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❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝ ♦✈❡r ✜♥✐t❡ ✜❡❧❞s
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❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✜rst r❡❝❛❧❧ s♦♠❡ ❜❛s✐❝ ❢❛❝ts ❛❜♦✉t r❛♥❦ ♠❡tr✐❝✳ ❲❡ t❤❡♥ ❞❡r✐✈❡

❛♥ ❛s②♠♣t♦t✐❝ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ♦❢ ❝♦❞❡s t❤❛t r❡❛❝❤ t❤❡ r❛♥❦

♠❡tr✐❝ ●✐❧❜❡rt✕❱❛rs❤❛♠♦✈ ❜♦✉♥❞✳ ❲❡ t❤❡♥ ❞❡r✐✈❡ ❛♥ ❛s②♠♣t♦t✐❝ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ❛✈❡r❛❣❡

♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ♦❢ r❛♥❞♦♠ ❝♦❞❡s✳ ❲❡ s❤♦✇ t❤❛t r❛♥❞♦♠ ❝♦❞❡s r❡❛❝❤ ●❱ ❜♦✉♥❞✳

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t ♦♣t✐♠❛❧ ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝ ❤❛✈❡ ❛ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ✇❤✐❝❤ ✐s

❜♦✉♥❞❡❞ ❜② ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❜❛s❡ ✜❡❧❞ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ❛♥❞

s❤♦✇ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥t❡r❡st ✐♥ ❝r②♣t♦❣r❛♣❤✐❝ ❛♣♣❧✐❝❛t✐♦♥s✳

✶ ■♥tr♦❞✉❝t✐♦♥

✶✳✶ ●♦❛❧ ♦❢ t❤❡ ♣❛♣❡r

❘❛♥❦ ♠❡tr✐❝ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ❝♦❞✐♥❣ t❤❡♦r② ❛♣♣❡❛r❡❞ ✐♥ t❤❡ ✼✵✬s ✐♥ ❛♥ ❛rt✐❝❧❡ ❜②
P✳ ❉❡❧s❛rt❡ ❬✽❪✱ ❛♥❞ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❛❧❣❡❜r❛✐❝ ❝♦❞✐♥❣ ✐♥ ♣❛♣❡rs ❜② ❊✳ ▼✳ ●❛❜✐❞✉❧✐♥ ❛✈❛✐❧❛❜❧❡ ✐♥
❘✉ss✐❛♥✱ ❧❛t❡r s✉♠♠❛r✐③❡❞ ✐♥ ❊♥❣❧✐s❤ ✐♥ ❬✶✶❪✳

■♥ t❤✐s s❡♠✐♥❛❧ ♣❛♣❡r✱ ❊✳ ▼✳ ●❛❜✐❞✉❧✐♥ ❞❡s✐❣♥❡❞ ❛ ❢❛♠✐❧② ♦❢ ♦♣t✐♠❛❧ ❝♦❞❡s ✭r❡❛❝❤✐♥❣ t❤❡
❙✐♥❣❧❡t♦♥ ❜♦✉♥❞ ❢♦r r❛♥❦ ♠❡tr✐❝✮✱ ❛s ✇❡❧❧ ❛s ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❞❡❝♦❞✐♥❣ ✉♣ t♦
t❤❡✐r ❡rr♦r✲❝♦rr❡❝t✐♥❣ ❝❛♣❛❜✐❧✐t②✳ ▲❛t❡r✱ ❘✳ ▼✳ ❘♦t❤ s❤♦✇❡❞ ✐♥ ❛♥ ❛rt✐❝❧❡ t❤❛t t❤❡s❡ s♦✲❝❛❧❧❡❞
●❛❜✐❞✉❧✐♥ ❝♦❞❡s ✇❡r❡ ❛❧s♦ ♦♣t✐♠❛❧✱ ❛s ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ P❛t❡❧✲❍♦♥❣ ❝♦❞❡s✱ ❬✹❪ ✐♥ t❤❡ ✜❡❧❞
♦❢ ❝r✐ss✲❝r♦ss ❡rr♦rs ♦r ❡r❛s✉r❡s ❝♦rr❡❝t✐♦♥✳ ■♥ t❤✐s ♠♦❞❡❧✱ ❡rr♦rs ♦r ❡r❛s✉r❡s ♦❝❝✉rr❡❞ ❛❧♦♥❣
❧✐♥❡s ♦r ❝♦❧✉♠♥s ♦❢ ❛rr❛②s✳ ❚❤✐s ♠♦❞❡❧ ✇❛s s✉✐t❛❜❧❡ ❢♦r ♠♦❞❡❧✐③✐♥❣ t❤❡ st♦r❛❣❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥
♦♥ ♠❛❣♥❡t✐❝ t❛♣❡s ♦r ♦♥ ❝❤✐♣s❡ts✱ ❬✸✶❪✳

❙✐♥❝❡ t❤❡♥✱ r❛♥❦ ♠❡tr✐❝ ❝♦❞❡s ❛♥❞ ❡s♣❡❝✐❛❧❧② ❝♦❞❡s ❞❡r✐✈❡❞ ❢r♦♠ ●❛❜✐❞✉❧✐♥ ❝♦❞❡s ❤❛✈❡
❢♦✉♥❞ ♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦❞✐♥❣ t❤❡♦r②✿ t❤❡② ❢♦r♠ t❤❡ ❤❡❛rt ♦❢ t❤❡ ❞❡s✐❣♥
♦❢ ❛❧♠♦st ♦♣t✐♠❛❧ ❝♦❞❡s ✇✐t❤ ❡✣❝✐❡♥t ❞❡❝♦❞✐♥❣ ❛❧❣♦r✐t❤♠s ✐♥ t❤❡ ✜❡❧❞ ♦❢ r❛♥❞♦♠ ♥❡t✇♦r❦
❝♦❞✐♥❣✱ ❬✷✵✱ ✸✷❪✱ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ s♣❛❝❡✲t✐♠❡ ❝♦❞❡s ✇✐t❤ ♦♣t✐♠❛❧ r❛t❡✴❞✐✈❡rs✐t② tr❛❞❡✲
♦✛ ❬✷✸✱ ✶✾❪✳

❚❤❡ r❡s❡❛r❝❤ ❞♦♠❛✐♥ ✇❤❡r❡ ♣r♦♣❡rt✐❡s ♦❢ r❛♥❦ ♠❡tr✐❝ ❤❛✈❡ t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ❛t ❧❡♥❣t❤ ✐s
✇✐t❤♦✉t ❞♦✉❜t t❤❡ ✜❡❧❞ ♦❢ ❝r②♣t♦❧♦❣②✳ ❚❤❡ ✐❞❡❛ ♦❢ ✉s✐♥❣ r❛♥❦ ♠❡tr✐❝ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❝♦❞❡✲
❜❛s❡❞ ♣✉❜❧✐❝ ❦❡② ❝r②♣t♦s②st❡♠s ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❊✳ ▼✳ ●❛❜✐❞✉❧✐♥✱ ❆✳ ❱✳ P❛r❛♠♦♥♦✈
❛♥❞ ❖✳ ❱✳ ❚r❡t❥❛❦♦✈ ✐♥ ✶✾✾✶ ❬✶✸❪✳ ■ts ❡✣❝✐❡♥❝② ✇❛s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt
❞❡❝♦❞✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r r❛♥❞♦♠ ❝♦❞❡s ❤❛✈❡ ❛ ♠✉❝❤ ❤✐❣❤❡r ❝♦♠♣❧❡①✐t② ✐♥ r❛♥❦ ♠❡tr✐❝ t❤❛♥ ✐♥
❍❛♠♠✐♥❣ ♠❡tr✐❝ ❢♦r t❤❡ s❛♠❡ s❡ts ♦❢ ♣❛r❛♠❡t❡rs✱ ❬✷✺✱ ✺✱ ✻✱ ✷✼❪✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ t❤❡ str❡♥❣t❤
♦❢ t❤❡ s②st❡♠ r❡❧✐❡s ♦♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❞❡❝♦❞✐♥❣ ✐♥ t❤❡ ♣✉❜❧✐❝ ❝♦❞❡ ✇✐t❤♦✉t ❛♥② ❢✉rt❤❡r

∗
P✐❡rr❡✳▲♦✐❞r❡❛✉❅✉♥✐✈✲r❡♥♥❡s✶✳❢r

✶



✐♥❢♦r♠❛t✐♦♥✱ ✐t ❡♥❛❜❧❡s t♦ ❞❡s✐❣♥ ❝r②♣t♦s②st❡♠s ✇✐t❤ ❛ ♠✉❝❤ s♠❛❧❧❡r ♣✉❜❧✐❝✲❦❡② s✐③❡✳ ❍❡♥❝❡
♦♥❡ ♦❢ t❤❡ ♠❛❥♦r ❞r❛✇❜❛❝❦s ♦❢ ▼❝❊❧✐❡❝❡ t②♣❡ s②st❡♠s ✈❛♥✐s❤❡s ❬✷✺❪✳

❲❤❡r❡❛s ✈❡r② ❧✐tt❧❡ ✐♠♣r♦✈❡♠❡♥t ❤❛s ❜❡❡♥ ♠❛❞❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❞❡❝♦❞✐♥❣ ♦❢ r❛♥❞♦♠ ❝♦❞❡s
✐♥ r❛♥❦ ♠❡tr✐❝✱ ♠❛♥② s✉❝❝❡ss❢✉❧ ❛tt❛❝❦s ✇❡r❡ ♦♣❡r❛t❡❞ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣✉❜❧✐❝ ❝♦❞❡ ✐ts❡❧❢
✇❤✐❝❤ ✇❛s ♥♦t s✉✣❝✐❡♥t❧② ♠❛s❦❡❞✱ ❬✶✼✱ ✶✽✱ ✷✽❪✳ ▼❛♥② ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❝r②♣t♦s②st❡♠s ✇❡r❡
♠❛❞❡ t♦ ♣r❡✈❡♥t t❤❡s❡ ❛tt❛❝❦s✱ ❜✉t t❤❡② ❛❧❧ r❡q✉✐r❡ ❛ s✐❣♥✐✜❝❛♥t ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♣✉❜❧✐❝✲❦❡② s✐③❡
t♦ ♣r❡✈❡♥t t❤❡ ♠♦st ♣♦✇❡r❢✉❧ ❛tt❛❝❦s✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ♥❡✇ ♥♦♥✲♦♣t✐♠❛❧ r❛♥❦
♠❡tr✐❝ ❝♦❞❡s✱ ❬✶✷✱ ✷✻✱ ✷✶❪✳

❙✐♥❝❡✱ ✐♥ r❛♥❦ ♠❡tr✐❝ t❤❡r❡ ❛r❡ ❛❧r❡❛❞② ❛t ❤❛♥❞ ♦♣t✐♠❛❧ ❝♦❞❡s ❢♦r ❙✐♥❣❧❡t♦♥ ❡q✉❛❧✐t②✱ ♦♥❡
❝❛♥ ✇♦♥❞❡r ✇❤❛t ✐s t❤❡ ✐♥t❡r❡st ✐♥ ❝♦♥s✐❞❡r✐♥❣ ♦t❤❡r ♣♦ss✐❜❧❡ ❢❛♠✐❧✐❡s ♦❢ ❝♦❞❡s✱ ❛♥❞ ✐♥ st✉❞②✐♥❣
t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ r❛♥❞♦♠ ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝✳ ❲❡ ❝❛♥ ✜♥❞ ❣♦♦❞ r❡❛s♦♥s ❜♦t❤ ❢r♦♠ ❛ ❝♦❞✐♥❣
t❤❡♦r② ♣♦✐♥t ♦❢ ✈✐❡✇ ❛s ✇❡❧❧ ❛s ❢r♦♠ ❛ ❝r②♣t♦❣r❛♣❤✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✿

