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ON THE HARDY-SCHRODINGER OPERATOR WITH A
BOUNDARY SINGULARITY

NASSIF GHOUSSOUB AND FREDERIC ROBERT

ABSTRACT. We investigate the Hardy-Schrodinger operator L, = —A — #
on domains 2 C R™, whose boundary contain the singularity 0. The situation
is quite different from the well-studied case when 0 is in the interior of 2. For
one, if 0 € Q, then L, is positive if and only if v < (n742)2 , while if 0 € 9Q
the operator L. could be positive for larger value of «, potentially reaching

2
the maximal constant "T on convex domains.

We prove optimal regularity and a Hopf-type Lemma for variational solu-

tions of corresponding linear Dirichlet boundary value problems of the form
2% (s)—2
Lyu = a(x)u, but also for non-linear equations including L. u = \u\uﬁﬂﬁ
2 s
where v < -, s € [0,2) and 2*(s) := % is the critical Hardy-Sobolev
exponent. We also provide a Harnack inequality and a complete description
of the profile of all positive solutions —variational or not— of the corresponding
2

linear equation on the punctured domain. The value v = 2 471
to be another critical threshold for the operator L, and our analysis yields a

corresponding notion of “Hardy singular boundary-mass” m- (Q2) of a domain
2

Q having 0 € 99, which could be defined whenever ”2471 <<

As a byproduct, we give a complete answer to problems of existence of
extremals for Hardy-Sobolev inequalities of the form

turned out

s

2
C (f Mdm) 7 Jo IVul?2dz — v |, w2 dr forallu € D2(Q)
Q  |z|s —= JQ Q |z|2 ’

n2

whenever v < -, and in particular, for those of Caffarelli-Kohn-Nirenberg.
These results extend previous contributior}s by the authors in the case v = 0,
and by Chern-Lin for the case v < %. Namely, if 0 < v < "2471, then
the negativity of the mean curvature of 9 at 0 is sufficient for the existence
of extremals. This is however not sufficient for "2471 << %, which then
requires the positivity of the Hardy singular boundary-mass of the domain
under consideration.
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1. INTRODUCTION

For any smooth open domain  C R™, define the best constant in the corre-
sponding Hardy inequality by,

Jo Vo dz. ueDl’%m\{O}},

'LL2
Jo zp de

where D12(Q) is the completion of C°(Q) with respect to the norm given by

(1) i1 (Q) 1= inf{

[ul[> = [, [Vu|?dz. It is well known that vx () = % for any domain Q having
0 in its interior, including R™, and that it is never attained by a function in D»?(Q).
On the other hand, it has been noted by several authors (See for example Pinchover-
Tintarev [43] Fall-Musina [18] or the book of Ghoussoub-Moradifam [21]) that the
situation is quite different for the half-space R, in which case, yg(R?}) = %2.
More generally, if 0 € 99 the boundary of €, then v5 () can be anywhere in the

interval ((nf)z , ”72} (see Proposition 3.1). Moreover, vy () is attained whenever

() < %2 (See Section 2). This already points to the fact that the Hardy-
Schrodinger operator Ly = —A — # behaves differently when the singularity 0 is
on the boundary of a domain €2, than when 0 is in the interior. The latter case
has already been extensively covered in the literature. Without being exhaustive,
we refer to Ghoussoub-Yuan [25], Guerch-Véron [29], Jaber [33], Kang-Peng [34],
Pucci-Servadei [44], Ruiz-Willem [46], Smets [49], and the references therein.

The study of nonlinear singular variational problems when 0 € 92 was initiated
by Ghoussoub-Kang [20] and was studied extensively by Ghoussoub-Robert [22-24].
For more recent contributions, we refer to Attar-Merchdn-Peral [1], Davila-Peral
[12], and Gmira-Véron [28]. We also learned recently —after a first version of this
paper was posted on arxive— about a paper of Pinchover [42], and a more recent one
by Devyver-Fraas-Pinchover [13] that also treat the Hardy potential when 0 € 092.
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Our main goal in this paper is to show that the above noted discrepancy —
between the case when the singularity 0 belongs to the interior of the domain and
when it is on the boundary— is only the tip of the iceberg. The differences manifest
themselves in both linear problems of the form

@) { —Au—7pz = alz)u  onQ

v = 0 on 01,
and in nonlinear Dirichlet boundary value problems associated to L., such as:

u2*(s)71

—Au — ’y# = BE on (2
(3) u > 0 on ()
u = 0 on 012,

where 0 < s < 2 and 2*(s) := % Actually, Ghoussoub-Kang noted in [20] that
even when v = 0, the situation can already be quite different whenever 0 belongs to
the boundary of a bounded C%-smooth domain © as long as s > 0. Ghoussoub and
Robert [22,23] eventually proved that if the mean curvature at 0 of such domains
is negative, and provided s > 0, then minimizers for the functional

4 T (u) = 719 |Zu|2dx2
(@ M= e E

exist in D2(Q) \ {0} = HE(Q) \ {0} and are solutions to equation (3) in the
case when v = 0. While this new phenomenon occured because of the presence of
the singularity |z|™® in the nonlinear term, we shall show in this paper, that the
differences also appear on the linear level, as soon as v > 0, but also as one varies
~ between 0 and "Tz.

Another motivation for this work came from the recent work of C.S. Lin and his
co-authors [9,10] on the existence of extremals for the Caffarelli-Kohn-Nirenberg
(CKN) inequalities [4]. These inequalities state that in dimension n > 3, there is a
constant C' := C(a,b,n) > 0 such that for all u € C°(R™), the following inequality
holds:

®) ([ o) < [ arvupas
Rn Rn

2n

n—2
6 — ——, 0<b—a<landgq= ———+~F.
(6) 0<a<——, 0<b-as<landg n 220

A proof and various extensions of (5) will be given in section 2.

For a domain Q in R™, we let D!?(Q) be the completion of C°(Q) with respect to
the norm |[ul|2 = [, |z|72*|Vu|?dz. Consider the best constant defined as:

Jole 2 Veldr o iy oy

(7) S(a,b,Q) = inf —;
(fQ |x|—b‘1\u|q) < dg
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The extremal functions for S(a,b,Q) are then the least-energy solutions of the
corresponding Euler-Lagrange equations:

—div(]z|72*Vu) = |z|7%ui"t  on Q
(8) u >0 on )
u =0 on 0f).

The existence or nonexistence of minimizers for (7), when the domain €2 is the whole
space R™, have been extensively studied for the past twenty years, see Catrina-
Wang [5], Chou-Chu [6], Dolbeault-Esteban-Loss-Tarantello [14], Lin-Wang [37]
and references therein. The result can be briefly summarized in the following;:

Theorem A: Suppose n > 3 and that a,b and q satisfy condition (6). Then
minimizers exist for the best constant S(a;b;R™) if and only if a,b satisfy

(9) eithera <b<a+1orb=a>0.

If now 2 is any domain in R™ that contains 0 in its interior, one can easily see
that scale invariance yields for any A > 0, that S(a;b;\Q) = S(a;b; Q) where
AQ = {dx;z € Q}. Tt follows that if 0 € Q, then S(a;b;Q2) = S(a;b;R™), which
means that S(a;b;)) can never be achieved unless 2 = R™ (up to a set of capacity
zero). However, as mentioned above, if 0 belongs to the boundary of a smooth
bounded domain 2 and if the mean curvature at 0 of such domains is negative, then
minimizers for the best constant S(0;b; ) were shown to be attained [20,22,23].
This result was later extended by Chern and Lin [10], who eventually established
existence of minimizers under the same negative mean curvature condition at 0
provided a, b satisfy one of the following conditions:

{ (i) a<b<a+1landn>3

(10) (ii) a=band n > 4.

They left open the case when n =3 and 0 < a =b < "?’2 open, a problem that we
address in Theorem 1.9 (see also Section 11).

To make the connection, we note that by making the substitution w(z) = ||~ %u(x)
for x € 2, one can see that if a < 252, then u € D1?(Q) if and only if w € D12(2)
by the Hardy inequality, and

Jo I\ Vul2de Jo [Vl =7 fq *f;;; dx
2 w
(f,, |2 ~baluja) (Jo trdr)

where vy =a(n —2 —a), s = (b—a)q and 2* =

W;(FG). This means that u is

a solution of (8) if and only if w(z) is a solution of equation (3) where 0 < s < 2
and 2* := 2*(s) = % Therefore, instead of looking for solutions of (8) one can
study equation (3). To state the result of Chern-Lin in this context, we define the

functional

Jo IVul? =~ [, %daz
fQ u dzx) b 7

[a]*

(11) J2,(u) =

and its infimum on D2(Q) \ {0}, that is
(12) fiy,s(Q) = inf {J (u);u € DV2(Q) \ {0}}.
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Theorem 1.1 (Chern-Lin [10]). Let Q be a smooth bounded domain in R™ (n > 3).

Assume v < @ and 0 < s < 2. If either {s > 0} or {n >4 and v > 0}, then
there are extremals for j1, s(), provided the mean curvature of 92 at 0 is negative.

The case when n = 3, s = 0 and 7 > 0 remained open. Moreover, as we shall see
2
in section 2, the infimum p, () is finite for all v < %, whenever 0 € 9Q. This
2
means that equation (3) may have positive solutions for v beyond @ and all

the way to %. This turned out to be the case as we shall establish in this paper.
We first note that standard compactness arguments [10,20,21] —also described in

section 4- yield that for 1 s(£2) to be attained it is sufficient to have that

(13) fy,s () < iy, s(RE),

where the latter is the corresponding best constant on R!. In order to prove the
existence of such a gap, one tries to construct test functions for p., .(€2) that are
based on the extremals of y, ;(R"}) provided the latter exist. The cases where this
is known are given by the following standard proposition (see for instance Bartsch-
Peng-Zhang [3] and Chern-Lin [10]). See Proposition 12.1 in the appendix for a
proof.

Proposition 1.2. Assumey < "72, n >3 and0 < s < 2. Then, there are extremals
for piy s(R%) provided either {s > 0} or {n >4 and v > 0}.
On the other hand,
(1) If {s = 0 and v < 0}, then there are no estremals for p,o(R’) for any
n>3. .
(2) Furthermore, whenever jiyo(R%) has no extremals, then necessarily

Jan [Vul? da 1

(14) M’Yﬁ( +) weDL2(R7)\ {0} (fR" Ju[2* d.%‘)% K(n,2)?

where the latter is the best constant in the Sobolev inequality and 2* :=
2%(0) = -2

n—2
The only unknown situation is again when s = 0, n = 3 and v > 0, which we

address below (see Theorem 1.9) and in full detail in Section 11. For now, we shall
discuss the new ingredients that we bring to the discussion.

Assuming first that an extremal for s, (R’ ) exists and that one knows its profile
at infinity and at 0, then this information can be used to construct test functions for
fy,s(€2). This classical method has been used by Kang-Ghoussoub [20], Ghoussoub-
Robert [22,23] when v = 0, and by Chern-Lin [10] for 0 < v < % in order to
establish (13) under the assumption that 02 has a negative mean curvature at 0.
Actually, the estimates of Chern-Lin [10] extend directly to establish an analogue of

Theorem 1.1 for all v < ”24_1 under the same local geometric condition. However,

the case where v = "iT_l already requires a much more refined analysis of the
Hardy-Schrodinger operator L. := —A — # on the half-space R}.
n?—1

The remaining range (™ ,”72) for v turned out to be even more interesting for
the operator L.. Indeed, the curvature condition at 0 is not sufficient anymore to
insure existence, as more global test functions are required. We therefore proceed
to isolate a notion of “Hardy boundary-mass” m,(€2) for any bounded domain
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(with 0 € 09) that is associated to the operator L,. This is stated in Theorem 8.1
below and is reminiscent of the positive mass theorem of Schoen-Yau [48] that was
used to complete the solution of the Yamabe problem.

n%—1

In order to explain the new critical threshold that is *—5—, we need first to consider
the Hardy-Schrodinger operator L, := —A — # on R”. The most basic solutions
for Lyu = 0, with v = 0 on JR"} are of the form u(x) = x1]z|™®, and a straight-
forward computation yields —A(z1|z|~%) = a(|7;?2a)x1\x|’a on R, which means
that

(—A - ﬁ) (1)z]~*) = 0 on R?,

n2

for o € {a_(7), a4 ()} where o () := § £/ — 7. Actually, any non-negative

solution of Lyu = 0 on R} with u = 0 on R} is a (positive) linear combination of
these two solutions ( Proposition 7.5 below).

Note that a_(y) < § < a4 (y), which points to the difference between the “small”
solution, namely = +— z|z|~* ("), and the “large one” = — x;|z|~*+(). Indeed,
the “small” solution is “variational”, i.e. is locally in DLQ(RQL_), while the large
one is not. This turned out to be a general fact since we shall show that x —
d(x, 0Q)|z|~*- ) is essentially the profile at 0 of any variational solution —positive
or not- of equations of the form L,u = f(x,u) on a domain 2, as long as the

nonlinearity f is dominated by C (\v|+%) Here d(z, 0§2) denotes the distance
function to 9€). To state the theorem, we use the following terminology. Say
that u € DV2(Q)10¢0 if there exists n € C2°(R™) such that = 1 around 0 and
nu € DY2(2). Say that u € DV?(Q);0c0 is a weak solution to the equation

—Au=F € (D**(Qioe0)
if for any ¢ € D"?(Q) and n € C°(R™), we have [,(Vu, V(ng))dz = (F,np) .
The following theorem will be established in section 6.

Theorem 1.3 (Optimal regularity and Generalized Hopf’s Lemma). Let Q be a
smooth domain in R™ such that 0 € 92, and let f : Q x R — R be a Caratheodory
function such that

|U‘2*(s)_2

|[*

Assume v < % and let u € DY2(Q)1pc.0 be such that for some T > 0,

|f(z,v)] < Cv| (1+ > for allz € Q and v € R.

(15) —Au — 7(>u = f(z,u) weakly in Dl’Q(Q)loc,(y

Then, there exists K € R such that

- u(z) _
(16) N e &

Moreover, if u >0 and u # 0, then K > 0.

This theorem can be seen as an extension of Hopf’s Lemma [27] in the following
sense: when v = 0 (and therefore a_ () = 0), the classical Nash-Moser regularity
scheme then yields that u € C}_, and when v > 0, u # 0, Hopf’s comparison
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principle yields 9,u(0) < 0, which is really a reformulation of (16) in the case
where a_(y) = 0.

The proof of this theorem is quite interesting since, unlike the regular case (i.e.,
when L, = Ly = —A) or the classical situation when the singularity 0 is in the
interior of the domain ) (see Smets [49]), a direct application of the standard Nash-
Moser iterative scheme is not sufficient to obtain the required regularity. Indeed,
the scheme only yields the existence of pg, with 1 < pg < ﬁ such that u € LP

for all p < pg. Unfortunately, py does not reach ﬁ, which is the optimal rate

of integration needed to obtain the profile (16) for u. However, the improved order
po is enough to allow for the inclusion of the nonlinearity f(z,u) in the linear term
of (15). We are then reduced to the analysis of the linear equation, that is (15) with
f(z,u) = 0, in which case we get the conclusion by constructing suitable super-
and sub- solutions to the linear equation that have the same profile at 0 as (16).
For details, see Section 6.

As a corollary, one obtains the following description of the profile of variational
solutions of (3) on R, which improves on a result of Chern-Lin [10], hence allowing

us to construct sharper test functions and to prove existence of solutions for (3)
n?—1

when v = *

Theorem 1.4. Assume v < %2 and let w € DM*(RT), u > 0, u # 0 be a weak
solution to

2% (s)—1
Y u . n
Then, there exist K1, Ko > 0 such that
T T
W) om0 Kiparyand - ul2) ~ejoroe Koy

The above theorem yields in particular, the existence of a solution u for (17)
which satisfies for some C' > 0, the estimates

(18) uw(z) < Caqlz|~+)  and  |Vu(z)| < Clz|~*+O) for all & € R?%.
Noting that

n?—1

<
i 1

& ar(y)—a-(v)>1,

it follows from (18), that whenever v < ”2;1, then |2/|2|0yul? = O(|2'|>~2%+ (")) as

2’| = 400 on OR?%. = R™™!, from which we could deduce that ' — |z'|?|9yu(z’)|?
is in L*(9R"). This estimate ~which does not hold when v > % — is key for the
construction of test functions for j, () based on the solution u of (17), in the
n?—1

1
. . . . 27
In order to deal with the remaining cases for v, that is when v € (" 1 o), we

prove the following result which describes the general profile of any positive solution
of Lu = a(x)u, albeit variational or not.

case when v <

2
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Theorem 1.5 (Classification of singular solutions). Assume v < %2 and let u €
C?(Bs(0)N (Q2\ {0})) be such that

_Au_%l\;mu:o in QN Bs(0)

(19) w>0 in QN Bs(0)
u=0 on (02N B;s(0))\ {0}

Then, there exists K > 0 such that
d(x,00)

|x‘a—(’7)

d(z,00)

(20) either u(x) ~z—o K Tafer ™)

or  u(x) ~z_0
In the first case, the solution u is variational; in the second case, it is not.

This result then allows us to completely classify all positive solutions to L,u = 0
on R, a fact alluded to in Pinchover-Tintarev ([43], Example 1.5).

Proposition 1.6. Assume v < %2 and let uw € C*(R'} \ {0}) be such that

— S AP : n
Au |_T‘Quf() in R?

(21) u>0 in R
u=20 on IR’} .
Then, there exists A_, Ay > 0 such that
(22) u(x) = A_aq|z| 7D 4 Apz|z| 7D for all x € R .
n?-1

As mentioned above, the case when v > *—— is more intricate and requires isolating
a new notion of singular boundary mass associated to the operator L, for domains
of R™ having 0 on their boundary. The following result will be proved in section 8.

Theorem 1.7. Assume that "2;1 <y < vu(Q). Then, up to multiplication by a
positive constant, there exists a unique function H € C?(Q\ {0}) such that

(23) fAHfﬁH:OinQ,H>OmQ,H:00nBQ.
x
Moreover, there exists c; > 0 and co € R such that
H(z)=¢c “i (lﬁ’ff?) + c2 Idz(lﬁ,?(%)) +o0 (Idw(lf’,??)) as x — 0.

The quantity m~(Q) = 2 € R, which is independent of the choice of H satisfying
(23), will be referred to as the Hardy singular b-mass of Q.

Indeed, another interpretation of the threshold is the following. The case v >

n?—1

is the only situation in which one can write a solution H to (23) as the sum of
the two profiles given in (20) (plus lower-order terms) for any bounded domain €.

When v < ”24_1, there might be some intermediate terms between the two profiles.

We show that the map  — m,(£2) is a monotone increasing function on the class
of domains having zero on their boundary, once ordered by inclusion. We shall also
see below that it is possible to define the mass of some unbounded domains, and
that m,(R"}) = 0 for any ”24_1 <y < ”72, from which follows that the mass of any
one of its smooth subsets having zero on its boundary is non-positive. In particular,
m~(©2) < 0 whenever Q is convex bounded and 0 € 9.

We shall however exhibit in section 10 examples of bounded domains €2 in R™ with
0 € 09 and with positive mass. Among other things, we provide examples of
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domains with either positive or negative boundary mass, while satisfying any local
behavior at 0 one wishes. In other words, the sign of the Hardy b-mass is totally
independent of the local properties of 02 around 0.

This notion and the preceeding results allow us to establish the following extension
of the results of Chern-Lin.

Theorem 1.8. Let 2 be a bounded smooth domain of R™ (n > 3) such that 0 € 092,
hence =2 ) <vr(Q) < ”—2 Let 0 < s< 2.

(1) If vu(Q) < v < -, then there are extremals for p s() for all n > 3.
(2) If vy <vu () and ezther s>0o0r{s=0,n>4 and~y > 0}, then there are
extremals for piy s(2), under either one of the following conditions:

ey < 2 4’1 and the mean curvature of 02 at 0 is negative.

n2—1

° v > and the Hardy b-mass m.,(2) is positive.
(3) If{s=0 andw < 0}, then there are no extremals for p o(Q) for anyn > 3.

We shall also address in section 11 the remaining case, i.e., n = 3 and s = 0 and
v € (0, "72) In this situation, there may or may not be extremals for s, o(R").
If they do exist, we can then argue as before —using the same test functions— to
conclude existence of extremals under the same conditions, that is either v < %
and the mean curvature of 9Q at 0 is negative, or v > “—=L and the mass m. (1)
is positive. However, if no extremal exist for p,,0(R’}), then as noted in (14), we
have that

Jgn [Vul? da 1
in = 7
ue D12 (Rm)\{0} (fn [l dm)%* K(n,2)?

Hv,0 (RT—&L-) =

and we are back to the case of the Yamabe problem with no boundary singularity.
This means that one needs to resort to a more standard notion of mass R, (£, z¢)
associated to L., and an interior point zg € €. One can then construct suitable
test-functions in the spirit of Schoen [47]. In order to define the “internal mass”,
we show that for a given v € (0, (2)), any solution G of

—AG — ||2G:O in Q\ {zo}
G>0 inQ\{zo}
G=0 onoQ\{0},

is unique up to multiplication by a constant, and that for any o € €2, there exists
R, (Q,z0) € R (independent of G) and c¢g > 0 such that

G(x):cG( !

W + R’Y(Qa $0)> + 0(1) as r — Xog.
The quantity R (€, z0) is well defined, and we prove the following.

Theorem 1.9. Let ) be a bounded smooth domain of R® such that 0 € 0. In
particular i <vu(Q) < %
(1) If yu(Q) <~ < 2, then there are extremals for i o(S).
(2) If 0 < v < vu(Q), and if there exists xo € Q such that Ry (2, z) > 0, then
there are extremals for i o(2), under either one of the following conditions:
(a) v <2 and the mean curvature of 9 at 0 is negative.
(b) v > 2 and the mass m~(Q) is positive.
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More precisely, if there are extremals for ., o(R?), then conditions (a) and (b)
are sufficient to get extremals for p, o(Q). If there are no extremals for pi,o(R?),
then the positivity of the internal mass R, (£, z¢) is sufficient to get extremals for
,0(€2). We refer to Theorem 11.3 for a precise statement. The following table
summarizes our findings.

TABLE 1. Singular Sobolev-Critical term: s > 0

’ Hardy term \ Dimension \ Geometric condition \ Extremal ‘
—co<y < ’1 n>3 Negative mean curvature at 0 Yes
o 4_1 <y < 72 n>3 Positive boundary-mass Yes

TABLE 2. Non-singular Sobolev-Critical term: s =0

’ Hardy term \ Dim. \ Geometric condition \ Extr. ‘
0<y< ”24*1 n = 3 | Negative mean curvature at 0 & Positive internal mass | Yes
n>4 Negative mean curvature at 0 Yes
”T_l <y < "72 n=3 Positive boundary-mass & Positive internal mass Yes
n>4 Positive boundary mass Yes
v<0 n>3 - No

Notations: in the sequel, C;(a,b,...) (i = 1,2,...) will denote constants depending
on a,b, .... The same notation can be used for different constants, even in the same
line.

2. OLD AND NEW INEQUALITIES INVOLVING SINGULAR WEIGHTS

The following general form of the Hardy inequality is well known. See for example
the thesis of Cowan [11] or the book of Ghoussoub-Moradifam [21]. We include here
a proof for completeness.

