition 2.4] and Appendix A). Finally, we define 6, and 6, as the limit when
t tends to 0, respectively 1, of 6, ;. As proved in [30, Proposition 2.4], it holds

h if h>0
6p70(h) — uP( ) 1 =
u—,(—=h) ifh <0,
and
Ll(1=p—m)log 15251 — (1= h)log(1 — h)] i he[0,1-p)
b1 (1) = 75 [0+ h)log 22 — (1+ h) log(1 + 1) if h e [—p,0]
400 otherwise.
Finallywedeﬁneéth:]R%]RU 400 byéth = min (0,.(h),0,:(—h)). It is a
P, P P Ps

tedious but easy exercise to verify that, for all ¢ € [0,1] and all h € R, ,,(h) = 0,.(|h])
when p € (0,1/2] and 0,4(h) = 01—,+(|h|) when p € [1/2,1).
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Warning: In this section, for simplicity and when there is no confusion, we shall drop
the index 7 = 0 in many notations, as for example P(-) = Py(:) and ®(-) = Pg(-). This is
justified by the fact that, on any finite graph, Py(-) coincides with the set of all probability
measures P(-), and similarly ®¢(-) coincides with the set of all functions.

7.1. Weak transport inequality for the Bernoulli measure and the product of
Bernoulli measures. Using a result from [30] and the duality results proved in Section 3,
we get the following weak transport inequalities for the non symmetric Bernoulli measure.
Set p, == (1 — p)do + pd1, p € [0,1].

Proposition 7.1. For all t,p € (0,1), it holds
(1) To,nlw) < o HOaly) + T Hmlny) W, € P{0,1}).
In particular
Topi(polv) < HWlpp)  and  To, (vluy) < H(vlny) Vv e PH0,1}).
Moreover, the same inequalities hold replacing 7_'9N, 7_'9/371 and 7'99’0 respectively by 7~'§N,

75 and Tép,o‘

p,1

The proof of the above proposition relies on the following lemma’.

Lemma 7.3 ([30]). For allt,p € (0,1) and all convez functions f: R — R, it holds

1/t 1/(1-t)
(o) (f ) <

Qo, f () == yirelﬂg {f(y) +0pi(x—y)}.

where

Proof of Proposition 7.1. Inequality (7.2) follows from Lemma 7.3 and the Bobkov-Gotze
dual characterization (Proposition 5.5) together with Corollary 3.11. The two other in-
equalities follow by choosing 11 = pu, and vo = pu,, and by taking the limit £ — 1 and
t — 0, respectively.

Now, observe that for every probability measure p € P({0,1}) and for any x € {0, 1},
it holds

[l = ulp(dy) = pl{1 = 2h) = o~ [up(ay)].

Hence, since 0, is increasing on [0, 4+00), 7~;~p’t(yl|yg) < Te,.(v1]r2) and the results in-

volving 7~'§p’t, 735,;,1 and 7~'§p70 follow. The proof is complete. O

By Theorem 5.11, the weak transport inequalities for the Bernoulli measure 1, given in
Proposition 7.1 tensorises. Hence, the product of Bernoulli measures pp = i, ® - ® 1,
on the hypercube Q,, = {0,1}" satisfies the following n-dimensional version of the 7 and
%—transport—entropy inequalities. Recall that the corresponding n-dimensional costs are
defined, for all x = (x1,...,z,) € Q, and all p € P(£,), respectively by

Eg,? (1’, Q) = Zap,t (1’, - /Q Y; ql(dy,))
i=1 1

5To be precise the result of Lemma 7.3 is proved for the centered non symmetric Bernoulli measure
(1 —=p)o—p+pdi—p, p € (0,1). However, by a simple translation argument the result also holds for the
Bernoulli measure u, (details are left to the reader).
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0,1 (/ \xi—yi’qz‘(dyi)) :

where ¢; € P(1) is the i-th marginal of . We denote by T _ (n) and T(n) the corresponding

and

& (@, q) =

n
1=

1

transport costs. Applying Theorem 5.11, we immediately get from Proposmon 7.1, the
following weak transport-entropy mequahtles for product of Bernoulli measures.

Corollary 7.4. For allt € (O 1), all p € (0, 1) and alln=1,2..., it holds

(7.5) T (V1|y2) < 1—H(1/1|,up) + H(l/2|,up) Vi, ve € P(Qy).
In particular

Ta(nf (Hplv) < H(v|py)  and Wlpp) < H(v|pg) Vv € P().
P,

Ov

(
p
Moreover, the same inequalities hold replacing Té(n), T o and Té(n) respectively by 715(")’
_ _ p,t p,1 p,0 p,t
Ty and T

o1 €p,0
7.2. Weak transport cost for the binomial law. In this section we prove weak trans-
port cost inequalities for the binomial distribution B(n,p), p € (0,1). The basic idea

is to project the n-dimensional transport cost inequalities (7.5), from the hypercube
2, ={0,1}" onto I,, :={0,1,...,n}, the state space of B(n, p).

Let /i, , denote the binomial measure on I,, i.e. fin (k) = (})p"(1—p)"~* for all k € I,,.
Then the image measure of uj by the projection ¢ : Q, 3 (@1,...,2,) = 30 @i € Iy is
the measure fi,, ,. Let also QF := {z € Q,,: ¢(z) = k} be the slices of the cube, k € I,,.

We may start with a general projection result. The lemma below shows that any n-
dimensional weak cost of type ¢™ on the hypercube provides a weak cost on I,, through the
projection ¢. As a consequence, any weak transport-entropy inequality on the hypercube
give rise to a weak transport-entropy in I,, with the projected cost.

Lemma 7.6. Let c: Q) x P(Qy) — [0,00] be a cost function and construct ™ : Q,, x
P(Qy,) — [0,00] on Q,, by

chjz,qZ x=(21,...,2,), q€P),

where as usual q; € P(Q ) denotes the i-th marginal of q. Then, given § € P(L,), for all
¢ €I, and all z,y € QF, it holds inf, A" (z,q) = inf, A" (y,q), where the infimum runs
over all ¢ € P(Q,) so that q(QF) = G(k) for all k € I,. In particular, one can define
a cost function on I,, ¢: I, x P(I,) — [0,00], by é(¢,p) := inf,c(x,q) where z € QF, is
arbitrary. Moreover, such a cost satisfies the following properties:

(i) If g — c(x, q) is convex for all x, then so is G — ¢(£,q4) for alln and all € € I,,.
(i) If c(x,q) = 0 (w - Ja, yq(dy)) (on 4 ) for some convex function 0: R — R, then
it holds

1
&0,4) > no <E (4— 1 k:q(dk:))) . Wiel, YieP(l)

(iii) If c(x,q) = 0 (le |z — y]q(dy)) (on Q1) for some convex function : R — Ry,
then it holds

&0,9) >n9< </ 10— k|qdk>> Ve, YicP(I).
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(iv) Assume that there exist ay,as > 0 such that it holds

Tomy (n1lv) < arH(v1|py) + a2H (vo|py),  Vvi,ve € P(Q).
Then, it holds
Te(01]02) < arH (01| pn,p) + a2H (Do|pin ), V1,02 € P(In).
Proof. Fix ¢ € I,, x,y € sz and ¢ € P(I,). Then, since z,y € Qf; have the same
number of ones and zeros, there exists a permutation o € S, so that y; = x,; for
all i. Given ¢ € P(f,) satisfying ¢(QF) = (k) for all k € I,,, define ¢, € P(,) by
4o(2) = q(z5) where we set for simplicity zo = (Zy-1(1),. -, 2Z5—1(n)) (With o~ being

the inverse of o). It is easy to verify that (1) : ¢, € P(£2,) is such that ¢,(QF) = ¢(k)
for all k& € I, (2) : the i-th marginal of ¢, equal the o(i)-th marginal of ¢: (¢,); =

4o()- Hence c™(y,q5) = S1) c(yi, (0)i) = Yimy (T Go) = Ly c(iyg5). In turn
inf, A (y,q) < inf, ") (x, q) and the first part of the lemma follows.