• ❋r♦♠ ❛ ❝♦❞✐♥❣ t❤❡♦r② ♣♦✐♥t ♦❢ ✈✐❡✇✱ ♦♥❡ ♠✐❣❤t ✇✐s❤ t♦ ✉s❡ ♥♦t ♥❡❝❡ss❛r✐❧② ♦♣t✐♠❛❧ ❝♦❞❡s
✐♥ r❛♥❦ ♠❡tr✐❝✳ ◆❛♠❡❧②✱ ✐t ♠✐❣❤t ❤❛♣♣❡♥ t❤❛t ✇❤❛t ❡✛❡❝t✐✈❡❧② ❝♦✉♥ts ✐s t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ ❞❡❝♦❞✐♥❣✳ ❲❡ ❝❛♥♥♦t ❡①❝❧✉❞❡ t♦ ✜♥❞ ❛ ❢❛♠✐❧② ♦❢ ♥♦♥✲♦♣t✐♠❛❧ ❝♦❞❡s ✇✐t❤ ❛ ❜❡tt❡r
❝♦♠♣❧❡①✐t② ❞❡❝♦❞❡r ❛s t❤❡ ❢❛♠✐❧② ♦❢ ●❛❜✐❞✉❧✐♥ ❝♦❞❡s✱ ❡✈❡♥ ✜♥❞ ❝♦❞❡s ✇✐t❤ ❡✣❝✐❡♥t
✐t❡r❛t✐✈❡ ❞❡❝♦❞✐♥❣ ❛❧❣♦r✐t❤♠s✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤❡ ✜❡❧❞ ♦❢ s♣❛❝❡✲t✐♠❡ ❝♦❞✐♥❣✱ ♠❛①✐♠✐③✐♥❣
t❤❡ r❛♥❦ ✐s ♦♥❧② ♦♥❡ ❝r✐t❡r✐✉♠ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ s✉❝❤ ❝♦❞❡s ❬✸✸❪✳ ❚❤❡r❡❢♦r❡✱
❝♦♥s✐❞❡r✐♥❣ ❛❧s♦ ♥♦♥✲♦♣t✐♠❛❧ ❝♦❞❡s ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ s♣❛❝❡✲t✐♠❡ ❝♦❞❡s ♠✐❣❤t ❛❧s♦ ❜❡ ♦❢
✐♥t❡r❡st✱ ❢♦r ❛♥ ❡✣❝✐❡♥❝② tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝r✐t❡r✐❛✳

• ❋r♦♠ ❛ ❝r②♣t♦❣r❛♣❤✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐t ✐s ❝❧❡❛r t❤❛t ♥♦ ♦♣t✐♠❛❧ ❝♦❞❡ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡
❞❡s✐❣♥ ♦❢ ♣✉❜❧✐❝✲❦❡② ♣r✐♠✐t✐✈❡s✳ ❚❤❡s❡ ❝♦❞❡ ❤❛✈❡ t♦ ❜❡ ❞✐st♦rt❡❞✱ t❤❛t ✐s ♠♦❞✐✜❡❞ s♦
t❤❛t t❤❡② ❧♦♦❦ ❧✐❦❡ r❛♥❞♦♠✱ ❬✷✻✱ ✸✵✱ ✷✶❪✳

❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥ t❤❛t ❛r✐s❡s ✇❤❡♥ ♦♥❡ ❝♦♥str✉❝t ♥❡✇ ❢❛♠✐❧✐❡s ♦❢ ❝♦❞❡✳ ❆r❡
t❤❡② ❣♦♦❞ ❄ ❖♥❡ t♦♦❧ ♦❢ ♠❡❛s✉r❡♠❡♥t ✐s t♦ ❝♦♠♣❛r❡ t❤❡✐r ❜❡❤❛✈✐♦✉r t♦ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢
r❛♥❞♦♠ ❝♦❞❡s✳

❚❤❡ ❣♦❛❧ ♦❢ t❤❡ ♣❛♣❡r ✐s ❞✉❛❧✳ ■♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ s❡❝t✐♦♥✱ ✇❡ ❣❛t❤❡r s♦♠❡ ❛❧r❡❛❞②
❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t r❛♥❦ ♠❡tr✐❝ ✇❤✐❝❤ ❛r❡ s❝❛tt❡r❡❞ ✐♥ t❤❡ ❞✐✛❡r❡♥t ♣❛♣❡rs ❝✐t❡❞ ✐♥ t❤❡
r❡❢❡r❡♥❝❡s✳ ❲❡ r❡❝❛❧❧ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ s✐③❡s ♦❢ s♣❤❡r❡s ❛♥❞ ❜❛❧❧s ✐♥ r❛♥❦
♠❡tr✐❝ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♠❛♥② ♣❛♣❡rs✱ ❛s ✇❡❧❧ ❛s s♦♠❡ ❝❧❛ss✐❝❛❧ ❜♦✉♥❞ ✐♥ ❝♦❞✐♥❣ t❤❡♦r②
✭❍❛♠♠✐♥❣ ❜♦✉♥❞✱ ●❱✲❧✐❦❡ ❜♦✉♥❞✮✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ ❛❧t❡r♥❛t❡ ♣r♦♦❢ t♦ ❇❛❜✉✬s r❡s✉❧t
t❤❛t ♥♦ ♣❡r❢❡❝t ❝♦❞❡s ❡①✐st ✐♥ r❛♥❦ ♠❡tr✐❝✱ ❬✶❪✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ r❛♥❞♦♠ ❝♦❞❡s✱ ❛♥❞
t♦ s❤♦✇ t❤❛t t❤❡②

■♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ s❡❝t✐♦♥ ✇❡ ❡st❛❜❧✐s❤ s♦♠❡ ❜❛s✐❝ ❢❛❝ts ❝♦♥❝❡r♥✐♥❣ r❛♥❦ ♠❡tr✐❝ ❛♥❞
❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝✳ ❲❡ r❡❡st❛❜❧✐s❤ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ s✐③❡s ♦❢ s♣❤❡r❡s ❛♥❞ ❜❛❧❧s✱
❛♥❞ ❞❡✜♥❡ t❤❡ ♠❛✐♥ ❜♦✉♥❞s✳ ❚❤❡♥✱ ✇❡ ❣✐✈❡ ❛ s✐♠♣❧❡ ❛❧t❡r♥❛t❡ ♣r♦♦❢ t❤❛t ♥♦ ♣❡r❢❡❝t ❝♦❞❡s
❡①✐st ✐♥ r❛♥❦ ♠❡tr✐❝✳ ❚❤❡ ♦r✐❣✐♥❛❧ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶❪✳

■♥ t❤❡ ❢♦✉rt❤ s❡❝t✐♦♥✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ❜② ❛♥ ❛s②♠♣t♦t✐❝ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ r❡❧❛t✐✈❡ ♠✐♥✐♠✉♠
r❛♥❦ ❞✐st❛♥❝❡ ♦❢ ❝♦♥st❛♥t r❛t❡ ❝♦❞❡s✱ ✇❤✐❝❤ ❛r❡ ❝❧♦s❡st t♦ ●❱✲❜♦✉♥❞✳ ◆♦t❡ t❤❛t ✐♥ ❬✶✹❪✱ t❤❡
❛✉t❤♦rs ❣❛✈❡ ❛♥ ❛s②♠♣t♦t✐❝ ❡q✉✐✈❛❧❡♥t ♦♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ r❛t❡ ♦❢ ❝♦❞❡s ❤❛✈✐♥❣ ❛
❣✐✈❡♥ r❡❧❛t✐✈❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡✳ ❆❧t❤♦✉❣❤ ❜♦t❤ r❡s✉❧ts ❤❛✈❡ s✐♠✐❧❛r✐t✐❡s✱ t❤❡② ❝❛♥♥♦t
❜❡ ❞❡r✐✈❡❞ ❞✐r❡❝t❧② ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r s✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛s②♠♣t♦t✐❝s✳ ❚❤❡r❡❢♦r❡ t❤❡
♣✉r♣♦s❡ ♦❢ t❤❡ s❡❝t✐♦♥ ✐s t♦ ♣r♦♣❡r❧② ❡st❛❜❧✐s❤ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧t✳

✷



❚❤❡ ✜❢t❤ s❡❝t✐♦♥ ✐s ❞❡❞✐❝❛t❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ s♦✲❝❛❧❧❡❞ r❛♥❞♦♠ ❝♦❞❡s✳ ❲❡
❡st❛❜❧✐s❤ ❢♦r r❛♥❞♦♠ ❝♦♥st❛♥t r❛t❡ ❝♦❞❡s ❛♥❞ r❛♥❞♦♠ ❝♦♥st❛♥t r❛t❡ ❛❞❞✐t✐✈❡ ❝♦❞❡s ❛♥ ❛s②♠t♦t✐❝
❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡✳

❖♥❡ ❝♦✉❧❞ ❛r❣✉❡ t❤❛t ✐t s✉✣❝❡s t♦ ❞✐r❡❝t❧② ✉s❡ t❤❡ r❡s✉❧ts ✐♥ ❬✸❪ ♣❛♣❡r ❛❜♦✉t ❍❛♠♠✐♥❣
♠❡tr✐❝✳ ❚❤✐s ✐s ♣❛rt❧② tr✉❡ ❜✉t t❤❡✐r ♣❛♣❡r ♣r♦✈✐❞❡s ♦♥❧② ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ♠✐♥✐♠✉♠ r❛♥❦
❞✐st❛♥❝❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛❧s♦ ❤❛✈❡ t♦ ❡st❛❜❧✐s❤ ❛♥ ✉♣♣❡r ❜♦✉♥❞✳ ❋♦r ❍❛♠♠✐♥❣ ♠❡tr✐❝✱ t❤✐s
✇❛s ❞♦♥❡ ❜② P✐❡r❝❡ ❢♦r ❧✐♥❡❛r ❝♦❞❡s ✐♥ ❬✷✾❪✱ ❛❧t❤♦✉❣❤ t❤❡ ♣r♦♦❢s s✉♣♣♦s❡ ✐♥ s♦♠❡ s❡♥s❡ t❤❛t
t❤❡ ❝❤♦✐❝❡ ♦❢ ❝♦❞❡✇♦r❞s ✐s ✐♥❞❡♣❡♥❞❡♥t✱ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ P✐❡r❝❡✬s s❛♠♣❧✐♥❣ s♣❛❝❡✳ ❋♦r
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❛♠♣❧✐♥❣ s♣❛❝❡ ✇❡ ♣r❡❢❡r t♦ r❡❢❡r t♦ ❘✐❝❤❛r❞s♦♥ ❛♥❞ ❯r❜❛♥❦❡✬s ❬❄❪

❖✉r r❡s✉❧ts s❤♦✇ s✐♠✐❧❛r r❡s✉❧ts t♦ t❤❡ ❝❛s❡ ♦❢ ❍❛♠♠✐♥❣ ♠❡tr✐❝✳
❛❞❞✐t✐✈❡ ❝♦❞❡s ❤❛✈❡ ❛ ♠✉❝❤ ❜❡tt❡r ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ t❤❛♥ r❛♥❞♦♠ ❝♦❞❡s✳ ❈♦♠♣❛r✲

❛t✐✈❡❧② t♦ ❇❛r❣ ❛♥❞ ❋♦r♥❡②✬s ♣❛♣❡r✱ ♦✉r r❡s✉❧ts ❛r❡ ♠♦r❡ ❛❝❝✉rr❛t❡✱ s✐♥❝❡ t❤❡ r❡s✉❧t t❤❛t t❤❡②
♦❜t❛✐♥❡ ✐s ✳ ❲❡ ♣r❡❢❡r❡❞ t♦ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ P✐❡r❝❡✬s ♣❛♣❡r ❬✷✾❪✱ ❜② ❝♦rr❡❝t✐♥❣ t❤❡

