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Abstract

We investigate some smoothness properties for a transport-diffusion equation involving a class of non-degerate Lévy type
operators with singular drift. Our main argument is based on a duality method using the molecular decomposition of Hardy
spaces through which we derive some Hélder continuity for the associated parabolic PDE. This property will be fulfilled as far
as the singular drift belongs to a suitable Morrey-Campanato space for which the regularizing properties of the Lévy operator
suffice to obtain global Hélder continuity.
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1 Introduction and Main Results
In this article, we are interested in studying some smoothness properties of the real-valued equation

00(t,x) + V- (vO)(t,x) + LO(t,x) =0,
0(0,2) = Og(x), for x € R", n > 2, (1)

with V- (v) =0 and ¢t € [0,7].

The operator L is given by the expression

L@ = v [ 7)o - )], )
where 7(y)dy is a non-degenerate and bounded Lévy measure. The first order term is written in divergence form
and the velocity field v is meant to be rather singular. The divergence free condition of the drift term v is usual in
problems arising from fluid mechanics.

When the operator £ is a fractional power of the Laplace operator (—A)2 with 0 < a < 2 (given in the Fourier level

by (—=A)Z f(¢) = cl¢ |O‘f(§)), equation ([l can indeed be seen as a simplified version of the quasi-geostrophic equation
(denoted by (QG)q) which would correspond to the non-linear velocity field v = (—R26, R10) where R; 2 denote the

o~

Riesz Transforms defined by E]\@(f) = 7%9(5) for j = 1,2. It is worth noting in this quasi-geostrophic setting that

there is a competition between the drift term v and the diffusion term (—A)% and it is classical to distinguish here
three regimes: super-critical if 0 < o < 1/2, eritical if o = 1/2 and sub-critical if 1/2 < aw < 1, from which only the
two first cases are of interest since in the sub-critical case the regularization effect given by the fractional power of the
Laplacian (—A)?% is “stronger” than the non-linear drift and, as a consequence, there is a natural smoothing effect
in the solutions of (). For the two other cases there is an interesting and rather complex competition between the
smoothing term and the drift one and, in particular, in the super-critical case it is still an open problem to under-
stand the regularity of the solutions of this equation, see [2], [8], [6], [7], [L7] and the references therein for more details.

Following the work of Kiselev and Nazarov [15], it is possible to study the Hélder regularity of the solutions of the
(QG)1/2 equation (i.e. the critical case) by a duality-based method where the main idea is to control the deformation
of a special class of functions in order to deduce the regularity of the solutions of such equation.

The aim of this article is, in the spirit of [3], to generalize this idea using different tools and to apply it to a wider
family of operators. Specifically we will work here with Lévy type operators under some hypotheses that will be stated
in the lines below and we will see that this approach actually turns out to be well adapted to investigate the impact



of a singular divergence free drifts on the smoothing properties of the operator L.

Thus, one of our objectives is to characterize, for a singular drift, the functional spaces for which a Hélder con-
tinuity property holds for the solution of the Cauchy problem (). Under some non-degeneracy assumption on the
Lévy measure 7, it will be seen that the natural framework for the drifts is the one of Morrey-Campanato spaces,
whose parameters will be related to the operator £ thanks to some homogeneity properties and then, with the useful
hypotesis div(v) = 0, we will prove that it is possible to obtain a small gain of regularity.

In this paper we will mainly establish existence and uniqueness results as well as Holder regularity for the solutions
of equation ([Il). We will also obtain, as intermediate results, a maximum and a positivity principle for ().

Let us start by describing our setting in a general way.

[MC] The divergence free drift (or velocity) term v is assumed to belong to (L*°([0, 77, Mq’“(R")))n where M%%(R™)
is the Morrey-Campanato space defined for 1 < ¢ < 400 and 0 < a < +00 as the space of locally integrable
functions such that

1
q

1 —
| fllage.e = sup  sup <—a/ If(w)fB(qudx) < 400,
zoER™ 0<r<4o00 \ " JB(z0,r)
T 1
with fB(IM) R — f(z)dz.

|B(%0,7)| JB(xo,r)

Morrey-Campanato spaces M %% are closely related to other classical spaces, in particular we have:

e If @ = 0 then LY(R") ~ M%°(R") (where “~” means equivalence of norms),

e If 0 < a < n we obtain Morrey spaces M%%(R"),

e If a = n then M4™(R") ~ ML (R") ~ BMO(R"™), the space of bounded mean oscillations (locally integrable)
functions,

e If n < a < n+q, we have M?%(R") ~ C»(R™) where C* is the classical homogeneous Holder space with
0< A= % <1,

e If n+ g < a then M?%(R"™) are reduced to constants.

As we can see, following the values of the parameters ¢ and a we can continuously describe a wide family of
functional spaces. We refer to [16], [18] and [25] for more details about Morrey-Campanato spaces.

[ND] Introduced in (@), the operator £ we are going to work with is a Lévy operator for which we assume that the
function 7 is symmetric, i.e. 7(y) = w(—y) for all y € R%. Also, the following bounds hold:

iy " < w(y) <ely[ " over |y| <1, (3)

0< 7(y) <@lyl™"°  over |y >1, 4)

where 0 < ¢ <y are positive constants and where 0 < § < « < 2. In the Fourier level we have Z?(«E) = a(f)f(«s)
where the symbol a(-) is given by the Lévy-Khinchin formula

al€) = / (1 = cos(é - ) w(y)dy. (5)
R\ {0}

We refer to [12], [I3] and [19] for additional properties concerning Lévy operators and the Lévy-Khinchin representa-
tion formula. See also the lecture notes [I4] for interesting applications to the PDEs.

Observe carefully that the properties of the operator £ can be easily read, in the real variable or in the Fourier
level, through the properties of the function 7. In order to have a better understanding of these properties it is helpful
to consider the important example provided by the fractional Laplacian (—A)% defined by the expression

f(@) = fle—y)

(—A)% f(x) =vp. ey, with0<a <2

R™

Note that we have here 7(y) = |y| " and 7 satisfies @) and ) with « = §. Equivalently, we have a Fourier

o~

characterisation by the formula (—A)2 f(£) = [£]*f(€) so the function a(€) is equal to |£|%. With this example we



observe that the lower bound in (@) guarantees a diffusion or reqularization eﬁeciﬂ like (—A)% for £. Indeed, in some
general sense, only the part of the integral (2)) near the origin is critical as 7 satisfies {@l). Assumption [ND] can
therefore be viewed as a kind of non-degeneracy condition which roughly means that in terms of regularizing effects

(which are induced by the behavior of m near the origin) the operator £ behaves as (—A)z.

As the case § = o = 1 was already treated in [3] in a different framework and since the case § = a corresponds
to the fractional Laplacian (—A)% where the computations are considerably simplified, we will always assume in this
article that 0 < §d < o < 2.

Presentation of the results

We will from now on assume that assumptions [MC] and [ND] are in force. Our first result concerns existence and
uniqueness to ().

Theorem 1 (Existence and uniqueness for LP initial data) If the initial data 0y in equation (d) belongs to
LP(R™) with 2 < p < 400, then (@) has a unique weak solution § € L ([0, T]; LP(R™)).

Our main theorem is the next one. Following the usual terminology for the quasi-geostrophic equation we will say
that equation () is super-critical in the (resp. sub-critical case) if « €]0,1[ (resp. « €]1,2]).

Theorem 2 (Holder property of the solution) Fiz a small time Ty > 0 and let 6y be an initial data such
that 6y € L>°(R™). If 6(t,x) is a solution for the equation () and the velocity field v(t,xz) belongs to the space
(L"O([O,T],Mqva(R")))n with 4 =1 — a, then for all time To <t < T', we have that the solution 0(t,-) belongs to
the Holder space CY(R™) with

e 0 <y <d<a<l in the super-critical case (o €]0,1]).
e 0 <+ <min(4,1) in the sub-critical case (o €]1,2]).
Observe that the maximal Holder regularity obtained by this method is controlled by the parameter ¢ defining the

Lévy operator. In this context the most important issue is to obtain some Holder regularity since it should be possible
to apply a bootstrap argument as in [2], Section B, in order to obtain higher regularity.

The case a = 1 known as the critical case is not treated here as it has already been studied in [3] where a L>°(BMO)
drift was considered. In this particular case, the BM O space corresponds to the Morrey-Campanato space M%* with
a=n.

a—n

It is worth noting that the Morrey-Campanato space used in this theorem is fixed by the relationship =1-a.
In the super-critical case, since 0 < a < 1 we have n < a < n+gq, thus the Morrey-Campanato space M?® is equivalent
to a classical Holder space of regularity 1 — a. We have here that the low or super-critical regularization effect of the
Lévy-type operator £ driven by the parameter « is exactly compensated by the Holder regularity of order 1 — « of
the velocity field. In the sub-critical case, since 1 < o < 2 we have that 0 < a < n and thus the higher or sub-critical
regularization effect of the Lévy-type operator £ given by the parameter « allows to consider a more irregular velocity
field belonging to a true Morrey-Campanato space. Observe that in both cases we are able to obtain a smoothing
effect and we can prove that the solutions of (1) belong to a Holder space C”.

The relationship between the parameter o which rules the regularization effect of the Lévy type operator and
the indexes ¢ and a defining the Morrey-Campanato spaces M%? is actually quite sharp. Indeed, if the identity
% =1 — « is not verified, it is possible to provide counterexamples of Theorem [2]in some particular cases. See [20]
for a construction of such counterexamples and see also [7] for similar results in the setting of the quasi-geostrophic

equation.

The strategy to derive the previous results is the following. For existence and uniqueness, we first start from a
fixed point argument for a modified problem, with mollified drift and an additional viscosity term in A which is meant
to vanish, and for which a uniform maximum principle is established (see Proposition 2.2) for any L? initial data with
p € [1,+00[. For p € [2,+00] the result is then derived through compactness arguments which anyhow require some
Besov regularity, yielding the constraint on p (see Theorem () and the fact that Morrey-Campanato spaces are dual
spaces (see Proposition [Z] and [25]). The extension of the result to the case p = +oo, which is crucial to derive
Theorem ] with our duality method, is obtained thanks to a positivity principle established in Theorem As a
by-product, a global maximum principle is obtained for the limit weak solutions for p € [2,+00] (see Theorem [T]).

Ithe term “diffusion” must be taken in the sense of the PDEs considered by analysts.



For the Holder properties of the solutions, we use the duality between local Hardy spaces and Hélder spaces and
the fact that we have a molecular decomposition of local Hardy spaces. Roughly speaking, to derive the smoothness,
it suffices, thanks to those two previous features and to a transfer property (see Proposition E.1]), to control the L!
norm of the adjoint equation to (Il) where the initial condition can be any molecule. A molecule ¢ at scale r > 0, can
be viewed as a function satisfying an L°° condition, [[9)||ze®n) < Cr=(+7) and a concentration condition around

its center xg, i.e. / [(z)||z — xo]|¥dx < Cr*~", where n is the dimension, « is the final Holder index and w is a

R
technical parameter. We refer to Definition for a precise statement.