Theorem 2.1. Let Q be a connected open subset of R™ and consider p € C*°(Q)

such that p > 0 and —Ap > 0. Then for anyu € DV2(Q) we have that \/p~1(—A)pu €
L?(Q) and

(24) /_—Aqudxg/ |Vul|? d.
Q P Q

Moreover, the case of equality is achieved exactly on Rp N DY2(Q). In particular,
if p & DY2(R), there are no nontrival extremals for (24).

Proof of Theorem 2.1: The proof relies of the following integral identity:

(25) /\V pv)|? dx — /_ (v)2dx:/p2\Vv|2dx20
Q

for all v € C2°(£2). This identity is a straightforward integration by parts. Since
—Ap > 01in Q, it follows from density arguments that for any u € D1?(Q), then
p*l(fA)pu € L?(Q2) and (24) holds.
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Assume now that there exists ug € DY?(Q) \ {0} that is an extremal for (24). In
other words, we have that

—-A
/ pu%dm:/ |Vuo|? da.
Q P Q

Let (u;); € C2°(Q) be such that lim;_, o u; = ug in DV2(Q) and define v;(x) :=
% for all z €  and all ¢. This is well defined since w; has compact support in

Q: therefore v; € C2°(Q) for all i. Since D¥?(Q) C DY?(R"), Sobolev’s embedding
theorem yields convergence of u; to ug in L?*/(»=2)(Q). Since p > 0 in Q, we then
get that (v;); is uniformly bounded in H?, .(2). It then follows from reflexivity

1,loc

and a diagonal argument that there exists v € H2, () such that

1,loc

lim v; =vin HZ,,.(Q).
i—>4-00 ’

Applying (25) to v; = p~!

w CC €, we have that

/ |Vo|? de < lim_&nf/ |Vv;[? dx = 0.
w 1—>+00 w

Therefore [ |Vv[*dz = 0 for all w CC €, and then there exists ¢ € R such that
v = ¢. Up to extracting additional subsequence, we can assume that u;(z) and
v;(x) converges respectively to ug(z) and v(x) respectively when ¢ — +oco for a.e.
x € Q. Therefore, ug(x) = c¢- p(z) for a.e. & € Q. Since ug # 0, we have that
¢ # 0 and then p € DY2(Q). For dimensional reasons, the equality is then achieved
exactly on Rpn D1:2(R™). This ends the case of equality in case there is a nontrivial
extremal.

Assume now that p € D2(Q). We let (p;) € C2°(Q) such that lim; 4o, p; = p in
DY2(Q). Without loss of generality, we can assume that p;(z) — p(z) as i — +o0
for a.e. x € Q. We define v; := £- € C2°(2). We have that vi(z) — 1 as i — 400

for a.e. x € Q. For any 14,7, (25) yields
—Ap
[ V=P o~ [ ZSPGi=pde = [ 900 -0 da.
Q Q P Q

Therefore (pVv;); is a Cauchy sequence in L?(2,R"), and therefore, there exists
X € L*(Q,R") such that

(26) lim pVv; = X in L?(Q,R").

i—+00

u; yields lim; 4 o fw p?|Vv;|? dz = 0. Therefore, for any

Arguing as in the first part of the proof of Theorem 2.1, we get that there exists
v E Hf)ZOC(Q) such that lim; , . v; = v in Hiloc(Q). Since v;(x) — 1 as i = +00

for a.e. x € 2, we get that v = 1 and therefore Vv = 0, which yields X =0 It
then follows from (26) that (pVuv;); goes to 0 in L?(Q, R™). Using again (25) yields

—A
(27) / \Vpi|2dx—/ —pp? dx = / p* V|2 da.
Q Q P Q
Therefore, letting i — +oo yields [, |Vp|?dz = [, _TA’)/)2 dz, and then p is an

extremal for (24).

The general case follows from the case of the existence of an extremal and the case
p € D*2(Q). This ends the proof of Theorem 2.1. O
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The above theorem applies to various weight functions p. See for example the
paper of Cowan [11] or the book [21]. For this paper, we need it for the following
inequality.

Corollary 2.2. Fix 1 < k <n, we then have the following inequality.

<n+2k2>2 . f]R" xRn— ,C|Vu| dz
_ 7111
2

)

ka Y Rn—Fk |z\2 dx
where the infimum is taken over all u in DV2(RX x R"=%)\ {0}. Moreover, the
infimum is never achieved.

Proof of Corollary 2.2: Take p(z) := x1...x)|2| = for all z € Q0 :=RE x R"=#\ {0}.
Then %A” = alnd2k"2-0) " \Ye then maximize the constant by taking o := (n+

|]?
2k — 2)/2. Since p ¢ D"?(RE x R"~%), Theorem 2.1 applies and we obtain that
2k — 2\ u?
(28) <n+) / 5 dr < / |Vul? dz
2 RE xR —F |$| Rk xRk

for all u € DV2(RE x R"7F).

It remains to prove that the constant in (28) is optimal. This will be achieved via the
following test-function estimates. Construct a sequence (pe)eso € DV2(RE x R™F)
as follows. Starting with p(x) = x1..zx|x| %, we fix § > 0 and define

12|% p(x) if 2] < €
(29) pe(z) =9 p(z) ife<|z| < %

-2l Pp(x) if fe| > 1

with o := (n + 2k — 2)/2. As one checks, p. € D'2(RE x R"™*) for all € > 0. The
changes of variables z = ey and = = e~ 'z yield

2
J5.(0) 151z dz = O(1), J5.0) IV pel? dz = O(1),
Jens 1) Bz dr =01, fanz ) Vo dz=0(1)
when € — 0. Integrating by parts yields

—-A
/ | VpePdr = / B —pp2 dz + O(1)
B-1(0)\B.(0) B.-1(0\B:(0) P

_9\2 2
(31) — (W> / dz + O(1),
2 B,_1 (0\B.(0) |33|

when € — 0. Using polar coordinates yields

(30)

[T

(32) / L = C(2)In EWhere C(2) /S y

B, VB0 [2[?
Therefore, (30), (31) and (32) yield
Jar i |Vpe|* da 2% — 2\ 2
RE xRn—k :(n+ k ) +o(1)

Pz 2
fM <R Top7 4T
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as € — 0, and we are done. Note that the infimum is never achieved since p ¢
DV2(RE x R™~*). This ends the proof of Corollary 2.2. O

Another approach to prove Corollary 2.2 is to see Ri xR"~* as a cone generated by
a domain of the sphere. Then the Hardy constant is given by the Hardy constant of
R™ plus the first eigenvalue of the Laplacian of the above domain of the canonical
sphere. This point of view is developed in Pinchover-Tintarev [43] (see also Fall-
Musina [18] and Ghoussoub-Moradifam [21] for an exposition in book form).

We get the following generalized Caffarelli-Kohn-Nirenberg inequality.

Proposition 2.3. Let Q be an open subset of R™. Let p,p’ € C(Q) be such that
p,p >0 and —Ap,—Ap' > 0. Fiz s € [0,2] and assume that there exists € € (0,1)
and p. € C*(Q) such that

_A e . .

< P in Q with po, —Ape > 0.
p Pe

Then we have that

_Ap/ 5/2 . . 2*2(5)
(33) / (/) ,02 (s)|u|2 ) dr < C/ p2|Vu|2 dx
Q p 0

for all u € CX ().

Proof of Proposition 2.3: The Sobolev inequality yields the existence of C(n) > 0
such that

2

</Q lul> dx)z* SC(n)/Q|Vu|2dsc

for all w € C°(Q), where 2* = 2*(0) = -2&. A Holder inequality interpolating
between this Sobolev inequality and the Hardy inequality (24) for p’ yields the
existence of C' > 0 such that

_ / 8/2 N 2*#(5)
(34) </< Af) Jul? (S)dx> gc/ Vu|? da
Q P Q
for all u € C2°(£2). The identity (25) for p and (24) for p. yield for v € C°(Q),
A
[k = [ WoPde- [ =20 de
Q Q Q P
—Ap.
[ V0P ds = -e) [ =2 (o) do
Q Q Pe
= [ 1960P
Q

Taking u := pv in (34) and using this latest inequality yield (33). This ends the
proof of Proposition 2.3. (]

v

Y

Here is an immediate consequence.

Corollary 2.4. Fix k € {1,...,n — 1}. There exists then a constant C :=
C(a,b,n) > 0 such that for all uw € C(RE x R"™*), the following inequality holds:
2
) ( [ el ) u|q> <c ()bl Ve,

R

xRn—Fk RE xRk

k
+
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where
n—2+4 2k 2n

36 - e P N T T L—
(36) oses T VR Tes b 4T T o —a)

n— 2+2k

Proof of Corollary 2.4: Define p(z) = p(x) = (IIF_,2;) ||~ and pe (x) = (ITE_ 2;) x|~
for all z € R% x R"~*. Here, we have that
Ap'a(n—2+2k —a) and —Ap.  (n—2+2k)?
p' ]2 Pe Afx[?

Apply Proposition 2.3 with this data, with suitable a, b, g to get Corollary 2.4. O

Remark: Observe that by taking k& = 0, we recover the classical Caffarelli-Kohn-
Nirenberg inequalities (5). However, one does not see any improvement in the
integrability of the weight functions since (II¥_; ;) [z[~ is of order k —a > —(n —
2)/2, hence as close as we wish to (n — 2)/2. The relevance here appears when one
considers the Hardy inequality of Corollary 2.2.

3. ESTIMATES FOR THE BEST CONSTANT IN THE HARDY INEQUALITY
As mentioned in the introduction, the best constant in the Hardy inequality
Jo |Vul? dz

u2
Jo T2 dx

does not depend on the domain €2 C R™ if the singularity 0 belongs to the interior
(n—2)% 2)

v () = inf{ /u € DYA(Q)\ {0}}

. We have seen, however, in the last section that
the situation changes whenever 0 € 09, since vy (R}) = "Tz. Some properties of
the best Hardy constants have been studied by Fall-Musina [18] and Fall [17]. In

this section, we shall collect whatever information we shall need later on about ~yg.

of Q. It is always equal to

Proposition 3.1. vy satisfies the following properties:
(1) For any smooth domain Q such 0 € , we have yg(Q) = %.
(2) If 0 € 09, then % <y (Q) < %2.
3) vu(Q2) = %2 for every Q such that 0 € 92 and Q2 C RY}.
(4) Ifyu () < "72, then it is attained in DV2((2).
(5) We have inf{yg(Q); 0 € 99} = =21 2 forn > 3.
(6) For every € > 0, there ezists a smooth domain R} C Q. € R™ such that
0 € 99, and——eﬁ’yg(ﬁe)< o
Proof of Proposition 3.1: Properties (1)-(2)-(3)-(4) are well known (See Fall-Musina
[18] and Fall [17]). However, we sketch proofs since we will make frequent use
of the test functions involved. Note first that Corollary 2.2 already yields that

n?
vu(RY) = 7.
(n—2)?

Proof of (2): Since Q C R", we have that v (Q) > yg(R") = ““5=-. Assume
(n—2)
1

by contradiction that vy (Q) = . It then follows from Theorem 4.4 below
(applied with s = 2) that v (Q) is achieved by a function in ug € D¥2(Q) \ {0}
(note that o~ () = vu(2) — 7). Therefore, vy (R™) is achieved in DV2(R™).
Up to taking |ug|, we can assume that ug > 0. Therefore, the Euler-Lagrange
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equation and the maximum principle yield ug > 0 in R™: this is impossible since
up € DV2(2). Therefore v (Q) > %.

For the other inequality, the standard proof normally uses the fact that the domain
contains an interior sphere that is tangent to the boundary at 0. We choose here to
perform another proof based on test-functions, which will be used again to prove
Proposition 4.1. It goes as follows: since €2 is a smooth bounded domain of R™ such
that 0 € 99, there exists U, V open subsets of R™ such that 0 € U, 0 € V and there
exists p € C*°(U, V) be a diffeomophism such that ¢(0) = 0 and

e(UN{z; >0}) =(U)NQ and o(U N {x; =0}) = o(U) NON.

Moreover, we can and shall assume that dpg is an isometry. Let n € C°(U)
such that n(x) = 1 for z € Bs(0) for some 6 > 0 small enough, and consider
(ate)e>0 € (0, +00) such that a. = o(€) as € — 0. For € > 0, define

n—2

(37) ue(z) 1= n(y)ae = pe (ai) for all z € p(U)NQ, x = ¢(y),
0 elsewhere.

Here p. is constructed as in (29) with £ = 1. Now fix o € [0, 2], and note that only
the case ¢ = 2 is needed for the above proposition. We then have as € — 0,

w2 e 0 p(2)? @)
/ | |y||a - /. Is;p((w))l" Hac(p)(w)| dz
+

U © 2)2" (o)
= [ T o(fel) o

ki

2* (o)
- / %(I—I—O(M))daj—l—O(l).
Bs(0)NR™?

||

Dividing B;s(0) = (B5(0) \ Be-14,(0))U(Be-14,(0) \ Bea, (0)) UBeq, (0) and arguing
as in (30) to (32), we get as e — 0,

Ug 2 (U) e 0 o(x 2" (o)
/ e Iy" - /[B O\, (O] R S|0$((,)(1—l—O(|:c|))dac-i—O(1)
eae NR"

Ug © @(x)Q*(a)

dx + O(1)
~/[B‘_1a€(0)\Bm6(0)}ﬁR1 |z[7

/[BélaF(O)\Bme(o)]mRi |z]7

Passing to polar coordinates yields
|u ‘2 (o) 1
(38) |y\” dy=C(oc)ln—+0(1) ase—0,
€

2% (o)
do.

where C(0) :== 2 [g. . Hf:1 Ti
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Similar arguments yield

/|VU€|2 dy = / ‘Vus080(1')‘2(1+O(|x‘)dx+0(1)
@ B,-1,,(0)\Bea, (0)NR}

/ Ve o o(x)]? dz + O(1)
B,-1,,(0)\Bea, (0)NR}

/ Vp(@)|2 dz + O(1)
B,_1(0)\Bc(0)NR"

as € — 0. Using (31) and (32) yield
9 n? 1
(39) [Vuc|*dy = ZC’(Q)lnf—&—O(l) as € — 0.
Q N

As a consequence, we get that

Vu.|*d 2
anLo(l) as e — 0.
Q Tzi7 4%

In particular, we get that vy (Q2) < %2, which proves the large inequality in (2).

Proof of (3). Assume that @ C R, then D"?(Q) c D"?(R"), and therefore
Yu () > v (R} ) = n?/4. With the reverse inequality already given by (2), we get
that v (€2) = n?/4 for all Q C R such that 0 € 9.

Proof of (4). This will be a particular case of Theorem 4.4 when s = 2.

Proof of (5). Let Q be a bounded domain of R™ such that 0 € Qg (i.e., it is
not on the boundary). Given § > 0, we chop out a ball of radius 6/4 with 0 on its
boundary to define

— -4
Qs = Qo\Bg ((4,0,...,0)>
Note that for 4 > 0 small enough, 2 is smooth and 0 € 9{2. We now prove that

(n—2)?

(40) lim 77 (Q25) = —

Define 7 € C°°(R"™) such that

{0 ifhkl<l
MET= 1 i |z > 2,

and let ns(x) := (67 1x) for all § > 0 and 2 € R™. Fix U € C2°(R") and consider
for any § > 0, an €5 > 0 such that

lim — = limes = 0.
0—=0 €&y d—0

For § > 0, we define
n—=2
us(z) :==ns(x)e; 2 Ule;'x) for all x € Qs.

For 6 > 0 small enough, we have that us € C°(€5). A change of variable yields

2 2

us U= , resx

dr= [ ——=ni (=) d
/ o2 / x|2”1< ;)
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for all § > 0 small enough. Since § = o(es) as 6 — 0, the dominated convergence
theorem yields
2 2
lim o gy = / v dx.
R

B oy Tl = oo ToE

For € > 0 small enough, we have that

/ Vus|2de = / ‘VUg‘QdCE:/ v (U-ni) 2 do

Qs R™ R €8

(41) = / \VU|*n% dx +/ Ns (*AT}A) U? da.
n €5 Rn €s €5

Let R > 0 be such that U has support in Br(0). We then have that

€s

/ s (—An%) Ulde = O ((5)2V01(BR(0) N Supp (—An;sé)))

of(E)7)

as § — 0 since n > 3. This latest identity, (41) and the dominated convergence
theorem yield

lim |VU5|2d9c:/ |VU|? da.
Qs R™

6—0
Therefore, for U € C°(R™), we have

Jo, Vusl?de [ |VU? dz

lim sup vy (2s) < gim

50 —0 st % dx Jgn % do
Taking the infimum over all U € C2°(R™), we get that
_ . Jan IVU|? da (n —2)?
lim su Q) < inf = =R = —.
6_>OP’YH( 5) < ver o) f,, T do 7u(R") 1

Since g (€25) > ("_42)2 for all 6 > 0, this completes the proof of (40), yielding (5).

Proof of (6). The proof uses the following observation.
Lemma 3.2. Let (®y)ren € CH(R™,R™) be such that
(42) ||(bk — Idpn||oo + HV(q)k - Id]Rn) oo) =0 and (I)k(O) =0.

lim (
k—+oco
Let D C R™ be an open domain such that 0 € 0D (the domain is not necessarily

bounded nor regular), and set Dy := ®i(D) for all k € N. Then 0 € Dy, for all
ke N and

(43) lim vy (Dx) = v (D).

k—+oo

Proof of Lemma 3.2: If u € C°(Dy,), then uwo @, € C°(D) and

/Dk Vul?dr = / V(10 B}, o Hac( )] dor

™

o (wo @i(@) o\
/D d /R Jac(®y)| da.

o 2l no | Pk(2)]?
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Assumption (42) yields that
[2x(@)] _ , , vy ) =
lim sup 1{ 4+ sup |(0;Pr(x), 0;Pr(x)) — 6;5)| + [Jac(Pr) — 1] | =0
k—+o00 zeD | | i,j

where 0;; = 1 if ¢ = j and 0 otherwise. Therefore, for any ¢ > 0, there exists kg
such that for all u € C°(Dy) and k > ko,

(1—1—5)/D|V(uo(1>k)\2dx2/ \Vu\deZ(1—5)/D|V(u0©k)|2dx,

Dy,
and
P 2 2 P 2
(1+€)/ (wo @ulw)) ’“2)(:”)) de/ Lde > (1 g)/ o lk(@)” \
D || Dy 17 D
We can now deduce (43) by using a standard density argument. This completes

the proof of Lemma 3.2. O

We now prove (6) of Proposition 3.1. Let ¢ € C°°(R"~!) such that 0 < ¢ < 1,
©(0) = 0, and ¢(2’) = 1 for all 2/ € R"! such that |2/| > 1. For t > 0, define
Oy (z1,2') = (21 — to(a’),a’) for all (z1,2') € R™. Set € := &,(R7?) and apply
Lemma 3.2 to note that lim._,q ’yH(Qt) =vaRY) = "72. Since ¢ > 0, ¢ # 0, we
have that R} C Q, for all t > 0. To get (6) it suffices to take Q. := Q fort >0
small enough.

4. ESTIMATES ON THE BEST CONSTANTS IN THE HARDY-SOBOLEV INEQUALITIES

As in the case of v (), the best Hardy-Sobolev constant

Jo IVul?dz —~ [, Iﬂclz

u2(> 2F(s)
(Ja da) @

|]®

fy,s(2) == inf ;u € DM2(Q) )\ {0}

will depend on the geometry of 2 whenever 0 € 9. In this section, we collect
general facts that will be used throughout the paper.

Proposition 4. 1 Let  be a bounded smooth domain such that 0 € 0.
(1) If vy < 2, then py s(©2) > —oc.
(2) If v > 7, then py,s(Q) = —oo0.
Moreover,
(3) If v < vu(Q), then py s(2) > 0.
4) Ifyu(Q) <y <5 then0>,u,yé(Q)>—oo.
(5) If v =yu(Q) <, then py,s(2) = 0.

Proof of Propositz'on 4.1: We first assume that v < "72. Let € > 0 be such that

(1+€)y < 2. It follows from Proposition 4.3 that there exists C. > 0 such that
for all u € D1 2(Q)

—/—dgc< 1+e)/|Vu|2dx+Ce/u2dx.
Q Q
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For any u € DY2(Q) \ {0}, we have
(1-23(1+e) [, |Vu?dz — 220, [, u?
(f w2 ) o )2*(3)

Q  Jzf°
4 2dx
—ZC’ fQ .
n (f |u|2* (s ) )2*(5)

Q  fzf*

It follows from Hélder’s inequahty that there exists C' > 0 independent of u such

that fQu dzr < (fQ e © dJ?) = . Tt then follows that JQ S(u) > —%CGC for all
u € D2(Q) \ {0}. Therefore p, s(€2) > —oo whenever v < 72.

Q
S ()

Y

Assume now that vy > ”72 and define for every € > 0 a function u. € DY?(Q2) as in
(37). Tt then follows from (38) and (39) that as e — 0,

J2, (ue) = () cm + o ((T - 7) @, 0(1)> (m 1) =

(C(s)ln't +0(1))2Ts> C(s)7® ¢
Since s < 2 and v > - we then get that lim._,q J,?,S(ue) = —o0, and therefore
firy,s(§2) = —o0.

Now assume that v < vz (€2). Sobolev’s embedding theorem yields that 19 s(£2) > 0,
hence the result is clear for all v < 0. If now 0 < v < vy (), it follows from the
definition of vy () that for all w € DV2(Q) \ {0},

B JoIVul? =7 fo 13 |w\2 S <1 Y ) Jo IVul* dx
> 5 (

ﬁs(u) - 2% (s) (Q) _2
fQ e d.%‘ 2 ( ) H fQ |u“z|$(s) d.%‘)z )
Y
> (1- L().
= ( ’YH(Q)) Ho,s(€2)

Therefore f1,,5(€2) > (1 - #(Q)) po,s(€2) > 0 when v < v (€).