❚❤✐s t❤❡♦r❡♠ s❤♦✇s t❤❛t r❛♥❞♦♠ ❝♦♥st❛♥t r❛t❡ GF (q)✲❛r② ❝♦❞❡s r❡❛❝❤ ❛s②♠♣t♦t✐❝❛❧❧②
●❱✲❜♦✉♥❞✳

❙♦♠❡ ♦❢ t❤❡ ♣r♦♦❢s ✇❤✐❝❤ ❛r❡ ✈❡r② t❡❝❤♥✐❝❛❧ ❛r❡ ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐①
❚❤❡ ❢♦✉rt❤ s❡❝t✐♦♥ ✐s ❞❡❞✐❝❛t❡❞ t♦ ❡st❛❜❧✐s❤✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ❝♦♥st❛♥t r❛t❡

❝♦❞❡s r❡❛❝❤✐♥❣ ●❱✲❜♦✉♥❞✳ ❚❤❡ ✜❢t❤ s❡❝t✐♦♥ ❡st❛❜❧✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ❄❄✳ ❚❤✐s t❤❡♦r❡♠
s❤♦✇s t❤❛t r❛♥❞♦♠ ❝♦♥st❛♥t r❛t❡ GF (q)✲❛r② ❝♦❞❡s r❡❛❝❤ ❛s②♠♣t♦t✐❝❛❧❧② ●❱✲❜♦✉♥❞✳ ■♥ t❤❡
s✐①t❤ s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ♦❢ ♦♣t✐♠❛❧ ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝ ❛♥❞ s❤♦✇ t❤❡②
❝♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ r❛♥❦✲♠❡tr✐❝ ❜❛s❡❞ s✐❣♥❛t✉r❡ s❝❤❡♠❡s✳

✷ ❇❛❝❦❣r♦✉♥❞ ✐♥ r❛♥❦ ♠❡tr✐❝

■♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r t❤❡ ❝♦❞❡ ❛❧♣❤❛❜❡t ✐s t❤❡ ✜♥✐t❡ ✜❡❧❞ GF (qm) ✇✐t❤ qm ❡❧❡♠❡♥ts ✇❤❡r❡
q ✐s t❤❡ ♣♦✇❡r ♦❢ s♦♠❡ ♣r✐♠❡✳ ▲❡t b = (β1, . . . , βm) ❜❡ ❛ ❜❛s✐s ♦❢ GF (qm) ♦✈❡r GF (q)✳ ❚❤❡
✐♥t❡❣❡r n ✐s ❛s ✉s✉❛❧ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦❞❡✳ ❚❤✉s ✈❡❝t♦rs ♦❢ t❤❡ ❛♠❜✐❡♥t s♣❛❝❡ GF (qm)n ❛r❡
✐♥❞✐✛❡r❡♥t❧② ❝♦♥s✐❞❡r❡❞ ❛s ✈❡❝t♦rs ✇✐t❤ ❝♦♠♣♦♥❡♥ts ✐♥ GF (qm) ♦r ❛s m × n q✲❛r② ♠❛tr✐❝❡s
♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ❡❧❡♠❡♥ts ♦❢ GF (qm) ♦♥ GF (q) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜❛s✐s b✳

❚❤❡ r❛♥❦ ♥♦r♠ ♦❢ ❛ ✈❡❝t♦r x ✐♥ GF (qm)n ✐s ❞❡✜♥❡❞ ❜②

❉❡✜♥✐t✐♦♥ ✶ ✭❬✶✶❪✮
▲❡t x = (x1, . . . , xn) ∈ GF (qm)n✳ ❚❤❡ r❛♥❦ ♦❢ x ♦♥ GF (q)✱ ✐s t❤❡ r❛♥❦ ♦❢ ♠❛tr✐①

X =






x11 · · · x1n
✳✳✳

✳ ✳ ✳
✳✳✳

xm1 · · · xmn




 ,

✇❤❡r❡ xj =
∑n

i=1 xijβi✳ ■t ✐s ❞❡♥♦t❡❞ ❜② ❘❦(x|GF (q))✱ ♦r ❜② ❘❦(x) ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②

♦♥ t❤❡ ❜❛s❡ ✜❡❧❞✳

❘❛♥❦ ♠❡tr✐❝ ✐s t❤❡ ♠❡tr✐❝ ♦✈❡r GF (qm)n ✐♥❞✉❝❡❞ ❜② t❤❡ r❛♥❦ ♥♦r♠✳ ●✐✈❡♥ ❛ ✈❡❝t♦r x ∈
GF (qm)n s♣❤❡r❡s ❛♥❞ ❜❛❧❧s ✐♥ r❛♥❦ ♠❡tr✐❝ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

• ❙♣❤❡r❡ ♦❢ r❛❞✐✉s t ≥ 0 ❝❡♥t❡r❡❞ ♦♥ x✿ S(x, t) def
= {y ∈ GF (qm)n | ❘❦(y − x) = t}✳

• ❇❛❧❧ ♦❢ r❛❞✐✉s t ≥ 0 ❝❡♥t❡r❡❞ ♦♥ x✿ B(x, t) def
= ∪t

i=0S(x, i)✳

✸



❙✐♥❝❡ r❛♥❦ ♠❡tr✐❝ ✐s ✐♥✈❛r✐❛♥t ❜② tr❛♥s❧❛t✐♦♥ ♦❢ ✈❡❝t♦rs✱ t❤❡ ✈♦❧✉♠❡s ♦❢ s♣❤❡r❡s ❛♥❞ ❜❛❧❧s ❞♦
♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦s❡♥ ❝❡♥t❡r✳ ❚❤❡r❡❢♦r❡ t♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥s✱ ✇❡ ❞❡✜♥❡✿

• St
def
= ✈♦❧✉♠❡ ♦❢ s♣❤❡r❡ ♦❢ r❛❞✐✉s t ✐♥ GF (qm)✳ ■t ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ m× n q✲❛r②

♠❛tr✐❝❡s ♦❢ r❛♥❦ = t✳ ■❢ t = 0 t❤❡♥ S0 = 1 ❛♥❞ ❢♦r t = 1, . . . ,min(n,m) ✐t ✐s ❡q✉❛❧ ✭s❡❡
❢♦r ❡①❛♠♣❧❡ ❬✷❪✮ t♦

St =

t−1∏

j=0

(qn − qj)(qm − qj)

qt − qj
. ✭✷✳✶✮

• Bt
def
= ✈♦❧✉♠❡ ♦❢ ❜❛❧❧ ♦❢ r❛❞✐✉s t ✐♥ GF (qm)✳ ■t ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ m×n ♠❛tr✐❝❡s

♦❢ r❛♥❦ ≤ t ✐♥ GF (q)✳ ❚❤❡r❡❢♦r❡

∀t = 0, . . . ,min(n,m), Bt =

t∑

i=0

Si. ✭✷✳✷✮

❆ ❝♦❞❡ C ♦❢ ❧❡♥❣t❤ n ❛♥❞ ♦❢ s✐③❡ M ♦✈❡r GF (qm) ✐s ❛ s❡t ♦❢ M ✈❡❝t♦rs ♦❢ ❧❡♥❣t❤ n ♦✈❡r
GF (qm)✳ ■ts ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ✐s ❞❡✜♥❡❞ ❜②

❉❡✜♥✐t✐♦♥ ✷
▲❡t C ❜❡ ❛ ❝♦❞❡ ♦✈❡r GF (qm)✱ t❤❡♥ d

def
= minc1 6=c2∈C(❘❦(c1 − c2)) ✐s ❝❛❧❧❡❞ ♠✐♥✐♠✉♠ r❛♥❦

❞✐st❛♥❝❡ ♦❢ C✳

■❢ t❤❡ ❝♦❞❡ ✐s GF (q)✲❧✐♥❡❛r ✭✐t ✐s ♠♦st ♦❢t❡♥ t❤❡ ❝❛s❡ ✇❤❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♠❛tr✐❝✐❛❧ ❝♦❞❡✮
♦r ❡✈❡♥ ❧✐♥❡❛r ❛♥❞ s✐♥❝❡ r❛♥❦ ♠❡tr✐❝ ✐s ✐♥✈❛r✐❛♥t ❜② tr❛♥s❧❛t✐♦♥✱ t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡

♦❢ t❤❡ ❝♦❞❡ ✐s
d = min

c 6=0∈C
(❘❦(c)). ✭✷✳✸✮

■❢ d ✐s t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ♦❢ C ✇❡ ✇✐❧❧ s❛② t❤❛t C ✐s ❛ (n,M, d)r✲❝♦❞❡✳ ▼♦r❡♦✈❡r ✐❢ t❤❡
❝♦❞❡ ✐s ❧✐♥❡❛r ♦❢ ❞✐♠❡♥s✐♦♥ k ✇❡ ✇✐❧❧ s❛② t❤❛t ✐t ✐s ❛ [n, k, d]r✲❝♦❞❡✳ ❚❤❡ ✈❛❧✉❡ R = logqm(M)/n
✐s ❛s ✉s✉❛❧ t❤❡ r❛t❡ ♦❢ t❤❡ ❝♦❞❡✱ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ k/n ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✳

❚❤❡ q✉❛♥t✐t✐❡s ✭✷✳✶✮ ❛♥❞ ✭✷✳✷✮ ❛r❡ ♥♦t ✈❡r② ❡❛s② t♦ ❤❛♥❞❧❡ ✐♥ ❝♦♠♣✉t❛t✐♦♥✳ ❲❡ ❞❡r✐✈❡
❜♦✉♥❞s s✉✣❝✐❡♥t❧② ❛❝❝✉r❛t❡ ❡♥♦✉❣❤ ❢♦r ♦✉r ♥❡❡❞s✳

Pr♦♣♦s✐t✐♦♥ ✶
❋♦r ❛❧❧ t = 0, . . . ,min(n,m), ✇❡ ❤❛✈❡

{

q(m+n−1)t−t2 ≤ St ≤ q(m+n)t−t2+σ(q),

q(m+n)t−t2 ≤ Bt ≤ q(m+n)t−t2+σ(q),
✭✷✳✹✮

✇❤❡r❡ σ(q) = − 1
ln(q)

∑∞
i=1 ln(1− q−i)✳

Pr♦♦❢✳

❚❤❡ ♣r♦♦❢ ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ Bt ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✐♥ ❬✶✺❪✱ ▲❡♠♠❛ ✾✳ ■t ❣✐✈❡s ❛❧s♦ t❤❡
✉♣♣❡r ❜♦✉♥❞ ❢♦r St✳ ❚❤❡ ♣r♦♦❢ ❢♦r t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ Bt ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✻❪✱ ▲❡♠♠❛ ✺✳ ■t
r❡♠❛✐♥s t♦ ♣r♦♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ St✳ ❋♦r♠✉❧❛ ✭✷✳✶✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✉♥❞❡r t❤❡ ❢♦r♠

St = q(m+n)t−t2
t−1∏

j=0

(1− qj−n)(1− qj−m)

1− qj−t
.

✹



❙✐♥❝❡ t ≤ m✱ t❤❡♥ ❢♦r ❛❧❧ j = 0, . . . , t − 1 ✇❡ ❤❛✈❡ 1 − qj−m ≥ 1 − qj−t✳ ❚❤❡r❡❢♦r❡ (1 −
qj−m)/(1−qj−t) ≥ 1✱ ❛♥❞ s✐♥❝❡ 1−qj−n ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ j ❛♥❞ ♣♦s✐t✐✈❡ ✐❢ j−n ≥ 1✱
✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❜② ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ 1 − qj−n ≥ 1 − 1/q = (q − 1)/q✳ ❙✐♥❝❡ q ≥ 2 ✇❡
❞❡❞✉❝❡ t❤❛t 1− qj−n ≥ q−1✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ j = 0, . . . , t− 1

(1− qj−n)(1− qj−m)

1− qj−t
≥ q−1.

❚❤✉s
t−1∏

j=0

(1− qj−n)(1− qj−m)

1− qj−t
≥ q−t.

