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EXPONENTIAL STABILITY OF SLOWLY DECAYING
SOLUTIONS TO THE KINETIC-FOKKER-PLANCK EQUATION

S. MISCHLER, C. MOUHOT

ABSTRACT. The aim of the present paper is twofold:

(1) We carry on with developing an abstract method for deriving growth
estimates on the semigroup associated to non-symmetric operators in Banach
spaces as introduced in [8]. We extend the method so as to consider the
shrinkage of the functional space. Roughly speaking, we consider a class of
operators writing as a dissipative part plus a mild perturbation, and we prove
that if the associated semigroup satisfies a growth estimate in some reference
space then it satisfies the same growth estimate in another — smaller or larger
— Banach space under the condition that a certain iterate of the regularizing
part of the operator combined with the dissipative part of the semigroup maps
the larger space to the smaller space in a bounded way. The cornerstone of
our approach is a factorization argument, reminiscent of the Dyson series.

(2) We apply this method to the kinetic Fokker-Planck equation when the
spatial domain is either the torus with periodic boundary conditions, or the
whole space with a confinement potential. We then obtain spectral gap for the
associated semigroup for various metrics, including Lebesgue norms, negative
Sobolev norms, and the Monge-Kantorovich-Wasserstein distance W7.

Mathematics Subject Classification (2000): 47D06 One-parameter semigroups
and linear evolution equations [See also 34G10, 34K30], 35P15 Estimation of eigen-
values, upper and lower bounds, 47H20 Semigroups of nonlinear operators [See also
37L05, 47J35, 54H15, 58D07], 35QQ84 Fokker-Planck equations, 76P05 Rarefied gas
flows, Boltzmann equation [See also 82B40, 82C40, 82D05].

Keywords: spectral gap; semigroup; spectral mapping theorem; hypocoercivity;
hypodissipativity; Fokker-Planck equation; Kolmogorov-Fokker-Planck equation;
enlargement.

Preliminary version of December 22, 2014

CONTENTS

(L. Introduction

:1 4. Plan of the papel

[2. Factorisation of semieroups in Banach spaces and applicationd

[2.1.  Notations and definitiond
\ pectra

0O O Ot UL U = N NN

|



2 S. MISCHLER, C. MOUHOT

B The kinetic Fokker-Pland - T i | 1
[3.1. Main result] 11
[3.2.  Simplifications in the spatially homogeneous casd 16
[3.3.  Dissipativity property of A 17

— - — 28
3.5.  End of the proof of Theorem iéi ;i 32

t4._The kinetic Fokker-Planck equation with potential confinement 32

[4.9.  Dissipativity property of A 34
4.3, Regularisati i 37
| X A Q la1) i a ive 1 i 1 40

42

1. INTRODUCTION

1.1. The question at hand. This paper deals with the study of decay properties
of linear semigroups and their link with spectral properties as well as some appli-
cations to the Fokker-Planck equations with various types of confinement. It con-
tinues the program of research in [I5] [8] where quantitative methods for enlarging
the functional space of spectral gap estimates were developped with application to
kinetic equations; specifically in [8] spectral gap estimate were obtained in Lebesgue
spaces for Boltzmann and Fokker-Planck equations in the spatially homogeneous
and spatially periodic frameworks.

Our approach is based on the following abstract question: consider two Banach
spaces F C &£ with E is dense in £, and two unbounded closed linear operators
L and L respectively on E and & with spectrum (L), (L) C C which generate
some semigroups (.77 (t))i>0 on E and (2 (t));>0 on & respectively and so that
L|p = L; can one deduce quantitative informations on ¥(£) and .#(t) in terms of
informations on X(L) and .7, (t) (enlargement issue), or can one deduce quantita-
tive informations on (L) and .#7(t) in terms of informations on 3(£) and .72 (t)
(shrinkage issue)?

We prove under some assumptions (i) that the spectral gap property of L in E
(resp. of £ in &) can be shown to hold for £ in the space £ (resp. for L in FE)
and (ii) explicit estimates on the rate of decay of the semigroup .72 (¢) (resp. the
semigroup .77, (t)) can be computed from the ones on .77 (t) (resp. z(t)). This
holds for a class of operators £ which split as £ = A+ B, where B’s spectrum is well
localized and some appropriate combination of A and the semigroup .#5(t) of B
has some regularising properties. This last condition is reminiscent of Hérmander’s
commutator conditions [13].

The Fokker-Planck equations we consider are then shown to belong to this gen-
eral class of operators by extending the hypocoercivity results —usually obtained in
L? spaces with inverse Gaussian type tail- to a larger class of Lebesgue and Sobolev
spaces.

1.2. The abstract result. We denote €' (F) the set of closed operators on a Ba-
nach space FE, Z(F) the set of bounded operators on E, and ZA(E,€E) the set of
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bounded operators between two Banach spaces. We say that P € €(E) is hypodis-
sipative if it is dissipative for some norm equivalent to the canonical norm of E and
we say that P is dissipative for the norm || - || on E if

V f € Domain(P), f* € E*; (f,f*) = |l Re(Pf.f)<0

where the (-, ) denotes the duality bracket between E and its dual E*. Finally we
denote A, :={z € C; Rez > a}.

Theorem 1.1 (Change of the functional space of the semigroup decay). Given F,
E, L, L defined as above, assume that there are A, B € €(F), A, B € € (&) so that

and a real number a € R such that
(1) (B — a) 1is hypodissipative on E, (B — a) is hypodissipative on E;
(i) Ae B(E), Ac B(E);
(iii) there isn >1 and C, > 0 such that

H(A;ﬂB)(*”) (t)Hgg(g,E) + H(‘SﬂBA)(*n) (t)Hgg(g,E) < Coe.

Then the following two properties are equivalent:

(1) There are distinct &1, ..., & € Aq and finite rank projectors I; 1, € B(E),
1 < j <k, which commute with L and satisfy ¥(L, ) = {&;}, so that the
semigroup S (t) satisfies for any a’ > a

k
(11) VtZO, yL(t)_ZyL(t)Hj,L SCL,U/ ealt
J=1 B(E)

with some constant Cp, 4 > 0.

(2) There are distinct &1, ..., & € A, and finite rank projectors IL; » € AB(E),
1 < j <k, which commute with L and satisfy X(Lm, .) = {&;}, so that the
semigroup S (t) satisfies for any a’ > a

k
(1.2) V>0, | Fot) =Y L), < Crae®!
J=1 B(E)

with some constant Cr 4 > 0.

Remarks 1.2. (a) The constants in this statement can be estimated explicitly

from the proof.

(b) The same result holds in the case {&1,...,&} = (), that we denote as a
convention as the case k = 0.

(¢) The condition “FE C &” can be replaced by “ENE is dense in E and € with
continuous embedding”.

(d) Note that one of the two terms of the LHS in condition (iii) can be omitted,
because it can be deduced (at order n 4+ 1) from the other one and the
assumptions (i) and (ii).
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1.3. The main PDE results. Let us briefly present the evolution PDEs of Fokker-
Planck types for which we will be able to make use of the above abstract Theorem
to establish exponential asymptotic stability of the associated familly of steady
states.

(a) “Flat” confinement. Consider the kinetic Fokker-Planck equation
(1.3) Oef +v-Vaof =V (Vof + V@ f),

on the density f = f(t,z,v), t > 0, z € T¢ the flat d-dimensional torus, v € R?, for
a friction potential ® = ®(v) satisfying ® =~ |v|7, v > 1, for large velocities.

Remark 1.3. Observe that this model contains as a subcase the (spatially homoge-
neous) Fokker-Planck equation

(1.4) Of = Auf +divy (V@ f),

when the probability density f = f(¢,v) is independent of the space variable, t > 0,
v € RY, for a friction potential ® = ®(v) satisfying the same assumptions as above.

(b) Confinement by a potential. Consider second the kinetic Fokker-Planck equation
in the whole space with a space confinement potential

(1.5) Of+v-Vaf = Vol -Vof =V, (Vof +vf),

on the density f = f(t,x,v), t > 0, z € R? v € R? for a confinement potential
U = U(z) which behaves like |z|?, 8 > 1, for large values of the vector position.

For these models, we prove semigroup exponential decay estimates in weighted
Sobolev spaces with weight function increasing like polynomial function or a stretch
exponential function, so much slower than the usual inverse Gaussian used in pre-
vious works.

Theorem 1.4. Consider L the Fokker-Planck operator as defined above in (a) or
(b), and p the unique positive associated steady state with mass 1. Consider the
weighted Sobolev space € == WP(m) with o € {—1,0,1} and p € [1, 0], where the
precise conditions on the weight m are given in Theorems [T 1 and[{1].

Then there exist a < 0 and C, > 0 so that

(1.6) VieX, [7:(0)f—ScM)glle < Cae™ |If —glle

between two solutions with same mass; this implies the exponential convergence
towards the projection on the first eigenspace Ry (higher eigenvalue 0).

In the case (a) (periodic confinement), we also establish a similar decay estimate
in Monge-Kantorovich- Wasserstein distance:

Wi (2(t) fo, L2 (t)g0) < Cae® Wi(fo, 90)

between two solutions with same mass.

This theorem is proved by combining:

e the spectral gap property of the Fokker-Planck semigroup which is clas-
sically known in the space of self-adjointness L?(x~'/?) in a spatially ho-
mogeneous setting (Poincaré inequality) and has been recently proved in a
series of works about “hypocoercivity” in the spaces LQ(N_l/ %) or H! (/fl/ 2)
for the kinetic Fokker-Planck semigroup with periodic or potential confine-

ments [12 20, [6];

e an appropriate decomposition of the operator with:
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— some additional dissipativity estimates adapted to each cases for the
target functional spaces, for the “dissipative part” of the decomposi-
tion (this is the main difficulty in the case of confinement by a po-
tential and we introduce specifically weight multipliers inspired from
commutor-like estimates at the level of weights);

— some additional regularisation estimates adapted to each cases in the
usual L?(~'/?) space (inspired from ultracontractivity estimates in
the spirit of Nash’s regularity estimate [I§] in the spatially homo-
geneous case and Hérau-Villani’s quantitative global hypoellipticity
estimate [T1]-[20, section A.21.3];

— an application of Theorem [[T] (whose assumptions are established by
the previous estimates) which establishes the decay estimates of the
semigroup in the target functional space;

— finally the W7 estimate is obtained by some additional technical efforts
in estimating the decay in weighted W11 type spaces.

Remark 1.5. Some decay estimates for kinetic Fokker-Planck semigroups with flat
confinement had been already established in [8]. In this setting this new paper
improves on these previous paper as follows: we use new integral identity in order
to deal with any integrability exponent p € [1, oo] and we introduce an appropriate
duality argument in order to deal with the regularity exponent o = —1.

1.4. Plan of the paper. The outline of the paper is as follows. We prove the main
abstract theorem in Section We prove the decay estimates on kinetic Fokker-
Planck semigroups with periodic (or spatially homogeneous) confinements in Sec-
tion Bl Finally we prove the decay estimates on kinetic Fokker-Planck semigroups
with confinement by a potential in Section [l

Acknowledgements. We thank José Alfrédo Canizo and Maria P. Gualdani for
fruitful comments and discussions. The first author’s work is supported by the
french “ANR blanche” project Stab: ANR-12-BS01-0019. The second author’s
work is supported by the ERC starting grant MATKIT.

