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CONSTRAINED EFFICIENCY AND EQUILIBRIUM WITHOUT COMMITMENT1

V. Filipe Martins-da-Rocha® and Yiannis Vailakis”

We consider an infinite horizon economy where agents share income risks by trading
a complete set of contingent claims but cannot commit to their promises. Allocations
are restricted to be self-enforcing relative to autarchic reservation utilities. Under the
assumption of uniform gains to trade, we characterize constrained Pareto efficiency,
prove a constrained version of the Second Welfare Theorem and establish the existence
of a constrained competitive equilibrium as defined by Kehoe and Levine (1993). Our
results extend those in Bloise and Reichlin (2011) in several aspects.

1. INTRODUCTION

The paper studies infinite horizon exchange economies with complete contingent claims
markets when there is no commitment and default induces permanent exclusion from fu-
ture trading. As in Eaton and Gersovitz (1981) and Kehoe and Levine (1993), trade is
subject to participation constraints that restrict allocations to be self-enforcing relative
to autarchic reservation utilities.! The presence of such constraints and the associated
imperfect risk-sharing imply that the economy cannot attain a social optimum. An im-
portant issue is then to explore under which conditions an allocation is constrained
optimal, that is, to identify necessary and sufficient conditions that rule out benefits
from redistributions given the participation constraints.

Following the classical approach in general equilibrium, Bloise and Reichlin (2011)
provide an interesting treatment of this matter by characterizing constrained efficiency
in terms of supporting linear functionals. They show that under uniform gains to trade,
support by a linear functional is a necessary and sufficient condition for interior (uni-
formly bounded away from zero) allocations to be constrained efficient.? Furthermore,
they show that any supporting linear functional admits a sequential representation, in

'We would like to thank Gaetano Bloise for comments and suggestions. The financial support of CNPq
is gratefully acknowledged by V. Filipe Martins-da-Rocha. Yiannis Vailakis acknowledges the financial
support of an ERC starting grant (FP7, DCFM 240983) and of an ANR research grant (Project Novo
Tempus).

*CNRS, U. Paris-Dauphine and FGV/EESP, filipe.econ@gmail.com

PU. of Glasgow, Yiannis.Vailakis@glasgow.ac.uk

!Alvarez and Jermann (2000) propose a sequential formulation of this model where agents trade a
complete set of contingent bonds every period. The focus is on endogenously determined agent-specific
debt limits that correspond to participation constraints at autarchic reservation utilities. Such limits on
borrowing are referred in the literature as not-too-tight debt constraints.

2Bloise and Reichlin (2011) also provide an analysis of constrained efficiency in the absence of uniform
gains to trade (but still restricting attention to allocations that are uniformly bounded away from zero).
They identify a strong connection between constrained Pareto efficiency and a modified version of the Cass
criterion originally proposed by Cass (1972) and others for stochastic overlapping generations economies.
However, they only proved that the Modified Cass Criterion is a sufficient and necessary condition for
constrained Pareto inefficiency, under the assumption of uniform gains to trade.
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the sense that its purely additive part (bubble component) is null. This allows them
to compare their characterization result with that provided by Alvarez and Jermann
(2000) formulated in terms of high implied interest rates (i.e., finite present value of
intertemporal aggregate endowment).

This paper aims at looking on constrained Pareto efficiency from a fresh perspective.
The main objective is to provide a complete characterization. More precisely, we show
that under uniform gains to trade, high implied interest rates are necessary and suffi-
cient for constrained Pareto efficiency, even if we dispense with the interiority restriction
imposed in Bloise and Reichlin (2011). The novel aspects of our approach are as follows.
First, to prove sufficiency, there is no need to assume uniform gains to trade. The proof
relies on a new decentralization result that explores the concavity of Bernoulli functions
and identifies sufficient conditions for state-contingent prices to belong to the constrained
sub-differential of expected utilities. Second, to prove necessity, we show that if a linear
functional supports a constrained Pareto efficient allocation, then it cannot have a bubble
component and must coincide with the process of implied Arrow—Debreu prices (which
turns out to display high interest rates).

