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Gradient discretization of Hybrid Dimensional Darcy
Flows in Fractured Porous Media

K. Brenner* M. Groza! C. Guichard! G. Lebeau? R. Masson?
December 21, 2014

Abstract

This article deals with the discretization of hybrid dimensional Darcy flows in fractured
porous media. These models couple the flow in the fractures represented as surfaces of
codimension one with the flow in the surrounding matrix. The convergence analysis is
carried out in the framework of Gradient schemes which accounts for a large family of
conforming and nonconforming discretizations. The Vertex Approximate Gradient (VAG)
scheme and the Hybrid Finite Volume (HFV) scheme are extended to such models and
are shown to verify the Gradient scheme framework. Our theoretical results are confirmed
by numerical experiments performed on tetrahedral, Cartesian and hexahedral meshes in
heterogeneous isotropic and anisotropic porous media.

1 Introduction

This article deals with the discretization of Darcy flows in fractured porous media for which
the fractures are modelized as interfaces of codimension one. In this framework, the d — 1
dimensional flow in the fractures is coupled with the d dimensional flow in the matrix leading
to the so called hybrid dimensional Darcy flow model. We focus on the particular case where the
pressure is continuous at the interfaces between the fractures and the matrix domain. This type
of Darcy flow model introduced in [2] corresponds physically to pervious fractures for which
the ratio of the transversal permeability of the fracture to the width of the fracture is large
compared with the ratio of the permeability of the matrix to the size of the domain. Note that
it does not cover the case of fractures acting as barriers for which the pressure is discontinuous
at the matrix fracture interfaces (see [14], [18], [3] for discontinuous pressure models). It is

*Laboratoire de Mathématiques J.A. Dieudonné, UMR 7351 CNRS, University Nice Sophia Antipolis,
and team COFFEE, INRIA Sophia Antipolis Méditerranée, Parc Valrose 06108 Nice Cedex 02, France, kon-
stantin.brenner@unice.fr

TLaboratoire de Mathématiques J.A. Dieudonné, UMR 7351 CNRS, University Nice Sophia Antipolis,
and team COFFEE, INRIA Sophia Antipolis Méditerranée, Parc Valrose 06108 Nice Cedex 02, France,
mayya.grozaQunice.fr

fSorbonne Universités, UPMC Univ Paris 06, UMR 7598, CNRS, Laboratoire Jacques-Louis Li-
ons, F-75005, Paris, and INRIA, ANGE project-team, Rocquencourt - B.P. 105, F78153 Le Chesnay
cedex, and CEREMA, ANGE project-team, 134 rue de Beauvais, F-60280 Margny-Les-Compiegne, France,
cindy.guichard@ann.jussieu.fr

$Laboratoire de Mathématiques J.A. Dieudonné, UMR 7351 CNRS, University Nice Sophia Antipolis, Parc
Valrose 06108 Nice Cedex 02, France, gilles.lebeau@unice.fr

TLaboratoire de Mathématiques J.A. Dieudonné, UMR 7351 CNRS, University Nice Sophia Antipolis,
and team COFFEE, INRIA Sophia Antipolis Méditerranée, Parc Valrose 06108 Nice Cedex 02, France,
roland.masson@unice.fr



also assumed in our model that the pressure is continuous at the fracture intersections. It
corresponds to a high ratio assumption between the permeability at the fracture intersections
and the width of the fracture compared with the ratio between the tangential permeability of
each fracture and its length. We refer to [17] for a more general reduced model taking into
account discontinuous pressures at fracture intersections in dimension d = 2.

The discretization of the hybrid dimensional Darcy flow model with continuous pressures
has been the object of several works. In [16] a cell-centred Finite Volume scheme using a Two
Point Flux Approximation (TPFA) is proposed assuming the orthogonality of the mesh and
isotropic permeability fields. Cell-centred Finite Volume schemes can be extended to general
meshes and anisotropic permeability fields using MultiPoint Flux Approximations (MPFA)
following the ideas introduced in [25], [23], and [1] for discontinuous pressure models. In
2], a Mixed Finite Element (MFE) method is proposed, and Control Volume Finite Element
Methods (CVFE) using nodal unknowns have been introduced for such models in [20], [19]. A
MFE discretization adapted to non-matching fracture and matrix grids is also studied in [7].

The main goal of this paper is to extend the gradient scheme framework to the case of
hybrid dimensional Darcy flow models. This framework has been introduced in [11], [13],
[8] to analyse the convergence of numerical methods for linear and nonlinear second order
diffusion problems. As shown in [13], this framework accounts for various conforming and non
conforming discretizations such as Finite Element methods, Mixed and Mixed Hybrid Finite
Element methods, and some Finite Volume schemes like symmetric MPFA, Vertex Approximate
Gradient (VAG) schemes [11], and Hybrid Finite Volume (HFV) schemes [10].

The extension of the gradient scheme framework to the hybrid dimensional Darcy flow model
is defined by a vector space of degrees of freedom, a discrete gradient reconstruction operator
and q discrete function reconstruction operator in both the matrix and the fracture domains.
The gradient discretization of the hybrid dimensional Darcy flow model is then based on a
primal non conforming variational formulation using the previous operators. In the spirit of
[11],[13] the well posedness and convergence of the gradient scheme is obtained assuming that
the gradient discretization satisfies the so-called coercivity, consistency, and limit conformity
assumptions.

Two examples of gradient discretization are given, namely we extend the VAG and HFV
schemes defined in [11] and [10] to the hybrid dimensional Darcy flow model. In both cases, it
is assumed that the fracture network is conforming to the mesh in the sense that it is defined
as a collection of faces of the mesh. The VAG scheme uses nodal and fracture face unknowns in
addition to the cell unknowns which can be eliminated without any fill-in. It leads to a sparse
discretization on tetrahedral or mainly tetrahedral meshes. It has the advantage, compared
with CVFE approaches to avoid the mixing of the control volumes at the fracture matrix
interfaces, which is a key feature for its application to multiphase Darcy flows (see [5]). It will
be compared to the HF'V discretization using face and fracture edge unknowns in addition to
the cell unknowns which can be as well eliminated without any fill-in.

The proof that both the VAG and HFV schemes satisfy the coercivity, consistency, and limit
conformity assumptions of the gradient scheme framework is based on a key result providing
the density of smooth functions subspaces in both the variational space and in the flux space
of the model. These density results are shown to hold for a general 3D network of possibly
intersecting, immersed or non immersed planar fractures.

The outline of the paper is the following, in Section 2 we introduce the general 3D network of
planar fractures, the function spaces, as well as the primal variational formulation of the hybrid
dimensional Darcy flow model. Section 3 defines the gradient discretization framework stating
the coercivity, consistency, limit conformity, and compactness assumptions. Then, the gradient
scheme is introduced for the hybrid dimensional model and its well posedness and convergence



is shown to hold under the coercivity, consistency, and limit conformity assumptions. Section 4
and 5 extend respectively the VAG and HFV schemes to our model and prove that each of them
satisfies the gradient scheme assumptions. Section 6 proves the density of smooth functions
subspaces in both the variational space and in the flux space which is the key ingredient to
show that the VAG and HFV schemes satisfy the gradient scheme assumptions. Section 7
provides a numerical comparison of the VAG and HFV schemes on 3D analytical solutions
using Cartesian, hexahedral and tetrahedral meshes. Both heterogeneous and anisotropic test
cases are considered.

2 Hybrid dimensional Darcy Flow Model in Fractured
Porous Media

2.1 Discrete Fracture Network and functional setting

Let © denote a bounded domain of R? d = 2,3 assumed to be polyhedral for d = 3 and
polygonal for d = 2. To fix ideas the dimension will be fixed to d = 3 when it needs to be
specified, for instance in the naming of the geometrical objects or for the space discretization
in the next section. The adaptations to the case d = 2 are straightforward.

We consider the asymptotic model introduced in [2] where fractures are represented as
interfaces of codimension 1. Let T' = [J,.; T; and its interior I' =T \ 0T denote the network of
fractures I'; C €2, ¢ € I, such that each I'; is a planar polygonal simply connected open domain
included in an oriented plane P; of R?. It is assumed that the angles of I'; are strictly smaller
than 27 and that T; ﬂfj = () for all : # j. For alli € I, let us set 3; = Iy, &;; = 3, N Y,
j el \ {Z}, Ei,O = Zz N 897 Zi,N = Zz \ (Ujel\{i} Ei,j @) Eiyg), and X = U(i,j)e[xl,i#j Ei,j- It is
assumed that ¥; o = T; N9Q. Let us define the following trace operator vy, : HY(I';) — L*(%;).

rl El.ﬂ
Q] / EEN
z - 2| Tp 2

Figure 1: Example of a 2D domain with 3 intersecting fractures I';,I's, '3 and 2 connected
components 2y, 2.

We will denote by dr(x) the d — 1 dimensional Lebesgue measure on I'.  On the fracture
network I', we define the function space L*(T') = {v = (v;)ies,v; € L*(T;),i € I}, endowed with
the norm [[v[|72py = > ses [vill72p,)- Its subspace H'(T) is defined as the space of functions
v = (v;)ier such that v; € HY(T;), i € I with continuous traces at the fracture intersections
i.e. ys,v; = yx,v; on X;; for all @ # j such that ¥;; has a non zero d — 2 Lebesgue measure.
The space H'(T') is endowed with the norm ||v||§{1(r) =i ||Ui||§{1(ri) and its subspace with
vanishing traces on Xy = [J;c; Xio is denoted by Hy, (T).

Let us also consider the trace operator ~y; from H'(Q) to L*(T';) as well as the trace operator
v from H*(Q) to L*(T) such that (yv); = v;(v) for all i € I.



On €, the gradient operator from H!(Q) to L*(Q)? is denoted by V. On the fracture
network I, the tangential gradient V, acting from H(T") to L?(I")¢"! is defined by

VTU = (vnvi)ieh

where, for each i € I, the tangential gradient V., is defined from H'(I;) to L?(T';)*"! by fixing
a reference Cartesian coordinate system of the plane P; containing I';. We also denote by div,,
the divergence operator from H y; (I';) to L*(T;).

The function spaces arising in the variational formulation of the hybrid dimensional Darcy
flow model are
V = {v € H'(Q) such that yv € H'(T")},

and its subspace
V? = {v € Hj(Q) such that yv € Hy, (I')}.

From Poincaré inequality on Hj(€2) and the continuity of the trace operator v, we deduce the
following inequality.

Proposition 2.1 There exists Cp > 0 such that for allv € V° one has

[l z2@) + [yollz@y < CpllVoll 2.

Thus, the space V? is endowed with the following Hilbertian norm
) ) 1/2
follve = (IVo sy + 1970 ayas)
1/2
and the space V' with the Hilbertian norm ||v|y = <||v||%/0 + [[oll720) + ||’7U||%2(F)> :

The following density result is proved in Section 5.
Proposition 2.2 The spaces C*(Q) and C=(Q) are dense subspaces of respectively V and V°.

Let Q,,a € = denote the connected components of Q \ ', and let us define the space
Hyiy(Q\T) = {dm = (Ama)acz | Uma € Hypy(Qa)}. For all i € I, we can define the two
sides £+ of the fracture I'; and the corresponding unit normal vector nj»t at I'; outward to
the sides . Bach side + corresponds to the subdomain o € = with possibly o = a; .