2. FACTORISATION OF SEMIGROUPS IN BANACH SPACES AND APPLICATIONS

The section is devoted to the proof of Theorem [Tl After having recalled some
notation, we present the proof of Theorem [[LT] that we split into two steps, namely
the analysis of the spectral problem and the semigroup decay.

2.1. Notations and definitions. We denote by ¢(E) C % (E) the space of semi-
group generators and for A € ¢(F) we denote by .75 (t) = €M, t > 0, its semigroup,
by Z(A) its domain, by A4(A) its null space, by

.//(A) = UaZlJV(Aa)
its algebraic null space, and by Z(A) its range. We also denote by 3(A) its spec-

trum, so that for any £ € C\X(A) the operator A — & is invertible and the resolvent
operator

RA(§) = (A -9
is well-defined, belongs to Z(F) and has range equal to Z(A).
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We recall that £ € X(A) is said to be an eigenvalue if A4 (A—&) # {0}. Moreover
an eigenvalue ¢ € 3(A) is said to be isolated if

SA)N{z€C, |z—¢& <r}={¢} for somer > 0.

In the case when £ is an isolated eigenvalue we may define ITx ¢ € Z(E) the spectral
projector by

(21) HAg :

)

(A—2)"tdz

T on -

lz—¢l=r
with 0 < 7/ < r. Note that this definition is independent of the value of 7’ by
Cauchy’s theorem as the application

C\X(A) = B(E), z+ Ra(z)
is holomorphic in B(z,7). It is well-known [T4} II1-(6.19)] that II3 , = Tz ¢ is a
projector, and its range Z (Il ¢) is the closure of the algebraic eigenspace associated
to &. Moreover the range of the spectral projector is finite-dimensional if and only
if there exists ap € N* such that
dim A (A =& <oo, AS(A=E=A(A=& forany a> ao,
so that
MN=E) = MN=E) =A((A=E™).
In that case, we say that & is a discrete eigenvalue, written as £ € ¥4(A). Observe
that Rp is meromorphic on (C\ X(A)) U Xg(A) (with non-removable finite-order
poles). Finally for any a € R such that X(A) N A, = {&, ..., &} where &1, ..., &
are distinct discrete eigenvalues, we define without any risk of ambiguity
HA,a = HA751 + -+ HA,£k~

We need the following definition on the convolution of semigroup (corresponding
to composition at the level of the resolvent operators).

Definition 2.1 (Convolution of semigroups). Consider some Banach spaces X1,
X5, X3. For two given functions

A € LNRy; B(X1, X2)) and F € LNR,; B(Xa, X3)),
we define the convolution . * .77 € L'(R,; %B(X1, X3)) by

V>0, (SaxA)(t):= /OtYQ(s)Yl(t—s)ds.

When .¥ = . = .% and X; = Xy = X3, we define inductively .V = . and
S0 = 7 5 g CED) for any € > 2.

2.2. Factorization and spectral analysis when changing space.

Theorem 2.2. Consider E,E,L, A, B, L, A, B as above and assume that
i) Z(B)NA,=EB)NA, =0 for some a € R;
(i) Ae B(FE) and A € B(E);
(iii") there is n > 1 such that for any & € A,, the operators (ARp(&))™ and
(Rp(&§) A)™ are bounded from & to E.

Then the following two properties are equivalent, with the same family of distinct
complex numbers and the convention {&1,...,&} =0 if k =0:
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(1) S(L)NA, ={&,.... &} C Xa(L) (distinct discrete eigenvalues).
(2) (L) NAL ={&, ..., &} C Za(L) (distinct discrete eigenvalues).
Moreover, in both cases, there hold

(8) For any z € Ay \{&1, ..., &} the resolvent operators Ry, and Ry satisfy:

n—1

(22)  Re(2)=> (-1)'Rp(2) (ARp(2))" + (~1)"RL(2) (ARs(2))"

(23)  Rp(z) = Y (=1)"(Rp(2)4)" Rp(2) + (-1)" (Rs(2)A)" Re(z).

(]

(4) For any j=1,...,k, we have

N(L—=&)* = NL—-§)Y VYaxl
ML =) = ML=E)
(Meg)e = Mg
S (t) = SrWlee, = LL(t) .
Remarks 2.3. (1) In this theorem, the implication (1) = (2) has been estab-

lished in [8, Theorem 2.1]; since E C &, this is a recipe for enlarging the
functional space where a property of localization of the discrete spectrum
holds. The implication (2) = (1) is a recipe for shrinking the functional
space where a property of localization of the discrete spectrum holds.

(2) In the simplest case where A € Z(E, E), the assumption (iii’) is satisfied
with n = 1.

(3) The hypothesis (i)-(ii)-(iii) (for some a € R) in Theorem [[] imply the
hypothesis (i’)-(ii)-(iii’) above, for any a’ > a.

(4) A similar result holds when we replace the assumption E C £ by the as-
sumption that £ N & is dense in both £ and £.

Proof of Theorem [22. Because of Remark 2:3+(1), we only have to prove the im-
plication (2) = (1). Let us denote  := A, \ {&1, ..., &} and define for z € Q

n—1

U(z) =Y (-1)" (Rp(2)A)" Rp(z) + (-1)" (Rp(2)A)" Re(2).

£=0

Observe that thanks to the assumptions (i')-(ii)-(iii") and (2), the operator U(z)
is well-defined and bounded on E.

Step 1. U(z) is a left-inverse of (L — z) on . For any z € {2, we compute

UL —-2) = 2(—1)2 (Rp(2)A)" Rp(2) (A+ (B - 2))
£=0
+(=1)" (Rp(2)A)" Re(2) (L - 2)
= > (=D Be(x)A)™T + Y (1) (Re(x)A)'
=0 =0

+(=1)" (Rp(2)A)" = ldg.
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Step 2. (L — z) is invertible on 2. Consider zg € ). First observe that if the
operator (L — zp) is bijective, then composing to the right the equation

U(ZQ)(L — Zo) = IdE

by (L —z0) ™! = Rr(20) yields Rp(20) = U(20) and we deduce that the inverse map
is bounded (i.e. (L — zp) is an invertible operator in E) together with the desired
formula for the resolvent.

Since (L — zp) has a left-inverse it is injective. Let us prove that it is surjective.
Consider g € E. Since L — zq is invertible and therefore bijective there is f € £ so
that

(L —20)f =g and thus Id + Rp(z0)Af = Rg(20)g = Rp(20)g.
We denote g := Rp(z9)g € E and G(z0) := Rp(20).A and write

n—1
F=3-G6(z0)f =Y (-1)'G(20)‘g + (=1)"G(20)" f-
=0

Because of (i')-(ii)-(iii’), it implies that f € E, and in fact since 2(B) = 2(L),
we further have f € Z(L) C E. We conclude that (L — zp)f = ¢ in E, and the
proof of this step is complete.

Step 3. Spectrum, eigenspaces and spectral projectors. On the one hand, we have
N(L =) CAH(L=&)" j=1...k a€eN,

so that (L) N A, C {&1,...,&}. On the other hand, consider §; € X(£) N A,
aeN and fe S (L—-E)™
(L-&)" f=0.
Denote gg := (£ — §j)’8 f, 8=0,...,a and argue by induction on 3 decreasingly
to prove that gg € E. The initialisation f = «a is clear. Assume gg1; € F and
write (£ —&;) gg = gp+1. Using L = A+ B and composing to the left by Rg(¢;),
we get
(G(&) +1d) gs = Rp(&))gp+1 € E with G(§;) := Rp(§;)A.

We deduce that

n—1

95 = (—1)"G(§)"gs41 + > _ G(&) RB(&)gp11-

k=0
Since G(&;)" is bounded from & to E, and G(§;) is bounded from E to F, with in
each the range included in Z(B) = 2(L), we deduce that gg € Z(L) C E, and
the proof of the induction is complete. Finally go = f € 2(L) C E. Since the
eigenvalues are discrete, this completes the proof of (1).

Finally, the fact that Il ¢ |z = Il ¢; is a straightforward consequence of Rz (z)f =

Rr(z)f when f € E and the formula (ZT]) for the projection operator. This con-
cludes the proof of (3)-(4). O

2.3. Factorization and semigroup decay when changing spaces. We now
prove Theorem [[L1l First we notice that the assumptions of Theorem are met
since (i") follows from (i) and (ii)-(iii) imply (iii’). Because of Theorem 2.2 we
know that Z(Ilz ) = Z(ll1,,) C E, and then for any fo € Z(111,,), there holds

k
Fe(t) fo=S1(t) fo =Y _ e g, fo,

Jj=1
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where L := L|x,, Xj := Z(IlL ¢,). By linearity, it is enough to prove the equivalent
estimates (1)) and (LZ) in the supplementary space of the subspace Z(I1z, ,). We
split the proof into two steps.

Step 1. Enlargement of the functional space. We give here an alternative presen-
tation of the proof of (1) = (2) in Theorem [[T] which is in the spirit of [I] while
the original (but similar) proof in [8] uses an iterate Duhamel formula. We assume
(CI) and denote f; := S,(t)fo the solution to the evolution equation 0;f = Lf.
We decompose

f=Trafi+g" +6+-+g",
dg' =Bg', g5 = fo—TL.afo,
Btgk:ng—i—Agk*l, §=O, 2<k<n,
Bpg" = Lg"T + Ag", g =0,

and we remark that this system of equations on g, 1 < k < n + 1, is compatible
with the equation satisfied by f. Moreover, by induction

Agi(t) = (ASg) ™M (t)(fo =L afo), 1<k<n,

so that Ag, (t) € E, because of assumption (iii), and thus the equation on g1 is
set in F/ and writes

6tgn+l = Lg, + Agnu In+1 (O) =0.

We deduce successively the estimates (for a’ > a)

le S t*e®|fo—Trafolle, 1<k <n,
lge@®)lle Sar e tlfo—Mrafolle, 1<k <mn,

[Agn(O)lle < t"e™ | fo — L0 folle,
11 = T a)gn 41 (8)]le S 1A = L ) gn1 (D]l Sar el fo — Mrafolle

and since, from the definition of the decomposition,

g (t)
)

Iz agnt1 = g1 — - — 1 agn

we have, using the previous decay estimates,

”HL,agn-i-l ”g Z ”HL agk(t )”g Sar €” t |fo— Tz afOHg )
k=1

which concludes the proof of (IL2]) by piling up these estimates on f.