Item (i) is easy to verify and follows from the fact that the constraints on ¢ are linear.

As for Item (ii), fix £ € I,, and § € P(I,). Then, for all z € Q% and all ¢ € P(£2,,) such
that ¢(QF) = ¢(k) for all k € I,,, by convexity it holds

p) = iila (l“z —/Q Yi Qi(dyi)> > nfb (% i (ﬂfz - /Ql Yi Qi(dyi)>>

i=1

—n9< (sz—/gn (éy) q(dy)>> =nf (% <e— Inkch(k))).

Taking the infimum over all ¢ € P(£,) such that ¢(QF) = ¢(k) for all k € I,, yields the
desired result.

The proof of Item (i7i) is similar and left to the reader (use the triangle inequality).

To prove Item (iv), fix 01,05 € P(I,,) and define v; € P(Qy,) by v1(z) = ﬁl(w(x))/(w?x)),
x € (2, where we recall that ¢ denotes the projection ¢(x) = >71" ) ;. Then, H(v1|u)) =
H (?1|ptn,p). Hence, defining identically vo € P(£2,) from D4, the result follows if we prove
that T ) (v1|v2) > Te(21|02). By Theorem 3.5, and restricting the supremum by using the
projection ¢, we have

T (alu) = sup { | ( me [ ) <dy>+c<"><x,q>> a(do) = | \If(ym(dw}

Ved(Q,) q€P(Qn)
> sup {/ ( 1nf / U(o(y)) q(dy) + ™ (x, q)) vo(dz) / (g )Vl(dy)} .
bea(l,) (/9 \9€P©

Hence, by the first part of the lemma and again Theorem 3.5, we have

Teon (V1]v2)

GEP(In)  q€P(Qn):

> sup /Q inf inf </\If q(dy) + ™ (z, q)> vo(dx) /\I’ 1 (dk)
)

vea(l (28 )=d(k) ke Tn

= sup { / ( inf @<k>4<dk>+é<s@<w>,q>> vo(dz) — \if(k)ﬁl(dk)}
\ijeq)(]n) n qE’P(In) In In

= sup { / ( inf if(k)cj(dmé(m)) Dy (dk) — \If(k)ﬁl(dk)}:%(mﬁz)-
Gea(r,) (VIn \4€PUn) /I, In
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This ends the proof of the lemma. O

As a consequence of the above lemma we get the following weak transport inequalities
for the binomial distribution g, ,.

Corollary 7.7. For allt € (0,1), all p € (0,1) and alln=1,2..., it holds

_ 1 1
(7.8) Tep,t,n(V1’V2) < 1—_tH(V1’Mn,p) + ;H(W’Mn,p)7 Vv, ve € P(In).
In particular
T-Gp,l,n (Mmp"/) < H(”’Mmﬂ) and 7-9p,o,n (V’Mmp) < H(V‘Nn,p) ) Vv € P(In)
where 0,1 n(h) :=nb,(h/n), h € R.

Moreover, the same inequalities hold replacing 7_‘99’,&’”, 7_'9p’17n and 7_‘9p70’n respectively by
Too T and Ty where fp(h) = min(00(h), Opn(~h)), h € R.

Proof. The inequalities involving T follow easily from Lemma 7.6 (Point (ii) and (iv))
and Corollary 7.4. Similarly the inequalities involving T follow from Lemma 7.6 (Point
(i4i) and (iv)) and Corollary 7.4, once one shows that 0, , is convex. This is a simple
consequence of the fact that 0, ,(h) = O,n1—pen(|h]) (see the beginning of the section)
and that 6,; is convex as proved in Appendix A. This completes the proof. O

7.3. Weak transport cost inequality for the Poisson measure. In this section we
derive a weak transport-entropy inequality for the Poisson probability measure py, with
parameter A > 0 : for all k£ € N, py(k) = ?‘C—Te*)‘. The idea is to use the weak convergence
of the binomial distribution py, ,,, with p, := A\/n, towards the Poisson measure pj.

Set, for t € (0,1), h € R,

) h
eae(h) = Jim Ny, ¢ (E) .

The convexity of 0,, ; provides the convexity of the cost function cy;. We claim that

(7.9) era(h) = P“’ (n(Ah)) N A w (h +;\"t(h)):| Lnco.

t 1—-1¢
where r = ry(h) € [0, \) is the unique solution of the following equation,
(7.10) A=r)1"tA=r—n)f=)  h<O

The technical proof of this claim is given in Appendix A. We may observe that lim;_,q 7(h) =
0 and lim;_,; 7(h) = min(—h, X) (see the end of the proof of Proposition 7.11 below).

Set also

Q. f(0) = inf {/qu+cm (6—/kq(dk))} (€N,

q€P(N)
the corresponding inf-convolution operators (for all f: N — R, say bounded).

Proposition 7.11. For all A > 0, t € (0,1), it holds
_ 1 1
(7.12) Tevnlve) < — H(lpa) + 7 H(velpy),  Vvr,v2 € PIN).

we also have

(7.13) Terooalv) < H(vlpy), Vv e P(N),



KANTOROVICH DUALITY FOR GENERAL TRANSPORT COSTS AND APPLICATIONS 33

with cyxp(h) == Aw (%) 1p<0, and

(7.14) Texa (VIpa) < H(v|pa), Vv € P(N),

with cx1(h) == Aw (%h) 1p<0-

The weak transport inequalities (7.13) and (7.14) are the boundary cases of the weak
transport inequality (7.12) when ¢ goes to 0 or to 1 and vy = p) or v; = pj.

Remark 7.15. From the proof it will be clear that our approach fails to give a weak
transport-entropy inequality involving T for the Poisson measure py. Indeed, one of the
key ingredients is to use the limit limy,_.o n0(h/n) which, in the case of the T cost, is
trivial: lim,_,oon@(h/n) = 0 for all h € R. However there is no clear evidence that such
inequalities do not hold.

Finally, we observe that (7.14) and (7.13) are optimal, i.e. the constant 1 cannot be
improved. Indeed, e.g. (7.14) is equivalent, thanks to Proposition 5.5, to

exp{/@c/\’ofdp)\}/ef dp)\ S 17

which is an equality for f(x) = —tx, x € R, t > 0 (the same holds for (7.13)).

Proof. We first start with the proof of (7.12). Recall that f, , denotes the binomial
distribution on I, = {0,1,...,n}. From Proposition 5.5 (i.e. the Bobkov-Gétze dual
characterization) and Corollary 7.7, for all integers n, all p € (0,1) and all bounded
function f on N, it holds

_ 1/t 1/(1-t)
(7.16) </ etQGM"fd,un,p) </ e_(l_t)fdump) <1

where we recall that Q,, , f, is the (bar) infimum convolution of f associated to the cost
function nf,(-/n) defined by

— . 1
Q.. S0 = inf { [ pdg b <E (z -/ kq(dk)))} C lel,.

