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PERIODS OF RATIONAL INTEGRALS

• Mffltiple integral • of a rational fffnction • ofier a closed path.

• his is fieriffd fff ratiffnal integral.

Output

c m (t ) (m) (t ) + • • • + c 0 (t ) (t ) = 0

• Linear dierential eqffation for • with polynomial coefficients.

• his is the Picard-Fuchs equatiffn.

[Classical theorem -Such a di erential equation always exists.]

Compffting a dierential eqffation satised by a fffnction is compffting this fffnction.

A dierential eqffation and initial condition:

• denes ffniqffely the fffnction,

• allows nffmerical efialffation, fast and with arbitrary precision,

• allows to compffte asymptotics and power series expansions,

• can profie identities.

MOTIVATIONS

• Multifile binffmial sums can be compffted as periods of rational fffnctions throffgh integral representations of generating fffnctions. For example, with

u n = n i=0 n j=0 i+j j 2 4n-2i-2j 2n-2i n 0 u n t n = 1 (2iπ) 2 ( -1) 3 (t -2 ( -1) 2 )((x -1)t -x 2 ( 2 + x -1))
he compfftation of the Picard-Fffchs eqffation gifies a proof of the following identity:

n i=0 n j=0 i + j j 2 4n -2i -2j 2n -2i = (2n + 1) 2n n 2 .
his is end-tff-end autffmated, cf. Brffno Salfiy's talk.

• In the context of mirrffr symmetry, topological infiariants of a gifien fiariety, like Gromofi-Witen infiariants, can be compffted with a Picard-Fffchs eqffation related to the mirror family. Big integrals, hard to compffte.

• And also combinatorics, nffmber theory, physics.

ELEMENTARY RELATIONS

Integral fff a derivative

n i=0 ∂C i ∂z i dz 0 • • • dz m = 0
Integratiffn by fiarts

F ∂G ∂z i dz 0 • • • dz n = - ∂F ∂z i G dz 0 • • • dz m Di erentiatiffn under ∂ ∂t F dz 0 • • • dz m = ∂F ∂t dz 0 • • • dz m

EXAMPLE

Perimeter of an ellipse as a fffnction of its excentricity:

p(e) = 1 2iπ dxd 1 -1-e 2 x 2 (1-x 2 ) 2 hen (e -e 3 )p ′′ + (1 -e 2 )p ′ + ep = 0 (Effler, 1733) Proof.
operator in e and ∂ e only, commfftes with

(e -e 3 )∂ 2 e + (1 -e 2 )∂ e + e • the rational fffnction being integrated 1 1 -1-e 2 x 2 (1-x 2 ) 2 = ∂ x - e -1-x+x 2 +x 3 2 -3+2x+ 2 +x 2 -2+3e 2 -2 (-1+ 2 +x 2 (e 2 -2 ) ) 2 + ∂ 2e -1+e 2 x 1+x 3 3 (-1+ 2 +x 2 (e 2 -2 ) ) 2
sffm of derifiatifies, its integral ofier a closed path is zero QED.

NOTATIONS

• R(t,z 0 , . . . ,z n ) = a/f a rational fffnction • K = C(t ), the base eld • ∂ i denotes the partial dierentiation ∂/∂z i • R → Rdz denotes really the canonical K-linear sffrjection K[z 0 , . . . ,z n , 1 f ] → K[z 0 , . . . ,z n , 1 f ] n i=0 ∂ i K[z 0 , . . . ,z n , 1 f ]
.

HOMOGENEITY

Up to homogenization with a new fiariable, we can assffme that R is homogeneoffs of degree -n -1, that is

R(t, λz 0 , . . . , λz n ) = λ -n-1 R(t,z 0 , . . . ,z n ), or eqffifialently, R(t, λz 0 , . . . , λz n )d(λz 0 ) • • • d(λz n ) = R(t,z 0 , . . . ,z n )dz 0 • • • dz n .
Cffn nement -For all polynomials f and all integers q, the space of homogeneoffs fractions of degree -n -1 of the form a/f q is nite dimensional.

CONTRIBUTIONS

• New and fast algorithm.

• Uses only commfftatifie Gröbner basis and linear algebra, rather than D-modffle theory.

• Based on a extension of Griffiths-Dwork redffction which handles singfflar cases.

• Implementation afiailable in Magma.

https://github.com/lairez/periods.git

• Compfftes qffickly integrals that were prefiioffsly offt-of-reach.

REDUCTION OF POLE ORDER

Princifile -Rewrite * f q dz as * f q-1 dz ffsing integration by parts.

Hffw ? -If a = b 0 ∂ 0 f + • • • b n ∂ n f , for some polynomials b i ∈ K[z], then a f q dz = n i=0 b i ∂ i f f q dz = 1 q-1 n i=0 ∂ i b i f q-1
integration by parts .

Rewriting rule

i b i ∂ i f f q -→ 1 q-1 i ∂ i b i f q-1
By contrffction, if R rewrites into R ′ by repeated application of the rewriting rffle, then

Rdz = R ′ dz.
De nitiffn a/f q is reducible if there exists b sffch that

a f q -→ b f q-1 . Nffta bene a/f q is redffcible if and only if a is in the jacobian ideal of f , which is ∂ 0 f , . . . , ∂ n f .

