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REMARKS ON THE GIBBS MEASURES FOR NONLINEAR DISPERSIVE
EQUATIONS

by

Nicolas Burq, Laurent Thomann & Nikolay Tzvetkov

Abstract. — We show, by the means of several examples, how we can use Gibbs measures to construct
global solutions to dispersive equations at low regularity. The construction relies on the Prokhorov com-
pactness theorem combined with the Skorokhod convergence theorem. To begin with, we consider the non
linear Schrodinger equation (NLS) on the tri-dimensional sphere. Then we focus on the Benjamin-Ono
equation and on the derivative nonlinear Schrédinger equation on the circle. Next, we construct a Gibbs
measure and global solutions to the so-called periodic half-wave equation. Finally, we consider the cubic
2d defocusing NLS on an arbitrary spatial domain and we construct global solutions on the support of the
associated Gibbs measure.
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1. Introduction and main results

1.1. General introduction. — A Gibbs measure can be an interesting tool to show that local
solutions to some dispersive PDEs are indeed global. Once we have a suitable local existence and
uniqueness theory on the support of such a measure, we can expect to globalise these solutions; this
measure in some sense compensates the lack of conservation law at some level of Sobolev regularity.
See [4, 5, 50|, 45], (46, 16, [35], [36), 12] where this approach has been fruitful.

Assume now that we have a Gibbs measure, but that we are not able to show that the equation is
locally well-posed on its support. The aim of this paper is to show - through several examples - that
in this case we can use some compactness methods to construct global (but non unique) solutions on
the support of the measure. Although this method of construction of solutions is well-known in other
contexts, like for the Euler equation (see Albeverio-Cruzeiro [1]) or for the Navier-Stokes equation (see
Da Prato-Debussche [23]), it seems to be not exploited in the context of dispersive equations.

In [13] we have constructed global rough solutions to the periodic wave equation in any dimension
with stochastic tools. While in [13] we used the energy conservation and a regularisation property
of the wave equation in the argument, here we use instead the invariance of the measure by the non
linear flow. As a consequence we also obtain that the distribution of the solutions we construct is
independent of time.

Our first example concerns the non linear Schrodinger equation on the sphere S? restricted to zonal
functions (the functions which only depend on the geodesic distance to the north pole). For sub-quintic
nonlinearities, we are able to define a Gibbs measure with support in H°(S?) for any o < 1/2, and
to construct global solutions in this space. This is the result of Theorem [Tl In [7], Bourgain-Bulut
have considered a similar equation (the radial NLS on R3) in the case of the cubic nonlinearity. The
solutions obtained in [7] are certainly "stronger" compared to the ones obtained in the present paper,
the uniqueness statement being however not explicited in [7].

In a second time we deal with the Benjamin-Ono equation on the circle S' = R/(27Z). This model
arises in the study of one-dimensional internal long waves. In [31], [32] L. Molinet has shown that
the equation is globally well-posed in L?(S') and that this result is sharp. For this problem, a Gibbs
measure with support in H~7(S!), for any o > 0 has already been constructed by N. Tzvetkov in [44].
In this case, we also construct global solutions on the support of the measure and prove its invariance
(Theorem [[.2]). A uniqueness result of the dynamics on the support of the measure was recently proven
in a remarkable paper by Y. Deng [21].

Our third example concerns the periodic derivative Schrodinger equation. Here we use the measure
constructed by Thomann-Tzvetkov [43]. We construct a dynamics for which the measure is invariant
(Theorem [I[13)). This result may be seen as a consequence of a recent work by Nahmod, Oh, Rey-
Bellet and Staffilani [33] and Nahmod, Ray-Bellet, Sheffield and Staffilani [34]. Their approach is
based on the local deterministic theory of Griinrock-Herr [25] which gauges out (the worst part of)
the nonlinearity, and the uniqueness is only proved in this gauged-out context.

Next, we consider the so-called half-wave equation on the circle, which can be seen as a limit model
of Schrodinger-like equations for which one has very few dispersion. This model has been studied by
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Gérard-Grellier [24] who showed that it is well-posed in H'/2(S!) (see also O. Pocovnicu [38] and more
recently Krieger-Lenzmann-Raphaél [29] for a study of the equation on the real line). Here a Gibbs
measure with support in H~?(S!), for any o > 0 can be defined, and global solutions (see Theorem [L.7)
can be constructed.

Finally, we consider the NLS on an arbitrary 2d spatial domain. Here the construction of the
Gibbs measure goes back to the works in QFT (see [40] and the references therein). For the sake of
completeness, we shall present a proof below based on (precise versions of ) the Weyl formula. However
we want to stress that the ideas used in the construction of the Gibbs measure are in the spirit of [40].
The support of the measure is again H~* for any s > 0. In the case of the torus as spatial domain,
J. Bourgain [5] constructs strong global solutions on the support of the measure. This remarkable
result relies on the local theory in H?, ¢ > 0 and on a probabilistic regularization property. In the
case of an arbitrary spatial domain the local theory is much more involved (and presently restricted
to much higher regularity) compared to the case of the torus. Consequently, it seems natural to turn
to weak solution techniques.

Therefore our results on the half-wave equation and the 2d NLS are out of reach of the present
"strong solutions" methods and as such they should be seen as the main result of this article.

Summarizing the previous discussion, one may also conclude that the main point to be discussed
when applying strong solutions techniques in all considered examples is the uniqueness.

1.2. The Schrédinger equation on S3. — Let S? be the unit sphere in R*. We then consider the
non linear Schrédinger equation

i0u+ Agsu = |u|""tu, (t,z) e R x S3,
1) { : s3u = [ul (t, )

u(0,2) = f(z) € H?(SY),

for 1 <r < 5. In [8] N. Burq, P. Gérard and N. Tzvetkov have shown that (LI is globally well-
posed in the energy space H'(S?). In this paper we address the question of the existence of global
solutions at regularity below the energy space. Denote by Z(S?) the space of the zonal functions, i.e.
the space of the functions which only depend on the geodesic distance to the north pole of S3. Set
H? (S3) := HO(S*) N Z(S?), L? (S?) = H? (S?) and

rad rad rad

X=X = () HEu(S),

rad — ““rad rad
0<1/2

For z € S, denote by § = dist(x, N) € [0, 7] the geodesic distance of z to the north pole and define

(1.2) Po(z) = \/?Slnnﬂ n>1.
s

sinf ’

Then, (P,)n>1 is a Hilbertian basis of L2

rad
avoid the issue with the O-frequency, we make the change of unknown u —— e~

(S3), which will be used in the sequel. Next, in order to

"y, so that we are
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reduced to consider the equation

0+ (Ags — Du = |[u|"tu, (t,z) € R xS,
{u(O,x) = f(z) € H°(S?).
Let (2, F,p) be a probability space and (gn(w))n>1

Gaussians, g, € N¢(0,1), which means that g, can be written

1 .
gn(w) = E(hn(w) + zﬁn(w)),

(1.3)

a sequence of independent complex normalised

where(hy, (w), £n(w)), -, are independent standard real Gaussians (Ng(0,1)).
For N > 1 we define the random variable

gn(w

N
wr pn(w, ) g
n=1

and we can show that if o < %, then (pn)n>1 is a Cauchy sequence in L?(€2; H7(S?)): this enables
us to define its limit

(1.4) w i p(w,x) Zgn z) € L*(Q; H7(S?)).

n>1

We then define the Gaussian probability measure p on X éd (S3) by = p o L. In other words, u is
the image of the measure p under the map

Q —>XW®%

rad

gn(w

w — pw
n>1

We now construct a Gibbs measure for the equation (L3). For u € L™t!(S?) and 3 > 0, define the

density

(1.5) G(u) = Be~ i os ™

and with a suitable choice of 8 > 0, this enables to construct a probability measure p on X : 0{3 (S?) by
dp(u) = Glu)du(u).

Then we can prove

Theorem 1.1. — Let 1 < r < 5. The measure p is invariant under a dynamics of (LI)). More
precisely, there exists a set ¥ of full p measure so that for every f € X the equation (L) with initial

condition u(0) = f has a solution
ueC(R; X 2(s%)).

rad

The distribution of the random variable u(t) is equal to p (and thus independent of t € R):



REMARKS ON THE GIBBS MEASURES FOR NONLINEAR DISPERSIVE EQUATIONS 5

Here and after, we abuse notation and write

1/2 3
C(}R Xrad S ﬂ C R rad ))
o<1/2
In our work, the only point where we need to restrict to zonal functions is for the construction of the
Gibbs measure. The other arguments do not need any radial assumption. The result of Theorem ]
can not be extended to the case r = 5. Indeed, it is shown in [2] Theorem 4] that |lu[[zsgs) = +00,

p—a.s.

Since G(u) > 0, p—a.s., both measures p and p have same support. Indeed, pu(X 1/2(83)) =

rad
p(X :43(83)) =1, but we can check that u(H 1/Q(S?’)) p(H 1/2(83’)) = 0 (see [11} Proposition C.1|).

rad rad
Let us compare our result to the result given by the usual deterministic compactness methods. The

energy of the equation (I.I]) reads
1
=5 vt e = [l
2 Js3

Then, one can prove (see e.g. [L7]) that for all f € H'(S3) N L™1(S3) there exists a solution to ()
so that

(1.6) u € Co (R H'(S%)) N Cu (R; L (S7)),

(here C,, stands for weak continuity in time) and so that for all t € R, H(u)(t) < H(f). Notice that
in (L) we can replace the space H! with H, 1 waif f € Hm g
The advantage of this method is that there is no restriction on r > 1 and no radial assumption on
the initial condition. However this strategy asks more regularity on f. We also point out that with
the deterministic method one loses the conservation of the energy, while in Theorem [I.T] we obtain an

invariant probability measure (see also Remark 2.3]).

1.3. The Benjamin-Ono equation. — Recall that S! := R/(27Z) and let us define

27
22 = 2 —1 2d )
ey = @07 [ 15(@)Pa

For f(z Zake “and N > 1 we define the spectral projector Iy by Iy f(z Z a,e™ . We
keZ lk|<N
also define the space X° Sl ﬂ H™?
>0

Denote by H the Hilbert transform, which is defined by
x) = —i Z sign(n)c,e™, for wu(z) = Z cne'™®
nez* nez*
In this section, we are interested in the periodic Benjamin-Ono equation
{ Ou + HO2u + Bx(uQ) =0, (t,z)eRxS!

(.7) u(0,2) = f(z).
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Let (2, F,p) be a probability space and (gn(w))n>1
Gaussians, g, € Nc(0,1). Set g_p(w) = gn(w). For any o > 0, we can define the random variable

a sequence of independent complex normalised

(1.8) w pw,x) = Meim € L*(; H7(SY),

and the measure 1 on X°(S!) by p = po ¢! Next, as in [44] define the measure py on X°(S!) by
(1.9) dpn () = W (u)dp(w),
where the weight ¥ is given by

Un(u) = Brx(|lun|?z — aN)e_g Jsrud@dz oy = Ty,

with x € C°(R),
m:/' mmﬁmwm:/mw%wamww:
XO(st) Q

and where the constant By > 0 is chosen so that py is a probability measure on X°(S!). Then the
result of N. Tzvetkov [44] reads: There exists W(u) which satisfies for all p € [1, +oo[, U(u) € LP(du)
and

(1.10) Un(u) — U(u) in  LP(dp(w)).

As a consequence, we can define a probability measure p on X°(S!) by dp(u) = ¥(u)du(u). Then our
result is the following

Theorem 1.2. — There ezists a set 3 of full p measure so that for every f € 3 the equation (L)
with initial condition uw(0) = f has a solution

ueC(R; XO(Sh)).
For all t € R, the distribution of the random variable u(t) is p.

Some care has to be given for the definition of the non linear term in (7)), since u has a negative
Sobolev regularity. Here we can define 9,(u?) on the support of y as a limit of a Cauchy sequence (see

Lemma [5.3)).

As in [12] Proposition 3.10] we can prove that

J suppp=suppp.
X€C5° (R)

The cut-off x(|lun||?s — an) can not be avoided here because the term [g, u% (z)dz does not have a
sign (compare with the analysis of the half-wave equation and the defocusing NLS below where it can
be avoided, after a suitable renormalisation of the potential energy).

Observe that ¢ in (L8] has mean 0, thus u and p are supported on 0-mean functions. This is not a
restriction since the mean [, v is an invariant of (L7).

We complete this section by mentioning [47), [48, [49), [22] where the authors construct Gibbs type
measures associated with each conservation law of the Benjamin-Ono equation.
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1.4. The derivative non linear Schrédinger equation. — We consider the periodic DNLS equa-
tion.

(1.11)

iOu + 92u = 0y (Ju*u), (t,z) € R xS,
u(0,x) = up(z).

Here, for o < 1/2 we define the random variable ((n) = (1 + n?)!/?)
(1.12) w p(w,x) = Z Meim € L*(Q; H(SY)),
nez <n>
and the measure p on Xl/z(Sl) = ﬂ H?(SY) by p=pop~!'. Next, denote by

o<1/2

f(u) = Im /S () 0 0 ()

Let K > 0,and let x : R — R, 0 < x <1 be a continuous function with support supp x C [—k, K]
and so that x =1 on [—x/2, k/2]. We define the density

U () = By x(fuw | aeny)ed ¥ 0072 Jor lun ()de,
and the measure py on X/2(S') by
(1.13) dpn(u) = U (u)dp(u),

and where Sy > 0 is chosen so that py is a probability measure on X/ 2(sY). By Thomann-
Tzvetkov [43], Theorem 1.1], py converges to a probability measure p so that dp(u) = U(u)dpu(u).
Moreover, for all p > 2, if k < K, then ¥(u) € LP(dy). Then our result reads

Theorem 1.3. — Assume that kK < ko. Then there exists a set ¥ of full p measure so that for every
f € ¥ the equation (LII) with initial condition w(0) = f has a solution

ue C(R; XY2(Sh).
For all t € R, the distribution of the random variable u(t) is p.