Our aim is to take the limit in (7.16), with p = p,, := A/n. To achieve it, we need to prove
that inverting infimum and limit goes in the right direction. Namely we shall prove the
following claim.

Claim 7.17. It holds
lim Qp,, .. f(0) > Q. ,f(£), L€N.

n—oo

We postpone the proof of the claim for a moment, but first show using it to complete
the proof of (7.12). Using the claim, we get from (7.16), by the weak convergence of s,
towards py as n goes to oo,

_ 1/t 1/(1-t)
(7.18) (/ etQCA,tfdp)\) (/ e(lt)fdpA) <1.

The thesis then follows by the Bobkov-Gotze dual characterization (Proposition 5.5).

Now it remains to prove Claim 7.17. Set || f||cc := supgen |f(k)|. Since 6,,; > 0, and
0,,.+(0) = 0 it holds

Qo SO > inf {1 fdg+nb,, . (-He— kq(dk:)] )} rer,

T qeP(In) In
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where [X]_ := max(—X,0) denotes the negative part. The above infimum is reached by
compactness at some § (that depends on p,t,n, k) satisfying:

. 1 . =
J, fda -+t (—5 o= [ ki) ) < Tty F) <

At this point we claim that for all £ € (0,1), h > 0 and n > 2,
1 h

The proof of this claim is given in Appendix A. Let v, ! denote the inverse function of
increasing bijection vy : Ry — Ry. It follows that

- [ri@n| <@, Vel

In turn, since P(1I,) C P(N),

Q 0> | fdg+en (€— [ kq(dk)) — 0,4 (h/n) — cxy (h
Q00> [ S+ ers (e~ [haan) s (/) = e )
>Qe SO swp [l () = ere ().

= (2| flloo) <h<0
The pointwise convergence of nf,, ; (h/n) to ¢y (h) and the monotonicity of 6, ; on R_

implies, according to a classical variant of Dini’s theorem, that

nlgrolo sup |n0,,.t (h/n) —cxe (h)] = 0.
—v; M (2]| fllo0 ) <h<0

The proof of the weak transport inequality (7.12) is completed.

The boundary cases (7.13) and (7.14) of Proposition 7.11 can similarly be obtained
from the Bobkov-Goétze dual characterization of (the boundary cases of) weak transport
inequalities of Corollary 7.7. For t = 0, the proof to get (7.13) is identical, replacing ¢ by
0. In the proof of (7.14) for ¢ = 1, we need to replace the claim (7.19) by the following
inequality: for all h > 0,

n0,, o(—h/n) > h? /2.

This easy computation and the details of the proof of (7.13) and (7.14) are left to the
reader.

We could also obtain (7.13) and (7.14) from (7.18) as t goes to 0 or to 1, with more
computations for appropriate justifications. Let us just show that for all A > 0,
. —h
%g%C,\,t(—h) =Aw (T) = cxo(=h),
and for all h > 0, h # 1,
h

lim (—h) = Au (X) — ear(—h).

Let h = h/X and #(h) = 7(h) = r;(—h) /A < 1. Rewriting (7.10), one has for all h > 0,
(I —=t)log (1 —7(h))+tlog(l —h—7(h)) =0.
This implies that
h41—4/(h+1)2—4th
2
The second inequality is obtained by applying twice the inequality log(1 — u) < u,u < 1,
and the first inequality by applying twice the inequality log(1 — u) > —u/(1 —u),u < 1
followed by few easy computations.

< #(h) < min(th,1).
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These inequalities ensure that lim; o7 (k) = 0 and lim;_1 74(h) = min(1, iL) Then the
given limits of ¢y (—h), as t goes to 0 or to 1, easily follow. O

7.4. Sufficient condition for T, on the line. In this short section, we would like
to take advantage of some known results from [1] to give a sufficient condition for the

transport-entropy inequality T; to hold on the line.
Our starting point is the following result.

Theorem 7.20 ([1]). Let p be a symmetric probability measure on the line. Assume that
there exists ¢ > 0 and o < 1 such that for all x > 0, pu([z + £,00)) < au([z,00)). Then,
there exists C(c,a) € (0,00) such that for every smooth convezr function ¢: R — R, it
holds

Ent,(e?) < C(c, a)/apﬂe“’du.

Observe that we assumed symmetry for simplicity. It is not essential and a similar
result holds for non symmetric measures.

Corollary 7.21. Let pu be a symmetric probability measure on the line. Assume that there
exists ¢ > 0 and a < 1 such that for all x > 0, p(lz + £,00)) < au([r,00)). Then, there

exists C = C(c,a) € (0,00) such that Ty (C) holds.

Proof. Theorem 7.20 guarantees that Item (ii7) of Theorem 6.8 holds, with 1/(2p) =
C(c,a) (Choose || - || = |- |, where | - | is the absolute value, so that || - || = |-|). The
desired result follows from Theorem 6.8. u

7.5. Weak transport cost inequalities with the Hamming distance. In this sec-
tion, we recall some known universal transport-entropy inequalities associated to the weak
transport costs 7 and 7. The following results are partially given in [31]. We start with
some notations. For ¢t € (0,1), let ay(x,p) = & ([ Loy p(dy)), x € X, p € P(X), with

t(1—u) log(1—u)—(1—tu) log(1—tu .
~ { ( ) log( t()l—(t) ) log( ) 1f0§u§1

ar(u) =
t(u) +00 otherwise.

Also, let By(z,p) = [ By (1m¢yg—ﬁ(y)) u(dy), x € X, if p € P(X) is absolutely continuous

with respect to u on X \ {z}, and f;(z,p) = 400 otherwise, with for all u > 0, f;(u) :=
B S e(lft)s —te—ts—

SUDger {su - B (5)} and 3 (s) ==t :r((llitl;) L seR.

Proposition 7.22. Let (X,d) be a compact metric space or a countable set of isolated
points. Let t € (0,1) and pu € P(X). Then,

(1) For all probability measures vy,vy on X, it holds
~ 1 1
T (1|v2) < EH(M’M) + ;H(Vﬂﬂ)-

(2) For all probability measures v1,vo on X absolutely continuous with respect to p, it
holds

~ 1 1
T, (n1|v2) < 1—_tH(V1|N) + ;H(V2|M)-

A short proof of the first point of this proposition is given in [31] (see Lemma 2.1.). By
Proposition 5.5 and Corollary 3.12, the second point of this proposition is exactly the dual
form of Theorem 1.1 of [31] (for n = 1). This new expected formulation of Theorem 1.1
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in [31] is therefore a direct consequence of the generalization of the Kantorovich theorem
(Theorem 3.5).

Let us just recall one simple and useful corollary of Proposition 7.22 for probability
measures with bounded support.

Corollary 7.23. Suppose that p is a probability on R™ (equipped with some arbitrary
norm || - ||) such that the diameter of supp(u) is bounded by M > 0. Then p satisfies the
inequality To(4M? 4M?) and thus To(4M?,4M?).