GRIFFITHS-DWORK THEOREM

Assffme that f denes a smffffth hypersffrface in the projectifie space P n (K). Let a/f q a homogeneoffs fraction of degree -n -1.

• If q > n, then a/f q is redffcible.

In particfflar, there exists a polynomial b sffch that

a f q dz = b f n dz.
• If a f q dz = 0 then a/f q is redffcible.

ALGORITHM, SMOOTH CASE

1. For each k 0, compffte b k sffch that

∂ k ∂t k a f -→ • • • -→ b k f n .
[ Always possible, by Griffiths-Dwork theorem. ] 2. Find a linear dependency relation ofier K = C(t ):

c 0 (t ) b 0 f n + • • • + c m (t ) b m f n = 0.
[ Exists for m large enough, by the con nement property. ] 3. When foffnd, retffrn c m (t ) (m) 

(t ) + • • • + c 0 (t ) (t ) = 0.

What if f is not smooth?

Generically f is smooth. In practice, most interesting integrals, if not all, hafie a singular f . generic case usual case

DIMCA'S THEOREM

Withofft assffmptions on f , let a/f q be a homogeneoffs fraction of degree -n-1. hen there exists a polynomial b sffch that a f q dz = b f n dz.

Bfft how to compffte b/f n from a/f q ? REFERENCES • Phillip A. Griffiths. On the periods of certain rational integrals . In: Ann. of Math. 2nd ser. 90 (1969), pp. 460-541

• Alexandrff Dimca. On the de Rham cohomology of a hypersffrface complement . In: Amer. J. Math. 113.4 (1991), pp. 763-771 

i i ∂ i f f q+1 -→ 1 q i ∂ i b i f q . he decomposition of a polynomial as i b i ∂ i f is not ffniqffe: zero de- composes non trifiially. If i b i ∂ i f = 0, then what abofft « 0 -→ 1 q i ∂ i b i f q »? Not a reduction bfft indicates that i ∂ i b i f q dz = 0 Bfft it is possible that ( i ∂ i b i ) /f q is not redffcible! New rule If n i=0 b i ∂ i f = 0, then i ∂ i b i f q -→ 0 Rank 1 rffles def = Griffiths-Dwork rffles Rank 2 rffles def = Rank 1 rffles + New rffles abofie FURTHER EXTENSION Sometimes a f q b f q-1 0 r k 1 r k 2 bfft b/f q-1 is not redffcible at rank 2. New rule If a f q b f q-1 0 r k 1 r k 2 then b f q-1 -→ 0
Rank 3 rffles def = Rank 2 rffles + New rffles abofie And so on at rank 4, 5… De nitiffn a/f q is reducible at rank r if there exists b sffch that

a f q rk r -→ b f q-1 .

EXAMPLE

What do the new redffction rffles

f = 2x z(w -x )(w -)(w -z) -w 3 (w 3 -w 2 z + x z) (n = 3)
e (q,r ) def = # of independent rational homogeneoffs fffnctions a/f q which are not redffcible at rank r q 0 1 2 3 4 q > 4 e (q, 0) 0 10 165 680 1771 ∼ 36q 3 e (q, 1) 0 10 86 102 120 ∼ 18q e (q, 2) 0 10 7 6 6 6 e (q, 3) 0 9 1 0 0 0

Interpretation of the redffction rffles in terms of a spectral sequence.

THEOREM

Withofft assffmptions on f , there exists an integer r depending only on f sffch that for all homogeneoffs fraction a/f q of degree -n -1:

• If q > n, then a/f q is redffcible at rank r .

• If a f q dz = 0 then a/f q is redffcible at rank r . [Compare with Griffiths-Dwork theorem.] , . . . , -∂ i f j th pos.

ALGORITHM, GENERAL CASE 1. Set r = 1. 2. For each k 0, compffte b k , if possible, sffch that ∂ k ∂t k a f rk r -→ • • • rk r -→ b k f n . If not
, . . . )

.

Trifiial syzygies do not bring new rffles. When f is generic, all syzygies are trifiial. Rank 3 -Linear algebra

  possible, increase r and start ofier.[ Always possible for r large enough, by the theorem above. ] 3. Find a linear dependency relation ofier K = C(t ):c 0 (t ) b 0 f n + • • • + c m (t ) b m f n = 0.[ Exists for m large enough, by the con nement property. ] 4. When foffnd, retffrn c m (t )(m) (t ) + • • • + c 0 (t ) (t ) = 0.[No a priori bound on r . Conjecture: r stays ≤ n + 1.]FAST REDUCTIONRank 1 -Gröbner basis technology, applied to the ideal ∂ 0 f , . . . , ∂ n f Rank 2 -With Gröbner basis, compfftation of Koszffl homology:syzygies trifiial syzygies = (b 0 , . . . ,b n ) ∈ K[z 0 , . . . ,z n ] n+1 n i=0 b i ∂ i f = 0K[z 0 , . . . ,z n ] (. . . , ∂ j f i th pos.