For all g, € Hyj (Q\ 1), let Aot n|r, denote the two normal traces at the fracture T';
and let us define the jump operator Hy;, (2 \ T') — D'(I;) in the sense of distributions by

[am - ni] = Aot nf[r, + Aoy 1 T
For all i € I, we denote by ny, the unit vector normal to ¥; outward (and tangent) to I';.
Let us define the function space H(Q2,I") by

H(Q.T) ={ dm = (dma)acz, a5 = (Ari)ics | am € Hyiy (Q\T),
api € L2071 divy, (qy) — [am - 1] € L2(Ty),i € T},

It is an Hilbert space endowed with the scalar product

(P ) @ = 3 [ B G Dy liv(t )

o€

37 [(ogs-as+ (dvaop~ om0 (A, (a7~ an D)) (),

icl YT



and the norm
1/2
(s )l = (s Ap); (s 7))o

Let us define the closed Hilbert subspace W(2,T') of H(,T") by

W(LT) = {(dnay) € HO,T)| S / (A V0 + div(m o v)dx

aE=

- 0 0
+ Z /Fi(CIf,i Vo yivi + (dive, (api) — [dm - 0i])yivi)dr(x) = 0V v € VO,

el

corresponding to impose in a weak sense the conditions >, ., qr; - ny, = 0 on ¥\ Xy and
qyr; - Ny, = 0 on Zi,Nai el

The Hilbert subspace of W (€, I') of functions (q.,,qyr) € W(Q,I') such that q,,, = 0 is the
function space

Hgiy s, (D) = {ay € LAD)* [qp; € Hiyo (1)),
Zie] qf,z Ny, = 0 on X \ 207qf,i ‘Dy, = 0 on Zi,Nyi c ]}

Finally let us define a subspace of smooth functions in W(Q,I"). For all @ € Z let us denote
by C¥(€,) the set of functions ¢ such that for all x € €, there exists r > 0 such that for all

connected component w of the domain {x € R?||x| < r} N Q,, one has |, € C®(w)?. We
define the subspace Cip(€2,I') of smooth functions of W (2, T") by

C%(Qa F) :_{qm = (qm,a)oc657 qr = (qf,i)ie] | Am,a S CW(Qa)a
Qf,l' € C“(Fi)d_l, qu’i Ny, = Oon X \ 20, Qf,i Ny, = 0 on Zi’N,i € I} (2>

iel
The proof of the following density result is given in Section 5.
Proposition 2.3 The space Cip (2, 1) is a dense subspace of W(Q,T).
Let us now state two Lemmas that will be useful in the following.

Lemma 2.1 For allv = (v;);e; € L*(T) there exists q € Hgiy (Q\T) such that [q, - n;] = v;
forallv e I.

Proof: let us consider the weak solution v,, € H*(Q\ T) of —Av,, +v,, = 0 on Q\ T with
VU, - nf|p, = v; on [, Vo, - n£|pi =0on I}, for all i € I and Vv,, -n = 0 on 0X. Then,
dm = Vv, belongs to Hy;, (2 \ I') and satisfies [q, - n;] = v; for all i € 1. [

Lemma 2.2 Let gy € L*(I)*" and vy € L*(T') be such that for all g5 € Hgjyy, (T') one has

2 /r (52 g+ g diva(ag) )dr(x) =0

iel
then vy € Hy, (T') and gy = V. vy.

Proof: for all qs; € Hg;,(I';) such that qs; - ng, = 0 on ¥; \ X;, one has

/ (gm‘ "4yt g divy, (%i)) dr(x) =0,
r;

which implies that g¢; = V,,vs; and ys,v5; = 0 on X, 9. Next, let i # j be such that X, ; \ X
is of non zero d — 2 dimensional measure, and let r;; € L*(3;; \ Xo). Let the function pair

5



ayi € Hyiy (), ay; € Hgjy (') be such that qg; - ny, = r;; on X;; \ ¥, qy; - ny, = —7;; on
Ei,j \ 20, q]f’i . l’lgi = 0 on Ez \ (Ei,j \ 20), qf,j . nzi = O, and on Ej \ (Zi,j \ 20) The function

qf,i on Fi7

as =4 9z on Ty,
OonI'\ (I ULY),

belongs to Hgjy 5, (I'), hence one has

> / (Vn?ff,z ~qyy +vpy divy, (Qf,l)>dT (x) =0,
Iy

l=i,j

which implies that
/ rij (Y2, 0p = m,05)dl(x) = 0,
i, \20

and vy, v5; = Ys,vr,; on X \ Xo. It results that vy € Hy (T'). O

2.2 Hybrid dimensional Darcy Flow Model

In the matrix domain Q\ T (resp. in the fracture network I'), let us denote by A,, € L>(Q)>4
(resp. Ay € L*°(T)(@~1x(d=1)) the permeability tensor such that there exist A,, > ), > 0 (resp.

As > Ap > 0) with
Anl€l? < (A (%)E,€) < Apl€)? for all € € RY x € Q,

(resp. Af|€]* < (Ap(x)€,€) < Agl¢]? for all ¢ € R x € T).
We also denote by dy € L>(T') the width of the fractures assumed to be such that there
exist dy > c_lf > () with
dp < dg(x) < dy

for all x € T'. Let us define the weighted Lebesgue d — 1 dimensional measure on I' by
drp(x) = ds(x)dr(x). We consider the source terms h,, € L*(Q) (resp. h; € L*(T)) in
the matrix domain Q\ T’ (resp. in the fracture network I').

The strong formulation of the hybrid dimensional Darcy flow model amounts to find u € V°
and (g, qs) € W(Q,T") such that:

div(qm,a) = hm on Qa, a € E,
Am,a = _Amvu on Qom o€ Ea (3>
div,, (qsi) — [am - n;] = dshy onl;, i€l

qs; = —dy AjVvu onlyiel.

The weak formulation of (3) amounts to find u € V° satisfying the following variational
equality for all v € V©:

/QAm(x)Vu(x) - Vo(x)dx + /FAf(X)VT’}/u<X) - Voyv(x)drs(x) "

_/th(X>U(X)CZX—/l;hf(X)’y'Ub()de(x) = 0.

The following proposition is a direct application of the Lax-Milgram theorem and Proposi-
tion 2.1.



Proposition 2.4 The variational problem (4) has a unique solution u € V° which satisfies the
a priori estimate

Cp
P | 22 dth 5 )
min(ém,afng)(” lz2(@) + lldshllz2r)

In addition (4, = —A,Vu,qr = —dsAfVyu) belongs to W(Q,T).

[ullvo <

3 Gradient discretization of the hybrid dimensional model

In this section we extend the gradient scheme framework introduced in [11], [13] for elliptic and
parabolic problems to our hybrid dimensional Darcy flow model.

3.1 Gradient discretization

A gradient discretization D of (4) is defined by a vector space of degrees of freedom Xp, its
subspace associated with homogeneous Dirichlet boundary conditions X%, and the following
set of linear operators:

e Gradient operator on the matrix domain: Vp,, : Xp — L*(Q)?

e Gradient operator on the fracture network: Vp, : Xp — L*(T)d!

e A function reconstruction operator on the matrix domain: Ilp,, : Xp — L?(£2)
e A function reconstruction operator on the fracture network: Ilp, : Xp — L*(T).

Xp is endowed with the semi-norm [[vp|| = ||V, vp||72(qya + [V, 0pll72(rya1 which is as-
sumed to define a norm on X%. Next, we define the coercivity, consistency, limit conformity and
compactness properties for sequences of gradient discretizations. Note that the compactness
property is useful for the convergence analysis of nonlinear models and hence will not be used for
the convergence analysis of our model. Nevertheless, for the sake of completeness, it is stated in
this section and will be proved to be verified for the VAG and HF'V schemes in the next sections.

Coercivity: Let Cp > 0 be defined by

IIp v + [|[IIp,v
i TIp,, vp || L2(0) + [[Tp, DHL?(F)' )
OvaGX% ||U'D”D

Then, a sequence of gradient discretizations (D');cy is said to be coercive if there exist C§% > 0
such that Cpi < OS5 for all [ € N.

Consistency: For all u € V? and vp € X let us define

Sp(u, UD> = ”VDva — VUHL2(Q)d + ”VDfUD — VTquHLQ(F)dfl (6)
+ |p,, vp — ullL2@) + ([, v — yullL2(r),
and
Sp(u) = inf Sp(u,vp). (7)
UDGX%

Then, a sequence of gradient discretizations (D')cy is said to be consistent if for all u € VO
one has lim;_, ;o Spi(u) = 0.



Limit Conformity: For all (q,,,qy) € W(,T') and vp € XD, let us define

Wo(dm, ay, vp) = Z/ (VDD * Gm,a + (lp,,vp)div(gm,a)) (x)dx
Qa

aEs

+ Z /Fi(VDfUD “qr + HDfUD(diVTi(qfﬂ-) — [[qm . ni]]))(X)dT(X),

el
and

Wo(Qm, qyf, v
Wo(amqs) = sup 2(dm s vn)| (9)
0vpEX lvpllp

Then, a sequence of gradient discretizations (D');ey is said to be limit conforming if for all
(Am,qy) € W(Q,T) one has limy_, ;oo Wpi(Qm, qy) = 0.

Compactness: A sequence of gradient discretizations (D!),cy is said to be compact if for all

sequences vp € X7, | € N such that there exists C' > 0 with ||[vpi||pt < C for all [ € N, then

there exist u,, € L*(Q2) and u; € L*(T) such that one has up to a subsequence
lkinoo ||HD!,,LUDZ — umHLZ(Q) = 0 and IEEIOO ‘|HD3¢UDZ — uf||L2(F) = O

The following proposition states a property of limit conforming and coercive sequences of
gradient discretizations.

Proposition 3.1 Regularity at the limit. Let (D'),cy be a family of discretizations assumed
to be limit conforming and coercive. Let vp € X%l forl € N be a bounded sequence in the sense
that there exists Cy such that ||vpi|pt < Cy for all I € N. Then, there ezist v € V° and a
subsequence still denoted by (vpi)en such that

Ip vpr — v weakly in L3(9),
Vo vpr = Vo weakly in L*(Q)4,
HD}sz — ~yv weakly in L*(T),
Vop,vpt = Vyyv weakly in L*(T)* 1.
Proof: From the boundedness of the sequence ||vpi||pr, I € N and the coercivity assumption,

there exist v,, € L2(2), vy € L*(T), g € L*(2)%, and gy € L*(T')** such that I vp weakly
converges to vy, in L*(Q), Hsz vpr weakly converge to vy in L*(I'), Vi vpr weakly converges

to g, in L?(Q)%, and Vi vps weakly converges to g in L?(I')%. We will show below that

Uy, € V and that vy = yv.
Step 1: Let q,, € H;,(©2) and choose (qy,,0) € W(£2,T') in (9). From the limit conformity
assumption and the boundedness of the sequence ||vpi||pi, we have that

/ (gm " T U le(qm)>dX =0,
Q
which proves that g, = Vv and that v, € Hj().

Step 2: Let qy € Hgjyy (I') and choose (0,qy) € W(Q,I') in (9). Then, using the limit-
conformity of the sequence of discretizations (D');en, and the boundedness of the sequence
|vpt||pt, we get that

Z / <gf,¢ “Qfi T Vg diVn(Qf,z')>dT (x) =0.
Ly

iel

8



According to Lemma 2.2, it proves that gy = V. vy and vy € Hy, (T').