Here, for k < kg9, we have

U suppp = {|lullzz < K} ﬂ supp f.
XECG® ([—r.x])

1.5. The half-wave equation. — The periodic cubic Schrédinger on the circle has been much
studied and in particular rough solutions have been constructed. See Christ [18], Colliander-Oh [20],
Kwon-Oh [30], and Bourgain [5] in the 2-dimensional case.

Here we investigate a related equation where one has no more dispersion: We replace the Laplacian
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inr __ inT

with the operator |D|, i.e. the operator defined by |D|e"™* = |n|e
half-wave Cauchy problem

, and we consider the following

iy — |Dlu = |ul?u, (t,z) € R xS,
u(0,z) = f(x).
This model has been studied by P. Gérard and S. Grellier [24] who showed that it is well-posed
in H'/2(SY). However, the Sobolev space which is invariant by scaling is L?(S!), hence it is natural
to try to construct solutions which have low regularity. In the sequel, in order to avoid trouble with
the 0O-frequency, we make the change of unknown u — e~"u, so that we are reduced to consider the
equation
i0iu — Au = |ul*u, (t,z) € R x S,
where A := |D| + 1.

Let (2, F,p) be a probability space and (gn(w))n
Gaussians. Here we define the random variable

7, @ sequence of independent complex normalised

n(w) inT 2 —o(gql
(1.14) w (w,z) = 9716 e L*(Q H?(SY)),
T S ) ( )

for any o > 0, and we then define the measure p on X°(S!) by = popL.

We need to give a sense to |u|?u on the support of p. In order to avoid the worst interac-
tion term, we rather consider a gauged version of the equation for which the nonlinearity is for-
mally |u|?u — 2||u\|%2(81)u. More precisely, define the Hamiltonian

1 2
Hy(u) = / \Au\Q—i——/ \HNu\‘l— </ ‘HNuf) )
Sl 2 Sl Sl

and consider the equation
0H N

zatu = W’

which reads

(115) {Zatu—Au:GN(u), (t,ﬂ?) GRXSl,

u(0,z) = f(x),
where Gy stands for
(1.16) Gy (u) = HN(|HNu|2HNu) - 2\|HNUH%2(81)HNU.
This modification of the nonlinearity is classical, and is the Wick ordered version of the usual cu-
bic nonlinearity (see Bourgain [5], Oh-Sulem [37]). Recall, that since the L? norm of (LI5) is
preserved by the flow, one can recover the standard cubic nonlinearity with the change of function
t

on(t) = un(t) exp (— 21'/ |un (7)[|72d7) with the notation uy = Iyu.

0

Here, the main interest for introducing the gauge transform in (LI6)) is to define the limit equation,
when N — +4-00.
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Proposition 1.4. — For all p > 2, the sequence (GN(U))N>1 is a Cauchy sequence in the space

LP(XO(Sl),B,d,u; H“’(Sl)). Namely, for all p > 2, there exist n > 0 and C > 0 so that for all

1<M<N,
C
/)V(O(SI) HGN(U) B GM(U)HZJ);[fo(SQdM(U) < W

We denote by G(u) the limit of this sequence.
It is then natural to consider the equation
i0u — Au = G(u), (t,r) € R xS,
{u((),x) = f(x).

We now define a Gibbs measure for (LI7) as a limit of Gibbs measures for (LI5]). In the sequel we
use the notation uy = Iyu. Let x € C3°(R) so that 0 < x < 1. Define

1
= 2 d - E { -
o /X“(Sl) el oy dute) 1+ n]

n|<N

(1.17)

consider the density

(1.18) On(u) = Brx(lun2s aN)ef(||uN||i4fz||uN||‘;2)7

and define the measure
dpn (u) = On (u)dp(u),
where Sy > 0 is chosen so that py is a probability measure.

Remark 1.5. — We could avoid the cut-off procedure, x, above, by using another renormalization,
namely defining

(1.19) Gy (u) = Iy (OyulTIyvu) — 28Ty, ay =E, [HHNUH%Q(SU]’
see the construction in Section for NLS on a bounded domain.

In our next result, we define a weighted Wiener measure for the equation (LIT).

Theorem 1.6. — The sequence On(u) defined in (LI8) converges in measure, as N — oo, with
respect to the measure p. Denote by O(u) the limit and define the probability measure
(1.20) dp(u) = O(u)du(u).

Then for every p € [1,00[, ©(u) € LP(du(u)) and the sequence ©n converges to © in LP(du(u)), as N
tends to infinity.

The sign of the nonlinearity in ([LI7)) (defocusing) plays a role. Indeed, Theorem [[.6 does not hold
when G(u) is replaced with —G(u).
Again, with the arguments of [12], Proposition 3.10|, we can prove that

J suppp = suppp.
x€C5°(R)
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Consider the measure p defined in (L20), then

Theorem 1.7. — There exists a set 3 of full p measure so that for every f € ¥ the equation (LIT)
with initial condition w(0) = f has a solution

ueC(R; XO(Sh)).
For all t € R, the distribution of the random variable u(t) is p.

In equation (ILI7) the dispersive effect is weak and it seems difficult to deal with the regularities on
the support of the measure by deterministic methods.

Remark 1.8. — More generally, we can consider the equation
i0u — A% = [P~ u, (t,z) € R x S,

with a > 1 and p > 1. Define X#(S!) = Nr<p H7(S!). In this case, the situation is better since the
series

gn(w) mnx
W pa(w,z) = —————e"
pols) = 2 Ty
are so that ¢, € L?(Q; HP(S!)) for all 0 < 8 < (a — 1)/2. Here we should be able to construct
solutions
u € C(R; X@=D/2(shy).

1.6. The 2d NLS on an arbitrary spatial domain. — We assume that (M, g) is either a two
dimensional compact Riemannian manifold without boundary or a bounded domain in R?. We suppose
that vol(M) = 1. This assumption is not a restriction since we can always reduce the analysis to this
case by rescaling the metric. We impose it since some of the computations simplify a little under this
assumption.

Denote by —A, the Laplace-Beltrami operator on M (with Dirichlet boundary conditions in the
case of a domain in R?). Consider the nonlinear Schrédinger equation
(1.21) i+ (Ay — Du = |u*u, (t,r) €R x M,
' u(0,z) = f(x).
Our aim is to construct a Gibbs measure p associated to (L2I]) and to construct global solutions
to (L21)) on the support of p. Let (¢n)n>0 be an orthonormal basis of L?(M) of eigenfunctions of —A,
associated with increasing eigenvalues (A2),>0. By the Weyl asymptotics \,, ~ n'/2. Let (gn(W))n>0
be a sequence of independent standard complex Gaussian variables on a probability space (Q, F,p).
We denote by i the Gaussian measure induced by the mapping

In(w)
ns0 (A2 + 1)%

and we can interpret p as the Gibbs measure which is associated to the linear part of (L2I). One may

wr— Y(w,z) = on(z),

see 11 as a measure on H~%(M) for any fixed s > 0, and we can check that u(L?(M)) = 0. Notice also
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that thanks to the invariance of the Gaussians under rotations the measure p is independent of the
choice of the orthonormal basis (¢p)n>0.

Now, if one wishes to define a Gibbs measure p (which is a density measure w.r.t. p) associated
to (L2]]), namely corresponding to the Hamiltonian

1 1
) =5 [ (9uP 41+ 7 [l

we have [, lu|* = 400 on the support of j. Therefore a suitable renormalization is needed. For
U= 50CnPn, We set uy = Ilyu =) -y cupn. Denote by

1
_ 2 _
(1.22) OéN—/XO(M) lunlZeandp@) = > SVvh

0<n<N n

Then we define the renormalized Hamiltonian
1
Hy(u) = / (|Vul? + [ul?) + 5/ TIyul* — 2aN/ {HNU‘Q + a4,
M M M
and consider the equation
0H N
o = CAN
Y= s
which reads
(1.23) 0w+ (Ag — 1u = Fy(un), (t,z) € R x M,
- u(va) = f(x)7

where Iy stands for

(1.24) Fy(uy) = HN(|uN|2uN) — 2anUup.

Recall, that since the L? norm of (IL23) is preserved by the flow, one can recover the standard cubic
nonlinearity with the change of function vy () = un(t) exp(—2ant).

Thanks to the gauge transform in (.24]) we are able to define the limit equation, when N — +o00.
Set X°(M) = (") H’(M), then

<0

Proposition 1.9. — For oll p > 2 and o > 2, the sequence (FN(UN))N>1 is Cauchy in

Lp(XO(M),B,dM; H*"(M)). Namely, for all p > 2, there exist n >0 and C > 0 so that for all
1< M <N,

C
En(un) — Fa(up)|Br—o o dp(u) < ——.
/. sy P ) = Bt a0 < 57

We denote by F(u) the limit of this sequence.

We now consider the equation
{i@tu—}— (Ay —Du=F(u), (t,z) e Rx M,

(1.25) u(0,z) = f(x).
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We now define a Gibbs measure for (23] as a limit of Gibbs measures for (L23]). Set
1

(1.26) fn(u) = —/ Tyul* — 2aN/ |HNu|2 + o4,
2 J/m M

and consider the measure
dpn(u) = Cye ™ dp(w),

where C'y > 0 is chosen so that py is a probability measure. Then

Theorem 1.10. — Let us fir 1 < p < co. The sequence (fn(u))n>1 converges in LP(du(u)) to some
limit denoted by f(u). Moreover

e W e LP(du(u)) .
Therefore, we can define a probability measure on X°O(M) by
(1.27) dp(u) = Cooe™ W dp(u).

The result of Theorem [LI0] is not new. One may find a proof of it in the book by B. Simon [40],
page 229]. The approach in [40] is using the control of the singularity on the diagonal of the Green
function associated with A;l. Here we present a slightly different proof based on spectral consideration
via the Weyl asymptotics. We decided to include this proof since the argument is in the spirit of the
analysis of the other models considered in this article.

We are able to use the measure p defined in (L.27)) to define global dynamics for the equation (L25]).

Theorem 1.11. — There exists a set 3 of full u measure so that for every f € ¥ the equation (.25
with initial condition uw(0) = f has a solution

ueC(R; X (M)).
For all t € R, the distribution of the random variable u(t) is p.

Remark 1.12. — Another choice of renormalization procedure, namely defining
(1.28) Fy(un) = Ty (Jun Pun) — 2[lun|Z2un.
would lead to another limit equation

iOu + (A, — u = F(u),

with

F(u) = NlirfmﬁN(u) " =7 [uffu—2|ullau,

which is slightly more natural as if v is a (L?-bounded) solution of
10w + (Ay — v = |v]?v,

—2it||v]|2

then u = e L2y satisfies

iOu+ (Ay — Du = F(u).
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However, this renormalization would require another cut-off (see Section [7]) because the main contri-
bution of the potential energy in the Hamiltonian is no longer positive. Finally, yet another renormal-

1
ization is possible: by the Weyl formula (8I7) we know ay = e In N + C + o(1), and it is easy to
2y

check that it is possible to replace a by its equivalent in the definition of Hy(u) and in (L24). In
this case, the renormalisation does not depend on M (but only on its volume which if fixed to 1).

Remark 1.13. — In Theorems [[LT0] [LTT] the sign of the nonlinearity (defocusing) plays key a role
and we do not know how to define a probability Gibbs measure if F' is replaced by —F.

Let us recall some deterministic results on the nonlinear cubic Schrédinger equation on a compact
surface. The equation is locally well-posed in H* for all s > 0 when M = T2 (Bourgain [6]), in H*
for all s > 1/4 when M = S? and H*® for all s > 1/2 in the case of a general surface M without
boundary (Burq-Gérard-Tzvetkov [10]). In the case of a surface with boundary, the equation is locally
well-posed in H*® for all s > 2/3 (Blair-Smith-Sogge [3]). In each of the previous cases, thanks to an
interpolation argument, S. Zhong [51] has shown that the (defocusing) equation is globally well-posed
in H® for some 1 —§ < s < 1 with § > 0 sufficiently small.

1.7. Notations and structure of the paper. —

Notations. — In this paper c,C > 0 denote constants the value of which may change from line to line.
These constants will always be universal, or uniformly bounded. Forn € Z, we write (n) = (14 |n|?)1/2.
In Section [ we use the notation [n] = 1+ |n|, while in Section [8 we write [n] = 1+ X2. We will
sometimes use the notations LY, = LP(—T,T) for T > 0. For a manifold M, we write L} = LP(M)
and for s € R we define the Sobolev space Hi = H*(M) by the norm |lu||g; = ||(1 — A)S/zuHLz(M).
If E is a Banach space and p is a measure on E, we write L}, = LP(du) and lullp e = HHUHEHL{;
For M a manifold, we define X°(M) = (\,., H"(M), and if I C R is an interval, C(I; X°(M)) =
Ny<oy C(I; HT(M)). If X is a random variable, we denote by £ (X) its law (its distribution).

The rest of the paper is organised as follows. In Section 2lwe recall the Prokhorov and the Skorokhod
theorems which are the crucial tools for the proof of our results. In Section Bl we present the general
strategy for the construction of the weak stochastic solutions. Each of the remaining sections is devoted
to a different equation.

Acknowledgements. — The authors want to thank Arnaud Debussche for pointing out the refer-
ence [23]. The second author is very grateful to Philippe Carmona for many clarifications on measures.
We also benefitted from discussions with Christian Gérard and Igor Chueshov.

2. The Prokhorov and Skorokhod theorems

In this section, we state two basic results, concerning the convergence of random variables. To begin
with, recall the following definition (see e.g. |28, page 114])
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Definition 2.1. — Let S be a metric space and (py)n>1 a family of probability measures on the
Borel o—algebra B(S). The family (px) on (S,B(S)) is said to be tight if for any € > 0 one can find
a compact set K. C S such that py(K;) > 1—¢ forall N > 1.