To control the evolution in time of the L' norm of the adjoint equation having a molecule as initial condition, two
cases are to be distinguished. If the molecule is big, i.e. » > 1, the previously established maximum principle readily
gives the result. The small molecules require a more subtle treatment. The evolution of the L' norm of such molecules
can be investigated updating in time the previous L*° and concentration conditions, this latter being considered around
the current spatial center in time corresponding to the evolution of the differential system, starting from the initial
center of the molecule with the averaged drift of (1) on a suitable ball. In other words, the evolution of the initial
center of the molecule is nothing but its transport by an averaged, less singular, velocity field associated with the initial
one. Averaging is a way to regularize, once this choice is made, the functional framework of Morrey-Campanato spaces
is indeed very natural since it allows to sharply control the differences between the initial drift and the regularized one.

The article is organized as follows. In Section 2] we study existence and uniqueness of solutions with initial data
in LP with 2 < p < +00. We will also prove a maximum principle for the weak solutions of (). Section [ is devoted
to a positivity principle that is crucial to prove the Holder regularity. It also allows to extend the previous existence
and uniqueness results to the case 6y € L>°. In Section d] we study the Holder regularity of the solutions of equation
(@D by a duality method. This is the core of the paper. Technical computations are postponed to the appendix.

2 Existence and uniqueness with L initial data and Maximum Principle.

In this section we will study existence and uniqueness for weak solution of equation (Il with initial data 6y € L?(R™)
where p > 1. We will start by considering wviscosity solutions with an approximation of the velocity field v, and we will
prove existence and uniqueness for this system. To pass to the limit we will need a further step which follows from
the maximum principle.

2.1 Viscosity solutions

The point in this section consists in introducing an approximate equation deriving from ({I), where we add an additional
viscosity contribution in €A and suitably mollify the potentially singular drift. Precisely, for € > 0, we introduce:

00(t,x) + V- (ve 0)(t, ) + LO(t, ) = eAb(t, ),
0(0,z) = by (), (6)
div(v.) =0 and ve € L]0, T]; L= (R™)).

Above v, is defined by ve = v" * w. where w, is a usual mollifying kernel, i.e. w.(z) = e "w(z/e), w € C(R™) is a
non-negative function such that [ w(x)dz =1. Also, (v").en is a familiy of L functions such that div(v") = 0 and

Rn
that converges weakly-* towards v € M%®. This is not very restrictive since we have the following proposition whose
proof can be found in [25].

Proposition 2.1 The Morrey-Campanato spaces are dual spaces. In particular, any element of M%® can be approz-
imated in the weak-x topology by a sequence of L functions.

From this first regularization, the approximate drift is smooth and bounded. The role of the additional viscosity is
then clear. We can view the right hand side of (@) as a source term for the usual Heat equation. We will prove
existence and uniqueness results, see Theorem [3, Remark 211 as well as uniform controls with respect to the mollify-
ing parameter/vanishing viscosity that are the preliminary step of our compactness based approach, see Proposition[2.2

Following [§], the solutions of problem (@) are called wviscosity solutions.



Note now that the problem (@) admits the following equivalent integral representation:

t t
O(t,x) = 20y (x) — / eEE=IAY - (v, 0)(s,x)ds — / SR L0(s, ) ds. (7)
0 0

In order to prove Theorem [I, we will first investigate a local result with the following theorem where we will apply

the Banach contraction scheme in the space L>°([0, T]; LP(R™)) with the norm || f||ze(zry = sup [|f(t, )|l z»-
t€[0,T1]

Theorem 3 (Local existence for viscosity solutions) Let 1 < p < +oo. If the initial data satisfies ||0ol|zr < K
and if T' is a time small enough, then (1) has a unique solution 8 € L>°([0,T"]; LP(R™)) on the closed ball B(0,2K) C
L=([0,T7); LP(R™)).

Proof of Theorem [3. We denote by NY(6) and L.(0) the quantities

t t
NY(0)(t,z) = / eE=IAY (v, 0)(s,z)ds and  L.(0)(t,z) = / eSE=IALh(s, x)ds.
0 0

We construct now a sequence of functions in the following way

Ona (t,2) = e 200 () — N2 (0,)(t, ) — Le(6,)(, ),

€

we take the L°°(LP)-norm of this expression to obtain
16n+1ll Lo 2y < N1€7 20l Low(rry + N2 (On) [l Lo (nry + || Le(0n)ll Lo (Lr)s (8)
and we will treat each one of the terms of the right-hand side separately.

For the first term above we note that, since e**2 is a contraction operator, the estimate ||e**® f||z» < ||f||z» is valid

for all function f € LP(R™) with 1 < p < +o0, for all ¢ > 0 and all ¢ > 0. Thus, we have

€= £l e oy < 11 £lle- 9)

For the second term of (§) we have the following inequality: if f € L*([0,T"]; LP(R™)) and if v* € L>([0, T"]; L*°(R"™)),
then

INZ (Pl Lo (zry < C4f - 10" oo ooy | fll oo (L) (10)

Indeed, since e*2 f = f % h.;, where h.,; is the associated heat kernel, we write:

t t
INDlemary = s | [ 2 @peds| = s |V (0f) s e (o)
o<t<T" 0 Lp o<t<T" Lr
< [ e i [Tt < s [ o G0 e O = )2
< W omw) Il qeny S0 / Olelt — ) 2ds < O\ T o w1 ooy -

For the last term of () we have the following fact: if f € L*(]0,T"]; LP(R™)), then

T’1*% T/lfg
IILe(f)IILoo@p)SC( —+ >|f|mm>. ()
Indeed, we write
t
el = o [ [ 2 essnas| = s | [ erenae o] .
0<t<T" 0 Lr o<t<T” Lr

where hy is the heat kernel on R™. Then by the properties of the Lévy operator £ we can write Lf*h.;_s) = f*Lhe—g)
and we obtain the estimate

el < s [ 156 el Eheilasds < Ll s [ Ihlusds.

We need now to study the quantity |[Lhot—s)[/z1, for this we use the following lemma (proved in Appendix A):



Lemma 2.1 Let 0 < § < a < 2 and let £ be a Lévy-type operator of the form (2) with hypotheses (3) and (4). Let hy
be the heat kernel. Then we have the inequality:

—a _3
1£heqslln < C ([t = )% +e(t - )] 7#).
Thus, with this result at hand and after an integration in time we obtain the wished inequality (ITJ).

Now, applying the inequalities (@), (I0) and () to the right-hand side of (8) we have

/1

3 Tll_% T/l—%
[0% ] Los (L) + —5— + 5 0nll Lo (L)

T
||9n+1||L°°(LP) < ||90||LP +C (

1 3
£2 g 2

'L —a -9
Thus, if ||6p]|L» < K and if we define the time 7" to be such that C (Tf 05| oo ooy + L 1% =4+ L lé = ) < 1, we have
2 € 3

by iteration that ||0,41||L(zr) < 2K: the sequence (0, )nen constructed from initial data 6y belongs to the closed ball

B(0,2K). In order to finish this proof, let us show that 6,, — 6 in L>°([0,7"]; LP(R™)). For this we write

Hen—i-l - 9n||L°°(LP) < ||N:(9n - 9n—1)||L°°(LP) + HLE(Hn - 9n—1)||L°°(LP)a
and using the previous results we have

T/% T/lfg T/lfg
—[[0" [ Loe(p=) + +
£2 g

o
2

(VY

||9n+1 - on”LOO(LP) S C <
g

) ||9n - 9n71||L°°(LP)7

so, by iteration we obtain

||9n+1 - enHL“(LP) S

T'% 3 -5 pn-3\1"
c ( 1 vl Lo (o) + =+ 3 101 — 0ol Loo (Lr)-

Hence, with the definition of 7" we have |0, 11— 05 oo (£r) < (%)n |61 =00l o (1»)- Finally, if n — +o00, the sequence

(0n)nen converges towards 6 in L>°([0,7"]; LP(R™)). Since it is a Banach space we deduce uniqueness for the solution
6 of problem (7). The proof of Theorem [ is finished. |

Corollary 2.1 The solution constructed above depends continuously on the initial value 0.

Proof. Let ¢g,0y € LP(R™) be two initial values and let ¢ and 6 be the associated solutions. We write

0(t,z) — p(t,z) = e (bo(2) — wo(x)) — N2(0 — @) (t,x) — Le(0 — 9)(t, ).

Taking L*°LP-norm in the above formula and applying the same previous calculations one obtains
10 — @l L(zry < 160 — @ollLe + Coll0 — @l Lo (Lr)-

Ti% HUF”HLoo(Loo) + i + Tﬂg) <

N =

This shows continuous dependence of the solution since Cy = C' ( T =
£2 > €

Remark 2.1 (From Local to Global) Once we obtain a local result, global existence easily follows by a simple

iteration since problems studied here (equations () or (B)) are linear as the velocity v does not depend on 6.

We now study the regularity of the solutions constructed by this method.

Theorem 4 Solutions of the approzimated problem (@) are smooth.

Proof. By iteration we will prove that 6 € ﬂ Lee([o, ¢]; Wg’p(R”)) for all k& > 0 where we define the
0<To<T1 <t<T2<T*

Sobolev space W*P(R") for s € R and 1 < p < +00 by ||fllws» = ||fllzs + |(=A)2 f| r. Note that this is true for

k = 0. So let us assume that it is also true for £ > 0 and we will show that it is still true for k + 1.

Set ¢ such that 0 < Ty < Ty <t < Ty < T* and let us consider the next problem

t t

eIIAY (v 0) (s, x)ds — / e mIRLO(s, ) ds.

To

0(t, ) = =TI (Ty, ) — /

To



We have then the following estimate

161l b, < TR0, )

k+1
Le(W 2 Py — LW 2 °P)

t t
+ ’ / EE=IAY L (v, 0)(s,-)ds / et Lh(s, )ds

"

To Lx(W%iyp) To LOO(W%,I,) .
Now, we will treat separately each of the previous terms.
(i) For the first one we have
- Rt
le= T2 To, )| gr, = 100, ) * hege—riy o + 18(To, ) (=2) T hepomy | o

+

k41
[16(To, )l e + 10(To, )l o [ (=A) 5 hee—my) | 22

IN

So we can write, using the properties of the heat kernel hy:

k+1
1, < CO(Ty, )| ma {15 (¢ — To)) =}

e(t—To)A .
e TR N, €

(ii) For the second term, one has

t
’ / ea(t—s)Av . (Ue 9)(5’ -)ds . < ||V . (Ue 9) * hg(t,s)HW%’pdS
To W™z P To
t
k+1
< IV - (ve 0) % her—y oo + [[(=A) T [V - (v 0) % hogr_o)] || Lods
To
t
< / [ve 01l Lo | Vhe—sllps + (=) (v )| 1o (= A)E (Vher—s)) || £1ds
T
’ t 1 3
< . X _ 2. _ 1 .
< C [ Mo 6yt max {[e(t — )] *; [e(t — )] s

For N > % we have the estimations below

lo-0(s, M50 < lve(s, Mlew 106, )l 5. < Ce™N 0" (s, )L [l0(s, )]

|y o
w2 2 w2°P

Hence, we can write

t

1
T e (e e E )
Loo(w i) W L i) To {

Bl

}ds.