Our contributions have direct implications for the validity of the Second Welfare
Theorem. Indeed, standard arguments can be applied to show that any constrained
Pareto optimal allocation is supported by some linear functional. Our analysis shows
that this linear functional has no bubble component, and must coincide with the implied
contingent-state prices. In particular, implied interest rates are high and our decentral-
ization result can be applied to deduce that any constrained Pareto efficient allocation
can be implemented as a constrained competitive equilibrium with high interest rates
and endogenous transfers.

We also strengthen the Second Welfare Theorem by characterizing the set of consump-
tion allocations implemented by constrained competitive equilibrium with high interest
rates and zero initial transfers. We first prove that such equilibria always exist. A pos-
sible way to tackle existence is to employ the standard Negishi approach. Following this
route one has to show that transfers are continuous functions of welfare weights. This is
not a straightforward task since individual transfers involve an infinite sum. Combining
the assumption of uniform gains to trade and our decentralization result, we show that
the continuity of transfers is always ensured. We are also able to identify the subset of
constrained Pareto efficient allocations that are implemented by constrained competitive
equilibria with zero initial transfers. Inspired by the work of Aliprantis et al. (1987) we
prove that this set coincides with the set of constrained Edgeworth equilibria.

The paper is organized as follows: Section 2 describes the environment and provides
the definitions of the various concepts used throughout the paper. Section 3 contains
our complete characterisation of constrained efficiency under uniform gains to trade.

3 Bloise and Reichlin (2011) show by means of an example that the assumption of uniform gains to
trade is indispensable. Without it, constrained efficiency does not necessarily lead to high implied interest
rates.
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Section 4 proves a constrained version of the Second Welfare Theorem and establishes
the existence of a constrained competitive equilibrium with zero initial transfers. One of
the crucial assumption imposed in this paper is that there are uniform gains to trade.
Bloise and Reichlin (2011) showed that this condition is always satisfied in stationary
Markovian environments. Section 5 provides an alternative and simpler proof of this
claim. Some technical results as well as a discussion on how our results differentiate from
those in Bloise and Reichlin (2011) are collected in the Appendix.

2. THE MODEL

Here we present an infinite horizon general equilibrium model with lack of commitment
and self-enforcing participation constraints, along the lines of Kehoe and Levine (1993)
and Bloise and Reichlin (2011). Time and uncertainty are both discrete and there is a
single non-storable consumption good. The economy consists of a finite set I of infinitely
lived agents that share risks but cannot commit to future transfers.

2.1. Uncertainty

We use an event tree ¥ to describe time, uncertainty and the revelation of information
over an infinite horizon. There is a unique initial date-0 event s° € ¥ and for each
date t € {0,1,2,...} there is a finite set S C ¥ of date-t events s’. Each s’ has a
unique predecessor o(s') in S~! and a finite number of successors s*! in S+ for which
o(s't!) = st. We use the notation s'™! = s' to specify that s*! is a successor of s’.
Event s't7 is said to follow event s, also denoted s*7 > st, if o(7)(s'*7) = st. The set
ST (sh) 1= {7 € ST 1§17 = '} denotes the collection of all date-(t+7) events
following s’. Abusing notation, we let S*(s') := {s'}. The subtree of all events starting
from s! is then

B(s') = S ().
7>0

We use the notation s™ = s* when s™ > s' or s7

{sTeX: s = s}

= s'. In particular, we have Y(s!) =

2.2. Endowments and Preferences

Agents’ endowments are subject to random shocks. We denote by e’ = (e(s!))stex
agent i’s process of positive endowments e(s’) > 0 of the consumption good contingent
to event s'. Preferences over (non-negative) consumption processes ¢ = (c(s!))gtcy; are
represented by the lifetime expected and discounted utility functional

U(e) =58 3" w(sule(sh)

t>0 steSt
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where 3 € (0,1) is the discount factor, 7(s’) is the unconditional probability of s* and
u: Ry — [—00,00) is a Bernoulli function assumed to be strictly increasing, concave,
continuous on R, differentiable on (0, 00), bounded from above and satisfying Inada’s
condition at the origin.*