❚❤✐s ❣✐✈❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ St✳

�

✸ ❯♣♣❡r ❜♦✉♥❞s ❛♥❞ ♣❡r❢❡❝t ❝♦❞❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♠❛❦❡ ❛ s✉♠♠❛r② ♦❢ ❦♥♦✇♥ r❡s✉❧ts ♦♥ ❜♦✉♥❞s ❢♦r ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝✱
❧✐❦❡ ❙✐♥❣❧❡t♦♥✲❧✐❦❡ ❜♦✉♥❞ ❛♥❞ ❍❛♠♠✐♥❣✲❧✐❦❡ ❜♦✉♥❞✳ ▼♦r❡♦✈❡r ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦r♦❧❧❛r② ♦❢
♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐s ❛ ♥❡✇ ✈❡r② s✐♠♣❧❡ ♣r♦♦❢ ♦❢ ❛ ❦♥♦✇♥ r❡s✉❧t ❣✐✈❡♥ ✐♥ ❬✶❪✿ t❤❡r❡ ❛r❡ ♥♦ ♣❡r❢❡❝t
❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝✳

❚❤❡♦r❡♠ ✶
▲❡t C ❜❡ ❛ (n,M, d)r ❝♦❞❡ ♦✈❡r GF (qm)✳ ❲❡ ❤❛✈❡

• ❙✐♥❣❧❡t♦♥✲❧✐❦❡ ❜♦✉♥❞✿ M ≤ qmin (m(n−d+1),n(m−d+1)).

• ❍❛♠♠✐♥❣✲❧✐❦❡ ❜♦✉♥❞✿ ■❢ t = ⌊(d− 1)/2⌋✱ t❤❡♥

MBt ≤ qmn. ✭✸✳✺✮

❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❙✐♥❣❧❡t♦♥✲❧✐❦❡ ❜♦✉♥❞✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✶✱ ✷✻❪✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❍❛♠♠✐♥❣✲
❧✐❦❡ ❜♦✉♥❞ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r r❛♥❦ ♠❡tr✐❝✱ t✇♦ ❜❛❧❧s ♦❢ r❛❞✐✉s t = ⌊(d−1)/2⌋ ❝❡♥t❡r❡❞
♦♥ ❝♦❞❡✇♦r❞s ❞♦ ♥♦t ✐♥t❡rs❡❝t✳ ❚❤✉s✱ t❤❡ ❢✉❧❧ ♣❛❝❦✐♥❣ ❤❛s s✐③❡ ❧❡ss t❤❛♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡✱ s❡❡
❬✶✹❪✳

❚❤❡ s♦✲❝❛❧❧❡❞ ♣❡r❢❡❝t ❝♦❞❡s ❛r❡ ❝♦❞❡s r❡❛❝❤✐♥❣ t❤❡ ❍❛♠♠✐♥❣✲❧✐❦❡❞ ❜♦✉♥❞✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥
t❤❛t ✐♥ ❍❛♠♠✐♥❣ ♠❡tr✐❝ t❤❡ ♦♥❧② ♣❡r❢❡❝t ❧✐♥❡❛r ❝♦❞❡s ❛r❡ r❡♣❡t✐t✐♦♥ ❝♦❞❡s✱ ❍❛♠♠✐♥❣ ❝♦❞❡s
♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞s ❛♥❞ t❤❡ ❜✐♥❛r② ❛♥❞ t❡r♥❛r② ●♦❧❛② ❝♦❞❡s ❬✷✹❪✱ ♣❛❣❡ ✶✼✾✲✶✽✵✳ ❲❤❛t t❤❡♥ ♦❢
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣❡r❢❡❝t ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝ ❄ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛♥s✇❡rs t❤❡ q✉❡st✐♦♥

Pr♦♣♦s✐t✐♦♥ ✷ ✭❬✶❪✮ ❚❤❡r❡ ❛r❡ ♥♦ ♣❡r❢❡❝t ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ ♦♥ t❤❡ ❝♦♥tr❛r② t❤❛t ❛ ♣❡r❢❡❝t ❝♦❞❡ ❞♦❡s ❡①✐st ✇✐t❤ ♣❛r❛♠❡t❡rs (n,M, d)r
♦✈❡r GF (qm)✱ t❤❛t ✐s s✉♣♣♦s❡ t❤❛t

MBt = qmn.

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t n ≤ m ✭❊❧s❡ ❝♦♥s✐❞❡r t❤❡ tr❛♥s♣♦s❡❞ ❝♦❞❡✮✳
❚❤❡ r✐❣❤t ♣❛rt ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✹✮ ♦♥ t❤❡ ✈♦❧✉♠❡ ♦❢ ❜❛❧❧s ✐♠♣❧✐❡s t❤❛t

Mq(m+n+1)t−t2+1 ≥ qmn.

✺



▼♦r❡♦✈❡r✱ ❢r♦♠ ❙✐♥❣❧❡t♦♥ ❜♦✉♥❞ ✇❡ ❤❛✈❡ M ≤ qm(n−d+1)✳ ❙✐♥❝❡ t = ⌊(d − 1)/2⌋ t❤✐s ✐♠♣❧✐❡s
t❤❛t M ≤ qm(n−2t)✳ ❚❤❡r❡❢♦r❡

q(m+n+1)t−t2+m(n−2t)+1 ≥ qmn.

❇② t❛❦✐♥❣ t❤❡ ❜❛s❡ q ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ❜② r❡♦r❞❡r✐♥❣ t❤❡ t❡r♠s✱ ✇❡ ♦❜t❛✐♥

(n−m)t ≥ t2 − t+ 1.

❇② ❤②♣♦t❤❡s✐s n−m ≤ 0 ❛♥❞ t > 0✳ ❚❤❡r❡❢♦r❡ ✇❡ ♠✉st ❤❛✈❡ t2 − t− 1 ≤ 0✳ ❙✐♥❝❡ t ✐s ✐♥t❡❣❡r
t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t② ✐s t = 1 ❛♥❞ ❛❝❝♦r❞✐♥❣❧② n = m✳ ■♥ t❤❛t ❝❛s❡ ❤♦✇❡✈❡r t❤❡ ❢♦r♠✉❧❛ t❤❛t
♣❛r❛♠❡t❡rs ❤❛✈❡ t♦ s❛t✐s❢② ✐s M × B1 = qn

2

✳ ❍❡♥❝❡

qn(n−2)

︸ ︷︷ ︸

❙✐♥❣❧❡t♦♥

q2n − 2qn + q

q − 1
≥ M

q2n − 2qn + 1

q − 1
+ 1

︸ ︷︷ ︸

B1

= qn
2

,

✇❤✐❝❤ ✐♠♣❧✐❡s

1− 2

qn
+

1

q2n−1
≥ q − 1. ✭✸✳✻✮

❚❤✐s ✐♥❡q✉❛❧✐t② ❝❛♥♥♦t ❜❡ s❛t✐s✜❡❞ ❢♦r q ≥ 2✳
�

✹ ❆ ❱❛rs❤❛♠♦✈✕●✐❧❜❡rt ❧✐❦❡ ❜♦✉♥❞

❯♥t✐❧ ♥♦✇ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❜♦✉♥❞s ❛♥❞ r❡s✉❧ts ♦♥ t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝
✇✐t❤ ❣✐✈❡♥ ♣❛r❛♠❡t❡rs✳ ❲❤❛t t❤❡♥ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦❞❡s ❄ ■♥ ❍❛♠♠✐♥❣ ♠❡tr✐❝ t❤❡r❡ ✐s t❤❡
s♦✲❝❛❧❧❡❞ ❱❛rs❤❛♠♦✈✲●✐❧❜❡rt ✭●❱✮ ❜♦✉♥❞ ✇❤✐❝❤ ❣✐✈❡s ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦❞❡s
✇✐t❤ ♣❛r❛♠❡t❡rs (n,M, d)✳ ■♥ r❛♥❦ ♠❡tr✐❝ ✇❡ ❤❛✈❡ t❤❡ ❡①❛❝t ❡q✉✐✈❛❧❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✸ ✭❬✶✹❪✮
▲❡t m,n,M, d ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ■❢

M × Bd−1 < qmn, ✭✹✳✼✮

t❤❡♥ t❤❡r❡ ❡①✐sts ❛ (n,M + 1, d)r✲❝♦❞❡ ♦✈❡r GF (qm)✳

■♥ ❍❛♠♠✐♥❣ ♠❡tr✐❝✱ ❛♥ ❛s②♠♣t♦t✐❝ ✈❡rs✐♦♥ ♦❢ ●❱ ❜♦✉♥❞ ♣r♦✈✐❞❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡
♠❛①✐♠✉♠ r❛t❡ ♦❢ ❝♦❞❡s ✇✐t❤ r❡❧❛t✐✈❡ ♠✐♥✐♠✉♠ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ δ✱ ❬✷✹✱ ✷✷❪✳ ❚❤✐s ❧♦✇❡r
❜♦✉♥❞ ✐s ❣✐✈❡♥ ❜②

1−Hq(δ),

❢♦r 0 ≤ δ ≤ (q − 1)/q✳
❆♥ ❛♥❛❧♦❣♦✉s ♦❢ t❤✐s ❜♦✉♥❞ ❛s②♠♣t♦t✐❝ ✈❡rs✐♦♥ ❢♦r r❛♥❦ ♠❡tr✐❝ ✇❛s ❣✐✈❡♥ ✐♥ ❬✶✹❪✳ ❚❤❡

❛✉t❤♦rs s❤♦✇❡❞ ❛ ❧♦✇❡r ❜♦✉♥❞
(1− δ)(1− α), ✭✹✳✽✮

♣r♦✈✐❞❡❞ α
def
= m/n ✐s ❝♦♥st❛♥t✳

❍♦✇❡✈❡r ❢♦r ❝r②♣t♦❣r❛♣❤✐❝ ♠♦t✐✈❛t✐♦♥ ❛♥❞ ❜❡♥❝❤♠❛r❦✐♥❣✱ ✇❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡
✐♥✈❡rs❡ ❢✉♥❝t✐♦♥✱ t❤❛t ✐s t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ r❡❧❛t✐✈❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡

✻



r❛t❡ ♦❢ t❤❡ ❝♦❞❡✳ ❚❤✐s ❡♥❛❜❧❡s t♦ s❤♦✇ t❤❛t r❛♥❞♦♠❧② ❝❤♦s❡♥ ❝♦❞❡s ❛r❡ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②
♦♥ ●❱✲❜♦✉♥❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ✐t ✇❛s ♣r♦✈❡♥ ✐♥ ❏✳ P✐❡r❝❡✬s ♣❛♣❡r ❬✷✾❪ ❢♦r r❛♥❞♦♠❧②
❝❤♦s❡♥ ❝♦❞❡s ✐♥ ❍❛♠♠✐♥❣ ♠❡tr✐❝✳

❇❡❢♦r❡ ❞♦✐♥❣ s♦♠❡ ❛s②♠♣t♦t✐❝✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ✇❤❛t ❞♦❡s ✐t ♠❡❛♥ ❢♦r ❛ ❝♦❞❡ t♦ r❡❛❝❤
●❱✲❜♦✉♥❞ ❣✐✈❡♥ ❛ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ d✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✐t ✐s ❛ ❝♦❞❡ ♦♣t✐♠❛❧ ✐♥ t❤❡
s❡♥s❡ t❤❛t ②♦✉ ❝❛♥♥♦t ♣❛❝❦ t❤❡ s♣❛❝❡ ✇✐t❤ ❜❛❧❧s ♦❢ r❛❞✐✉s d− 1 ❛r♦✉♥❞ t❤❡ ❝♦❞❡✇♦r❞s ✐❢ ②♦✉
r❡♠♦✈❡ ♦♥❧② ♦♥❡ ❝♦❞❡✇♦r❞✳