¢
/ eEE=IAY L (v, 0)(s,-)ds

To

(iii) Finally, for the last term we have

t t
—s k 1
\ |oeagosis| < [0 by A0 A | ds
0 W~z P To
¢ k 1
< [ 106l Nhemsll s + [ =280, -2 heimy |, as
To P L
Applying Lemma 2.1] to the function (fA)ihE(t_s) we obtain by homogeneity that
1 _ 1+2a _ 1426
IL(=A)The—gllz < (et —9)]777 +[et—s)]"7 ),
and then we have
t
/ =92 £g(5 ) ds < ool
To LOC(WEQ&J’) Lee(W2F)
t
x/ max{([s(t—s)r% +5(t75)]*%) (et — )77 +[5(tfs)]*l+426)}ds.
To



Now, with formulas (i)-(iii) at our disposal, we have that the norm HQHLW(W%,F») is controlled for all € > 0: we have
proven spatial regularity.
Time regularity follows since we have

0(t0) + V- (5 0)) )+ £ (350 () = 2 (570 (1.,

Remark 2.2 The solutions 0(-,-) constructed above depend on e.

2.2 Maximum principle for viscosity solutions

The maximum principle we are studying here will be a consequence of few inequalities, some of them are well known.
We will start with the solutions obtained in the previous section:

Proposition 2.2 (Maximum Principle for Viscosity Solutions) Let 6y € LP(R"™) with 1 < p < 400 be an

initial data, then the associated solution of the viscosity problem (@) satisfies the following mazimum principle for all
t€[0,T): 10t )llze < 60| -

Proof. We write for 1 < p < +oc:

d
GI0wE = » [ 10p-20(e00 - V- (0.0) - £9) 1)

pa/ |9|p_29A9(t,x)dx—p/ |07~ sgn(0)LO(t, x)de,
RTL n

where we used the fact that V - (v.) = 0. Thus, we have

d
1N, v [ 12050 )+ [ 107 san()20(t. ) o

and integrating in time we obtain

t t
0615 == [ [ 10208005, 2)dnds +p [ [ o1 sgm(0) 205, ) dds = 001 (12)

To finish, we have that the quantities

¢
—ps/ 10P~20A0(s, x)dz  and / |07~ sgn(0)LO(s, x)dxds
R" o JRr»

are both positive. Indeed, for the first expression, since (e5“2),>¢ is a contraction semi-group we have ||e*2 f| 1» <
Il flle for all w > 0 and all f € LP(R™). Thus F(u) = ||e*“Af||L» is decreasing in u; taking the derivative in u and
evaluating in u = 0 for f = 6(s,.) we obtain the desired result. The positivity of the second expression above follows
immediately from the Stroock- Varopoulos estimate for general Lévy-type operators given by the following formula (see

Remark 1.23 of [I4] for a proof, more details can be found in [22] and [24]):
C{LIOP2,10[P/2) < (£8, 161"~ sgn(6)), (13)

it is enough to note now that (£|0|P/2, |9|P/?) = H£%|9|p/2|\%2 > 0, where the operator £ is defined by the formula
(£21) (&) = a2(©) (&),

Thus, getting back to (12, we have that all these quantities are bounded and positive and we write for all
1< p<+oo: |00t )|er < 6ol Lr- [

2.3 Besov Regularity and the limit ¢ — 0 for viscosity solutions

In order to deal with Theorem [l we will need some additional results that will allow us to pass to the limit. Indeed,
a more detailed study of expression ([2) above will lead to a result concerning the regularity of weak solutions.



Lemma 2.2 If the function m satisfies the conditions (3) and {{)), then for the associated operator L we have the
following pointwise estimates on its symbol a(-) for all £ € R™:

1) a(§) < C(lg]* + I€°).
2) [§1* < a(§) +C.

Proof. We use the Lévy-Khinchin formula to obtain |{|* = / (1 —cos(y - &)yl “dy (see [12] for a proof of
~\{0}
this fact). It is enough to apply the hypotheses [B]) and () to conclude. |

We state now a useful result for passing to the limit when ¢ — 0 which is interesting for its own sake:

Theorem 5 (Besov Regularity) Let £ be a Lévy-type operator of the form (2) with hypotheses (3) and {{)) for the
function w. Let 2 < p < 400 and let f : R™ — R be a function such that f € LP(R™) and

/ |F@) P2 (2)Lf ()do < +o0, then f € By (RY).
Proof. We will prove the following estimates valid for a positive function f:
||f||’;%,p < Cl\fp/QIIQB%,z <|1£7%3 +/R |f(@)[P=2 f(2) L f(x)d. (14)

The first inequality can be found in [4], so we only need to focus on the right-hand side of the previous estimate. For

this, we will start assuming that the function f is positive. Using Plancherel’s formula, the characterisation of L£? via
1 .
the symbol a2 () and Lemma 22 we write

17202 5 = 17205 = / NEZEGRE / (@} (&) + O P < e (1721132 + 123 57723

R

Now, using the Stroock-Varopoulos inequality (I3) we have
1 _
1572 s+ 1 £ < 220 e [ ro2pesde
R'n.

So inequality (I4) is proven for positive functions. For the general case we write f(z) = fi(x) — f—(z) where fi(z)
are positive functions with disjoint support and we have:

[ @ptt@eseis = [ pi@r i p@ctiod s [ f@rr @@ 09
- fr(@)P 2 fr(2)Lf- (x)dw — - f-(@)P =2 f(2)Lf+ (z)da.

We only need to treat the two last integrals, and in fact we just need to study one of them since the other can be
treated in a similar way. So, for the third integral we have

[ f@r i r@es@ae = [ f@r i [ @ - @l - pdyds

n

[ 1@y [ @ @) = £ @)t = iy

However, since f1 and f_ have disjoint supports we obtain the following estimate:

Fo@)P 2 fo (@) Lf - (2)d = / folap? / i (@) - ()]m(x — y)dyde < 0,
R™ R™

R

since 7 is a positive function and all the terms inside the integral are positive. With this observation we see that the
last terms of (&) are positive and we have

[ @@L @t [ @) @)L @) < / |F@) P2 (@) Lf (@)da < +oc.

n

Then, using the first part of the proof we have fi € Bp% p’p(R") and since f = fi — f_ we conclude that f belongs to

the Besov space BE’F(R”). [ |



Remark 2.3 The lower bound p > 2 in Theorem[dl is a consequence of Theorem[d above. This constraint results from
the first inequality in (I4).

Proof of Theorem [l for p € [2,4+00[. We have obtained with the previous results in Sections 2] and a
family of regular functions (0*)).~q € L°°([0,T]; LP(R™)) which are solutions of (@) and satisfy the uniform bound
10 (¢, )||L» < ||6o|Lr; in order to conclude we need to pass to the limit & —s 0.

Since L*°([0,T]; LP(R™)) = (Ll([O,T];Lq(R”)))/, with % + % = 1, we can extract from those solutions () a
subsequence (0x)reny which is x-weakly convergent to some function € in the space L*°([0, T]; LP(R"™)), which implies
convergence in D'(RT x R™). However, this weak convergence is not sufficient to assure the convergence of (ve %) to
v 0. For this we use the remarks that follow.

First, using the Proposition 2ZJ] we can consider a sequence (v").en with v € L>°(R™) such that v — v *-weakly
in M%*(R™). Secondly, combining Proposition and Theorem [ we obtain that solutions 6 belongs to the space

L>([0, T]; LP(R™)) N LY([0, T]; B} ”(R™)) for all k € N.

To finish, fix a function ¢ € C§°([0,7] x R™). Then we have the fact that @0, € L([0,T7; ”’p( ))

Oyl € L1([0,T]; B N.P(R™)). This implies the local inclusion, in space as well as in time, o0 € W"’ C W
we can apply classmal results such as the Rellich’s theorem to obtain convergence of v 0y to v 6.

Thus, we obtain existence and uniqueness of weak solutions for the problem (IJ) with an initial data in 6y € LP(R™),
2 < p < oo that satisfy the maximum principle. Moreover, we have that these solutions 6(t, z) belong to the space

Lo ([0, T); LP(R™)) 0 L2 ([0, T]; B ™ (R™)). n

3 Positivity principle and Maximum Principle for Weak Solutions
We will first prove in this section the following Theorem.

Theorem 6 (Positivity Principle) Let max(n, %) < p < +oc and M > 0 a constant, if the initial data 6y € LP(R™)
is such that 0 < 6y < M a.e. then the weak solution of equation () satisfies 0 < 0(t,x) < M for all t € [0,T].

As a by-product, we will finish the proof of Theorem [I] considering the case y € L*>°(R™). We will then also state a
global maximum principle for weak solutions.

3.1 Proof of the Positivity Principle of Theorem [6l

Recall that by hypothesis we have 0 < 8y < M an initial datum for the equation (Il) with 6y € LP(R™), we will assume
for a while that 1 < p < +o0: the condition p > max(n, §) will appear clearly at the end of the proof of this theorem.
We will show here that the associated solution 0(t, ) satisfies the bounds 0 < (¢, z) < M.

To begin with, we fix two constants, p, R such that R > 2p > 0. Then we set A r(z) a function equals to M /2
over |z| < 2R and equals to 0y(x) over || > 2R and we write By r(z) = 0o(z) — Ao r(z), so by construction we have

0o(2) = Ao,r(2) + Bo,r(),
with || Ao rllr~ < M and ||Bor|re < M/2. Remark that by construction we have Ay r,Bor € LP(R™) with
1<p< +oo.

Now fix v € (L*°([0,T; M‘W(R")))n such that div(v) = 0 and consider the equations

O AR(t, ) +V - (VAR)(t,x) + LAR(t,z) =0, OBr(t,x) +V - (vBg)(t,z) + LBr(t,x) = 0,
and (16)
ARr(0,z) = Ag,r(z), Bgr(0,2) = Bo,r().