Given a date-t event s', we denote by U(c|s!) the lifetime continuation utility condi-
tional to event s’, defined by

Uels) = u(e(s) + 387 3 w(s s ule(sH47)
T>1 stTT st
where 7(s*7|s') := w(s'T7)/m(s!) is the conditional probability of s'*7 given s'. We
assume that U(e?|s?) > —oo for every agent i.° Since the bernoulli function is bounded
from above, we then get that U(e’|s!) > —oc for all event s’.
A collection (c);c; of consumption processes is called an allocation. It is said to be
resource feasible if >, ., ¢ =3, ¢".

2.3. Self-Enforcing Consumption

A consumption process ¢! may involve transfers contingent to an event s' if ¢!(s') <
e'(s'). We assume that agent i cannot commit to future transfers and has the option to
walk away from a contract. We follow Kehoe and Levine (1993) (see also Kocherlakota
(1996), Alvarez and Jermann (2000) and Bloise and Reichlin (2011)) and assume that
autarky is the outside option for not fulfilling promises. A consumption process ¢* is then
said to be self-enforcing, if it satisfies the following participation constraints

U(c|s) > U(ellst), for all s = s°.

The set of consumption processes satisfying these constraints is denoted by PC?. When
the participation constraint is also satisfied at the initial event s, i.e., U(c|s?) >
U(e?|s?), then ¢ is said to be individually rational.

2.4. Implied Interest Rates

A consumption process ¢’ is said to be strictly positive if c¢!(s!) > 0 for every event s’.
In that case, we can define agent i’s marginal rate of substitution at event s’ by posing

u'(c'(s"))
u'(c(o(s")

“The function u is said to satisfy the Inada’s condition at the origin if lim._,o[u(g) —u(0)]/e = oo. This

MRS(c'|s") = Br(s'|a(s"))

property is automatically satisfied if u(0) = —oco. We assume that agents’ preferences are homogenous.
This is only for the sake of simplicity. All arguments can be adapted to handle the heterogenous case
where the preference parameters (3,7, u) differ among agents.

®This assumption is automatically satisfied if either «(0) > —oo or the allocation (e’);cr is uniformly
bounded away from zero, in the sense that there exists ¢ > 0 such that e’(s’) > ¢ for each agent i and
event s°.
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Given a strictly positive allocation (¢');er, we let p* = (p*(s?))stex be the process defined
recursively by p*(s°) := 1 and
p* (s’ i ot t 0

————— = maxMRS(c'|s"), for all s > s".

p*(o(st)) i€l
Following Alvarez and Jermann (2000), p* is called the process of implied Arrow—
Debreu prices.

Given an arbitrary strictly positive process p = (p(s!)) st=s0 interpreted as Arrow—

Debreu prices, we use PV(p;z|s!) to denote the present value at date-t event s® of a
process x restricted to the subtree ¥(s') and defined by

1
PV(p;a|s') := & Yo p( ().
Pis sttTex(st)

We say that p displays high interest rates when the present value of endowments under
the price process p is finite, i.e., PV(p;e|s") < oo, for all i. A strictly positive allocation
(c')ier is said to have high implied interest rates when the implied Arrow-Debreu
prices p* display high interest rates.

2.5. Commodity and Price Space

Denote by £>°(e) the linear space of processes h € R* satisfying
(2.1)  3A>0, Vsien, [|n(sh)] < e(sh)

where e := ), ; e’ is the process of aggregate endowments. The linear space £°°(e) is the
natural commodity space since we necessarily have ¢! € £*°(e) for any resource feasible
allocation (c%)er.

REMARK 2.1 Denote by £ := (3°(1x) the space of non-negative processes that are
uniformly bounded from above.® Kehoe and Levine (1993) and Bloise and Reichlin (2011)
assume that endowments belong to £3° and restrict each agent to choose a consumption
process in (5°. In addition, Bloise and Reichlin (2011) assume that the consumption
and endowment processes are uniformly bounded away from zero.” In contrast to this
literature, we do not impose any boundedness condition neither on endowments nor on
consumption processes.