Step 3: from Lemma 2.1, let » € L*(T) and qn, € Hy; (2 \ I') such that [q, - n;] = 7,
i € I and choose (q,,0) € W(,T') in (9). From the limit conformity assumption and the
boundedness of the sequence ||vpi|p we have that

0= Z/ (va “Qm,a + Um div(qm@))dx + Z/ i vpidT(X)
Qo el YTi

aE=

- /Fr(vf—wm)dT(X),

which proves that vy = yv,. U

The following Lemma will be used in the next sections to prove the coercivity, consistency,
limit conformity and compactness of sequences of families of gradient discretizations.

Lemma 3.1 Let
Dl — (X%l,]:['pin,]:[fplf, VD%L, lef>, l 6 N

be a sequence gradient discretizations, and let for all | € N, ﬁml,ﬁpé be a couple of linear
mappings from Xp to L*(2) and L*(T) respectively such that there exists a real sequence

£Dz> satisfying lim; o o = 0 and
IEN

Mpy, vpr = Tpy vpi[ 220 + [Hpyvpr — T vpi || 2ry < Eptl|vpt o

for all vpr € X%, and all I € N. Let us define the following new sequence of gradient discretiza-

tions _ _ _
D = (Xgl,H%,HD?v%,lef), l€N.

Then, each property (coercivity or consistency or limit conformity or compactness) for the
sequence D', 1 € N is equivalent to the same property for the sequence D',l € N.

Proof: By symmetry it suffices to show that each property for the sequence D',1 € N implies
the same property for the sequence D', € N. Let us drop the [ index for the sake of convenience.
Assuming the coercivity of D',1 € N, the coercivity property of the sequence D!, | € N derives
from ||vp||p = ||vp||5 for all vp € XP and from the estimate

HﬁDvaHm(Q) + HﬁDfUDHm(r) < <CD + §D> |vp|lp-
Let uw € VY, for all vp € X2 one has the estimates
lvpllp < IVullr2@ye + Vol p2rya-1 + Sp(u, vp),

and
Sz(u,vp) < &pllvpllp + Sp(u, vp).

We deduce that Sz(u,vp) < {p([|Vul| 2@y + [[Veyul p2rye-1) + (14 §p)Sp(u, vp) and hence
the consistency of the sequence D', | € N derives from the consistency of the sequence D', € N.
For all (qm,qy) € W(Q,T) and all vp € X2, one has the estimate

Wﬁ(qmaqfva) S WD(qmaqfavD) + S'DH(qmaqf)HWH’UDH'D7



from which we deduce that the limit conformity of the sequence ﬁl, [ € N derives from the
limit conformity of the sequence D',[ € N.
Finally, using the following estimates

HﬁDmUD — UmHL2(Q) < |lp,,vp — Um||L2(Q) + &pllvp||p,

ITlp,vp — uglr2ry < |Tp,vp — upllr2qr) + Epllvnl|o,

it is clear that the compactness of the sequence of gradient discretizations D!, 1 € N implies the
compactness of the sequence of gradient discretizations D', [ € N.
O

3.2 Application to the hybrid dimensional model

The gradient discretization of the hybrid dimensional model (3) is based on the primal varia-
tional formulation (4). It is defined by: Find u € X% such that for all vp € X

/QAm(X)VDmuD(X) . va’UD(X)dX —|—/I‘Af(X)VDfUD<X) . VDfUD(X)de(X) (10>
- / B (%) p,, vp(x)dx — / hy(x)p,vp(x)drs(x) = 0.
Q r

Proposition 3.2 Let D be a gradient discretization of (4). Then (10) has a unique solution
up € X9 satisfying the a priori estimate
Cp

lup|lp < (IIhm||L2(Q) + ||dfhf||L2(F)>'

Proof: the proposition readily derives from the assumption that ||.||p defines a norm on X2,
the definition (5) of Cp and from Cauchy Schwarz inequality. [

Proposition 3.3 Error estimates. Letu € V° be the solution of (4) and let us set (qm,qy) =
(=AnVu, —=dsA;Voyu) € W(QLT). Let D be a gradient discretization of (4), and let up € X3,
be the solution of (10). Then, there exist Cy,Cy depending only on A\p, A, Ap, As, dy, dy,

and Cs, Cy depending only on Cp, A, M,,, Xf, A c_lf, d; such that one has the following error
estimates:

|Vu — Vp, up| 12yt + [|[Vryu — VDfUDHm(r)cH
< OlSD(u) + OQWD(QTm qf)>

|Tp,, up — ullr2() + [[Tp,up — yullz2r) < CsSp(u) + CsWp(Qm, qy)-

Proof: Using the definition of Wp and the definition of the solution up of (10), we obtain that
for all vp € X2

| / <Avam'UD : (VU — VDmeD)>dX—|—
Q

/(AfVDfUD (Veyu — VDfUD)>de(X)| < |lvp|lpWo(Qm, qy)-
I

10



Let us introduce wp € X% defined as
wp = argmin,, ¢ xo Sp(u, vp),

and let us set in the previous estimate vp = wp —up. Applying the Cauchy Schwarz inequality,
we obtain the first estimate. In addition, from the definition of C'p, we have that

[1Ip,,wp — p, upl|z2) + [[TIp,wp — Up up| 2y < Cpllwp — up||p,

which proves the second estimate using the definition of wp. [

4 Two examples of Gradient Discretizations

Following [11], we consider generalised polyhedral meshes of €.

Definition 4.1 (Polyhedral mesh) Let M be the set of cells that are disjoint open polyhedral
subsets of Q0 such that | J ey K =Q. For all K € M, xg denotes the so-called “centre” of the
cell K under the assumption that K s star-shaped with respect to xx. We then denote by Fi
the set of interfaces of non zero d — 1 dimensional measure among the interior faces K N L,
L € M, and the boundary interface K N 0, which possibly splits in several boundary faces.
Let us denote by
F=J Fx
Kem

the set of all faces of the mesh. Remark that the faces are not assumed to be planar, hence the
term “generalised polyhedral mesh”. For o € F, let &, be the set of interfaces of non zero d — 2
dimensional measure among the interfaces @ Na’, o' € F. Then, we denote by

e=J&

oEF

the set of all edges of the mesh. Let V, = Ue’e,egme#e, (e N e’) be the set of vertices of o. For
each K € M we define Vi = Uae]—'K Vs, and we also denote by

V=[] Wk

KeM
the set of all vertices of the mesh. It is then assumed that for each face o € F, there exists a so-
called “centre” of the face x, € o\ Uee&, e such that x, = ZSGVU Bos Xs, with Zsev,, Bos =1,
and B,s > 0 for all s € V,; moreover the face o is assumed to be defined by the union of the
triangles Ty, . defined by the face centre x, and each edge e € &,.
The mesh is also supposed to be conforming w.r.t. the fracture network I' in the sense that
for each v € I there exists a subset Fr, of F such that T, = Ugeﬁi o. We will denote by Fr the

set of fracture faces | J,c; Fr, -
A tetrahedral sub-mesh of M is defined by
T = {TK,U,eae € 50’0' € ]:KvK € M}:

where Tk . is the tetrahedron joining the cell centre x to the triangle 7, . (see Figure 2 for
examples of such tetrahedra).

Let pr denote the insphere diameter of a given tetrahedron T, hp its diameter, and hy =
maxrer hy. We will assume in the convergence analysis that the family of tetrahedral sub-
meshes T is shape regular. Hence let us set

hr
67 = max —.
TeT PT

11



4.1 Vertex Approximate Gradient Discretization

The VAG discretization has been introduced in [11] for diffusive problems on heterogeneous
anisotropic media. Its extension to the hybrid dimensional Darcy model is based on the follow-
ing vector space of degrees of freedom:

Xp = {vk,v5,0, ER K € M,;s €V, 0 € Fr}, (11)
and its subspace with homogeneous Dirichlet boundary conditions on 0€2:
X2 ={ve Xp|vg=0fors € V.}. (12)

where V.,; = V N 0N denotes the set of boundary vertices, and V,; = V \ 92 denotes the set
of interior vertices.

Figure 2: Degrees of freedom of the VAG scheme: cell unknowns vy, vy, fracture face unknown
Uy, and node unknowns vg, vs,, Vs, , Us,, Us,. LThe fracture faces of Fp are in bold. The value of
vy 18 obtained by interpolation of the node unknowns v, , vs,, vs,, s, of the face o’ € F \ Fr
while v, is kept as an unknown for o € Fr.

A finite element discretization of V' is built using the tetrahedral sub-mesh 7 of M and
a second order interpolation at the face centres x,, o € F \ Fr defined by the operator I, :

Xp — R such that
]O'(U) = Z Ba,svs-
SGVU

For a given v € Xp, we define the function Il;v € V as the continuous piecewise affine
function on each tetrahedron of 7 such that Il7v(xk) = vk, ru(s) = vs, ll7v(x,) = v,, and
Hrv(xy) = I (v) for all K € M, s €V, 0 € Fr, and ¢’ € F \ Fr. We define the conforming
approximation of the space V' by

V= {HTU,U S XD} cV
and its subspace with homogeneous Dirichlet boundary conditions on 0€2:
V2= {llrv,v € Xp} = VN V",

Discrete gradient operators are obtained from this finite element discretization of V', defin-
ing, for the matrix domain, the operator

Vop,, : Xp — L*(Q)? such that Vp, v = VI, (13)

12



and, for the fracture network, the operator
Vp,: Xp — L*(I")%" such that Vp,v =V Ayllrv. (14)

In addition to this conforming finite element discretization of V', the VAG discretization uses
two non conforming piecewise constant reconstructions of functions from Xp into respectively
L*(Q) and L*(T") based on a partition of the cells and of the fracture faces. These partitions
are respectively denoted, for all K € M, by

and, for all o € Fr, by

SEVeNVint

Then, the function reconstruction operators are defined by

vk forall x € wg, K € M,
lp, v(x) =14 vs forall x €wgs, s € Vg NV, K € M, (15)
v, forall x € wg,, 0 € FxNFr, K €M,

and

prv(x) _ { v, forall x € ¥, o€ Fr, (16)

vs forallx e X,q, s€V, NV, 0 € Fp.

It will be shown below that the above VAG discretization defines a coercive, consistent,
limit conforming and compact gradient discretization whatever the choice of these partitions.

Properties of VAG discretization: we state without proof two results that can be readily
adapted from [4] noticing that the shape regularity of 7 implies the shape regularity of the
triangular submesh of I" defined by 7 NT.

Lemma 4.1 There exists C > 0 depending only on 0 such that, for all u € Xp, one has the

estimate
{ Ip,, u — Il7ul[120) < Chr||Vop,, vpllr2(0)e,
Tp,u — yl7ullLzry < Chy|[Vp,vplL2(rya-1.

For any continuous function ¢ € C°(Q), let us introduce the operator Pp : C°(Q2) — Xp
such that

(Ppp)k = ¢(xk), (Ppe)s = p(Xs), (Ppp)s = ©(Xs)
forall K e M, s €V and o € Fr.

We have the following classical finite element approximation result for the finite element
interpolation operator I1Pp.

Proposition 4.1 For all ¢ € C>®(Q), then there exists Cy, > 0 depending only on ¢, 01 such
that one has the error estimate

e — Iy Ppolr2@) + lve — Y7 Ppel 2y < hC,,

and
Vo — VIIr Pool| 2 + [[Vye — VoAllr Pogl| 2rya1 < hyCy.

Let us now state our main result concerning the VAG discretization.
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Proposition 4.2 (Main result on VAG) Let us consider a family of meshes M!, | € N as
defined above. It is assumed that the family of tetrahedral submeshes of M is shape regular in
the sense that there exists 6 > 0 such that 0 < 0 for all | € N. It is also assumed that hy
tends to zero when | — 4+00. Then, the sequence of VAG discretizations

Dl — (X%UH’D%;H’D;;V’D%“V’D;)) l G N

defined by (12), (15), (16), (13), (14) is coercive, consistent, limit conforming and compact.