We now assume that vy (Q) < v < ”72. It follows from Proposition 3.1 (4), that
vu () is attained. We let ug be such an extremal. In particular J (@), (u) >

0= Ji’H(Q),S(Uo)» and therefore (i, (0) () = 0. Since yg(2) < v < %, then

Jﬂs(uo) < 0, and therefore p, s(2) < 0 when yg(Q) < v < %. This ends the
proof of Proposition 4.1. O

Remark 4.2. The case vy = % is unclear and anything can happen at that value

of 7. For example, if v4(Q) < "72 then ,u%z’s(Q) < 0, while if v () = "72 then

paz [(€2) > 0. It is our guess that many examples reflecting different regimes can
4 0°

be constructed.
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Proposition 4.3. Assume v < "TZ and s € [0,2]. Then, for any € > 0, there exists
C. > 0 such that for all u € D*2(Q),
(44)

2
2% (s) Pe) u2
< [l dx) < <1+e>/ <Vu2'y 2) derC'e/uzdx.
o lz/° fiy,s(R%) Q || Q

Proof of Proposition 4.3: Fix ¢ > 0. We first claim that there exists 6. > 0 such
that for all uw € C°(Q2 N Bs_(0)),

‘u|2*(s) =@ 1 2 u’
@) ([M ) <@g [ (1Pt ) an
o |z Q | |

Indeed, for two open subsets of R™ containing 0, we may define a diffeomorphism
@ : U — V such that ¢(0) = 0, o(UNR"}) = p(U)NQ and o(UNIRY ) = o(U)NO.
Moreover, we can also assume that dyg is a linear isometry. In particular

(46) |p*Eucl — Eucl|(z) < Clz| and |p(z)| = |z| - (1 + O(|z]))

for x € U. If now u € C(p(Bs(0)) N ), then v :=uo ¢ € CX(Bs(0) NRY). If
g = ¢~ "Eucl denotes the metric induced by ¢, then we get from (46),

2 _2
2*(s) PO 2 7 (5)
(/ [ul - dx) < / lol” = |Jac o(x)| dz
o |zl Bs(0)NR? lo(@)]* )‘s
(14 o) / |U|2*(s) i PO
Bs(0)NR™ |z[®

2
o @) [ ([l )
Bs(0)NR? |z

IN

IN

1+ C6 / ( 2 yu? ) 1
< — Vul|Z — ———5 | [Jac ¢~ "(z)| dx
e @) Josiopen \ 10 T ) e e

IN

2
(1 Gy B [ (190 =) o
Q

2
(47) —|—Cg6/ (|Vu|2+ UQ) dx.

We also have that

[ e = w= [ )@
—5 ar = T = — 5 |[JaC(@Y)\T i
o lzf? @(Bs(0)NR? ) \$| B;s(0)NR% l(x)]?

2

= / 2(1+O(|x|)daz<(1—|—Cl )/ 2 de
Bs(0)NR?Y |z R |z

and

|V’u|2d1’ = / |Vu|2dx:/ |VU|2* Jac(p) ()| da
/Q LP(B(S(O)QRLL_) Ba(o)ﬂRi %2 EuCl

/ |Vol2(1 + O(|z|) dz > (1 — 025)/ |Vv|? d,
B;(0)NR?.

R}
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where Cy,Cs > 0 are independent of 6 and v. Hardy’s inequality (28) then yields
for all u € C°(p(Bs(0) NRY)),

n? u? 1+C 9 9
4 — < <
(48) 4/|$|2d_1_06/\v|dm (+C’3/|Vu|dx

Since v < &, there exists then ¢ > 0 such that for § > 0 small enough,

2
71/ \Vu|2dm§/ <|Vu|2— u2) da:<c/ |Vul|? dz
0 0 ] 0

for all u € C(¢(Bs(0)) N Q). Plugging these latest inequalities in (47) yields (45)
by taking J. small enough.

Consider now 7 € C*°(R™) such that /77, /T —1n € C?(R™), such that n(z) = 1 for
x € Bs_/2(0) and n(x) = 0 for x ¢ Bs_(0). We shall use the notation

1/p
er

plal = < | |s dv’”) :
o |7l

For u € C°(£2), use Holder’s inequality to write

[[]

|U|2 (=) =@ 2 2 2
([EEEa) ™ = el e = o+ =g

A

S LU EYER S (S ) [ FISyNE

IV/mull3e 5y, 21— + IV = 1ull3e (5), 2~
Since \/nu € C(Bs, (0) N Q), it follows from inequality (45) that

e N T
( - ) < (@) [ (wwm - |2)dx
VT = null3e 6). o)

2
@D ) [ (1VaP =) o0 [ s
Q Q
(49) VT = 1ull3e (5 1)

Case 1: s =0. Then 2*(s) = 2* and it follows from Sobolev’s inequality that

IN

IN

VI nul e < K(n,2)? /Q IV (/T ) da
(50) < K(n,2)2/(1—77)|Vu|2dx+C/ u? dz,
Q Q

where K (n,2) is the optimal Sobolev constant defined in (14). Since s = 0, it
follows from (253) that K (n,2)? < p s(R% ). It then follows from (50) that

n\— U2
VI =mullZe e < (y.s(RY) 1+6)/Q(1_77) <|Vu2— ur 2> dz

(51) —l—C/ u? dx.
Q
Plugging together (49) and (51) yields (44) when s = 0.
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Case 2: 0 < s < 2. Welet v > 0 be a positive number to be fixed later. Since
2 < 2*(s) < 2*, the interpolation inequality yields the existence of C, > 0 such
that

||Mu||§*(s)y‘z‘fs S CHMU”%*(S)
< 0 (vIVT=mull3 +CllV/T—ull)
< O (vEm 2219 (/T=m)l3 + VT = nul).

We choose v > 0 such that vK (n,2)? < ju, s(R7)™! + €. Then we get (51) and we
conclude (44) in the case when 2 > s > 0 by combining it with (49).

Case 3: s = 2. This is the easiest case, since then

1—n)u)?
[v1- WUHS*(s),mfs = /Q ((|x|2))d$ < Cé/squ dzx.

This completes the proof of (44) for all s € [0,2], and therefore of Proposition 4.3.
0.

Now we prove the following result, which will be central for the sequel. The proof

is standard.

Theorem 4.4. Assume that v < %2, 0 <5 <2 and that jiys(2) < pys(RY).
Then there are extremals for p s(2). In particular, there exists a minimizer u in
DY2(Q) \ {0} that is a positive solution to the equation

” u2*(s)71
—Au — ’)/W = /’L'YvS(Q)W on )
(52) u > 0 on Of)
u = 0 on 0f).

Proof of Theorem 4.4: Let (u;) € DV2(2) \ {0} be a minimizing sequence for
fiy,s (), that is J$ (u;) = py,s() + 0(1) as i = +oo. Up to multiplying by a
constant, we can assume that

Jus ) .
(53) de =1 foralli,
o |zf°
u?
(54) / <VU¢|2 _ fY'wiz) dz = f1y,5(Q) + 0(1) as i — +oo.
Q

We show that (u;); is bounded in D%2(€2). Indeed, (53) yields that

(55) o uZdr < C < oo for all 4.

Fix €p > 0 and use Proposition 4.3 and (55) to get that
(56) %2 Ja ‘Z% de < (1+4€o) [ |Vui|*de+C  for all i.

Since v < 72—2, up to taking €y > 0 small enough, this latest inequality combined
with (54) yield the boundedness of (u;); in DY2(Q). It follows that there exists
u € D12(Q2) such that, up to a subsequence, (u;) goes to u weakly in D*?(Q) and

strongly in L?(Q) as i — +oo.
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*(s)
We now show that [, lu? 19

|z[*

dz = 1. For that, define 0; := u; —u € DV2(Q)
for all 4. In particular, 6; goes to 0 weakly in D2(Q) and strongly in L?(Q) as
i — +00. In particular, we have as i — +00,

2(s) T 0,2 ®)
(57) 1_/ [wil” 2 e = [ 1 ; | ® 2 e+ o(1)

|[* o |z |z[*

and

59 @ = [ (Va2 ) e [ (902 -2 ko),

For € > 0, it follows from the definition of ., ;(€2) and from (44) that, as ¢ — +o00

|2 () 4y
(59) o) ([ ae) ™ < (|Vu|2—v ;) da
o |z Q

and

n 6; 2% (s) 2* ) 03
00 e —a ([P0 < [ (1902 - ) do o)

Summing these two inequalities and using (57) and (58) and passing to the limit,
as i — —+oo, yields

2

e \TE W2 \TO
Hy,s(2) [ 1 — < - dx) > (py,s(RY) =€) (1 - - dm)
o |z o |z
|u|2 (s) 2* )
> (/J“’YaS(R - 6 1- ( |x|g

Since fiy,5(Q2) < fiy,s(R7), then by taking e > 0 small enough, we finally conclude

2% (5)
that [o, o do = 1.

It remains to show that v is an extremal for p 4(€2). For that, note that since
w2 () . . u?

Jo M2 d = 1, the definition of ju, ,(€2) yields <|vu|2 _ 7W> dz > 1,.4().

The second term in the right-hand-side of (58) is nonnegative due to (60). There-

fore, we get that [, (|Vu|2 - 7%) dx = i, (). This proves the claim and ends

the proof of Theorem 4.4. O

5. SUB- AND SUPER-SOLUTIONS FOR THE EQUATION L u = a(x)u

Here and in the sequel, we shall assume that 0 € 09, where ) is a smooth
domain. In this section, we shall construct basic sub- and super-solutions for the
equation L,u = a(x)u, where a(x) = O(|z|"~2) for some 7 > 0.

First recall from the introduction that two solutions for L,u = 0, with v = 0 on
OR" are of the form u, (x) = z1]2z|~%, where o € {a_(7), a4 (y)} with

(61) a_(m)=% /% -7 and ai(y):=5+/% -

These solutions will be the building blocks for sub- and super-solutions of more
general linear equations involving L.
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Proposition 5.1. Let v < %2 and o € {a_(7), a4 (y)}. Let 0 < 7 < 1 and
B € R such that o —7 < 8 < a and 8 & {a_(y),a+(7)}. Then, there exist
Ug 4 Ua,— € C(Q\ {0}) such that

Ua +, Ug,— > 0 in QN B.(0)
Ug+ Ug,— = 0 in 02N B,.(0)
(62) —Atg + — %ua# >0 inQnNB.(0)

—Aug — — %‘lfmua,_ <0 in QN B.(0).
Moreover, we have as x — 0, x € €0, that
d(zx, 00
(63) 10+ () = LD (1 0((fo=)) and g —(x) =

B

d(x,090)

||

(1+0(|z[*~)).

Proof of Proposition 5.1: We first choose an adapted chart to lift the basic solutions
from R’;. Since 0 € 02 and € is smooth, there exists U,V two bounded domains of
R™ such that 0 € U, 0 € V, and there exists ¢ € C=(U, V) a C*°—diffeomorphism
such that ¢(0) =0,

c(UN{z; >0}) =c0)NQand ¢(UN{z; =0}) =c(U)NA.
The orientation of & is chosen in such a way that for any 2’ € U N {x; = 0},
{01¢(0,2"),02¢(0,2"), . .., Onc(0,2)}

is a direct basis of R” (canonically oriented). For 2’ € UN{x; = 0}, we define v/(z’)
as the unique orthonormal inner vector at the tangent space T (g /)02 (it is chosen
such that {v(a’),02¢(0,2'),...,0,c(0,2")} is a direct basis of R™). In particular,
on R? := {z; > 0}, v(2) := (1,0,...,0).

Here and in the sequel, we write for any r» > 0
(64) B, = (—r,7) x B{"71(0)

where Bﬁnil)(()) denotes the ball of center 0 and radius r in R"~!. It is standard
that there exists 6 > 0 such that

ng — R™
(x1,2)) ERx R ¢(0,2") + z1v(z")

(65) 7
is a C'°°—diffeomorphism onto its open image @(325), and

(66)  @(BasN{x1 > 0}) = ¢(Bas) NQ and @(Bas N {1 = 0}) = ¢(Bas) NN
We also have for all 2’ € Bs(0)("~1),

(67) v(z') is the outer orthonormal vector at the tangent space Ty (g )OS

An important remark is that

(68) d(o(xy,x"),00) = |1 for all (z1,2") € Bys close to 0.

Consider the metric g := ¢*BEucl on Bags, that is the pull-back of the Euclidean

metric Eucl via the diffeomorphism ¢. Following classical notations, we define

(69) gij () = (0ip(x), 05p(7)) oy for all x € Bos and 4,5 = 1,...,n.
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Up to a change of coordinates, we can assume that (92¢(0), ...,9,9(0)) is an or-
thogonal basis of Tod€2. In other words, we then have that
(70) 9i5(0) = 6;5 for all 4,5 =1,...,n.

We claim that
(71) gi1(z) = ;1 for all x € Bss and i = 1,...,n.

Indeed, for any © = (x1,2’) € Bss, we have that Ovo(x) = v(z’), which is a unitary
vector. Therefore gi1(x) = 1. For ¢ > 2, we have

g1i(z) = (v(@"), 0ip(0,2) + 2100(2")) el = (&), 0i0(0, ") el +210; (Jv(2')]?) /2.

Since v(z') is orthogonal to the tangent space spanned by (92¢(0, 2'), ..., 9, (0, 2"))
and |v(z')] = 1, we get that g1;(z) = 0, which proves (71).

Fix now o € R and consider © € C*(Bys) such that ©(0) = 0 and which will
be constrycted later (independently of «) Wi~th additional needed properties. Fix
n € C°(Bys) such that n(z) = 1 for all x € Bs. Define u, € C*(Q\ {0}) as

(72) g 0 p(x1,2) := n(x)2 |z|~*(1 + O(x)) for all (z1,2") € Bys \ {0}.
In particular, uq(z) > 0 for all z € ¢(Bas) N Q and uq(z) = 0 on Q \ p(Bas).
We claim that with a good choice of ©, we have that

(73) —Aug = 2, + 0 (L‘(w)) as & — 0.

|]
Indeed, using the chart ¢, we have that
(—Aug) 0 p(x1,2") = —Ag(ua 0 @)(71,2")

for all (z1,2') € Bs \ {0}. Here, —A, is the Laplace operator associated to the
metric g, that is

—Ay = —g" (9;; —TE0) ,
where

1 m
F?j = §9k (0igjm + 0jgim — OmGij)

and (g%) is the inverse of the matrix (g;;). Here and in the sequel, we have adopted
Einstein’s convention of summation. It follows from (71) that

(FAua)op = —Apgye(taop) — Z (gij - 5”) 93 (ua 0 ©)
ij>2
(74) +9T ;01 (1o 0 @) + Y g TF;0k (1 © ).
E>2

It follows from the definition (72) that there exists C' > 0 such that for any i, j, k >
2, we have that

104 (ta 0 @) (w1,2")] < Cla] - [¢]7*7* and |9k (ua © @) (21, 2")] < Claa| - |27,

for all (z1,2') € Bs \ {0}. Tt follows from (70) that ¢*/ — 6 = O(|z|) as = — 0.
Therefore, (74) yields that as ¢ — 0,

(75) (FAug)op = —Apye(uaop)+ gijF%jal (e 0 @) + O(x1]|z| 77 1)
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The definition of g;; and the expression of ¢(z1,’) then yield that as z — 0,

- 1 -
QUF}J' = ) Zg”algij

4,522

= > 971, 2") (0up(0,2"), 00 (a")) + 21(8,(2"), B (a"))
4,5>2
= =Y 97(0,a) (2ip(0,2'), Oyu(a') + O(|an])
§,j>2
H(z") + O(|z]),
where H (2') is the mean curvature of the (n—1)—manifold 9 at ¢(0, z") oriented by

the outer normal vector —v(a’). Using the expression (72) and using the smoothness
of ©, (75) yields

(—Au)op = (~Apual@le ) - (1+0) + 2]~ (H(')(1 + ) — 20,0)
+O(xy || 1) as ¢ — 0.

We now define
O(z1,2') == e 2™ HE) _ 1 for all = (z1,2’) € Bas.
Clearly ©(0) = 0 and © € C*°(Bss). Noting that

a(n —a)

—Apucl (m1|x|_a) = |22 1|z,
we then get that as z — 0,
a(n —a
(76) (—Auy)op = (|xz)x1|az|_a (14 0)+O0(z1]x| 1)

With the choice that g;;(0) = d;;, we have that (0;¢(0))i=1,...» is an orthonormal
basis of R™, and therefore |p(z)| = |z|(1 + O(|x|)) as x — 0. It then follows from
(76) and (72) that

a(n — a)

—Au, =
(77) u FE

Ug + O(|z] " ug) as ¢ — 0.

This proves (73). We now proceed with the construction of the sub- and super-
solutions. Let o € {a_(7), a4+ (7)} in such a way that a(n — ) = v and consider
B, € R to be chosen later. It follows from (73) that

(A WO(W)) (o + up) = 2B0=B=%)

= ﬂ—f (AB(n - B) —7)
+0(2[7) + O(|a["+#=) + O ([ +7-))

as ¢ — 0. Choose § such that &« — 7 < 8 < « in such a way that § # a_(vy) and
B # a;(v). In particular, 5 > a — 1 and B(n — 8) —y # 0. We then have

) (-a- D) -+ ) = 25 (N30 = 8) = ) + Ol 7))
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as x — 0. Choose A € R such that A(8(n—8)—+) > 0. Finally, let uq 4 1= uq+Aug
and uq,— 1= uq —Aug. They clearly verify (62) and (63), which completes the proof
of Proposition 5.1. (]

6. REGULARITY AND HOPF-TYPE RESULT FOR THE OPERATOR L,
This section is devoted to the proof of the following key result.
Theorem 6.1 (Optimal regularity and Generalized Hopf’s Lemma). Fiz v < %2
and let f: Q xR — R be a Caratheodory function such that
|U|2*(s)72

(2, 0)] < Clol (1 o

Let u € DY2(Q)10c,0 be a weak solution of
7+ O0(2]")
||
for some T > 0. Then there exists K € R such that
: u(x)
I e K
Moreover, if u > 0 and u # 0, we have that K > 0.

)foralleQandveR.

(79) —Au u= f(z,u) in Dl’Q(Q)loc,o

(80)

As mentioned in the introduction, this can be viewed as a generalization of Hopf’s
Lemma in the following sense: when v = 0 (and then a_(y) = 0), the classical
Nash-Moser regularity scheme yields v € C} , and when u > 0, u # 0, Hopf’s
comparison principle yields d,u(0) < 0, which is a reformulation of (80) when
a—(y)=0.

The remaining of this section is devoted to the proof of Theorem 6.1. We shall need
the following two lemmae, which will be used frequently throughout the paper.

Lemma 6.2. (Rigidity of solutions) Let u € C*(R\{0}) be a nonnegative function
such that

(81) —Au—ﬁuinnRﬁ;uzO on OR}.

Suppose there exists a € {a_(y),ay(y)} such that u(x) < Clx|'~%, then there
exists X > 0 such that

u(x) = Axq|z|~* for all x € RY}.

We note that this lemma is only a first step in proving rigidity for solutions of
L,u = 0 on R%. Indeed, the pointwise assumption above is not necessary as it
will be removed in Proposition 7.5, which will be a consequence of the classification
Theorem 7.1.

Proof of Lemma 6.2: We first assume that a := «_ () and prove that

(82) either v = 0 or liminf u(z)

——>0.
|z]—+o00 $1|$‘_O‘—(’Y)

Indeed suppose that the second situation does not hold, that is there exists (x;); €
R? such that

lim |z;| = 400 and lim ul(zs) 0.

i—Foo imoo ()1 ]ag o=
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a_(y)-1

Define r; := |z;], 0; := ro and ui(z) ==1; u(rjz) for all ¢ and all z € R}, It
follows from the hypothesis of the theorem that for all 7,
—Au; — #uz =0in RY ; u; = 0 on ORY,

and 0 < u;(z) < Clz|'=*-0) for all z € R?. It follows from elliptic theory that
there exist @ € C?(R") such that u; — @ in CZ (R \ {0}). In particular, we have

that
Y

e
Let 6 := lim;_, o 0;. It follows from the convergence that 4(6) = 0 if 6 € R}, and
01a(f) = 0if € OR";. Hopf’s maximum principle yields that @ = 0. In particular,
we get that

—Ad =0 RY;a4>0inRY,; a=0onJRY.

lim sup & =0.

i+ 1ep B, (0) ml‘xra—(’ﬂ
For ¢ > 0, there exists iy such that u(x) < exy|z|~* ) for all x € dB,,(0) and i >
ig. Since u — ex1|z| =~ is locally in DV? and (—A — ) (u— exy|z|~*- ) =0,
it follows from the maximum principle (and coercivity) that u(z) < exy|z|~*- ()
for x € B,,(0) with i > ig. Letting i — +oo yields u(x) < exq|z|~* ) for all
x € R} and all € > 0. Letting € — 0 yields u < 0, and therefore u = 0. This proves
the claim (82).

We now assume that u #Z 0. It then follows from (82) that there exists g > 0
and Ry > 0 such that u(z) > eqwp|z|~*= ) for all |z| > Bg,(0). Applying again
the maximum principle on Bp, (0), we get that u(z) > eoz1|z|~*= ) for all = € RT.
We have so far proved that

(83) w =0 or there exists €y > 0 such that u(z) > oz |z|~*~ ) for all z € R?.

Let now A := max{k > 0 such that u(z) > kaq|z|~*-) for all z € R?}. Then
a(z) == u(z) — Azy|z| =) > 0 satisfies (81). Tt then follows from (83) that @ =0
or u(z) > eox1|z|*= () for all z € RY for some €y > 0. This second case cannot
happens since it would imply that u > (A+e€g)z;|x|~*~ (), which is a contradiction.
Therefore @ = 0 and the Proposition is proved when a = a_(v).

To finish, it remains to consider the case where @ = a4 (). Here we define
a(x) = |z|> "u(x/|r|?) to be the Kelvin transform of u. The function % then
satisfies (81) with a_(7). It then follows from the first part of this proof that
@ = Azy]z|~* ). Coming back to the initial function u yields u = A ||+ (),
This completes the proof of Lemma 6.2. O

Lemma 6.3. Let f : @ xR — R be as in the statement of Theorem 6.1, and
consider u € DY2(Q)joc,0 such that (79) holds. Assume there exists C > 0 and
a € {at(y),a—(v)} such that

(84) lu(z)| < Clz|*~* for x — 0, z € Q.

If f £ 0, we assume that « = a_ (7).
(1) Then, there exists C1 > 0 such that

(85) [Vu(z)] < Cilz|™ asz — 0, x € Q.
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(2) Iflimg_g|z|* tu(z) = 0, then lim,_q |2|*|Vu(z)| = 0. Moreover, ifu > 0,
then there exists | > 0 such that

o el tulz) ; o _
&6) e B P L

Proof of Lemma 6.3: Assume that (84) holds. As a first remark, we claim that we
can assume that for some 7 > 0,

(87) —Au— T 0in DY2(Q)0.0.

Indeed, this is clear if f =0. If f # 0, since « = a_(7), we have as x — 0,

@l < Clul (1+]a] ]~ @ @-D-0)-1)

<ol <x|2 2| @=DE-a-) Z o <m|r'“) < C)

jz? >

for some 7/ > 0. Plugging this inequality into (79) and replacing 7 by min{r, 7'}
yields (87).

In the sequel, we shall write w(x) := |d(|:u(g)) for z € Q. Let (z;); € Q be such that

¥
(88) lim z; =0
1—400
Choose a chart ¢ as in (65) such that dpg = Idgn. For any i, define X; € R}
such that z; = p(X;), r; := |X;| and 6; := ‘§| In particular, lim; ., 7; = 0 and

|6;]=1 for all i. Set
() = r?  u(p(rix)) for all i and = € Br(0) NRY ; o # 0.

Equation (87) then rewrites

(59) { ~ A — oG, =0 in Br(0) NRY

i; =0 in Bg(0)NORY,

where g;(z) := (¢*Eucl)(r;z) is a metric that goes to Eucl on every compact subset
of R™ as i — oo. Here, o(1) — 0 in CP, (R \ {0}). It follows from (84) and (88)
that

(90) lui(z)| < Clz|*~* for all i and all x € Br(0) NRY,

It follows from elliptic theory, that there exists @ € C?(R'} \ {0}) such that @; — @
in CL (R \ {0}). By letting 6 := lim; o0 6; (|6] = 1), we then have that for any
j=1,..,n, 0;4;(6;) — 0;u() as i — +o0, which rewrites
(91) 'liin |z;|*0ju(x;) = 0;u(0) for all j =1, ..., n.