Then, we have the following compactness criterion (see e.g. [28, page 114] or [27, page 309])

Theorem 2.2 (Prokhorov). — Assume that the family (pn)n>1 of probability measures on the met-
ric space S is tight. Then it is weakly compact, i.e. there is a subsequence (Ni)p>1 and a limit
measure pPoo Such that for every bounded continuous function f: S — R,

lim /S f@)dow, () = /S £ (2)dpoo():

k—o0

In fact, the Prokhorov theorem is stronger: In the case where the space S is separable and complete,
the converse of the previous statement holds true, but we will not use this here.

Remark 2.3. — Let us make a remark on the case S = R™. The measure given by the theorem allows
mass concentration in a point and the tightness condition forbids the escape of mass to infinity.

The Prokhorov theorem is of different nature compared to the compactness theorems giving the
deterministic weak solutions: In the latter case there can be a loss of energy (as mentioned below (L.6])).
A weak limit of L? functions may lose some mass whereas in the Prokhorov theorem a limit measure
is a probability measure.

We now state the Skorokhod theorem

Theorem 2.4 (Skorokhod). — Assume that S is a separable metric space. Let (pn)N>1 and poo
be probability measures on S. Assume that py — peo weakly. Then there exists a probability space
on which there are S—wvalued random variables (Xn)n>1, Xoo such that L(Xn) = pn for all N > 1,
L(Xoo) = poo and Xy — X0 a.s.

For a proof, see e.g. [27, page 79]. We illustrate this result with two elementary but significant

examples:

— Assume that S = R. Let (Xn)1<n<oo be standard Gaussians, i.e. L(Xy) = L(Xo) = Nr(0,1).
Then the convergence in law obviously holds, but in general we can not expect the almost sure
convergence of the Xy to X, (define for example Xy = (=1)V X).

— Assume that S = R. Let (Yn)i<n<oo be random variables. For any random variable ¥ on R
we denote by Fy(t) = P(Y < t) its cumulative distribution function. Here we assume that for
all 1 < N < oo, Fy, is bijective and continuous, and we prove the Skorokhod theorem in this
case. Let X be a r.v. so that £(X) is the uniform distribution on [0, 1] and define the r.v.
Y = F;; (X). We now check that the Yy satisfy the conclusion of the theorem. To begin with,

Fy (t) = P(Yy < t) = P(X < Fy, (1)) = Fyy(#),

therefore we have for 1 < N < oo, £(Yy) = L(Yy). Now if we assume that Yy — Vs in law,
we have for all t € R, Fy, (t) — Fy_(t) and in particular Yy — Yo, almost surely.
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3. General strategy

Let (2, F,p) be a probability space and (gn(w))n>1 a sequence of independent complex normalised

Gaussians, g, € Nc(0,1). Let M be a Riemanian compact manifold and let (e,),>1 be an Hilbertian
basis of L2(M) (with obvious changes, we can allow n € Z). Consider one of the equations mentioned
in the introduction. Denote by

X7 =X7(M) = () H'(M).

T<O

3.1. General strategy of the proof. — The general strategy for proving a global existence result
is the following;:

Step 1: The Gaussian measure p: We define a measure p on X?(M) which is invariant by
the flow of the linear part of the equation. The index o. € R is determined by the equation and
the manifold M. Indeed this measure can be defined as it = p o ¢!, where ¢ € L? (Q; H"(M)) for
all o < o, is a Gaussian random variable which takes the form

o(w,z) = Z wen(:ﬂ).
n>1 "

Here the (\,,) satisfy A\, ~ cn®, a > 0 and are given by the linear part and the Hamiltonian structure
of the equation. Notice in particular that for all measurable f : X% (M) — R

) Joo o, T = [ £t ) dpe)

Step 2: The invariant measure pn: By working on the Hamiltonian formulation of the equation,
we introduce an approximation of the initial problem which has a global flow ®p, and for which we
can construct a measure py on X7 (M) which has the following properties

(i) The measure py is a probability measure which is absolutly continuous with respect to

dpy (u) = Uy (u)dpa(u).

(ii) The measure py is invariant by the flow ®y by the Liouville theorem.
(iii) There exists ¥ # 0 such that for all p > 2, ¥(u) € LP(du) and
Uy(u) — U(u), in LP(du).
(In particular ||¥y(u)|[zz < C uniformly in N > 1.) This enables to define a probability measure
on X% (M) by
dp(u) = ¥(u)dp(u),
which is formally invariant by the equation.
Step 3: The measure vy: We abuse notation and write

C([-T,T); X°¢(M)) = () C([-T,T); H* (M)).

o<0oc
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We denote by vy = py o @' the measure on C([-T,T); X%(M)), defined as the image measure
of pny by the map

Xo¢(M) — C([-T,T); X7 (M))
v Dy (t)(v).

In particular, for any measurable F : C([—T, T]; X% (M )) — R

(3.2) Flu)dvy (u) = / F(x(1)(0))dp (v).

Xoc

/c([—T,T};ch)

For each model we consider, we show that the corresponding sequence of measures (vy) is tight in
C([—T, T]; H° (M )) for all ¢ < o.. Therefore, for all ¢ < 0., by the Prokhorov theorem, there exists
a measure v, = v on C([—T,T); H?(M)) so that the weak convergence holds (up to a sub-sequence):
For all 0 < o, and all bounded continuous F : C([-T,T); H*(M)) — R

lim F(u)dvy(u) = / F(u)dv(u).

N=oo Je([-1.1);H7) c([-1,17;:H7)

At this point, observe that if oy < o2, then vy, = vy, on C([-T,T]; H7*(M)). Moreover, by the
standard diagonal argument, we can ensure that v is a measure on C ([T, T]; X7 (M)).

Finally, with the Skorokhod theorem, we can construct a sequence of random variables which con-
verges to a solution of the initial problem.

We now state a result which will be useful in the sequel. Assume that py satisfies the properties
mentioned in Step 2.

Proposition 3.1. — Let 0 < o.. Let p > 2 and r > p. Then for all N > 1

1
(3.3) HHUHL’%H;’{ . < OTY?|[v]l g Ly
Letq>1,p>2 andr >p. Then for all N > 1
1
(34) Mollzpzally. < CTPllolze .
In case W < C, one can take r = p in the previous inequalities.
Proof. — We apply (.2) with the function v — F(u) = Hu”i‘}Hg Here and after, we make the

abuse of notation

HHUHL’%H;’{ Ly, = HUHLI;NLT;H;;-
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Then

p _ p
Il iy = |, rmny M 0

- /XUC 1@ N () (@)I[75 gy o ()

- [ 1 ju@mt)(wupgdt}dm(v)

(35) = [ [ @@l aeme)]a

where in the last line we used Fubini. Now we use the invariance of px under @y, and we deduce that
forall t € [-T,T)]

[ 1ox @@y donte) = [ ellgdon (o)
Therefore, from (3.5) and Holder we obtain with 1/r; +1/ry =1

ol e = 2T [ Ibllizdon (o

_ o / 01l © e (0)ds(v)
Xoc

Cllvllzpm g N ()72

IN

Now, let r > p, take r; = r/p and we can conclude since ¥y € L™ (dp).
For the proof of ([B.4)), we proceed similarly. We take F(u) = |lul/}, ,, in 32), and use the same
T+x

arguments as previously. O

3.2. Some deterministic estimates. — We now state an interpolation result, which will be useful
for the study of each model. Consider (e,),>1 a Hilbertian basis of L? = L?(M) of eigenfunctions
of A:

—Ae, = )\ien, n>1.

For u = Z anéen, we define the spectral projector

n>1
Aju = g e,

n>1:27<(\,)<27+1

so that we have u = Z Aju and for o € R
j=0

Cr27 | Agull 2 < 1| Ajullmreary < C2277 | Ajull .

Define the space W%’p by the norm HuHW%p = |lullze. + [[Osull Lz, Then
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Lemma 3.2. — Let T > 0 and p € [l,400]. Assume that uw € LP([-T,T);L*) and dyu €
LP([-T,T); L?). Then u € L>®([-T,T]; L*) and

P R

[ullpgere < CHulle wiere
Proof. — Let v € L?>(M) be so that ||v|/;2 = 1, and define v(t) = (u(t),v). Then we clearly have
Pl < lulzoze ol < 19cllon o,

and from the Gagliardo-Nirenberg inequality we deduce

1 1 1 1
(3.6) lellzse < Cllellpy " llellyhs < Cllully 2 lulyh
Now from (B.6]) we get
lullgerz = sup [lu(t)] g2
te[-T,T)

= sup sup o(t)
te[=T,T] Iyl 2=1

1 1
= s swp w(t) < Cllully YR, o
IVl 2=1te[-T.T]

This completes the proof of Lemma O
Denote by H? = H?(M). Using the previous result we can prove

Lemma 3.3. — Let T > 0 and p € [1,400]. Let —o0 < 03 < 01 < 400 and assume that u €
LP([-T,T}; H°") and 8yu € LP([-T,T); H??). Then for alle > o1/p—oa/p, u € L= ([-T,T]; H* ™)
and

1 1
(3.7) lull e pros = < Cllul e, lul “ipm

Moreover, there exists n > 0 and 0 € [0,1] so that for all t;,ty € [=T,T)

[u(ts) = ulte)l| 22 < Cltr = taf"| [ull}

‘UHLPH01| 1PH02

Proof. — We use the frequency decomposition as recalled at the beginning of the section, and apply
Lemma to Aju

1Ajull g gror < CHOD|Ajul oo
j(o1—¢) 1-1/p 1/p
< 02 1Al o 2 (100250l g r2 + 1Ajull s £2)
< (oilor—e)g—jor(1-1/p)g— JU2/p”A] ”1LP111/£1”AJ ”1/1;PHU2
< CoIE oD u| Y fullgf



REMARKS ON THE GIBBS MEASURES FOR NONLINEAR DISPERSIVE EQUATIONS 19

This inequality together with [[u| zec fo1-= < Z [ Ajullpse pror-< yields B.2). By Holder we get
=0
to
(3.8) lu(tr) = ult2)llmee = | [ Oru(r)dr|mee < [tr = to "2 00ull 1z 1o -

t1

Next by interpolation, there exists 6y € (0, 1) so that

1-0 0
[u(ts) — )l ger—2e < fluts) = ult2)lgo, "< lu(ty) — wt2)llge

1-6 9
< Ollullpeepyor—lluty) = ult2)| e
and the result follows from this latter inequality combined with (3.7) and (3.8]). O

4. The nonlinear Schréodinger equation on the three dimensional sphere

4.1. The setting. — Let S? be the unit sphere in R*. Consider the non linear Schrédinger equation

(4.1) i+ (A —Du = |ul" " u, (t,z) eR xS,

1
u(0,2) = f(z) € H7(S?),

where A = Ags stands for the Laplace-Beltrami operator, and where 1 < r < 5. In the sequel we

consider functions which only depend on the geodesic distance to the north pole, these are called

zonal functions. Denote by Z(S?) this space. Roughly speaking, this is the same type of reduction as

restricting to radial functions in R3. Denote by L? . (S3) = L?(S3)N Z(S3). We endow this space with

rad

iz g = ([ 07) = ([ 1@pmaar)

where x € [0, 7] represents the geodesic distance to the north pole of S3. The operator A can be

the natural norm

restricted to Lzad, and it reads
0? 2 0
A=—+ —.
dr%  tanx v
One of the main interests to restrict to zonal functions, is that the eigenvalues of A in LZ ,(S?)

are simple. The family (P,),>1 defined in (L2) is a Hilbertian basis of L2 ;(S?) of eigenfunction

1
of the Laplacian: For all n > 1, —AP, = (n? — 1)P,. We define the operator A = (1 — A)E, in
particular AP, = nP,.

Let us define the complex vector space En = span((Pn)1§n§ N). Then we introduce a smooth
version of the usual spectral projector on Ex. Let x € C§°(—1,1), so that x =1 on (—1/2,1/2). We

then define A
SN(Z CnPn> = X(N) chpn = Z X(%)Cnpn

n>1 n>1 n>1
One of the advantages of this operator compared with the usual spectral projector, is the following
result. See Burg-Gérard-Tzvetkov [9] for a proof.
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Lemma 4.1. — Let 1 < p < oco. Then Sy : LP(S3) — LP(S?) is continuous and there exists C > 0
so that for all N > 1,

HSNH[J’(S“”)HLP(SS) < C.
Moreover, for all f € LP(S), Sy f — f in LP(S®), when N — +o0.

4.2. Preliminaries: Some estimates. — In the sequel, we will need a particular case of Sogge’s
estimates.
Lemma 4.2. — The following bounds hold true for n > 1

Cnl/2=Ve if 2<p <4,
(42 Pl <9

Cnl=3/p, if 4<p< o0

Proof. — The bound for p = oo is clear by the definition (L2). The case p = 4 is proved in [45],
Lemma 10.1] thanks to the formula

min (k,€)
2
PPy = \/; Z Pr_gq25-1, k=1

j=1

The general case follows from Holder. O

The next Lemma (Khinchin inequality) shows a smoothing property of the random series in the LP
spaces. See e.g. [15, Lemma 4.2] for the proof.

Lemma 4.3. — There exists C > 0 such that for all p > 2 and (c,) € *(N)

(4.3) I gn@)enllzy < CVB( Y leal?) ™.

n>1 n>1

=

Define p = p o ¢~ 1, with ¢ given in (L4). Then we can state

Lemma 4.4. — Let o < %, then there exists C' > 0 so that for all p > 2

(1.0 Il < Ovp
Let 2 < q < 6, then there exists C' > 0 so that for all p > q
(4.5) lellzsll, < Ovp.
Proof. — We prove [@4). Let o < 1/2 and apply @3) to (1 — A)?/%p = Z ?Z,Pn- Then
n
n>1

11— 2120l < Cvi( T 4l )
Ly = n2(-o)) °

n>1

Take the L?(S?) norm of the previous inequality, and by the Minkowski inequality the claim follows.
The proof of ([A3H) is similar, using (£2)) and the Minkowski inequality. O

We will also need the next result. See [12] Lemma 3.3] for the proof.
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Lemma 4.5. — Let 2 < q < 6. Then there exist ¢,C > 0 so that for all N > 1 and A > 0
p(u e XV2(s?) - ISnullpacssy > A) < Ce N,
Moreover there exist a,c,C > 0 so that for all1 < M < N and A >0
(4.6) p(u e XV2(S?) ¢ ||Syu — Smullpasz) > A) < Ce M\,
4.3. A convergence result. — Let 1 < r < 5 and recall the definition (LH) of G. Let N > 1 and
set Gy = BnyG o Sy, where By > 0 is chosen such that
dpn(u) = G (u)dp(u),

defines a probability measure on X/2(S3). The next statement shows that we can pass to the limit
N — +oo in the previous expression.