Step 2. Shrinkage of the functional space. We assume ([L2) and fp € F and write
the following family of operators depending on time on E through a factorization
formula:

n—1

Fu(t) = SpO L+ (-1 (S50 Fp(t)(1d — 111 ,)
=0

+ (D)™ (S A L)1~ L),



10 S. MISCHLER, C. MOUHOT

Using the assumptions and (2] one gets
17 ) Ad = IL0)l| g ) Sar €

[EZORN

’
<a’ ef t

~

B(E,E)
1-75(6) All o,y S €
which proves that
17(2) = S L all g, gy Sa’ et
Therefore the Laplace transform U, (z) of t — (i (t) — S ()11 o) is well-defined

on Rez > d/, and is
n—1
Un(2) = S (1) (Rp(2)A)' Rp(2) (T, 0)+ (—1)" (Ra(2) A)" Re(2)(1d—T1,. )
=0
which is exactly U.(z) = Rp(z)(Id — 111, ,) from Theorem By uniqueness of
the Laplace transform we deduce that .7 (t) = #L(t), and this proves the decay

(. 0

2.4. A practical criterion. We finally prove a criterion implying both (iii’) in
Theorem [Z2] and (iii) in Theorem [[11

Lemma 2.4. Consider two Banach spaces E and £ such that ENE is dense into B
and & with continuous embedding. Consider L an operator on E + & so that there
exist some operators A and B on E + & such that L splits as L = A+ B. Denoting
with the same letter A, B and L the restriction of these operators on E and &, we
assume that there hold:

(a) (B — a) is hypodissipative in E and £ for some a € R;

(b) A€ B(E) and A € B(E);

(c) for some b € R and © > 0 there holds || ASB(t)||ze, 5 < Ce’ t7° and

|-5(t) All e,y < Ceb't=©.

Then for any a’ > a, there is some constructive n € N, Cpy > 1 such that
Vt>0, [[(AZB)" ()] ae.m + [(F8A ™ @)|se.m) < Cae™™.
As a consequence, (ARg(2))" and (RgA)™ are bounded from € to E for any z € A,.

Remark 2.5. Tt is necessary to include the non-integrable time factor in (c) for
later application since (c) will be proved by hypoelliptic regularity which has this
possibly non-integrable behavior at time zero.

Proof of Lemma[Z4} When © > 1, we denote by J the integer such that © < J <
O+ 1 and we set 6 := ©/J € [0,1). We define the family of intermediate com-
plex interpolation spaces £; = [E, £];,;. Thanks to the Riesz-Thorin interpolation
theorem, we have

AF5(t) : Es50 1= [[€0,E1]5, oy = €7 i= [[€0, &5, Enly
with the following estimate on the operator norm

IASB(1)e, ,ess < IALB@NE R AL [ALEO]12 e,

50 —)50 —>81
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Since
Es.5r = [[€0, E1ls, [0, E1lols = [Eo, E1l(1-67)s
£ = (€0, E1ls, (€0, Ells = (€0, E)1—s)o4s7»
by taking ¢’ =1/J and § = j/(J — 1), we get

—(J J i/ J J
IASB(#)lle; g0 < HAyB(t)”}@(%)H)/ ”yB(t)HJ.éé(S) ||Ay8(t)|‘,;§(5,3)

< i el(1=1/T)a+b/ ]t
~ te .

We define now n := £.J so that (A55)0" = 9}*@ with 7y := (A75)*7). From

the assumptions and the previous estimate, for any a” > a

1750 E—E Sar €ty 1Tt leme S e [ T5(1)]|lese Sar e

As a consequence, we obtain
1AL ™ (@)l S elT-1/0" 002,

which concludes the proof by fixing ¢ large enough so that (1 —1/€)a” +b'/¢ < d'.
The estimate on (.75.4)*™) is proved by the same argument. O

3. THE KINETIC FOKKER-PLANCK EQUATION WITH FLAT CONFINEMENT

This section is dedicated to the proof of semigroup growth estimates for the
kinetic Fokker-Planck equation confined either by spatial homogeneity (hence re-
ducing the simpler “Fokker-Planck equation”) or confined by spatial periodicity, in
a large class of Banach spaces, including the case of negative Sobolev spaces. We
deduce growth estimates in Wasserstein distance as well.

3.1. Main result. Consider the Fokker-Planck equation
(3.1) of=Lf=Vy (Vof+Ff)—v-V,f,

on the density f = f(t,z,v), t > 0, z € T¢ (the torus’ volume is normalised to
one), v € R, where the (exterior) force field F' = F(v) € R? takes the form

(3.2) F=V,d with V]o|> Ro, B(v) = = (v)7 + Bg
Y

for some constants Ry > 0 and v > 1. Here and below, we denote (v) := (14|v|?)'/2.
We define p(v) := e ®®) with ®&; € R such that p is a probability measure.
Observe that u is a steady state for the evolution equation ([B.I]). We shall consider
separately along this section the case where f does not depend on z, commenting
on the simpler proofs and sharper estimates in this case.

Let us now introduce the key assumptions:

Assumptions on the functional spaces
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Polynomial weights: For any~y > 2, 0 € {—1,0,1} and p € [1, 00], we introduce the
weight functions

(3.3) m= (), k> o] +|o|Vd(y —2) + <1_%) (d+~—2)

and the abscissa

lol+(1—1/p)d—Fk ify=2,
ay(p, m) ;:{

—00 if v > 2.

Stretched exponential weights: For any v > 1, o € {—1,0,1} and p € [1,00], we
introduce the weight functions

(3.4) m ="V with s € 2—7,7), k>0, s >0,
or with s =, k € (0,1/7),

and the abscissa

K2—k ify=s=1,
aa’(pvm) = —kS Zf’}/+S:2, S<77
—00 in the other cases.

Definition of the spaces: For any weight function m, we define LP(m), 1 < p < oo,
as the Lebesgue weighted space associated to the norm

Ifllzemy == I1f mllLe,

and WHP(m), 1 < p < 0o, as the Sobolev weighted space associated to the norm

£ lwromy == (Im FI5, + [lm Y £I[5,)"P

when p € [1,00) and

[ lwree (m) == max {[[m f[[Lee, [[m V fllL} .
We also define WP (m), p € [1,00], as the weighted negative Sobolev space asso-
ciated to the dual norm

(3.5) 1 llw=romy = [f mllw-ro = sup (fyom), p'i=——,
10111, <1 p=

wl,p’ =

where it is worth insisting that in this last equation the condition |||y < 1
refers to the standard Sobolev space wir' (without weight).

Observe that for o € {—1,0,1}, p € [1,00] and m satisfying (33) or (B4,
the Sobolev space W?(m) defined as above is such that 1 € W7 (m~1) with
o' = -0 € {-1,0,1} and p’ := p/(p — 1) € [1,00]. As a consequence, for any
f € WoP(m), we may define the “mass of f” by

(N ={f 1>Wa,p(m),wv’,p’(mfl) = <m [ %>

weo.p We'.p'
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where the double bracket recalls that there are two variables x and v. In the case
o = 0,1, there holds W??(m) C L' (here L' denotes the usual Lebesgue space
without weight) and therefore the “mass of f” corresponds to the usual definition

(f)) = / e

and else this is the mass of the associated measure. Observe also that when f does
not depend on x, this reduces thanks to the normalisation of the torus volume to

(=)= g f(v) dv.

We finally define the projector II{- on the orthogonal supplementary of the first
eigenspace:

VfeWT(m), Tif:=f—((f))n

Theorem 3.1. Consider o € {—1,0,1} and m, p € [1,+00] that satisfy conditions
B3) or BA) above (this implies a,(p,m) < 0). For any a > max{as(p,m), —A},
there exists C, = Cq,(o,p,m) such that for any fo,g0 € WP(m) with the same
mass, there holds

(3.6) |72t o~ F=(t)g0llwersgmy < Cae® [1fo = g0llwesmy -
which implies in particular the relaxation to equilibrium
(3.7) |72 (t) fo — <f0>ﬂ||Ww(m) < Coe® ||fo— <f0>MHWw(m) )

where A := \(d, o, p,m) > 0 is constructive from the proof.

Moreover, when vy € [2,2+1/(d—1)), there exists a(y) < 0 and for any a > a(7y)
there exists C, € (0,00) so that for any probability measures fo, go with bounded
first moments, there holds

(3.8) W1 (S2(t) fo, () g0) < Ca e Wi(fo, 90)
which implies the relaxation to equilibrium
(3.9) Wi (L2 (t) fo, (fo)r) < Cae®* Wi fo, {fo)i)-

Remarks 3.2. We first list the remarks in the spatially homogeneous case.

(1) For m = pu~ /2, p=2and ¢ = 0, 1) reduces to the classical spectral gap
inequality for the Fokker-Planck semigroup in L2(u_1/ 2). In that case the
semigroup spectral gap is equivalent to the Poincaré inequality. Denoting
as Ap the best constant in the Poincaré inequality, the estimate (3.7)) holds
with a = —Ap and C, = 1.

(2) Our proof in the general case is based on the above mentioned semigroup
spectral gap estimate in LQ(;fl/ 2) and on the abstract extension Theo-
rem [[LT1 More precisely, our approach allows one to prove an equivalence
between Poincaré’s inequality and semigroup decay of the Fokker-Planck
equation in Banach spaces, including the case of negative Sobolev spaces.
The meaning of the sentence is that the functional inequality

(3.10) Va' >a, (Lf f)rz2q-12 <d |\H1lf|\§2(#,1,2)

is equivalent to the semigroup growth estimate ([B.0) for a large class of
weight function m.
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(3)

(3.11)
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For v > 2, it has been proved recently in [4] that a semigroup growth esti-
mate similar to (87) holds for the Monge-Kantorovich-Wasserstein distance
Ws, or in other words that for any probability measure fy with bounded
second moment, there holds

Wa (L2 (t) fo, (fo)u) < C e  Wa(fo, (fo)m)-

In the above inequality C' = 1 and —« is the optimal constant in the “W.J
inequality” (introduced in [4 Definition 3.1]), which corresponds to the
optimal constant in the “log-Sobolev inequality” for convex potential and
in particular —« is smaller than the optimal constant Ap in the Poincaré
inequality (B8I0). Our estimate (8:9) can be compared to (BII]).

It is worth emphasizing that in Theorem Bl the function space can be
chosen smaller in term of tail decay than the space of self-adjointness
L?(u=1/?): one can choose for instance L?(u~%/?) with 6 € (1,2).

Note that this statement implies in particular that for a strong enough
weight function, so that the essential spectrum move far enough to the left,
there holds

S(L) € {z € C| Re(z) < —Ap} U {0}

and that the null space of L is exactly Ryu.