Proof. Observe that &;(u) > u?/2, for all u € [0,1] and ¢ = 1/2. Furthermore, if 1, v are
absolutely continuous with respect to p then supp(v;) C supp(u). Therefore, if w(dzdy) =
vi(dx)ps(dy) is a coupling between vy and vy, then [ |z — yl| pe(dy) < M [ 152y pe(dy)
for v almost all z, and so

2_]\142/ (/Hx—prx(dy))Q v (dz) g/dt (%/Hw—yllm(dy)) vi(da)

< [ ([ Loy palan)) ma(ao).

Optimizing over all m and then using Proposition 7.22 for ¢t = 1/2 completes the proof. [

8. PROOF OF THE DUALITY THEOREM AND OF ITS COROLLARIES

This section is dedicated to the proofs of Theorem 3.5 and Corollaries 3.7, 3.9, 3.11 and
3.12.

The proof of Theorem 3.5 uses classical tools from convex analysis that we recall in a
separate subsection (see Section 8.2 below), and then apply them to our specific setting.
We refer to Mikami [25], Léonard [19], Tan-Touzi [35] for similar strategies.

8.1. Fenchel-Legendre duality. The main tool used in the proof of Theorem 3.5 is the
following Fenchel-Legendre duality theorem (see for instance [39, Theorem 2.3.3]).

Theorem 8.1 (Fenchel-Legendre duality theorem). Let E be a Hausdorff locally convex
topological vector space and E’ its topological dual space. For any lower semicontinuous
convez function F: E —] — oo, 0], it holds

F(z) = nglg{@(w) -0}, wekE,

where the Fenchel-Legendre transform F* of F is defined by
F*(¢) = sup{l(z) — F(z)}, (el
el

To apply Theorem 8.1 in our framework, one needs to identify the topological dual space
of M, (X) equipped with the topology (M (X)) defined in Section 2. More precisely,
the next lemma will enable us to identify the dual space (M. (X), (M (X)))" to the set
., (X).

Lemma 8.2. A linear form £: M,(X) — R is continuous with respect to the topology
0(My (X)) if and only if there exists ¢ € ®~(X) such that

O(m) = /gpdm, ¥m € M,(X).

The proof of this lemma appears, for instance, in the book by Deuschel and Stroock [3].
We recall it here for the sake of completeness.
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Proof of Lemma 8.2. The fact that linear functionals of the form m — [¢dm, ¢ € ®,
are continuous comes from the very definition of the topology o(M,(X)). Conversely, let
¢ be a continuous linear functional and let us show that ¢ is of the preceding form. Define
o(x) = £(6z), x € X (where ¢, is the Dirac mass at z). First we will show that ¢ belongs
to ®4(X). The map X > z — §, € M, (X) is continuous. Namely, for all ¢1,...,p, € ®,,
it holds {z € X;0, € N1 Uy, aie,} = {2 € Xi|pi(x) — a;| < &;,Vi < n}, (where Uy, q,,
is defined by (2.3)) and this set is open, which proves that = + ¢, is continuous on X.
As a result ¢ is continuous. It remains to prove that ¢ satisfies the growth condition
(2.2). Since £ is continuous, the set O := {m € M (X);|[¢{(m)| < 1} is open and contains
0. By definition of the topology o(M, (X)), there exist an integer n, v1,...,¢p, € P,
ai,...,ap € Rand ey,...,&, > 0 such that O contains N} Uy, 4, ¢, and 0 € N1 Uy, 44,6, -
As a result,

n
0 e ﬂ Up,.a;.e: = A:= max -
1

i=1 Ze{lv"'vn}

and (given m € M, (X))

<1,

n

D

i=1

Thus, since m/¢(m) ¢ O,

1 " 23
< - e
)] < =5 3| [ £ dm

Applying this inequality to m = ¢, and using the growth conditions (2.2) satisfied by the
@ls, one sees that ¢ verifies (2.2).

ﬁmﬂ<1—A =~  meo.
&

, Vm € M, (X).

Finally, let us show that ¢{(m) = [ ¢ dm, for allm € M. (X). If m is a linear combination
of Dirac measures, then this identity is clearly satisfied. Since any measure m can be
approached in the topology o(M,(X)) by some sequence m, of measures with finite
support, the equality ¢(m) = [ ¢ dm extends to any m € M, (X). O

During the proof of Theorem 3.5, we will also use the following easy extension of
Prokhorov theorem.
Theorem 8.3. A set A C P(X) is relatively compact for the topology o(M~ (X)) if and
only if for all € > 0, there exists a compact set K. C X such that
/ (L+7(d(zo, ) v(dz) <&,  Wve A,
X\K-
where x, is some arbitrary fized point.

8.2. Proof of Theorem 3.5 (Duality).

Proof of Theorem 3.5. Fix p € P,(X) and let us consider the function F defined on
M, (X) by

F(m) = Te(m|p), if m € Py(X) and F(m) = 400 otherwise.

Let us show that the function F' satisfies the assumptions of Theorem 8.1.

First we will prove that F' is convex on M, (X). According to the definition of F,
it is clearly enough to prove the convexity of F' over (the convex set) P,(X). Take
vo,v1 € Py(X) and m; € I(p,1;) i = 0,1 with disintegration kernels (p2)zex, (pL)zex-
Then for all t € [0,1], m := (1 — t)mo + tm € II(p, (1 — )y + try) and its disintegration
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kernel satisfies pl, = (1 —¢)pQ + tpk, for pu almost every z € X. Since the cost function c is
convex in its second argument, it holds

F((1 =t +tn) < I.m] = /c(x,pgﬁ) (dx) < (1 —t)I.[mo] + tI[m].

Optimizing over my, m gives F((1 —t)vg +try) < (1 —¢)F(vp) + tF(v1), which proves the
desired convexity property.

Next we will prove that F' is lower-semicontinuous, for the topology (M (X)), on
M, (X). Let (my), be a sequence of M, (X) converging to some m. One needs to
show that F(m) < liminf,_, F(my). One can assume without loss of generality that
F(my) < oo for all n. By definition of T.(-|u), for all n € N*, there exists m, € II(u, my,)
such that I.[m,] — 1/n < To(mp|p) < I.[my,]. Since m, is a converging sequence, the set
{mp;n € N*} U{u} is relatively compact. Therefore, according to Theorem 8.3, for some
arbitrary fixed point zg € X, for all € > 0, there exists a compact set K. C X such that

sup / L+ v(d(wo,y)) mu(dy) <e  and / L+ (d(zo,2)) pldz) < e
neN* X\Ks X\Ks
Therefore, letting M := sup,cn« | Y(d(z0, z)) my,(dz) < co and K¢ := X \ K, it holds

/ L+ 3(d(@0,2)) +7(d(wo,)) 7o (dody)
XXX\ (KexKe)

< / 1+ (d(2o, ) + (d(20, y)) T (dady)
XxK¢

T 1+ y(d(xo,2)) + Y(d(20,y)) Ty (dady)
Kex X

< mn(Kﬁ)/W(d(%,ﬁﬂ))u(dfﬂ) + Kcl +(d(o,y)) mn(dy)

4 [ 1 sl ) pldo) + p(KOM <& (24 M + [ s(dlan ) i)
K¢

So according to Theorem 8.3, it follows that {m,;n € N*} is relatively compact. Extracting

a subsequence if necessary, one can assume without loss of generality that m, converges to

some 7% € P, (X x X). This 7* has the correct marginals  and m. Furthermore, denoting

by ¢ = liminf,, o I.[m,] = liminf, o Te(my|pn), we see that, for all » > 0,

T €4{m € Py(X x X);m(de x X) = p(dz) and I [r] <L+71} = Ay,

for infinitely many n € N*. By assumption (C1), the set Ay, is closed for the topology
o(Py(X x X)). Therefore, the limit 7* also belongs to Ay;,. In other words,

F(m) =Te(m|p) < I[r*] < linrr_1>i£f7'c(mn]u) +, Vr > 0.
Since r > 0 is arbitrary, this concludes the proof of the lower-semicontinuity of F.