Proof: Let us denote by
D. = (X%’ HT? 7H7~7 va = VHT, VDf = VT’VHT)v
the conforming VAG discretization. It results from Lemma 2.1 that

IT7vp r2(Q) + IVIlrvp || L2y < Cpl|Vp,,vp| L2(0) (17)

for all vp € X2. On the other hand for all (q,,,qr) € W(Q,T) and all vp € X one has

WDc(qqufaUD) = 0. (18)

We deduce from (17) and (18) that the sequence of conforming gradient discretizations D!,
I € N is coercice and limit conforming. The consistency of D!, | € N results from Proposition
4.1 and from the density of C°(2) in V° given by Proposition 2.2. The following estimates

TTrvp ||l g < Cil|VIIrvp| 24,

and
[villrop || m ;) < C'z(HVHTUD“LZ(Q)d + ||V77HTUD||L2(F)d*1>

for constants C; and (5 independent on the mesh are deduced from the Poincaré inequality
and the Trace theorem. Then, thanks to Kolmogorov Compactness Theorem, one obtains the
compactness of D, | € N. From Lemma 3.1 and Lemma 4.1 we deduce that the sequence D!,
I € N is also coercive, consistent, limit conforming and compact.[]

4.2 Hybrid Finite Volume Discretization

In this subsection, the HFV scheme introduced in [10] is extended to the hybrid dimensional
Darcy flow model. Let us recall that the HFV scheme of [10] has been generalized in [9] as
the family of Hybrid Mimetic Mixed methods which is shown to match exactly with the family
of Mimetic Finite Difference schemes [6]. In the following, we focus on the particular case
presented in [10] for the sake of simplicity.

The faces 0 € F are assumed to be planar and x, is assumed to be the centre of gravity of
the face . We also denote by x. the centre of the edge e € €. Let Fipy C F (resp. Epp C E)
denote the subset of interior faces (resp. interior edges). Let & C & denote the subset of edges
of I'. The vector space of degrees of freedom Xp is defined by

Xp ={ug € Ru, € Riu, € R for all K € M,o € F,e € &}, (19)
and its subspace X9 is defined by

X2 ={up € Xp|uy, =0,u, =0 for all 0 € F\ Fiy and e € Er \ Eint}- (20)
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For any continuous function ¢ € C°(Q), let us define its projection Ppy onto Xp such that
(Ppo)k = ¢(XK), (Ppp)s = ¢(X4), (Ppp)e = p(x¢) for K € M,o € F,e € &r.

Figure 3: Degrees of freedom of the HF'V scheme: cell unknowns ug, uy, fracture face unknown
u,, matrix face unknown wu,, and fracture edge unknown w,.

For each cell K and up € Xp, let us define

1
I > fol(ue — u)ng,,

oceFK

Viup =

where |K| is the volume of the cell K, |o| is the surface of the face o, and ng, is the unit
normal vector of the face o € Fi outward to the cell K. We recall from [10] that V gup is exact
on affine functions ¢ in the sense that Vg Ppy = V. Also note that Vup does not depend
on ug since Y |ong, = 0. Hence a stabilised discrete gradient is defined as follows:

Vkoup = Viup + Ry o (up)g o, 0 € Fk,

with
Vd

RK,U(UD) = dr

(ug —ug — Viup - (X — XK)>,

with di » = Dk, - (X, — Xk ) which leads to the definition of the matrix discrete gradient

)

Vop, up(x) = Vi ,up on K, for all K € M, o € Fg, (21)

where K, is the cone joining the face o to the cell center xx.
The fracture discrete gradient is defined similarly by

Vp,up(x) = Vs up on o, for all o € Fr,e € &, (22)
with
vcr,euD - VO'UD + Ra,e(“D)no,ea

and .
VUUD - W Z |6|(ue - ua)na,67
o eEc‘:a
d—1
dcr,e
where n, . is the unit normal vector to the edge e in the tangent plane of the face o and outward
to the face 0, d,e = 05, - (Xc — X,), and o, is the triangle of base e and vertex x,.

R, (up) = <ue — Uy — Voup + (Xe — Xg)),

15



The matrix and fracture discrete gradients are both consistent in the sense that for any
affine function ¢ € C°(Q) one has Vp,, Prp = Vi, and for any function ¢ € C°(Q2) affine on
the fracture I'; one has Vp, Ppp = V0 on I';. We recall also from [10] that for all up € Xp
one has

> JoldkoRiq(up)ng, =0 and Y leldyeRoe(up)ng, = 0. (23)

ocEFK ecls

The function reconstruction operators are piecewise constant on a partition of the cells and
of the fracture faces. These partitions are respectively denoted, for all K € M, by

?:w,{u< U wK,U),

cE€EF K NFint
and, for all o € Fr, by
e€EsNEint
Then, the function reconstruction operators are defined for all vp € Xp by

vg forallx € wg, K € M,

Ho, vo(x) = { vy forall x € wg,, 0 € FgNFipy, K €M, (24
and
| v, forallxeX,, oc Fp,
HvaD(X) N { Ve fOI' all x < Eo’,ey ec go’ N g’inta (S ‘FF' <25>

As for the VAG scheme, it will be shown below that the above HFV discretization defines a
coercive, consistent, limit conforming and compact gradient discretization whatever the choice
of these partitions.

Next we define two piecewise constant mappings which naturally arise in the analysis of

HFV methods.

Definition 4.2 (Piecewise constant projector) Il is the piecewise constant function on
Q such that T ypup|g = v for all K € M, vp € Xp, and Ix is the piecewise function on T’
such that Mlzvp|, = v, for all o € Fr, vp € Xp, .

Following [10], one can deduce the following Lemma.

Lemma 4.2 There exists C' > 0 depending only on 0+ such that for all up € Xp one has
[Ip,, up — Uapuplr2) + [[Up,up — rupl[r2) < Chylluplp.

Properties of HF'V discretizations: Let us first consider the HF'V dicretization D defined by
the vector space X2, the discrete gradient operators Vp,,, Vp ;> and the function reconstruction
operators Il v, IIx given by (20) - (22) and Definition 4.2:

D = (X3, 1y, Iz, Vp,,, Vo, ).

From Lemma 5.3 and Lemma 4.1 of [10] and Lemma 1.51 of [8], one has the following discrete
Poincaré estimates

TTymupl2) < Coml| Vo, un| r2),

26
”H}'UDHL2(F) S Cp,f<HVDmuDHL2(Q)d + HVDquHLQ(F)d—l), ( )
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for all up € X% with Cp,, and Cp ; depending only on 67.

It follows from Lemma 4.3 of [10] that for all p € C*°(Q) there exists C' > 0 depending only
on #7 and ¢ such that

VD, Poe — Vole) + Vo, Ppp — Vol 2@y < Chy (27)
For all p € C>(Q), there exists C, > 0, depending only on ¢, such that
I(Pp@)ic = ol < Codiam(K)[ K2, [(Pog)s — @lli2e) < Codiam(o)lo|2,  (28)
for all K € M and all o € Fr. It results that
ITaPpe — @l 2y + TPy — ¢l 2y < Co(|Q7 + [T[2)hr, (29)

for all p € C=(Q).

Proposition 4.3 Let (p,,,¢;) € Cp(Q, 1), there exist C' depending only on (p,,,®;) and O
such that
Wo (e, @), vp) < Chrllup|lp,

for all up € X3.

1
Proof: Let us define ¢ = ﬁfK Pmodx for all K € M,, and @i, = lim ﬂ/soma(x -
) ’ 0— o k)

e—0t

Ny .€)dr(x) for all 0 € F.

Let us define
AP = AD 4 AT = Z/ Vp, U @, adr,

a€EZs
with

AT =0 ) lol(us — ur)ek - o,

KeMoeFg

AP :Z Z Z RK,U(uD)nKJ-/ Prn.adX.

a€E KeEMy 0€FK Ko

and

Using (23), one has

A1D2 - Z Z Z RKvU(uD)nKﬂ ) /}; (Som,a - SOK)dX'

aczZ KEMy o€EFK o

We can deduce as in [10] that there exists C' depending only on ¢,,, 7 such that
A1D2 § ChT”VDmuDHLQ(Q)d. (30)

Let us consider the term AT defined by

A=Y [ (uo)div(pJix = 3 Iolupr, - nice

acE KeMoeFk
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Adding and subtracting Z Z |0|usPk o Dk, t0 AD and using that Z oYk, NEre =0
KeM ocFy KeM,
for all o € F \ Fr, leads to

Z Z ‘O-’ ‘PKU N+ Z Z ’U|UU§0KU' Ko

KeMoeFg ceFr KeEM,

It results that

AP 4 AD — Z/ (ILrup)[ep,, - mi]dr(x)
el 31
- Z Z lo|(ux — uo)(‘PK,a — PK) Nk, (31

KeMoeFk

Therefore, applying Cauchy-Schwartz inequality to (31), using the regularity of ¢,,, and the
estimate (30), we deduce that there exists C' depending only on ¢,,, 67 such that

Z/ (Vo up - @, 0 + TIyup)div(e,, o)) dx—
ae= (32)

Z/ rup) e, - nildr(x)| < Chr||Vp, upl| L2

el

1 1
Next, we define ¢, = o] / psdr(x) and ¢, . = lim Tel /apf(x—nmee)dl(x) for all 0 € Fr

e—0t |€
and e € &,.
Let us set
BlD—B +312— / foup gofsz( )
el
with
Bh =D > lel(ue — o), - nse.
oEFr €€y
and
Bg = Z ZRa,e(uD)na,e / QOde(X)
oEFT e€€y Oe

Using (23), one has

BE =5 % Ry (up)n, - / (o) — po)dr(x).

oEJFT €€y Oe

We can deduce as in [10] that there exists C' depending only on ¢, 6 such that
BE S ChTHVDfUD”L?(F)d*l- (33)

Let us consider the term B? defined by:

B?P = Z/ Mrup)div(e;,)dr(x Z Z| U Py e - Do e

i€l oEFr e€ly
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Adding and subtracting Z Z ety - Mo e to BY we obtain that

oeFr ec&,
B2 - | | Sooe n06+ | |U6Q006‘ U,e
oEFr €€y oEFr €€y

Taking into account the definition of ¢, and the fact that u. = 0 for all e € & \ Eint we

conclude that:
Z Z le|uep, . - Moo = 0.

oc€Fr e€ls

BB+BD Z Z| | cloae SOU)'n@e?

oEFT e€€y

It results that

from which we can deduce as in [10] and using (33) that there exists C' depending only on ¢
and 67 such that

< Chr||[Vp,up| z2(rya- (34)

Z/ Vp,up - ps; + (Hfup)dlv(cpf,))dr( )

el

Combining the estimates (32) and (34) concludes the proof of the Proposition [J

Proposition 4.4 (Main result on HFV) Let us consider a family of meshes M!, | € N as
defined above. It is assumed that the family of tetrahedral submeshes of M' is shape regular
in the sense that there exist two positive constant 6 such that O < 6 for all | € N. It is also
assumed that ho tends to zero when | — +o0o. Then, the sequence of HFV discretizations D' =
(XD,,HD%,HD;,VD%,VDQ, [ € N defined by (20), (24), (25), (21), (22) is coercive, consistent,
limit conforming and compact.