Using the maximum principle and by construction we have the following estimates for ¢ € [0, T:

JAR(t, e < [[AogllLe < |60llLr + CMR? (1< p < +00),

AR, )~ < [|AorlL= < M, (17)
M

IBr(t, )L~ < [[Borlr= < -

10



where Agr(t,x) and Br(t, z) are the weak solutions of the systems ([[6]). Indeed, since Ay r, Bo,r € LP(R™) for p < +00,
we can perform the limit || - ||z» - |l - || to obtain the previous inequalities.
p——+o0

We can see now that the function 0(t,x) = Ag(¢,z) + Br(t, z) is the unique solution for the problem

Ol(t, )+ V- (v0)(t,x) + LO(t, ) =0,
(18)
9(0, :L') = AoyR(SC) + BoyR(:C).
Indeed, using hypothesis for Ag(¢t,x) and Bgr(t,z) and the linearity of equation (I§) we have that the function
Or(t,z) = Ag(t,x) + Bgr(t,x) is a solution for this equation. Uniqueness is assured by the maximum principle and by

the continuous dependence from initial data given in Corollary [Z1] thus we can write 0(¢,x) = 0g(t, x).

To continue, we will need an auxiliary function ¢ € C5°(R™) such that ¢(x) = 0 for |x| > 1 and ¢(x) = 1if |z] < 1/2
and we set p(z) = ¢(z/R). Now, we will estimate the LP-norm of ¢(z)(Ar(t,z) — & ). We write:

p
P n

X O (cp(:c) (Ar(t,z) — %))dz (19)

M

p()(Ar(t,) — =)

O 5

o) (Antt.o) = )| (w0 (Aner) - 1))

2

We observe that we have the following identity for the last term above
M M M
3t<50($>(AR(t,ZE) - §)> = -V <<P($)U(AR(t,ZE) - 7)) - E(Sﬁ(@(/llz(t,z) - 7))

£ (An(t,2) - )0 Vola) + £, 6An(t o) - TLo(e),

where we noted [L, ¢] the commutator between £ and . Thus, using this identity in (I9)) and the fact that div(v) =0

we have
P
e n

X [,(cp(:c) (Ar(t,z) — %))dz (20)

+p/

y ([c, A Ar(t z) — %&p(x)) da.

Oe||e()(Ar(t, ) — =) . (@(x)(AR(t,:E) - %))

(o) (Anlt,2) )

o(@)(Ar(t,z) — %) i (s&(z)(AR(t,z) - %))

Remark that the integral 20) is positive by (I3) so one has

p
<
Lp n

x <[£, PlAR(t ) — %ﬁﬂ@) dz.

O P () Ar(t: ) = =) o(z)(An(t,z) - %) 7 (@(w)(AR(t,x) _ %))

Using Holder’s inequality and integrating in time the previous expression we have

o) (arte) - F)

p p

< [etranto - )

Lp Lp
p—1

ds.

t M
- p21’1/p/ (”[‘Ca‘p]AR(S")”LP +H—2 Ly
0 Lp

et (s -5)

11



The first term of the right side is null since on the support of ¢ we have Ar(0,x) = % Use now Young’s inequality
P

and Gronwall’s lemma to derive:
_ K M
=02 [ o) (Ans - )
LP 0

M
o) (a1 - 3)
t
+2”+1/p/ 1L, @ AR(s, )I[5, ds + 27 /P MPt|| Lot
0

p
ds
Lp

IN

t
< exp((pl)Qll/ptﬂp“/p{/ 1L, €l Ar(s, )L ds+21/pMpt||E<P|’£p}- (21)
0

For the term ||[£, p]AR(s, )| » we will need the following lemma (see the proof in the Appendix A):

Lemma 3.1 For 1 < p < 400 we have the following inequality
o if0<di<ac<l: ||[£,(p]AR(S, ')”LP < C(R_a + R_é)HAO,RHLp.

e if0<d<1anda=1:|[L,¢]Ar(s, )| ;» < C(R™L + R7%)|Ao.rll Le-

e if 1<6<a<2|[L¢An(s, e < C(I Aol R+ + || Ao gl R7Y)? (R + R~ Ao,rlln) 7.

Now, getting back to the last term of (2I) we have by the definition of ¢ and the properties of the operator £ the
estimate:

I£olLr < CR? (R~ + R™0).

We thus have the following inequalities for 0 < § < a < 1:
M
o) (ante)- )

or,ifl<d<a<2:

o) (arte) - )

p

= C[(R_a” +R7P)|[ Aogl, + MP(R"™P + R"7°P) |, C = C(p,1),

Lp

p

< C[(I[Ao,gllLR™*" + || Ao,rll m R™Y) (R~ + Ril)HAO,RHL“’)pil

Lpr

+Mp(Rn—pa + Rn—p6)] )

Observe that we have at our disposal the estimates (IT), so we can write

o) (arte) - )

andifl1<d<a<?2

p

<C [(R‘O‘p + R™°P) (||6o]%, + MPR™) + MP[R" P + R”“SP]} ifo<d<a<l,
Lp

MNP _
Hw(-) (AR(t, ) - 7) < C [(MR_C”F" + (|60ll s + MR™MR™Y) ((R™ + R~ M)~ + MP(R"°P + R"—‘?P)} :
p
M p
Then, using again the definition of ¢ we have that the left-hand side above is greater than / Ag(t, ) — > dx.
B(0,p)
Now, if R — 400 and since p > max(n, %), this latter quantity is null in any case and we have Ag(t,x) = % over

B(0, p).

Hence, by construction we have 6(t,z) = Ag(t,x) + Bgr(t,xz) where 0 is a solution of (I8) with initial data
0o = Ao,r + Bo,r, but, since over B(0, p) we have Ag(t,z) = & and || Bg(t,-)||r~ < &, one finally has the desired
estimate 0 < 0(t,x) < M. [ ]

3.2 Proof of Theorem [I] for an L*° initial data

The proof given before for the positivity principle allows us to obtain the existence of solutions for the fractional
diffusion transport equation () when the initial data 6y belongs to the space L°°(R™). This extension is crucial for
our duality method to work in order to establish Theorem [2] see next Section.
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Let us fix 0 = 0ol p(o,ry With R > 0 so we have 0F € LP(R™) for all 1 < p < +oo. Following Section 2] there is a
unique solution #f for the problem

00F +V - (v07) + LOR = 0,
07 (0,x) = 0f(x),
V-(v)=0 andwve (L=(0,T]); M**(R")))",

such that 8% € L>([0,T]; L?(R™)). By the maximum principle we have [|05(t,)|z» < |68 zr < vnllfo|lr~R? for
1 < p < 4o0. Taking the limit p — 400 and making R — +oo we finally get

16C, )|z < Cllfo[ o~

This shows that for an initial data 6y € L>(R™) there exists an associated solution § € L*°([0,T]; L>(R")).

3.3 Maximum Principle for Weak Solutions
From the previous paragraphs, the end of the proof of Theorem [l for p € [2, +o0[ and Proposition 22, we eventually

derive the following theorem.

Theorem 7 (Maximum Principle) Let 6y € LP(R™) with 2 < p < 400 then the weak solution of equation ()
satisfies the following mazimum principle for all t € [0,T): ||0(t, )|lr < ||00|Le-

4 Holder Regularity

We will now study Holder regularity by duality using Hardy spaces. These spaces have several equivalent characteriza-
tions (see [5], [I0] and [21] for a detailed treatment). In this paper we are interested mainly in the molecular approach
that defines local Hardy spaces.

Definition 4.1 (Local Hardy spaces h?) Let 0 < o < 1. The local Hardy space h? (R™) is the set of distributions
f that admits the following molecular decomposition:

F=> My, (22)
JEN
where (Aj)jen is a sequence of complex numbers such that ZjeN [Aj]7 < 400 and (¥;) en is a family of r-molecules

in the sense of Definition [[.9 below. The h® nornl is then fized by the formula

1/o

I fllne = inf 4 { DA NED IR

JeN JEN
where the infimum runs over all possible decompositions (22).

Local Hardy spaces have many remarkable properties and we will only stress here, before passing to duality results
concerning h? spaces, the fact that Schwartz class S(R™) is dense in h?(R™), this fact is of course very useful for
approximation procedures.

Now, let us take a closer look at the dual space of the local Hardy spaces. In [10], D. Goldberg proved the following
important theorem:

Theorem 8 (Hardy-Hélder duality) Let .25 <o <1 and fiz vy = n(% —1). Then the dual of local Hardy space
h?(R™) is the Holder space C7(R™) fized by the norm

f@) = F)|

fller = [ fllzee + sup
[fllev = 111 S Tl

This result allows us to study the Holder regularity of functions in terms of Hardy spaces and it will be applied to the
solutions of the equation ().

2it is not actually a norm since 0 < o < 1. More details can be found in [I0] and [21].

13



n+1
function f it is enough to study the quantities |{f, ;)| where ©; is an r-molecule.

1/o
Remark 4.1 Since ;15 < o < 1, we have 3,y |Aj| < (ZJEN |)\j|") thus for testing Holder continuity of a

Since we are going to work with local Hardy spaces, we will introduce a size treshold in order to distinguish small
molecules from big ones in the following way:

1_
o

Definition 4.2 (r-molecules) Set .25 < o <1, definey = n(
An integrable function v is an r-molecule if we have

1) and fiz a real number w such that 0 < v < w < 1.

o Small molecules (0 < r < 1):

/ [(x)||x — xo|“dr < (CPr)*™7, for zg € R" (concentration condition), (23)
9l < 7 (height condition) (24)
1 < Gy eight condition),
Y(z)dr =0 (moment condition). (25)
Rn

In the above conditions ( and B denote positive constants that depend on v,w,a and other parameters to be
specified later on.

e Big molecules (1 <r < +00):

In this case we only require conditions (23) and (24) for the r-molecule v while the moment condition (23) is
dropped.

Remark 4.2
1) Note that the point zo € R™ can be considered as the “center” of the molecule.

2) Conditions (Z3) and (27) imply the estimate ||¢p||pr < C (¢Pr)™7 thus every r-molecule belongs to LP(R™) with
1 < p < 4o00. In particular we have for any small molecule and for 1 < p < 400

[llze < Oy~ (26)

3) In this definition, we find more convenient to show explicitely the dependence on the Hélder parameter «y instead

of o.

For a more concise definition of molecules see [21], Chapter ITI, 5.7. See also [23], Chapter XIV, 6.6 or [15] for a similar
characterization.

The main interest of using molecules relies in the possibility of transfering the regularity problem to the evolution
of such molecules. This idea is borrowed from [I5].

Proposition 4.1 (Transfer property) Lett € [0,T] be fized and 1 be a solution of the following backward problem
for s €10,1]:
351/1(5750) = -V [’U(t*S,:L')’l/)(S,LL')] 7‘61/}(57:6)7
¥(0,7) = Op(z) € L' N L>®(R"), (27)
div(v)= 0 and ve€ (LOO([O,t];Mq*“(R”)))n.
If 0(t,.) is a solution of {1l) at time t with 6y € L (R™) then we have the identity

/n 0(t, z)yY(0,x)dx = /n 0(0, ) (t, x)dx.

Proof. We first consider the expression

0s 0t — s, z)¢Y(s,x)dr = / —050(t — s, )Y (s, x) + Ds0(s,2)0(t — s, x)dx.