Moreover, thanks to Weyl’s Theorem, we know that in the L2 (u‘1/2) space
the spectrum is constituted of discrete eigenvalues denotes as &y, £ € N, with
£ — Re&y decreasing. In any Banach space W?P(m), exactly the same proof
as for Theorem BTl (same splitting £ = A+ B and same application of the
abstract extension Theorem [[LT]) yields to the more accurate description of
the spectrum

by (‘C) N Aad(p,wz) = {glv %6(55) > aa’(pv m)}

as well as the more accurate estimate ([2)) for any a > a,(p,m) and with
k defined by k = sup{¢; Re(&) > ar(p,m)}.
As a consequence of the preceding point, we may improve the intermediate
asymptotic for the heat equation established in [3]. Consider g the solution
to the heat equation

Og = Avg,  9(0) = go,

with go € LP(m), m = (v)¥, k > d/p' +n—1, n € N*. Assume furthermore
that

Vee N, |t <n—-1, / go Hydx =0,
Rd
where (Hy) stands for the family of Hermite polynomials (see [3] and the

references therein). In particular (go) = 0 since Hy = 1. We observe that
the function f defined thanks to

g(t,z) = R~ f(logR,v/R), R=R(t)=+1+ 2L,
is a solution to the harmonic Fokker Planck equation
Of =Lf=Auf+divy(vf), f(0)= go,

and that (H,) is an orthogonal family of eigenfunctions associated to the
adjoint operator L* (Hy is associated to the eigenvalue [¢| = 01 + -+ + {4
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for any ¢ € N%). An immediate application of our method implies
||ft||Lp(m) <Capn e ||90||Lp(m) vVi>0,

which improves B7) (which holds in that context with a = —Ap = —1)
whenever n > 2. Coming back to the function g we obtain the optimal
intermediate asymptotic estimate

Cd,p,n
||gt||Lp(m) S (1 +t)n/2+d/(2pl) ||go||LP(m) vt > 0.

That last estimate improves [3| Corollary 4] because the range of initial
data is larger and the rate in time is better (it is in fact optimal).

Remarks 3.3. We now list the remarks specific to the spatially periodic case.

(1)

(3.12)

The value of A in our quantitative estimate is related to the hypocoercivity
estimate in L?(u~!) setting. However the best rate in general is the real
part of the second eigenvalue defined by

A= sup inf <—7<Lf7 f*>>

I~l-lwee oy FEC R\ [ITIE£]|

where C2°(R%) denotes the smooth compactly supported functions, and
where the supremum is taken over all norms || - || on W?P(m) equivalent
to the ambiant norm, and where f* € W7 (m) is the unique element in
W' (m) such that || |2 = ||f*]|2 = (f*, f), where || - |, is the correspond-
ing dual norm.

Our result partially generalize to a spacially unhomogeneous setting the
estimate on the Monge-Kantorovich-Wasserstein distance obtained recently
in [4].

Our proof is based on the semigroup spectral gap estimate in H'(u~'/?)
established in [I6], 20] and on the abstract extension Theorem. As a conse-
quence, it gives an alternative proof for the semigroup spectral gap estimate
obtained in [7, [6] for the Lebesgue space L?(u~1/2).

Again, the proof holds for F := V® + U which fulfills the conditions of [8]
section 3]. In particular the associated Fokker-Planck operator does not
take the AA* + B structure of [20] (where the term V, (U f) is included in
the “B” part).

The proof of Theorem [3]is split into several steps:

(1)

We recall existing results for proving ([B.7)) in the space of E = H 1(/f1/ ).

Lemma 3.4. ([16, Theorem 1.1]) The result in Theorem[3l is true in the
Hilbert space H'(p~1/?) associated to the norm

1/2
[N £ ur2) = (||f||iz(#—1/2) + ||wa||i2(;ﬁl/2) + ||va||%2(;rl/2)) :

(2)

Such a result has been proved in [16], see also [12, 11 @, [7 [6].
We devise an appropriate decomposition £ = A+ B with B = L — Mg
where yg is a smooth characteristic function of the set |v] < R with
M|V, xr| small.
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(3) We need then to establish the dissipativity of B in the spaces WP (m) and
of B := Bjg in E. The coercivity of B in these spaces is established in
Lemma B.8| and The coercivity of B in F follows also from the
same Lemma since the weight m = p~1/? is allowed. The latter could be
proved by adapting the proof of [I6], Theorem 1.1]. Or finally it could be
checked more generally that the coercivity of B in F follows from that of
L combined with the strenghtened Poincaré inequality as described below.

(4) We prove that the semigroup .#5(t) is regularizing in L?(u~1/?).

(5) We conclude by applying Theorem [[T1

Remark 3.5. Observe that since we need only applying regularization estimates for
the semigroup of B after a composition by the operator A, it is enough to prove
these regularisation estimates with the usual weight /2.

3.2. Simplifications in the spatially homogeneous case. Let us start by
pointing out the simplifications in the spatially homogeneous case. First the de-
cay ) in the space E = L*(u~1/?) follows from the Poincaré inequality:

Lemma 3.6. There exists a constant A\p > 0 so that for f € D(RY) with (f) =0

(3.13) /R V., (%)

and moreover for X < Ap, there is (A) > 0 so that
2
fof-()
R K

poydo > A [ 2 (w)do
Rd
Proof of Lemma[34. The proof of Lemma[3.8is classical. We refer to [2] for a com-
prehensive proof of (BI3). For the sake of completeness, we present a quantitative
proof of (3.14) as a consequence of ([BI3)) in the spirit of [I7].
On the one hand, by developing the LHS term, we find

— i 2 o) do — 2 1 v — 2 1 "
T.—/Rdvv(u) p(v)d —/l%d|vvf|,u d /l%df (A, ®) =t do.

On the other hand, a similar computation leads to the following identity

T— /
Rd
—1/2 2 2 (1 2 1 —1
- \vvw )\ dv+ [ 2 (V07— A8 ) ptdo.
]Rd Rd 4 2

The two above identities together with (8I3) imply that for any 6 € (0,1)

2
u(v)dv > Ap 2 ut(v)do
Rd

te /R (£ IV 49 f12) 57 0) o

Vol fu ) 2 4+ (fut?) Vuumr p(v) dv

Tz(1—9)Ap/ fﬂfldwof f? i|Vv<I>|2—§Av<I> ptdo
Rd Rd 16 4

0 0
by [ Il o § [ 9
16 ]Rd 2 ]Rd

Observe that |[V®|? — 12A® > 0 for v large enough, and we can choose § > 0 small
enough to conclude the proof. O
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We define

(3.14) Af i= Mxrf,  Bf:=Lf—Mxzf

where M > 0, xr(v) = x(v/R), R > 1, and 0 < y € D(R?) is such that x(v) = 1
for any |v| < 1. The dissipativity estimates are proved as in the spatially periodic
case in Lemmata B.8H3.OH3. TOH3. 11l Finally the regularisation estimates are proved
by using Nash’s inequality:

Lemma 3.7. For any 1 < p < q < oo and for any R, M as in the definition ([B.14)
of B, there exists b= b(R, M) > 0 so that for any o € {—1,0,1}

ebt

(3.15) vie[0,1], [[Zst)fllweam) S D | £ llwe o (m)
P q

and for any —1 <o <s<1
bt

(3.16) Vte[0,1], [1BE) fllmsm) S prers I Nl o (m) -

Proof of Lemma[3.7 The proof is classical and is a variation around Nash’s in-
equality, together with Riesz-Thorin interpolation Theorem. We refer for instance
to [8) Lemma 3.9] for some similar results. O

3.3. Dissipativity property of B. We define
(3.17) Af = Mxrf, Bf :=Lf—-Mxnrf

where M > 0, xr(v) = x(v/R), R > 1, and 0 < x € D(R?) is such that y(v) = 1
for any |v| < 1.

Lemma 3.8. For any exponentsy > 1, p € [1,00], for any weight function m given
by B3) or BA) and for any a > ag(m,p), we can choose R, M large enough in
the definition BI10) of B such that the operator B — a is dissipative in LP(m).

Proof of Lemmal[38 We start by establishing an identity satisfied by the operator
L. For any smooth, rapidly decaying and positive function f, we make the splitting

/ (cfyrt mpdxdv:/ fPimP (AL f 4 divy (F f)) dedv =: Ty + Tb.
Td x R4 Td xR4
For the second term 75, we use integration by part in v:
T, = / Pt mP div, (F f)dz dv
TdxRe

= / Pt mP (div, F f + F -V, f)dzdv
TdxRe

1
/ fP(div, FymP dv — — / fPdiv, (FmP)dx dv
Te x R4 D JrdxRrd

1 v
/ fP [<1——) dinF—F~V m} mP dx dv.
Td xRd p m
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For the first term 77, we use integrations by part in v and the identity mVm !+
m~1Vm = 0 in order to get with the notation h = fm

T = / W tmA, (hm™") dadv
Td xRe
= —/ Vo (hpfl) . (Vvh—k hmvvmfl) dz dv
TdxRd

—/ WP IVym - (Vohm™ + hVym™") dzdo
T xRR4

2
_/ V,hP~ ' Vyhdedo + (1 — —) / (Voh? - V,m) mYdzdv
Td x R4 p Td x R4

—/ hP (va-va_l) dz dv
Tdx R4

—(p— 1)/ |V,h|? hP~2 dx dv
T4 xR4

2 v v 2
+/ hp{<——1)vv(v m)+|V T']dxdv
Td xRe p m m

ey /w Vo (fm)[* (fm)P2 da dv

2
+/ (fm)P {(2—1) Avm+2(1_l) |er2n| } dz dv.
Td xRe p m p m

All together, we then have established

(3.18) /’er Rd(Bf) Pt mP dx do

:_(p_1)/M]Rd|vv(mf)|2(mf)P—Qdaz:oler/T fPmP ), dadv,

d R4
with
2 A, 1 oml|? 1 v
0 = (— — 1) UL <1 - —> M+ <1 - —> divyF— F- 2™ Moxp,
’ p m p m p m
Introducing the notation s := 0, x := 1 when m = (v)¥ and k := s when m :=
e" ()" we have
2
0 , — (— — 1) (Iikd<’U>S_2 + kk(k = 2)|v)? (v)*~* + I€2S2|’U|2<’U>2S_4)
’ p

2 1
+ (2 - 5) ®2E2 o] (v)?5 7 + (1 - 5) (d(w)?2 + (v = 2) [o]* ()7~ 4)
—kk [vf? (07" = M xg
which gives the asymptotic behaviors

() o K282 |v|* 7% — ks v 72 if s >0
? v|—00

o) o |15 ) @y =2 =kl o0,
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As a consequence, when m = e*{")", v > 5> 0,74+ 5>2, k>0 (with k < 1/5
if s =) we obtain

0 2 :

—— R — K ify=s=1
wm,p V—00 v ’
w%p—>—1€8 ify+s=2, s<n,

o v—oo
o p > —00 in the other cases.
o v—o00

When v > 2 and m = (v)*, we get

1
o _><1—‘>d—k ity =2,
’ V—>00 p
1
1/)2@,;)—>H —00 ify>2 and k> (1—_> (d+~v—2).
v o0 p

Observe that in all cases when v + s > 2, we have

(3.19) wgq,p o —0 (v)7T572 for some constant 6 > 0.
V|00

We have then proved the following estimate: for any a > ap.m,, 0’ € (0,a —
ao(p, m)) small enough and p € [1,00), we then can choose R, M large enough in
such a way that ¢, ,(v) < a— 6’ for any v € R?, and

(3.20) / (Bf) fF i mPdadv < a/ | £]P mP da dv
Td xRd T

d wRd

— 9'/ |f|PmP ()T 2 dadv — (1 — p)/ |V (fm)|? (fm)P~2% dz dv.
Tdx R4 T

d xRd

As a consequence and in particular, throwing out the two last terms, we have

Ve LP(m), [LB)f]lLrm) < e fllLeam)-

Since p — agp(p, m) is increasing, we may pass to the limit as p — oo in the above
inequality and we thus conclude that B—a is dissipative in LP(m) for any p € [1, oo]
and any a > ag(p, m). O

Lemma 3.9. For any exponentsy > 1, p € [1,00], for any weight function m given
by B3) or BA) and for any a > a1 (m,p), we can choose R, M large enough in the
definition BIT) of B such that the operator B — a is hypodissipative in WP (m).