1—>+00
We now prove (85). For that, we argue by contradiction and assume that there
exists a sequence (z;); € € that goes to 0 as i — 400 and such that |z;|*|Vu(z;)| —
+00 as i — +o00. It then follows from (91) that |z;|%|Vu(z;)| = O(1) as i — 4o00. A
contradiction with our assumption, which proves (85). The case when |z|%u(z) — 0
as x — 0 goes similarly.
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Now we consider the case when u > 0, which implies that #; > 0 and @ > 0. We
let I € [0,400] and (z;); € Q be such that

(92) lim x; =0and lim w(z;) =1

1——+00 1—+o00

We claim that

(93) 0<!< +o0 and lir%w(x) =1€0,+0).
T—

Indeed, using the notations above, we get that

lim i(0;)

=1
i—+00 (9@)1

The convergence of @; in C}

L (R \ {0}) then yields | < +oo. Passing to the limit
as ¢ — +o0 in (89), we get

AEU.Cla — ﬁﬁ =0 in Ri
@>0 inR?
=0 inJR:.

The limit (92) can be rewriten as @(f) = 16, if § € R} and 0,4(0) = [ if 6 € OR}.
The rigidity Lemma 6.2 then yields

w(x) = lzi|z|”“ for all z € RY}.

In particular, since the differential of ¢ at 0 is the identity map, it follows from the
convergence of @; to @ locally in C! that

94 lim sup —_—— = sup —— =1
(94) i+ 1e0maB,, (0) Az, 0Q)|Z|7*  sernrop, (o) T1lT] 7"
and
(95) m  inf i)

inf — =
i—+00 2€QNIB,, (0) d(x, Q) |z|~Y  zeR"NIB1(0) T1|x|~
We distinguish two cases:

Case 1: a = a4 (y). Let W and ug?w) _ be as in Proposition 7.3, and fix € > 0.

It follows from (95) that there exists ig such that for ¢ > iy, we have that

u(z) > (1 — e)u(d) _() for all x € W N IB,,(0).

ay(v),
Since (—A = (v + O(|2|"))lal2)(u — (1 = ul? | ) > 0in W\ B,,(0) and since
Uq, (),— vanishes on OW \ {0}, it follows from the comparison principle that

u(z) > (1 — e)u((ld:(v%_(x) for all x € W\ 0B,,(0).
Letting ¢ — +o00 yields
u(z) > (1 — e)u(d) ) _(z) for all z € W\ {0}.

at (),

It then follows from this inequality and the asymptotics for ug?w) _ that

liminf w(z) > 1.
z—0

Note that this is valid for any [ € R satisfying (92). By taking [ := limsup,_,,w(z),
we then get that lim, o w(z) = 1.
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Case 2: a = a_(y). Consider the super- and sub-solutions wuq_ (v) 4, Ua_ (v),—
constructed in Proposition 5.1. It follows from (94) and (95) that for € > 0, there
exists ig such that for ¢ > iy, we have

(I = ua_(y),—(7) S u(r) < (14 €)uq_(y),+(z) for all z € QN IB,,(0).

Since the operator —A — (7 + O(|z|7))|x|~2 is coercive on QN B, (0) and that the
functions we consider are in D'? (i.e., they are variational), it follows from the
maximum principle that
(I = ug_(y),—(x) S u(x) < (I + €)ug_(4),4(x) for all z € QN B, (0).
Using the asymptotics (63) of the sub- and super-solution, we get that
o u(z) , u(z)
l—e€) <1 f <1
U= < e < MP 4l o) o
Letting ¢ — 0 yields lim, ,ow(z) = 1 > 0. This ends Case 2 and completes the
proof of (93).

The case u > 0 is a consequence of (93) and (91) (note that for the second limit,
x; € 09 rewrites 0; € OR"} and therefore (6;); = 0). This ends the proof of Lemma
6.3. (]

< (I+e).

The following lemma is essentially Theorem 6.1 in the case of linear equations of
the form L,u = a(x)u.

Lemma 6.4. Assume that u € DV2(Q)10c0 is a weak solution of

(96) —Au — %u =0 in Dl’Q(Q)loc,O
u=0 on Bys(0)NOQ,

for some T > 0. Then, there exists £ € R such that

lim u()

=/.
250 d(z, DY) [a] )

Proof of Lemma 6.4: First, we assume that u € DV2(Q);000, satisfies (96) and
u > 0 on Bs(0) N Q. We claim that there exists Cy > 0 such that

1 d(z,09) d(x,090)
Co |x‘0‘7(7) ‘x|0‘7(7)

Indeed, since u is smooth outside 0, it follows from Hopf’s Maximum principle that
there exists C1, Cy > 0 such that

(98) Crd(x,00) < u(x) < Cod(z,00Q) for all x € QN IB;(0).

Let uq_(y),4+ be the super-solution constructed in Proposition 5.1. It follows from
(98) and the asymptotics (63) of uq_(4) 4+ that there exists C'3 > 0 such that

u(z) < Csug_ ()4 (x) for all x € I(B5(0) N Q).

(97) <wux) < C for all z € QN B;(0).

Since u is a solution and u,_(),4 is a supersolution, both being in Dl’Q(Q)ZOQO,
it follows from the maximum principle (by choosing ¢ > 0 small enough so that
—A — (v + O(|z]7))|z| =2 is coercive on Bjs(0) N Q) that u(z) < Csug_(4),4+ () for
all x € B5(0) N Q. In particular, it follows from the asymptotics (63) of uq_(+),+
that there exists Cy > 0 such that

u(x) < Cyd(z, dQ)|x| =) for all x € QN Bs(0).
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Arguing similarly with the lower-bound in (98) and the subsolution wu,_ we

get the existence of Cy > 0 such that (97) holds.
Since u > 0, (97) coupled with Lemma 6.3 yields Lemma 6.4 for u > 0.

)=

Now we deal with the case when u is a sign-changing solution for (96). We then
define uy, ug : Bs(0) N — R be such that

||

—Auy — 229020 — 0 in Bs(0) N
up(z) = max{u(z),0} on J(Bs(0) N Q).

|]?

{ —Aug — MU/Q =0 in B(g(O) neQ
uz(x) = max{—u(z),0} on 9(Bs(0)NQ).

The existence of such solutions is ensured by choosing > 0 small enough so that
the operator —A — (v + O(|z|7))|z|~2 is coercive on Bs(0) N Q. In particular,
Up, Uy € D1’2(Q)loc$07 ui,us > 0 and u = uy — us. It follows from the maximum
principle that for all 4, either u; = 0 or u; > 0. The first part of the proof yields
that there exists [1,ls > 0 such that

: uy (z) : us(z)
1 =1 d 1 = l.
250 d(z, Q) |x|—o- 0 LM I A, 00) |z -
Therefore, we get that
1 =l -l eR.
250 d(z, 00 [a|—a-( 1T 72
This completes the proof of Lemma 6.4. O

Proof of Theorem 6.1: We let here u € D'?(Q);0.0 be a solution to (79), that is

_ 1+ 0(=[")
|[?

for some 7 > 0. We shall first use the classical DeGiorgi-Nash-Moser iterative
scheme (see Gilbarg-Trudinger [27], and Hebey [31] for expositions in book form).
We skip most of the computations and refer to Ghoussoub-Robert (Proposition A.1
of [23]) for the details. The proof goes through four steps.

(99) —Au u = f(1'7 u) Weakly in D1’2(Q)loc,0

Step 1: Let 8 > 1 be such that % > Z~. Assume that u € LT (QN B, (0)).
We claim that

(100) uwe L72Y(Qn Bs, (0)).
Indeed, fix B > 1, L > 0, and define
|71t if |t| < L
(101) Gr(t)={ BLP Yt —-L)+ L ift>L
BLA=Y(t+ L)—LP ift<—L
and
It =t if|t| < L
(102) Hy(t)y={ L5 (¢ -L)+ L% ift>1L
BRLS (t+ L)~ L% ift<-L
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As easily checked,

46 / 2

for all t € R and all L > 0. We fix § > 0 small that will be chosen later. We let
n € C(R™) be such that n(x) = 1 for x € Bs/2(0) and n(x) = 0 for z € R™\ B;(0).
Multiplying equation (99) with n?Gp(u) € DY2(£2), we get that

: (200 e i
[ uverciyar — [ T2 G, ) d

(104) /fzunGL u) dz

Integrating by parts, and using formulae (101) to (103) above (see [23] for details)
yield

(103) 0 <tGr(t) < He(t)” and G (t) =

2 4ﬁ 2
[@uverewn i = s [ (IWam@)E = -2t w?) dr
(105) —I—/Q—A(UQ)JL(U) dx
where J,( fo G (7)dr. This identity and (104) yield

7+ 0(z]")
B—i—l /\V nHr(u - /TU uGr(u)de
< /|— |- |Jr(u)| dz
u)|? dx
C(5,9) /Q g
uf2*0)-2 :
(106) +C QT(UHL(U)) dzx.

Holder’s inequality and the Sobolev inequality (12) yield
| u|2*(s)—2

— (nHp(u))* dx

* *572 *2
<(/ P @ T (/mHL Wl e )
~ \Jansso) 17l ||*

*(s)—2

W\ Te
<(/ e — g | V@) da.
QN Bs(0) |z MOs

Plugging this estimate into (106) and noting v := max{+y, 0} yields

ﬂ+1 /|V77HL - (7++C(57—)/Q(77m’(u))dx

|z[?

< 0(5,5)/ (IHL(u)* + T (w)]) da

QI'TB(;(O)

5) / IV (1 H () 2 d,
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where
2*(5();2
2*(3) 2% (s 1
a(8) == C / [ul — do : :
anBs0) |zl 1o,s(£2)
so that
lim a(d) = 0.
§—0

It follows from (48) that

nt [ @HL)® (e /Q IV (nH (w))|? da,

Q |$|2

where limg_,g 6(5) = 0. Therefore, we get that

(wiﬁl)za(é)(’HJrC(V) (1+€(0 >/|V nHy(u)))? dz

<c.0) [

QNBs(0)

(HHL () + 5 (w)]) dz < O(5.5) / Jul 1 d.

Bs(0)NQ
Let 6 € (0,60) be such that
4p
(B+1)?

This is possible since % > %'y. Using Sobolev’s embedding, we then get that

—a(8) = (74 + CO7) %(1 +e()) > 0.

2

</Bé/2(0)mﬂ L@ dx) ) < (/ InHp (u)* dx) ’
< poo(Q)7 /Q |V (nHL(u))
<

C(8,5,7) / |+ da
Bs(0)NQ

Since u € LPH1(Bs,(0) N Q), let L — +oo and use Fatou’s Lemma to obtain
that u € L%(BH)(B(;/Q( )N Q). The standard iterative scheme then yields that
ue CHQN Bs,(0)\ {0}). Therefore u € L= (5+1)(B50 (0) N ), which proves claim
(100).

Step 2: We now show that

(107) if v <0, then u € LP(2N Bs(0)) for all p > 1,

(108) if 7> 0, then u € LP(QN B(0)) for all p € (17 nﬁga?v)) '

The case v < 0 is standard, so we only consider the case where v > 0. Fix p > 2
and set 8 := p — 1. we have

443 4 n n
G+ w7 arm ST aey
Since a4 (y) > n/2 and p > 2, then
4B
(B+1)?

4
n

a_(v)
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Therefore, it follows from Claim 1 that if u € L (2N By, ), with p < n/a_(y), then
u € L72P(QN Bs,). Since u € L*(Q2N By, ), then (108) follows.

Step 3: We claim that for any A > 0, then
(109) 2|7 Ju(z)| = O(|z| = (3 —maxfa-(0}=2) g5 5 0.

Take p € (2*, m) if v >0, and p > 2* if v < 0. This is possible since
2* =2n/(n —2) and a_(y) < n/2. We fix a sequence (g;); € (0,+00) such that

lim;_, y oo £; = 0 and we fix a chart ¢ as in (65) to (70). For any ¢ € N, we define
ui(x) == si%u(cp(six)) for all z € B[;/Ei.
Equation (99) then rewrites

2 T || T ~
(110) —Agu; — «i (v + Ole; |2x| ))ul = fi(w,u;) 5 u; =0 on ORY N By,
lp(ei)]

where g;(z) := ¢*Eucl(e;x) and

*(g)— n—2_n "
il u)] < O] + Ce OTIT ) sy 2901

in Ba/gi. We fix R > 0 and we define wg := (BR \ BR—l) NR%. With our choice
of p above and using (108), we get that

(111) il e (i) < C,
and
(112) | fi(z,us)| < Crlui| + Crlu|* )1 for all z € wg.

Fix g > p > 2*. It follows from elliptic regularity that
[l Lt (o) < O @< 5(27(5) = 1)
[uill Lar) < C = ”uiHLT(wR/z) <O forallr>1ifg=5(2%(s) — 1)
[willLoo(wpye) < C" i g > 5(2(s) — 1)

where L = 2(s)=1 % and the constants C,C’ are uniform with respect to 7. It

q

then follows from the standard bootstrap iterative argument and the initial bound
(111) that [Jusl|Loc(wy ) < €. Taking R > 0 large enough and going back to the
definition of u;, we get that for all 1 € N,

|| ¥ |u(z)] < C for all z € QN Ba.,(0) \ Be, 2(0)

Since this holds for any sequence (g;);, we get that |z|7 |u(z)] < C around 0 for
any 2* < p < m when v > 0. Letting p go to m yields (109) when

v > 0. For v <0, we let p — 400. This ends Step 3.

To finish the proof of Theorem 6.1, we rewrite equation (99) as

—Au — Mu =0
|z|?

where

a(@) = 7+ 0(a]") + O(af?) + O (|~ [uf* )-2)

n—2 2%(s)—2
7+ O(lz[") + O(Jaf?) + O (Jo] 7" u(=)])
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for all z € Q. Since a_(y) < %, it then follows from (109) that there exists 7 > 0

such that a(z) = v+ O(|z|”) as & — 0. Therefore we are back to the linear case
in Lemma 6.4 and we are done. O

Here are a few consequences of Theorem 6.1.

Corollary 6.5. Suppose v < v () and consider the first eigenvalue of the oper-
ator L., that is

Jo (|Vu\2 - #UZ) dx

AM(Q,7y) = i > 0,
1(2:7) uEDLl?I%Q)\{O} Jo u? dx
and let ug € DV2(Q) \ {0} be a minimizer. Then, there exists A # 0 such that
d(z,00)

Uo(x) ~r—0 A |(E|O‘*(7) .

Proof of Corollary 6.5: The existence of a uy that doesn’t change sign is standard.
The Euler-Lagrange equation is —Au — ﬁu = ku for some k € R. We then apply
Theorem 6.1. (I

Corollary 6.6. Suppose u € DI’Q(Ri), u >0, u#0 is a weak solution of

2* -1
5y u .
_AU — WU = W m R1
Then, there exist K1, Ko > 0 such that
1 T
Proof of Corollary 6.6: Theorem 6.1 yields the behavior when  — 0. The Kelvin
transform 4(z) := |z|* "u(x/|z|?) is a solution to the same equation in D*?(R%),
and its behavior at 0 is given by Theorem 6.1. Going back to u yields the behavior
at oo. U

7. A CLASSIFICATION OF SINGULAR SOLUTIONS OF L. u = a(x)u

In this section we describe the profile of any positive solution —variational or
not— of linear equations involving L.. Here is the main result of this section.
Theorem 7.1. Let u € C%(Bs(0) N (2\ {0})) be such that

—Au — %u =0 in QN Bs(0)
(114) u>0 in QN B;s0)
u=0 on (02N Bs(0))\ {0}.
Then, there exists K > 0 such that
d(x,00)
O |zle-®)

d(z,00)

either u(x) ~gp_, or  u(x) ~z0 W

In the first case, the solution u € D1’2(Q)l00)0 is a variational solution to (114).

It is worth noting that Pinchover [42] proved that the quotient of any two positive
solutions to (114) has a limit at 0.

The proof will require the following two lemmas. The first gives a Harnack-type
inequality.
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Proposition 7.2. Let Q be a smooth bounded domain of R™, and let a € L ()
be such that ||al|cc < M for some M > 0. Assume U is an open subset of R" and
consider u € C2(U N Q) to be a solution of

—Agut+au=0 nUNQ
u>0 nUNQ
u=0 onUNO.

Here g is a smooth metric on U. If U' CC U is such that U' N Q) is connected, then
there exists C > 0 depending only on Q,U’, M and g such that

u(x) u(y) /
(115) iz, 09) SCd(y,@Q) for all x,y € U' N Q.

Proof of Proposition 7.2: We first prove a local result. The global result will be the
consequence of a covering of U’. Fix xg € 9. For § > 0 small enough, there exists
a smooth open domain W such that

(116) Bs(xo) N2 C W C Bas(xo) NQ and Bs(xg) N OW = Bs(zg) N INN.

Let G is the Green’s function of —A/ 4 a with Dirichlet boundary condition on W,
then its representation formula reads as

(117) u(x):/awu(a) (=8y.0G(z, o)) da/aw\aﬂu(cr) (—8,0G(z,0)) do

for all x € W, where 0, ,G(x, o) is the normal derivative of y — G(x,y) at o € OW.
Estimates of the Green’s function (See Robert [45] and Ghoussoub-Robert [23])
yield the existence of C' > 0 such that for all z € W and o € OW,

1 d(z, oW d(x,0W

C |z —ol? ’

|z —al
It follows from (116) that there exists C'(6) > 0 such that for all z € Bs/2(20)NQ C
W and o € OW \ 09,

1
——d
C(d)
Since u vanishes on 092, it then follows from (117) that for all x € Bj/o(w0) N,

(2,0W) < —8, ,G(z,0) < C(8)d(x,OW)

1
—d(m,@W)/ u(o)do <wu(z) < C(é)d(m,@W)/ u(o) do.
C(9) ow ow

It is easy to check, that under the assumption (116), we have that d(z,0Q) =
d(xz,0W). Therefore, we have for all z € Bs/2(x0) N €,

1 u(z)
m/awu(o)do < o < C(é)/awu(o)do

These lower and upper bounds being independent of z, we get inequality (115) for
any x,y € By a(xo) N

The general case is a consequence of a covering of U’ N Q by finitely many balls.
Note that for balls intersecting 02, we apply the preceding result, while for balls
not intersecting 0S2, we apply the classical Harnack inequality. This completes the
proof of Proposition 7.2. O
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In the next proposition we construct sub- and super solutions with Dirichlet
boundary conditions on any smooth domain W of R™ satisfying property (116).

Proposition 7.3. Let Q be a smooth bounded domain of R™, and let W be a smooth
domain of R™ such that for some r > 0 small enough, we have

(118) B,.(0)NQC W C By (0)NQ and B,.(0) N OW = B,.(0) N 9.
Figy <2, 0<7<1andp €R such that oy (y)—7 < S < ay(y) and B # a_(7).

(d) (d) oo (TI7

Then, up to choosing  small enough, there exists uy () Uy ) €C (W\{0})
such that

d .

ul® )t =0 indw\ {0}

T 22 Tag (). +
<d§ _ 200l <d> .
s0)= T T RE ey~ <0 W

Moreover, we have as © — 0, x € § that

d(x, 00 a—
(120) “fxdj(w)gr(x) = M(l +O0(J2[*77))
and

d(z, 00 o
(121) ) (@) = T+ Olel ).

Proof of Proposition 7.3: Take n € C°°(R"™) such that n(x) = 0 for € Bj,4(0) and
n(z) =1 for x € R™ \ Bs/3(0). Define on W the function

O(|z
)= (= 2 ) e .,

where 1, (4),+ i given by Proposition 5.1. Note that f vanishes around 0 and that
it is in C°°(W). Let v € DY2(W) be such that

—Av—%v:f in W
v=0 on OW.

Note that for > 0 small enough, —A — v|z|~2 is coercive on W, and therefore,
the existence of v is ensured for small r. Define

(d)
ua+('y) + T Uay ()4 T May(v),+ +v.

The properties of W and the definition of n and v yield

@ _o
w . u?dg(v)& =0 in W\ {0}
—Aug )~ R e (), >0 TV,

Moreover, since —Av—(y+O(|z|7))|z|~2v = 0 around 0 and v € DV2(W), it follows
from Theorem 6.1 that there exists C' > 0 such that |v(z)| < Cd(z, W)|z|~-O)
for all z € W. Then (120) follows from the asymptotics (63) of uq, ()4 and the

fact that a_(y) < ay(v). We argue similarly for u'? )( - This proves Proposition

7.3. O
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Proof of Theorem 7.1: Let u be a solution of (114) as in the statement of Theorem
7.1. We claim that

(122) u(x) = O(d(z, 8Q)|z| =+ ) for 2 — 0, = € Q.

Indeed, otherwise we can assume that

12 1 —
(123) ot d(z, 09) [+ ()

In particular, there exists (x)r € €2 such that for all &k € N,

+00.

124 | =0 and >k
(124) el o d(xy, 0Q)|xy| 0+ () =7
We claim that there exists then C' > 0 such that
(125) —w@) > Ok for all 2 € QN OB, (0), with ry := |zx| — 0.

d(z,0Q)|z| =+

We prove the claim by using the Harnack inequality (115): First take the chart ¢
at 0 as in (65), and define

ug(z) :=wo p(ryx) for x € R N B3(0) \ {0}.
Equation (114) rewrites

(126) —Agkuk + apup = 0 in Ri N BS(O) \ {0},
with ag(x) := —r%%. In particular, there exists M > 0 such that |ai(z)]| <

M for all € R N B3(0) \ By/3(0). Since uj, > 0, the Harnack inequality (115)
yields the existence of C' > 0 such that

(127) “’;(f/) > c“’;igx) for all z,y € R? N By(0) \ By 2(0).

Let Z;, € R"} be such that x, = ¢(rxZ). In particular, |Tx| = 1+0(1) as k — +oc.
It then follows from (124), (126) and (127) that

uo (rry)
d(p(rry), 09)
In particular, (125) holds.

We let now W be a smooth domain such that (118) holds for r > 0 small enough.
Take the super-solution u'? _ defined in Proposition 7.3. We have that

at (7).

() 2 =5 (),-

>C -k forallyeR?NBy0)\ By(0).

(z) for all x € W N OB, (0).
(d)

vanishes on OW, we have
ay(v),—

C-k g
oz G

Since u

(x) for all x € (W N IB,, (0)).

Moreover, we have that

“Bull - = HRER ), < 0= —du- 2Dy o W

Up to taking r even smaller, it follows from the coercivity of the operator and the
maximum principle that

(128) u(z) > CALIC)

5 Yoy (v) _(x) for all x € W N B,,(0).
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For any © € W, we let kg € N such that r; < |z| for all k¥ > k. It then follows

from (128) that u(z) > GEul? | () for all k > ko. Letting k — +oo yields that
(d)

ua+(,y)7_(as) goes to zero for all x € W. This is a contradiction with (121). Hence
(123) does not hold, and therefore (122) holds.