Proposition 4.6. — Let p € [1,00][, then
Gr(w) — G(u), in 17(du(w),
when N — +o00.

In particular, for any Borel set A ¢ X'/2(S?), lim pn(A) = p(A). Observe that for all N > 1,

N—oo

pN(Xl/Q\X:ﬁ) =0, as well as p(Xl/Q\X:ﬁ) = 0.
Proof. — Let ¢ < 6. By (48], we deduce that |[Syulpa — |[Jul[zs in mesure, w.rt. pu, hence
Gn(u) = G(Syu) — G(u). In other words, if for ¢ > 0 and N > 1 we denote by
Ane={ue X'2(S*) : |Gn(u) — G(u)| < ¢},
then M(Afv’e) — 0, when N — +00. Now use that 0 < G,Gny <1
IG = Gnllr < (G=GN)lay Nz + (G = GN)lag Iz

< e( AN )P +2( (A% )P < Ce,

for N large enough. This ends the proof. O
4.4. Study of the measure vn. — Let N > 1. We then consider the following approximation
of (@)

) {i@tu—i—(A—l)u:SNﬂSNuVISNu), (t,z) € R x S?,
4.7

w(0,z) = v(z) € X/2(SP).

rad
The main motivation to introduce this system is the following proposition, which is directly inspired
from [12| Section 8|. Therefore we omit the proof.

Proposition 4.7. — The equation [@LT) has a global flow ®n. Moreover, the measure py is invariant
under ®n : For any Borel set A C X:ﬁ(S‘?) and for all t € R, pn(®n(t)(A)) = pn(A).

In particular if £ 1/2(v) = pn then for all t € R, gX:ﬁz(@N(t)v) = pN.

rad
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Remark 4.8. — Observe that (L7)) is not a finite dimensional system of ODE, but its flow restricted
to high frequencies is linear.

We denote by vy the measure on C([—T,T]; X 1/2 (S*)), defined as the image measure of py by the

map
X1V2(8%) — C([-T,T); X2(s%))
v Dy (t)(v).

Lemma 4.9. — Let 0 < % and p > 2. Then for all N > 1
(4.8) HHUHL’;HgHLI;N <C.
Let 2 < q<6 andp>q. Then for all N > 1
(4.9) H”UHL’;LZ

Proof. — By (B.3)) and the fact that G < C' we already have

<C.

LYy

HUHLI;NL’;Hg < CH”HLZH;; = CHSDHLf,Hga

where we used the transport property (3.) with the map f : u — ||ull%;,. Finally we conclude
with (@.4).
For the proof of (4.9), we use ([3.4]) and (5. O

Lemma 4.10. — Let 0 > % and p > 2. Then there exists C > 0 so that for all N > 1

(4.10) <c.

HHU||W%”’H;°| Lz,

T00f. — 1t 1s enough to show that || rp r—o |l <O efinition
P By it i gh to show that ||[0;ull p < |, < C. By definiti
x l/N

opull? ., = /

= [ 10O, o).
X1/2(S3) LyHe

Now we use that wy := ®n(t)(v) satisfies ({1 to get

9wl v (w)

”ath”LI;NLI%H;U < I(A - 1)wN”LI;NL§H;” + ”SN(‘SNwN’r_lstN)HLgNLz%Hx—o,
which in turn implies
(411) H@tuHLgNLgH;o S ”(A — 1)u”LIV)NLI,}H;0 + ”SN(‘SNU‘TilsN’LL) ”LIV)NLI%H;O—.
Firstly, by (L8] we get for o > 1/2

(4.12) 1A = Dulliy g pze = Il oz < C.
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Then by Sobolev, since o > 3/2, we get [g||;-« < Cllg||z1. Therefore

ISy (ISxul" Svulllp rppze < ClSn(ISnvul"™ Snu)llp a1
< CHSNUHZT,’;\{L’"T’“L;
<

CHUHEC’;\,LTT’“Ly

where we used twice the continuity of Sy on L% spaces (see Lemma FT]). Now, since 1 < r < 5 we can
apply (A9) and this together with (£12) implies the result.

O
4.5. The convergence argument. —

Proposition 4.11. — LetT >0 and 0 < % Then the family of measures

vN = ZLepne (un(t);t € [T, T])Nzl

is tight in C([~T,T); H° (S?)).

Proof. — Let ¢ < 4. Fix 0 < ¢ < ¢ < } and @ > 0. We define the space CeHS =

C([-T,T); H¥ (S*)) by the norm

Ju(ty) — u(te)l| s
HUHC%HS/ = sup

+ ||u
ty,to€[—T,T), t1#£t2 |t1 — ta|® I “L%Hi”

and it is classical that the embedding C$H® C C([-T,T); H(S?)) is compact.
We now claim that there exists 0 < a < 1 so that for all p > 1 we have the bound

(4.13) lull g cape <C-

Indeed apply Lemma [3.3] with 01 = s” and 09 = 0. Then for p large enough we have

1-0

ltlleg 7o < Cllull g0

< Clull g g+ Cltllgto o

for some small o > 0. By ([£.8) and (@I0) we then deduce ||ul|,» cans < C. (The fact that (£I3) is
VN
indeed true for any p > 1 is a consequence of Holder.) Let 6 > 0 and define

Ks={ueCrH" st. |ullcope < s 1L

Thanks to the previous considerations, the set Ky is compact. Finally, by Markov and (£I3) we get
that

vN(K§) <6 HUHL},NC%HS/ < 46C,
which shows the tightness of (vy). O

The result of Proposition .11 enables us to use the Prokhorov theorem: For each T' > 0 there exists
a sub-sequence vy, and a measure v on the space C([~T,T]; X*/2(S%)) so that for all 7 < 1/2 and all
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bounded continuous function F : C([-T,T]; H™(S*)) — R

/C([—T,T];HT) F(u)dvn, (u) — /C([—T,T};HT) F(u)dv(u).

By the Skorokhod theorem, there exists a probability space (Q,]T" ,P), a sequence of random vari-
ables (T, ) and a random variable % with values in C([—T, T]; X'/2(S?)) so that

(4.14) L(un,;t € [-T,T)) = ZL(un,;t € [-T,T)) =vn,, ZL(uste[-T,T)) =v,
and for all 7 < 1/2
(4.15) Uy, — U, p—as. in C([-T,T);H(S?)).

We now claim that Zy1/2(un, (t)) = Lx1/2(un,(t)) = pn,, for all t € [-T,T] and k > 1. For
all t € [-T,T], the evaluation map

Ry : C([-T,T; X'%(S?) — XV2(S%)
u —  ul(t,.),

is well defined and continuous. Then, for all ¢ € [-T, T, up, (t) and un, (t) have same distribution.
Let us now determine the distribution of uy, () which we denote by vak. By definition of uka and vy,
we have for all measurable F : X'/2(S%) — R

/ F(v)dvy, (v) = / F(Ryu)dvn, (u)
X1/2(s3) c([-1,11:x1/2(s%))

_ / F(Ry®y, (-Jw)dpn, (w)
X1/2(S3)

= [ F@nOw)don, ).
X1/2(S3)

From the invariance of py, under ®y, we get vak = PN, -
Thus from (4.I5) and the convergence property of Proposition .6, we deduce that
(4.16) Lr2(u(t)) =p, Vte[-T,T).
Let £ > 1 and t € R and consider the r.v. X given by
Xy = iy, + (A = Dug, = Sy, (1w, Sy, ).

Define X similarly to X, with un, replaced with uy,. Then by (@I4), gCTxl/Q(j(\:Nk) =
XCTX1/2(XN]€) = {p, in other words, )N(k = 0 p-as. and up, satisfies the following equation
p-a.s.

(4.17) ik, + (A = Vi, = Sw, (19w 7 S, i, )
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We now show that we can pass to the limit & — +oo in (£I7) in order to show that w is p—a.s.
a solution to (L]). Firstly, from (£I5]) we deduce the convergence of the linear terms of the equation.
Indeed, p—a.s., when k — +00

iy, + (A — Dy, — i0u+ (A—1)u in D'([-T,7] x S?).
To handle the nonlinear term, we apply the next lemma.
Lemma 4.12. — Let 1 <r < 5. Up to a sub-sequence, the following convergence holds true
unN, — U, P—as. in Lr([—T, T] x 83).

Proof. — In order to simplify the notations in the proof, we drop all the tildes and write Ny = k and
L}, = LP([-T,T] x S3). If 1 < r < 2, the result immediately follows from (@I5]). For 2 < r < 5, by
the Hoélder inequality,

(4.18) lur = ullry, < llux = ullz, fus - |Lr+17

with 6 = T(il). By (#I5), a.s. in w € Q
(4.19) g — uHL%I — 0.
Let € > 0 and A > 0. By the inclusion
VX, Y>>0, {XY>A}c{Xx>eNuly>e?),

together with (4I8]) and the Markov inequality we have

(4.20) p(llux —ullzy, > A)

< p(|lux — uHGLQ > 0) + p(flur — tu+1 >e7Y)
< p(llug — ullz, > A1) 4202 /Hu —ullhdp
By (£9) and the definition of v

[yt = [l v < or.

Similarly, / ||u\|rr+1dp < Cr. Therefore / |ug, — u||" 7L dp is bounded uniformly in k. Thus, thanks

r+1
L tw

to (A19) and (I_4_.2QI) we get the following convergence in probability
YA>0, p(flux—ulzr, >X) — 0, when k — +oo0,

and after passing to a sub-sequence, we obtain the announced almost sure convergence. ]
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4.6. Conclusion of the proof of Theorem [L.IL — Define f = u(0).  Then by (@I6),

Zx12( f) = p and by the previous arguments, there exists ' C Q such that p(€2) = 1.
Set ¥ = f(€), then p(X) = p(¥’) = 1. Moreover, for w’ € , the r.v. u satisfies the equation

i+ (A —Du = [a" ‘%, (t,z) e RxS?,
{ 4(0,2) = f(z) € X/%(sP).

rad

(4.21)

It remains to check that we can construct a global dynamics. Take a sequence Ty — 400, and
perform the previous argument for 7' = T. For all N > 1, leﬁ > n be the corresponding set of initial
conditions and set ¥ = NyenXn. Then p(X) =1 and for all f € X, there exists

e C(R; X2(s)),

rad

which solves ([£2T]).
This completes the proof of Theorem [Tl

5. The Benjamin-Ono equation

5.1. Preliminaries. — As in [44], consider the following approximation of (L.7))
(5.1) Oy + HO?u + HNax((HNu)Q) =0, (t,z) e RxS!,
| u(0, ) = f(x).

This equation is a linear PDE for the high frequencies (modes larger than 2N) and an ODE for the
low frequencies. It is staightforward to check that the quantity ||u[|z2(s1) is preserved by the equation,
thus (B)) admits a global flow ®n(¢). The motivation for introducing (5.1), is that it is given by the

Hamiltonian
1 2 1 3
() == [ (D0 = 3 [ (1v)’
Sl 3 Sl

As a consequence, we can check that the measure py as defined in (L9)) is invariant by ®x. See [44]
for more details.

We now state a technical result which we will need in the sequel.

Lemma 5.1. — Let o> 1/2, then there exists Cg > 0 so that for all N € Z

1 Cs
52 2 G = < )P

neZ
forall B <2a—1 when 1/2 < a <1 and B = o when a > 1.

Proof. — Cut the sum in two parts
1 1 1
(5'3) Z a o S Z a o + Z o a’
Z Gl — Ny = 2 Tapeln= N 22 Tajeln - N
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Assume that « > 1. Then by (5.3

1 C 1 C
2 Gyt~ N < N 2 e S N

nez
Assume that 1/2 < o <1 and fix § < 2a — 1. Then by (53]

1 C 1 C 1 C
2 Tt =N S VP 2 TN NP 2 e = N S (6P

nez n|<N/2 |n|>N/2
which completes the proof. U
5.2. Definition of the nonlinear term in (7). — To begin with, we have

Lemma 5.2. — Let 0 > 0. Then there exists C > 0 so that for all p > 2
HHUHH;“HLﬁ <C/p.

The proof is analogous to (£4]) and is omitted here.