SFor any subset A C &, we denote by 14 the process © = (2(s)) ey defined by z(s*) := 1 if s" € A
and z(s") := 0 elsewhere.

"A process = (x(s")) ey is said to be uniformly bounded away from zero whenever there exists
e > 0 such that z(s*) > e for every s* € ¥. Bloise and Reichlin (2011) use the term “interior” for
“uniformly bounded away from zero”. This is because a process z is uniformly bounded away from zero
if, and only if, it belongs to the ||-||, -interior of £3°, where [|z||, = sup,icx |z(sY)].
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We endow the space ¢*°(e) with the norm ||h||, defined as the lowest A > 0 satisfy-
ing (2.1). Equivalently, we have ||h||, := supgcy; |R(s")/e(s")|. The cone of non-negative
processes in £*>°(e) is denoted by £5°(e).

The ||-|| -topological dual of £*°(e) is denoted by ba(e), and the subset of non-negative
linear functionals in ba(e) is denoted by bay (e).® For any linear functional ¢ € ba, (e),
there exists a non-negative charge v¥ of bounded variation on the o-algebra 2> (or,
equivalently, ¥ is a finitely additive positive measure), such that

o(h) = / hedv?

where h, is the process in ¢*° defined by he(s!) := h(s')/e(s'). In particular, any ¢ €
ba. (e) can be decomposed as follows

©(h) = PV(p?; h|s®) + ©°(h), for every h € £°°(e)

for some non-negative process p¥ satisfying PV(p¥;els”) < oo and some non-negative
purely finitely additive linear functional ¢Y.”

REMARK 2.2 Any non-zero and non-negative linear functional defined on ¢°°(e) neces-
sarily belongs to bay(e). Indeed, continuity follows from the fact that e belongs to the
||-|| -interior of £5°(e).

A linear functional ¢ : £>°(e) — R is said to be strictly positive whenever ¢(h) > 0 for
any non-zero h € £3°(e). Observe that if ¢ is strictly positive then ¢ is |-|| -continuous
(ie., ¢ € bay(e)) and p?(s') > 0 for any event s'.

A price system is any arbitrary strictly positive linear functional ¢ normalized by
the condition: p¥(s') = 1. A Bewley price process is a strictly positive process p =
(p(s'))stex such that p(s®) = 1 and PV(p;e|s®) is finite.!” Observe that any process p¥
associated to a price system ¢ is necessarily a Bewley price process. The purely finitely
additive part ¢% = ¢ — PV (p?;-|s?) is also called the bubble component of the price
system .

2.6. Uniform Gains to Trade

Following Bloise and Reichlin (2011), we say that the economy exhibits uniform
gains to trade if there is an individually rational and self-enforcing allocation (d%);c;

8A linear functional ¢ : £°(e) — R is said to be non-negative whenever p(h) > 0 for every h € £3°(e).

9The purely finitely additive linear functional ¢° can be characterized as follows: it is a linear and
|||l .-continuous functional on £*°(e) such that ¢°(h) = ¢" (™) where h[T! is the tailed process defined
by hl"l(s") = h(s") if t > T and 0 elsewhere. Observe moreover that p?(s') = ¢(1;}) for any event s'.

90bserve that any Bewley price process p is such that p® belongs to £} -the set of convergent series
defined on Y-where p¢(s) := p(s')e(s").
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and v > 0 such that

(22)  Vs'ex, ) d(s) < (1-n7)e(s)
el

where we recall that e(s') :== Y, €'(s").

This condition means that autarky can be Pareto improved, subject to participation
constraints, even though a constant fraction of aggregate endowments is destroyed. Bloise
and Reichlin (2011) prove that a stationary Markovian economy where autarky is not
constrained Pareto efficient (see Definition 3.1 below) always exhibits uniform gains to
trade. We propose in Section 5.1 an alternative proof of this result.