❉❡✜♥✐t✐♦♥ ✸
❆ (n,M, d)r✲❝♦❞❡ r❡❛❝❤❡s ●❱✲❜♦✉♥❞ ✐❢

(M − 1)× Bd−1 < qmn ≤ M × Bd−1. ✭✹✳✾✮

◆♦✇ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✿ s✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ❛♥ ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢
❝♦❞❡s ♦❢ ♣❛r❛♠❡t❡rs (n,Mn, dn) ♦✈❡r GF (qmn) r❡❛❝❤✐♥❣ ●❱✲❜♦✉♥❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥
❣✐✈❡s r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝♦❞❡s ❢♦r t❤❡ s♦✲❝❛❧❧❡❞ ❝♦♥st❛♥t r❛t❡
❝♦❞❡s ♦✈❡r ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥ GF (qmn=αn) ✿

Pr♦♣♦s✐t✐♦♥ ✹
▲❡t F ❜❡ ❛ ❢❛♠✐❧② ♦❢ (n,Mn = qαn

2R, dn)r ♦✈❡r qαn r❡❛❝❤✐♥❣ ●❱✲❜♦✉♥❞✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿

lim
n→∞

dn/n =
α+ 1

2
−
√

(α− 1)2/4 + αR. ✭✹✳✶✵✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ α = 1✱ t❤❡♥ t❤❡ ❧✐♠✐t ♦❢ t❤❡ r❛t✐♦ ✐s 1−
√
R ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ t❤❡ ❏♦❤♥s♦♥

❜♦✉♥❞ ❢♦r ●❛❜✐❞✉❧✐♥ ❝♦❞❡s✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ♠❛①✐♠✉♠ r❛❞✐✉s ❢♦r ✇❤✐❝❤ ❛ ❜❛❧❧ ❝❡♥t❡r❡❞ ♦♥ s♦♠❡
✈❡❝t♦r ♦❢ t❤❡ ❛♠❜✐❡♥t s♣❛❝❡ ❝♦♥t❛✐♥s ♦♥ ❛✈❡r❛❣❡ ❛ ♥✉♠❜❡r ♦❢ ❝♦❞❡✇♦r❞s t❤❛t ✐s ♣♦❧②♥♦♠✐❛❧ ✐♥
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦❞❡✱ s❡❡ ❬✶✵❪✳
Pr♦♦❢✳

❇② t❛❦✐♥❣ t❤❡ ❜❛s❡ q ❧♦❣❛r✐t❤♠ ♦❢ ✭✹✳✾✮ ❛♥❞ ❜② ✉s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✷✳✹✮✱ ❢♦r ❛♥② (n,Mn =
qαn

2R, dn)✲❝♦❞❡ ♦✈❡r qαn r❡❛❝❤✐♥❣ ●❱✲❜♦✉♥❞✱ ✇❡ ❤❛✈❡✿
{

αn2 ≤ (α+ 1)n(dn − 1)− (dn − 1)2 + σ(q) + logq Mn,

logq(Mn − 1) + ((α+ 1)n)(dn − 1)− (dn − 1)2 < αn2.

❙✐♥❝❡ Mn ≥ 2 ✇❡ ❤❛✈❡ ❢✉rt❤❡r t❤❛t logq(Mn − 1) ≥ logq Mn − logq(2) ≥ logq Mn − 1✳ ❍❡♥❝❡
❜② r❡♣❧❛❝✐♥❣ logq Mn ❜② αn2R ✇❡ ❤❛✈❡

{
0 ≤ −d2n + ((α+ 1)n+ 2)dn + αn2R− αn2 − ((α+ 1)n− σ(q)− 1),
0 ≥ −d2n + ((α+ 1)n+ 2)dn + αn2R− αn2 − ((αn + 1)n+ 1).

❇♦t❤ ✐♥❡q✉❛t✐♦♥s ✐♠♣❧② t❤❛t dn ❧✐❡s ✐♥ t✇♦
■♥ ♣❛rt✐❝✉❧❛r ❜② t❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ s❡❝♦♥❞ ♦r❞❡r ✐♥❡q✉❛❧✐t✐❡s✱ dn ❤❛s t♦ ❜❡ ❣r❡❛t❡r t❤❛♥

t❤❡ s♠❛❧❧❡st r♦♦t ♦❢ t❤❡ ✜rst ♣♦❧②♥♦♠✐❛❧ ✐♥ dn ❛♥❞ s♠❛❧❧❡r t❤❛♥ t❤❡ s♠❛❧❧❡st r♦♦t ♦❢ t❤❡ s❡❝♦♥❞
♣♦❧②♥♦♠✐❛❧ ✐♥ dn✳ ❚❤✐s ❢♦r♠❛❧❧② ❧❡❛❞s t♦

α+ 1

2
−

√
∆1

2n
+

1

n
≤ dn

n
≤ α+ 1

2
−

√
∆2

2n
+

1

n
, ✭✹✳✶✶✮

✇❤❡r❡ t❤❡ ❞✐s❝r✐♠✐♥❛♥ts ∆1 ❛♥❞ ∆2 s❛t✐s❢②✿

∆1 = (α− 1)2n2 + 4αn2R+O(n),
∆2 = (α− 1)2n2 + 4αn2R+O(n).

✼



❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ❞✐s❝r✐♠✐♥❛♥ts ❛♥❞ ❜② ❞✐✈✐❞✐♥❣ ❜② 2n✱ ✇❡ ♦❜t❛✐♥✿

√
∆1

2n =
√

(α− 1)2/4 + αR+O(1/n) =
√

(α− 1)2/4 + αR+O(1/n),√
∆2

2n =
√

(α− 1)2/4 + αR+O(1/n) =
√

(α− 1)2/4 + αR+O(1/n).

❇② r❡♣❧❛❝✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐s❝r✐♠✐♥❛♥ts ✐♥ ✭✹✳✶✶✮✱ ❛♥❞ s✐♥❝❡ ✇❡ ♦❜t❛✐♥

α+ 1

2
−
√

(α− 1)2/4 + αR+O(1/n) ≤ dn
n

≤ α+ 1

2
−
√

(α− 1)2/4 + αR+O(1/n).

❚❤❡r❡❢♦r❡
dn
n

=
α+ 1

2
−
√

(α− 1)2/4 + αR+O(1/n),

✇❤✐❝❤ ❣✐✈❡s t❤❡ r❡s✉❧t ✭✹✳✶✵✮✳
�

❉❡✜♥✐t✐♦♥ ✹ ❆ ❢❛♠✐❧② ♦❢ ❝♦♥st❛♥t r❛t❡ ❝♦❞❡s s❛t✐s❢②✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✹ ✐s s❛✐❞ t♦ r❡❛❝❤ ●❱✲

❜♦✉♥❞✳

✺ ❘❛♥❞♦♠ ❝♦❞❡s

■♥ ❝r②♣t♦❣r❛♣❤②✱ r❛♥❞♦♠ ❝♦❞❡s ♣r♦✈✐❞❡ ❜❡♥❝❤♠❛r❦s ❢♦r ❝r②♣t♦s②st❡♠s✳ ◆❛♠❡❧②✱ ✐♥ ▼❝❊❧✐❡❝❡
t②♣❡ ❝r②♣t♦s②st❡♠s✱ s❡❝✉r✐t② ♣r♦♦❢s ✐♠♣❧② t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ❝♦❞❡s t❤❛t ✐s ✉s❡❞ ✐s ✐♥❞✐st✐♥✲
❣✉✐s❤❛❜❧❡ ♦❢ r❛♥❞♦♠ ❝♦❞❡s ❬✼❪✳ ■♥ r❛♥❦ ♠❡tr✐❝ ❜❛s❡❞ ❝r②♣t♦❣r❛♣❤②✱ t❤❡ ❢❛❝t t❤❛t ♠❛♥② ✈❛r✐❛♥t
✉s✐♥❣ ●❛❜✐❞✉❧✐♥ ❝♦❞❡s ❛r❡ ✇❡❛❦ ❝♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛❧❧ t❤❡s❡ ❢❛♠✐❧✐❡s ❝❛♥
❜❡ ❡❛s✐❧② ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ r❛♥❞♦♠ ❝♦❞❡s✳ ❚❤❡r❡❢♦r❡ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ r❛♥❞♦♠
❝♦❞❡s ❝♦✉❧❞ ♣r♦✈✐❞❡ ❛r❣✉♠❡♥ts t♦ ❡✈❛❧✉❛t❡ t❤❡ s❡❝✉r✐t② ♦❢ r❛♥❦✲♠❡tr✐❝ ❜❛s❡❞ ❝r②♣t♦s②st❡♠✳

■♥ ❍❛♠♠✐♥❣ ♠❡tr✐❝ t❤❡ ♣❛♣❡r ❬✷✾❪ s❤♦✇s t❤❛t r❛♥❞♦♠ ❝♦❞❡s ✐♥ ❍❛♠♠✐♥❣ ♠❡tr✐❝ r❡❛❝❤
●❱✲❜♦✉♥❞✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦♦✈❡ ❛♥ ❛♥❛❧♦❣✉♦✉s ♣r♦♣♦s✐t✐♦♥ ❢♦r r❛♥❦ ♠❡tr✐❝✳

✺✳✶ ●❡♥❡r❛❧ ❝❛s❡

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ❝♦❞❡ ✇✐t❤ ❝❛r❞✐♥❛❧✐t② M = qαn
2R ♦✈❡r t❤❡ ✜♥✐t❡ ✜❡❧❞ GF (qαn)✳ ❲❡

❝♦♥str✉❝t ❛ ❝♦❞❡ C ♦❢ ❝❛r❞✐♥❛❧✐t② M ❢r♦♠ t❤❡ r❛♥❞♦♠ ❝♦❞❡ ❡♥s❡♠❜❧❡ ❛s ❞❡✜♥❡❞ ✐♥ ❬❄❪✱ t❤❛t
✐s✱ ✇❡ ❝❤♦♦s❡ r❛♥❞♦♠❧② c1, . . . , cM ❝♦❞❡✇♦r❞s ❜② s❛♠♣❧✐♥❣ ✉♥✐❢♦r♠❧② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥
t❤❡ s♣❛❝❡ ♦❢ ✈❡❝t♦rs ♦❢ ❧❡♥❣t❤ n ♦✈❡r GF (qαn)✳ ◆♦t❡ t❤❛t t❤❡ ❝♦❞❡✇♦r❞s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧②
❞✐st✐♥❝t✳ ❚❤❛♥❦s t♦ t❤✐s ❝♦♥str✉❝t✐♦♥✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝♦❞❡✇♦r❞ ✐s ❛t r❛♥❦ ❞✐st❛♥❝❡ ❢r♦♠
❛♥② ✈❡❝t♦r ♦❢ y ∈ GF (qαn)n ❞❡♣❡♥❞s ♦♥ i ♦♥❧② ❛♥❞ ✐s ❡q✉❛❧ t♦✿

Pr(❘❦(cj − y) = i) =
Bi

qαn2
≤ q(m+n)t−t2−αn2+σ(q)

◆♦✇ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✿

Di =

M∑

u=1

u−1∑

v=1

1❘❦(cu−cv)≤i
,

❚❤✐s ❢✉♥❝t✐♦♥ ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ ✉♥♦r❞❡r❡❞ ♣❛✐rs ♦❢ ❝♦❞❡✇♦r❞s ❛t r❛♥❦ ❞✐st❛♥❝❡ ❧❡ss t❤❛♥
i ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ▲❡t d ❜❡ t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ♦❢ t❤❡ ❝♦❞❡ C✳ ■t ✐s ❝❧❡❛r t❤❛t

✽



• d ≤ i ✐♠♣❧✐❡s Di ≥ 1✱ t❤❛t ✐s t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♣❛✐r ♦❢ ❝♦❞❡✇♦r❞s ❛t r❛♥❦ ❞✐st❛♥❝❡ ❧❡ss
t❤❛♥ i