We define the term 9, (u?) in (L7) on the support of x as the limit of a Cauchy sequence. Recall the
notation uy = IIyu and set II° = 1 — Il the orthogonal projection on 0-mean functions. The next
result is inspired from [44] Lemma 5.1]

Lemma 5.3. — For all p > 2, the sequence (Ho(u%,))N>1 1s Cauchy in LP (XO(Sl),B, du; H_(’(Sl)).
Namely, for all p > 2, there exist n > 0 and C > 0 so that for all1 < M < N,

C
HO 2\ HQ 2 P < .
/);'0(81) ” (uN) (UM)HHfg(Sl)d,u(u) < —Mn

We denote by T1°(u?) its limit. This enables to define
Oz (uz) i= 0y ( 1% (u?) ).
Proof. — By the result [43] Proposition 2.4] on the Wiener chaos, we only have to prove the statement

for p = 2.
Firstly, by definition of the measure p

/ I () — 100 () o ory dp) = / I (93) — (3, 12 510D
XO(s1) Q

Therefore, it is enough to prove that (Ho(w?v)) N>1 is a Cauchy sequence in L? (Q;H *"(Sl)). Let
1< M < N, let k € Z and denote by ej(z) = ¢’*®. Then, by definition of ¢y,

M) = Y, e cimim
0<|n1,[n2|<N [na]>[no]>
n1#—ng
and thus we get
(k= o) o) = 3 Ty

1 10
2 2
Bx;’)N [n1]2[n2]
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where B](\f;) n is the set defined by

k
BJ(M?N = {(nl,ng) €Z? st. 0< \m], ‘ng‘ < N, ny # —nao,
(!nl\ > M or |ng| > M) and ny +ng = k:}

Therefore we obtain

# ® 2 o = Z 9n19n29m, 9
(n1,n2)eB) [n1]2|na|2 [ma |2 |mal2
’ M,N

(ma ,m2)€B§C§?N

Since (gn )nez+ are independent and centred Gaussians, we deduce that each term in the r.h.s. vanishes,
unless (n1,n2) = (my,ma) or (n1,n2) = (mg,m1). Thus by interpolation between (5.2]) and the

inequality
1 1 1 Cy
R I
Z ’an _ k’ - M Z \n\lf(’]n— k’ = M9’
[n|>M n#0
we obtain that for all 0 < 7 < 1 there exists C' > 0 so that for all 1 < M < N
1
(% — ©2%,) | en 2 < C —
(nl,nz)EngfN
1 C
< C < .
<02 nlln — k| = M (k)=
[n|>M
As a consequence we get
0(,.2 ENTP _ 1 0(,.2 2 2
HH (QDN - QDM)HL2(Q;H—U(S1)) - Z <k3>2‘7 H<H (QDN - QDM) |ek >HL2(Q)
keZ
C 1 C
< M Z (k)1+20-n < Wik
keZ
whenever we choose 1 < 20. O

5.3. Study of the measure vn. — Consider the probability measure py defined by (L9). Define
the measure vy on C([—T,T]; X°(S')) as the image of py by the map

XYy — C([-T,7); X°(s))
vo— Dy (t)(v),
where @ is the flow of (B.I). Then, we are able to prove the following bounds
Lemma 5.4. — Let 0 >0 and p > 2. Then there exists C > 0 such that for all N > 1

(5.4) 1l 2o gy |

LZ;N S C’
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and

(5.5) Huatu|yL§H;HHL,V,N <C.

Proof. — The bound (5.4) is obtained thanks to (LI0), (B3] and Lemma We now turn to (5.5)).
From the equation
8tu = —%aiu — HN&,;((HNu)2),
similarly to (£I1), we deduce
HatuHL{jNLI%H;U—Q < ||UHLI;NL1%H;<’ + ||HO(HNU)2HL§NL1%H;U-

By the invariance of the measure py by ®n we get

H g [(HNU)Q] Hil’ZNL’%H;" = /C([—TT].XO H m° [(HNu)Q] HZI%H;UdVN(u)

p

2
- /. o [t x|, doto
= /XO - HHO (IInv) ] HL’;H;”de(U)
(5.6) = 2T/ HHO[ yv)?] HZ_U\IIN(v)d,u(v),
X0 gl z
and by Cauchy-Schwarz and Lemma [5.3]
H HO [(HNU)2] pVNLI%H;G S CTH HO [(HNU :| HLQPH UH\IIN )”Li S 07

which concludes the proof. U

Proposition 5.5. — Let T > 0 and o > 0. Then the family of measures
vN = Lepm-o (un(t)it € [=T,T]) ysy
is tight in C([—=T,T); H(SY)).
Proof. — The proof is similar to the proof of Proposition {11l Here we use the estimates (5.4)

and (B.5]). O

5.4. Proof of Theorem — By Proposition we can use the Prokhorov theorem: For each
T > 0 there exists a sub-sequence vy, and a measure v on the space C([-T,T]; X°(S!)) so that
vN, — v weakly on C([ T,T); H=?(S")), for all ¢ > 0. By the Skorokhod theorem, there exists a

probability space (Q f p), a sequence of random variables (uy, ) and a random variable w with values
in C([-T,T); X°(S")) so that

L(un,;t € [-T,T)) = ZL(un,t € [-T.T)) =vn,, ZL(wte[-T,T)) =
and for all ¢ >0
(5.7) Uy, — U, p-—as. in C([-T,T); H°(S").
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We have that Zxos1)(un, (t)) = Lxo Sl)('LLNk( )) = pn,, for all t € [-T,T] and k > 1. Therefore, for
all t € [=T,T], Lxos1y(u(t)) = p. Next, uy, satisfies the following equation p—a.s.

&guNk +%82uNk —|—HNk(9 ((HNkuNk) ) =0.

We now show that we can pass to the limit & — +o0 in the previous equation. Firstly, from (B.7]) we
deduce the convergence of the linear terms of the equation. Indeed, p—a.s., when k — 400

Optin,, + H 02N, — Opu+HO2u in D([-T,T) x S*).
The only difficulty is to pass to the limit in the non linear term. Here we can proceed as in [23].
Lemma 5.6. — Let 0 > 0. Up to a sub-sequence, the following convergence holds true
°[(My,un,)?] — 0°[@?],  p—as. in L*([-T,T); H°(SY).

Proof. — In order to simplify the notations, in this proof we drop the tildes and write N, = k. Let
M > 1 and write

1 [(Hkuk)2 - u2] — 11 [((Hkuk)Z —u2) + (u2 — (Marug)?) + ((Magu)? — (Maru)?) + ((Mpru)? — uﬂ)} .
To begin with, by continuity of the square in finite dimension, when k — 400
0 [(Maug)?] — TO[(Mpw)?], P —as. in L*([-T,T); H °(S")).

We now deal with the other terms. It is sufficient to show the convergence in the space X := L? (Q X
[—T,T); H=°(S")), since the almost sure convergence follows after exaction of a sub-sequence.
With the same arguments as in (5.6) we obtain

0 2_u2 2 — 0 UZ—UZ 22 _saAve(v
HH [(TTaru) d HX /(:([_TT].XO) HH [(Iarv) ] HLTHx dv(v)

“ o

ol U L (S ) AW

— 0 _22
- QIf/;OSI)HII[(Uﬂ4f> P [ 0 AR(S),

and by Cauchy-Schwarz and (LI0]),
H 11° [(HMuk)2 — uz]

‘HO[ M@ (1)(N)]* = [ox(t)()]?] (2 dpu(f)

L2H;°

< O[T f)* = Ty

This latter term tends to 0 uniformly in & > 1 when M — 400, according to Lemma [5.3] The term

|| T [(Tprw)? — u?] is treated similarly.

Ix

Finally, with the same argument we show
IO [(Mewr)* = wi] || < CITO[W)* = £ || o
which tends to 0 when k& — +o00. This completes the proof. ]

The conclusion of the proof of Theorem is similar to the argument in Subsection
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6. The derivative nonlinear Schrédinger equation

6.1. Hamiltonian formalism of DNLS. — To begin with, we recall some facts which are explained
in the appendix of [43]. We define the operator 9~! by

ol f(x) = Zanemx — Z &ei”m,
ne nezvoy
and the skew symmetric operator (K (u,v)* = —K(u,v))
—ud tu- —i+ud o
6.1 K (u,v) = .
(6.1) (u,0) < i+ v0 - —vd - >
Define H by
1
H(u(®)) :/ |(9$u|2dx+§i/ 72 am(u2)dx+—/ luf8d,
St 4 St 2 St

and introduce the Hamiltonian system

Ou %_g(uvv)
(6.2) < B0 ) = K(u,v) < %—Ig(u,v) > )

Denote by

(6.3) T,(t) = 2Im /g1 u0, T + ; /S1 |4,
then the system (6.2) is a Hamiltonian formulation of the equation
(6.4) i0pu 4 O%u = 0, (|u|2u) + T (t)u,
in the coordinates (u,v) = (u, @) (see [43, Proposition A.2|). Now, if we set
(6.5) v(t,z) = e I Tul)dsy (¢, 1),
then v is the solution of the equation
{ 0w + 020 = 10, (Jv[*v), (t,z) € R xS,
v(0,x) = up(x).
Moreover, if u and v are linked by (6.5), we have T,, = T,.

Thanks to these observations, we can focus on the equation ([6.4]). We introduce a natural truncation
for which we can construct an invariant Gibbs measure. Namely, let K be given by (6.1)), and consider
the following system

O (4 v
(6.6) ( Oru ) :HNK(uN,vN)HN< ;g( N> ON) )

Opv & (un, vN)
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This is an Hamiltonian system with Hamiltonian H (IIyu,IIyv). Now we assume that v = u and we
compute the equation satisfied by uy: this will be a finite dimensional approximation of (6.4]). Denote
by Hﬁ =1 — I, then in the coordinates vy = uy, the system (6.0]) reads

(6.7) 10w + 8%21]\7 = lly <8$(]uN\2uN)) + uNTuN + RN(U,N), (t,x) e R x Sl,
where
_ § —1 1 — 2 — g7l — 2
RN(UN) = QHN uN8 UNHN(uNam(UN )) +UNHN(UN(9$(UN ))

3
+§iHN <U,N({971 [UNH]J\‘[(‘UN’4UN) — U,NH]J\‘[(‘UNVLUN)})
(6.8) = lev(uN) + R?V(UN)

For all N > 1, this equation is globally well-posed in L?(S!) and denote by @y the flowmap. Moreover,
the measure py defined in (LI3) is invariant by ®x (see [43 Proposition A.4]).

Recall that p = po ¢! with ¢ as in (LIZ). We need to give a sense to the expression T, in (6.3)
on the support of u.

Lemma 6.1. — Forallp > 2, the sequence (TuN)N>1 1s a Cauchy sequence in LP (Xl/Q(Sl), B, du; R).
Namely, for all p > 2, there exists C > 0 so that for all1 < M < N,

C
Towr — Tourr [P < —.
o o = T Pl < 7

We denote by T, the limit of this sequence which is formally given by (G3).

Proof. — Denote by J(u) = u0,u. Let 1 < M < N. Then for ¢y (w,z) = Z gn oine
st In|<N
compute

nlao 12 n 2
Jlen) = J(om) == Y ‘g—"iz— > nllgnl —1)

2
M<|n|<N <TL> M<|n|<N <’I’L>
where we used that Z Lz = 0. Define the r.v. G,,(w) = |gn(w)|? — 1, hence

M<|n|<N <n>

ninaG, Gp,
(6.9) ew) =Jenl* = 3. St
M<|ni|na|<N ¥ HN2

By independence of the g, E[G,,Gy,| = Céy m. Thus by integration of (6.9])

n? c
/\Jw Joa)Pdp = i <3

M<|n|<N

IN

By definition of p we have proved the result for p = 2. The general case p > 2 follows from the Wiener
chaos estimates (see e.g. [43, Proposition 2.4|). O



REMARKS ON THE GIBBS MEASURES FOR NONLINEAR DISPERSIVE EQUATIONS 33

6.2. Study of the measure vn. — Now define the measure vy = pNoq)]_Vl on C([-T,T]; X1/2 (sh)
and we have

Lemma 6.2. — Let o < % and p > 2. Then for all N > 1

(6.10) HHUHLI;H;’HL’;N <C.

(6.11) HuatuHL%Hg_zHL,V,N <.

Proof. — The estimate (6.10) is obtained with Proposition BIland the definition (II2]) of ¢. Similarly,
we also have that for all 2 < ¢ <p

(6.12) lullzy r2re < C.
We turn to (€I1]). From the equation (6.7) we get (similarly to (£11))
||atuHL§NL1%Hg—2 <
< ||aa%u||L{;NLgHg*2 + Haz(|uN|2uN)||L§NL1;Hg*2 + ||UNTUN||L§NL§H;’*2 + HRN(UN)HLIV’NLI;H;’*Q
<llullzy rzme + ”UNH?iI;NLI;Lg FllunTuy e, cprz + BN (un)llp e pg—2-

We estimate each term of the r.h.s. By (610) and (6.12) we only have to consider the two last ones.
By Cauchy-Schwarz (recall that T, does not depend on z)

(6.13) lunTunllze, oo rz < llunllpze p2e g 1 Tunll 20 p2r-
Then using the invariance of py (see the proof of Proposition B.1]) and Lemma we have
T2y = 20 [ [T PR
LVNLT X1/2(Sl)

2
Ol Ty I, 15 ()] < C.
"

IN

which by (G.I3]) implies
lunTuplle 122 < C.
The conclusion of the proof is given by the next result. O
Lemma 6.3. — Let o > 1/2 and p > 2. Then
HHRN(UN)HL’}H;"HL’;N — 0 when N — 4o00.

Proof. — To begin with, using the same arguments as in the proof of Proposition Bl with F'(u) =
[ Bx (v u)|

P
_. we have
LPH;° ’

1By )l rpze < CIRN(on) 20 e
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where we used that H‘I’NHLﬁ < C. We estimate each contribution in the r.h.s. of (G.8).
e Denote by Qn(vy) = UNH]J\‘[ (UN@C(W?)). Then by Sobolev and Cauchy-Schwarz

1BN (3l e < ClRN (o)l
< COlloxd™ ' Qn(vn)lzy L1
< llowllzzr2ll@n (un)ll e g0
(6.14) < Cl@n(un) gz s

Next, by the definition of ; and the Wiener chaos estimates

IN

”R]lV(UN)HLLH;U C”QN(QON)HLE)TH;I

(6.15) ClRN (N g2 -

IN

We now compute the term [|Qn(¢n)|[ 2 -1 We have
P x

Z (nl + 712)9_711%9713 ei(ng—ng—n1)$

PN (p3) = —i (n1) () (ng) ’

|n1‘7‘n2|7|n3|SN

so that

)

ailQN(SDN) = - Z (nl + nz)%%gn?’ Ina ei(n4+n3*n27m):v

=y (n1)(n2)(n3)(ny)(ng +nz — ng — ny)

where the set Ay is given by

Ay = {n = (ny,ng,n3,n4) € 7* s.t. |n1l, [nal, |nsl, Ing] < N,

|ny +ng2 —ng| > N and n4+n3—n2—n17é0}.

As a consequence we obtain the following expression

Z (n1 +n2)(my + m2)%%gn3 9ny 9m1 Gma Gms Gmy

2 _
(6.16) QN (en )l = (n1) (na)(ns) (na) (m1 ) (ma) (ms)(ma) (ng + n3 — ny — ny)

2
n,meBN

with
By = {n,mEAN s.t. myg +mg —mo —my :n4+n3—n2—n1}.