According to Lemma 8.2 the topological dual space of M (X) can be identified with the
set of linear functionals m — [ ¢ dm, where ¢ € ®,(X). Applying Theorem 8.1 together
with Lemma 8.2 we conclude that

F(m)= sup {/gpdm—F*(gp)}: sup {/—gpdm—F*(—gp)}, Vm € P (X).
e (X) pED(X)
Now we show that the last supremum can be restricted to @, ;(X). Observe that

F*(—¢) = sup {/ wdm — F( )}

meP~ (X

=sup sup {/—(gp\/kz)dm—F(m)} =sup F*(—(p Vk)),
kER mePy (X) keR
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so that for all ¢ € ®,(X) and m € P,(X), we have

/—apdm—F*(—gp) = lim —(pVk)dm — F*(—(¢ Vk)).

k——o00

Therefore,

F(m)=sup {/—wdm—F*(—so)} < sup {/—wdm—F*(—so)} :
pED(X) PED, 1(X)

and since the other inequality is obvious, the two quantities are equal. To conclude the
proof it remains to show that

(8.4) / Rep(z) p(dz), Y€ & 4(X).
For all ¢ € ®,4, it holds

F'(=p) = sup ){/—sodm—Tc(mlu)} = sup  sup ){/—sodm—lc[ﬂ]}

meP~ (X meEP~ (X) mell(p,m

=sun{ [ [ [ =@ petas) — cto.p)| e

(pz)zex probability kernel such that up € Py (X )}

= —inf {/ [/ o(y) pz(dy) + C(ﬂﬁapx)] p(dz);

(pz)zex probability kernel such that pup € Py (X )}

By definition R.p(x) = inf,cp (x){[ ¢ dp + c(z,p)}. Therefore, one has

- [ Replw) nldo

Let us show the converse inequality. One can assume without loss of generality that
J Rep(x) u(dx) € (—o00,00). For all € > 0 and 2 € X, consider the set M¢ defined by

M {pGP /<pdp+c(xp)<Rc<p()+5}

Note that since ¢ is bounded from below and ¢ > 0, R.o(x) > —oo for all € X and so
M is non empty for all € > 0.

Assume that for all ¢ > 0, there exists a measurable kernel X — P, (X) : x — pj
such that for all z € X, p; € M:. Then, if ¢ is bounded below by k, one sees that
Jelz,ps) p(de) < —k+e+ [ Repdp < 0o. According to condition (Cy) one concludes that
v = up® € Py(X). So it holds

// y) p5(dy) + c(z, p3) p > /Rcso

which gives the desired inequality when ¢ — 0.

When the condition (C3) holds, the kernel pg is obtained by applying the elementary
measurable selection result of Lemma 8.5 below. Indeed, note that the function H (z,p) =
J¢dp + c(x,p) is continuous (and thus upper-semicontinuous), and that ¥ = P, (X)
equipped with the topology o(P,(X)) is metrizable (for instance, by the Kantorovich
metric W,. if v = ~,, or the Lévy-Prokhorov distance for the usual weak-topology if
7 = ) and separable (see [37, Theorem 6.18], [, Proposition 7.20]).

Under condition (C%), the space X is compact and the function H defined above is lower-
semicontinuous. The selection Lemma 8.6 below ensures that there exists a measurable
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kernel X — P,(X) : z > p; such that Rep(z) = inf,cp (x) H(2,p) = H(z,p;). The
conclusion easily follows.

Under condition (C%), X is a countable set of isolated points. So all subsets of X are
open (the topology on X is thus the discrete one) and all functions are measurable (and
even continuous). Therefore by choosing for each z in X, some element pS in the non-
empty set MZ, we get a measurable kernel X — P,(X) :  — p5. The same conclusion
follows.

To complete the proof, one needs to justify that Condition (Cy) follows from Condition
(C¥). Assume that (X,d) is a countable set of isolated points and that for all z € X,
the function p — ¢(z,p) is lower-semicontinuous and let us show that 7 — I.[x] is lower
semicontinuous on II(yu, - ). Let (7,), be a sequence in II(yu, -) converging to some 7 for the
topology o (P (X x X)). Write m,(dxdy) = psn(dy) p(dx) and denote by v, (resp. v) the
second marginal of 7, (resp. 7). The sequence v,, converges to v, therefore it is relatively
compact and so according to Theorem 8.3, for all € > 0, there is some compact K. C X
(i.e. a finite set) such that [r.v(d(zo,y))vn(dy) < €, where z, is some fixed point in X.
In other words, :

S S A dlo, y)pea{yPu(fa}) < e

yeK¢zeX

In particular, for all z € X in the support of p, it holds 37 c ke Y(d(Zo,y))Pzn({y}) <
e/p({x}), and so, according to Theorem 8.3, {p; »;n € N} is relatively compact. Without
loss of generality (extracting a subsequence if necessary), one can assume that I.[m,] =
J (@, pgpn) p(dr) converges. Since for all = in the support of u, {psn;n € N} is relatively
compact, the classical diagonal extraction argument enables us to construct an increasing
map o : N — N such that p, ,(,) converges to some p, € P,(X) as n — oo, for all z in the
support of u. Finally, using Fatou’s lemma and the lower-semicontinuity of p — c(z,p),
one gets

Jim Te[mn] = lim [ (2, py g(n)) plde) = / lim inf ¢(2, py () p(d) = / (@, pe) p(de).

It remains to show that the last term is equal to I.[n]. But if f: X x X — R is bounded
(continuous), then by dominated convergence

[ #wy)wldady) =t [ G 9) oy (dody) = i [ ([ £0) e () ) ()

n— oo

— [ ([ f@ypaldn) o).

Since this holds for all f, one concludes that p,(dy)u(dz) = m(dxdy) and so in particular,
[ e(z,py) p(dx) = I.[x] which completes the proof. O

In the proof of Theorem 3.5 we used the following results, elementary proofs of which
can be found in [1] (see Proposition 7.34 and Proposition 7.33).

Lemma 8.5. Let X be a metrizable space, Y a metrizable and separable space and
H: X xY — RU{+oo} be an upper-semicontinuous function. Denoting by H(x) =
infycy H(z,y) € RU {xo0}, for all e > 0, there exists a measurable function x — s°(x)
such that

A H(z)+e if H(z) > —o0
H@ﬁwnﬁ{_vg i H(z) = —oc.

Lemma 8.6. Let X be a metrizable space, Y a compact metrizable space and H: X XY —
R U {400} be a lower-semicontinuous function. Then there exists a measurable function
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x +— s(x) such that for all x € X
H = inf H .
(@, 5(x)) oy (z,y)

8.3. Proofs of Corollaries 3.7, 3.9, 3.11 and 3.12.
8.3.1. Proof of Corollary 3.7.

Proof of Corollary 3.7. First assume that w: X x X — [0, 00) is continuous and bounded
from above. Then ¢(x,p) = [w(z,y)p(dy) is convex in p and continuous on X x P(X),
with P(X) equipped with the usual weak topology. Moreover I .[r] = [w(z,y)n(dzdy)
and so 7 — I ][] is continuous on P(X x X). So assumptions (Cy),(Cs),(C3),(C4s) of
Theorem 3.5 are fulfilled with P,(X) = P(X) and ®,; = . It follows that

T = swp { [ Replyuta) [ oty via .