Proof: The coercivity of the sequence of HFV discretizations
Dl — (X,ODZ,HMZ,H]:Z,V’D%,VD;>, [ eN,

results from (26). Its consistency is obtained using (27), (29) and the density of C°(Q) in V'
given by Proposition 2.2. Its limit conformity is obtained by Proposition 4.3 and the density of
Cxr(Q,T') in W(Q,T') given by Proposition 2.3. Its compactness results from Lemma 5.6 of [10]
and Lemma 1.57 of [8]. Then, the coercivity, consistency, limit conformity and compactness of
the sequence of HF'V discretizations D! , | € N results from Lemma 3.1 and Lemma 4.2. [

4.3 Finite Volume Formulation of the VAG and HFV schemes

Both the VAG and HFV schemes can be formulated as finite volume schemes. Moreover,
the definition of the fluxes and of the conservation equations for both schemes can be unified
using the following notations. Let dofp denote the set of degrees of freedom (d.o.f.) namely
dofp = MUYV U Fr for the VAG scheme and dofp = M U F U & for the HFV scheme. The
subset of d.o.f. located at the boundary of €2 where Dirichlet boundary conditions are imposed is
denoted by dofp;, such that dofp;. = Vey for the VAG scheme and dofpi = (F\Fint)I(Er\Eine)
for the HF'V scheme. For each cell K € M let us also define the subset dofsx of d.o.f. located
at the boundary of K with dofsx = Vi U (Fx N Fr) for the VAG scheme and dofsx = Fx for
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the HF'V scheme. Similarly, we define for each fracture face o € Fr the subset dofs, of d.o.f.
located at the boundary of ¢ with dofs, = V, for the VAG scheme and dofy, = &, for the HFV
scheme. Finally, the vector space Xp is identified to R%/? and its subspace X9 to Ré/p\dfoir
and we denote by (e,,v € dofp) the canonical basis of Xp.

Using these notations, for all up € Xp, we can define for both schemes the fluxes connecting
a cell K € M to its boundary d.o.f. v € dofgx by

FK,V(UD) = —/ Avam’LLD . vaede = Z TIV(:,/(UK - ’LLV’)>
K

v'edofax

with the transmissibilities
Ty, = / A Vo, e - Vp, e,dx,
K

defining the symmetric positive definite matrix Tx = (T[V(:y)l/,l/’edofaKXdofaK- Similarly, for all
up € Xp, we can define the fluxes connecting a fracture face o € Fr to its boundary d.o.f.
v € dofys by

FUJ,(UJD) = _/devaqu . VDfGVdT(X) == Z T:,/V(UK — ul,/),
g

v'edofas

with the transmissibilities

Tf;; = /defVDfe,/ - Vp,e,dr(x),
g
defining the symmetric positive definite matrix T, = (T;’:V),,,l,/edo Fouxdofon -
The variational formulation (10) is equivalent to the following finite volume formulation:
Find up € Xp such that

;

> Fru(up) / B (x)dx, for all K € M,
vEdofyx
Z Fa,l/ uD + Z _FK,U(UD)
vedofy, KeMs
= Z / hm(x)dx+/ hy(x)drs(x), for all o € Fr,
KEMJ wK’U EU (35)
S Felum)t Y Ealum)= Y /
KeM, oeFr,y KeM,
+ Z / h¢(x)d7s(x), for all v € dofp \ (M U FrUdofpir),
o€Fr,,
u, = 0, for all v € dofp;,,

\

with M, = {K € M|v € dofskx} and Fr, = {0 € Fr|v € dofs,}. Following [5], when
applying the VAG or HFV discretization to two phase Darcy flow models or to the coupling
of the Darcy flow equation with a tracer equation, the choice of the cells and fracture faces
partitioning defining the control volumes is done in order to avoid the mixture of heterogeneous
properties inside each control volume. In particular, at the matrix fracture interfaces, one

simply need to set wg, = ) for all v € T'. Note also that, in practice for such models, one does
IWK . dx

not need to build the partitions but only to choose the volume distribution ratios ak , = R’

dre(x
Ma ve dofao'\dofDir-

lo|

Ve dOfaK \ dOfDira and Ugy =
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5 Density results for pressure and flux spaces

This section proves the density results stated in propositions 2.2 and 2.3.

Proof of Proposition 2.2: Let us first prove that ~ is surjective from V to H*(T') i.e. for all
u € HY(T') there exists U € V such that yU = u. We focus on the case d = 3, the adaptation
to the bidimensional case is straightforward. The proof is based on a polyhedral mesh of the
domain in a slightly different sense that in the definition 4.1. More precisely it is assumed in
the following that all the mesh faces 0 € F are planar. On the other hand the existence of cell
(and face) centers is not required. Such polyhedral partitioning of Q\ T’ can for example be
built by extension of the planar fractures up to the boundary and definition of the set of cells
M as the set of all resulting connected components. In addition to previous notations, we will
denote by F. the set of faces sharing a given edge e € £.

e Lifting in H*(do), s € (0, 3) :
For all e € & we denote by . the trace operator acting from H(I') to Hz(e), and for

all e € £ we define
w = ] eu if e € ér,
10 else.

Let 0 € F\ Fr and let us denote by xe, e € &, the indicator function of e defined on do.
It follows from Proposition 5.1 that the function ug, = Y .o XU belongs to H*(Jo) for
any s € (0,1).

e Lifting in H*+/2(0):
For all ¢ € F \ Fr there exists a function u, € H*"2(o) having the trace on do equal
to ug,. For o € Fr we denote by u, € H'(c) the restriction of u on 0. Let x, be
the indicator function of o defined on |J,.r 0o, we set u* = > __ - Xouq. Proposition 5.2

implies that for all K € M the restriction of u* on dK belongs H* 2 (9K

e Lifting in H'(Q):
Finally, for all K € M we denote by Uy some lifting of u*|sx in H'(K) and we define

U=> rem XK Uk, where xg is the indicator function of a cell K. One can verify that
U e H'(Q) and that vU = u.

From the Riesz theorem, any continuous linear form ¢ on V' writes ¢ = § + ~'7 where
£ € (H'(Q) and 7 € (H'(T'))". Then, assuming that (¢, ) = 0 for all € C*(Q) it results

from Lemma 5.1 that ¢ = 0. Therefore the space C*(f) is dense in V. The density of C'°(2)
in V° can be obtained in the same way.

Proposition 5.1 Let u € H%(—l, 1) and let us denote by x(-1,0) the indicator function of the
interval (—1,0). Then ux-1,0) € H*(—1,1) for all s < 1/2.

Proof: The Fractional Sobolev Embedding Theorem implies that w € LP, p > 1, which allows
to conclude that the function u(z)/|z|* belongs to L?*(0,1) for all s < 1/2. The straightforward
computation of ||ux(—1,0)| ms(-1,1) completes the proof. []

Proposition 5.2 Let K be a bounded polyhedral domain in R3, let Fg be the set of its polygonal
faces and E the set of its edges. For all o € Fi we denote by &, the set of edges of o and for
alle € Ex by Fi . C Fi the two faces containing e. Let s € (0,3) and (uy € HS”L%(J))JGFK be
a set of functions such that you, = Yoty for all e € Ex with Fr. = {o,0'}. Forallo € Ek, let
us also denote by x, the indicator function of o defined on the whole OK. Then, the function

U= ) cr, Xolo belongs to H*+3 (9K).
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Proof:
o Let e € €k and Fi, = {0,0'}, we associate with e a couple of open triangles (Dg -

a) such that, for all 0 € Fg., 0D? N o = e and such that D‘gl is obtained by a
O'E]:Kﬁ
rotation of D7 around e. Let us set D, = D, UD, and D, = D, \ dD..

e In view of Proposition 5.1, there exists u? € H**2(D?) such that

I Yell, — on e,
eloe 0 on 0DJ\ e.

We denote by u. the extension by symmetry of the function v to D.. Remark that
sil
Ue € HOJr2 (D) and thus its extension by zero to the whole 0K, denoted by %, belongs

to H* 2 (0K).

o Letv= U_Zee £ Ues which has zero traces on all e € £x. We denote by v, the restriction
of v to 0. Since .
Vg = Uy — Zﬂe]g € H, "2 (0)

6650

it can be extended by zero on 0K \ o; we denote this extension by T,. One can check

that
u= > To+ » U € HTOK).

oEFK eefi

0.

Lemma 5.1 Let ( =& +~'7 where £ € (HY(Q)) and 7 € (HY(T')) be such that {(,p) =0 for

all p € C=(Q), then ¢ = 0.

Proof: It is known that C>°(Q \ T), defined as the space of C*(Q) functions vanishing in
a neighbourhood of T, is a dense subspace of HE:(Q2\ T') defined as the space of H'(Q2\ T)
functions vanishing on I'. From the surjectivity and continuity of the trace operator ~ from
V to H'(T'), there exists a continuous lifting operator denoted by rr from H'(T) to V. Using
<&@ >=0forall p € C*(Q\T), and the density of C*(Q\T) in H(Q\T), we deduce that
< &v>=< & rr(y(v)) > for all v € V. Tt results that 7 = rk& € (HY(T'))' is such that £ = /7.
Hence, we can assume in the remaining of the proof that & = 0.

Let us set B = [J;c; Ol We have £ = J ¢ € where &r is the set of edges of I' in the
mesh defined above. Let g the trace operator from H*(T") to L?(E) and let us define the space
Hz(E) as vg(HY(T")). We also define the space Hz (A1) as the set of traces on dT'; of functions
in H'(T;). Then, it is easy to show that a function v € L2(E) belongs to Hz (E) iff for all i € I,
the restriction v; of v to dI'; belongs to H %(6Fi). The function space H %(E) is endowed with

the Hilbertian norm .
_ 12 2
1ol ) = ZI(”%”H%W) .

1€

From the continuity and surjectivity of the trace operator vz from HY(I') to H2(E), we deduce
that there exists a continuous lifting operator denoted by 75 from Hz(E) to HY(I'). Let us
denote by HL(T' \ E) the subspace of functions in H'(T") with a vanishing trace on E. From
the known density of C°(I'\ E) in H'(I'\ E), we deduce as above that | = ri7 € (Hz(E)) is
such that 7 = ~L1.
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Let us denote by Vg the set of the vertices of E. For all ¢ € CX(E \ Vg), there exists
¢ € C=(Q) such that ¢ = ¢|p. Hence, | € (Hz(E)) is such that < I,¢ >= 0 for all
¢ € C=(E\ Vg). Since C(e) is dense in H2(e) for any edge e ([15] Theorem 1.4.2.4), we can
deduce that C°(E \ Vg) is dense in Hz(E) and hence that [ = 0, and then that ¢ = 0. .

Proof of Proposition 2.3: Since W (€2, T") is a closed Hilbert subspace of H(£2,T"), any con-
tinuous linear form on W (Q,I') can be continuously extended to H(2,I'). From the Riez
representation theorem, a continuous linear form £ on H (€2, I") writes for all (q,,,qr) € H(2,T)

< qmaqf Z/ A le qma +qma'Ba)d

aE=

+ Z CLZ leT qfl) [[qm . Ilz]]) + bz . qf,i)dT(X)
el
with A, € L?(Q,), B, € L*(Q,)4, a € Z, and a; € L*(T;), b; € L*(,)4 1 i e I.