A straightforward consequence of (122) and Lemma 6.3 is that there exists [ € R
such that

, u(x) _
(129) I a0 e

We now show the following lemma:

Lemma 7.4. Iflim, . W =0, then u € D1,2(Q)10670 and there exists

d(z,00)

|I|‘¥7(’Y) .

K > 0 such that uw(z) ~p—0 K

Proof of Lemma 7.4: We shall use Theorem 6.1. Take W as in (118) and let
n € C°(R™) such that n(x) = 0 for € Bs/4(0) and n(z) = 1 for z € R™ \ Bs/3(0).
Define

f(x) = (—A - %ﬂ‘fm) (nu) for x € W.

The function f € C*°(W) and vanishes around 0. Let v € D12(£2) be such that
—Av — 77+%(||5|T)v =f inW
v=0 ondW.

Note again that for 7 > 0 small enough, —A—~|z|~2 is coercive on W, and therefore,
the existence of v is ensured for small r. Define
U:=Uu—nu-+v.
The properties of W and the definition of n and v yield
—Au -G =0 W
=0 indW\{0}.
Moreover, since —Av—(y+O(|z|7))|z|~2v = 0 around 0 and v € D2(W), it follows

from Theorem 6.1 that there exists C' > 0 such that |v(z)| < Cd(z, W)|z|~*-O)
for all x € W. Therefore, we have that

(130) I o) er
It then follows from Lemma 6.3 that
(131) lim ||+ | Via(z)| = 0.

z—0

Let ¢ € C2°(W) and w € DY2(W) be such that

—Aw — 77+|OQE(|‘2$|T)w = inW
w=0 ondW.

Since 1 vanishes around 0, it follows from Theorem 6.1 and Lemma 6.3 that

(132) w(x) = O(d(z, dW)|z|~*- ) and |Vw(z)| = O(|z|~*- ) asz — 0.
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Fix € > 0 small and integrate by parts using that both 4 and w vanish on W, to

get
/ <_ Ai— v+0<2lwl>u> wde
WA\B.(0) |z|

/ (—Aw — ’HO(QM)uJ wdx + / (—wo, o + wd,w) do
W\ B.(0) |z B(W\B.(0))

= / Yadr — / (—wd,t + ud,w) do.
W\ B. (0) QNIB.(0)

Using the upper-bounds (130), (131) and (132), and that ¢ vanishes around 0, we
get

0

o
|

/ fﬂ, dx + o (6"_1(61_"‘7(7)6_a+(7) + 61—04+(’Y)€—a,(7)))
WA\B.(0)

/ fadx+o(1), ase—0.
W\B.(0)

Therefore, we have [i, fudz = 0 for all f € C*(W). Since @ € LP is smooth

outside 0, we then get that @ = 0, and therefore v = nu + v. In particular,
u € DY2(Q)10c,0 is a distributional positive solution to —Awu — %u =0 on
W. It then follows from Theorem 6.1 that there exists K > 0 such that u(x) ~,_0
K(i(‘if"f?). This prove Lemma 7.4. O
Combining Lemma 7.4 with (129) completes the proof of Theorem 7.1. O

As a consequence of Theorem 7.1, we improve Lemma 6.2 as follows.

Proposition 7.5. Let u € C*(R7 \ {0}) be a nonnegative function such that
(133) —Au—#u:O inRY 5 u=0 on OR.
Then there exist A_, A+ > 0 such that

u(x) = A_aq|z| 7D 4 Ay x|z 7D for all x € R’} .

Proof of Proposition 7.5: Without loss of generality, we assume that u % 0, so that
u > 0. We consider the Kelvin transform of u defined by @(x) := |2[>~"u(x/|z|?)
for all 2 € R?'. Both u and @ are then nonnegative solutions of (133). It follows
from Theorem 7.1 that, after performing back the Kelvin transform, there exist
oy, a2 € {aq(y),a—(v)} such that

lim u(@)

2 >0and lim u(z)
0 2 |x]| 7

|z|— 00 $1‘$|7O‘2

=1y >0.

If o < ag, then u(z) < Cxq|z|~* for all x € R%}. The result then follows from
Lemma 6.2. If a1 > g, then oy = a4 () and ag = a_(y). We define
i(z) == u(x) — L |z| 7+ for all z € R

to obtain that

*M*k#ﬁ:omm% i =0 on OR",
and @(x) = o(z1|z|~*+() as 2 — 0. Arguing as in the proof of Lemma 7.4, we get
that @ € DY2(R™)10c,0 and @(z) = O(z1]z|~*=)) as 2 — 0. Moreover, we have
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that @(x) = (I + o(1))z1]z|~*~ ) as || — +oo, therefore @(x) > 0 for |z| >> 1.
Since u € Dl’Z(Ri)logo, the comparison principle then yields @ > 0 everywhere.
We also have that @i(z) < Czy|z|~* () for all 2 € R™. It then follows from Lemma
6.2 that there exists A_ > 0 such that @(z) = A_z1|z|~* ) for all x € R?. We
then get the conclusion of Proposition 7.5. O

n?—1

8. THE HARDY SINGULAR B-MASS OF A DOMAIN IN THE CASE vy > I

We shall proceed in the following theorem to define the mass of a smooth bounded
domain Q of R™ such as 0 € 9. It will involve the expansion of positive singular
solutions of the Dirichlet boundary problem L.u = 0.

Theorem 8.1. Let Q be a smooth bounded domain Q0 of R™ such as 0 € 092, and
2

assume that % <y <y (). Then,itp to multiplication by a positive constant,

there exists a unique function H € C*(Q\ {0}) such that

(134) —AH—‘%HzomfhH>0z‘nQ,H:00naQ.
X

Moreover, there exists ¢c1 > 0 and co € R such that

(135) H(z) = ¢ 2208 ) d@09) |, ( d(z.09) ) as x — 0.

|x‘a+(v) ‘x‘af(v) |x\“*(”’)

The quantity m~(Q) := Z—f € R, which is independent of the choice of H satisfying
(134), will be called the Hardy b-mass of 0 associated to L. .

Proof of Theorem 8.1. First, we start by constructing a singular solution Hj for
(134). For that, consider u,, (,) as in (72) and let n € CZ°(R™) be such that
n(xz) =1 for x € Bs/(0) and n(z) =0 for z € R™ \ B;5(0). Set

g .
f = _A(nua+(’y)) - W(nucur('y)) in \ {O}
It follows from (77) that f is smooth outside 0 and that
f@)=0 (d(m,89)|x|_°‘+(7>_1> -0 (|x|_°‘+(7)) in QN By)(0).

Since v > "24_1, we have that ay(y) < 241, and therefore f € L%(Q) =
(r* (Q))/ C (DLQ(Q))/. It then follows from the coercivity assumption v < v (£2)

that there exists v € D?(Q) such that

—Av— #v — fin (D*2(Q))".

Let vy, ve € DY2(Q) be such that

#vl = fy and — Avg — #7}2 =f_in (DLQ(Q))/.

In particular, v = v; — v and v1,v2 € C1(Q\ {0}), and they vanish on 99\ {0}.
Assume that fi # 0. Since f; > 0, the comparison principle yields v; > 0 on

0\ {0} and d,v; < 0 on 90\ {0}. Therefore, for any § > 0 small enough, there
exists C'(6) > 0 such that

vi(z) > C(8)d(z,09) for all x € dBs(0) N Q.

(136) —Avy —



HARDY-SCHRODINGER OPERATOR 43

Let uqg_(y),— be the sub-solution defined in (62). It follows from the asymptotic
(63) that there exists C'(d) > 0 such that

v > CI((S)UQ_(,Y)’, in dBs(0) N Q.
Since this inequality also holds on 9(Bs(0) N Q) and that
(A = =) (v = C'(0)uq_(4),-) 20 in Bs(0) N,

coercivity and the maximum principle yield v1 > C'(d)uq_(),— in Bs(0) N Q. It
then follows from (63) that there exists ¢ > 0 such that

vi(x) > ¢ d(z, 0Q)|z|~* ) in B5(0) N Q.

Therefore, we have that

C C
fi(@) < Cd(m,89)|x|_“+(‘*)_1 < ?|x‘a7(w)—a+(v)—1v1($) < c|m|a(v)—a+(v)+1“|1;|9§)

in Bs(0) N Q. Therefore, (136) yields

v+ 0(|x|a—(v)—a+(v)+1)
||

—Avy + v1 =0 in B(;(O) N Q.

Since vy > ”24_1, we have that a_(y) — a4 (y) +1 > 0. Since v; € D2(Q), v; > 0
and v; # 0, it follows from Theorem 6.1 that there exists K7 > 0 such that

(137) vy (z) = K 429 4, ( d(z,00) ) as z — 0.

1|z\”*("’) |I‘07(w)

If f+ =0, then v; =0 and (137) holds with K7 = 0. Arguing similarly for f_, we
then get that there exists Ky, Ko > 0 such that for any ¢ = 1,2, we have that

vi(z) = K; 429 4 (‘d(x’aﬂ) ) when z — 0.

\z|°‘*(7) :6|“*<W)

Since v = v; — vo, we then get that there exists K € R such that
(138) v(z) = —K 490 L, ( d(x’am) as z — 0.

‘w‘af(’v) |w‘ﬂ7(’v)

Set

Ho(x) := n(x)uq, (1) (x) — v(z) for all z € Q\ {0}.
It follows from the definition of v and the regularity outside 0 that
—AHy — #Ho = 0in Q; Ho(z) = 0 in 9Q\ {0}.

Moreover, the asymptotics (63) and (138) yield Ho(x) > 0 on 2N By (0) for some
6’ > 0 small enough. It follows from the comparison principle that Hy > 0 in .
We now perform an expansion of Hy. First note that from the definition (72) of
Uq, (), the asymptotic (138) of v and the fact that ay(y) —a_(y) < 1, we have

C d(x,09) d(z,09) d(z, 0%2)
Hy(z) = W(lJrO(IxD)Jera,m +o |x|a7('y)
Cd(x,09) d(z,09) d(x,00)
- |33|01+(7) |aj|0‘—(7) |w\o‘*(7)

as x — 0. In particular, since in addition Hy > 0 in €, there exists ¢ > 1 such that

(139) 1@ < fo(z) < cX29D - gor all 2 € Q.

clz|o+(M = ||+ )
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Finally, we establish the uniqueness. For that, we let H € C%(Q\ {0}) be as in
(134) and set

Ao :=max{\ >0/ H > \Hy}.
T~he number A is c~learly deﬁn~ed, and so we set H := H — AoHp > 0. Assume that
H #£0. Since —AH — ~|z|72H = 0, it follows from Theorem 7.1 that there exists
a € {at(y),a—(y)} and K > 0 such that

d(xz, 0

(140) H(z) ~uoso K(T”;'a).
If « = a_(v), then H € DY2(Q) is a variational solution to —AH — #ﬁ =0 in
Q. Then coercivity then yields that H = 0, contradicting the initial hypothesis.
Therefore a = a., (7). Since H > 0 vanishes on dQ\ {0}, there exists for any § > 0,
¢(8) > 0 such that
(141) H(zx) > ¢(8)d(x,09) for z € Q\ Bs(0).

Therefore, (140), (141) and (139) yield the existence of ¢ > 0 such that H > cHy,
and then H > (Ao + ¢)Hp, contradicting the definition of X\g. It follows that H =
0, which means that H = AgHy for some \g > 0. This proves uniqueness and
completes the proof of Theorem 8.1. O
Now we establish the monotonicity of the mass with respect to set inclusion.

Proposition 8.2. The Hardy b-mass is strictly increasing in the following sense:

Assume Qq,Q9 are two smooth bounded domains such that 0 € 021 N 0N, and
2 .

”T_l <~y <min{yg(),va(Q2)}, then

(142) 04 g_ Qy = m.Y(QQ) < m.Y(Ql).

Moreover, if Q@ C R% and ”24_1 <y < %, then m.(2) < 0.

Proof of Proposition 8.2: 1t follows from the definition of the mass that for i = 1,2,
there exists H; € C?(€2; \ {0}) such that

(143) —AHZ-—%Hi =0inQ, H >0inQ;, H; =0 on 99,
X

with

(144) @) = ey T @) ol e

asx — 0, x € Q;. Set h:= Hy — Hy on ;. Since 7 C 5, we have that
—Ah - #h =0 in Ql
(145) h>0 on 0
h#0 in 09;.
First, we claim that h € H%?(Q;). Indeed, it follows from the construction of the
singular function in the previous theorem, that there exists w € H'2(£2;) such that
d(l‘, 8@2) - d(x, 691)

2]+

(146) h(z) = + w(z) for all z € Q.

Since 7 C Q9 and 0 is on the boundary of both domains, then the tangent spaces
at 0 of 27 and Qs are equal, and one gets that

d(x,001) — d(x,002) = O(|z|*) as x — 0.
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Since a4 (y) — a—(v) < 1, we then get that

= L d(il?, 692) - d(z, an)
hiw) = zfor ()

Similarly, |VA(z)| = O(|z|~*~ (™)) as & — 0, we deduce that h € H“2(Q). It then
follows from (146) that h € H2(Qy).

To prove the monotonicity, note first that since v < v (Q1) and h € HY2(Qy), it
follows from (145) and the comparison principle that > 0 in €4. Since h # 0,
it follows from Hopf’s maximum principle that for any § > 0 small, there exists
C(d) > 0 such that

h(zx) > C(0)d(x,0;) for all z € dBs(0) N Q.

=O(|z|*=* ) as 2 — 0.

We define the sub-solution u,_ (), as in Proposition 5.1. It then follows from the
inequality above and the asymptotics in (63) that there exists €y > 0 such that

h(z) > 2€0tq_(y),—(z) for all z € 0B5(0) N Q.

This inequality also holds on Bs(0) N 99 since Uq_(+),— vanishes on 0€;. It
the follows from the maximum principle that h(z) > 2€guq_(y),—(z) for all z €
Bs(0) N 1. With the definition of h and the asymptotic (63), we then that for
¢’ > 0 small enough, we have that

d(fﬂ, an)

(147) Holw) = Hi(x) 2 07 1oy

for all x € Bs (0) N Q.

We let 7 be the inward orthonormal vector of 9€; at 0. This is also the inward
orthonormal vector of Q25 at 0. Therefore, for any ¢ > 0 small enough, we have
that d(t, 08;) = t for i = 1, 2. It then follows from the expressions (144) and (147)
that

(mfy(Qz)*moy(Ql))ﬁﬁ’O(ﬁ) Zﬁoﬁ aSt\LO.
We then get that m.(Q2) — m,(Q1) > €y, and therefore m.(Q2) > m.(Q1). This
proves (142) and ends the first part of Proposition 8.2.

Finally, now that Ho(z) := mfﬁ is a solution for R%}. If now €2 C R", then the

above yields that 0 = m, (R"}) > m,(£2), which completes the proof of Proposition
8.2. (I

In Section 10, we will prove that one can define the mass m, (R’ ) of R}, and that
m~(R7Y) = 0.
9. TEST FUNCTIONS AND THE EXISTENCE OF EXTREMALS IN THE
HARDY-SOBOLEV INEQUALITIES

Let © be a domain of R™ such that 0 € 9Q. For v € R and s € [0, 2), recall that

— : Q
(148) s ($Y) 1= uEDl’g%Sf?)\{o} s ()

where

Ja (|Vu|2 - %u2> dx
Q L |
I s(u) = .

2
*

(Jo i)
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Note that critical points u € D'?(Q) of J§!, are weak solutions to the pde

SN
149 Ay — —= = A\———,
() ETT
for some A € R, which can be rescaled to be equal to 1 if A > 0 and to be —1 is
A < 0. In this section, we investigate the existence of minimizers for Jf{fs. We start
with the following easy case, where we don’t have extremals.

Proposition 9.1. Let Q C R™ be a smooth domain such that 0 € 9Q (No bound-

edness is assumed). When s =0 and v < 0, we have that p () = W (where
K (n,2) = p0,0(R™) is the best constant in the Sobolev inequality (14)) and there is

no extremal.

Proof of Proposition 9.1: Note that 2*(s) = 2*(0) = 2*. Since v < 0, we have for
any u € C2°(Q) \ {0},

Ja (‘VU\Q —Wf;%) dx N Jo IVul? dx o1
(o a2 d2) ™ (fyluf de)™ — K(m:2)%

and therefore p, () > W Fix now zo € Q and let n € C°(2) be such that

(150)

n—2

n(x) = 1 around zg. Set u.(x) := n(zx) (m) * forallz € Qand e > 0.

Since zq # 0, it is easy to check that lim._ [, % dx = 0. Tt is also classical (see
for example Aubin [2]) that

2

d

lim fQ|Vu5| xl: 1 5
S el de) * E02)

It follows that ji,0(€2) < m This proves that fiy,0(2) = K(Ti 22

Assume now that there exists an extremal ug for p,o(Q2) in DV(Q) \ {0}. The
inequalities in (150) and the fact that
JoIVuol?dz 1
(o fuol?* da) ¥ K27

means that ug € DV2(Q2) € DV2(R™) is an extremal for the classical Sobolev

inequality on R™. But these extremals are known (see Aubin [2] or Talenti [51])

and their support is the whole of R™, which is a contradiction since ug has support

in 2 # R". It follows that there is no extremal for f, ¢(€2). This proves Proposition

9.1. d
The remainder of the section is devoted to the proof of the following.

Theorem 9.2. Let Q be a smooth bounded domain in R™ (n > 3) such that 0 € 09

and let 0 < s < 2 and v < "TQ. Assume that either s > 0, or that {s =0, n >4
and v > 0}. There are then extremals for p, (1) under one of the following two
conditions:

(1) v < "24_1 and the mean curvature of O at 0 is negative.

(2) v> % and the mass m~(Q2) of Q is positive.
Moreover, if v < yu(Q) (resp., v > vyu(Y)), then such extremals are positive
solutions for (149) with A > 0 (resp., A <0).
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The remaining case n = 3, s = 0 and v > 0 will be dealt with in section 11.

According to Theorem 4.4, in order to establish existence of extremals, it suffices
to show that 114 s(Q2) < py,s(R’}). The rest of the section consists of showing that
the above mentioned geometric conditions lead to such gap.

In the sequel, ho(0) will denote the mean curvature of 92 at 0. The orientation is
chosen such that the mean curvature of the canonical sphere (as the boundary of
the ball) is positive. Since {s > 0}, or that {s = 0, n > 4 and y > 0}, it follows from
Proposition 12.1 in Section 12 of the appendix (see also Bartsch-Peng-Zhang [3] and
Chern-Lin [10]) that there are extremals for p1, 4(R7). The following proposition
combined with Theorem 4.4 clearly yield the claims in Theorem 9.2.

Proposition 9.3. We fixr v < "72. Assume that there are extremals for p. (R'}).
There exist then two families (ul)eso and (u2)e=o in DY2(Q), and two positive

constants ¢t . and 6,2% such that:

Y,8 s

(1) Forvy < ”24*1, we have that
(151) J(ul) = py s (RY) (14 c,lw - hq(0) -+ o(e)) when e — 0.
(2) For~vy= %, we have that

1 1
(152)  J(ul) = pys(RY) (1 +c - ha(0)-eln - +o (5 In 6)) when & — 0.

(3) For~y > ”24*1, we have as € — 0, that

(158)  J(u2) = iy, (R) (1= €2, omy () - 7+ (D700 4 p(eema=(0)),

Remark: When v < "24_ L1 this result is due to Chern-Lin [10]. Actually, they

2
stated the result for v < ("_Tz), but their proof works for v < ”2; L However,
when vy > "24’ L we need the exact asymptotic profile of U that was described by

Corollary 6.6.

Proof of Proposition 9.3: By assumption, there exists U € DV2(R7) \ {0}, U > 0,
that is a minimizer for . (R’ ). In other words,

2 v 772

o S (|VU| R ) dz

J + — + — s Rn .

7,8 p—— s fy,s(RY)
(f]Ri [2]° d:v)

Therefore (see Corollary 6.6), there exists A > 0 such that

SAU - 25U =AY Ry

[
(154) U>0 inR"
U= in ORY.
and there exists K1, K5 > 0 such that
Z1 T
155 U(x) ~p—0 K1——— and U(zx) ~ Ko——,
( ) (x) —0 1 \wl"‘- an (iU) |z|—+oco 432 |x|°‘+

where here and in the sequel, we write for convenience

ay = a4 (y) and a_ = a_(y).
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In particular, it follows from Lemma 6.3 (after reducing all limits to happen at 0
via the Kelvin transform) that there exists C' > 0 such that

(156) U(z) < Cay|z|~** and [VU(x)| < Clz|~*+ for all 2 € R7}.

We shall now construct suitable test-function for each range of 7. First note that

n?—1
4
n?—1
4

Concerning terminology, here and in the sequel, we define as in (64)

v <

& op—a->1

v = & oy —a_ =1,

B, := (—r,7) x B"V(0) c R x R"7
for all 7 > 0 and
V+ =VnN RZ_
for all V".C R™. Since 2 is smooth, up to a rotation, there exists 4 > 0 and
©o : Bgn_l)(O) — R such that ¢¢(0) = |Ve(0)] = 0 and

- B — R”
157 "2 36
(157) { (11,2) = (o1 + pola),a),

that realizes a diffeomorphism onto its image and such that
(p(ng NRY) = @(Bg,g) N Q and w(Bg(; NORY) = @(335) N on.
Let 7 € C2°(R™) be such that 5(z) = 1 for all z € Bs, n(x) = 0 for all z ¢ Bas.

Case 1: v < "24_1. As in Chern-Lin [10], for any € > 0, we define

ue(z) = (776_

This subsection is devoting to give a Taylor expansion of Jﬁs(us) as e = 0. In
the sequel, we adopt the following notation: given (ac)eso € R, ©4(ac) denotes a
quantity such that, as € — 0.

o(a.) ify<
© €) = 24
v(a) { Ofac) ify=171

n—2

2 U(e_lx)) o @ H(x) for z € p(Bas) NQ and 0 elsewhere.

Estimate of [, [Vu.|* d:

It follows from (156) that
(158) |Vu(z)| < Ce*+~%|z|=2+ for all z € Q and £ > 0.
Therefore,

f¢((336\35)mR1) |Vuc|*dz = ©,(e) as e = 0.
It follows that

/Q|Vu5|2dm=/és+|V(u8O<p)|i*Eud|Jac(<p)|dx+@7(e) as & — 0,
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where B; 4 := BsN R” . The definition (157) of ¢ yields Jac(y) = 1. Moreover, for
any 6 € (0,1), we have as z — 0,

x o 1 dj0 _ 146
¢*Eucl := ( Do by + Dgodyee ) Id+H+ O(|z|"™")

._ 0 9Jjpo
H = ( 0o 0 > ’

/ |V(u€ o go)|%}uc1 de' - / H”al(ué o %0)6.7 (U’E © SD) dm
Bs,+ Bs,+

where

It follows that

/ \Vue|? dx
Q

(159) +0 (/~ |20V (u. o ga)zdz> +0,(e) ase—0.
Bs,+

We have that
/- HY0;(ue 0 )95 (ue 0 ¢) do
Bs +

—9 Z H" 01 (ug 0 )05 (uc o ) d

i>2  Bs.+
=2 Z 0ipo(2")01 (ue 0 p)0;(ue 0 @) dx
i>2  Bs.+
=23 [ Oupol0)a) (s 0 p)0sfuc o ) da
i,j>27 Bo+
(160) +0 / |2|?|V(u: 0 @)|*dz | ase— 0.
Bgﬁ‘,

We let I1 be the second fundamental form at 0 of the oriented boundary 9. By
definition, for any X,Y € Ty0(2, we have that

II(X,Y) = (diin(X),Y)Euel

where v : 92 — R” is the outer orthonormal vector of 2. In particular, we have
that 7(0) = (—1,0,-,0). For any 4, j > 2, we have that

i = 11(9:(0), 8;¢(0)) = (9:(7 0 9)(0), 9;0(0)) = —(#(0), 8i;£(0)) = 9ip0(0).