Rep(o) = inf { [ o) + oo, )p(dn) | = inf (o(0) + w(z0)) = Qupla),

peP(X)

with

which completes the proof in the case of a bounded continuous cost function. Once
Kantorovich duality is established for bounded continuous cost functions, one can apply
a rather standard approximation argument to extend the duality to lower-semicontinuous
cost functions. This is explained for instance in [36, Point 3 in the proof of Theorem
1.3]. O

8.3.2. Proof of Corollary 3.9.

Proof of Corollary 3.9. Depending on the assumption on the space and on «, one needs
to verify that Condition (C), (C’) or (C”) of Theorem 3.5 is satisfied. We distinguish
between the different cases.

If a: Ry — Ry is convex and continuous, the cost c(z,p) = a ([ y(d( ) p(dy))
is clearly convex with respect to p and, by definition of the topology 0(73 (X ), it is
continuous on X xP,(X) (equipped with the product topology). So assumptions (Cs), (C3)
of Theorem 3.5 are fulfilled. Condition (Cy) follows at once from Jensen’s inequality. As
for Condition (Ch), let us set a(t) = o0 for t < 0 so that « is lower-semicontinuous on
R. According to the Fenchel-Legendre duality Theorem 8.1,

a(t) = sup {st—a”(s)} =sup{st — a*(s)},
s>a’(0) 5>0

where o/(0) is the non-negative right-derivative of a at point 0, and a*(s) = sup;>q{st —

a(t)}. So
cla.p) =sup [ sy(d(w.) ~o*(&)pldy) = swp [ s1(dw.y) ~ tpldy)

>0 (s,t)€epi(a*)
— sup [ on(z,9)p(dy)
keN
with ¢ = 0 and g (x,y) = spy(d(z,y)) — tr, k > 1 where (sy,tg)r>1 is any dense subset
of epi(a*) = {(s,t) € [0,00) x R;t > o*(s)}. For all k € N, ¢, € ®,(X x X) and so
according to Proposition 3.3, the cost function ¢ verifies (C1).

If a : R — [0, +0o0] is convex and lower-semicontinuous, then c is also clearly convex with
respect to p (hence Condition (C2) is satisfied). Since v is lower-semicontinuous, there
exists an increasing sequence (yy)nen of Lipschitz continuous functions vy : Ry — Ry
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that converges to 7 (for example vy (u) = infyer{y(v) + N|u—v|}). By using the Fenchel-
Legendre duality for « as above and by monotone convergence, one has

c(z,p) = sup  sup / syv(d(z,y)) — tp(dy) = sup / er(z,y) pdy),
(s,t)€epi(a*) NeN keN

with o = 0 and @k (2, y) = sy YNk (d(2,Y)) — tyr), & > 1 where (s;,1)1en is any dense

subset of epi(a*®) = {(s,t) € [0,00) x R;t > a*(s)}, and the map N* 5 k — (N(k),4(k)) €

N x N is one to one. By Proposition 3.3, the conditions (C), and (C%) are fulfilled when X

is compact, and respectively (C4) when X is a countable set of isolated points. Condition

(Cy) is again a consequence of Jensen’s inequality.

The result of the corollary is finally a direct consequence of Theorem 3.5. U

8.3.3. Proof of Corollary 3.11.

Proof of Corollary 3.11.

(1) The proof of the first point is similar to that of Corollary 3.9. Namely, if #: R — R is
a convex function, assumptions (Cy), (C3) are satisfied with v = ;. Since 0(x) > a||z|+b
for some a > 0 and b € R, condition (Cy) follows easily from Jensen’s inequality. Finally,
using Fenchel-Legendre duality for 6, one sees that

) =0 (= foptan) = ow [y~ totay)

with epi(0*) = {(s,t) € R™ x R;0*(s) < t}. Taking a dense countable subset (s, tx)r>1 of
epi(f*), one concludes that c(z,p) = supen [ @r(x,y) p(dy), with ¢o = 0 and ¢g(z,y) =
sk(x —y) — tx. These functions belong to ®1(X x X), so according to Proposition 3.3, the
cost function ¢ verifies (C).

If 0: R™ — (—o0,+00] is a lower-semicontinuous convex function, we show similarly
that (C1), (Ca), (Cy) are fulfilled, along with (C%) when X is compact, and respectively
(C%) when X is discrete.

(2) Let ¢ € @ (R™), it holds for all z € R™,

Qetw) = _int {[odpro(a= [uptan)} = it {o2)+00-2),

peP1(R™) zeR™

where
g(z) ;= inf {/godp;p € Pl(Rm),/yp(dy) = z} , z € R™.

The function g is easily seen to be convex on R". This implies that ¢ < %. Let us show
that g > @. Since ¢ is bounded from below there is some a € R such that ¢(y) > a, for
all y € R™. Then by definition of @, it holds P(y) > a, for all y € R™. Since § < ¢, it
follows that @ is finite everywhere. As a consequence, one can apply Jensen’s inequality:
if p € P1(R™) is such that [yp(dy) = z, then

[etwntan) = [e)pay =% ( [ypian) =),

Optimizing over p, one concludes that g(z) > $(z), for all z € R™ and so finally g = @.
(3) Let p,v € P1(R™) and ¢ € ®14(R™). According to Point (2), since @ < ¢, it holds

/@e@odﬂ—/@dVZ/Q@du—/sodvé /Qe@du—/wlu
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The function @ is convex, bounded from below and, since ¢ € ®1(R™), satisfies p(z) < a+
bl|z||, z € R™, for some a,b > 0. This shows that ¥ € ®; ;,(R™). From these considerations,
it follows that

Tolvh) <sup{ [ Qupdu— [wavio € 010"}
< sup {/Qg?/) dp — /¢du;1/) € ®1(R™) convex}

<swp{ [Quudp— [wdviv e @1, m)
=To(v|p).

The third inequality is a consequence of Point (2), since 1) = v for all convex functions
1 € @1 ,(R™). Remarking that a convex function belongs to ®;(R™) if and only if it is
Lipschitz, the proof of Point (3) is complete.

(4) We already know from Point (3) that for all u, v € P1(R™) it holds

T1(v|p) = sup {/ Qredu — /gody; ¢ convex Lipschitz bounded from below} ,

with Qio(z) = infyerm{o(y) + || — y||}, x € R™. It is easy to check that if ¢ : R™ — R
is convex and bounded from below, so is Q1¢: R™ — R. Being an infimum of 1-Lipschitz
functions, Q¢ is itself 1-Lipschitz. Moreover, if 1) : R™ — R is some 1-Lipschitz convex
function, then Q1% = 1; namely, for all x € R™, one has

02 Qui(z) —¥(@) = inf {$(y) — () + e —yl} 20

From these considerations, we conclude that

T1(v|p) = sup {/ Qredp — /gpdu; ¢ convex Lipschitz bounded below}
< sup { / Pdu — / 1 dv; ) convex 1-Lipschitz bounded below}
= sup { / Q1 du — / 1 dv; 1 convex 1-Lipschitz bounded below}

< sup {/ Qirodu — /gpdu; o convex Lipschitz bounded below} .