3. CONSTRAINED EFFICIENCY

We consider the following definition of Pareto dominance: an allocation (&');c; Pareto
dominates another allocation (¢);c; if U(é|s?) > U(c!|s") for every agent i, with a
strict inequality for at least one agent. We first recall the concept of constrained Pareto
efficiency introduced in Kehoe and Levine (1993).

DEFINITION 3.1 An allocation (c');cr is constrained Pareto efficient if it is resource
feasible, self-enforcing, individually rational and if there is no other allocation (&");c; that
is also resource feasible, self-enforcing and individually rational which Pareto dominates

(Ci)iel .

We prove in Proposition A.1 (see the appendix) that if an allocation (c¢%);cs is con-
strained Pareto efficient then it must be strictly positive. In particular, the corresponding
process p* of implied Arrow—Debreu prices is well-defined. The objective of this section
is to provide a complete characterization of constrained Pareto efficiency in terms of
implied Arrow—Debreu prices under the assumption of uniform gains to trade.

3.1. Constrained Efficiency and Supporting Price Systems

We first characterize constrained efficiency in terms of supporting price systems.

DEFINITION 3.2 A linear functional ¢ : £°°(e) — R supports a resource feasible, self-
enforcing and individually rational allocation (c?);e; if (&) > ¢(c?) for any self-enforcing
and individually rational allocation (¢');c; that Pareto dominates (c%);e;.

Since preferences are strictly monotone, a supporting linear functional ¢ must be
non-negative and ||-|| -continuous, i.e., ¢ must belong to ba(e). Under uniform gains
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to trade, the linear functional ¢ must be strictly positive.'' Observe that if ¢ supports
(c)icr then for any A > 0, the linear functional Ay also supports (c¢');c;. We can then,
without any loss of generality, choose the normalization p(1,0y) = p?(s°) = 1 and focus
on supporting linear functionals that are price systems.

If a price system ¢ supports an individually rational, self-enforcing and resource feasi-
ble allocation (¢?), then we can replace the inequality ¢ (&) > ¢(c?) by the strict inequality
©(&") > ¢(c') whenever U(&[s?) > U(c|s").!? In particular, we obtain the following suf-
ficient condition for constrained Pareto efficiency. This result generalizes the sufficient
condition of the first part of Lemma 5 in Bloise and Reichlin (2011) since we do not need
to assume that there are uniform gains to trade.

LEMMA 3.1 If a resource feasible, self-enforcing and individually rational allocation is
supported by a price system, then it is constrained Pareto efficient.

Proor oF LEMMA 3.1: Consider a price system ¢ and a self-enforcing and individu-
ally rational consumption process ¢’ such that (¢*) > ¢(c!) for any self-enforcing and
individually rational consumption process & satisfying U(¢'|s") > U(cf|s"). We propose
to show that we must have p(¢%) > ¢(c?).

We first analyze the simple case where ¢'(s”) > 0. By continuity of the Bernoulli func-
tion, there exists € € (0, ¢'(s”)) small enough such that U(é" — el0y|s?) > U(c?|s). Ob-
serve that the consumption process ¢' — 10} is individually rational and self-enforcing.
This implies that ¢(&') — e > ¢(c?) (recall that a price system is such that p(s°) = 1).

Assume now that c!(s”) = 0. We can apply Lemma A.2 in Appendix A to deduce that
there exists an event s™ = s’ such that
(a) &(s7) > 0and U(é|sT) > U(e'|sT);

(b) for every intermediate event s” satisfying s < s” < s7, we have & (s") = 0 and
U(cs™) > U(e|s™).