Proof of LemmalZ 9 The decay of V,.75(t)f = B(t)V. f is poved as in Lemma[B.§
since z-derivatives commute with the equation. We hence have

/ (B’f)fpflmpd:cdvga/ [f|P mP da do,
T4 xR4 T xR4

/ Or; (Bf) O, 10, fIP2mP da dv < a/ |0, [P mP da dv.
T4 xR4

Td x R4
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For any i € {1,...,d}, we compute

P=2mP dz dv

O, f

/ (On L £) D, f
Tdx R4

= / 8'01' f
Td x R4

d
Do fIP2mP | AyOy f + > 00,00, (F; ) | dzdo

j=1

- / Oa, [Ou, 100, fIP~'mP dzdv =: Ty + Ty + Ts.
Td xR4

For the first term T}, proceeding exactly as in the proof of Lemma [B.8, we find

T =—(p-1) / IV (i, £)? [my, 17~ da do
Td x R4

2
-I—/ |0y, fIP mP {<2 - 1) Ay +2 < - l) |VUT2n| } dz dv.
Td x R4 p m p m

For the second term 75, we have

d
T = / Z (avianFj f + anFj avjf) 8Uif|6vif|17—2mp dz dv
Td x R4

j=1

3

-|-/ 0w, 17 {(dinF) (1 - l) - F. va} m? dx dv.
Td x R4 p

For the third term T3, we use Young inequality to split it as
T3 Sa_l/ |8mif|pmpdxdv+£/ |0y, f|P mP da dv
T xRR4 T x R4

where ¢ will later be chosen small.
Using the Young inequality, we get

Z/ (6UzBf) aviflavif|p_2 mP dz dv
i T x R4

:Z{T1+T2+T3—/

D0, (M XR f) o, f100, 1P~ mP da dv}

Td xR
/17 -
< —Zmp—i—/ vl O, fIP | mP dxdv
/de]Rd P Taxgd ;| |
d
+€71/ Ox, fIP | mP dzdo,
T xR% (;l |
with
d
Z =y 195,05, Fy| + (M/R) |(divox) gl
ij=1
and

11 1
= SZ+ ;Sgpz 9. F5] + Sl;pz |00, Fj| + 95, , + <.
J 7
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On the one hand, the function Z is always negligible with respect to the dominant
term in ¢y, , (which is F'- V,, Inm). On the other hand, we compute

sup 3 100 F5| < (1+ Vi (r~2)) (o)
sup 100 Byl < (14 V(v = 2)) (0)772

We deduce -
lim sup w}n,p < limsup z/Jrln,p
with
U -2 0
b= (1 VA =2)) ()2 440, +e.

_ When m = ey > s >0, v+s>2 v >1, k> 0, we observe that
w,ln)p ~ Yoo 1/19,1717, and when m = (v)¥, v > 2, we observe that

V—00

~ 1
limsupw,lnpgl—i— (1——) d—k+e ify=2,
’ p

~ 1
limsupw,lnpz—oo ify>2 and k>1+\/8(7—2)+(1——) (d+~v—2).
' p

vV—> 00

Summing up, for any a > ai(p,m), n € (0,a — a1(p,m)) and p € [1,00), we can
choose R, M large enough and ¢ small enough in such a way that ¢}, ,(v) <a—n
for any v € R, We then have established the following estimate

P2 P drde <

d
S [ BN OuSI0u]

d
<o i aec [ (Y] mdsd
Td xR4 TdxRd \ 7

fo B

=1

0 d
_Z P P ()Y Ts—2
5 /TdXRd ( E |Ow, f1 > mP (v) dz dv

i=1

p) mP dx dv

d
-1 X [ 0u(@ PO 10 s

i,j=1
where C' depends on M and R.
As a consequence, any solution f to the linear evolution equation

of =Bf, f(0)=foeW"P(m)

satisfies
4 ik’? fIP m—pd:vdv<C |f|P mP (v)Y 2 da dv
dt TdxRd \ 57 vi P o Td x R4

d d
+C Z'a%flp de:vdv—i—a/ Z|8U1f|p m? dz dv.
Td x R4 TdxRe \ {5

i=1
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Defining the equivalent norm || - {31, ,,) thanks to

d
s m iy = 10y + D N0 1y +<Z 190, 1
=1

and choosing ¢ > 0 small enough, we conclude thanks to Lemma [3.8 and the
estimate (BI9) that (B — a) is dissipative in W1?(m) for any a > a1(p,m) and
€ (1,00), and therefore in WP (m) for any a > a;(p,m) and p € [1,00]. O

Lemma 3.10. For any p € [1,00], for any force F given by B2), any weight
function m given by B3) or B4, and for any a > a_1(m,p), we can choose
R, M large enough in the definition BIT) of B such that the operator B — a is
hypodissipative in W 1P (m).

Proof of Lemma[3.10. We split the proof into three steps.

Step 1. We first observe that if

Cf=Af+B - Vyf+A,f—v-V.f,
and we make the change of unknown h := fm with m = m(v), then the corre-
sponding operator C,,,h = mC(m~1h) writes
Comh:=A,h+ B, -Voh+Ayh—v-V,h
with

2
m m

—V”m} . Bpni= [B —2 v”m} .
m

m
We also observe that the dual operator C* writes
Cp:=A"¢p+B" - Vyo+Ayop+v-V,o
with
A* .= (A —div, B), B* := —B.
Defining
Bf = (div,F' = Mxgr)f+F -Vof+Ayf—v-Vof

and using the two above identities, we get
A,m Vem
3.21) B ¢ = —F. —|F
321 Bo= |22 o |
Besides, any solution g to the equation

atg:ag+ﬂ'vvg+Avgiv'vzg

V;;Lm:| 'vv¢+Av¢+v'vm¢-

satisfies at least formally (by performing two integrations by parts) the identity

i m — _ 2 p—2
dedv=—(p—1) [Vogl” P~ dedv
dt Jraxpe P Td xRd

div,
-I—/ (oz— Lﬂ) |g|? dz do.
TdxRe p

As a consequence, for ¢ solution to the equation

(3.22) ¢ = B, o,
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we have
d
— |¢| drdv < / |¢|p1/) dz dw,
dt Jraxre P Td x Rd
with
2\ A,m 2 ? v
(3.23) 2 = <1 - —> Ve Tg' ARG V.
: p) m p m m

Recalling that

A,
m -~ kli(d+8_2)|vls 2 k2K2 |,U|2sf2, diVUF : (d+’}/—2) |,U|'Y*2,

m v—oo

V,ml|? V,m

| '02 | H2k2 |’U|2572, F - v ~ kl{|v|’y+572,
m V—00 m v—oo

we have for an exponential weight function (so that s > 0 and k = s)

pam o 08 O — ko,

and for a polynomial weight function (so that s = 0), we have

d+~v—-2 _
iz (£ 4 i,

with again 92, (v) ~ —0(v)7T572 for large v when 7 4+ s > 2. In both case, we
conclude that for any a > ap m

(3.24) NI < @l sy~ o)+ -
for some small ¢’ uniformly when p — oo.
Step 2. Now, we write
O(0v,¢) = 0u,B;,¢
d
= Au(00) - ; O, (Fj &;jf”) 0,6~ [ - V;m] Vu(90,9)
+ {A;lm ~-F. V;m - MXR} B, + O, {A;lm : V;lm } &
~0- Vs (00, ) — 00,0
= Ay zdja Brr i (00,0) = Bryy - Vo (00,0) + A (00,0) + (90, 47,)

—U- Vz (avl ¢) - am1¢
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By integration by parts, we deduce

d

1d

pdt o <§ |0, & ) dzdv = E / (010, P) Ow,; &
i=1

< / (A:‘n+ldiva7*n> Z|avi¢|fo dz dv
T x R4 p i1

+z/

P=2 4z dw

O, &

(00, 45,) 6 = (00, By,.;) 0,0] 0

d wRd

810,017
+Z / 000,

d
v 1
g/ 4= swp (95,45 ] (D 10uel | dedo
TdxRd \ P D i=1,..d =1
1
- 9,07 | dedo+ — 90, A% | | 16]P dad
+p,5,,,/ded<Z| ¢|> pdv+ Md(D |> o do do

where

1
3 = sup Z |0, By, il + A7, + EdiVUB:‘n.

p
’ i=1,..,d

‘We have

d
sup > 10585 < (1 (= 2)Va) ol + 2k (14 (s = 2)Va) o] 2
R B

7=

as well as

1 2\ A 2 2
A 0) + a5 ~ (1- 2) 22 2R Laiep T g

P p) m p m? m :
and

kE(y=2)(k+d—-3)
when v > 2 and m(v) = (v)*,

Oy, AS, ~

(26252 + K252(25 — 4)] vs|v|* ™ — [2ks + ks(y + 5 — 4)] vlo[ T4
when v > 1 and m(v) = e®")",
which yields
00, A% | SW(v), W(v) = (v)max{2sst7}=3,
For an exponential weight function (so that s > 0), we have thus
3 @) ~ 2 (0) ~ 122 o[22 — ko]

and for a polynomial weight function (so that s = 0), we have

d -2
lim sup 1/)21,” < (1 +(y—2)Vd+ ++ - k) lo|772.
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In both case, we conclude that for any a > a1(p,m) and for M, R large enough

d d
Vi (Z 10,6112 ) <a (Z ||<9m¢|’£p> e (Z |am¢||’zp> + Cl61E
=1

i=1
for some C depending on a, uniformly when p — oco. Defining again the norm

d d
H(ZSHVVLP(m) = H¢||L7’(m) + Z ||611¢HLP(m) + CZ ”avl(b”LP(m)

i=1 i=1
for ¢ small enough, equivalent to W'?(m), and using that W < C(v)7572 we
obtain the following differential inequality

pdt|\¢||wlp(m all81%, 1 m,
uniformly as p — oo. We have thus proved
VE2 0,V €W, ||, (O0llwin < Ce™[6llwrs
for some C' > 0 (depending on a), uniformly as p — co.
Step 3. For any h € W1 and ¢ € VVl’p/7 we have
(o, (Oh ) = (b T (1))
< rllwso 755, Ol < C e hllw o 91l
so that
Vhe WP |, (t) hllw-10 < Ce™ |[hllw-1.
Then, coming back to the operator B, we conclude with
178 (t) fllw=10(m) < Ce** || fllw=10(m)
so that B — a is hypodissipative in W =17 (m) for any 1 < p < cc. O

We introduce for ¢ > 0 the norm

[Pl 7o = maX{Ilw<v>‘1|Lw; sup |0z, ; ¢ sup II%MIL«»},

i=1,...,d i=1,...,d

and the associated space
Foo 1= {10 € Wit Yllz.. < oo}
and its dual (F)". Observe that

£l oy = sup / ) f ¢pdadv
Td xR4

EL>, [|¢llLoe<1
= sup / fdzdo,
YELFE Il (v) [l Loo <1.JTd xR

so that L1 ({v)) C (Fuo)'-
Lemma 3.11. Assume that v € [2,2+1/(d — 1)), then for any
a>ay:=([d-1)(y-2) -1,

(observe that a < 0 from the assumptions), we can choose R, M large enough in

the definition BIT) of B such that the operator B — a is dissipative in (Foo)'.
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Proof of Lemma[311. The proof is an adaptation of the proof of Lemma[3.10] and
we sketch it briefly, writing only the needed formal a priori estimates.