Plugging (160) in (159), and using a change of variables, we get that

/\Vu5|2dx = / |VU|? da — 21T, Z/ 2V oUdU da
Q Bs*16,+ i,j>2 *15+
(161) +0 (/ |27+ V (ue o <p)2dm> +0,(e) ase—0.
Bs 4

We now choose 0:
(i) If v <271, then choose 0 < 0 < ap —a— — 1;
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(ii) If~= (0,1).
In both cases, We get by using (158), that

(162) / 2TV (ue 0 )| dr = O, () ase— 0.
Bs +

Moreover, using (156), we have that

(163) st—15,+ VU2 dz = fm |VU?dx + ©,(c) as e — 0.

Plugging together (161), (162), (163) yields

/\Vu8|2dx _ / VU de
Q n

+

(164) —2I1;; / ) 0,UU dx + ©.,(e)

3,j>2 *16+

Estimate of fQ I“j‘:lz(S) dx:

Fix o € [0,2]. We will apply the estimates below to 0 = s € [0,2) or to o := 2.
The first estimate in (156) yields

(165) lue ()| < Ce®+~2d(z,00)|z| =+ < Ce™
for all € > 0 and all z € Q. Since Jac ¢ = 1, this estimate then yields

2"(0) 2"(0)
Jwel> 7 = / ) %dwr@y(s)
©(Bs,+)

o |zf7 ||
(166) fBH%dx—k@ﬂ,(s) as € — 0.
2" (o
Ify< 2 T orif y = 2= and ¢ < 2, we choose 6 € (0, (oz+—oz_)#—1)ﬁ(0,1).
If v = 7 Land 0 = 2, we choose any 6 € (0,1). Using the expression of ¢(z1,2’),
a Taylor expansion yields
(167)
@) = o]~ [ 1= 225 37 ()@ (@) + O(a] ™) | as e 0.
2 ‘ |2 1,7 >2 ’

The choice of 8 yields

‘2*(0)

(168) S5, A w0 dr = ©,(c)  ase — 0.

Plugging together (166), (167), (168), and using a change of variable, we get as
e — 0 that

o ol 5., laF
U|2*((7) x1 i .
) Z /B | E W(I/) (2")! dz + ©,(e).
7.]>2 e 15,4+

Moreover, (156) yields

U2 (@) U2 (@
[ Y] dx:/ Ldm—i—(&,(s) as € = 0.
B n

||
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Therefore, we get that

o 27 Ry |z]7

n
+

g |U|2*(U) L1 ;NG
(169) =3 gnij/é_ b @ do 0, (6)
i,j>2 e—1ls,+

We now compute the terms in U by using its symmetry property established in
Chern-Lin [10] (see also Theorem 13.1 in the Appendix). Indeed, it follows from
(154) that there exists U : (0,4+00) x R such that U(zy,2') = U(xy,|2’|) for all
(x1,2") € R} Therefore, for any i, j > 2, we get that

|U|2*(rf) x1 ; , i ‘U|2*(<7) 1
/B W(w’) (') de = —2 /B Tl P de

ey, TP w1 s, el [P

and that

/ (@YU do — % / QU (!, VU) da

B B

e—ls,+ e—1s,+

where x = (z1,2’) € R’ Therefore, the identities (164) and (169) rewrite

(170)/Q|Vu5|2 de = /]R” |VU|? dz — 2:§i(2)5/3 U (2", VU)dz + O,(e)

+ els,+
and
2* (o) U @)
(171) /wdm = / Y] dx
o lzl7 R™ |z|7
ahq(0) / U 2,
————— —|2'|* dz + ©,(¢)
2n-1) o, Jal e T O

e—1ls,4+

as € — 0, where ho(0) = ), I1; is the mean curvature at 0.

An intermediate identity. We now claim that as ¢ — 0,

112 U2*(s) U?
/ U\ VU)dz = / s ()\ P +72) dx
B, 5., ZeP 2@ Br T
72 LU 2
(172) f/ OO 40 4 e)
OR™NB, 1, 4

where A > 0 is as in (154). This was shown by Chern-Lin [10], and we include it
for the sake of completeness. Here and in the sequel, v; denotes the i** coordinate
of the direct outward normal vector on the boundary of the relevant domain (for
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instance, on OR"}, we have that v; = —d1;). We write
/: &UxVde—El/ ') 0;U da
B.-154 j>2 e~ 1o+
|2'|?
_§:/ aw%<2 )aUm
j>2 e—1s,4+
| /|2 /|2
:Z/~ U GU%do—E:/ 0; (1UO;U) da
j>270(B-15 ) j>27/ 8154
|JZ’|2
:}j/' o™ U, do 10 /  PIVUP(2) do
Sa/ORINB 1, R"NOB__1

/|2

(01;U0;U + 01U0;;U) dx

ma—Z/

J>2 e—1s5,+

Since U(0,2') = 0 for all 2’ € R""! using the upper-bound (156) and writing
V' = (0s,...,0p), we get that

/ 81U(:c’,VU) dx

Ba*15,+
2" |
- _Z ~ 5 (01;U0;U + 0,U0;;U) dx + ©,(1)
j>27/Bo—15 4
s rrr12
==/ o (IV'U?) dz
Bsflé,ﬁ»
e
T nU (=AU + 0n1U) dz + ©,(1)
Bs*15,+ 2
112 / 2 712
6(B5—15)+) BE_16,+
112 2
Bsflé,ﬁ» 4

Using again that U vanishes on OR"} and the bound (156), we get that

72 /(2 2
/ U (2", VU)dr = / |27 —0U(— AU)der/ Mmdw
By, Ba,, 2 ORTNB,_1, 4
+0 /’ |2/ |*IVU 2 dx | +©,(1)
8(35*16)QR1
||
— 0U(-AU) dx
35*15,4—

/2 2
(175) —/ EL@ELM+@49
OR?NB__1 4
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as € = 0. Now use equation (154) to get that

2 2 2% (s)
(176) / ] 81U(7AU)dx:/ ‘2‘ U ( PR T +7|U2> dz.

3571514’ B5*15,+

Integrating by parts, using that U vanishes on OR’. and the upper-bound (156),

for o € [0, 2], we get that
U2 (o)
|2’ |2|2| 70y ( ) dx

U2 (o)—1
/ |x|81U7dx—/
B || B

e—1s,+ e—1s,4 2*(0)
U2* o) U2*(a'
=/ el Smde— [ o) (55
g,u+ 7o) o 7o)
/|2
|x|27UU2*(0') do- _|_ *U / |'1" | f21 UQ*(U) dm
]R"ﬁE)B s 2%(s) Jp_ay, Il
177) = P o) gy 4 0,1 0
(177) = 2*(5) 5., |z|0+2 z+0,(1) ase—0.

Putting together (175) to (177) yields (172).

Estimate of J%(u.):
Since U € D12(R"™), Tt follows from (154) that

U2 (s)
2 2 _
[ (wor - po®) ae=x [ S ae
+ +

This equality, combined with (170) and (171) gives
Jo <|Vu5|2 - #u?) dzx
2
lue 2" () ENO)
(fQ ums dm)

Jon (VU = 25U02) da

(178) = 2 L+e hQ(()I)U\z*(s) Ce +0,(¢)
(fw \U|;*S(S) )2*(5) (n—1)A fRi e de
where for all £ > 0,
/|12 U2
c. = _2/ 81U(:c’,VU)dw+7/ [ e, U7
5 5 .. TP Ta]
/"2 2% (s)
A5 / |x|rflUs dz
>6) J5.,. WP T
The identity (172) then yields
/2 o U 2
C. = le"*(0,U)* dz +0,(1)
OR"NB, 1, 2

as ¢ = 0. Therefore, (178) yields that as ¢ — 0,

0) [omn 5 |2’|2(61U)? da’
Q _ n + 'Pe—1s
(179) J’y,s(uE) - /L’Y,S(R-Q—) I+e 2(n _ 1))\ fRn |U‘|2|*(s) de + @’Y(E)
vl
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We now distinguish two cases:

Case 1: v < ”24_1. The bound (156) yields |2/|?|01U|? = O(]2'|>~2%+) when
|2/| = +oc0. Since ORT = R™!, we then get that 2/ — [2/[?|01U(2')|? is in
L'(OR"), and therefore, (179) yields

(180) Jﬁs(ue) = fiy,s(R}) (1 + Cp - ha(0) - e+ o(¢)) as ¢ — 0,
with

Jopn 12'[2(01U)? da’
"

Cy = > 0.
U|2*(s)
2(n—1)A fRi | ||$|S dx
Case 17: v = "2471. It follows from (155), Lemma 6.3 and a Kelvin transform
that

lim |x'|a+ ‘81U(0,.’E/)‘ =Ky > 0.

|z’ | =400

Since 2a4 — 2 =n — 1, we get that

/8]RQHBE_15

as € — 0. Therefore, (179) yields
(181)  J$ (ue) = piy,s(RY) (1 + Chha(0)eInt +0(Inl)) ase—0,

where

1 1
I"I}'/‘Q(alU)z dﬁE/ = wn71K22 In g +o0 <1n 5)

152
Cl = A >0,
2(n — DA [pn | || dx
+

]

n?—1

Cases 1 and 2 prove Proposition 9.3 when v < *

Case 2: v > %. In this case, the test-functions are more subtle. First, use
Theorem 8.1 to obtain H € C?(Q2\ {0}) such that (134) hold and

(182) H(x) = df;f? + m4 () dl(jll??) +o (d(w’ag)) when  — 0.

[z]7=

As above, we fix 7 € C2°(R") such that n(x) =1 for all x € Bs, n(x) = 0 for all
x &€ Bas. We then define § such that

H(z) = (77|;;+> o M(x)+ B(z) forall z e .

Here ¢ is as in (65) to (70). Note that 8 € DY2(Q) and
(183) Blz) = m, ()42 4o (dfjlff’)) as  — 0.

z]"—

Indeed, since ay — a— < 1, an essential point underlying all this subsection is that
|z| = o (Jx|*+~*-) asax — 0.

We choose U as in (154). Up to multiplication by a constant, we assume that

Ky =1, that is

Z1 T1

dU(z) ~
|.%'|O‘* an (x) || =400

||+
Now define
ap—a_

(185)  we(z) := (ne_ ngzU(e_l-)) op M) +e = B(x) for x € Q and € > 0.




HARDY-SCHRODINGER OPERATOR 55

We start by showing that for any k£ > 0
Ue

(186) lim ——=— = H in (2 {0}).
£ 2

Indeed, the convergence in C?

D .(Q\ {0}) is a consequence of the definition of w.,
the choice Ko = 1 and the asymptotic behavior (184). For convergence in C*, we
need in addition that V(U — z1]z| %) = o (Jz['7*+ ") as  — +oo for all i > 0.
This estimate follows from (184) and Lemma 6.3.

In the sequel, we adopt the following notation: 6% denote any quantity such that
there exists 6 : R — R such that

lim lim 62 = 0.

c—0e—0

We first claim that for any ¢ > 0, we have that

/ <Vu5|2 - 721@) dx
N\(B.(0)4) ]

. — 2w,
I (R e

2n

96 OL+—OL_.
on >+ €

Indeed, it follows from (186) that
(188)

/; ‘ |Vue? — 2zu?) da
lim Q\(P(BC(OH)( - = 6> :/ ('VH|2 - 7H2> dx.
Q\@(Bc(0)4)

e—=0 g0+~ |x‘2

Since H vanishes on 90\ {0} and satisfies —AH — #H = 0, integrating by parts
yields

/ <|VH|2 - 72H2) dr = —/ HO,H do

NG (Be(0)) || (R MOB,(0))

(189) - - How0,.,(H o) d(s"o),
R" N9 B, (0)

where in the two last inequalities, v(z) is the outer normal vector of B.(0) at
x € 0B.(0).

We now estimate H o ¢ 9, , H o ¢. It follows from (182) that

(190) Hop(x) = |;|’7;+ + m, () ‘;Ti* +o <|;Ti > as x — 0.
It follows from elliptic theory and (183) that for any ¢ = 1, ...,n, we have that
(191) 0;(Bop) =0, (mW(Q)Ixf—&_) +o(lz|7*) asz—0.
Therefore,

Di(Hop) = 6&plr|™ —apxya|a| o+ 2
(192) +my () (6i1]2] ™% — azizg|2z|7 ) + o (Jz|7*)

as x — 0. Moreover, p,v(x) = T +O(|z|) as & — 0. Therefore, the estimate (192)
yields

T
(198) 2. (H o) = ~(oy = Dby

€

—(a- = 1)mw(9)‘z|a7_+1

+o (ja]7"7)
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as * — 0. By using that a4 + a— =n and ay —a_ < 1, (190) and (193) yield
« T z2 —n

—Hopdy,,,(Hoyp)= (I\B% +(n— 2)m,Y(Q)|I‘71+1 +o0 (|;p|1 ) as z — 0.

Integrating this expression on B.(0); = R N0dB.(0) and plugging into (189) yield

(ay — 1) 2w, Wi
/ (|VH|2 2H2> de = ~— L+ (n—2)m,(Q) 5 L
N\ (B (0)1) ] n

2n

where lim._,g 0. = 0. Here, we have used that

1 1 Wn—1
2 2 2 n
d = — d = — d = -, n— = d .
/Sil g 2 /Sn—l 160 2n /Snfl |$| ? 2n Wn-1 /S\nfl o

This equality and (188) prove (187).

We now claim that

U2 (s)
/ <|Vu€2 - —Qu ) dr = X ——dx
Q || Ry |7[°

(194) +1m () (n—22):n715a+—a, +o0(e*2-) ase — 0.

Indeed, define U.(z) := E_nT_QU(e_lx) for all x € R}. The definition (185) of u.

rewrites as:
ue o p(x) = Ue(x) + € e Bop(x) forallze RN Bs.

Fix ¢ € (0,9) that we will eventually let go to 0. Since dyg is an isometry, we get
that

(195) / <vu6|2_2u ) N
©(Bc(0)+) ||
il 2
= V(u: o 9)?, — Ty U0 )Jac<p dx
/Bc(0)+ ( ( )|<P Eucl |§0($)|2( il ()]
- VUL, i U2> Jac(p)|dx
/Bc(0)+ ( |‘P Fucl — ‘ ( )|2 | ( )|

i
= [ N ((vv;, V(309 el — sl ¢)) Jae(o)] do

v [ (1900 ~ (o9 ) et e

Since ¢*Eucl = Eucl + O(|z]), |¢(z)| = |z| + O(]z|?) and B € D¥2(Q), we get that

Y 2
(196) / (|Vu€|2 - u) dx _/ (VUE|2 - UE) | d
P(B.(0)4) |z[? B.(0)4 Eucl |2

U2
+0 / T (VU + ) dx
Be(0)4 ] | | |Eucl |22 |

) ((VUE,vww))Eml i (6w)>d
_ CH

— " )
Lo (s 2l (1902 (980 o) + L8021 ) 4 cavange
Bc(0)+ |1‘|2

+2e

+2¢

Oc
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as € — 0. The pointwise estimates (184) and (191) yield

Y 2
|Vu |2—u>dac—/ (VU|2 —U)das
L<Bc<o>+)( T P B.(0)+ VU 2

= [ (V0L VG D - U)o
Be(0)+ ]

oy —a_ e
+e 0c

+2¢

as € — 0. Integrating by parts yields

/ <|Vu5|2 - 72u€> dx
(Be(0)1) ]

:/ (—AUE 72U>U5dx+/ U.0,U. do
B.(0)4 |z A(B.(0)1)

12T / ( AU, — 72U)5<>cpdx+/ B oo, U, do
B.(0)+ ] O(B.(0)+)

ayp—a_ e
+e 0

as € — 0. Since both U and 3 o ¢ vanish on OR"} \ {0}, we get that

(197) / <|Vu5|2 - —QU ) dz
(B.(0)4) ]

:/ (—AUE VZU)UdeJr/ U.0,U, do
Bo(0)4 |z| R MO8, (0)

+25a+;“7 / ( AU, — — )50<pdx—|—/ Bowd, U, do
B.(0)+ | | R N&B.(0)

ap—a_ e
+e 0

as € = 0. The asymptotic estimate (184) of U and Lemma 6.3 yield (after a Kelvin
transform)

OU:. = —(ay — 1)£a+;L zylz| 7 o <£a+;L |$|_a+)

as € — 0 uniformly on compact subsets of R} \ {0}. We then get that

—a

BopdU. =7 (=my () (ay — DaF|a[ " + o (Jz[*"))
and
U0,U. = 2+ (—(ay — Daflz[ 2+~ 4o (|2 2*))

as ¢ — 0 uniformly on compact subsets of R} \ {0}. Plugging these identities in
(198) and using equation (154) yield, as e — 0,

U2 (s) W1
/ <Vu5|2 _ ju ) der = / A== - dz — (ay — I)Lcn72a+€a+fo¢_
¢(Be(0)4) ] B.0); |7l 2n

ap —a_

U2 (s)—1
427 2 / A\ Boydx
oy P

Wn—1

(198) —(ay — 1)L (Q)e 0 4 g% 2
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Note that as e — 0,

UT(S) UQ*(S) UQ*(S)
/ Assdx:/)\ssda:—&—O/ ——dx
B.(0)4 |z R? |z| R7\B.(0) |z|

2% (s)
(199) :/ A———dx +o0(e*+ ")

|z[*

The expansion (183) and the change of variable x := ey yield as € — 0,
(200)

ap—a_ U2i(s)-1 —a_
/ A————Bopdr = Am,(Q)e = / A dy +¢ = o<
Bc(0)+ 5

s Jyle

Integrating by parts, and using the asymptotics (184) for U yield

/ UQ*(s)—l Y1 dy _ i U2*(s)—1 Y1

PR P PR
Br(0)+ Y Y

— lim <AU2U> L
R+ B (0) yl? =) Lyl

— lm U(—A—l)(yl )d
R—+o0 JpL0), |y lyl>=

[
OBR(0) 1 |y| -

(201) = (ap—1) w;:.

Putting together (199), (200) and (201) yield

*

2% (s)
/(|Vu52—2u)dx N s
Q Ed Ry |7[°

(n — Q)wn—lgaJrfa, +o (€a+fa,)

2n

+m(2)
as € — 0. This finally yields (194).
We finally claim that

2% (s) 2% (s) * _
Uz U 2*(s) (@ — Dwp—1 . _
de = dx + Q)——————— g7
/Q |z]® v /1 |z]® * A ms (&) 2n ©

(202) o (e**+7*)  ase—0.
Indeed, fix ¢ > 0. Due to estimates (183) and (184), we have that

W2 W2
/7dz = / d$+o( ‘”*0‘*)
o |zl o(Bo(0)+ |$|5

U. + 2*(s)
_ / | +e 604P| |JaC((p)|d.’L‘+0(€a+_a7)
B.(0)4 ()

| s

U.+e o 2t
- / |Ue + ¢ Boyl |(1+0(|x\))dx+o(sa+*af)
B.(0)

|z[*
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as € — 0. One can easily check that there exists C' > 0 such that for all X,Y € R,
(203) [|X+Y X -2 (5)|X[* 02XV | < 0 (|XP O 4+ V)

Therefore, using the asymptotics (183) and (184) of U and 3, we get that

2*(s) 2 )
/“a dr = / © |1+ O(J2)) de
Q Be(0)+

oF oF
oy ol 2% (s)—1
L2 (s)e ™ / L Bop(1+0(]) de
B.(0)4 ||
et ge
U2 (s) oo 2*(s)—1
= / —— dx + 2*(s)e E / ———Boypdx
Bc(0)+ |:E| Bc(0)+ |fL‘|

ap—a_

+em 2 6 ase—0.
Then (202) follows from this latest identity, combined with (199), (200), and (201).
We can finally use (194) and (202), and the fact that

2% (s)
/(Ww%ulﬂ%mzA/ VT
R 3

. EE . ToF
to get
n ar — 2w,
I3 (ug) = J$§(U) 1-— (s —5) ! ma (e~ + o0 (e2+7%) as e — 0,

Uz ()
ni fRi U2 dx

|[*

which proves (153). This ends the proof of Proposition 9.3, and therefore, as already
mentioned, of Theorem 9.2.

10. EXAMPLES OF DOMAINS WITH POSITIVE MASS

We now assume that v € (”24_1, %2) We have seen in Proposition 8.2 that the

mass is negative when Q C R} = Tp0Q. In particular, m,(2) < 0 if © is convex
and v < vy (). In this section, we give examples of domains Q with positive mass.

For any o € R", we define the inversion
. T — g
= + -
iz () 1= w0 + |20 EIENE
for all z € R™\ {xo}. The inversion i, is the indentity map on 9B, (zo) (the ball
of center xg and of radius |xg|), and in particular i(0) = 0.

Definition 10.1. We shall say that a domain Q@ C R™ (0 € 9Q) is smooth at
infinity if there exists xo & Q such that i,,(2) is a smooth bounded domain of R™
having both 0 and xg being on its boundary (i, (2)).

One can easily check that R’} is a smooth domain at infinity (take zo := (—1,0,...,0)).
We now state and prove three propositions that are crucial for the constructions
that follow. The first one indicates that the notion of mass defined in Theorem 8.1
extends to unbounded domains that are smooth at infinity.



60 NASSIF GHOUSSOUB AND FREDERIC ROBERT

Proposition 10.2. Let Q be a domain that is smooth at infinity such that 0 €
0N. We assume that yg () > "2;1 and fix v € (#,VH(Q))- Then, up to a
multiplicative constant, there exists a unique function H € C*(Q\ {0}) such that

—AH — #H =0 inQ

H>0 inQ

H=0 onodQ\{0}
H(z) < Clz|'~*+0) for all 2 € Q.

(204)

Moreover, there exists ¢c1 > 0 and co € R such that

d(x,00) d(x,00) d(z,00)
Lglar® T 2 gamm |z[o- ()

H(z)=c¢c > as x — 0.

We define the mass m.,(Q2) := 22, which is independent of the choice of H in (204).

With this notion of mass, we will be in position to prove the following continuity
result.

Proposition 10.3. Let 2 C R™ be that is smooth at infinity such that 0 € 0. We
assume that v (Q) > "24_1, and fix v € ("24_1,71{(9)). For any R > 0, let Dy be
a smooth domain of R™ such that
° BR(:C()) C Dr C BQR(IEQ),
e ON Dpg is a smooth domain of R™.
Let @ € C*°(R x R™,R™) be such that
b, := ®(t,-) is a smooth diffeomorphism of R™,
®y(x) =z for all |x] > 1/2 and all t € R,
®,(0) =0 for allt € R,
(I)O - Ian.