We take the expectation of (6.I6). By independence of the g, and since they are centered, each
contribution in the r.h.s. is zero, unless {nl,ng,mg,m4} = {ml,mQ,ng,n4}. But coming back
to the definition of Ay, the condition |n; + ny — ng| > N implies that ng ¢ {nl,ng}. Similarly,
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ms & {ml, mQ}. Therefore, up to permutation we have n = m and by (5.2) with a = 2

9 (n1 + ng)?
Jlextenlizde < € 3 e R

neAyN

IN

5 1
ON* D ol sy = —a]?

neAyn

1
< C D

neAyN
Next, use that on Ay, (n1)(n2)(ns) > CN to get that

C 1 C

2

(6.17) /QHQN((PN)HHzldpS N2 223 (11)372 (12)372 (03 )3/2 S Nz
ne

Finally, from (€.14), (615) and (6.I7) we conclude that
1
HRN(UN)HL{jNLl%H;“ — 0.
e We now consider the contribution of R%;. With the same arguments as previously,

HRJQV(UN)HLLH;" < CHRJQV(UN)”L;L}C

—1 1 4—
S CH?)Na [UNHN(‘UN‘ UN)”LTLl
n-x
< Cllowllzzeas low T (Jon [*o) | g 1y
< CllonTy (low|"ow) 22
<

O (for 15%) | 2.

Denote by Viy = |voy|*0n. Then by [43] Lemma 2.2], (Vi)ny>1 is a Cauchy sequence in Lf‘j"L%,

denote by V its limit. Write
MVl < (Ve = V)l zz + TNV | sz

VN = Vi + M5V Lo L2,

IN

which tends to 0 when N — +o00.

Proposition 6.4. — Let T >0 and o < 1/2. Then the family of measures

vN = Lopno (un(t);t € [T, T])N21

is tight in C([—T,T); H° (S1)).

35

and

Proof. — The proof is similar to the proof of Proposition .11l Here we use the estimates (G.10])

and (G.IT).

O
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6.3. Proof of Theorem .3l — We can proceed as in the proofs of Theorems [[LT] and By
Proposition and the Prokhorov theorem we can extract a sub-sequence vy, and a measure v on the
space C([~T,T]; X/2(S!)) so that vy, — v weakly on C([—T,T]; H?(S')) for all ¢ < 1/2. Thanks to
the Skorokhod theorem, there exists a probability space (ﬁ, F, p), a sequence of random variables (uy, )
and a random variable @ with values in C ([T, T7; Xl/Q(Sl)) so that

ZL(un,;t e [-T,T)) = L(un;t € [-T,T) =vn,, ZL(ute[-T,T)) =v,
and for all o < 1/2
Un, — U, p-—as. in C([-T,T);H’(SY)).
Moreover, uy, satisfies p-a.s. the equation (6.7)). Passing to the limit in the linear terms makes no
difficulty, we only have to take care on the nonlinear terms. Denote by

G () = il (O (Jun Pun) ) + unTuy + Rav(u).

The next result completes the proof of Theorem [[3] (the conclusion of the proof is similar to the
argument in Subsection [A.0).

Lemma 6.5. — Up to a sub-sequence, the following convergence holds true. For any o > 0
G, () — i0,(|U)?0) +uTy, P — as. in L*([-T,T); H°(S")).
Proof. — We drop the tildes and write Ny = N. Since Z(uy) = vy, we can apply Lemma
||RN(UN)HL%L2TH;<’ = ||RN(UN)HL3NL2TH;U — 0,
when N — +o00. The convergence of the two other terms is obtained as in Lemma O

Remark 6.6. — Observe that in all the proof, we only used the fact that ¥y € L?(dp) uniformly
in N > 1 (and not higher order integrability). Therefore the result of Theorem [[3] holds for £ < ko,
and the support of p is not empty.

7. The half-wave equation

7.1. Justification of the equation. —

Proof of Proposition — We prove the result when p = 2. The general case follows by the Wiener
chaos estimates.
To begin with, use that

/ 1G (0) = Gar (W) g1y dpe() = / 1GN () = Grr(@)3—o 1 dp-
XO(S1) Q

Therefore, we are reduced to prove that (G (¢)) is a Cauchy sequence in L?(Q; H~7(S')). Denote

by (with on = IInep)

N>1

xn = lonPPen = 2llen (172 gy en-
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It is enough to show the result for (yx), because once we know that yy — x in L? (Q; H_(’(Sl)),
we deduce that Gy () = Iyxy — x in L?(€;H7(S)). In the sequel, we will use the notation
[n] =14 |n|. Then, by definition of ¢ we can compute

YN = Z gzlgniqnii . ei(n17n2+n3):v _9 |gn1 |29n§ einaT
malnalnel<n (P12 [n2]2 [ns]2 ina [ Jmal<n (]3]
_ 91 GnsIns  i(ni—natna)e
1. .1, 1°© .
] e ms <, [11]2 [n2]2[n5]2
n1#n2,n3#n2

Next, denote by eg(z) = e**. Then for all 1 < M < N

1 Tns9
(7.1) (v —xarleg) = Y — et
po [z [n2]? ]2

where the set B](\f[) n is defined by

k
BJ(M?N = {(nl,ng,ng) eZ3 st 0< \m], ‘ng‘, ]n;»,] < N, ny #ny, ng#ns,
and (|ny| > M or |ng| > M or |ng| > M) and nl—ng—}—ng:k}.

From ([J]) we obtain

2 gnlgnggnggmlgﬂ’mgmg
XN — XM | €k =/
I el = f, 2 [n1]2 [n2) [13] 2 [m1) 2 [ma) 2 [ms) 2

k
(n1,m2 ma)eng?N

k
(ma,me ,ms)eng?N

Since the (g,,) are independent and centered, we deduce that each term in the r.h.s. vanishes, unless
ng = mgo and (ny,ng) = (my1,ms) or (n1,ng) = (ms, m1). Thus

B 2 < C ;
[Ocv = xar Terd || 20 < 2. o (1) (n2)(ns)
(m,mms)EBEM?N

By symmetry in the previous sum, we can assume that M < |ni| < N, 0 < |ng] < N and write
n3 = k 4+ ng2 — ny. Then by (B.2) for some small € > 0

1 1
H<XN—XM|e/€>Hi2(Q) < C Z (nq) Z (n2)(n2 — (n1 — k))

M<|ni|<N ! n2€Z

(7.2) < Cc Y ! < ¢

e () (= k) = MR
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Now, by ([Z.2)) we get

2 1
Xy _XMHLQ(Q;H—U(Sl)) = ZWWXN _XM|ek>Hi2(g)
keEZ
C 1 C
S I ZW S e
kEZ

if we choose € < ¢, and this concludes the proof.
As a conclusion, we are able to define a limit G(u) so that for all p > 2

(7.3) Gz o (s1) < Cp,
hence the result. U
7.2. Construction of the measure p. — In this section ¢ is given by (L[I4). Denote by
1
[n] = 1+ |n|, then define ay = Z — and
=

gn(u) = |[Iyul72 —ay.
7.2.1. Preliminar results. — We begin with the following result due to N. Tzvetkov. See [44,

Lemma 4.8| for a proof.

Lemma 7.1. — The sequence (QN(U))N>1
¢ >0 so that for all A >0 and N > M > 1

is Cauchy in L?(X°(S'),B,dp). Moreover there exists

ﬂ<u e XO(SY) : |gn(u) — gar(u)| > A) < Qe M2,
Define the sequence

(74) vt == [ i+ 2( [ ) = b+ 2l

Proposition 7.2. — The sequence (fx)n>1 is Cauchy in L? (XO(SI),B,du). More precisely, there
exists C > 0 so that for all N > M > 1

C
(7.5) ([ fn(u) — fM(u)HL2 (XO(Sl),Lidu) < Me
Moreover, for allp>2 and N > M >1
Cp—1)°
(76) HfN(u) - fM(u)”Lp (XO(Sl),B,du) < i )

Corollary 7.3. — There exists ¢ > 0 so that for all A >0 and N > M > 1

“(“ e XS : [fn(u) = fu(u) > )\) < QN PME,
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Proof of Corollary[7.3 — By Markov and (Z.6]) we have that for all p > 2
Cp?

< ()

(i€ XOE) < 1fv(0) = )] > ) < w0 = FuCll? NIRE

X0(81),5,dn)
Then choose p = cgAY2M/* for ¢y > 0 small enough. O

Proof of Proposition 7.2 — We prove (.5]). The estimate (7.6]) immediately follows from [43], Propo-

2
sition 2.4]. Firstly, we have/ lon|? = Z |gn
T 2

n|<N

22 _ 190 *lgm|®

[nls[m|<N

, with the notation [n] =1+ |n|. Thus

Similarly, we explicitly obtain

9n19naYnsGng
(78) Llextt= ¥ sy e

[n1]2 [n2] 2 [n3] 2 [n4]

1

2

[n1l,In2l,|nsl,|na| <N
ni1—ng+nz—ng=0

We introduce the set
An = {(n1,n2,n3,n4) € 7* s.t. [n1l, [na|, [nsl, [na| < N and ny — ng + ng — ng = 0}.

We now split the sum (Z.8) in two parts, by distinguishing the cases n3 = ny and ng # ny in Ay
and write

(7.9) /1 lon|* = XN + Yu,
s

with

Xy = Z ﬁ]m@gngg?l 7

£ [n1)2 [n2)2 [ns)2 [n4) 2

where By = Ay N{n; =ng or ny =ny }, and
9In19ns Insng

1 1 1 1-
Ay midng [1]2[n2]2 [n3]2 [n4]2
ni#ng

(7.10) Yy =

We observe that if (n1,n9,m3,14) € By, then either (ny,n3) = (n2,n4) or (ni,n3) = (n4,n2). Thus

2 2 2 2

w3 e T e
In1l,Ins|<N [n1],lns|<N
ni1#n3
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where in the last line we used (7). Thus, with (Z.9) we obtain
2 ‘gn’4
fN<PN=—/ <pN4+2/ on[?)” = — Y.
(ow) == [ lenl'+2( [ lon)’ = 30 T

In|<N

We now show that (Yy)n>1 is Cauchy in L?(Q, F,p). Let 1 < N < M, then we define

Ap,n = {(n1,n2,n3,n4) € Z* st. M < |nil,|nal,|ns|, [na < N,
n1 —no +ng —ng =0 and s.t. ]n]] > M for some 1< j §4}.
Thus, thanks to (ZI0) we have
(Y — YN)Z _ Z 9n19Yn2Yns Gny Imi YmaJmz Ima

1. 1, 1. 1 1 1 1 1
Antws A, [M1]2[n2]2[ns]2[na]2 [ma]2[ma] 2 [ms]2 [my]>
n1#ng mipF#me
N17#Ng mi17#ma

We take the integral over €2 of the previous sum. By the independence of the Gaussians each term
vanishes unless {ny,ng,n3,ng} = {my, mo, msg,my}. Thus

1Yar YNHL2(Q) <C Z (n1)(no){ns)(ng) "

An,N

By symmetry of the sum, we can assume that |n;| > M and we replace ny = n; — ng + ng. Then

by (6.2)

1
IYar = Ynllf2) < C
) m,gr‘;ez (n1){(n2)(n3)(n1 —na + n3)
|n1|>M
<c Y .
Ty (m)(n2) (e —ng)tee
|n1|>M
1 C
< C Z (ny)2-2¢ S Mi-2e’
|n1‘2M
which was the claim. O
7.2.2. The crucial estimate. — We now have all the ingredients to prove the following proposition,

which is the key point in the proof of Theorem Recall the definition (7.4).

Proposition 7.4. — Let x € Cg°([—R, R]). Then for all 1 < p < oo there exists C > 0 such that for
every N > 1,

<C.
L (dja(u))

Proof. — Our aim is to show that the integral fooo N~ ( Ay v)dA is convergent uniformly with respect
to N, where

HX(HHNUH%?(SU - OCN) /Nt

Ay = {u S UCRE X(HHNUH%Q(Sl) ~ aN)efN(u) > )\}.
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Proposition [74] is a straightforward consequence of the following lemma. O

Lemma 7.5. — For any L > 0, there exists C > 0 such that for every N and every A > 1,
p(Ayn) <CAE

Proof. — Firstly, observe that we can assume that A\ > Cg for any constant Cgr > 0. Let ¢g > 0 a
small number which will be fixed later and set

M= eco(ln)\)l/Q‘
To begin with p(Ay ) < /,L(AV)\,N)7 where
Ay = {u e XOSY) ¢ faluw) >InA,  |gn(u)| < R}.
e Assume that N < M. On the set { [gn(u)] < R+ 1} we have
f(w) < 2Myulaey < 2(CIN + R)* <2(Cln M + R)* = Ccgln )\,

if A > Cg large enough. We fix ¢y > 0 so that ch < 1/4. In particular p(Ay n) < /,L(AV)\,N) =0.
e Assume that NV > M. First observe that if we define

B)\,N:{UGXO (S : |gn(u) gM(U)‘ >1},
by Lemma [Tl and the definition of M, we get for any L > 1
p(Bxn) < Cexp(—eM'?) < Cpar.
Similarly, set
C,\,NZ{UGXO (SY « [fn(w) = far(u )‘ >1}7
then by Corollary [7.3] for any L > 1 we have
p(Can) < Cexp(—eM*)y < CLAE.

We have AV)VN - C)\,N U D)\,N where
0/gql 1
Day = {u € X°SY) ¢ furlw) > 5, gn(u)] < R}.