R™ n
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Using equations () and (217) we obtain

Os | 0(t—s,x)¥(s,x)dx = /n { =V (vt —s,2)0 —s,z)| (s, x) + LO(t — s,2)Y(s, )

Rn

— V-[(v(t —s,2)¢(s,2))]0(t —s,x) — L(s,2)0(t — s, :I:)}dx

Now, using the fact that v is divergence free and the symmetry of the operator £ we have that the expression above
is equal to zero, so the quantity

[ ot s.0pits.n)da,
remains constant in time. We only have to set s = 0 and s =t to conclude. |

This proposition says, that in order to control (8(t,-),vy), it is enough (and much simpler) to study the bracket
<905 1/1(75, ))

Proof of Theorem [2l Once we have the transfer property proven above, the proof of the Theorem [2 is quite
direct and it reduces to an L' estimate for molecules. Indeed, assume that for all molecular initial data 1y we have
an L' control for 9(t,-) a solution of (7)), then Theorem 2l follows easily: applying Proposition 1] with the fact that
0o € L*°(R™) we have

000l = [ o1t un(o)ia

/ 0(0, 2)ip(t, 2)dzx| < |[bo]l L [[¢(E, )l L1 < +oo. (28)
From this, we obtain that 6(t, ) belongs to the Holder space C7(R™).

Now we need to study the control of the L' norm of ¢(t,-) and we divide our proof in two steps following the
molecule’s size. For the initial big molecules, i.e. if » > 1, the needed control is straightforward: apply the maximum
principle and the Remark [2}2) above to obtain

1
18ollzoe 1% (E, )l < ll6ollz<l[Yollzr < € 6ol e,
but, since > 1, we have that |(0(¢, ), ¥o)| < 400 for all big molecules.

In order to finish the proof of this theorem, it only remains to treat the L' control for small molecules. This is the
most complex part of the proof and it is treated in the following theorem:

Theorem 9 For all small r-molecules (i.e. 0 < r < 1), there exists a time Ty > 0 such that we have the following
control of the L*-norm.

||1/}(ta ')HLI < CT(;’Y (TO <t< T),
with 0 <~ < min(d, 1).

Accepting for a while this result, we have then a good control over the quantity [[¢(¢,-)||z1 for all 0 < r < 1 and
getting back to (28)) we obtain that |(6(t, ), 1o)| is always bounded for Ty < t < T and for any molecule 1: we have
proven Theorem 2] by a duality argument. |

Let us now briefly explain the main steps to prove Theorem [l We need to construct a suitable control in time for
the L'-norm of the solutions (¢, -) of the backward problem (27) where the inital data v is a small r-molecule. This
will be achieved by iteration in two different steps:

e The first step explains the molecules’ deformation after a very small time so > 0, which is related to the size r
by the bounds 0 < sy < er with € a small constant. This will be done in Section Tl

e In order to obtain a control of the L' norm for larger times we need to perform a second step which takes as a
starting point the results of the first step and gives us the deformation for another small time s;, which is also
related to the original size r. This part is treated in Section

To conclude it is enough to iterate the second step as many times as necessary to get rid of the dependence of the
times sg, 51, ... from the molecule’s size. This way we obtain the L! control needed for all time Ty < t < T.
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4.1 Small time molecule’s evolution: First step

The following theorem shows how the molecular properties are deformed with the evolution for a small time sg.

Theorem 10 Set o, v and w three real numbers such that 15 <o <1,y = n(% —1). Let ¢(so,x) be a solution of
the problem

5s¢(5a$) = -V (U w)(sax) - E’L/J(S,.T), s € [O,T],
"/)(va): ’l/)o(SC), (29)

div(v) = 0 and ve (L=([0,T]; MT*(R™))"  with SE%pT] lo(s, ) aae < p.
se|0,

There exist positive constants K and € small enough such that if 1o is a small r-molecule in the sense of Definition
[£-4 for the local Hardy space h(R™), then for all 0 < so < er®, we have the following estimates:

/ o, i —a(so)de < ()" + Kso) "5, (30)

(s, e~ < L (31)
((¢Pr)> + Ksp) =

o e € —— 32

((¢Fr) + Kso)
where vy, denotes the volume of the n-dimensional unit ball.

The new molecule’s center x(sg) used in formula [30) is given by the evolution of the differential system

‘T/(S) = 5B(:n(s),(r) = ﬁ/ U(Say)dya s € [Oa SO];
[B(z(s),¢r)l Bla(s),cr) (33)
z(0) = =g
In the previous controls and in the dynamics for the evolution of the center the parameters ¢ := (o, w,v,u), B =

Bla,w), to be specified later on, are the same as in Definition [{.3

Remark 4.3
1) The definition of the point x(so) given by (F3) reflects the molecule’s center transport using velocity v.

2) Remark that it is enough to treat the case 0 < ((¢Pr)® 4+ Kso) < 1 since sq is small: otherwise the L' control will
be trivial for time sg and beyond: we only need to apply the maximum principle.

3) The parameter ¢ was introduced in the definition of the molecules in order to absorb the Morrey-Campanato norm
of the velocity field which is denoted by u. This fact will appear clearly later on with the formula (36). Now since
¢ can be a rather large quantity, in order to obtain ((¢°r)® 4+ Kso) < 1 we need r to be very small and this fact
1s compatible with our interest in small molecules.

Proof of the Theorem [I0. We will follow the next scheme: first we prove the small Concentration condition (B0)
and then we prove the Height condition (3I). Once we have these two conditions, the L! estimate ([32) will follow
easily.

1) Small time Concentration condition

Let us write for s € [0,s0], Qs(x) = |z — 2(s)|* and P(z) = Y4 (x) — ¥—_(z) where the functions ¥4 (x) > 0 have
disjoint support. We will denote ¥ (sp, ) two solutions of ([29) at time so with 4 (0, 2) = ¥4 (). At this point, we
use the positivity principle, thus by linearity we have

19 (s0,2)| = [¥+(s0, %) — (50, 2)| < Y150, 2) + P (s0, ),

and we can write

[ ot aif@ide < [ vl a@de+ [ o0 @

R
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so we only have to treat one of the integrals on the right hand side above. We have for all s € [0, sg]:
Is = |0s Qg (x)4 (s, x)dx
R’Vl

= 052 (@) h- (5, 2) + Qs () [V - (045, 2)) — L4 (s, )] d

Rn

= =V (x) - 2/ ()91 (5,2) + Qu(2) [V - (Vi (s, 7)) — Lipy (s, 2)] da

R™

Using the fact that v is divergence free, we obtain

I, = VQ(2) - (v = 2'(5))Y4 (s, 2) — Qs(2) Lrps (5, x)d

Rn

Since the operator £ is symmetric and using the definition of 2/(s) given in ([B3]) we have

IL<e / o= @) o = T e (5,2l / 1294 (@)] 4 (5, ) de, (34)

15,1 15,2

denoting Bs ¢ := B(z(s),(r). We will study separately each of the integrals I, ; and I, 2 by two lemmas that will be
proven in Appendix B in a more general way.

Lemma 4.1 For the integral I, 1 above we have the estimate

a—n

Ti < CloGs, Yarae (€)= (€350, e + € 3105, g + ()T s, )

1,1, 1_ n_ 1, 1 _
wherep+q+zf1,1<p< Jrq,fl

1_ — a — n
=%’ g +qf1andwea55umethatw 1+q<0,w a+q<0.

1
' P
Lemma 4.2 For the integral Is 2 in ([34]) we have the inequality for 0 < § < a < 2:

Iz < CGr)* = (€ E (s, ) lee + (¢r) ¥ (s, llas )
fm"%—f—%:l andw—5+%<0.

Using these lemmas and getting back to estimate ([34) we have

a—n

I, < (s, Ylagna (6r)* 7 (€34 (s, e + () Hl(s: Dl + (Cr) T4 s, e
+O(Cry e ((Gr)™ (s, Mz + () ¥ ab(s, e ) -

Then, since sup |[v(s,-)||arae < g and by the maximum principle we write
0<s<T

n a

1, < O (¢r)* ™ (6053 Idollas + () F ol o + (6r) T lwoll e ) + Ccr*= ((¢r) B lloll e + (¢r)  lwolle)

At this point we use the fact that )y satisfies the molecular condition (24) and the inequality (20]):

a—n

1< Op (6r)* = ((Cr)F75 s (Pr) 7 B0 4 (Cr)F ()T T 4 ()R s (PR

+C(¢r)“ ™« ((Cr)% X (Cﬂr)—n-i-%—’y + (CT)% % (CBr)fnJr%,,y) .

Now, since % + % + % =1, % + % =1, % + % = 1 and since the parameters that define the Morrey-Campanato space

M?P* are related to the regularization properties of the Lévy-type operator £ by the relationship “;" =1—-a we
obtain
I, < Clp+1)rv—7=
v (Cw—1+%+%+5(—n+%—7) + CW*1+%+ﬂ(*"+ﬁ*7) + Cw—a—ﬂ%—ﬁv + waaJr%(l*ﬁ)*ﬂ’Y) ) (35)
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In order to compensate the constants we want to take ( large enough and choose 5 > 1 so that all the exponents in
BH) remain negative. Let us rewrite from the above conjugacy relations:

I, < C(u+1) o=
« (waafﬁwr(?r%)(l*ﬁ)_i_cwfafﬁwr%(lfﬁ)_,_waafﬁ%fﬁv+Cw—a—ﬂv+%(1—ﬂ))_

Since we have 1 < p < 175 and w — a + % <0, w—a+ % < 0, we can see that the largest constant above is

¢w=o=Ar*+50=5 thus denoting by —M = w — a — By + Z(1 — 3) we have
I, <A4C(p+ 1) ro7v—o¢cM,

Now, for any n €]0, 1], taking

= (W)UM > 1, (36)

we will obtain the following inequality

=1, < npro7 77

Os /n Qs (z)14 (s, x)dx

This estimation, associated with the initial concentration condition 23], now gives:

j[n|$‘*1(SONW¢H(50,$)d$ < ()™ s

50

< (Pt ol

Now, since 0 < 5o < er® and that in all cases 1/¢?(“~7) < 1, we can choose 7 := 77(@,w, ) small enough to have:

/ el (o w)dr < ()T 2T )
S (R Pt re === L (37)

At this point we want to make the quantity 2
that 0 < v < w < a we obtain that

pr Vnm very small. Using formula (B8] that defines ¢ and recalling

Blaty—w)

1 4C(p+1 M Bloty—w) Blaty—w)
”ﬁ@?:5”<—i;—l> =n'" (C(p+1)) .

Since 8 > 1, the exponent of 7 in the previous control is positive and, since we can choose 7 very small, we can absorb
the Morrey-Campanato norm represented here by the quantity p. Thus the inequality (37) is compatible with the
estimate (B0) for every K > 22— nm Observe anyhow that at this stage we can still choose n arbitrarily
small, meaning that the choice of the averaging of the drift can indeed be chosen in order to have a really concentrated
molecule at time sg. Of course, for the machinery to work, we would like to take the largest possible K, to minimize
the number of iterations to obtain a “big molecule” for which we can conclude directly with the maximum principle.
The choice of this constant is actually guided by the evolution of the L norm.