• d ≥ i ✐♠♣❧✐❡s Di−1 = 0✱ t❤❛t ✐s✱ t❤❡r❡ ❛r❡ ♥♦ ♣❛✐rs ♦❢ ❝♦❞❡✇♦r❞s ❛t ❞✐st❛♥❝❡ ❧❡ss t❤❛♥
i− 1

❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ ❢♦r ❛❧❧ i ≥ 1✱

• Pr(d ≤ i) ≤ Pr(Di ≥ 1)✱

• Pr(d ≥ i) ≤ Pr(Di−1 = 0)✱

◆♦✇ s✐♥❝❡ Di ✐s ❛ s✉♠ ♦❢ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✱ s✐♥❝❡ E(1❘❦(cu−cv
) = Pr(❘❦(cu − cv) ≤ i)

❛♥❞ s✐♥❝❡ ❛❧❧ t❤❡ ❝♦❞❡✇♦r❞s ❛r❡ ❝❤♦s❡♥ ✐♥❡♣❡♥❞❡♥t❧② ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r✱ ✇❡ ❤❛✈❡ t❤❛t

E(Di) =

(
M

2

) Bi

qαn2
≤ 0.5q−i2+(α+1)ni−(1−2R)αn2ασ(q)

❍❡♥❝❡ ✇❡ ❤❛✈❡

Pr(d ≤ i) ≤ Pr(Di ≥ 1) = E(Di) ≤ 0.5q−i2+(α+1)ni−(1−2R)αn2+σ(q) ✭✺✳✶✷✮

◆♦✇ ❧❡t ∆GV = α+1
2 −

√

(α− 1)2/4 + 2αR ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✺ ❋♦r 0 ≤ R < 1/2✱ ❛♥❞ ❢♦r ❛❧❧ ǫ s✉❝❤ t❤❛t ǫn t❡♥❞s t♦ ∞ ✇✐t❤ n✱ ✇❡ ❤❛✈❡

Pr(d/n ≤ ∆GV −ǫ)
n→∞→ 0✳ ▼♦r❡♦✈❡r✱ ✐❢ ǫ ✐s ❛ ❝♦♥st❛♥t✱ t❤✐s q✉❛♥t✐t② ❞❡❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧②✳

Pr♦♦❢✳ ▲❡t f(i) = −i2 + (α + 1)ni − (1 − 2R)αn2✳ ❚❤❡♥ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ f ✐s ❡q✉❛❧ t♦
(α−1)2n2+8αn2R✳ ❚❤❛t ✐s n∆GV ✐s t❤❡ s♠❛❧❧❡st r♦♦t ♦❢ f ✳ ❚❤❡♥ ❢♦r ❛❧❧ ǫ✱ ❜② ❚❛②❧♦r ❢♦r♠✉❧❛
✇❡ ❤❛✈❡ t❤❛t✿

f(n(∆GV − ǫ)) = ((α+ 1)n− 2n∆GV )nǫ− ǫ2n2

❇② ❝♦♥str✉❝t✐♦♥ ✇❡ ❤❛✈❡ ∆GV ≤ α+1
2 ✱ t❤❡r❡❢♦r❡

f(n(∆GV − ǫ)) ≤ −ǫ2n2

❚❤❡r❡❢♦r❡ ✐❢ ǫn t❡♥❞s t♦ ✐♥✜♥✐t② ✇✐t❤ n✱ t❤❡ q✉❛♥t✐t② 0.5qσ(q)qf(n(∆GV −ǫ)) t❡♥❞s t♦ 0 ✇✐t❤ n✳
▼♦r❡♦✈❡r✱ ✐❢ ǫ ✐s ❝♦♥st❛♥t✱ t❤❡♥ ✐t ❞❡❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧② t♦✇❛r❞s 0✳

◆♦✇ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ♦❢ ❝♦❞❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❛ r❛♥❞♦♠
❝♦❞❡ ❡♥s❡♠❜❧❡ ❝❛♥♥♦t ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ∆GV ✳ ❲❡ ❢♦❧❧♦✇❡❞ ❛ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ❛s ✐♥ t❤❡
♣❛♣❡r ❜② ❇❛r❣ ❛♥❞ ❋♦r♥❡②✳ ❲❤❛t r❡♠❛✐♥s t♦ ♣r♦♦✈❡ ❛♥❞ ✇❤✐❝❤ ✐s ❛❜s❡♥t ❢r♦♠ t❤✐s ♣❛♣❡r ✐s
t❤❡ ❢❛❝t t❤❛t t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ❝❛♥♥♦t ❜❡ ♠✉❝❤ ❣r❡❛t❡r t❤❛♥

◆♦✇ ✇❡ ✇❛♥t t♦ ❤❛✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ Pr(Di−1 = 0)✳ ❙✐♥❝❡ Di−1 ✐s t❤❡ s✉♠ ♦❢ ✐♥❞✐❝❛t♦r
❢✉♥❝t✐♦♥s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❡✈❡♥ts✱ ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t t❤❡ ❡✈❡♥t Di−1 ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛❧❧ ❡✈❡♥ts ❘❦(cu − cv) ≥ i✱ ❢♦r ❛❧❧ 1 ≤ u ≤ v ≤ M ✳ ❚❤❡r❡❢♦r❡✱

Pr(Di−1 = 0) =

(

1− Bi−1

qαn2

)(M
2
)
, ✭✺✳✶✸✮

✾



✺✳✷ ❆❞❞✐t✐✈❡ ❝♦❞❡ ❝❛s❡

◆♦✇ ♦✉r r❛♥❞♦♠ ♠♦❞❡❧ ✐s ❞✐✛❡r❡♥t✳
❇❡❢♦r❡ ♣r♦♦✈✐♥❣ t❤❡ t❤❡♦r❡♠✱ ✇❡ ✜rst ♥❡❡❞ t♦ ❤❛✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐✲

❜✉t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ❢♦r ❛ r❛♥❞♦♠ GF (q)✲❧✐♥❡❛r ❝♦❞❡ C ♦❢ ❧❡♥❣t❤ n ✇✐t❤ ❝❛r❞✐♥❛❧✐t②
M ♦✈❡r GF (qm)✳ ▲❡t ✉s ❞❡✜♥❡

∀i = 1, . . . , n,

{
Ai = |{c ∈ C | ❘❦(c) = i}| ,
Di = | ∪i

t=1 Ai| = | {c ∈ C \ {0}, | ❘❦(c) ≤ i} |.

■❢ d ✐s t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ♦❢ C ✇❡ ❤❛✈❡

∀i = 1, . . . , n, pi
def
= Pr(d = i) = Pr(Di−1 = 0, Di ≥ 1).

❙✐♥❝❡
Di =

∑

c∈C\{0}
1❘❦(c)≤i

,

❛♥❞ C ✐s ❛ ✉♥✐❢♦r♠❧② ❝❤♦s❡♥ ✈❡❝t♦r✲s♣❛❝❡ ♦✈❡r GF (q)✱ ✇❡ ❤❛✈❡

Pr(❘❦(c) = i | c ∈ C) = Pr(❘❦(c) = i) = Bi/q
mn.

❚❤❡r❡❢♦r❡

Pr(Di−1 = 0) = Pr(∀c ∈ C \ {0},❘❦(c) ≥ i) =

(

1− Bi−1

qmn

)M−1

, ✭✺✳✶✹✮

❛♥❞

Pr(Di ≥ 1 | Di−1 = 0) = 1−
(

1− Si

qmn − Bi−1

)M−1

. ✭✺✳✶✺✮

❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤s✱ ❜② ♠✉❧t✐♣❧②✐♥❣ ✭✺✳✶✹✮ ❜② ✭✺✳✶✺✮ ❛♥❞ s✐♥❝❡ Bi = Bi−1 + Si✱
✇❡ ❤❛✈❡ ♣r♦♦✈❡❞

Pr♦♣♦s✐t✐♦♥ ✻
▲❡t C ❜❡ ❛ (n,M, d)r r❛♥❞♦♠ GF (q)✲❧✐♥❡❛r ❝♦❞❡ ♦✈❡r GF (qm)✳ ▲❡t

∀i = 1, . . . , n, pi
def
= Pr(d = i).

❚❤❡♥ ✇❡ ❤❛✈❡

∀i = 1, . . . , n, pi =

(

1− Bi−1

qmn

)M−1

−
(

1− Bi

qmn

)M−1

, ✭✺✳✶✻✮

✇❤❡r❡ Bi ✐s t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜❛❧❧ ♦❢ r❛♥❦ r❛❞✐✉s i ✐♥ GF (qm)n✳

❲❡ ✉s❡ ✭✺✳✶✻✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r N ✱

∀a ≥ b ≥ 0, aN − bN = (a− b)
N−1∑

j=0

ajbN−1−j ≤ N(a− b) (max(a, b))N−1 .

❇② t❛❦✐♥❣ a ❛♥❞ b s✉❝❤ t❤❛t a =
(

1− Bi−1

qmn

)

> b =
(

1− Bi

qmn

)

✱ ✇❡ ❞❡❞✉❝❡

✶✵



pi ≤
(M − 1)Si

qmn

(

1− Bi−1

qmn

)M−2

. ✭✺✳✶✼✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❛ ❣r♦✉♥❞ st♦♥❡ ❢♦r ♣r♦♦✈✐♥❣ t❤❡♦r❡♠ ❄❄✳ ■t s❤♦✇s t❤❛t ❛❧❧ t❤❡
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ♦❢ ❛ r❛♥❞♦♠ GF (q)✲❧✐♥❡❛r r❡❛❝❤❡s ●❱✲❜♦✉♥❞✳

▲❡♠♠❛ ✶
▲❡t F ❜❡ ❛ ❢❛♠✐❧② ♦❢ (n, qαn

2R, dn)r r❛♥❞♦♠ GF (q)✲❧✐♥❡❛r ❝♦❞❡s ♦✈❡r GF (qαn)✳ ▲❡t

∀i = 1, . . . , n, p
(n)
i

def
= Pr(dn = i),

• ■❢ 1 ≤ i/n ≤ α+1
2 −

√
(α−1)2

4 + αR+ 1
n
, t❤❡♥ ♦♥ ❝❛♥ ✜♥❞ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C1 s✉❝❤

t❤❛t

p
(n)
i ≤ C1q

−n. ✭✺✳✶✽✮

• ■❢ n ≥ i/n ≥ α+1
2 −

√
(α−1)2

4 + αR− 1
n
, ❛♥❞ ✐❢ n ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡

❝♦♥st❛♥t C ′
1 s✉❝❤ t❤❛t

p
(n)
i ≤ q−C′

1
n. ✭✺✳✶✾✮

Pr♦♦❢✳

❙✐♥❝❡ M = qαn
2R✱ ❛♥❞ s✐♥❝❡ q ≥ 2 ✇❡ ❤❛✈❡ t❤❛t

αn2R > logq(M − 1) ≥ αn2R− 1. ✭✺✳✷✵✮

❚♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛✱ ✇❡ ✉♣♣❡r✲❜♦✉♥❞ p
(n)
i ❜② ✉♣♣❡r✲❜♦✉♥❞✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ✭✺✳✶✼✮✳

• ❋r♦♠ ✭✷✳✹✮ ❛♥❞ ✭✺✳✷✵✮ ✇❡ ❤❛✈❡

p
(n)
i ≤ (M − 1)Si

qα2

(

1− Bi−1

qαn2

)M−2

︸ ︷︷ ︸

<1

≤ (M − 1)Si

qαn2
≤ q(α+1)ni−i2−αn2(1−R)+σ(q).

❚❤❡ r✐❣❤t ♣❛rt ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✐s s♠❛❧❧❡r t❤❛♥ q−λ(n) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ λ(n) ✐❢ ❛♥❞ ♦♥❧②
✐❢ −i2+(α+1)ni−αn2(1−R)+σ(q)+λ(n) ≤ 0✳ ❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤✐s s❡❝♦♥❞ ♦r❞❡r
✐♥❡q✉❛❧✐t② ✐s ❡q✉❛❧ t♦

∆ = (α− 1)n2 + 4αn2R+ 4λ(n) + 4σ(q).