It is assumed that & vanishes on Cjp(§2,I"). Then, let us prove that the function A(x) =
Ay (x) for all x € Q,, @ € = belongs to V? and that B, = VA,, a € Z, a; = y;A and b; = V. a;,
i € I. From (£, (qm,0)) = 0 for all q,, € C=(2\T)?, we classically deduce that A € H'(Q\T)
and that B, = VA,. Next, let us denote by v : H'(Q\T) — L*(T;) the trace operators on I';
from the side + of Q\ T. For any given i € I, let us denote by Or, an open ball of [';. For any
; € C°(Or,), one can build a function q,, ot € (2, ) such that q,, o - n;” = p; on Or,
n; =0on O, if o =« 7, Uyt n-Oon@Q + M09, andqmai n =0 on the

sides & of the fractures i # j € I such that a . From (5 (A0t 0)) = 0 we deduce that

and q,, ., -

/ (7" A — a;)pidr(x) = 0.
or,

which implies that ;" A = a; in L?(T;) for all € I. Similarly, we can show that v; A = q; in
LA(T;) for all ¢ € I, and A,|sanan, = 0 for all @ € Z. Hence we deduce that A € H}(Q) with
a; =vA, i € I. Next, for all i € I and for all q;; € C>°(I';)?"!, one has

/ (a;divs, (qf,i) +b; - qf,i)dT<X) =0,
r;

which implies that a; € H'(T';) with b; = V,.a;. Next, for all (i,5) € I X I, i # j, such that
¥\ 2o is of codimension 2 non zero measure, let us consider any open segment L; ; C %, ; \ 2o,
rij € CX(L; ) and its extension 7; (resp. ;) by zero outside of L;; on ¥; (resp. X;). Then,
one can build (0,qy) € Cjp(Q2,T') such that qy; - ng, = r;, and qy,; - ng, = —r; and qy; = 0 for
all [ € T\ {i,j}. It results that

/ <<qf’i Dy, )7sai + (qfv.j ) nEj)VEjaj>dl(X)
L

%)
— [ s m i) ~o
Li,
and hence that vy, a;| Li;, = ngaj| Lij- Also, for all 7 € I such that X, has a non vanishing
codimension 2 measure, let us consider any open segment L;o C X;, 10 € C(L;) and its
extension r; by zero outside of L;o on 3;. Then, one can build (0,q;) € Cjp(2,T") such that
ds;-ny, =7, and qp; =0 for all [ € I\ {i}. It results that

/ (g - s, )y, s dl(x) = / (95501730 dI(x) — 0,
Lio L;o
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and hence that vy, a;z, , = 0 which implies together with the previous property that a € Hy, (T').
All together, we have shown that A € VY.

From A € V° B, =VA,, a € E, a; = ;A and b; = V,.a;, i € I, and from the definition
(1) of W(£2,T"), we conclude that £ vanishes on W (2, ") which proves the density of C37(€2,T")
in W(Q,TI).

6 Numerical experiments

Let © denote a bounded domain in R? d = 3, we consider the 4 planar fractures splitting
the domain €2 into four subdomains €2,, = 1,---,4. Dirichlet boundary conditions are
imposed on both the boundary of the domain 92 and on the boundary of the fracture network
o' = 02 NI = %y. The permeability of the fractures is defined by As(x) = 100 Id and
their width by df(x) = 0.01. In the matrix, the permeability tensor A,,(x) is fixed to Ay,
on each subdomain €2,, o = 1,--- ,4 with two choices of the subdomain permeabilities. The
first choice considers isotropic heterogeneous permeabilities setting A, o = Ao Id with A\; =1,
A2 = 0.1, A3 = 0.01, Ay = 10. The second choice corresponds to the anisotropic heterogeneous
permeabilities defined by

aq b1 0 a9 0 b2 as bg 0 A 0 0
Api=|(01 c1 0], Apo=10 XA 0|, Apz=|03 c3 0], Apa=10 as b4,
0 0 A b2 0 Co 0 0 X 0 b4 Cy

with aq=cos? B, +wsin® Ba, bo=(1 — w)cos B 8in fa, co =w cos? Bu+sin® By, A =0.01, B = F,
/82 = —%, ﬁg = 0, ﬁ4 = % and w = 0.01.
Next, let us describe the two families of test cases that will be presented in this section.

6.1 First test case

For the first test case 2 = (0,1)%, the fracture network is defined by the union of the two
rectangles {(z,y,2) € Q|x = 0.5} and {(x,y,2) € Q|y = 0.5}, and the four subdomains
correspond to ; = {(z,y,2) € Q|z < 0.5,y < 0.5}, Qy = {(z,y,2) € Q|x > 0.5,y < 0.5},
Q3 = {(z,y,2) € Qx> 05,y > 0.5} and Q4 = {(z,y,2) € Q|z < 0.5,y > 0.5} (see Figure
4). Let us define the functions t1(x) =y —x + 2, ta(x) = +y+ 2 — 1, t3(x) =z —y + z and
ty(x) =1 — 2 —y+ 2. One can check that the function u(x) = ¢t ™) x € Q,, a =1, --- 4,
belongs to V', and that the function pair q,,(x) = —A,,, Vu(x), qf(x) = —dsAV yu(x) belongs
to W(Q,T) since it satisfies ) .., qs,; -ny, = 0 on .

Figure 4: First test case: geometry of the domain Q = (0,1)? and fracture network.
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For the numerical solutions using both the VAG and HFV schemes, three different families
of meshes are considered. The first family is defined by uniform Cartesian grid of size n x n xn
with n = 4, 8,16, 32,64, 128 (see Table 1). The second family of meshes is obtained from the
previous one by a perturbation of its nodes excluding the nodes on the boundary of €2 and
on the boundary of each fracture I';, ¢ € I. The perturbation is chosen randomly inside the
ball of radius ﬁ and of center the Cartesian mesh node. Note that it leads to hexahedral
cells with non planar faces and hence the HFV scheme is no longer consistent on this family
of meshes. Finally we consider a family of uniformly refined tetrahedral meshes generated by
TetGen[24] (see Table 2). Tables 1 and 2 provide respectively for the Cartesian or randomly
perturbated Cartesian meshes, and for the tetrahedral meshes, as well as for both schemes, the
number of degrees of freedom (d.o.f.), the number of d.o.f. after elimination of the cell and
Dirichlet unknowns (Reduced d.o.f.), and the number of nonzero element in the linear system
after elimination without any fill-in of the cell and Dirichlet unknowns (Nonzero elts).

Vertex Approximate Gradient Discretization Hybrid Finite Volume Discretization

Nb d.o.f. | Reduced d.o.f | Nonzero elts || Nb d.o.f. | Reduced d.o.f. | Nonzero elts
1 221 59 839 1 380 188 1644
2 1 369 471 9 403 2 2 520 1 560 15 336
3 9 521 3 887 90 947 3 18 224 12 464 129 600
4 70 753 31 839 802 003 4 138 336 99 168 1 060 464
5 544 961 258 239 6 738 419 511077 440 790 208 8 570 064
6| 4276 609 2 081 151 55 247 923 6 | 8 503 680 6 307 200 68 888 976

Table 1: For first test case, the VAG and HFV schemes and the six Cartesian and randomly
perturbated Cartesian meshes: mesh number, number of d.o.f., number of d.o.f. after elim-
ination of the cell and Dirichlet unknowns, number of nonzero elements in the matrix after
elimination.

Vertex Approzimate Gradient Discretization Hybrid Finite Volume Discretization
Nb d.o.f. | Reduced d.o.f. | Nonzero elts || Nb d.o.f. | Reduced d.o.f. | Nonzero elts
1 1888 294 2 660 1 4 569 2 661 17 677
2 13 593 1924 23 148 2 34 150 21 409 146 147
3 121 818 16 780 233 978 3 311 261 201 748 1 395 908
4 263 391 36 214 519 694 4 675 298 440 798 3 058 868
5 509 038 69 762 1021 940 5 1308 518 858 252 5 967 626
6 939 007 128 324 1 904 390 6| 2417392 1 589 624 11 064 478
7| 1386833 189 300 2 830 880 71 3573654 2 354 004 16 396 536
8 | 1874186 255 370 3 840 778 8| 4832987 3 187 229 22 210 505
9 | 2383038 324 682 4901 360 9| 6147 875 4 058 104 28 290 370
10 | 4 813 285 654 670 9 979 004 10 | 12 432 788 8 223 946 57 382 094

Table 2: For the first test case, the VAG and HFV schemes and the ten tetrahedral meshes:
mesh number, number of d.o.f., number of d.o.f. after elimination of the cell and Dirichlet
unknowns, number of nonzero elements in the matrix after elimination.

6.2 Second test case

The second test case consists of several subcases. It considers the domain Q = (—1.5,1.5) x
(—2,2) x (0,5) and the fracture network defined by the union of two rectangles {(z,y,z) €
Qly = ma} and {(z,y,2) € Q|y = —ma}. The domain Q splits into the following four
subdomains: ) = {(z,y,2) € Q|mzx <y,mz < —y}, Q= {(z,y,2) € Q| mz >y, mz < —y},
Qs = {(z,y,2) € Q|ma > y,mx > —y} and Qy = {(x,y,2) € Q|mz < y,mzx > —y}. In
this test we set t;(x) = 2y + 2, ta(x) = 2mz + 2, t3(x) = =2y + z and t4(x) = —2mz + 2.
It can be verified that the function u(x) = eta™®) x € Q,, a = 1,---,4, belongs to V,
and that the fluxes q,,(x) = —A,,, Vu(x), qf(x) = —dfA;V,.yu(x) belong to W(,T'). For the
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Figure 5: Second test case: geometry of the basin Q = (—1.5,1.5) x (—=2,2) x (0, 5) and fracture
network for m = 2 (left) and m = 8 (right).

numerical solutions using the VAG and HFV schemes, a family of ten tetrahedral uniformly
refined meshes is generated by TetGen [24] using two values of m, m = 2 and m = 8 (see Table
3). Table 3 gives for both families of meshes and for both schemes, the number of degrees
of freedom (d.o.f.), the number of d.o.f. after elimination of the cell and Dirichlet unknowns
(Reduced d.o.f.), and the number of nonzero element in the linear system after elimination
without any fill-in of the cell and Dirichlet unknowns (Nonzero elts).

Vertex Approzimate Gradient Discretization, m = 2 Vertex Approzimate Gradient Discretization, m = 8

Nb d.o.f. | Reduced d.o.f. | Nonzero elts || Nb d.o.f. | Reduced d.o.f. | Nonzero elts

1 1527 278 2 304 1 12 930 2 081 24 687

2 13 590 2 151 25 327 2 62 177 9 280 123 096

3 131 832 19 429 266 565 3 132 7112 19 321 265 709

4 251 042 36 358 512 960 4 251 969 36 103 510 459

5 506 737 72 462 1045 308 5 463 906 65 850 949 882

6| 1001303 141 632 2 080 492 6| 1002529 140 712 2 070 638

71 1459 406 205 141 3 040 251 71 1366875 190 979 2 832 163

8| 1931917 270 496 4032 138 8| 1934904 269 381 4022 379

9| 2645927 369 868 5 540 640 9| 2342305 325 513 4 877 093

10 | 4 541 345 631 166 9 539 000 10 | 4 542 801 627 526 9 501 798
Hybrid Finite Volume Discretization, m = 2 Hybrid Finite Volume Discretization, m = 8

Nb d.o.f. | Reduced d.o.f. | Nonzero elts || Nb d.o.f. | Reduced d.o.f. | Nonzero elts

1 3653 2 146 14 394 1 32 218 20 369 140 055

2 33 859 21 344 146 484 2 157 522 101 864 705 466

3 335 400 218 306 1515 436 3 337 883 219 755 1 524 503

4 641 291 419 598 2918 022 4 644 056 421 122 2 926 982

51 1298430 852 686 5937 408 5] 1188904 780 117 5429 401

6| 2572012 1694 343 11 810 941 6| 2576 269 1 696 321 11 820 151

7| 3753376 2 476 037 17 267 915 7| 3516282 2 318 255 16 161 367

8| 4972658 3283 572 22907 184 8| 4982226 3289 061 22 940 167

9| 6814878 4504 423 31 436 549 9| 6034003 3 985 462 27 803 112

10 | 11 711 184 7 751 667 54 125 203 10 | 11 719 544 7754 712 54 132 280

Table 3: For the second test case with m = 2 (left) and m = 8 (right), the VAG and HFV
schemes and the ten tetrahedral meshes: mesh number, number of d.o.f., number of d.o.f. after
elimination of the cell and Dirichlet unknowns, number of nonzero elements in the matrix after
elimination.