Step 1.  For any ¢ € L2, we denote by 1 := .#g«(t)1) the solution (when it
exists) to the dual evolution equation

(3.25) Oy = B Yy, ho = 4,
with
B*tp = Aytp — F - Vytp — M xptp +v - Vyih.
Introducing the new unknown ¢ := 1 (v)~!, we observe that when ¢ is a solution
to (B29), then the associated function ¢, is a solution to the rescaled equation

(3.26) Qo = (v) " Oy = ()7 B*((v)de) = B{yér,  tho =1,
where B7, is defined by B.21).
Step 2. We calculate
0¢0p, Y = 0y, B"Y = Dy0y,th — (0v, Fj) Op,th — Fj O, 00,1
— M xR 0u, Y+ M (Jv,xR) ¥+ v+ Vo (00,9) + 00, ¥,
with Fj ~ vj(v)7"2 and 9y, Fj ~ §;; ()72 + (v — 2) v;v; (v)7~%. We deduce

1d (Zd] )dxdv

pdt Jraypa P
< [ [ G (= D 077 B - ) 20,0,
Td x R4

= M xr 0,0+ M ( me>¢+aw} Ou 10 b dwdv =2 Ty + - 4 T,

with the convention of summation of repeated indices. We compute

d
T, = —/ (v)7~2 (ZI&MI”) dz dv
Td xR i—1

d
T; < _2(7_2)/ ()77 |03 |? |0y, | daz d
i=1 Td xR4
+Z -2 / |v|2<v>7_4 (1|avj¢|p+l/|5w¢|p> da dw
i#j xRd p p
d
< @-00-2) [ P (0.0 deds
T x R4 )
1A
T: = —— i y—2 8,0. 81}- Pdzrd
’ pijz—1/ﬂ‘dxuadvj<v> 3199 dz dv
14
- Z / ()72 + (v = 2) v7 ()77) |0y, 9P da dv
P 52 JTixRe
d d
s - 7_1 / v e avid]p dz dv
p( ) TdXRd< > Z| |

i=1
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and
- (v) ¥ B
no- [ [—MXR(%J/)+M[(3MX)(U/R)]ﬁW] 801180 P2 s dv
< CM|wlv 1||Lp<z:|av1¢|| )
and

Ts S%p <Z|3uﬂ/f|p> da:dv—|— / (Z |0, 0P ) dz do.
TdxRd \ ;5

All in all, we have proved

pdt Td x Rd <ZZ Gocpl? > drdv

=1

diy—-1) ¢ - P
< [T+;+(d_1)(7_2)_1] /11‘d><]Rd <Z|avﬂ/)| ) dz dv

i=1

d d
1
— Oy P | dedv+CM -1 o[l
e o (Bor) e, (S
We recall that any solution ¢, of ([B20]) satisfies (3224). Fixing a > (d — 1)(y —
2) — 1, next ¢y > 0 so that a — (o > (d — 1)(y — 2) — 1, and then fixing M and R

so that ([3:24) holds with the choice a — (o, M, R, we have for any ¢ € (0,(p) and
K > 1 the differential inequality

d d d
o llld)lip + 3 102617 +<Zlavi¢|ip] (a— <II¢| +Z||a
i=1

=1

d p
(d(vp— D (d=1)(y—2) - 1> <; |avi¢|gp> + CMK? 18117
d
n 07M (; |am1/fllip> ]

Taking K, p large enough and then ¢ small enough, we deduce

d d
d
T [ll¢|ip D 102,00 + D 10070
i=1 =1
d
<a [I(bllﬁp +> 11000
=1

uniformly for p large. As a consequence, we get by Gronwall lemma and then
passing to the limit p — oo

|75 Ol 7 = el 7 < e 0] 7ee
We conclude the proof by duality. 0

v

+<

d
Z[)/P + C Z ||8'U1¢||Z[),P‘|

i=1
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3.4. Regularisation in the spatially periodic case. We prove a regularization
property of the kinetic Fokker-Planck equation related to the theory of hypoellip-
ticity. It can be considered well-known and “folklore”, but we include a sketch of
proof for clarity and in order to make explicit the estimate. The argument follows
closely the methods and discussions in [T1] and [20, Section A.21].

Lemma 3.12. The semigroup /5 satisfies (with no claim of optimality on the
exponents) first (gain of derivative in L? spaces)

1
150 sy S g I sy

(1) Vtelo,1], Vk e N* )
1-<78(t) fll L2(u-172) S LTS Il Er=r(u=1r2)-

second (gain of integrability at order zero)

1
1-78() fll 2172 W £l L1 =172y

(2) Vtelo,1], )
-78(#) Il oo (uu-172) W [ flL2gu-1/2)

third (gain of integrability at order one)
1
VB fllL2 -2y S S (G IV £l 172y,

1
||Vy6( )f||L°° —1/2) W ||foL2(,u*1/2)

(3) Vtelo,1],

fourth (gain of integrability at ordre minus one)

1
-8 (t) fllw-1.00 (u=1/2) S PGTEEYY) I fllw—1.200-1/2),5

(4) vtel[o,1], .
1-<78() fllw-12(u-1/2) S PETERYYE) I Fllw =11 (u-1/2)-

Proof of Lemmal3.12. We only sketch the proof which is similar to the arguments
developed in [I1], see also [20] A.21.2 Variants|, and in Lemma B.7

Step 1. Proof of inequality (1). We only prove the case k = 1, higher exponents &
are obtained by differentiating the equation and applying the same argument. We
write down the energy estimates for the solution f, its first derivatives, and the
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product of the first derivatives

d 2
— _ < — Vo dzd
T lssmy <= [ 9o/ pdaan

d 2
6. ey < — (0, dad
0 sy <= [ V(00 /) oo

d
&Hamf”mwfwz) <- / Vo (Do, /1) ppdz dw

Td xR4
[ owtontu dedok [ (0P dede
Td xR4 Td x R4
M _
+5 Oz xr||f?p " dedo
Td xR4
d
= Oz, fOu, fut da dv §—/ |me|2/f1 da dv
dt TdXRd 'H‘dX]Rd

2 V0 I/) V @nd i e do
T4 xR4

+2M XRrOz fOu fru =t da dv
T xR

M [l 710 e
TdxR4

Observe also that

2
/ IVo(g/w)]? pdzdo = / Vogl” dxdv+/ lg|? <7 - d) p~tde do.
Td xR2 Td xRd Td x R4

Define the energy functional

F(t, fe) = A||ft||2L2(,fl/2) + at||vat||2L2(M,1/2)
+ 2ct2<vat, met>L2(M71/2) + bt3||vmft||i2(u,1/2)
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with a,b, ¢ > 0, ¢ < Vab (positive definite) and A large enough, and compute from
above

d
GFER <=4 [ [l adedo + al Tl
T4 xR4

+4et(Vo fo, Vo fo) 12 u-172) + 308 [V fell 72172y

—stZ/d Rd &Elf/u)' dedv_atZ/ Vy 6v1f/ﬂ)| pdx do

—at;/

Td xR%

&Jifamifu*ldxdv—l—at/ Vo f)? =t dz dv
Td xR

d
tM
H IS [ el P ddo =2 [ (P e
2 i—1 Y TIxR4 Td xRe

d

Yy / Vo0t Vo (0uf/u pdady

i=1

d
e, fOufut dedvr2eME S [ 10, xl 70 dad
i=1 x

d
+4eMt? Z /
i=1

Td xR4

which implies when the compatible conditions ¢ < vab, 2¢ > 3band A >> a,b,¢c, M
are satisfied:

d _
SF ) < =K (IV0fil 22,12 + CIVafilagam ) +C / P dedo
Td x R4

for some constants K, C' > 0. Since the L?(u~'/?) norm is decreasing over ¢ € [0, 1]
we deduce that

Ve [0,1], F(t fr) < F(0, fo) + Cllfoll p2(u-1/2) < F(0, fo)

which yields the first part of (1) by simple iteration of this gain.
For the second part of (1) we first establish in a similar manner as above

1
18+ @) fl| g =172y S 732 Il L2172y

which means

Hyufl/zb’*(ul/z hH ‘hHL

e S t3k/2 |

and by duality

1
Hyu””l?(ul/? hHLz ~ ¥3k/2 [l 2

which means (according to our definition of weighted dual spaces)

1
1B fll L2(u-1/2) S ETYE) £l =5 (-1/2)-

Proof of inequality (2). Since the norms we consider are propagated by the flow
it is no loss of generality to reduce to t € [0,7], 0 < n << 1. We introduce the
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quantity

g(t, f)
]:—(tv ft)

BIS 3172y + 2 F (s )
(AIFI o272+ @I F [
26 (Vo [, Vo f) 12 sy + DOV, f||§2(u,1/2))

with B >> A >> a,b,c and ¢ < Vab and Z = (d + 3)/2.
A similar calculation as above yields, for well-chosen A4, a,b,c > 0:

d - 2 4 2 2 —1
G700 < K (Il + IV filfagam) +C [ fPutdede

and we deduce
d dB 1=
9 f) =< 7||f||2p(“—1/2) + 2t F (L f)

= KO (VB + IV felony) + €7 [t dad,
X

We choose 7 small enough so that Zt?t! << Kt#, and deduce
d dB K
9 0) < U sy = 57 (IVodel 2y + 1V il

2
—I—C/tz_l/ f2utde do.
TdxR4

for some other constant C’ > 0.
The Nash inequality implies
(3.27)
2d

4 _
/Ed Ny f2ﬂ_1 da do Sd (/Ed N |f|M_1/2 dl‘dv) 2d+2 (/Ed . |vm,v(fﬂ_l/2)|2 dl‘dv) 2d+2
X X X

and using the Young inequality we have
£ 72172y < Coat P N1 12y + € IV fl 720125

for € small and C; 4 depending on ¢ and the dimension d. Taking € small we deduce

d dB 1
&g(t, f) < THfH%l(#—l/z) + O 5d||f||%1(#—1/2)
for some constant C” > 0. Finally choosing Z = 5d 4+ 1 we conclude that

vte(0,m), Gt fi) < G0, fo) + Cllfoll 112y S GO, fo)

which yields the first part of (2). The second part can be proved either by duality,
or by using the inequality (1) with & = d and Sobolev embedding (the constant is
then slightly better: t~3%/2 which has no consequence for the rest of the paper).
Proof of inequality (3). The proof of the first part is similar to the proof of the
first part of inequality (2) after differentiating the equation to get

040p, [ +v-ViyOp, f =V - (VO f +00q, f)
0t0u, f +v V0, f =V, - (V'Ua'l)if + Uavif) — Op, f + 00, f

(observe that it involves no term of order zero derivative). The second part is
proved by applying inequality (1) to the differentiated equation for k = d together
with Sobolev embedding.
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Proof of inequality (4). It follows from (3) by duality. O

Corollary 3.13. For any a > ag, there exist n > 1 and a constant such that for
any spaces E and & of the type WP (m) as defined above, there holds

(3.28) Vt>0, [Ta(®)flle<e™lIfle

Proof of Corollary[313. The proof follows from the application of Lemma [2.4] and
Lemma that implies that A.%5(t).A maps any WoP(m) to H(u=1/?) with
some constant Ct~® with some © > 0. (]

3.5. End of the proof of Theorem B3l In the caseso > 0,1 <p<ooand o =
—1,1 < p < o0 estimate (B.7) is an immediate consequence of Theorem [T together
with Lemma B.6] Lemma [3.4] Lemma B.8 Lemma [3.9] Lemma B.10, Lemma [B.7]
and Lemma 241

In the case ¢ = 0, p = 0o so that L>(m) is not dense in L?(u~'/2) (for any
choice of the weight m), we remark that for any € > 0 (small enough) there exists
pe and m, so that L>(m) C LP(m.) for any p > pe, so that estimate (317) holds in
L?(m.), then in L (m,.) by passing to the limit p — oo and finally in L>°(m) by
passing to the limit ¢ — 0. We handle the two last cases in (3) in a similar way.