Define the consumption process ¢ as follows: ¢'(st) := &(s') if s # s™ and ¢&(s7) =

& (s™) — e, where ¢ € (0,&(s7)). By continuity of the Bernoulli function, we can choose

¢ small enough such that for every event s",

0 < 8" < T = U(']s") > Ule'|s")

and such that U(&|s?) > U(c|s?). Observe that for any event s* not satisfying s% < st <
sT, we have U(¢é|s!) = U(¢'|s"). Tt follows that ¢ is individually rational, self-enforcing
and satisfies U(&|s?) > U(c?|s?). This implies that o(¢') — ep(s7) = p(¢) > p(c). The

"'See the proof of Lemma 5 in Bloise and Reichlin (2011). An alternative argument is as follows.
From a standard convex separation argument, we can show that for every i, there exists A%, u® > 0 with
(A, ') # (0,0) such that N [U(Es?) — U(c?|s?)] < plp(&" — ¢') for any self-enforcing and individually
rational consumption &. Since ¢(e) > 0, it follows from the assumption of uniform gains to trade that
there exists an agent k € I such that ¢(d*) < o(c*). This, in turn, implies that A* > 0. Then, by strict
monotonicity of preferences, we get that u"o(v) > 0 for any non-zero v € £5°(e).

12G8ee the proof of Lemma 3.1 below.
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desired conclusion follows from the fact that p(s™) > 0 (recall that as a price system, ¢
is strictly positive). Q.E.D.

We know from Bloise and Reichlin (2011) that a self-enforcing, individually rational
and resource feasible allocation is constrained Pareto efficient only if it is supported by
some price system. We show below that if a price system supports a constrained Pareto
efficient allocation, then it must coincide with the process of implied Arrow—Debreu
prices (which turns out to display high interest rates). This result generalizes Lemma 5
in Bloise and Reichlin (2011) since we prove that property (ii) is valid for all allocations,
not only those that are uniformly bounded away from zero. Moreover, we do not need to
assume that aggregate endowments are uniformly bounded away from zero.'?

LEMMA 3.2 Assume there are uniform gains to trade.
(i) A self-enforcing, individually rational and resource feasible allocation (c');cs is con-
strained Pareto efficient if, and only if, it is supported by some price system .
(i) Any price system ¢ supporting a constrained Pareto efficient allocation (c);cs
involves no bubble component, i.e., ¢ = PV(p¥;-|s?). Moreover p? coincides with
p* the process of implied Arrow—Debreu prices.

PROOF OF LEMMA 3.2: We first prove property (i).'* The sufficiency part follows from
Lemma 3.1. We only prove the necessity part. Fix a constrained Pareto optimal alloca-
tion (c);es. Let H be the set of all vectors h € £*°(e) that can be written as
h = Z (éi — ci)
el

where (&);¢; is a self-enforcing and individually rational allocation which Pareto domi-
nates (c');es. The set H is convex with a non-empty interior for the |-||.-topology.'® The
constrained Pareto efficiency of (c!);c; implies that 0 does not belong to H. Applying
the Convex Separation Theorem, we get the existence of a non-zero and ||| -continuous
linear function ¢ : £*°(e) — R separating H and {0} in the sense that ¢(h) > 0 for every
h € H. This means that ¢ supports the allocation (c');e;.

We now prove property (ii). Let ¢ be a price system supporting the allocation (c);c;.
Recall that ¢ belongs to ba, (e), is strictly positive and is normalized such that p(1s) =
pP(st) = 1.

13Bloise and Reichlin (2011) need these additional assumptions because their approach to prove prop-
erty (ii) requires that marginal utilities of consumption at constrained Pareto efficient allocations are
uniformly bounded from above and bounded away from zero.

This corresponds to Proposition 5 in Kehoe and Levine (1993) and the first part of Lemma 5 in
Bloise and Reichlin (2011). Since our environment is slightly more general (we do not arbitrarily restrict
the commodity space to be £°°(1x)), we provide the details of the proof.

5To see why the set H has non-empty interior for the ||| -topology, we let & :=c'+e Fixee(0,1)
and choose any process g in £>°(e) with ||g|, < 1. We have that u(&*(s*) +g(s")) > u(c’(s")) which implies
that >, (¢" + g — ¢') = #I(e + g) belongs to H. Therefore, (#I)e belongs to the interior of H for the
(||| .-topology.
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CrAamM 3.1 The process p¥ dominates p*.