❚❤❡ s♠❛❧❧❡st r♦♦t ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❡q✉❛t✐♦♥ ✐s t❤✉s ❣✐✈❡♥ ❜②

(α+ 1)n

2
−

√

(α− 1)n2

4
+ αn2R+ λ(n) + σ(q),

❚❤❡r❡❢♦r❡✱ ❜② t❛❦✐♥❣ λ(n) = n− σ(q) ✇❡ ♦❜t❛✐♥✿ ✐❢

i/n ≤ α+ 1

2
−
√

(α+ 1)2

4
+ αR+

1

n
,

❚❤❡♥
p
(n)
i ≤ C1q

−n,

✇❤❡r❡ C1 = qσ(q)✳

✶✶



• ❋♦r t❤❡ s❡❝♦♥❞ ❜♦✉♥❞ ✇❡ st✐❧❧ ✉s❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭✺✳✶✼✮✱ ❜② ✉♣♣❡r ❜♦✉♥❞✐♥❣ t❤❡ ♦t❤❡r
♠✉❧t✐♣❧✐❝❛t✐✈❡ t❡r♠✳ ❲❡ ❤❛✈❡

p
(n)
i ≤ Si

qαn2

︸ ︷︷ ︸

<1

(M − 1)

(

1− Bi−1

qαn2

)M−2

< Me
(M−2) ln

(

1−Bi−1

qαn2

)

.

❇② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✱ ✇❡ ❤❛✈❡ ∀0 ≤ x < 1, ln(1− x) ≤ −x✳ ❚❤✉s

(M − 2) ln

(

1− Bi−1

qαn2

)

≤ −(M − 2)
Bi−1

qαn2
.

■❢ ✇❡ ✉s❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ✭✷✳✹✮✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t logq(M −2) > logq(M)−1 =
αn2R− 1 ❛s s♦♦♥ ❛s M ≥ 4 ✇❡ ❤❛✈❡

−(M − 2)
Bi−1

qαn2
≤ −q(α+1)n(i−1)−(i−1)2−αn2(1−R)+1.

❚❤✐s ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t t❤❡ q✉❛♥t✐t② −(M − 2)Bi−1

qαn2 ✐s ❧❡ss t❤❛♥ −n ❛s s♦♦♥ ❛s

(α+ 1)n(i− 1)− (i− 1)2 − αn2(1−R) + 1− logq(n) ≥ 0.

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✐s

∆ = (α− 1)2n2 + αn2R+ 4− 4 logq(n).

❚❤❡r❡❢♦r❡ ❛s s♦♦♥ ❛s n ≥ 4 logq(n) − 2 ✇❡ ❤❛✈❡ t❤❛t ∆ ≤ (α − 1)2n2 + αn2R − n✱ ❛♥❞
♣r♦✈✐❞❡❞ t❤❛t

i/n ≥ α+ 1

2
−
√

(α− 1)2

4
+ αR− 1

n
,

t❤❡ q✉❛♥t✐t② −(M − 2)Bi−1

qαn2 ✐s ❧❡ss t❤❛♥ −n✳ ❚❤❡r❡❢♦r❡ p
(n)
i ≤ e−n✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡

r❡s✉❧t ❜② t❛❦✐♥❣ C ′
1 = logq(e)✳

�

✺✳✸ Pr♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦♦✈❡ t❤❡♦r❡♠ ❄❄✳

Pr♦♦❢ ♦❢ t❤❡♦r❡♠ ❄❄
❚❤❡ ♣r♦♦❢ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ♣❛rt ❞❡r✐✈❡s ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r t❤❡ ❡①♣❡❝t❛t✐♦♥

♦❢ t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡✱ ✇❤✐❧❡ s❡❝♦♥❞ ♣❛rt ❣✐✈❡s ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡
♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡

• ❇② ❞❡✜♥✐t✐♦♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ✐s ❣✐✈❡♥ ❜②

E(dn) =

n∑

i=1

iPr(dn = i) =

n∑

i=1

ip
(n)
i .

✶✷



▲❡t ✉s ❞❡✜♥❡ 





an = n

(

α+1
2 −

√
(α−1)2

4 + αR+ 1
n

)

,

bn = n

(

α+1
2 −

√
(α−1)2

4 + αR− 1
n

)

.

❚❤❡ ✉♣♣❡r ❜♦✉♥❞s ❢♦r p
(n)
i ♦❢ ▲❡♠♠❛ ✶ ❞✐r❡❝t❧② ✐♠♣❧✐❡s t❤❛t ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ n

{ ∑⌊an⌋
i=1 ip

(n)
i ≤ C1q

−n
∑n

i=1 i = O
(
n2q−n

)
,

∑n
i=⌈bn⌉ ip

(n)
i ≤ q−C′

1
n
∑n

i=1 i = O
(

n2q−C′
1
n
)

.

◆♦✇ ✇❡ ✇❛♥t t♦ ❡✈❛❧✉❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ t❡r♠s ❧❛❜❡❧❡❞ ❜② ⌊an⌋+1 ≤ i ≤ ⌈bn⌉−1✳
❲❡ ❤❛✈❡

an

⌈bn⌉−1
∑

i=⌊an⌋+1

p
(n)
i ≤

⌈bn⌉−1
∑

i=⌊an⌋+1

ip
(n)
i ≤ bn

⌈bn⌉−1
∑

i=⌊an⌋+1

p
(n)
i . ✭✺✳✷✶✮

◆♦✇ s✐♥❝❡

1 =
n∑

i=1

p
(n)
i =

⌈bn⌉−1
∑

i=⌊an⌋+1

p
(n)
i +

⌊an⌋∑

i=1

p
(n)
i

︸ ︷︷ ︸

O(n2q−n)

+
n∑

i=⌈bn⌉+1

p
(n)
i

︸ ︷︷ ︸

O(n2q
−C′

1
n)

,

✇❡ ♦❜t❛✐♥

1 +O(n2q−Cn) ≤
⌈bn⌉−1
∑

i=⌊an⌋+1

p
(n)
i ≤ 1,

✇❤❡r❡ C = min(1, C ′
1)✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t an = O(n)✳ ❚❤❡r❡❢♦r❡✱ ❜②

r❡♣❧❛❝✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✷✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

an +O(n3q−Cn) ≤
⌈bn⌉−1
∑

i=⌊an⌋+1

ip
(n)
i ≤ bn.

❇② ✉s✐♥❣ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ♦❜t❛✐♥

an +O(n3q−Cn) ≤ E(dn) ≤ bn +O(n2q−C′
1
n).

◆♦✇ t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t an ❛♥❞ bn ❛r❡ ❝❧♦s❡ ❡♥♦✉❣❤✳ ▲❡t ✉s ❞❡♥♦t❡
A =

√

(α− 1)2/4 + αR✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ an ❛♥❞ bn ✇❡ ❤❛✈❡

bn − an = nA
(√

1 + 1/(An)−
√

1− 1/(An)
)

,

= nA(1/(An) +O(1/n2)),
= O(1).

❚❤❡r❡❢♦r❡ ✇❡ ❞❡❞✉❝❡ t❤❡ r❡s✉❧t

E(dn) = dGV +O(1), ✭✺✳✷✷✮

✇❤❡r❡
dGV

def
= n∆GV .

❚❤❡r❡❢♦r❡
E(dn)

n
= ∆GV +O(1/n).

✶✸



• ❚❤❡ ✈❛r✐❛♥❝❡ ✐s ❜② ❞❡✜♥✐t✐♦♥ V ar(dn) = E(d2n)−E(dn)
2✳ ❋r♦♠ ✭✺✳✷✷✮ ❛♥❞ s✐♥❝❡ dGV =

O(n)✱ ✇❡ ❤❛✈❡
E(dn)

2 = d2GV +O(n).

❚♦ ❞❡❛❧ ✇✐t❤ E(d2n) ✇❡ r❡❝❛❧❧ ✐ts ❞❡✜♥✐t✐♦♥✿

E(d2n) =

⌊an⌋∑

i=1

i2pi

︸ ︷︷ ︸

=O(n3q−C2 )

+

n∑

i=⌈bn⌉+1

i2pi

︸ ︷︷ ︸

=O(n3q
−C′

1
n)

+

⌈bn⌉−1
∑

i=⌊an⌋+1

i2pi.

❯s✐♥❣ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s ❢♦r t❤❡ ❡①♣❡❝t❛t✐♦♥✱ ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ❡q✉❛t✐♦♥
✭✺✳✷✶✮✱ ✇❡ s❤♦✇ t❤❛t

a2n +O(n4q−Cn) ≤ E(d2n) ≤ b2n +O(n3q−C′
1
n).

❙✐♥❝❡ a2n − b2n = O(n)✱ ✇❡ ♦❜t❛✐♥ ✜♥❛❧❧② t❤❛t E(d2n) = d2GV +O(n) ❛♥❞ t❤❛t

V ar(dn) = O(n).

❍❡♥❝❡✱
V ar(dn)

n2
= O(1/n).

�

✻ P❛❝❦✐♥❣ ❞❡♥s✐t② ♦❢ ♦♣t✐♠❛❧ ❝♦❞❡s

■♥ s❡❝t✐♦♥ ✸✱ ✇❡ s❤♦✇❡❞ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ♣❡r❢❡❝t ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝✳ ❋r♦♠ ❛ ❝r②♣t♦❣r❛♣❤✐❝
♣♦✐♥t ♦❢ ✈✐❡✇ ✐t ✐s ❛ ❞✐s❛♣♣♦✐♥t✐♥❣ r❡s✉❧t s✐♥❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣❡r❢❡❝t ❝♦❞❡s ✇♦✉❧❞ ♣r♦✈✐❞❡ ❛
♠❛♥♥❡r t♦ ❞❡s✐❣♥ s✐❣♥❛t✉r❡ s❝❤❡♠❡s✳ ◆❛♠❡❧②✱ t❤❡ ♣r♦❝❡❞✉r❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ●✐✈❡♥ ❛ ✈❡❝t♦r y ✐♥ s♦♠❡ s♣❛❝❡ GF (qm)n✱

• ❣✐✈❡♥ ❛ ❝♦❞❡ C✱
✐❢ t❤❡ ✈❡❝t♦r y ❧✐❡s ✇✐t❤✐♥ ❛ ❜❛❧❧ ❝❡♥t❡r❡❞ ♦♥ ❛ ❝♦❞❡✇♦r❞ ♦❢ C ❛♥❞ ♦❢ r❛❞✐✉s ❧❡ss t❤❛♥ t❤❡ ❡rr♦r
❝♦rr❡❝t✐♥❣ ❝❛♣❛❜✐❧✐t② ♦❢ C t❤❡♥ r❡t✉r♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❜❛❧❧✳ ❊❧s❡ t❤❡ ✈❡❝t♦r y ❝❛♥♥♦t ❜❡
s✐❣♥❡❞✳

❯♥❞❡r t❤✐s ❢r❛♠❡✇♦r❦✱ ✐❢ t❤❡ ❝♦❞❡ C ✇❛s ♣❡r❢❡❝t✱ ❡✈❡r② ✈❡❝t♦r ♦❢ GF (qm)n ✇♦✉❧❞ ❜❡
✉♥✐q✉❡❧② s✐❣♥❡❞✳ ❙✐♥❝❡ ✐t ✐s ♥♦t t❤❡ ❝❛s❡✱ t❤❡r❡ ❛r❡ r❡s✐❞✉❛❧ ✈❡❝t♦rs y t❤❛t ❝❛♥♥♦t ❜❡ s✐❣♥❡❞✳