6.3 Numerical Results

All test cases are performed using the Ilp,, and Ilp, function reconstruction operators obtained
by setting wx = K for all K € M, and ¥, = o for all ¢ € Fr. To assess the error estimates of
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Proposition3.3, we have computed the following relative errors

Err, — |u — Ip,, upl|L2(0) N lyu — pruDHLg(F),
[ull 2@ vl 2

for the function reconstructions in the matrix and in the fractures, and

||VU — vauDHLz(Q)d ||V7u — VDfUDHL2(F)d71

Err, =
! HVUHL?(Q)d va}/u”L?(F)d*l

for the gradient reconstructions in the matrix and in the fractures. These errors are reported
for both schemes in Figure 6 for the first test case, and in Figure 7 for the second test case
as function of the number of d.o.f. after elimination of the cell and Dirichlet unknowns. The
convergence rate between two successive meshes k and k + 1 is also provided and computed as
follows:

Errg”||
|Err. || In [ Bl
L _ g In (\\Erruk+1|| k1 _ g [Errg gyl
CR;™ = , CR;™ =

#(NbEE #INVERI)
In (#(ka ; )) In (#(ka ; >

cells cells)

It is reported for both schemes in tables 4 and 5 for the first test case,and in tables 6 and 7
for the second test case. A second order convergence rate is observed on Cartesian meshes for
both the function and gradient reconstructions. On randomly perturbated Cartesian meshes,
the VAG scheme exhibits a second order convergence rate for the function reconstructions and
a first order convergence rate for the gradient reconstructions. Since on randomly perturbated
Cartesian meshes the faces are no longer planar, the HFV scheme no longer converges as
expected, at least for the gradient reconstructions. On tetrahedral meshes a second order of
convergence is also obtained for the function reconstructions and a first order of convergence
is noticed for the gradient reconstructions. For the second test case, the convergence of both
schemes exhibited in Figure 7 shows almost no sensitivity to the angle between the fractures.
It is also clear on both test cases that the HFV scheme is much less robust w.r.t. anisotropy
than the VAG scheme, especially on tetrahedral meshes.

In all test cases, the linear system obtained after elimination of the cell and Dirichlet un-
knowns is solved using the GMRes iterative solver with the stopping criteria 107!° and a
maximum Krylov subspace dimension fixed to 1000 (not attained in our tests). The GMRes
solver is preconditioned by ILUT [21], [22] using the thresholding parameter 10~* chosen small
enough in such a way that all the linear systems can be solved for both schemes and for all
meshes. In tables 4, 5, 6 and 7, we report the number of GMRes iterations It, the fill-in factor
F' of the ILUT factorization defined as the ratio between the number of nonzero elements of
the factorization ILUT by the number of nonzero elements of the matrix. We also report the
CPU time taking into account the elimination of the cell and Dirichlet unknowns, the ILUT
factorization, the GMRes iterations, and the computation of the cell values. It can be noticed
that, on topologically Cartesian meshes, the CPU time is roughly speaking 4 times larger for
the HF'V scheme than for the VAG scheme. This large difference is not due to the number
of nonzero elements in the matrices which is only slightly larger for the HF'V scheme than for
the VAG scheme. As can be checked in table 4, this difference is due to a larger number of
GMRes iterations and to a higher fill-in factor of the ILUT factorization for the HFV scheme
than for the VAG scheme. On tetrahedral meshes, the CPU time for the computation of the
HFV solution is larger of a factor from 10 to 20 than the CPU time obtained with the VAG
scheme. This is due to a larger number of GMRes iterations, a larger fill-in factor for ILUT
combined with a 5 times larger number of nonzero elements in the matrix.
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Figure 6: First test case. For the 3 families of meshes (top: Cartesian meshes, middle: randomly
perturbated Cartesian meshes, and bottom: tetrahedral meshes), and for the isotropic (left)
and anisotropic (right) subcases: sum of L? norm of the relative error in the matrix and in the
fracture for the function and its gradients reconstruction both for VAG and HFV schemes as
the function of the number of d.o.f. (after elimination of the cell and Dirichlet unknowns).
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Figure 7: Second test case. For the 10 tetrahedral meshes and m = 2 (top), m = 8 (bottom)
and for the isotropic (left) and anisotropic (right) subcases: sum of L? norm of the relative
error in the matrix and in the fracture for the function and its gradients reconstruction both
for VAG and HFV schemes as the function of the number of d.o.f.(after elimination of the cell
and Dirichlet unknowns).
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‘ Isotropic case, Cartesian ‘ Anisotropic case, Cartesian

Vertex Approzimate Gradient Discretization

Nb | It F | Err, Err, CR, | CR, | CPU It | F | Err, Err, CR, | CR, | CPU
3 | 1.2] 004 0.11 n/a | n/a | 1.107* | 3 [1.2] 0.04 0.09 | n/a | n/a | 8107%
5 121 0.01 003 | 1.89 | 1.62 | 7107 | 5 [ 1.9 0.01 0.02 | 212 | 1.87 | 61073
9 |24]2103[1.1072] 1.92 | 1.71 0.01 9 122]2103]6103] 2.06 | 1.83 | 81072
16 [25 71077 [ 31073 | 1.95 | 1.77 0.9 14[21]51077]21073] 2.03 | 1.81 0.7
30 [ 252107781077 | 1.97 | 1.82 9 20 [ 22| 11077 [ 51077 | 2.02 | 1.84 5
56 | 2.5|510° 21077 ] 1.89 | 1.86 90 29 [22]310°[1.107%] 2.01 | 1.87 48
Hybrid Finite Volume Discretization
Nb | It F Err, Err, CR, | CR, | CPU It | F Err, Err, CR, | CR, | CPU
6 |33] 001 0.04 | n/a | n/a [1.51073| 4 [25] 0.01 0.16 | n/a | n/a | 8107*
10 [3.6]310%] 0.02 | 1.98 | 1.64 | 1.51072| 6 [ 3.1[3-.10°] 0.05 | 1.97 | 1.23 | 10-10°3
17 367107 3107% | 1.99 | 1.71 0.1 10 3.6 [8107*] 0.02 | 1.99 | 1.49 0.1
3.6[210%]910%] 1.99 | 1.77 1.5 18 3.7]210°%]610%] 2.01 | 1.58 1.5
59 |3.6|4107°]3.1077 2 1.82 19 30 |3.8]5107°[2107% | 1.99 | 1.68 20

122 3.6 ] 1:107° [ 7:107° 2 1.86 357 65|38 [110° [ 51077 ] 1.99 | 1.78 303

o ur| | | | —

o Ut| | | o] —
[
©

‘ Isotropic case, Perturbated Cartesian ‘ Anisotropic case, Perturbated Cartesian
Vertex Approxzimate Gradient Discretization
Nb|It |F |Err, |Err, CR, |CR, |CPU |It |F | Err, |Err, CR, | CR, | CPU
4 [1.2] 004 | 011 | n/a | n/a | 710" | 3 [1.2] 0.04 | 0.09 | n/a | n/a | 810"
5 [21] 0.01 0.04 [ 19213481035 [1.9]9103] 004 | 2.14 | 1.44 | 71073
9 [24]310%] 001 [1.92 169 01 [8 [22][210%] 001 [202] 1.61 ] 0.1
16 [ 25| 7107* | 0.01 | 2.06 | -0.1 1 14 [21]5107%] 002 | 216 |-0.43 1
29 [25[2107*] 71072 ] 1.87 | 0.91 11 20 (23] 1107*[810°] 1.85 | 0.97 10
56 | 2.5 |5107° [ 21073 | 1.96 | 2.11 111 [29[23]3107° 2107 | 1.95 | 1.81 84
Hybrid Finite Volume Discretization
Nb|It |F |Err, |Err, [CR,|CR,|CPU |It |F |Err, |Err, |CR,|CR, | CPU
5 |3.3] 001 0.07 | n/a | n/a [2:103| 5 [29] 002 | 067 | n/a | n/a | 21077
9 [36]31073] 0.03 1.99 | 1.12 0.02 8 [34]5107%| 048 1.52 | 0.48 [ 21072
16 [3.6 | 7107 ] 0.01 2.01 | 1.58 0.2 113711073 ] 0.17 | 2.01 | 147 0.2
27 [3.6]3107*] 0.08 1.35 | -2.71 2 16 | 3.8 | 61072 1.38 | -2.14 | -3.01 2
50 [3.6 810 ] 0.04 | 1.79 | 0.96 20 31[39]210%] 085 [ 1.39 | 0.71 33
106 [ 3.6 | 1-107° | 0.01 | 2.60 | 1.97 | 292 [57]39]210°*| 020 | 3.53 | 2.03 | 356

DY | | DO =

Y | Q| BN =

(=]

Table 4: First test case. For the isotropic (left) and anisotropic (right) subcases, the VAG and
HFYV schemes and the six Cartesian meshes (above) and the six perturbated Cartesian meshes
(below): mesh number Nb, number IT of GMRES iterations preconditioned by ILUT, fill-in
factor F', sum of the L? relative errors in the matrix and in the fractures for the function (Err,)
and for the gradient reconstruction (Err,), convergence rates for the function (CR,) and for
the gradient (CR,) reconstruction, CPU time in seconds.