Then observe that { [gn(u)] < R} N {|gn(u) — gr(u)] <1} C {|gam(u)] < R+ 1}, therefore we can
write Dy y C By v U E) ny where

By={ue X°EY ¢ farlw) > A, o) < R4+1}

In the first part of the proof, we have already shown that p(F)) = 0. Finally, we put all the estimates
together and obtain u(Ay n) < CpA™E. O
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7.2.83. Convergence to the mesure p. — We now have all the ingredients to complete the proof of
Theorem

First we define the density © : X°(S!) — R with respect to the measure y of the measure p. By
Lemma[l.Jland Proposition [[.2], we have the following convergences in the 1 measure: gy (u) converges
to g(u) and fx(u) to f(u). Then, by composition and multiplication of continuous functions, we obtain

On(u) — Bx(g(u))e’™ = O(u),
in measure, with respect to the measure p, and where 8 > 0 is so that dp(u) = O(u)du(u) is a
probability measure on X°(S'). By this construction, © is measurable from (X°(S'), B) to R.

Then, we can extract a sub-sequence Oy, (u) so that On, (u) — O(u), p a.s. and by Proposition [Z4]
and the Fatou lemma, for all p € [1, +00),

[, 1ePdu) <timin [ (O, (0)Pdutu) < C.
XO0(Sst) XO(st)

k—00

thus ©(u) € LP(dp(u)).
It remains to prove the convergence of ©x(u) in LP(dpu(u)): Here we can follow the proof of Propo-
sition We do not write the details.

7.3. Study of the measure vn. — Let N > 1 and consider the equation (ILI5]). Observe that
uy = I yu satisfies an ODE, while uz = (1 — Iy )u is solution to the linear problem (id; — A)uz = 0.
Since the L2(S!)-norm of a solution u to (LIH) is preserved, it follows that the equation is globally
well-posed in L%(S!). We denote by ®y the flowmap. Moreover, because of the Hamiltonian structure
and the Liouville theorem, the measure py is invariant by ® .

Similarly to the previous section, for T' > 0 we define the measure vy on C([-T,T]; X°(S')) as the
image of py by the flowmap

X08Y) — C([-T,7); X°(sY))
oo By(b().

Using this definition, we can prove

Lemma 7.6. — Let 0 > 0, then for allp > 2

(7.11) HHG(U)”LI;H;“‘ N <C.
Proof. — By definition, invariance of py and Cauchy-Schwarz
P _ P
G, e = /C M LU AL

= /XO HG((I)N(t)(v))Hi,%Hx_odPN(v)

= o7 [ 160, on ()

< 2YGW) s, IOn )]z
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We conclude with (Z3) and Proposition [7.4] O

Lemma 7.7. — Let o > 0, then for all p > 2

(7.12) HHuHL;%H;UHL,;N <C,

(7.13) Weally g ol g, < C-

Proof. — The proof of (Z.12)) is a consequence of ([B.3]) and Lemma 5.2l The estimate (Z.13) is obtained
from (ZI1) and (ZI2): The proof is similar to (5.5) and we do not write the details. O

As a consequence we can show

Proposition 7.8. — Let T >0 and o > 0. Then the family of measures

VN = gCTH_" (UN(t)§t € [_T7 T])Nzl

is tight in C([-T,T); H°(S')).

7.4. Proof of Theorem [I.7l — The proof is similar to the Benjamin-Ono case. The only difficulty
lies in the limit of the nonlinear term. Recall the definition (LI6]), then

Lemma 7.9. — Up to a sub-sequence, the following convergence holds true
Gn,(un,) — G(u), Pp—a.s. in L2([—T, T];HﬁJ(Sl)),
where G is defined by Proposition [}

Proof. — We only give the main lines, and we refer to the proof of Lemma for the details. We
drop the tildes and write N = k. Let M > 1 and write

Gr(uk) — G(u) =
= (Gk(uk) — G(uk)) + (G(uk) — GM(uk)) + (GM(uk) — GM(U)) + (GM(U) — G(u))

For fixed M > 1, using that Gjs is continuous

Gu(ug) — Gu(u), P—as. in L*([=T,T); H°(SY).

k—+o00

For the other terms, we use the definition of the measure vy, and Proposition[[.4]to prove the convergence
(when k — +00 or M — +00) in the space X := L?(Q x [T, T]; H ?(S')). Then the almost sure
convergence follows after exaction of a sub-sequence. O
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8. The two dimensional nonlinear Schrédinger equation on an arbitrary domain

8.1. Estimates on the spectral function in mean value. — The following propositions which
will be proved in Section are the key elements in our argument. The first one is a rough bound which
states that (in a mean value meaning with respect to the index n), the eigenfunctions are uniformly
bounded on M. We state it for windows of size 1 for the spectral projector.

Proposition 8.1. — There exists C > 0 such that for any orthonormal basis (¢n)n>0 of eigenfunc-
tions of —Ay, and any p >0, any v € M, we have

1 ) 1

_ < E .

2 mqlenf@=c 22, +1
Am€[p,p+1) AmE€[p,p+1)

The second one is more precise and states that (again in a mean value meaning), the eigenfunctions
are actually constant on M (away from the boundary and modulo errors). Remark that our assumption
that Vol(M) = 1 and the L? normalization of eigenfunctions imply that this constant has to be 1.

Proposition 8.2. — There exists C > 0 such that for any orthonormal basis (¢n)n>0 of eigenfunc-
tions of —Ag, and any p > 0,0 € [0,1], we have
1 1
> 2 +1|80m|2(33) = > W+Gu($),

AmE[putop1/2) =" AmE[p,utop1/2) "
with
(8.1) / Gu(x)dx = 0,

M

and
(82) Gu()| < Cu=*" + Clﬁilﬂ1{cl(ac)<;r1/2}7

where for x € M, d(x) is the distance of x to the boundary of M.

Remark 8.3. — The introduction of windows [u,pu + out/ 2[ is required by the analysis near the
boundary but are unnecessary for manifolds without boundaries, in which case elementary version of
Proposition are sufficient.

8.2. Definition of the Gibbs measure. — The aim of this paragraph is to prove Theorem .10l
To begin with, we decompose, on the support of the measure u, the quartic term ||HNUH%4(M) in the
Hamiltonian in order to get a suitable renormalisation in the following section.

8.2.1. Decomposition of HHNu||‘i4(M) on the support of u. — Recall that ay is defined in (L22]) and
that IIyu =", -y cntpn for u=>3" _ chn. Therefore we can write

Mnullbon = Y. CnaCryCnsCoy (01,712,113, 14),
n1,n2,n3,n4 <N
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where
Y(n1,ng,n3,n4) = /M Pr1 Pz Pz Pris -
Next, we set
A= {(nl,ng,ng,n4) eN*: {ny,n3} = {ng,n4}} )
We denote by A€ the complementary of A in N*. Therefore, we can split

ITNulagary = Xun () + Xo,n (w) + Xa,n (w),

where
Xin(u) = > Cny Crig Cny Ty Y (101, M2, 113, Mg,
(nl,ng,ng,n4)€AC
n1,m2,n3,na<N
Xon(u) =2 Y enlen, Py(n1,n1,na,m0),
n1,n2<N
and finally

X3 n(u) =— Z len|*y(n,n,n,n) .

n<N
As we shall see the singular part of the L* norm on the support of y is given by the contribution
of Xo n. Indeed, let us study the behavior of X» x on the support of ,u Write

XQ,N( gn(w) T QOn(x)> =2 Z gi’;l( )| |gn2 +1 / "Pnl‘ ‘@ng’Q

n>0 (>\727, + 1)2 ni,no<N
We can split the last expression as I + II 4+ I11, where

1 w 2_1 no
r=z Y bttt = [ o Pl

m=4 'y EoR |g"1)((;2 ey / s P pms |

and

1
I = -2 2 2,
Z 2 (A2, + 1) /M|30n1| |Pns |

ni,n2 <N
e Study of the term I: The term [ is a regular term and gives a contribution to Xy (u).

e Study of the term I1: This one will require the most delicate analysis. We have

Z|)\2—|—1 Z)\Q +1/ "Pn‘ "‘Pm‘ dx.

Let

= Y g = Ealluwlaan)]

0<m<N "™
(notice that according to Weyl formula, |ay| < (In(N))).
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We can write the segment [\g, ] as a disjoint union of intervals Fy, = [pu, ,uk—}—dk,u,lﬁﬂ), 1<k< My,
with di = 1 for k < My and dps, € [0,1]. In other words we define ug by po = o, 1 = i + ul/z
for k < My.

We can check that

(8.3) ik ~ ck?,
and this will be used in the sequel to study convergence of series.
Mp
By Proposition 8.2 if we denote by Z Gy, (x) = Kn(x) we have
k=1
(8.4) > srglen @) = an + Kn(a),
m<N

and with this decomposition we can split

Il =111 + 11>,
where )
|gns (W)
In =day Y =5
n1<N Anl +1
and
\g
1T —42 Z | lenl* G (a
E<My
We deduce
115 =I5y + Ils9,
where
g
I D Dl PR LOETE
n<N E<My
and

IIy = 42 2+ Z / |90n| Gﬂk

n<N =" E<My
By Sobolev |[¢n||ree < CAy, then by interpolation

_1 1 1
/ , lenP(@)de < Cinf(L ¥ allFe) < Cug AL
{zeM;d(z)<p, 2 }
Thanks to the previous inequality, we get
—3/4 —-1/2
S [ el < ¢ 3 (v [ fonl? (o))
k<My k<My {zeM;d(z)<py, 2}

< on/
where we have used (83)).
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We are now able to show that the term Il is regular because

E[[1151/?] CZ )\2+1 ‘Z / ol G (@ dm‘ <CZ )\2+1 D2 LA < T

k<Mn

where in the last line we used that by Weyl formula, we have \,, ~ \/n.

On the other hand, Iy is a constant (and hence can be renormalized). However, we want to keep
track of the necessary renormalization involved (and to compare them with the usual ones). Hence, we
apply again Proposition [8]] to the index n now (with the same decomposition on [A1, Ay]). With (84

and ([81]) we get

I,y = 4dan Z / Gﬂk d1'+4 Z /GMk )d

k<Mn k<Mpn

_ g /M K2 (2)da

and with (82) we prove that this term is uniformly bounded with respect to N. Actually

Il < Ckg]\:/l /d( a1 G ()G, (z)dr+
k s

e / G, ()G, (x)dz+
kggMN py P <d(@y<pg t? Hk e
" o Z /d( )>max( ~1/2) Gy (2) Gy, (w)da+
k‘,KSMN max Mk ’Ml
min(,uk . ’“é_l/z —3/4\2
SCZ 172 1/2 +C Z M +C(Z,uk )
mesMN i e k<t<My k<My
<C.

e Study of the term I711: We have

= (% ey A‘;%‘? )ds

n<N T no<N =12
= e} / S G a) ).
k<My

The last term in the previous line is Io9 up to a factor, hence we can write
IT1I = —20% + X4 N,

where Xy n = I3 up to a factor.
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Remark 8.4. — We could also define IIy as the smooth projector IIy = x(vV—A/N), where
x € C§°(R) is equal to 1 on [—1,1]. Then

HN(Z Cn(pn) - Z X()‘n/N)Cn(Pn .

With such a definition of Il the singular term I becomes

x( n/N x( m/N
H_Z 1+ A2 g Tz ), ee@en o)fde
In this context, the main contribution of this term is
X(Am/N) 2
w’@m(ﬂﬂ)\ = Kn(z,2),

where Ky (z,y) is the kernel of the operator (1 — A)~'x(v/=A/N). Therefore Ky is a regularised
version of the Green function G of 1 — A, namely Kn(-,y) = IING(-,y). In the case of a manifold
without boundary, we can use the Helffer-Sjostrand formula (see for instance [9]) and a partition of
unity to prove that

Kn(z,z) = an + O(1),
where

X(Am/N)
= 2
an 1+ )\%L n
Therefore measuring the singularity on the diagonal of the truncated Green function of 1 — A is the

key point of the analysis of the singular term. The above interpretation of Ky (x,y) is in the spirit of
the analysis in Simon [40].

8.2.2. An L? estimate. — A crucial step in the proof is the following

Lemma 8.5. —

(8.6) /5 () = Far (W)l 22 (g S M7

for some positive constant o’.

Proof. — Thanks to the analysis in the previous section, we can write

[ fn(w) = far (Wl L2 @uwy) < I+ J2+ I3+ Ja,

where Ji, Jo, J3 and Jy are defined as follows. The term J; is the contribution of X n(u) and thus it
is defined by

. Ini (W) Inp (W) Ins (W) Iy (W)
Sl B> (A3, + 12 (A3, +1)2 (A3, +1)2 (03, +1)2

v(n1,n2,n3, 714)‘ 2@
(nl,ng,n37n4)e/\c
max(ni,n2,n3,n4)>M
n1,n2,n3,n4a<N
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The term Jj is the contribution of X3 n(u) and thus it is defined by

JQZH Z ’ng)’;w(n,n,n,n)‘

2
MEEN (A2 +1

L2(Q)

The term J3 is the contribution of I and thus it is defined by

ne| S U BOD [

L2(Q)
max(ni,n2)>M
n1,n2<N

Finally, the term Jy is the contribution of the renormalized part of I1 and therefore it is defined by

L2(Q)

-] 5 Sty

M<n<N
Let us first estimate J;. Using Proposition and orthogonality, we get that
1
2 -1
RS Y S SM
M<n<N

For the estimate of Jo, we will not use an orthogonality in w, we will simply rely on the triangle
inequality. The estimates for J; and Js will rely on orthogonality arguments. The estimates for Jy, Jo
and Js3 will rely on the following key estimate for the behavior of v(ny,ng, ng, ny)

Lemma 8.6. — There exists 6 > 0 such that

|’}/('I’L1,TL2,TL3,TL4)|2 -5
®.7) 2. 0 02 10z T S M
max()\nh)\n%)\n&)\rw)zM ()\nl + 1)()\112 + 1)()\n3 + 1)()\n4 + 1)

We postpone the proof of this result and finish the proof of Lemma[J3l Using an orthogonality
argument, we can estimate J; as follows

le < Z ’7(“1,?12,”3,714)\2
~ (m + 1)(712 + 1)(n3 + 1)(n4 =+ 1)

max(ni,n2,n3z,ng)>M
ni,n2,n3,na<N

which can be readily estimated by an application of Lemma
To estimate Jo, we use the bound (§23]), which implies that

1
lenllLs < CAn,

and therefore
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Finally concerning J3, we can use another orthogonality argument in order to write

J;? 5 Z h/(nl?fl; na, n21)|z
max(ni,n2)>M (nl + ) (n2 + )
ni,n2<N

Z |v(n1, 1, n1, n1)y(n2, n2, na, n2)|

" (n1 +1)%(n2 + 1)

M<ni,ne<N

The first term in the right hand side is estimated similarly as J? (it is a sub-case), while the second
term is estimated as Jo. This completes the proof of Lemma O

Proof of Lemmal8.8. — By a symmetry argument, we can estimate the left hand-side of (81) by

(8.8) > (NiNaNsNg) ™2 >~ |y(ny, ng, ng,na)f*.