Set Qg :=D4,(Q) N Dgr. Then

t_}lé%glﬁoo v (Q,R) > 7H(Q).

Therefore, for t — 0, R — 400, we have that yu(Q r) > ”2471 and m~(Qq r) is

well defined. In addition,

li Q = Q).
ol (@) = ma ()

As a consequence of the above, we shall be able to construct smooth bounded
domains with positive or negative mass with any behavior at 0.

Proposition 10.4. Let w be a smooth open set of R™. Then, there exist Oy, Q_

two smooth bounded domains of R™ with Hardy constants > n’-1

ro > 0 such that

, and there exists

Q4 N B, (0) =Q_nN B, (0) =wn By, (0),

n?—1

and for any v € ("=, min{yg (Q4),vyu(2-)}), we have that

m(Q4) > 0> m,(Qo).
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The remainder of this section will be devoted to the proof of these three proposi-
tions. As a preliminary remark, we claim that if Q is a domain of R™ such that
0 € 092 and 2 is smooth at infinity, then

(205) liminf ~vg(Q.r) > va(Q),

t—0,R—o00

where ; p are defined as in Proposition 10.3. Indeed, by definition, vy (2 r) >

v () = va(P(Q)). Inequality (205) then follows from the limit (43) of Lemma
3.2. We shall proceed in 7 steps.

Step 1: Reformulation via the inversion. For convenience, up to a rotation

and a dilation, we can assume that g := (—=1,0,...,0) € R™ and we define the
inversion
i(z) + 270 forall z € R\ {0}
i(x):=x or all © To}.
0 |z — x0]? 0

Define Q := (), ®(t,x) := io®(t, i(z)) for (t,z) € RxR", and D, := R™\i(D,-1)
(i.e., the complement in R™). Here, note that R — 400 in Proposition 10.3 is
equivalent to » — 0 in here. We then have that

0,20 € 9 and Q is a smooth bounded domain of R™.

Note that ® € C*°(R x R",R") is such that

e For any ¢ € (-2,2), ®, := ®(t,-) is a C—diffeomorphism onto its open

image ©;(R").

L4 (?0 =1Id,

e ®,(0)=0forallt e (-2,2),

o &,(x) =2z for all t € (—2,2) and all € Bas(xp) with 6 < 1/4.
We define

0, = &,(9)

The sets D, satisfy the following properties:

o B, s(x0) C D, C B, (z0),

o (U, =\ D, is a smooth domain of R™.
In particular, we have that

Qt,r = i(Qt,rl)-

Let u € C?(Q,- \ {0}) be such that

(206) —Au— %u —0in Q,, u>0inQ, , u=0on 0,
X

The existence of u follows from Theorem 8.1. Consider the Kelvin transform of wu,
that is
a(x) == |z — xo|* "u(i(x)) for all z € Q..
We then get that
~AG—Vi=0inQ,,
where

v
207 V(z) = —5—75 f R™\ {0 .
( ) (LII) |£L'|2|$—(E0|2 orzx & \{ ,1‘0}

It is easy to check that
_ 7+ O(z — xo)

asm—)OandV(x)—ﬁasx%mo
r — X9
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The coercivity of —A — ylz|72 on Q (since v < vz (Q)) yields the coercivity of
—A — V on , that is there exists ¢y > 0 such that

[ (IVul® = V(2)u?) dz > co/ |Vul|? dz for all u € D¥2(Q).
Q Q

From now on, we should be able to transfer the analysis to the bounded domain Q.

Step 2: Perturbation of the domain via the two singular points 0 and z.
We shall need the following.

Proposition 10.5. For any t € (—1,1), there exists uy € C?( \ {0,20}) such
that
—Au; —Vuy =0 in
u >0 inQy
uy =0 on 9 \ {0, 20}
wy(z) < Clz|'=+ ) 4 Clz — x| =) for z € Q.

(208)

Moreover, we have that

d(z,00)

(1 +O(|x|a+(w)—a7(w)))
as © — 0, uniformly wrt t € (—1,1).

Proof of Proposition 10.5. We construct approximate singular solutions as in Sec-
tion 5. For all t € (—2,2), there exists a chart ¢, that satisfies (65) to (70) for Q.
Without restriction, we assume that lim;—,o ¢ = @ in Cck (ngJR”). We define a
cut-off function n;s such that ns(z) =1 for « € Bs and ns(x) =0 for x & Bss. Asin

(72), we define uy, (1), € C? (ﬁt\ {0}) with compact support in ¢;(Bas) such that
(210) wa, topi(xy, ") = ns(xy, ")z x|~ (1404 (x)) for all (z1,2") € 325\{0},

where O (z1,2) := e~ 2= H(=) _ 1 for all z = (21,2') € Bys and all t € (—2,2).
Here, H:(z') is the mean curvature of 0€); at the point ¢;(0,2’). Note that
lim; 0 ©; = ¢ in C*(U). Arguing as is Section 5, we get that

(—A = V)ua, 1 = O(d(w,0)[x|=*+D=1) in Q,N B;

Uar s >0 in ©, N B;
Uay,t = 0 on 6Qt \ {O},
and )
d Q
Ua t(x) (z,0 t)(1+0(|x|) as x — 0.

)

The construction in Section 5 also yields

(211) lim w0 i = ta 0 in (2 {0).

Note also that all these estimates are uniform in ¢ € (—1,1). In particular, defining
(212) Jt = =Dug, ¢ — Vg,

then there exists C' > 0 such that

(213) ()] < Cdz, 00| ~+D=1 < Claf=o+0)
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for all t € (—1,1) and all 2 € Q, N Bs. Therefore, since v > "24_1, it follows from
(211) and this pointwise control that f; € Lntz (Qt) for all ¢t € (—1,1) and that

(214) lim 1/ 0 @0 = foll 2, )

For any t € (—1,1), we let v; € DV?(€;) be such that
(215) —Av, — Vu, = f, weakly in DV2(€),).

The existence follows from the coercivity of —A —V on ;, which follows itself from
the coercivity on Q = Qo. We then get from (214) and the uniform coercivity on
Q, that

IIH(I) vy 0 ®; = vg in D2(Q) and C’ZOC(Q \ {0, z0}).
It follows from the construction of the mass in Section 8 (see the proof of Theorem
8.1) that around 0, |vs(z)| is bounded by |z|*=*-(). Around zo, —Av; — Vo, =0

and the regularity Theorem 6.1 yields a control by |z — x0|1*°‘*(7). These controls
are uniform with respect to ¢t € (—1,1). Therefore, there exists C' > 0 such that

|ve(z)| < Cd(x,af)t) (|x|_0‘7(7) tlz— x0|—a,(ﬁ,)>

for all t € (—1,1) and all 2 € ;. Now define

() = Ua, () — vi(x)
for all t € (=1,1) and = € Q,. This function satisfies all the requirements of
Proposition 10.5. (]
Step 3: Chopping off a neighborhood of z3: We now study Qtﬂ, =0 \ D,.

For r € (0,6/2), note that €, N Bs(0) = QN Bs(0). We shall now define a mass
associated to the potential V', and prove its continuity.

Step 3.1: The function f; : €, — R defined in (212) has compact support in
Bss(0), therefore, it is well-defined also on Q;,. We define v;,, € DV?(€2;,.) such
that

(216) —Avtr — Vg, = fi weakly in D172(Qt,r)'

Since the operator —A — V' is uniformly coercive on €, it is also uniformly coercive
of €, with respect to (t,7), so that the definition of v;, via (216) makes sense.
The uniform coercivity and (212)-(213) yield the existence if C' > 0 such that
||”tﬂ’||D1>2(QM) < C for all t,r. Since xg ¢ Qt,r, (212)-(213) and regularity theory

yield vz, € CY(Q,, \ {0}) and for all p > 0, there exists C(p) > 0 such that
(217) ot ll o1 @, o\ (B, ) UB, (o)) < CP)-

Step 3.2: We claim that there exists C' > 0 such that

(218) [vrr(@)] < Ca(,00) (Jal =0 + | — | ==

forall t € (—1,1) and all z € Qt,r' Indeed, around 0, Qt,r coincides with €, and
the proof of the control goes as in the construction of the mass in Section 8 (see
the proof of Proposition 8.1). The argument is different around zy. We let ro > 0
be such that Q; N Bay, (0) = QN Bay, (x0). Therefore, for r € (0, 7o), we have that

Qt,r N B2’I"0 (‘TO) = (Q \ DT’) N BQTO(‘TO)'



64 NASSIF GHOUSSOUB AND FREDERIC ROBERT

Arguing as in the proof of Proposition 5.1, there exists 4, € C™ (6\ {0}) and
7/ > 0 such that
e >0 inQ N B, (z0)
Uo_ =0 in (99Q) N Bay, (o)
—Atg_ — Vi, >0 in QN Bay,(0)-
Moreover, we have that
d(z,09)

P— (14 O0(lz — x0])) as z — z0, z € Q.

(219) e (2) =

Therefore, since v;,» vanishes on By, (z0) NA(Q\ D,), it follows from (217) and the
properties of u,_ that there exists C' > 0 such that

v < Clig_ on 0 ((Q N DT) N By, (wo)) .

Since in addition (—A — V)v,, =0 < (A = V)(Cy,_), it follows from the com-
parison principle that vy, < Cl,_ in (2 \ D,) N Bay, (o). Arguing similarly with
—vy» and using the asymptotic (219), we get (218).

Step 3.3: We claim that

(220) Jim vi,p 0 @ = v in DR (zg)e N CL(Q\ {0,20}),

where vy was defined in (215) and convergence in Dl’Q(Q)loq{xU}c means that
limg oot © @ = MUy in D1’2(Q) for all n € C*°(R"™) vanishing around .
Indeed, v; .0 ®; € DY2(Q\ D,.) € DH?(Q). Uniform coercivity yields weak conver-
gence in DV2(Q) to o € D2(Q). Passing to the limit, one gets (—A — V) = fo,
so that @ = vy. Uniqueness then yields convergence in CL (Q\ {0,z0}). With a
change of variable, equation (216) yields an elliptic equation for v, o ®;. Multi-
plying this equation by n* - (vs, 0 ®; — vg) for n € C*°(R™) vanishing around o,
one gets convergence of 1y, o ®; to nug in DV2(Y). This proves the claim.

It follows from the construction of the mass (see Theorem 8.1) and the regularity
Theorem 6.1 that there exists Ky € R and for all (¢,7) small, there exists K;, € R
such that

o d(x, 09) d(z, 0%)
(221) V(@) = Ko e[ 0 ( |z|a-()
and

Cd(x,00) d(z, 00)
(222) vo(z) = KOW +o <|I|a_('y)

as x € Q goes to 0. Note that around 0, Qt,r coincides with Qt.

Step 3.4: We claim that

(223) tl;r_r)lo K, = Ko.

We only give a sketch. Noting 9y, := v, o @, the proof relies on (220) and the

fact that ]
~DgeEuclr — Vo &by, = fi o @ in QN B;(0).

The comparison principle and the definitions (221) and (222) then yield (223).
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Step 4: Proof of Proposition 10.2. We define Hy(z) := Uq, (v),0(®) —vo() for
all z € Q\ {0,20}, and consider its Kelvin transform
(224) Hy(x) := |z — mo|2*"ﬁ0(i(x)) =z — x0|2*" (Ua+(7),o — vo) (i(x))
for all z € Q. Tt follows from the definitions of u,_ (,),0 and vy that Hy satisfies the
following properties:

7AH0 - #HQ =0 in Q
(225) Hy >0 inQ

Hy =0 1in0Q\{0}.

Concerning the pointwise behavior, we have that

d(z, Q) d(x,00) , (d(;z:, aQ)>

(226) Ho(z) = - Ko

]+ |z[*- )=

asx — 0, x € Q, and
(227) Hy(z) < Clz|'~+ for all x € Q, |2| > 1.
This proves the existence part in Proposition 10.2. We now deal with the unique-
ness. We let H € C*(Q\ {0}) be as in Proposition 10.2, and consider its Kelvin
transform H(z) := |x — xo|> " H(i(z)) for all z € Q\ {0,20}. We then have that

~AH-VH =0 inQ
(228) H >0 inQ

H =0 inodQ\{0,z0}.

Moreover, we have that H(z) < C|z['=*+) 4 Clz — zo|'=*-) for all z € Q. Tt
then follows from Theorem 7.1 that there exists C, Cy > 0 such that
d(z, Q) d(z,09)

| | = o[-

(229) H(z) ~z_0 C1 and H(x) ~p sz, Co

where o € {a— (), a4 (7)}. We claim that @ = ay (). Indeed, otherwise, we would
have H € D“2(Q) (see Theorem 7.1) and then (228) and coercivity would yield
H= 0, which is a contradiction. Therefore & = a4 (7). In particular, the estimates
(229) hold for Hy (with different constants C;,C5). Arguing as in the proof of
Theorem 8.1, we get that there exists A > 0 such that H = MHp, and therefore
H = MHy. This proves uniqueness and completes the proof of Proposition 10.2.

As a consequence of (226), the mass m,(Q) is well-defined and we have that

(230) m.(Q) = —Ko.

Step 5: convergence of the mass: We claim that

(231) lim  m,(Q r) = my(Q).

t—0,R— o0
We define I}t,r = Uq, t — Vs, in such a way that
—Aﬁtﬂ» - Vgtﬁ' =0in Qt,?“

It follows from (209) and (221) that H,, > 0 around 0. From the maximum
principle, we deduce that H;, > 0 on {2, and that it vanishes on 98, \ {0, zo}.
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It follows from (209) and (221) that
d(z, 0., d(z,00,.,) +0 (d(m, afzt,r)>

e

asxr — 0, x € Qt,r. Coming back to Q; g with R = r~! via the inversion i with
Hi p(x) := |z — 20> "Hy ,(i(z)) for all z € Qs g, we get that

—AHt’R — #Ht,]{ =0 in Qt,R
Ht,R >0 in Qt,R
Hop =0 indQp\ {0}

and 12)9) 2)9)
Hy r(z) = gl Hhun) _ K.y Antm) (

|x|a,

d(l‘,aQth)>
|.’L"O‘*

as ¢ — 0, z € Q¢ r. Therefore, it follows from the definition of the mass (see
Theorem 8.1) that m+(Q:r) = —K;, for all t,r, R = r=!'. Claim (231) then
follows from (223) and (230).

This ends the proofs of Propositions 10.2 and 10.3.
Step 6: In order to prove Proposition 10.4, we need to exhibit prototypes of

unbounded domains with either positive or negative mass.

Proposition 10.6. Let Q be a domain such that 0 € 9 and  is smooth at
infinity. Assume that vg (€2) > ”24_1 and fiz v € ("24_1,7;1(9)), Then m~(2) >0
if R € Q, and m,(Q) <0 if Q CRY.

Proof of Proposition 10.6 : With Hy defined as in (224), we set

U(x) := Ho(x) — z1|z|~“ for all x € Q.
We first assume that R’ C {2 while being distinct. We then have that
{ ~AU - Z5U=0 inR?

||

(232) U0 in OR? \ {0}.

We claim that
(233) / |VU|? dz < +oc.
R

i
Indeed, at infinity, this is the consequence of the fact that |VU|(z) < C|z|~*+ for all
x € R large, this latest bound being a consequence of (227) combined with elliptic
regularity theory. At zero, the argument is different. Indeed, one first notes that
d(z,00) = 21 + O(|z|?) for z € R} close to 0, and therefore, U(z) = O(|z|*~*-)
for © — 0. The control on the gradient |VU|(xz) < Clz|~*~ at 0 follows from the
construction of Hy. This yields integrability at 0 and proves (233).
We claim that ¢/ > 0 in R?. Indeed, it follows from (232) and (233) that U_ €
D'2(R'). Multiplying equation (225) by U_, integrating by parts on (Bg(0) \
B.(0)) NR%, and letting ¢ — 0 and R — +o00 by using (233), one gets U_ = 0, and
then & > 0. The result follows from Hopf’s maximum principle.
We now claim that

(234) m4(Q) > 0.
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Indeed, since ¢ > 0 in R7}, there exists c¢g > 0 such that U(x) > coxq|x|~*~ for
all z € 9(B1(0)4). It then follows from (233), (232) and the comparison principle
that U(x) > coxq|z|~%~ for all z € B1(0)4. The expansion (226) then yields
—Ko > ¢p > 0. This combined with (230) proves the claim.

When Q C R, the argument is similar except that one works on €2 (and not R})
and that & < 0 in 9Q \ {0}. This ends the proof of Proposition 10.6.

Step 7: Proof of Proposition 10.4: Let w be a smooth domain of R™ such
that 0 € 9. Up to a rotation, there exists ¢ € C°°(R"1) such that ¢(0) = 0,
V(0) = 0 and there exists §y > 0 such that

w N By, (0) = {1 > p(a')/ (x1,2") € By, (0)}-
Let n € C°(Bs,(0)) be such that n(x) =1 for all z € Bs,/2(0), and define

Dy(a) = ( T () &)

t
and ®y := Idrn. It is easy to see that ®; satisfies the hypothesis of Proposition
10.3. Moreover, for 0 < t < 1, we have that

,33’) for all t > 0 and € R",

= @By, 2(0)) = ©:(RY 1) By, 2(0)).

We let 2 be a smooth domain at infinity such that
n?—1
4
(for example, R’ ), and let € g be as in Proposition 10.3. It is easy to see that

wn t(bt(B(SO/Q (0)) = tQt’R N tq)t(Béo/Q (0))

(235) QN B (0) =R} NB1(0) and v () >

Therefore, for ¢ > 0 small enough, we have that
w N Bys,/3(0) = Q4 r N Bys, /3(0).

Moreover, vy (tQ.r) = Yu(Q.r) > (n? —1)/4 as t — 0 and R — +oo (see (205)).
Concerning the mass, we have that

taJr('Y)_a*('\/)m,y(tQt’R) = m'y(Qt,R) — mv(Q) ast — 0, R — 4-00.

We now choose {2 appropriately.

To get a negative mass, we choose {2 smooth at infinity such that Q N B;(0) =
R N B1(0) and @ C R%. Then v5(2) = n?/4, (235) holds and Proposition 10.6
yields m+ () < 0.

To get a positive mass, we choose R} C € such that (235) holds (this is possible for
any value of vy () arbitrarily close to %2, see point (5) of Proposition 3.1). Then
Proposition 10.6 yields m, () > 0. This proves Proposition 10.4.

11. THE REMAINING CASES CORRESPONDING TO s =0 AND n =3

According to Proposition 9.1 and Theorem 9.2, there remains the situation, when
s=0,n=3and~y € (0, %2) Note first, that if v > vy (£2), we have from Propo-
sition 4.1 and Theorem 4.4 that fi,0(Q2) < 0 < p,,0(R%) and the existence of ex-
tremals is guaranteed. Another situation is when i,,0(R’ ) does have an extremal U.
In this case, Proposition 9.3 provides sufficient conditions for 11,,0(2) < p4,0(R7),
and hence there are extremals by again using Theorem 4.4. The rest of this section
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addresses the remaining case, that is when v € (0, vz (£2)) and when s, o(R’ ) has
no extremal, and therefore ju, o(R%) = K(3,2)? according to Proposition 12.1.

We first define the “interior” mass in the spirit of Schoen-Yau [48].

Proposition 11.1. Let Q C R3 be an open smooth bounded domain such that
0€00. If v € (0,vu(R)), then the equation

—AG—#G:O in Q\ {zo}

G>0 inQ\{xo}
G=0 ondQ\ {0}

has a solution G, that is unique up to multiplication by a constant. Moreover, for
any xo € 1, there exists a unique R+(x9) € R independent of the choize of G and
cg > 0 such that
1
G(z) =ca <

|z — 202 + Rv(%)) +o(1) as z — xo.

Proof of Proposition 11.1. Since v < vg(f2), the operator —A — v|z|~2 is coercive
and we can consider G to be its Green’s function on 2 with Dirichlet boundary
condition. In particular, for any ¢ € C°(2), we have that

ot@) = [ 6 (~apt) 28] ) @y fore e

where G, := G(z,-). Fix zp € Q and let n € C°(Q2) be such that n(z) = 1 around
xo. Define the distribution 8, : & =+ R as

Gy (@) = & (L] + By (0)
x)

for all x € Q.

Set

)
f(z):=— (—A - #) (|r77£a:0\> for all z # .

In particular,
(A — |’Y|2) Ba, = f in the distribution sense.
x

On can easily see that there exists C' > 0 such that
|f(x)| < Clz —xo|™! for all z € Q.

Therefore f € L?(Q) and, by uniqueness of the Green’s function (since the operator
is coercive), we have that 3,, € DV2(Q). It follows from standard elliptic theory
that 8., € C®(Q\{0,z0})NC%?(Q\ Bs(0)) for all @ € (0,1) and § > 0. In addition,
for any 6 € (0,1) and 6 > 0, there exists Cp > 0 such that

(236) |V By (7)] < Cplz|?~1 for all z € Q\ Bs(0).

Since f vanishes around 0, it follows from Theorem 6.1 and Lemma 6.3 that

(237) Bo,(z) = O(Jz|' =) and |V, (2)] = O(|z|~*- ™))  when x — 0.

We can therefore define the mass of 2 at z¢ associated to the operator L. by
R, (2, 20) 1= Ba, (20)-

One can easily check that this quantity is independent of the choice of 7, which
finishes the proof of Proposition 11.1.
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Lemma 11.2. Let Q C R3 be an open smooth bounded domain such that 0 € O
and zo € Q. Assume that v € (0,7 (Q)) and that pyo(R3) = K(3,2)72. Then,
there exists a family (ue)e in DV2(Q) such that

(238) I0(e) = e (1= 57550 +0(2)) ase =0,

where U(x) := (1 + |x[>)~Y2 for all x € R? and 2* = 2*(0) = -22.

n—2
Proof of Lemma 11.2: We proceed as in Schoen [47] (see Druet [15,16] and Jaber

n-—1

1 performed in Section 9.

[33]). The computations are similar to the case v >
For € > 0, define the functions

us () == n(x) (m)E +€%ﬂr0 (z) for all x € Q.