In order to prove ([B.9), we first observe that combining Theorem [L1] together
with Lemma B.6] Lemma [3.4] Lemma [3.11] and Lemma 2.4], we have established

|.72(t) fo — L) goll(Foy < Cae®™ ||l fo— goll(Fy

Next, for any two probability measures f, g with bounded first moment, we have

Wi(f,9) = sup (f—g)pdv
IVl Lo <1 JRE

s [ (f=0) (6= 00)dv

IVl L <1

= sup /(f—g)wdw
max{[|(v) =1 || oo, V| oo } <1 JRE

where we have used the Kantorovich-Rubinstein theorem (see for instance [19, The-
orem 1.14]) in the first line, the mass condition in the second line and the change of
test functions ¢ := ¢ — ¢(0) on the last line. As a consequence the W; distance and
the distance associated to the duality norm | - [[(£_) are equivalent, which ends
the proof.

4. THE KINETIC FOKKER-PLANCK EQUATION WITH POTENTIAL CONFINEMENT

4.1. Main result. Consider the kinetic Fokker-Planck equation in the whole space
with a space confinement potential

Of=Lf=Cf+Tf,
(4.1) Cf=Vy (Vof +vf),
Tfi=—v -Vof +G-V,f,
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on the density f = f(t,z,v), t >0, z € R% v € R%, where the (exterior) force field
G = G(x) € R? is given by

(4.2)  G(z) =V, ¥(z) =z @)P2 with V]z|> Ry, ¥(z):= = (x)’ + T,

| =

for some constants Ry > 0 and 8 > 1.
The unique stationary state of the kinetic Fokker-Planck equation (1)) is

p(z,v) = exp(—=¥(z) - [v]*/2),
with the choice of the constant Wy € R so that u is a probability measure.
We define the Hamiltonian function
2
H(z,v):=14+T(z)+ %,
and we consider the following assumptions:

Assumptions on the functional spaces

Polynomial weights: For > 2 and p € [1,400], we introduce the weight functions
m = H* with k > k(d,p) for some explicit k(d,p) > d/p’ from the proofs.
Stretched exponential weights: For any 8 > 1 and p € [1,+00], we introduce the
weight functions m = e" ™" with s € (0,1) and x > 0.

Definition of the spaces: We then define on RExR? the associated weighted Lebesgue
spaces € := WoP(m), o € {—1,0,+1}, p € [1,4+00], in the same way as in the pre-
vious section in the case of T% x R%.

For any f € &, the terms (f), (f)) and II{ f are defined as before.

Theorem 4.1. Consider one of the spaces £ defined above. Then there exists
a = a(€) <0 such that for any fo,go € € with same mass, the associated solutions
ft, g+ of the kinetic Fokker-Planck equation [@I) satisfy

I fe = gelle < Cae™ | fo— golle,

which implies the relaxation to equilibrium

I1fe = {fod ulle < Cae™ 1o — (fohrlle,

for some constructive constant C, > 0.

Remarks 4.2. (1) Such a semigroup spectral gap result for the kinetic Fokker-
Planck equation in the whole space with a confining potential (and the
same harmonic potential for the friction force acting on velocities) has been
proved in the Sobolev spaces H(u~'/?), ¢ € N* in [0, 12, 20] and in
the Lebesgue space L?(p~'/?) in [7, 6] (inspiring from [I0]). These last
references provide also constructive estimates.

(2) We did not include it in the statement for the sake of clarity but our method
of proof can recover the semigroup growth estimate in L(u~'/?) as a con-
sequence of the known growth estimate in H'(p~'/2) proved in [10, 12} 20],
which provides an alternative argument to those in [7 [@].

(3) We believe that Theorem [Tl can be extended to to Sobolev space W? for
o = 1 by combining the new estimates in this section with the strategy
of the previous section.
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The strategy of the proof follows the same structure as in the previous section,
and we start from the following H! spectral gap estimate that has been established
in [20] for potentials ¥ under our assumptions, with constructive proof. See also
[5L 12, [@] for previous results in that direction.

Theorem 4.3. ([20, Theorem 35]) The result in Theorem [[-1] is true in the Hilbert

space H' (n=1/?), and satisfy quantitative hypodissipativity estimate for the equiva-
lent norm

1/2
(U713 2u272) + @IV sy + IV S Wy + 26(Vaf, Vo f) 1212 )

for appropriate choice of a,b,c > 0 with ¢ < \/ab.
4.2. Dissipativity property of B. We define A and B as follows:
(4.3) Af:=Mxrf,  Bf:=Cf+Tf—Mxrf
where M > 0, xg(z,v) = x(H(z,v)/R), R > 1, and 0 < x € C>°(R? x R?) is such
that x(z,v) = 1 for any |2|? + |v|? < 1.
We start with Lebesgue spaces:
Lemma 4.4. We have:

e (Polynomial weights) For any > 2, p € [1,+00] and k > k(d,p) for some
k(d,p) > d/p’ from the proof, there is a < 0 such that the operator B — a is
dissipative in the space LP(HF).

e (Exponential weights) For any 8 > 1, p € [1,00] and s € (0,1] (with the
extra condition k < 1 in the case s = 1), there is a < 0 such that the
operator B — a is dissipative in the space LP(e"H S).

Proof of Lemma[{.7} The proofs in the two cases will be similar: we give full details
for the first case and less for the second case.

Step 1: Polynomial weight. Let us first consider 8 > 2 and m(x,v) = H* and the
following weight multiplier:
la-v ()8 1 |v?

W(ZC,’U)Z:’ITLU}, w = (1+§H—a)a Ha::1+a7+01 B) .

Observe that (z -v) < H, by Young’s inequality (for any o > 0 and 8 > 2), which
proves that w € [1/2,3/2] and (1/2)m < W < (3/2)m. We then consider a solution
to the equation 0;f = Bf and compute

1d
~3 fPWPdrde = / e WP dz dv
p Rd xR Re xR
+ / P WP dedo — M fPW?P x g dz dv.
R4 xRd Rd xRd

On the one hand, we recall the following computation picked up from the proof of
Lemma

/ e WP de dv ::/ FIfFP2(Cf) WP dxdo
R4 xRd R4 x R4

=-b- 1) /]Rd Rd |VU(Wf)|2 |Wf|p_2 dz dv

2 (VW2 (2 O\ AW
pyyr | Z o)==
* /Rdx]Rd 17 [p’ w2 (p ) Wy
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where p’ = p/(p — 1), and we compute

Vom kv Aym  kd  k(k—1)v]?

“H m H T @
V,W  V,m  V,w v-V,W v-V,m  v-Vyw
W om + w W om * w o

|VUW|2 <2|va|2 +2|va|2
— m2 .

w
We deduce
w

2 |V, W AW d vV, W
+(=-1 b=
pooW? p Wy w
4|V, m|2 Aym d v-Vym
il 1 + =
p/ m2 m p/ m
4 |va|2 v v Vyw 2 Vom - Vyw
+ = o (2 —) el
P w? w P muw
1+g__< <w-v>|v|2 bt
v VH H a

for some constant C; > 0. The RHS is not negative at infinity, where infinity means
H >> 1. This explains the need for the additional correction term w in W. We
compute

1
/ P WP de do = —/ T(fP)WP da dv
Re xR4 D JRrdxRd

= —/ fPWPTLTW do do == —/ fPWPE da dv
R? xR4 R? xR4 w
where we have used TH = 0. We have then
Tw <Oyt Cs @ _ EM
w o H 4 H,
by differentiating and using Young inequality and the form of the potential ¥(z)

at infinity, for some constants Cy, C's > 0. We deduce by taking R, M large enough
that for any n > 0 as small as wanted

1 d
fPWPdxdv
pdt Jpaypa

Cs o> 1 {x)”
< PWP | C(d — —k — M dzd
< Lot ot (G- 0) 5 = 35 - ] asas
where we have used w ~ 1. Finally we restrict to H > R with R large enough,

and observe that we have either |v|?/2 > H/3 or |[v|?/2 < H/3, together with
|v[2/2 + (z)?/B > 2H /3. In the first case

for k large enough. In the second case we only have (Csa™2 —k)|v|?/H < 0 but we
can use the second negative term since now (z)?/8 > H/3 and H;' > 1/(aH):

)8
Cd,p) - £<H—>a <Clp - <5
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for a small enough. All in all we deduce finally, for k large enough and « small
enough (depending on p and d) and M large enough:

1d
-— fPWPdedv < =K fPWPdxdv
pdt Jraypra Rd xRY

for some constant K > 0, which concludes the proof.

Step 2: (Stretched) exponential weight. Let us now consider 8 > 1, s € (0,1}, k > 0

(with £ < 1 in the case s = 1) and m(z,v) = e*H" and the corrected weight:
la-wv ()8 1 |v]?
w = =11 P —— Ha =1 - _—
(z,v) :=mw, w <+2Ha>, —I—aﬁ +a2

which satisfies again W ~ m. We compute as before

/ frlefwrdrde = —(p — 1)/ IV, (W )2 |W P2 da dv
R2 x R4

Rd x R4
V. W2 d
PP _
* /Rded i { w2 N 4

where p’ = p/(p — 1), and we compute again

dx dv

V., W
m

2V WE (2 NAW  d vV W
p/ W2 p W p/ W
4 |V,ml? 2 A,m d  v-V,m
<|= + (-1 += -
p m? P m P’ m
w

4 |Vyw|? 2 A, v+ Vyw 2 Vom - Vyw
+ = +(=-1 - T Y e R
P w? P w w P mw

with
4 |V,ml|? 2 A, d -V, d 1
ANemE (2 g} e 4w Ve L2 ae 2P
p/ m2 P m p/ m p/ H
4 |V,wl|? 2 A,w  v-Vyw 2 V,om - Vyw
= +(=-1 - +2(2-1
P w? P w w P muw
) . 2
LG 1@ 1
VH 2

H, 2o H?

for some constant C7 > 0. Since s € (0,1) we have 2s — 1 < s and the term
k2s%|v[?H*~1 is dominated by the previous negative term for M large enough.