2) Small time Height condition
We treat now the Height condition (BI) and for this we will give a sligthly different proof of the maximum principle

of A. Cérdoba & D. Cérdoba. Indeed, the following proof only relies on the Concentration condition.

Assume that molecules we are working with are smooth enough and in particular continuous. Following an idea
of [8] (section 4 p.522-523) (see also [12] p. 346), we will denote for s € [0, so9] by Ts the point of R™ such that
U(s,Ts) = ||¥(s,)||L=. Thus we can write, by the properties [B)-() of the function = :

d _ —_ — ¢ 5,Ts) — ¢
_||7/1(57 ')”LOO < 7/ [1/)(551'5> - 7/’(5,% - y)]ﬂ(y>dy < 701/ ( ) nJEa )d <0. (38)
ds Rn (m—yi<1y [T =l
To establish the control of the theorem we aim at proving that:
d n 4y +o5%
Il < <K (D) (@ 1) s I (39)
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Indeed, integrating ([B9) yields:

[ (T )as = [ (16 + k3 as

(o ZE™ > 1€ + Ksol 35 + ([[0(0, )12 — [(¢Pr)° ]38
Z [( +K80]n+w’

Y

recalling the initial height condition [|4(0, )|z~ < (¢%7)~(*7) for the last inequality, we therefore derive

n+ty

(50, )L < ((¢Pr)™ + Kso)™ o,

which is the required control.

To establish the differential inequality ([B9]) for s € [0, s¢], let us first consider a corona centered in Z, defined by
C(R,2R) = {y € R" : R < |T, — y| < 2R}, where the parameter R > 0 to be specified later on is such that R < 1.

2
Then: B _
(Fo—yl<1}  [Ts —y|mt c(R2R)  |Ts —y[mte

Define the sets By and By by By = {y € C(R,2R) : (s, %) — ¢(s,y) > 31(s,%,)} and By = {y € C(R,2R) :
U(s,Ts) —(s,y) < 39(s,Ts)} such that C(R,2R) = By U By. We obtain the inequalities

(s 7) ~ b(s.9) VT~ Ulen), | VT o (s i
Juna " Bt = [, SR el = g (G2 — 2
S GRS (40

where v,, denotes the volume of the n-dimensional unit ball.

We now want to establish that if R is large enough then |Bs| < £|C(R,2R)|. This fact can be established through
the concentration condition (which holds for s € [0, so]). Let us assume that for all x € C(R,2R), |z —z(s)| > 'R, for
a parameter I' > 0 to be fixed later on and that |Bz| > 1C(R, 2R), then by the concentration condition:

((¢Pr)* + Ks)™a > U(s, )|z — z(s)[“dz = U(s, )|z — x(s)[“dx
R™ | Bz |

L(st) RT%y, (27 — 1).

By I G . .
Taking R > {%} yields to a contradiction. Hence for such parameters R we get in ({0):

V(8. T) = 9(s,9) ) o V(S Ts) v ¥(s,7s) (s,7s)
dy > 2" —1)R" > ——% g (2" — 1) > .
/C<R 2r)  [Ts —y[rre Y= 3R 2 ( JB" 2 girraga ol )2 Staga?

Thus, we will obtain ([39) provided that:

rpn = K (ED) (@ K S e

23+a Ro «

Hence, the two constraints needed to have on the one hand that |Bz| < £|C(R,2R)| and on the other hand that the
differential inequality (39) is fulfilled can be summarized as follows:

) Und ; >R>® 1 i (41)
123K (n + ) T U Tww, (20 — 1) ’
-
denoting by ®, := ((¢r) +Ksin+w) the quantity that can be viewed as the characteristic radius at time s which has
P(s,Ts) e

typical order the size of the current molecule. These bounds can be achieved for a fixed I" provided K is sufficiently
small (recall indeed that up to now K is a free parameter). Thus, choosing a suitable K in [{Il) yields inequality (39])
provided that inf,cc(p 2r) |# — 2(s)| > I'R which is for instance the case if [z, — z(s)| > (I' + 2)R.
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It thus remains to handle the case |Zs —z(s)| < (I'+ 2) R for which we use a slightly different construction. Namely
we consider the corona C((1 4 I')2R, (2 + 3I')R) which guarantees that for every x € C((1 4+ T')2R, (2 + 3T')R), since
|Zs —x(s)| < (I'+2)R, the condition |z —x(s)| > T'R holds. Now, setting as above By = {y € C(2(1+T)R, (3T +2)R) :
U(s,Ts) — Y(s,y) < 39(s,Ts)}, Br := C((1 +T)2R, (2 4 31')R)\Bs, we derive:

Q/J(S’ES) — w(say)d > 1#(5,@) — ¢(5ay)d > w(SaES)

B

/6(2(F+1)R,(3F+2)R) s —y|te = B, |Ts —yl"Tte v= 2((30 + 2)R)n+a| 1]

_ w(safs) _ _ Q/J(Safs) n n __ on ny __

T BT+ 2Ry (IC2A+T)R, BT + 2)R)| — |B:]) = 5((3T 1 2) ) e (vnR™[(3T 4 2)" — 2"(T + 1)"] — |Ba)).

Now, assuming that |Bs| > 1[C(2(T" + 1)R, (3 + 2)R)| we still have from the concentration condition:
Y(s, Ts)
4

w—y

(((ﬁr)o‘ +Ks) = > /B | — x(s)|“(s, z)dx > IR, [(3T +2)" — 2™(I + 1)™].

1
. BT “1 Ks w_:l ntw .
Hence, taking R > {F“’w(s,mi()(fn(()31;2)2—2”(F+1)")} yields:

/ w(safs) B w(say) y > w(safs)
C(T+1)R,(3T4+2)R)  |Ts — Y[+ —A(Br 4+ 2)R)nte

For (89) to be fulfilled we must thus have (with the notations introduced in (@I)):

" { (3T + 2>Zﬁ(<n +7) <1 - {%} n) }; == {van((sr n 2)3 20T 1 1)) } @)

From ({]), (@2) we have that for T' sufficiently large, both constraints will be fulfilled provided that:

o (v (- [5r52] ) 2 e {ms)

In particular, this will be the case setting
Ko (v_n)1+ﬁ (2" — 1)THe [ate (1o [2C+D) " '
4 (B +2)*(n+7) 3L +2

This fixes K and therefore the normalization parameter ¢ through the controls of the concentration condition.

(0 R™[(3T + 2)" — 2°(T' + 1)"]).

The proof of the Height condition is finished for regular molecules. In order to obtain the global result, remark
that, for viscosity solutions studied in Section I we have Av(sg,Z) < 0 at the points T where 1(sg, -) reaches its
maximum value so we only need to study the term L (so,Z) as it was done here. See [§] for more details.

Remark 4.4 The constants obtained here do not depend on the molecule’s size but only on the dimension n and on
parameters w, v and o.

Remark 4.5 The above computations amend the ones performed in [3].

3) Small time L' estimate

This last condition is an easy consequence of the previous computations. Indeed: we write

/ (50, 2)|dz = / (50, )| + / i (s0, 2) |z
n {lz—=z(s0)|<D} {lz—z(s0)|>D}

on D™ [[¢(s0, )| Loe + D™ /R ¥ (s0, )|z — (s0)[“ da.

IN

Now using the Concentration condition and the Height condition one has:
D —w « Wy
[ wsoolas < o, w D)+ Kso)

‘ () + Kso)

where v,, denotes the volume of the unit ball. An optimization over the real parameter D yields:

21)/{’%
l[¥(s0, )1 < o
S0 L ((gﬁT)a+K50)a

Theorem [0 is now completely proven. |
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4.2 Molecule’s evolution: Iteration

In the previous section we have quantified the deformation of molecules after a very small time sy. The next theorem
shows us how to obtain similar profiles in the inputs and the outputs in order to perform an iteration in time.

Theorem 11 Set v and w two real numbers such that 0 < v < w < min(d,1). For i € N* and a given 0 < s,-1 <
$;i < T, let Y(s,x), s € [si—1,T) be a solution of the problem

85’1/)(8,1') = -V (’U 7/1)(5750) - £¢(57x)7 s € [SiflaT]v

P(si-1,@) = P(si-1,2), (43)

div(v) = 0 and ve (L>([0,T]; M?*(R™)))"  with €[sup . lv(s, )| arae < p.
s€[si—1,

If Y(si—1, ) satisfies the three following conditions

[ inalle = a(son)de < (€)% 4 Ksia) 5 [olsion. ) < 1

nty )

((¢Pr)> + Ksi—1) @

w
Qun T

¢ i— a') 1 RAR)
l(sim1, Iz ((Cﬁr)aJrKsifl)z

IN

where K = K (p) is as in Theorem I and s;_ is such that (((°r)® + Ks;_1) < 1. Then for all 0 < s; — s;_1 < er®,
where € is small, we have the following estimates

/Rn (i, 2|z — 2(s)|“dn < ((¢Pr)* + Ksp) %=, (44)
(s e~ < L (45)
((CBr) + Ks:)™=
21},’{’%
(i)l < 5 (46)

((¢Pr)> + Ks;)

Remark 4.6

1) Since s;—s;_1 is small and ((¢Pr)*+Ks;_1) < 1, we can without loss of generality assume that ((¢Pr)®+Ks;) < 1:
otherwise, by the mazximum principle there is nothing to prove.

2) The new molecule’s center x(s;) used in formula [4) is fized by the evolution of the following differential system:

ZC'(S) = UB(x(s),Cp:i) = %/ U(Say)dy, s € [Si—lasi]a
PO BRI f as).c0 (47)
90(31'—1) = 96(81'—1),
where
K a
Pi = (7‘0‘ + Cﬁ—asi_l) . (48)

Note that by Point 1) above we have 0 < p; < 1/¢5.
3) We have in particular that the hypotheses on the initial data can be rewriten as follows

w

[W(si-1, e < (¢Ppa) ™5 [W(sic1, )l < 2077 (Ppi)™;  and

. (49)

[4(si-1, )L < C (Ppi) ™27 (1< p < 400).
Proof of the Theorem [11l. The proof follows the same lines as the one of Theorem [0l Indeed, the concentration
condition (4] can be established similarly to (B0]) replacing by p;. The height condition (@3]) is again proved similarly
to (BI) replacing ¢°r by (p; and s by s — s;_;. The condition (@8] is eventually derived exactly as ([32) from the
controls (44]) and ([@H).
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End of the proof of Theorem

We see with Theorem [0 that it is possible to control the L' behavior of the molecules v from 0 to a small time so.
Theorem [Tl extends the control from time sg to time sy. We recall that we have s; —s;_1 ~ er® for all 0 < i < N (with
s—1 = 0), so the bound obtained in {6) depends mainly on the size of the molecule r and the number of iterations N.