One can easily check that u. € D"2(€2). We now estimate J$o(uc).
In the sequel, ©.(¢) denote any quantity such that

lim lim 607(6) =0.
c—=0e—0 I
We first claim that
2
(239) / <|Vug|2 -y u52> dz = wac e + wa Ry (w0)e + O, (e).
O\ B.(z0) |z

Indeed, it is clear that e~ 2u, — G, = wGay in C2 (2 {0,20}). Therefore,
Lebesgue’s dominated convergence theorem yields

2 _ . ul
(240) lim Jous o (190l =7 ) & :/ (VG’ ° —W(GQE“P) da.
O\ B.(x0) -

0 e |22

Integrating by parts and using (237), as ¢ > 0 goes to 0, we have that

[ (wenr %)
O\ Be(20) v |22

G/ 2
:/ <VG;0|2—7( I‘;) ) dz + o(1)
Q\(B.(20)UB5(0) |z

Gl
/ <AG;O . w;) G;O dx — / GﬁcoayG;O do
Q\(B.(x0)UB;5(0) || dB.(z0)

—/ G, 0,G, do+o(1)
9B;5(0)

= —/ Gl 0,G, do +O(s" 16t =o=5=o=() L o(1) as § — 0.
ch(:EO)

Since a_(7y) < n/2, we then have that

el 2
|VG;0|2—'V( ) dr = — G, 0,G, do.
|z :
O\ Bc(z0) 0Bc¢(z0)

With the definition R, (zo) and (236), we have that G, = ¢™* + R, (xo) + O(c?)
and 8,G, (x) = —c 2 + O(c’1) on 8Bc(xg) as ¢ — 0. Therefore

- fch(zo) G, 0,G, do = wac™ + waRy(wg) + O(?) as c— 0.
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Combined with (240), this proves (239).
Now define for each € > 0, the function

W=

Ud(z) = (7) for all z € R?,

g2 [z —z0[?

and set U(z) := (14 |=|?)~1/2 for all z € R®. It is clear that AU = 3U2 ~'. We
claim that

2
(241) / |Vue|? — v Ye ) da :3/ U?" dx — wac'e + O, ().
Be(zo) || R3

Indeed, note first |u.(z)| < C\/E|lx — 2|7t for all ¢ > 0 and all z € § close to xg.
Therefore, for ¢ > 0 small enough, we have that

(242) /B U= 0.(e).

(o) |z [?

Using that 3,, € D?(f2) and integrating by parts, we get that

/ |VU/E|2 drx = / |V(Ua + \@ﬁwo)‘z dz
Bc(fro) Bc(ro)
— / |VU|? dz + 21/ VU.V ., dx
Be(zo) Be(zo)
+5/ |V By | d
Bc(wo)

= / UE(—AUg)dgH/ U.0U. do
BC(I(])

aBC(Io)
+2ve B (—AU:) dx
BC(I())
(243) +2v/e Bio 0 Ue do + O.(¢)
OB (x0)
Since e 1/2U, — |- —xo|~! in OL (R?\ {0}), we get that

(244) / U.0,U.do = —wsc ' +o0(e) ase — 0.
OB (z0)

Using in addition that 3,, € C%% around zg, we get as ¢ — 0 and for ¢ > 0 small,
that

(245) / By, ByU. do = —/2ws R, () + O(/2)
OB (x0)
Plugging (244) and (245) into (243) yields

(246) / |Vuc|?dz = 3/ U? dz — wye e + o(e)
Bc(x()) Bc/s(o)

N Bro (—AUL) dz — 2ews R (20) + O, (€).
BC(I())

It is easy to check that [, 1.(0) U? dz = [, U? dz+o(c) ase — 0. For € (1/2,1)
we have that

(247) ch(HCo) |AU.| - |z — x0|® dz = 0(¢) as e — 0.
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Integrating by parts and using that e~ /2U.(z) — |z — 20| ~" in C} (R \ {0}), we
get that as ¢ — 0,

/ —AU.dx = —/ 0,U. do
BC(I()) aBC(LE())

—Ve |z — xo| "t do + o(e)
ch(mO)

(248) = wave+0(e)
Plugging (247) and (248) into (246) and using that 8., (z) = R (zo) +O(|z — z0|%),
we get (241).

Putting together (239) and (240) yields
2 *
(249) [, (\Vu5|2 - 'ylzﬁ) de =3 [4s U? dz + waRy(z0)e +0(e) ase — 0.

We now claim that

(250) qu de = [, U do + %ngv(xo)s +o(e) ase—0.

Using (203), the boundedness of j,, around x, and the above computations, we

get that
/ u dr = / u? dx + o(e)
Q Bn(mo)

/ Uz + VB |* dz + o(e)
Bc(xo)

/ U2 dx +2*\/e Buo U 1 da
Be(zo0) Be(z0)
+0 ([ (02282 + VBB ) ) + o)

*

* 2
_ / U dr + 2wy R (20)e + o(c)
B.;.(0) 3

x 2%
/ U? dx + §W2Rv($0)5 +o(e) ase—0,
R3

which proves (250).
Putting together (249) an

2 _ u *
(251) fQ <|VUE| ’7|$ 2) dz _ 3f]R3 U? dx <1 _ (JJQR.Y(Z'()) et 0(8))
(Jou2 dz)™ (fos U dr) \ 3 Je U

as € — 0. Since AU = 3U2? ~! and U is an extremal for the Sobolev inequality
po,0(R?), we have that

.

(250) yields

o b

w‘w

wa R~ (x
Jﬁo(ue) = W (1 — ﬁg + 0(5)) as € — 0.

This proves Lemma 11.2. ([l
We finally get the following.

Theorem 11.3. Let Q be a bounded smooth domain of R® such that 0 € O05).
(1) If v > vu (), then there are extremals for ., o(£2).
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(2) If v <0, then there are no extremals for - o(£2).
(3) If 0 < v < yu(2) and there are extremals for po(R’), then there are
extremals for piy0(Q) under either one of the following conditions:
o 7 < % and the mean curvature of 982 at 0 is negative.
° v > "24_1 and the mass m., () is positive.
(4) If 0 < v < v (Q) and there are no extremals for ji o(R%), then there are
extremals for ,o(S2) if there exists xg € Q such that R,(Q,x¢) > 0.

Proof of Theorem 11.3: The two first points of the theorem follow from Proposition
9.1 and Theorem 4.4. The third point follows from Proposition 9.3. For the fourth
point, in this situation, it follows from Proposition 12.1 that ji,o(R}) = w3

K(3,2)2°
and then Lemma 11.2 yields ji,,0(Q) < p4,0(R%), which yields the existence of
extremals by Theorem 4.4. This proves Theorem 11.3. (I

12. APPENDIX 1: EXISTENCE OF EXTREMALS FOR fi, ¢(R"})

The following result is used frequently throughout this paper. It has been noted
in other contexts by Bartsche-Peng-Zhang [3] and Lin-Wang [10]. We sketch an
independent proof for the convenience of the reader.

Proposition 12.1. Fiz v < ”72 and s € [0,2) with n > 3. Then,
(1) If {s > 0} or {s =0, v > 0 and n > 4}, then there are extremals for

fry,s(RY).
(2) If {s =0 and v < 0}, there are no extremals for . o(R").
(3) If there are no extremals for piyo(R’ ), then

1 Jan [Vul? da
(252) fy0(RY) K(n,2)? " ueD2(Rm)\{0} (Jom [l d:c)%

As a consequence, the only unknown situation is when {s = 0, n = 3 and v > 0}.

Proof of Proposition 12.1: This goes as the proof of the existence of extremals for
the classical Sobolev inequalities using Lions’s concentration-compactness Lemmae
([39,40], see also Struwe [50] for an exposition in book form). Here, we follow the
notations of the proof performed in Filippucci-Pucci-Robert ([19], Theorem 4 of
Appendix A).

Point (2) is a direct consequence of Proposition 9.1. In particular, it follows from
the computations of Proposition 9.1 that

n2
(253) fy0(RY) < K(n,2)~" for all v < T
For points (1) and (3), we consider a minimizing sequence (az), € D"?(R?) for
Hry,s(R7) such that

|ﬁk|2*(s) . ~ Yo~ n
/R ————dx =1 and khm ’ |V |? — WU% de = py,s(R).
+

We use a concentration compactness argument in the spirit of Lions [39,40]. For
225 (®
ol 7 gy = 1/2. We define ug () =

|]®

any k, there exists 7, > 0 such that fBrk 04
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n—2

re 2 up(rpz) for all € R, We then have that

: 2
(254) lim (|Vuk2 > dz = py s(RY),
e CRG o (RS
and
2% (s) 2%(s) 1
(255) / %dle,/ P22 L
n |z|® Bi(0), |7[® 2

Up to a subsequence, there exists u € DU 2(R") such that ur — u weakly in
DV2(R7%) as k — +oo. In particular for any 1 < ¢ < = the sequence (ug)x goes
towin L} (R™) when k — +00. We define the measure A\, on R" as

loc

)\k = <|Vuk|2 | |2 ) 1]R1 dx.

We define the measure A and v on R™ as

|2 (s)

A:= lim Mg and v:= lim 71]1@ dx,
k—+oo k—+oo ‘le +

both limit being taken in the sense of measures. Arguing as in Lions [39,40] (see
also Struwe [50] or Filippucci-Pucci-Robert [19] for the present notations), we get
that one and only one of the two following situations occur:

Jul2” )

(1) Either A = <|Vu|2 |x|2u ) dr, v = S dz, and v is an extremal for

Hoy,s (RT);
(2) or there exists xg # 0 such that A = 1y (R} )d,, and v = 6.

In the sequel, we assume that there are no extremals for p s(R’). We therefore
have that (2) holds. This yields u = 0.

We shall now show that s = O
Indeed, if not, then 2*(s) < , and since z¢ # 0, we then get that for § < |zg|/2,

2 < )
we have limg_ 400 f35($0)+ % = 0, but this contradicts that v = §,,, which

proves our claim that s = 0.

We now prove that for all § > 0, we have that

(256) lim |Vug|? dz = 0.
k=400 Jrr\ Bs (o)

Indeed, let ¢ € C°(R"™) be such that 0 < ¢ < 1, p(x) =1 for all z € Bs(xg) and
¢(x) = 0 for all z € R™\ Bys(xzp). We have that (1 — p)u, € DV2(R%) for all k,
and therefore, integrating by parts and using that ux — 0 in LZOC(RQL_) as k — +o0o,
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we get that
/ (v<1 oy — (- so)um) = [ a-ep (Wukﬁ - u) o
R? || R? |z
+o(1)
_ / N + (O (9 — 2)) + 0(1)
R}
= fy,s(RY)

+hq,s(RE) (0(0) (p(20) — 2)) + 0(1)
= o(l) ask— +oo.

Since v < ”72, the Hardy inequality (28) then yields [;, |V(1 — @)ug|? dz — 0 as
+

k — +oo. Therefore [,

+

Now we show that

\Bas(z0) ‘Vuk|2 dr — 0 as k — +o0o.

ul
(257) lim =k dx = 0.

k—+oo Jpn ||
Indeed, it follows from the analysis above and Hardy’s inequality, that for any ¢ > 0,

((1—p)up)? up
we have fRi oz dxr — 0 when k — 400, and therefore fRi\Bza(xo) EiE dr — 0

as k — +oo. If we take § < |xo|/2, since u, — 0in L7 (R™), then [,
»
0 as k — +oo, which proves (257).

u2

k
N\Bas (o) Tal? 4% =

We show that

1
2 R") = )
( 58) /~L’y,0( +) K(n,2)2
Indeed, it follows from (254), (255) and (257) that u, (R7%}) > W, which

implies (258) since (253) holds.

Finally, we show that if v > 0, then n = 3. Now, consider the family wu. as in the
proof of Proposition 9.1. Well known computations by Aubin [2] yield that

Jili% (ue) = K(n,2)"? — y|zo| 2ch: + 0(6.) as e — 0,
where ¢ > 0, 0, = €2 if n > 5 and 0. = 2Ine~! if n = 4. It follows that if v > 0
and n > 4, then ., (R7) < K(n,2)~!, hence contradicting (258). Therefore n = 3
and we are done.

As a conclusion, we have proved that if there are no extremals, then s = 0 and
(258) holds. If in addition v > 0, then n = 3. This proves Proposition 12.1.

13. APPENDIX 2: SYMMETRY OF THE EXTREMALS FOR i, (R’ )

The symmetry of the nonnegative solutions to the Euler-Lagrange equation for
fiy,s(R™) is proved in Chern-Lin [10] for v < (n—2)?/4. The proof of the symmetry
carried out by Ghoussoub-Robert [23] in the case v = 0 extends immediately to
the case 0 < v < n?/4. For the convenience of the reader, we give here a general
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and complete proof inspired by Chern-Lin [10]. We consider nontrivial solutions
u € DV2(R%) to the problem

~Au- = uﬁiﬁl weakly in DV2(R™)
(259) uw>0 in R"

_ 2(n—s)
n—2 °

and prove the following. Here, v < n?/4, s € [0,2) and 2*(s) :

Theorem 13.1. We let u € DM?(R7) be a solution to (259). Then uoo = u
for all isometry of R™ such that o(R’) = R}. In particular, there evists v €
C>((0,4+0) x R) such that for all x1 > 0 and all 2’ € R"™, we have that
u(zy, ') = vz, [2']).

Remark: Unlike the case of the extremals for the full space R"™, there is no
symmetry-breaking phenomenon in the case of the half-space R’}. However, the
price to pay is that the best constant when restricted to the functions with best
possible symmetry is unknown, contrary to the case of R™. We refer to the histor-
ical reference Catrina-Wang [5] and to Dolbeault-Esteban-Loss-Tarantello [14] for
disussions and developments on the symmetry-breaking phenomenon.

We adapt the moving-plane method of Chern-Lin [10] that was made in the case
2
v < %. Given any 6 € [0, 5], we define the hyperplane and the half space:

Py :={z € R"/x1cosf = xasinb},

Py :={x e R"/x cosf < xasinf}.

We define sp : R™ — R"™ as the orthogonal symmetry with respect to Py. As one
checks, we have that

(260)
—1x1 cos(20) + 2 sin(20) cos 6
so(z) = | x1sin(20) + z2cos(26) | and sp(x)—x =2 (x2sinf — z1 cosd) | —sind

Note that it follows from Theorem 6.1 that there exists K1 > 0 such that
Ty

The proof of Theorem 13.1 relies on two main Lemmae:

Lemma 13.2. For all j = 1,n...,n, we have that

. o L1L _
(262) xhg%) <|x| (ﬂaju(x) - K (5]4,1 —a_(y) e >) =0,
and
(263) |2|*= D H @2, || < C for allz € R, |z] < 1.

Proof of Lemma 13.2: We proceed by contradiction and assume that there exists
() € RY such that z — 0 and

N O Y O )R

|z |2
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as k — +o0. We define ug(z) = |z~ D~ u(|zy|z) for all z € R It follows from
(261) that

. . L1 o
(265) kgrfoo ug(z) = K4 7| ) for all 2 € R \ {0}.

z|

Moreover, this convergence holds in Cf, (R7 \ {0}). The equation (259) rewrites
y ( )uz*(s)—1
o = 2" (s)-2)(3—a-(1) 2k
ERR T
for all k£, and uy vanishes on OR’}. It then follows from elliptic theory that the
convergence in (265) holds in C2_(R7 \ {0}). Therefore,

—Auk in Ri

. X —a_
im0y (257 ) = 0y ol )(X)

k—-+o00

where Xoo 1= limp 1o é—:l Coming back to uy contradicts (264). This proves
(262). The proof of (263) is similar. This ends the proof of Lemma 13.2.

The second Lemma is a general analysis of the difference u(sg(z)) — u(z).

Lemma 13.3. We let (6;); € R and (x;) € R be such that x; € R} N P, for all
i € N. We assume that 0; — 0o and x; — x5 as i — 400, and that

(266) se, (z;) — x; = o(|z;]) as i — +o0.
Then,
o If xoo # 0 then

. u(sg, (x;)) — u(x;)
2 lim :
(267) z'—>1+oo 2(x;28in6; — 241 cos ;)

o If xoo =0, then

= €08(0o0 ) 01U(T o) — SIN(Oog ) Dot( T )-

(s, (i) — u(;)

268 li =K Oo0)-
(268) zalgloo 2(x; 2 8in0; — x; 1 cos b;)| x|~ 1¢08(0s0)
Proof of Lemma 13.3: Taylor’s formula yields
(269)
[u(se, () — w(xs) — dua, (s, (x:) — 23)] < |lse, (2:) | S 6%t (50, (@)~

for all i. It follows from (263) that

sup | d*tty, 11y, (@) —wn) | < C sup ||z + t(sg, () — )| 70D
te[0,1] te[0,1]

x; + 8o, (5

2

) —(I4a-(7)
= o]

Y

and therefore

270)  ulse, (x:)) = (i) + dug, (so, (x:) — z:) + O <Ilw:9;f(2 iﬂ m) |

and then, we get with (266) that

@71 alon(00) = u(ei) + s, s (00) - ) + 0 (LLEL 00
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as ¢ — +oo. With the expression (260), we get that

(272) Iso, (z:) — x;|| = 2(z4 28i06; — ;1 cosb;) >0
and that

u(sei (xl)) - U(II?Z) _ . —a—(v)
(273) N(iasinf — 711 c0s0) Ou(z;) cosb; — Oau(x;)sinb; + o (|xz| )

as i = +oo. If 2o # 0, then we get (267) and we are done. We assume that
Too = 0. It then follows from Lemma 13.2 that

= (u(sg, (;)) — u(x; w1\’
2 s (w2) — u@) _ <1_a(7)(%1>>cosgi

56, (i) — i 4]
—l—Kla_(fy)% sin0; + o(1)
i i2sinb; —x; 0;
_ K [Cosf)iJra_(’y)x’l (:v;sm X;1 COS )]
|l ]

+o(1) as i — +o0.

Using (266) and (272), we get that
o () ) — )
(274) lim 2| (u(sg, (@:)) — u(w:)) = K co8 0.
i=oo [so; (i) — i

This ends the proof of Lemma 13.3. (|

We are now in position to initiate the moving plane method.

Proposition 13.4. There exists 6y > 0 such that

(275) for all 0 € (0,6p), then u(sg(x)) > u(x) for all x € Py NRY

Proof of Proposition 13.4: We argue by contradiction and we assume that there
exists (6;); € (0,400), there exists x; € P, NRY such that

(276) lim 6; =0 and u(sy, (z;)) < u(x;) for all i.

1—+00

We first claim that without loss of generality, we can assume that (x;); is bounded in
R™. For that we define the Kelvin transform @(z) := |z|*~"u(z/|z|?) for all z € R’}
As one checks, @ € D?(R7) satisfies (259) and (276) rewrites a(sg, (Z;)) < @(Z;)
for all i, where #; := x;/|z;|? € P, NR%. Therefore, up to changing u into , we
can assume that (x;); is bounded. This proves the claim.

Now define lim;_, 1 oo ; = . We claim that

(277) ri1 = o(wiz2) as i — +00 and r4 € IR’}

Indeed, since z; € PG: NR?, we have that ;1 > 0 and ;1 cos 0; < x;2sin0; for all
i. Letting i — oo yields z;1 = o(x;2) as i — 400, and therefore o, € OR}.

We now show that

(278) sp; (x;) — x; = o(|z;]) as i = +o0.

Indeed, it suffices to note that the expression (272) and (277) yield s, (z;) — z; =
o(|zs2]) = o(|x;]) as i — +o00.

We now conclude the proof of Proposition 13.4. If z,, = 0, it follows from (268)
that u(sg,(x;)) — u(x;) > 0 for ¢ — 400, contradicting (276). If xo, # 0, it follows
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from (267) and (276) that Oju(z) < 0: this contradicts Hopf’s strong maximum
principle since z, € OR”}. This ends the proof of Proposition 13.4. (]

Define now
0o := sup {O <f< g/u(st(x)) >u(z) forall z € P, NRY and all 0 <t < 9}

It follows from Proposition 13.4 that 6y > 0 exists. Our objective is to prove that
o = 5. We argue by contradiction and assume that

(279) 0< 6 < %

For any 6 > 0, we define
vg(2) 1= u(se(z)) — u(z)

for all z € Py NR’. Since sy is an isometry for all 6 > 0, we have that

(280) —Avy — #U@ = cp(x)vg

where cg(z) = |z|~* “(39(’”)&2(3:(:)1):58;2 . ifu(sg(x)) # u(z), and cy(z) = |z|~5(2*(s)—

Du(z)? )=2 otherwise. In particular, ¢ > 0. It follows from the definition of 6,
that vg, > 0. It then follows from (280) and Hopf’s maximum principle that either
vg, > 0 in Py NRY or vg, = 0in Py NRY. In the latest case, taking points on
OR", we would get that u(x) = 0 on Py, NRY: this is impossible since 0y < 5 and
u > 0. Therefore

(281) vg, > 0 in Py NRY.
It follows from the definition of 0y that there exists (6;); € (6o, +00) such that
(282) lim 60; = 0y and Vi there exists ; € Py N RY such that vy, (z;) < 0.

1—+00

Arguing as in Step 1 of the proof of Proposition 13.4, we can assume with no loss
of generality that (x;); is bounded, and, up to a subsequence, that there exists
ZToo € R™ such that lim; 4o i = Too.

We claim that
(283) Too € Po, ﬁ@.

Indeed, it follows from (282) that o € Py, NRY and vp,(zo) < 0. It then follows

from (281) that zo € 0P, NRY = (Py, NRT)U (ORT N Py, and vg, (ro0) = 0. We
argue by contradiction and assume that (283) does not hold. Therefore, z, € OR"
and u(sg, (7)) = V6, (o) = 0, and then sy, (ro) € OR’.. We then get with (260)
and (279) that sg,(Ze) = Zeo and then x. € Py,, which contradicts our initial
hypothesis. This proves (283) and therefore the claim.

We claim that
(284) s, (x;) — x; = o(|z;]) as i = +o0.

It follows from (283) that sgp,(Zo0) = Zoo, and therefore (284) holds if zo, # 0.
We now assume that z., = 0. Dividing (284) by |z;| and passing to the limit
i — 400, one gets that (284) is equivalent to proving that sg,(Xoo) = Xoo where
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Xeoo :=limy 1 o0 \%\ Since x; € P, . we have that x; 2sin@; > x; 1 cos8; for all 4.
Dividing by |z;| and passing to the limit i — +o0 yields

(285) Xoo,28n6p > Xoo 1 cosbp.
Since u(sg, (z;)) < u(x;), the asymptotic (265) yields
(80, (wi))1 Li,1
1|59i($i>|a7(7) = ( +0( )) 1|.’Ei|a*(7)

as i — +oo. Dividing by |z;| and passing to the limit, we get that
(286) (500 (Xoo) = Xoo)1 < 0.

Plugging (285) and (286) into (260) yields sgp, (Xoo) = Xoo. As already mentioned,
this proves the claim.

Here goes the final argument. We apply Lemma 13.3. If 2o, = 0, (268), (272) and
(282) yield K cos(fp) < 0: a contradiction since K; > 0 and 0 < 6y < w/2. If
oo # 0, (267) and (282) yield

(287) N u(Zoo) cos(fy) — O2u(so) sin(fp) < 0.

If 2o € OR”, then Osu(rs) = 0 and Au(zs) > 0 (Hopf’s Lemma), contradicting
(287). So xo € Py, \ OR. It then follows from (280), (281), (283) and Hopf’s

Lemma that 0gyvg, (7o) < 0 with N = (cos by, —sinfy,0). However, one can
easily see that dgve, (7o) = —2(01u(To0) cos(fy) — O2u(xos) sin(fp)), which again
contradicts (287).

In all cases, we get a contradiction, and therefore (279) is not valid, which means
that 0p = 5. It follows that

u(xy, —2,...) > u(x1,x2,...) for all x € RY, 29 > 0.

Since the equation satisfied by u is invariant under the action of isometries fixing
OR", we get the reverse inequality and therefore u(x1,x2,...) = u(x1, —2,...) for
all z € R’. So w is invariant under the action of the symmetry wrt {x3 = 0}. This
argument works for any hyperplane orthogonal to OR’}: then wu is invariant under
the action of the symmetries fixing OR!. This completes the proof of Theorem
13.1.
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