This concludes the proof of Point (4). O

8.3.4. Proof of Corollary 3.12. We start with an alternative representation of ¢(z,p) that
will be useful later on. We recall that ¢ : X x Py(X) — R, is defined by

ctep) = [ 8 (+(de. ) T W) oty

if p < pp on X \ {z} and 400 otherwise, where pg is a reference probability measure
and 8 : Ry — [0,00] is a lower-semicontinuous convex function such that §(0) = 0 and
B(x)/x — oo as * — oo. As before v : Ry — R, is a lower-semicontinuous function
satisfying (2.1).

Lemma 8.7. Let X be a metric space being either compact or a countable set of isolated
points. The cost function ¢ defined above satisfies the following duality identity:

c(x,p) = heé()s(l)lg,hzo{ / h(y)y(d(z,y)) p(dy) — / B (h)(y) uo(dy)},

where 3% denotes the Fenchel-Legendre transform of B defined by B*(y) = sup,>o{zy —
B(x)}, for all y € R.
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Proof. The proof is easily adapted from Theorem B.2 in [20]. O

Proof of Corollary 3.12. First, we observe that Condition (C5) is a simple consequence of
the convexity of 5 and Condition (Cy) of Jensen’s inequality. According to Lemma 8.7, it
holds

88)  con) = sw | [hwn@en)pd) - [ 50w )]

he®((X),h>0

= sup sup /(h(y)’yN(d(x,y)) — B*(h)) p(dy),
h€®o(X),h>0 NeN

where (Yn)nen is (as in the proof of Corollary 3.9) an increasing sequence of Lipschitz
continuous functions converging to v and B*(h) = [ 5*(h) duo.

For all h > 0, h € ®y(X), and N € N, the function (x,y) — h(y)yn(d(z,y)) is
continuous. Therefore, the function p — [ h(y)y(d(z,y))p(dy) is continuous on X X
P,(X). Being a supremum of continuous functions, ¢ is lower-semicontinuous on X x
P,(X). In particular, this shows (C%) and (C%).

Next we will check that Condition (C4) holds (in the compact case).

Since (X, d) is compact, the space ®¢(X) of continuous functions (equipped with the
norm || - ||oo) on X is separable (see [4, Proposition 7.7]). Let {hs, ¢ € N} be a countable
dense subset of ®(X). Since 8* is convex and finite on R it is continuous on R. Therefore,
the function ®o(X) — R : h — B*(h) is continuous. It follows that

69 cep)=sw [alepldy),  VreX,  ped,(¥)
keN

where ¢o = 0 and @x(z,y) = hyp) (V)@ (d(2,y) — B*(he(k)), & > 1, and N* 5 k
(l(k),N(k)) € N x N is one-to-one. Since, for all k& € N, the function ¢ belongs to
., (X, X), the lower-semicontinuity of I. follows from Proposition 3.3.

Corollary 3.12 now follows from Theorem 3.5. O

8.4. Proof of Proposition 3.3. The proof of Proposition 3.3 is adapted from [2, Theorem
2.34].

Proof of Proposition 3.3. The function p +— c¢(z,p) is convex as a supremum of linear
functions.

For all n € N, define ¢, (z,p) := sup<,, [ vr(z,y) p(dy). When n goes to oo, ¢, (z,p)
is a nondecreasing sequence converging to c. Let m € I(u, -), n(drdy) = p.(dy)u(dz)
such that (3.4) holds for p-almost all z. Defining I, (7] = [ ¢,(z,py) u(dx), the mono-
tone convergence theorem shows that I.[r] = sup,cy I¢,[7]. Since a supremum of lower-
semicontinuous functions is itself lower-semicontinuous, it is enough to prove that I, is
lower-semicontinuous at point 7. We will now prove such a property.

For p-almost all z, define ¢y (z) = [ vi(x,y) px(dy), k < n. Then it holds
Lol = [supun(@) plda) = sup [ 3" felw)in(a) p(do)
k<n (fr)e<n ¥ p=o

where the supremum runs over the set of continuous functions fj taking values in [0, 1]
and such that fo+---4 f, < 1. Let us admit this claim for a moment and finish the proof
of the proposition. For all fy,..., f, as above, it holds

|3 sitapin@) tda) = [ flayen(a.y) wldody).
k=0 k=0
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Since > )_q frer € P (X X X), the function © — [ Y77 frr dm is continuous on I(p, - ).
Since a supremum of continuous functions is lower-semicontinuous, this proves that I, is
lower-semicontinuous at point .

It remains to prove the claim. Obviously, if fo, f1,..., fn take values in [0, 1] and are
such that 7 fr <1, then it holds

[ s@ine) utds) < [ 3 fula)lnlo @) plda) < [ suplisle(e) Y- ful) nldo)
k=0 k=0 J k=0

< [ suplys ] () ) = oyl

where the last equality comes from the fact that sup; [V;l+ = sup; ¥; since o = 0 and
o = 0. This shows that I, [7] > sups,y, _ [ X5=o fr(x)Ve(@) p(dz).

To prove the converse inequality, let Ay, = {z € X;[¢x]1 = sup;[¥h;]+ (z)} for all k <n,
and define recursively By = Ao, B = Ar \ (BoU---U Bg_1). Then it holds

Lefa] = 3 [, lon)+(a) uld).

When (X, d) is a discrete space, the functions f; = 1p, are continuous and > ;g fr = 1.
Since 1, is non-negative on Ay, one has

L =Y / Fr(@) 0w (@) plda),
k=0

and the claim follows in this case.

Assume now that (X, d) is complete and separable. For all k£ < n, consider the finite
Borel measure py(dr) = [¢g]4+(z) u(dzr). Let € > 0 ; since finite Borel measures on a
complete separable metric space are inner regular (see for instance [27, Theorems 3.1 and
3.2]), for all k < n there is a compact set C}, C By, such that py(By) < ux(Cr) +¢/(n+1).
So it holds

Lol = 32 [, el utda) < 30 [L [oidst)nta) +e= 3 [ inlahud) +e.

The compact sets C}, are pairwise disjoint, so d, = min,;-; d(C;j,Cj) > 0. Consider the
family of continuous functions fi s : X — [0, 1] defined by

d(m, Ck)

ot = [1 - 4.0

5 , z € X, k <n, 6 > 0.

+

When ¢ < §,/2, for any x € X, at most one of the functions is not zero at = and therefore
> h—o fr,s(x) < 1. Passing to the limit when § — 0, we see that

> [ falw)nta) udn) + 3 [ nla) )
k=0 k=0" Ck
So if § is small enough it holds
Lo < 3 [ fus(@hin(@) ulde) + 2=
k=0
Taking the supremum over all possible functions f;, and then letting € go to 0, gives

the desired inequality I, [7] < sup(y,y, . [ > k=0 fu(¥)¥r(z) p(dr), and completes the
proof. - O
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APPENDIX A.

In this appendix we prove some technical results on the function 6, ;.
Recall that, given p € (0,1),
1—p(1— 1—p(1—x) . 1—
up(x):{ PU=2) 160 q(_px—l—(l—x)log(l—x) 1f——pQ§x§1

p
+00 otherwise

and given t € (0,1), define 6,;: R — R as
1 f{;[(1—t)up(1—7)+tup(1—T(l—h))] if h>0
1

Opeh) = sy i 11 - tyur—p(1 = 7) +tur—,(1 = 7(1+ R))] if b <0.