We observe now that the smallness of r and of the time increments sg, s1 — g, ..., SN — Sny—1 can be compensated
by the number of iterations IV in the following sense: fix a small 0 < r < 1 and 1terate as explained before. Since each
small time increment sg, s1 — Sg, ..., SN — Sny—1 has order er®, we have sy ~ Ner®. Thus, we will stop the iterations
as soon as Ner® > Tj.

Of course, the number of iterations N = N(r) will depend on the smallness of the molecule’s size r, and more

specifically it is enough to set N(r) ~ 2 in order to obtain this lower bound for N(r).

Proceeding this way we will obtain |[¢(sn,-)||p1 < CT, " < +oo, for all molecules of size r. Note in particular
that, once this estimate is available, for bigger times it is enough to apply the maximum principle.

Finally, and for all » > 0, we obtain after a time Ty a L' control for small molecules and we finish the proof of the
Theorem |

Appendix A
We first introduce a measure decomposition that will be frequently used in this appendix. The key idea consists in
rewriting the density 7 of the initial Lévy measure satisfying condition [ND] as

Vy € R", m(y) =7 +m, (50)
where the function 7 is defined over R™ by

Ty) =n(y) iflyl <1, 7(y) =7(y/lyDyre=  if lyl = 1, so that
(51)
Gly[T" T < 7(y) Syl iffyl > 1
Remark that for all y € R™ we have ¢1]y| ™"~ % < 7(y) < G|y|~"~“ and thus the Lévy-type operator L associated to

the function 7 is equivalent to the fractional Laplacian (—A)%. On the other hand the support of & is included in
B(0,1)¢ :={y € R" : |y| > 1} and:

)] < C{lyl ™™+ + ly| ") (52)

It is worth noting that the equivalence of the operator £ with the action of the fractional Laplacian (—A)?% is only
valid in a LP-sense with 1 < p < 4+o00. However, in some very specific cases, it is possible to obtain a similar behavior
in a L!'-sense.

Proof of Lemma [2l. We recall here that we assume the parameter ¢ > 0 to be small since Lemma 2.1] is needed
to investigate the local existence of solutions. If 0 < 0 < o < 1, using [B)) and (@) we obtain for the heat kernel h; the

inequalities
he( he(
{/ / [P ( |y|n+f ddz+/ / iC |y|n+(6 y)|dydx}C’{|ht||j3f,1+|ht||f3f,1}

Ct= +17).
If 1 <6 < a < 2, we consider the previous decomposition (B0) and the controls (&1l), (52 to obtain:

e I R e L R B e

he
// |t n+(a y)|dydx}.
n J{lyl>1} ||
\T\

Since hi(x) = (4;)% e~ 4, by homogeneity we have

| Lhe|l L

IN

IN

(o) (s —v)

(4mt)~% ‘
emle < e[ f 2o
n Sty |y|

(4mt)~% L) —h (& —y ‘
th_%/ / , (2“) (2“ ) dydz}.
n Sz 3y [y[+e
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The first term is the right hand side can be derived observing;:

Tl::/ dz:/

for an arbitrary € > 0 using the symmetry of the measure 7. Hence:

T, < Ot (m+a)/2 / { /

Choosing now, & = t'/2 we get:

—a/2 T T i T
T < Ct {/n (/y>1{h1( er) + P ( )}|y|n+a> d
—1(1127Q |02 2 dy "
+ / n ( /,y|<1eXP<C (I[2/8 = [y[2/4)) Iy |y|n+a>d}

< Ct7?

dx,

vp. [ [hnle) = e = )] (0)y

[ Ao+ 9) = huw) — Thia) gy <} )y

T T dy
1) = mg7) = Y (7) Wi g | i | de

hl( 1172

t1/2

using the usual convexity inequality |z + y|? > %|:c|2 — |y|? for the last but one inequality and the Fubini theorem for

the first term to get the stated upper bound up to a modification of C'. Now, since ¢ is a small time as we are working
1

in a local in time framework we have t~2 > 1 and then

. 1
Ct™ 2 +Ct7%|‘ht”[ll/ n+6d’y+0t HhtHLl/ n+ady
{lyl>1} 1Yl (=13 1Yl

—a -6
C<t2 + t2>.

Proof of the Lemma [T We recall here that for € R", p(z) = ¢(z/R), R > 0, where ¢ is a non-negative
smooth function such that ¢(z) = 1if |2] < 1/2 and ¢(z) =0 if |z2] > 1, z € R™.

| Lhe|l L

IN

IN

If0 <0 < a<1,wehave [£,p]Ar(s,x) = v.p./ (¢(z) — p(z —y)) Ar(s,z — y)m(y)dy and we proceed as follows.

n

We begin with the case p = +00 and we write:

e ano) < of [ OB an i+ [ Ol (53)

n |z —y|nte Re |

Again, it is enough to study one of these two integrals since the other can be treated in a totally similar way. We
write:

lp() — (y)| lp(z) — p(y)| lp(z) — p(y)]
=PI Ar(s,y)ldy = PP Ar(s, y)ldy + P =PI Ar(s,y)ldy
/n |z — y|r T (o—yl>R} |7 =yt {lo—yl<r} |7 —y|"T
A S, V oo | T
< 2ol [ el | [Velleels =4 4 s, 4 ay
{|lz—y|>R} |z -yl {lz—y|<R} |z —yl
1 _ |Ar(s,9)]
< 2lellilldn(s )l [ ey R [ dnls vl
{lo—y|>R} [T —y["T {lo—y|<Rr} [T —y[rTot
< 2C[pllL=||Ar(s, )L R + C|AR(s, )| Lo B~ < CR™ || Ao,rl| Lo

Then, with the §-part in inequality (B3) we have
1L, ¢l Ar(s, L= < C(R™* + R™°)| Ao,r| Lo

The case p = 1 is very similar. Using inequality (53]) we have

/ I[£, p]AR(s, z)|dx < C{/ / |x7 |n+a ||AR (s,y |dyd:z:—|—/ / |x— |n+§ ||AR(s Yy |dyd$}
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We only estimate one of the previous integrals.

| sl

IN

Ag(s,y
Cllolo~ | | G B
R™ J{|z—y|>R} lz -yl

+R- / / |AR(SE)|1d dx
n J{ja—yi<ry [T —y["He

CllelL=lAr(s, )L B + Cl|AR(s, )L R~ < CR™||Ao,rl| L1

IN

With the other integral, we obtain
1L, ¢]Ar(s, )l < C(R™ + R™°)||Ao,rl| 11

Finally, the case 1 < p < 400 is obtained by interpolation. See [I1] or [21I] for more details about interpolation.

If 1 <6 <a<2, wehave now [L, p]ARr(s,x) = V.p./ (p(x) — p(z —y) — V() -yl <1) Ar(s,z — y)m(y)dy.
RTL
With the notations of (B0) and the controls of equations (51 and (52) we obtain

(£, ¢]AR(s,z) = v.p. /n (o(x) = oz —y) = Vo(x) -yl <1) Ar(s, = — y)m(y)dy
= vp [ (6@) = oo = 1) - V(o) yliyi) An(s, o~ YRy
+vp [ (o0) = plo = 9) — V(o) ylyicr) An(s.z — y)a(w)d

We start with p = 400. Using the decomposition of 7 in (&) and applying the maximum principle on the function
AR we have

H‘Ca (P]AR(Sa x)’ <

v.p. /n (¢(x) — o(x —y) — Veo(x) -yl <1) Ar(s,z — y)%(y)dy'

+

v.p. /n (¢(x) — p(x —y) — V() -yl <1) Ar(s,z — y)ﬂ(y)dy‘ (54)

< Morle= [ lote) = olo =) - Veta) - stalitid + oo [ (o0 - oo~ n)stian])

We recall now that ¢(z) = ¢(x/R) and since ¢ is a smooth function by homogeneity we have for the first integral
above that

/n!w(ﬂﬂ)—w(m—y)—vw( ) -yl <1|7(y)dy < CR™C.

For the second integral, using the definition of © we write

v ) — oz — ) - lo(x) — o(z —y)| . lp(x) — (z —y)|
-p-/n (o(z) = y))_(y)dy’ < 2/{y>1} gt 2/{y>1} Ty (59)

1 1
||Vl Lee / 7705?/4'/ ———dy
fly>1y lyl et (lyl=1y [yl
< CR™,

IN

so we obtain [|[£, p]Ar(s,")||L= < C(R™ + R71)|| Ao r|| Lo

We treat now the case p = 1. Using the decomposition 7 = 7 + & and inequalities (54]) and (B3 we can write

/n [I£, 0] AR (s, z)|dx < /n /n lo(x) — (@ —y) = Vo(z) -yl <i1||Ar (s, — y) |7 (y)dydz

_ _ A _
+E2/ / lo(z) — ¢(z y)ll r(s,x y)ldydz
n Jiyiz1y ly[rte

_ _ A _
+E2/ / lo(z) — o(a y)J}r(IS r(s @ y)ldydz.
n J{yi1) ly["
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Using the same arguments for the two last integrals we obtain

[ lieelanalds < [ [ Jo@) - oo~ 9) - Telo) - vtial|Ar(s.o = plF@dyds + C|An(s, )] [Tel =

IN

An(s. oo [ [ Jole) = olo = 9) = Vita) -yl <l F)duda + ClAr(s. ) B
Using the definition of ¢(x) = ¢(x/R) and the maximum principle we obtain
[ 1ol ans,0)lde < C(1 vl R + Ao all i),

With the L>-L! inequalities, the LP case follows by interpolation:

_1
(R + R Y)[|Ao.llr=)" 7.

=

£, elArllLr < C([[Ao.rllLe R™F" + Ao, gl 1 RTY)

|
Appendix B
We will need the following results concerning Morrey-Campanato spaces:
Lemma B-1 Let 1 <g<400,0<a< 400,20 € R", 0<p<1andkeN.
o We have the inequality
If = I Bom lLaB o) < Coo [ fllaraa,
e If0 < a<n we have
|?B(mg,2kp) - 7B(Ig,p)| < CP% HfHMq’a; (56>
o Ifn <a<n+q we have
|TB(10,2kp) fB(mo p)| < C(Qk ) ||f||]\/1q @ (57)

See [25] and [I] for a proof of these facts.

We will prove here Lemma [£1]in a slightly more general framework.

Proposition B-1 Consider a time sy € [0,T], a real 0 < w < 1 and a real 0 < p < 1. Let x(sn) be a point in R™. If
v(sn, ) € MP® with1 < g< +o0 and 0 < a <n-+gq, if Y(sy, ) € LP with 1 < p < 400, then we have the inequality

[ o= atowl* Mo =, [0(on.lds < Clloton,armep® ™ (03 lon, e + 95 [0 v
]R'n.
= ent 2=y _
o T (s, e )

1 1 1 1,1 1_ ; _ a _ a—n | n
where;—l———i———l,q—i— - =1 +q—1wzthw 1—|—q<0,w 1+ 7 +q<0.