‘ Isotropic case ‘ Anisotropic case
Vertex Approzimate Gradient Discretization

It |F | ErrF Err, |CR, |CR, |CPU |1t |F ErrF | Err, | CR, | CR, | CPU
5 |21] 9107 | 022 [ n/a | n/a [510%] 5 [21] 510% | 021 | n/a | n/a |4107°
8 [26] 2103 | 011 | 1.96 | 1.08 [5102] 9 |26 1.107® | 0.11 | 1.94 | 1.04 | 4102
16 | 2.8 510°% [ 0.04 [ 2.02 | 1.05 | 0.6 15 [29] 4107 [ 005 | 1.91 | 1.02 | 0.7

20 [29] 3.107* | 0.03 | 2.02 | 1.05 2 18 [2.9] 2107 [0.034 | 2.09 | 1.02
25 [2.9] 2:107* 0.028 | 1.69 | 1.06 3 22 1-107% [0.031 | 1.39 | 1.04
29 [29] 1-107* [0.022 | 2.37 | 1.01 6 25 9-107° 0.023 | 2.47 | 0.99
33 129 9107° [0.021 | 2.21 | 1.02 10 26 6:107° [0.021 | 2.33 | 1.01 12
37 129 8107° [0.018 | 1.81 | 0.99 14 30 510~ [0.019 | 1.66 | 0.98 16
40 [29] 7107 [0.016 | 1.81 | 1.05 18 30 4-107° [ 0.017 | 1.62 | 1.05 22
49 129 4107 [0.013 | 2.01 | 1.01 41 37 3107 [0.014 | 1.98 | 1.01 48
Hybrid Finite Volume Discretization
It |F ErrF | Erry, |CR, |CR, |CPU | It |F ErrF | Err, | CR, | CR, | CPU
10 [44] 2107 [ 012 | n/a | n/a [51072] 15 [ 4.6] 0.03 1.73 | n/a | n/a | 31072
17 [47] 4107% | 0.06 | 1.97 | 0.92 0.3 25 | 5.1 0.01 1.05 | 1.72 | 0.72 0.6

33 [4.8] 9107 ] 0.03 | 1.87 | 0.98 4 39 [5.2] 2107 ] 056 | 1.83 | 0.85 8

42 1497 5107 | 0.02 | 2.08 | 0.99 9 48 [ 52151073 | 0.44 | 1.90 | 0.92 20

52 (4.9 4-107° | 0.019 | 1.25 | 0.97 22 62 [ 52] 1107 | 0.36 | 1.86 | 0.92 49

69 | 49| 2107 | 0.015 | 2.73 | 1.03 47 82 [5.2] 7:107" ] 0.29 | 2.03 | 0.98 96

78 [4.9]17.107° | 0.013 | 2.42 | 1.05 78 94 [52] 5107" ] 0.25 | 1.96 | 0.97 155
86 |4.9]14-107°]0.012 | 1.62 | 0.92 113 | 11252 4107* | 023 | 1.94 | 0.94 | 231
94 4.9 12:107° ] 0.011 | 1.60 | 0.98 153 12552 ] 3.107" | 0.21 | 1.95 | 0.97 | 311
122 (4.9 ] 8107° | 0.008 | 2.03 | 0.99 381 | 192|521 2:107* | 0.17 | 1.97 | 0.98 866

OO| W= | b
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Table 5: First test case. For the isotropic (left) and anisotropic (right) subcases, the VAG and
HFV schemes and the ten tetrahedral meshes: mesh number Nb, number I'T of GMRES itera-
tions preconditioned by ILUT, fill-in factor F, sum of the L? relative errors in the matrix and
in the fractures for the function (Err,) and for the gradient reconstruction (Err,), convergence
rates for the function (CR,,) and for the gradient (CRy) reconstruction, CPU time in seconds.
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Isotropic case ‘ Anisotropic case
Vertex Approzimate Gradient Discretization
Nb|It |F | ErrF Err, CR, |CR, |CPU |It |F ErrF | Err, CR, | CR, | CPU

1 7 [19] 1741073 0.34 n/a | n/a [ 31073 7 [1.9]1521073 0.36 n/a | n/a [31073
2 13 [2.5]3.19-10°7 0.13 2.20 | 1.29 | 6-10~ 13 [2.5]2.99.10°7 0.13 212 [ 1.25 [ 4102
3 25 |2.7]6.56:107° [ 5.75-102 | 2.03 | 1.03 0.9 51 [2.8]6.25107° [ 5.96-102 | 2.01 | 0.99 0.9
4 31 [28]4.31-107° [ 4.60-102 | 1.92 | 1.02 2 52 [2.84.19-107° [ 4.81-102 | 1.82 | 0.99 2
5 51 [2.8]2.67-107°]3.63-10°2 ] 2.02 | 1.01 4 51 [2.9]260-107°[3.81-10°2 ] 2.02 | 0.97 4
6 47 129 1.64107° [ 2851072 2.12 | 1.04 9 51 [2.9]1.62107°[3.01.1072] 2.04 | 1.03 9
7 53 [2.9]1.28107° 2521072 1.91 | 0.98 14 51 [29]1.31-107° [ 2.67-107 2| 1.73 ] 0.95 13
8 58 [2.9]1.08107° 2291072 | 1.83 | 1.01 19 54 [2.9]1.09-107°[2.43-1072 ] 1.89 | 1.01 19

9 [ 68 [29]874107°]2.07-107% ] 2.04 | 0.98 28 58 [2.9]8.93107°[2.19-102 | 1.91 | 0.96 27
10 | 80 [2.9]5.97107° [ 1.72.1072 | 2.10 | 1.02 51 7 3 [6.16:107° | 1.83:107% | 2.05 | 1.01 49
Hybrid Finite Volume Discretization
Nb|It |F ErrF | Err, CR, |CR, |CPU |It |F ErrF | Err, CR, | CR, | CPU
1 15 [ 4.6]2.49-10°1 0.18 n/a | n/a [ 21072 18 [ 498371073 4.78 n/a | n/a [ 21072

2 26 [ 4.8[5.35-107° [ 8.09-1072 [ 2.01 | 1.01 0.3 52 [5.1]1.61-1073 2.03 2.14 | 1.11 0.7
3 51 [4.8 | 1.11-107° [ 3.69-1072 [ 2.03 | 1.01 5 68 | 523751077 0.97 1.87 | 0.94 10
4 68 [4.9]6.74-10°° 2971072 [ 2.26 | 0.99 14 02 [ 522481077 0.79 1.89 | 0.95 26
5 85 [4.9]4.38107° [ 234102 | 1.82 | 1.01 34 112 [ 5.2 | 1.55-10°7 0.63 1.99 | 0.98 51
6 | 107 [4.9]2.7410°° | 1.86:1072 | 2.03 | 1.01 81 150 | 5.2 [ 9.76-10° 0.51 2.01 | 1.01 121
7 [120]4.9]209-10°°]1.6410°2 | 2.13 | 0.99 128 [ 181 [5.2[7.65:107° 0.44 1.92 | 0.97 202
8 [ 1321491721075 1.49-1072 | 2.05 | 0.96 186 | 216 | 5.2 ]6.36:107° 0.41 1.95 | 0.96 279
9 [145 491391075 1.33-1072 | 2.03 | 1.05 285 [296]5.2]5.11-107° 0.36 2.08 | 1.02 477
10 [ 187 [4.9[9.91-1077 [ 1.11-1072 | 1.86 | 1.01 485 [349[5.2]3.57-107° 0.31 1.98 | 0.98 970

Table 6: Second test case with m = 2. For the isotropic (left) and anisotropic (right) subcases,
the VAG and HFV schemes and the ten tetrahedral meshes: mesh number Nb, number I'T of
GMRES iterations preconditioned by ILUT, fill-in factor F', sum of the L? relative errors in the
matrix and in the fractures for the function (Err,) and for the gradient reconstruction (Erry),
convergence rates for the function (CR,,) and for the gradient (CR,) reconstruction, CPU time
in seconds.

Isotropic case \ Anisotropic case
Vertex Approzimate Gradient Discretization
Nb |[It |F ErrF | Err, CR, |[CR, |CPU | It |F ErrF | Err, CR, | CR, | CPU

11 [25[18510°| 043 | n/a | nja 4102 13 | 25| 1.6410° | 042 | n/a | nja | 5107
32 [27]64310°7| 026 | 1.96 | 091 | 03 | 20 |28 ] 72110 " | 026 | 1.52 | 0.91 | 03
51 |28 [357.10°7| 020 | 2.28 | 1.06 | 0.7 | 52 |28 | 477.10" | 0.21 160 | 092 | 08
28234107 016 | 1.94 | 1.05 | 1.7 | 51 |29 35310 | 017 | 1.38 | 0.89 | 2
50 29153107 | 013 | 207 | 1.04| 3 |51 |29 26710 | 014 | 135|089 4
51 | 2.9 889107 | 980-10 %] 2.08 | 1.06 | 8 | 51 |2.9| 1.8010 " | 011 | 1.53 | 098] 9
51 2.9 731107 | 886107 1.88 | 097 | 10 | 51 |2.9] 1.56:10* | 9.96-102 | 1.37 | 0.88 | 13
29 571107 | 7771072 | 212 | L12 | 17 | 53 | 29| 127107 | 87810 2| 1.73 | 1.08 | 18
2.9 [5.0410° | 727102 | 1.95 | 1.03 | 22 | 56 | 2.9 | 1.16:10* | 826102 | 1.41 | 0.95 | 23
10 [ 78 [29[31910° | 5.7810 2| 2.04 | 1.03 | 46 | 72 | 3 |8.38810° | 6.66-10 2 | 1.48 | 0.97 | 49

Hybrid Finite Volume Discretization

~i| oo | e vo| =
ot
=
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©
=

Nb | It F ErrF | Err, CR, |CR, | CPU | It F ErrF | Err, CR, | CR, | CPU
T |51 |47 50610 7| 028 | n/a | nj/a | 02 |52 [51] 1056102 | 856 | n/a | nj/a | 05
2 51 [ 4.8 ]1.81.1077 0.16 1.91 | 1.02 1.8 84 [5.21] 3.39.107° 4.73 2.09 | 1.09 4

3 53 | 4.8 ]1.09-1077 0.12 1.96 | 1.09 4.6 97 [ 5.2 2.18107° 3.75 1.73 | 0.89 1

4 71 149694107 [9.49-1072 | 2.07 | 1.08 10 108 [ 5.2 1.51.107° 3.11 1.68 | 0.86 23
5 88 |49 453107762102 2.07 | 1.07 24 146 [ 5.2 1.03.1073 2.58 1.84 | 0.91 54
6 [ 114]4.9266-107°]5.79-1072 [ 2.05 | 1.06 65 248 [ 5.2 | 6.47-10* 2.04 1.80 | 0.89 177
7 132[4.9]2.16-107° [ 5.21-1072 | 1.98 | 1.01 98 53252 ] 5.41.10~* 1.87 1.72 | 0.84 387
8 [ 146]4.9]1.69-107° [ 4.61-1072 | 2.06 | 1.05 157 530 [ 5.2 | 4.37.1071 1.69 1.83 | 0.88 565
9 [165]4.9]1.49.107° [ 4.32.1072 [ 1.99 | 1.01 216 [312]52 ] 3.89-10°% 1.59 1.80 | 0.90 477
10 [ 196 | 4.9 [ 9.54-.107° [ 3.43-1072 | 2.02 | 1.03 498 748 | 5.2 | 2551077 1.29 1.89 | 0.94 906

Table 7: Second test case with m = 8. For the isotropic (left) and the anisotropic (right)
subcases, the VAG and HFV schemes and the ten tetrahedral meshes: mesh number Nb,
number IT of GMRES iterations preconditioned by ILUT, fill-in factor F', sum of the Lo
relative errors in the matrix and in the fractures for the function (Err,) and for the gradient
reconstruction (Err,), convergence rates for the function (CR,) and for the gradient (CR,)
reconstruction, CPU time in seconds.

7 Conclusion

In this paper, the gradient scheme framework [13] is extended to hybrid dimensional Darcy
flow models in fractured porous media. Both the Vertex Approximate Gradient and the Hy-
brid Finite Volume schemes are shown to satisfy, whatever the choice of the control volumes,
the coercivity, consistency, limit-conformity and compacity assumptions of the gradient scheme
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framework. These properties ensures in particular the convergence of the schemes to a weak so-
lution of the model. One of the key ingredient to prove that both schemes satisfy this framework
is the density of smooth function subspaces for both the solution and flux Hilbert spaces. This
result is obtained for a general network of polygonal fractures including intersecting, immersed
or non immersed fractures. The numerical experiments carried out on Cartesian, hexahedral
and tetrahedral families of meshes exhibit the convergence of both schemes except as expected
for the HF'V scheme with non planar faces. The results also clearly show that the VAG scheme
is much cheaper in terms of CPU time than the HF'V scheme on tetrahedral meshes and is also
more robust regarding anisotropy.
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