N12>Na>N3>Ny An;~Nj
Ni>2M j=123.4
(N1,N2,N3,N;)—dyadic

Now we can perform the n; summation and estimate (8.8)) as

(89) Z (N1N2N3N4)_2 Z “(Pn2¢n3@n4“%2(M) .
N1>N32>N3>Ny An;~N;
NizM j=2,3.4

Next, we can write

> enemenlizan = [ 1on@P( X lon@P)( T len@P)ds

An;~N; Ang~N2 Ang~N3
=23

Now, from Proposition B8 applied to control
e(x,2M, M) = e(x,2M,2M — 1)+ --- +e(x, M + 1, M),

we get the pointwise bound

> len(@)* S N?

An~N
and (integrating on the manifold)
#{n : A\, ~ N} < N2
This gives that (89) can be estimated by

> (NiNaNgNy)“>NZ(N3N3)

N1>N2>N3>Ny
Ni>M

which clearly can be bounded by M9 for any 0 < § < 2. O



REMARKS ON THE GIBBS MEASURES FOR NONLINEAR DISPERSIVE EQUATIONS 51

8.2.3. Proof of Theorem [L 10l — To prove Theorem [[I0] the main point is to estimate the measure

(8.10) p(u : —fn(u) > In(N))

and to show that

(8.11) / p(u : —fn(u) > In(X)) APdX < C,
0

where C' is independent of N. Standards arguments show that (810) implies Theorem [LT0] (see [12]
43, 144]). Now we can write

2

Therefore, we have the pointwise bound
(8.12) — fn(u) S (In(N)*.
The power of In(NV) of the last estimate is not of importance for the further analysis. Notice that here

we make a crucial use of the defocusing nature of the nonlinear interaction. Using (812) we obtain
that if M is such that

falu) =1 /M (Tn(w)? — 20x)° — .

In(\) — C(In(M))* > 1,
where C'is the implicit constant appearing in (812]), then
pu —f) > () < plu - —(fu () — far(w) = 1).
We therefore choose M such that In(\) ~ (In(M))*, i.e.

=

M =~ (V)
The result clearly follows from the following bound
(8.13) 3,6 > ;YN > M, pu(u : —(fn(u) — far(w) > 1) < e M

Finally, (813) follows from the L2-bound (8] and classical hypercontractivity estimates (see for
instance [43] Proposition 2.4]). This in turn completes the proof of Theorem [I.T0]

8.3. Definition of the nonlinearity. — The aim of this paragraph is to prove Proposition [[L9
By the result [43] Proposition 2.4] on the Wiener chaos, we only have to prove the statement for
p=2.
Recall the definition of Fy in (I224)) and let o > 2. To begin with, use that

/ 1 En (un) — Fag () o (upydpa(a) = / IEN () = Far (a0 arydp.
XO(M) Q

Therefore, we are reduced to prove that (Fn(¥y)) is a Cauchy sequence in L*(Q; H 7 (M)).

Denote by

N>1

XN = [UNPUy — 2anTy.
It is enough to show the result for (xy), because once we know that yy — x in L? (Q; H_O(M)),
we deduce that Fiy(on) = IIyxyy — x in L? (Q; H*"(M)). In the sequel, we will use the notation
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[n] = A2 + 1. By the Weyl formula we have [n] ~ n when n — +o00. Then, by definition of ¥y we
can compute

9In19n, 9 _
‘\IINP\IIN = Z %@nﬁpnﬂpna
n1,n2,n3<N ['I’Ll] 2 [TLQ] 2 [n3] 2
el 2 2
S TIndn e Gmen t2 Y Ml%l%m -y 9 I onl?on
n1,n2,n3<N, [nl] 2 [nQ] 2 [n?’] 2 n,m<N [n] [m] 2 n<N [n] 2
n17£n2,n3#EN2

= El(N) + EQ(N) — Eg(N)
Then for ¥o(N) we use the decomposition (8.4)

2
BN) = 20 3 g
n<N

2
-1
AN Z m’@np +2any¥ N +2KNU N
[n]

n<N

221(]\[) + EQQ(N) — 223(]\[)

Observe that Yo9(N) is the term which is removed in the definition of x . Therefore we are reduced
to study the contribution of the other terms.

e Contribution of ¥: Forall 1 < M < N
9n19ns9n
(8.14) (S1(N) =1 (M) [ @) = Y —p=mass

1

1 1 lV(nl’n%n?nk)’
Barw [M1]2[n2]%[ns]?

where the set By n is defined by

By.n = {(nl,n2,n3) € N3 st. 0<ny,ng,ng <N, ny #ng, ng# no,

and max(ny,ng,n3) > M}
From (8I4) we obtain
2
H<21(N) - El(M) ’ ‘Pk>HL2(Q) =

Z gn1§nggn3§m1 gm2§m3

T 1. 1 T i y(n1, n2,n3, k)y(mi, ma, m3, k)dp.
(numama)€Bay 112 0212 [n3] 2 [ma] 2 [mo] 2 [m3) 2
(m1,m2,m3)€EBym N

Since the (g,) are independent and centred, we deduce that each term in the r.h.s. vanishes, unless
ng = mgo and (ny,ng) = (my1,ms) or (n1,ng) = (ms, m1). Thus

k 2
H(Zl(]\/)—Zl(M)]<pk>Hi2(Q)SC 3 [y(n1,na, ng, k)|

(n1,n2,n3)€BM, N <n1><n2><n3>
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Let 0 > 1, then we get

HEl(N)_El(M)H;(Q;Hw(M)) = Z<k1>aH<El(N)_El(M)‘(pkM’i?(Q)
keN

|7(n1’n2’n3’k)|2
D DI TSI

IN

(n1,n2,n3)€BM, N
keN

and this term can be estimated as Ji, namely for some n > 0

C

HEl(N) - El(M)HLQ(Q;H*U(M)) < M

e Contribution of X3: Forall 1 < M < N

B _ 190 [*gn
<E3(N) E3(]\4) ’¢k> - Z 3 7(n7n7n7k)'
M<n<N [’I’L]2

By the the bound (823) we infer
y(n,n,n k)| < Oy (k)

and from the independence of the Gaussians we get

n,n,n, k> 1/2
1S5(V) = S5 00) [ @) [Py =€ 30 DBl oy s LB T

M<n<N [n]?’ M<n<N <n>5/2 ; M
Finally, if 0 > 3/2 we obtain
2 1 2 C
HE?,(N) - 23(M)HL2(Q;H—J(M)) = ];\I <l€>0 H<E3(N) - ES(M) ‘ (‘Ok>HL2(Q) < M
€
e Contribution of Xs: Forall 1 < M < N
2
n| 1 m
(S () = S () [ ) =2 37 Wl = ),
Comw  (0][m]2

where the set Cys n is defined by
C’M7N:{(n,m)€N2 st. (M <n<N and m<N) or (M <m<N and ngM)}

Then by the orthogonal properties of the Gaussians we obtain

) y(n,n,m, k)|?
H<221(N)—221(M)|90k>HL2(Q) =C Z W’
n,m<N
max(n,m)>M
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which (when multiplied by (k)~1!) is estimated by Lemma in the previous section (it is actually a
sub-case) fixing n; = ny = n,ng = m,ng = k):

n,n,m,k)[?
Z(k;)_lH(Em(N) — Y1 (M) | pr) HLQ(Q < CZ Z %

k n,m<N
max(n m)>M

<

1v(n1,n2,n3,n4) 2 c
2 (n1)(n2)(ns)(na) =

ni,nz,ng,na<N
max(ni,n2,n3,na>M

Therefore, if ¢ > 1 we obtain

2 C
HEH(N) - EQl(M)HLQ(Q;H—U(M)) < M’

We now study the term 353. We have
(815) EQg(N)—Egl(M) ZQ(KN—KM)\I/N—l-zKM(\I/N—\I/M)

Let’s consider the contribution of the first term in the previous line. For k£ > 0

/ KN KM)QOn(Pk

(KN — Knm)VY N | or) Z

T
n<N ]2

By the orthogonal properties of the Gaussians and Parseval, we obtain

2

I = Kr v el = 3 ol [ (= Kae]
<N

< C’Z‘/ (Kn — KM‘Pn(Pk‘
n<N

< C/ (Kn — Kur)? |l
M

< C{k) /M(KN — Ku)?.

Now we estimate [, (Ky — Kpr)? as in (B3) and we get that for o > 2
C
M’

for some 7 > 0. The estimate of the second term in (8.I5]) is similar.

H(KN - KM)‘I’NHH(Q;H—U(M)) <

As a conclusion, we are able to define a limit F'(u) so that for all p > 2

(8.16) IE @l zg -0 a1y < Gy

8.4. Proof of Theorem [I.IIl — Once estimate (8I6]) is proved, the analysis in the proof of
Theorem [[.T1]is the same as in the proof of Theorem [I.7] (see Section [T]).
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8.5. Proof of Proposition — The proof of Proposition will rely on two results about
the spectral function of the Laplace operator on a compact manifold M. On the one hand a precise
asymptotic "away" from the boundary essentially due to Hérmander [26] Theorem 17.5.10] and on the
other hand a general bound near the boundary due to Sogge [42]. Let
e(xa)‘nu') = Z |Q0n(x)|2,
<A <A

be the spectral function. Then we have the following

Proposition 8.7. — Let d(z) = d(x,0M) be the distance of the point x € M to the boundary OM.
There exists C > 0 such that for any X > 1, any x € M satisfying d(z) > A\~Y2 and any 6 € [0,1], we
have

_9
2

This result can be deduced from Seeley [39, Estimate (0.1) with n = 2 and 7 = A]. Here we give an
argument based on Hérmander [26].

(8.17) le(z, A+ oAY2 ) N2 < ON/4,

Proof. — We first treat the case of Dirichlet boundary conditions. For y € R? and 7 > 0, denote by
1

ol ™) =73 | e,
An? Jiger: je1<r)
Then by [26l, Theorem 17.5.10]

(8.18) le(z, A, 0) — eg(0, \?) + eg(2d(z), \*)| < CA.

(Notice that in [26] the parameter A\ denotes the eigenvalues while here A\ are the square root of the
eigenvalues and that in our setting v(z) = (det(g"/ (x)))~/2). The function eq is radial in y and with
a change of variables we get

2 .
(819) coly. ™) = T Il with (0 = | €1 de.
m {ecR2:[¢|<1}
We now claim that for all ¢t € R
(8:20) J(t) < Cwy™2, Tt < ity

For the first inequality we write for [t| > 1

1 /1-6 1 4
_ ité1 lt\/lfﬁg . 7225\/1755
J(t) = /1/ = et dédés —/ (e e )dés

it J_q

— z /W/2 (eitCOSG _ efitcose) cos 0do

it Jo

and the result follows from the stationary phase. The estimate on J’ is obtained similarly.
Clearly, from e(0, A\?) = \2/(4) we get

(8.21) e (0, (A + 6AY2)2) — €9(0,A?) = %W? +0O(N),



56 NICOLAS BURQ, LAURENT THOMANN & NIKOLAY TZVETKOV

and by (8I9) and (820)
|eo (2d(x), (X + 5)\1/2)2) — eo(2d(z),\?)| <
< ON26d(2)NY2(d(2)\) 32 4+ CoN32 (d(x)\) 32 < CoN3/4,

under the condition d(z) > A~'/2. Then by (8I8) and (821) we get (8I7). O
Proposition 8.8. — There exists C' > 0 such that for any A >1 and x € M
(8.22) e(x, \+1,)\) <CA.

In particular, the previous result implies the bound
(8.23) lnllzee < CAY? < Cm) /4.
Proposition B8 is the case ¢ = +o0 in [41], (1.5)], which in turn is an easy consequence of [42].

Let us now prove Proposition For any 4 > 0 and x € M, we write

1 2
> srrilenle) =

Am €[, u4-0u1/2)
2
- Z %4_ Z ()\2 1+1_M21+1>’(Pm‘2(m)
Am €[, put-0u1/2) Am€[pptopt/2)
= Fi(x) + Fopu(z).
First observe that by (822 we have for all x € M
(8.24) e(w, pu+ o2, p) < Cudl?,

Then from the previous bound, we deduce that

3/2
H Z _
’FQ’M(Z’)‘ S Cu2 + ‘(pm’2(.%') S CM 17

1
Am €[, ptp1/?)

which is an acceptable bound.
We now turn to the estimate of Fy ,. For € M such d(z) > p~/2 we can use (817) to write
5,u%

_ 1 12 N _ —3/4
Fl,#(x) - :U’2+ 1e(x,,u+5,u uu) - 27_(_(#2 +1) +O(:u’ )

But thanks to the Weyl formula

#{n; A € [%M%—@ué)} = iﬂg (1+ (9(#_%)),

27
which is obtained by integrating (8I7) and using (824]), we get
3
1 Sz
(8.25) 3 = o),

2 41 2n(u?2+1
Am €[, 401 /2) Am T+ 1)

which was the claim.
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Now we assume that d(z) < p~'/2. Then by ([824) we have

3
_ 1/2 < ez -1/2
Fy () E Telw, p+op/% ) < CMQ 1= 0w,

This proves (82). The fact (8I) is obtained by integration of F,. The proof of Proposition is
complete.

Proof of Proposition (81l — By (825) with 6 = 1, we observe that Proposition 8.2 directly implies
Proposition BTl O
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