❆❧t❤♦✉❣❤ ✐t ✐s ❛❧♠♦st t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✐♥ ❍❛♠♠✐♥❣ ♠❡tr✐❝✱ ❛ s✐❣♥❛t✉r❡ s❝❤❡♠❡ ✇❛s
❞❡s✐❣♥❡❞ ✐♥ ✷✵✵✶✱ ❜❛s❡❞ ♦♥ t❤✐s ♣r✐♥❝✐♣❧❡✱ ❬✼❪✳ ■♥ t❤✐s ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❛✉t❤♦rs ✉s❡❞ ❜✐♥❛r②
●♦♣♣❛ ❝♦❞❡s ✇✐t❤ ❛ ✈❡r② ❤✐❣❤ r❛t❡ s♦ t❤❛t t❤❡ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ♦❢ t❤❡ ❝♦❞❡ ✐♥ t❤❡ ❛♠❜✐❛♥t
s♣❛❝❡ ✐s ♣r❡tt② ❤✐❣❤✳ ❍❡♥❝❡✱ ✇✐t❤ s❧✐❣❤t ❛♥❞ ❝♦♥tr♦❧❧❡❞ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ♠❡ss❛❣❡ ✇❤✐❝❤ ❤❛s
t♦ ❜❡ s✐❣♥❡❞✱ t❤❡② ♠❛♥❛❣❡ t♦ tr❛♥s❢♦r♠❡❞ ✐t ✐♥t♦ ❛ s✐❣♥❛❜❧❡ ♠❡ss❛❣❡✳ ■♥ t❤✐s ♣r❡❝✐s❡ ❝❛s❡✱ t❤❡
s②st❡♠ ✐s ❢❛st❡r ✐❢ t❤❡ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ✐s ❤✐❣❤❡r✳

❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡❛s♦♥s ✇❤✐❝❤ ♠♦t✐✈❛t❡s t❤❡ st✉❞② ♦❢ t❤❡ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ♦❢ ❝♦❞❡s
✐♥ r❛♥❦ ♠❡tr✐❝ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦❢ t❤❡ ▼❘❉ ❝♦❞❡s✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ♦❢ ❛
(n,M, d)r ❝♦❞❡ ✐s

D =
MBt

qmn
,

✶✹



✇❤❡r❡ t = ⌊(d− 1)/2⌋✳
❙✐♥❣❧❡t♦♥ ✐♥❡q✉❛❧✐t② ♣r♦✈✐❞❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ❝♦❞❡s ✇✐t❤ ❣✐✈❡♥ ♣❛✲

r❛♠❡t❡rs✳ ❲❡ ❝❛❧❧ ♦♣t✐♠❛❧ ❝♦❞❡s ♦r ▼❘❉ ✭▼❛①✐♠❛❧ ❘❛♥❦ ❉✐st❛♥❝❡✮ ❝♦❞❡s✱ ❝♦❞❡s s❛t✐s❢②✐♥❣
t❤❡ ❙✐♥❣❧❡t♦♥ ❡q✉❛❧✐t②

❉❡✜♥✐t✐♦♥ ✺ ✭▼❘❉✲❝♦❞❡s ✕ ❬✶✶❪✮
❆ (n,M, d)r✲❝♦❞❡ ♦✈❡r GF (qm) ✐s ❝❛❧❧❡❞ ▼❘❉ ✐❢

• M = qm(n−d+1)✱ ✐❢ n ≤ m✳

• M = qn(m−d+1)✱ ✐❢ n > m

❋r♦♠ t❤✐s ❞❡✜♥✐t✐♦♥ ✐t ❢♦❧❧♦✇s t❤❛t✱ ✇❤❡♥❡✈❡r ❛ ❝♦❞❡ ✐s ▼❘❉✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s♣♦s❡❞
❝♦❞❡ ✐s ❛❧s♦ ▼❘❉✳ ■♥ t❤✐s ❝♦♥t❡①t ✇❡ ♣r♦♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✼ ✭❉❡♥s✐t② ♦❢ ▼❘❉✲❝♦❞❡s✮
▲❡t C ❜❡ ❛ ▼❘❉✲❝♦❞❡✱ (n, qm(n−2t), 2t+1)r ♦✈❡r GF (qm)✳ ❚❤❡ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ♦❢ C s❛t✐s✜❡s

1

q(m−n+1)t+t2
≤ D ≤ 1

q(m−n)t+t2−σ(q)−1
,

❚❤❡ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t ✇❤❡♥❡✈❡r t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦❞❡ ✐s ❡q✉❛❧ t♦ t❤❡ ❡①t❡♥s✐♦♥ ❞❡❣r❡❡✱
✐✳❡✳ n = m ❛♥❞ ✐❢ n t❡♥❞s t♦ ∞✱ t❤❡♥ ✐ts ♣❛❝❦✐♥❣ ❞❡♥s✐t② ✐s ❧♦✇❡r ❜♦✉♥❞❡❞ ❜② t❤❡ q✉❛♥t✐t②
q−t2−t✳ ❚❤✐s ❧♦✇❡r ❜♦✉♥❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❛♥❦ ❡rr♦r✲❝♦rr❡❝t✐♥❣ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ❝♦❞❡✳
❆❧t❤♦✉❣❤ ▼❘❉ ❝♦❞❡s ✇✐t❤♦✉t ❞✐st♦rt✐♦♥ ❛r❡ ♥♦t s✉✐t❛❜❧❡ ❢♦r ❝r②♣t♦❣r❛♣✐❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐t ✐s
✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t t❤❡r❡ ❛r❡ ❢❛♠✐❧✐❡s ♦❢ ❝♦❞❡s ✇❤♦s❡ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ❝❛♥ ❜❡ ❛s②♠♣t♦t✐❝❛❧❧②
❜♦✉♥❞❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡✐r ♠✐♥✐♠✉♠ r❛♥❦ ❞✐st❛♥❝❡ ❛❧♦♥❡✳

❚❤❡r❡❢♦r❡ ❝♦♥str✉❝t✐♥❣ s✉❝❤ ❢❛♠✐❧✐❡s ✇♦✉❧❞ ❜❡ ♦❢ ❝r②♣t♦❣r❛♣❤✐❝ ✐♥t❡r❡st✳ ◆❛♠❡❧②✱ t❤❡
❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❞❡❝♦❞✐♥❣ ❛❧❣♦r✐t❤♠s ✐s s✉❝❤ t❤❛t t ❝♦✉❧❞ r❡♠❛✐♥ ✈❡r② s♠❛❧❧✱ ❜❡❝❛✉s❡ t❤❡②
❛r❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ❧❡♥❣t❤ ♦r t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝♦❞❡✱ ❬✷✼✱ ✻❪✳

✼ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t❡❞ s❤♦✇❡❞ t❤❛t ❛s②♠♣t♦t✐❝❛❧❧② r❛♥❞♦♠ ❝♦❞❡s r❡❛❝❤ ●❱✲❜♦✉♥❞s ✐♥ r❛♥❦
♠❡tr✐❝ ❛❧s♦✳ ❚❤✐s ❜❡❤❛✈✐♦✉r ❝❛♥ ♣r♦✈✐❞❡ ❛ ❜❡♥❝❤♠❛r❦ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❝r②♣t♦s②st❡♠s
✇❤♦s❡ ♣✉❜❧✐❝✲❦❡② ❝♦✉❧❞ ❜❡ s❡❝✉r❡✱ s✐♥❝❡ ✐t ❛♣♣❡❛rs ✐♠♣♦rt❛♥t t❤❛t t❤❡ ♣✉❜❧✐❝✲❝♦❞❡ ❝❛♥ ♥♦t ❜❡
❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ ❛ r❛♥❞♦♠ ❝♦❞❡s✱ ❛s s❡❡♠s t♦ ❜❡ t❤❡ ❝❛s❡ ❢♦r ♠❡❞✐✉♠ r❛t❡ ●♦♣♣❛ ❝♦❞❡s ✭✐t
✐s ♥♦ ♠♦r❡ t❤❡ ❝❛s❡ ❢♦r ❤✐❣❤ r❛t❡ ●♦♣♣❛ ❝♦❞❡s✱❬✾❪✳ ❖♥❡ ♦❢ t❤❡ ❦❡② ❛r❣✉♠❡♥ts ❢♦r s❛②✐♥❣ t❤❛t
❜✐♥❛r② ●♦♣♣❛ ❝♦❞❡s ❛r❡ ❣♦♦❞ ❝❛♥❞✐❞❛t❡s ❢♦r ❝r②♣t♦❣r❛♣❤✐❝ ❛♣♣❧✐❝❛t✐♦♥s ✐s t❤❛t t❤❡✐r ❢❛♠✐❧②
r❡❛❝❤❡s ●❱ ✇❤❡r❡❛s ❢♦r ✐♥st❛♥❝❡ t❤❡ ❢❛♠✐❧② ♦❢ ❇❈❍ ❝♦❞❡s ❞♦❡s ♥♦t✱ ❬✷✷❪✳ ❙♦ t❤❡s❡ ❜❡♥❝❤♠❛r❦s✱
❢r♦♠ ❛ ❝r②♣t♦❣r❛♣❤✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇ ❝♦✉❧❞ ❣✉❛r❛♥t❡❡ s♦♠❡ r❛♥❞♦♠♥❡ss ❜❡❤❛✈✐♦✉r ♦❢ ❛ ❢❛♠✐❧②
♦❢ ❝♦❞❡s ✐♥ r❛♥❦ ♠❡tr✐❝✳

❲❡ ❝❛♥ ♠❡♥t✐♦♥ ❛❧s♦ s♦♠❡ ♦♣❡♥ ♣r♦❜❧❡♠s ✐♥ r❛♥❦ ♠❡tr✐❝ t❤❛t ❛r❡ ✇♦rt❤ ✐♥✈❡st✐❣❛t✐♥❣ ✿

• ❲❡ ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✹ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ r❡❧❛t✐✈❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ♦❢ ❝♦❞❡s
r❡❛❝❤✐♥❣ ●❱ ✐s s✐♠✐❧❛r t♦ t❤❡ ❏♦❤♥s♦♥ ❜♦✉♥❞ ❢♦r ●❛❜✐❞✉❧✐♥ ❝♦❞❡s✳ ■t ❝♦✉❧❞ ❜❡ ♦❢ ✐♥t❡r❡st
t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❜♦t❤ ❜♦✉♥❞s✳

• ❈♦♥str✉❝t✐♥❣ ❛❧s♦ ❢❛♠✐❧✐❡s ♦❢ ♥♦♥ ▼❘❉ ❝♦❞❡s ✇❤♦s❡ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ❞❡♣❡♥❞ ♦♥ t❤❡
♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ♦♥❧② ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠✳

✶✺



❘❡❢❡r❡♥❝❡s

❬✶❪ ◆✳ ❙✉r❡s❤ ❇❛❜✉ ❙t✉❞✐❡s ♦♥ r❛♥❦ ❞✐st❛♥❝❡ ❝♦❞❡s✱ P❤❉ ❉✐ss❡rt❛t✐♦♥✱ ■■❚P ▼❛❞r❛s✱ ❋❡❜✳
✶✾✾✺✳

❬✷❪ ❆✳ ❇❛r❣✳ ❍❛♥❞❜♦♦❦ ♦❢ ❈♦❞✐♥❣ ❚❤❡♦r②✱ ❱♦❧✳ ✶✱ ❝❤❛♣t❡r ✼✱ ♣❛❣❡s ✻✹✾✕✼✺✹✳ ◆♦rt❤✕❍♦❧❧❛♥❞✱
✶✾✾✽✳

❬✸❪ ❆✳ ❇❛r❣ ❛♥❞ ●✳ ❉✳ ❋♦r♥❡②✳ ❘❛♥❞♦♠ ❈♦❞❡s✿ ▼✐♥✐♠✉♠ ❉✐st❛♥❝❡s ❛♥❞ ❊rr♦r ❊①♣♦♥❡♥ts
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