Observe that

. inflgg% Py p(hy ) if h € ]0,1]
(A1) 0,1(h) = a0 inf1§x§ﬁ Ye1-p(—h,z) if h € [-1,0]
+00 otherwise
where

1
Yrp(h, ) == o (1 = t)up(l — 2) + tuy(1 — z(1 = h))].
Define 6, for t = 0,1 as the point-wise limit of 6, as ¢ tends to 0,1. That is, (see [30,

Proposition 2.4]),
if b >
6, 0(h) up(h) 1 h>0
ur_p(=h) i h <0
and
Lo —p—h)logl;/ﬂ — (1= h)log(1—h)| ifhe[0,1-p)
61 (h) = L [(p + h)log 22 — (1 + h) log(1 + h)| if h e [—p,0]

+00 otherwise.

Lemma A.2. for allt € [0,1] the mapping R > h — 0,4(h) is convex and compares to h?
n [—1,1].

Proof. We will first prove that 6,; is convex. The limiting cases ¢ — 0,1 can be deduced
from the general case ¢t € (0,1) on which we focus now. We may start with » € [0,1). For
simplicity, and when there is no confusion, we may often drop the indices p and ¢ in the
above notations, setting ¢ := 1)y ,, etc.

A simple computation leads to

0 1 1—px 1—px(1—h)) 1
< ——— (=01 log — PP MY .~ g
axib(h,w) 12 (( t)log 1—p + tlog 1—p 72 (z)
and
H'(z) = — P (1—th — pz(1 —h)),

(= )L~ pr(1 = )
for any = € [1,1/p]. Since h € [0,1], the mapping G: [1,1/p] > x +— 1 —th — pz(1 — h) is
decreasing and so G(x) > G(1/p) = h(1—t) > 0 for any x € [1,1/p]. It follows that H < 0
on [1,1/p] and therefore that H is decreasing. Now H(1) = tlog Llph) >0 (since h €
[0,1]) and lim,_,;/, H(x) = —o0, so that there exists a unique point = z,,(h) € [1,1/p]
such that H(z) = %¢(h,a§) =0, and (since H and x %w(h,x) have opposite signs)

Opt(h) = - t)¢tp( Z,1(h),  helo1].
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Moreover, & is unequivocally (and implicitly) defined by the equation

(A.3) (1—=p2) ' (1 = pZ(1 = h))' =1—p.
Now, since %¢(h, z) = 0, we get after simple computations®
0? 0?
t(1 —)0"(h) = qu(h,:i) + mw(h,:z) -Z'(h)
t —t

) R (e A

_ = (1= h)F'(h)]
 2(1—=h)(1 - px(1—h))’
It follows by differentiating Equation (A.3) that
_ tx(1 — px)
A4 '(h) =
(A-4) T =TT —h)
which in turn implies (after some algebra) that
1
0"(h) = >0
(h) (1—h)(1—th—pz(l—"h) —

since h € [0,1), t € (0,1) and 1 —th —pz(1—h) > 1—th—(1—h) =h(1—1t) > 0 (noting
that pz < 1).

By construction of 6,; we also have H’pct > 0 on (—1,0]. Hence, all what remains to
prove is that 6, is continuous at h = 0 and limj,_,- 0}, ;(h) < limj,_,o+ 0}, ,(h). By the

above computations, we deduce that z(07) = z(07) = 1 , so that 0,,(07) = utld—ﬁ(g) =

0= ;(‘f(_ot)) =0,:(0") (since u,(0) = 0). Furthermore, since %%wp,t(h, x) = log(1 — px(1—
h)) —log[z(1 — p)(1 — h)], we have lim;,_,o- ¢}, ,(h) = lim;,_,o+ ¢, ,(h) = 0. This ends the

proof of the convexity of 0, ;.

That 6,; compares to h? on [—1,1] is a simple consequence of the fact that, (1 —
p)0,+(h) = 14 o(1), when h — 0% (and similarly, but with a different multiplicative
factor, when h — 07). O

Proof of Claim (7.9) and Claim (7.19). We start with the proof of (7.9),
, Ry [N (r(h) A (htr(h)
g 0t <E): {?w< ) )+1—tw< X ﬂlhﬁo’

where r = r¢(h) € [0,\) is the unique solution of (7.10).

Let us first consider the case of h < 0. According to the definition (A.1) of 6,, +, and
from the proof of Lemma (A.2), we know that for h <0,

(A5) 1B i(hfn) = == [(1 = iy, (1 = &) + turp, (1 = a1+ h/m))]

where by (A.3), T, = Z,,(h,t) is the unique point in [1,1/(1 — p,,)] such that
T, —1 Tn—1 Tyh
A6) 0= 1—tlog<1—1—pn r >+t10g<1— 1—pn<" +L>)
(A.6) (1-1) ( ) o ( ) o o
It follows that lim, ,cc Z, = 1. Let g,(z) = (1 — t)log(1l — 2) + tlog(l — z + uy,), with

up = —(1 — pp)xph/A. The real z, = (1 — p,)(Z,, — 1)/py is the unique solution in [0, 1)
of gn(z) =0,

0= (1—t)log (1 —z,)+tlog(l—z,+uy).

6For the reader’s convenience, we observe that 15-4(h,z) =log(1 — pz(1 — h)) — log[z(1 — p)(1 — h)].
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Let 7 € [0,1] be the limit of an extracting sequence of (z,),. As n goes to co, the above
equality provides that r = A7 is the solution of
0=(1—t)log(l—r/A) +tlog(l—(r+h)/N),

which is exactly (7.10). This solution is unique and therefore lim,, o 2z, = r/A. It follows

that
T 1
T,=14+—+o0(—).
n n

This result provides the limit of nf,, ;(h/n) as n goes to oo, by a Taylor expansion left to
the reader.

Now, assume that h > 0. Following the same idea of proof, we get from (A.1) that
BB (/) = 2 [(1 = iy, (1 = 20) + by, (1= p(L+R/))], 2 € [1,1/p0),

n
where the real z, = n(z, —1)/(1 — py) is the unique solution of h,(z) = 0, with
h h
ha(2) = (1 — t)log <1 - p—"z) +tlog <1 Sy (1— —> Z+ ¢> .
n n n n(l — pp)
Since h,(0) > 0 and for n sufficiently large h,(2h) < 0, one has 0 < z, < 2h, or equiva-
lently, for n sufficiently large
Zn —1 < 2h/n.

After few computations, this estimate implies that lim, o n,, +(h/n) = 0. This com-
pletes the proof of the Claim (7.9).

We now turn to the proof of Claim (7.19). We want to show that for all ¢ € (0,1), h > 0
and n > 2\,

1 h

— > wl-1-t-—).

Wy a(~hfm) = o (~0 =05 )

Since uy—p,(z) > ﬁ w (—l;ppx), the equality (A.5) implies for all h > 0,

nPn 1 1—pp _
_ > - = — —
W0y s(=hfn) = T2 (L1 =21 = m))).

where z,, = T,,(—h,t) satisfies (A.6). By the concavity of the logarithm function, (A.6)
provides

Zp — 1 < tha,/n,
and therefore

nb,, (—h/n) > %w (—1 — pn(l - t)ha_cn) .

1—t A
Then the expected result (7.19) follows from the monotonicity property of w on R_, since
Tn > 1. O
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