Then we have

B—2]..12
Tw g 0P
w H,

for two other constants Cy, C3 > 0. We deduce that
1d
-— fPWPdx dv
pdt Jraypa

2 prs B—2|,.12
S/ frwe C’(d,p)—ﬁslv| —Cg<x> il — Mygr| dzdv
Rd xRd H HO(

for some constant C(d,p) > 0. Finally we restrict to H > R with R large enough,
and observe that we have either |v|>/2 > H/3 or |[v]?/2 < H/3, together with
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|v[2/2 + (z)? /B > 2H/3. In the first case

2Hs 2 s s
|U| < C(d,p) _ KSRS% < C(d,p) - ksR < _KS6R

for R large enough. In the second case we use the second negative term since now
(x)P/B8 > H/3 and H;' > 1/(aH) and |z| > (H/3)"/? > (R/3)'/# is non-zero:
P2 _ GCs(x)f CsB __Csf

— - < - <K -
C(d,p) — Cs T < C(d,p) > H. S C(d,p) 50— 1o

C(d,p) — ks

for a small enough. All in all we deduce finally, for R large enough and « small
enough (depending on p and d) and M large enough:

1d
-— fPWPdrdv < —K fPWPdx dv
pdt Jraxga R x R4
for some constant K > 0, which concludes the proof. O

Then, by arguing exactly similarly as in Section [3] and using the previous cal-
culations for the differentiated equation and the adjoint operators, we obtain the
following lemma. We omit the proof in order not the repeat closely related technical
estimates.

Lemma 4.5. We have:

e (Polynomial weights) For any 5 > 2, p € [1,+00] and k > k(d,p) for some
k(d,p) > d/p’ from the proof, there is a < 0 such that the operator B — a is
dissipative in the spaces WHP(H*) and W—1P(HY).

e (Exponential weights) For any 8 > 1, p € [1,00] and s € (0,1] (with the
extra condition k < 1 in the case s = 1), there is a < 0 such that the
operator B — a is dissipative in the spaces WP (e*H1") and W=1P(e"H17).

Remark 4.6. Observe that the previous lemma implies the hypodissipativity of B
in H'(u~'/?) (as needed in the application of our abstract theorem to this Fokker-
Planck equation with confinement). This result could also be obtained easily by
slightly modifying the proof of [20, Theorem 35]. It is also possible to deduce this
hypodissipativity from that of L together with estimates quantifying the gain of
decay at infinity in « and v. Since we could prove the latter estimates using the
ideas developped in this paper, and they seem of independent interest and not
available in the litterature, we include them in a short appendix.

4.3. Regularisation estimates. We prove a regularization property of the kinetic
Fokker-Planck equation with a confining potential. It is again related to the theory
of hypoellipticity, but is slightly less well-known due to the use of weighted norms
defined in the whole space. The argument follows the same method as before.

Lemma 4.7. The semigroup .5 satisfies similar inequalities as in Lemma [3.13,
where now p = e~ is the (x,v)-dependent equilibrium, and £ is a number large
enough (note the additional H® weight in L? and L' norms)
1
|5 fll s u-12) S eyl | fllp2(aerzp-1r2),s

(1) Vtelo,1], Vk e N* )
1-<78() fll2(-tr2p-1/2) S EYE) £l =k (=1/2)-
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second (gain of integrability at order zero)

1
1-78(t) fll 2(u-172) S TBdi 2 Il Lrcere =12y,
(2) vtelo,1],

1
-8 fll oo (r-tp-1/2) S PGTEEYY) £l L2172y

third (gain of integrability at order one)

1
IVIBO) fll2(u-172) S PETEEYYE) IVl L caep-1r2)s
(3) vtelo,1],

1
IVIBE) fll oo (r-tp-12) S PETEy IV fll L2172

fourth (gain of integrability at ordre minus one)

1
1B fllw oo (m-tp-12) S sEarmys 1 lw-r2gi12),
(4) Vtel0,1],

1
1-B(t) fllw-12(u-1/2) S a2 I Fllw =11 (e =172y

Proof of Lemma[{.7 We only sketch the proof which is similar that of Lemma [3.12]

We begin with the first part of inequality (1), in the case k = 1. We write down
energy estimates for the solution f, its first derivatives, and the product of the first
derivatives. On the energy estimate for f we add up a certain (large enough) power
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¢ of the Hamiltonian to the usual weight p~1:

d
— szZ,u_ld:zdvg—/ |Vv(f/,u)|2Hé,udxdv+C/ fPH Y da do
dt Jraxga Rd x R4 Rd x R4
g—/ |vvf|2Hfu*1dxdv+O/ fPH ! de do
R4 xR Rd xRd
d 2
= 0%, ey < — Y, (0s, dzd
10l <= [ 90 /i) oo
b [ 010w 0l dray
R4 x R4
d 2
G0y <= [ (9@ s/ pdady
dt L2(u=172) Rd xR
[ st drdos [ o, P ded
Rd xR Rd xR
M _
+5 02 xr| 1?0~ dzdo
R4 xRd
d
T Oz, fOu, frrt dadv < —/ Vo f | ' dzdo
Ra xRd Rd xR

2 VOt T Or i e do
R4 xRd

# [ ople P dedo

Re xRd

+2M XROwfO, frr~t dz dv
R4 xRd

oo [ a0 e
R4xR4

We then define the energy functional

F(t, fr) = A||ft||2L2(H£/2H71/2) + at||vat||2L2(u,1/2)
+ 26t2<vvft, vmft>L2(M71/2) + bt3||met||2L2(u,l,2)
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with a,b, ¢ > 0, ¢ < Vab (positive definite) and A large enough, and compute from
above

d
—F(t, f) < —A/ Vo fel* H p= ' da do + c/ fEH p da do
de R xR Rd xR

+all Vo fell 2172y + 4t (Vo e, Vafe) L2172y + 308 Va fil T2 m/2)

_stZ/ |V 8 f/,u)| ‘udgzjdv btgz/ |8le||8m1f||8vlf|u’1dxdv

—atZ/

tM
—|—at/ |va|2/fldxdv—|—a Z/ |02 xr|1fPp ! dadv
R x R4 2 ¢ R xR4

Voo, /1) udxdv—atZ/d o Oy, fOp, ™t dxdu
X

dXRd

—2ct2/ Vo f|? ot da do — 4ct22/ v (Ou, [/18) - Vo (O, [/ 1) ppda dv

R x R4 ded

+4th22 / X RO, [Os, fmldxvarszt?Z / 180, X R | f1|0xf) 1t da dv
i—1 J/RIxRE i—1 JRIxRI

2ct2/d ) |0, F|| Oy, f|?p~* dz dw.
R4 xR

The additional terms as compared to Lemma [3.12 are treated as before using that
|V F|% |V, F|* < H for ¢ large enough, and it implies when the compatible con-
ditions ¢ < vVab, 2¢ > 3b and A >> a,b,c, M are satisfied:

d -

GF D) <K (19 llrncrrey + EIV il )J4C [ | Pt dado
X

for some constants K, C' > 0. Since the L?(u~'/?) norm is decreasing over ¢ € [0, 1]

we deduce that

vie[0,1],  F(t, fi) < F(O, fo) + Cll foll p2(-1/2) < F(O, fo)

which yields the first part of (1) by simple iteration of this gain. The rest of the
proof of similar to that of Lemma O

The proof of the growth estimate on T,(¢) and the completion of the proof of
Theorem [4.1] are then done as in Corollary [3.13] and Theorem [3.1}

APPENDIX A. QUANTITATIVE COMPACTNESS ESTIMATES ON THE RESOLVENT

In this appendix we amplify the ideas of this article in order to give quantitative
estimates of compactness on the resolvent of the kinetic Fokker-Planck considered.
More precisely: One way to understand the compactness of resolvent is to split it
into a local gain of regularity and a gain of decay at infinity, and we focus here on
the gain of decay at infinity. The gain of regularity can then be recovered by local
hypoelliptic estimates along the theory of Hormander. Note that another route for
deriving estimates on the gain of decay at infinity is to use the global hypoellipticity
estimates as in [11] and [20] Section A.21] with Gaussian weight and deduce the gain
of decay at infinity by applying some forms of “strenghtened” Poincaré inequality;
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however the fractional derivatives involved would likely create technical difficulties,
whereas our estimates based on weight multiplicators is elementary. Our estimates
also do not require regularity on the solution.

Let us first say a word on the case of the periodic confinement. In this case it is
enough to use the strenghtened Poincaré inequality in velocity only:

d1
——/ fzu_ldxdvg—/ Vo i pdxdo
dt 2 Jpayga Td xRd p

<ok [ parpPwtec [ pPatded
TdxRe Td x R4

for some constants C, K > 0, and therefore we deduce

—(Lf, [ r2gu-1y > K/ A+ Pp tdede — c/ fPutdedo
Td x R4

Tdx R4

and finally
Lo PO R dadv S1ET gy + 1o
X

which gives the gain of decay at infinity on the resolvent. Combined with hypoco-
ercivity estimates that provide bounds || f[|z2(,-1) S II£f = €llp2(,-1) for certain

¢ € C, this allows to control [ f2(1+ |v|?)p™"
Let us now turn to the more interesting case of the potential confinement. We
now differentiate the following norm

/ Pwup tdedv, W(z,v):= [a|3:|5/3 +b|v|? + 2¢|z|P/ 5z - v) |,
R4 xR

for some appropriate choice of a,b,c > 0 so that ¢ < v/ab. Then

d1 2(,.18/3,,—1
—= dxd
< —/ Vo <i> |x|ﬁ/3udxdv+Co/ a7 o|p~t dae do
Td xRe H Td xRd
d1

- 21,,12 71(1 d
dt2/ﬂ-dedf|v|'u T

g—/ & <£> |v|2udxdv+C’o/ A+ vP)ptdedo
Td xRe H

TdxRe

d1

Ei/w y £z (o) da do
X

< _/ f2|w|26/3udxdv+00/ f? (1+|x|_6/3|v|2) p~tdz do
Td xR4 Td xRd

w0 Lo ()

|| %/%|v|p da: do
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for some constant Cp > 0, which implies by using Young’s inequality and adjusting
the constants a, b, ¢ > 0 that

d
— PWptdedo = / (LA fWp~t dedo
dt Jpaypra Rd x R4
<-K f2W2,u71d3:dv—|—C/ fPutdado
R4 xR Rd xRd

for some constants C, K > 0, and finally

Lo WA A du S LA + 1oy
X

which is again a quantitative estimate of gain of decay at infinity for the resolvent.
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