1
TP

Q

Proof. We begin by considering the space R™ as the union of a ball with dyadic coronas centered around x(sy), more
precisely we set R" = B, U Uk21 FE, where

B,={z€R": |z —xz(sy)| <p} and Ep={recR":2"'p<|z—a(sy) <2} withO<p<1, (58)

and we write
/ |z —a(sn)|“ o =T, [[4(sn, 2)|dz - = / [z —x(sn)[“ o — U, |[1hy (s, z)|da
n B,

#3 [le = a7, s (o, )

k>1
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(i) Estimations over the ball B,. Applying Hélder’s inequality we obtain

/Bp |2 = a(sw)|[“ o = T, [+ (snv, 2)lde < |z = 2(sm)* Lo (s, v = T, Lags,)
X[+ (sns ) L=(8,)s (59)
where % + % + % =1 and p,q,z > 1. We treat each of the previous terms separately:
Observe that for 1 < p < n/(1 —w) we have for the first term above:
llz = 2(s5)|* Hlzo(s,) < Cpr ™"

For the second term, by hypothesis we have v(sy, ) € M%® and we just apply the first inequality of Lemma [B=1]
to obtain

a
a.

v =8, llLas,) < Cllv(sn, )larae p

For the last term we simply write |[¢4 (sn,-)||lz=(B,) < [[¥(sn,-)l|L=-

We combine all these inequalities to obtain the following estimate for (59):
[ o= alo) o = 5 (s )l < Cllotsw, asnep™ (o3 +E 10 M) (60)
RTL

(ii) Estimations for the dyadic corona Ej. Let us note Ig, the integral

Ig, = / | — a(sn)|“ 7 o =T, ¥+ (s, @) |da.

Ey

Since over Ey we havel |z — 2(sy)[“~! < C(25p)“~! we write

. < 0@ ([ o= vn, Wi olds+ [ [on, T, s v 0lis).
Ey

E

where we have denoted Byr, = B(x(sn),2"p), then

Ig

IN

LS CEh (/ 0=y, (oo + [ |va—szkp||w+<sN,x>|dx>
By ok

3 P

IN

C@ ! (nv =Ty, o p 0o M + [ 17, —ﬂB2kp||w+<sN,x>|dx> ,

2k,
where we used the Holder inequality with % + % =1.

Now, since v(sy,-) € M9%(R"), using Lemma [B=]] we have

oif0<5<a<1andthen%:1—a>0,son<a<n+q:

I, < C@2p)~7! ((QkP)EHU(SNa Wnraa|¥(sns Mg + (250) = T3 [o(sn, )| e [ (sn, -)||L’3) '
° if1<5<a<2andthen%:1—a<0,500<a<n:
In, < O (@ 9)Fulsn, Marme [9(sn, ) +0°7 @50)F ol Marne s, Mes )
with the condition w — 1 + % < 0 which implies of course that w — 1+ % < 0.

Since 0 < w < 1, summing over each dyadic corona E}, we have in both cases the inequality

S I, < ClloGows Magme 27 (05 19 M + 075 (s Ml ) (61)
k>1

3recall that we always have 0 < v < w < 1.
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Finally, gathering together inequalities (60) and (GI]) we obtain the desired conclusion. [ |
We now prove Lemma 2] with the following proposition.

Proposition B-2 Consider a time sy € [0,T], a real 0 < w < 1 and a real 0 < p < 1. Let z(sn) be a point in R™. If
Y(sn,-) € LP with 1 < p < 400 and if L is a Lévy-type operator under the hypotheses (3) and ({f), for 0 <d < a <2
we have the inequality

[ 10— alon) )] (o a)lde < Cpo (o 10sws )lze + o (o, ).

1 1 _ _ n
where}—a—l—g—landw 5+q<0.

Proof. As for Proposition [B-1], we consider R™ as the union of a ball of radius p with dyadic coronas centered on the
point z(sy) (cf. (BF)).

/ ‘E(|£C—.T sN)| “’L/J SN, x)|dx = / ’E x —x(sn) HQ/J sN,z)|dw
R B,

—l—Z/ |x—:z: SN) )“’L/J SN, x)|dx.

k>1

i) Estimations over the ball B,. From the Cauchy-Schwarz inequality, we write:
P

Ly, = / |L(|lz — 2(sn) )| [ (s, ) |da < [ (sn, )2 1£]2 = 2(s8)|“ Nl L2(8,)

P

and we need now to study the term | L]z — z(sn)|“[|z2(B,) which is equivalent up to a change of variables to

( / |£|x|w|2dx>
B(0,p)

1
2 2
< </ dm)
B(0,p)
2
+ (/ dm)
B(0,p)

We will start assuming 0 < w < § < a < 1. Then, using inequality (52]) and by homogeneity we have

% w w 2
Llz|“? dz < Qprmoets v.p. —||z| —lr—yl |d dz
| p p P Yy
B(0,) (lz]<1} " |yl
w w 2
vt | f ( / M@ "
Uzi<1y \Jiy1>1/0) ||

2
Gat<1y \{lyi>1/0} [yl

Since 0 < p < 1 and ||z|¥ — |z — y|*| < c|y|, the two last integrals in the right hand side can be bounded by a
uniform constant so we only need to study the first integral above that can be decomposed in the following way:

“ |w | |w’ ’ ' “ |w | |w’ 2
/ V.p./ #dy dx < / V.p./ #dy dx
{lz1<1} n ly[te {J21<1} (yi<yy  lylvte
llal e =y, \’
o <p / —ydy> "
{le|<1} (yl>1} ]
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2

We use decomposition (B0) to obtain:

( / |c|:c|W|2dx>
B(0,p)

N

v [ flal* = o =y IRy

N[

vp. [ [l = fo - ylan)dy

A

1



For the first integral in the right hand side we use the inequality ||z|“ — |z — y|“| < |y||z|*~!, for the second
integral we apply the same arguments used before (i.e. ||z — |z — y|¥| < ¢|y|¥). In any case all these quantities
are bounded by constants and we obtain:

L]z = 2(sn)“ll 2,y < C(p*7 0 + p2 701 5),

The case 1 < § < a < 2 can be treated in a very similar way performing a Taylor expansion of second order,
reasoning as in the proof of Lemma [B.1] for that case (see [9], Section 3 for more details).

Finally, recalling that 0 < p < 1 and since 0 < § < a < 2 we obtain p*~9%3 < p¥~2F3 50 we have

I, < Cp~% 2 |h(sn, )| 2. (62)

Estimations for the dyadic corona Ej. By homogeneity we have

/E L(j = 2(sn)[)I (s, 2)lda < [[(sw, ) 2s (271 p) T HD sup

1<]z[<2

vp. [ fol ~ e - y|W17r(2’“py>dy\ .

I
(63)
Using again the decomposition 7 = 7 + & given in (B0) and (GI)) page 221 we have

I < sup(

1<[a|<2

v [ [l o - ymm’“py)dy] i

v [l Lo = ol ) - o0

We will study each one of these two terms separately.

e For the first one we have:

(65)

v [ [|x|w—|w—y|w1%<2k-1py>dy\ < suwp
]R'n.

vp [l o= yRE )y
1<2<2 B(0,1)

s [ el o = g TRE )] .
1<|z[<2/ B(0,1)°

For the first integral above we recall that the function 7 (y) is equivalent up to some constants to the function
ly|~"~ and we remark that the function |z| is smooth in the annulus {z € R™ : 1 < |z| < 2}. Thus we can
write for 0 < a < 1,

sup
1<]z|<2

vp [l o - gRE )y
B(0,1)

< s v [ ol = o gl R )y
1<]z|<2 B(0,1)

Sup/ 2 y
1<lz|<2 JB(0,1) |28 Lpy|nte

< (2" 'p)T sup lew’l/ ly[* " dy
1<[z|<2 B(0,1)

IN

< C(2k71p)7n7a.

The case 1 < a < 2 can be treated in a completely similar way by performing a Taylor expansion of second
order (see [9], Section 3 for more details).

The last integral of (G5 can be easily controlled since

w wi=/ok—1 ||:C|w B |1' 7 y|w| k—1 \—n—« |y|w
x| — |z —y[*]7 (2" T py)|dy < C/ T . Ay < C(27 ) dy
/B(0,1)c H' | | I ’ B |28 1py|nte ( B(0,1)e 1Y

and as we have 0 < w < a < 2, the previous integral is bounded and we have

/ 2 — |z — g7 (2" py)| dy < C@*p)
B(0,1)¢
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e We study now the second part of the formula (64]). By definition of & we can write:

sup
1<|z]<2

v [ ol uPisC oty < s ([ [ ol = b=y ) o]

1<z <2
+ sup (
1<|z|<2

since (28" 1py) ~ |2871p y|7"~* the second term above can be treated in the same way as explained
previously and we only need to focus on the following term

v [ ol = o = PR o) s ] )

sup

v [ ol =l yMw(zk1py>n{2mpy21}dy} ,
1< z|<2 n

and we will distinguish two cases depending on the size of 21 p:
— If 0 < 2¥71p < 1 we have the inequality
|2 — |z — y|*]

v.p. z|¥ — |z — wﬂ_2k*1 Tyor_ d ’S su / Ll it I o B SC 2k71 77176.
p [t e = o | < s | By < 004

sup
1<|z|<2

— If 1 < 2¥=1p we can bound this term by the quantity

< sw |vp. / (2] — |z — y[“]m(2* py)dy
1<|a|<2 (s <lyI<1}
+ s L. [ {1l b =l )iy
1<|z|<2 n
w oy |w
< sup V.p./ [|$|w*|$*y|w]ﬂ(2kilpy)dy + sup / —||x| k_1|:c n_ﬂ |dy
1<|z|<2 {lyl<1} 1<fel<a Jrn 2V 0yl

With the same ideas used in the previous item we obtain

sup
1<|z|<2

V-p-/ (2] = |z = y[“Im (2" py) Ljar 1y 21y dy| < C2F1p) 7" + C(2F1p) 70,
and, thus, in any case we have the following inequality for this term

sup

S V-p./ [l = | - yl“]ﬂ@k_lpy)]l{zk1p|y|>1}dy‘ <CE@Mp) T L@ )T

Finally, with these two inequalities for the terms of (64]) one obtains

/E 1L(1z — 2(sn)) [ (sn, @)|dz < Clleo(sn, )| oo (2871 p)e D) <<2’“‘1p>-"-a + <2’€-1p>‘”‘6)'

Since 0 < v < w < § < a < 2, summing over k > 1, we obtain

S [ 16t = (sl s lde < s, ) (pM+% +p“+%).

k>1
Repeating the same argument used before (i.e. the fact that 0 < p < 1 and that p* %% < p*~*T7 ), we finally
obtain
> b, < Cp (s, ) (66)
k>1
In order to finish the proof of the proposition, it is enough to gather the inequalities (62) and (GGl). |
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