PrRoOOF: To prove the desired result, it is sufficient to show that for each agent i, we
have

MRS(cf|s) < po(s' 2 for all s* > 5.
( (s1)’
This property follows from a standard variational argument. Indeed, fix an arbitrary
event s’ and an arbitrary agent i. For some y > 1/ MRS(c!|s!) and 0 < € < ¢!(o(s?)), we
can define the process & as follows

o
.
—~

o(s')) —e if 7 =o(sh)
VsT €%, &(sT) = (st +xe ifsT=s

c(s7) otherwise.

Observe that the process ¢ — ¢! is different from zero only at the events o(s') and s’.
This implies that it belongs to £*°(e). Given the choice of x, we can choose £ > 0 small
enough such that & is self-enforcing and U(&|s%) > U(c?|s").!% This implies that

0< @@ =) = —p?(o(s"))e +p(s")ex.

Since x can be chosen arbitrarily close to 1/ MRS?(¢|s!) we obtain the desired result.
Q.E.D.

If agent i’s participation constraint is not binding at event s, i.e., U(c!|s!) > U(e?|s?),
then we can replace € > 0 by —¢ in the arguments of Claim 3.1 to show that

LGN MRS(c|s") = ()

p?(o(s")) p*(o(s"))
If we show that for any event s, there exists at least one agent for which the participation
constraint is not binding, then we get the desired result: p¥ = p*. This property is
guaranteed by the assumption of uniform gains to trade.

CLAIM 3.2 At every event st € 3, there exists at least one agent with a non-binding
participation constraint.

PROOF: Fix an event s’ and assume by way of contradiction that U(c!|s) = U(e?|s?)
for every i. Let (d');c;r be the individually rational and self-enforcing allocation in the

16Since u is concave, we have

m(o(s")u(@(o(s) + m(sHu@(s") > w(o(s)u(c (o(s") + m (s u(c' (s)).
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definition (2.2) of uniform gains to trade. We pose

Hi(s7) {c%sT) if 57 ¢ B(s")
di(sT) + (y/#1)e(sT) if s7 = st

Since d* and ¢ are self-enforcing, the consumption z* is also self-enforcing. Moreover,

(3.1) (a'1s°) Z Y (s uld(sM) + Bra(sHU (a]s)

r=0s7€S"
+ Z Bir(aHU(c)ot).
oteSt\{st}
Since, U(z|s') > Ul(ef|s’) = U(c'|s'), we get that that U(x?|s?) > U(c?|s?). This contra-
dicts the constrained Pareto efficiency of (¢');e;. Q.E.D.

At this point, we proved that p¥ = p*. We now show that ¢ cannot have a bubble
component, i.e., p°(+) := ¢(-) — PV(p¥;-|s?) = 0. Assume, by way of contradiction, that
there exists v € £3°(e) such that ¢°(v) > 0. Since v belongs to £°(e), it follows from
the assumption of uniform gains to trade that there exists an individually rational and
self-enforcing allocation (f%);e; and p > 0 such that!”

(3.2) Zfi = —uv+Zci.
iel iel

Fix ¢ > 0 small enough such that ¢°(v) > e/p. Since p* = p¥ displays high interest rates,
there exists a date 7 large enough such that

D P PV(p* elsT) < e/2(#1).
sTEST

For every event s! such that t < 7, we pose z%(s!) := ¢!(s?). Choose r > 7 and pose

2i(st) = e(st) ifr<t<r
- fi(st) ift>r.

We have U(z%|s?) > U(f?|s') for any event s’ with ¢ > 7. Observe that e(s!) > c(s')
for any event s'. We can then choose r sufficiently large to get that U(z?[s™) > U(c'|s")
for any s € ST. This, in turn, implies U(z¢|s’) > U(c'|s!) for any t < 7. We have
thus proved that the consumption process z* is self-enforcing, individually rational and

""Indeed, we have v < ||v||_ e. Choose y := v/ ||v||, and observe that

> od (e — 1/ vl Jo) = —po+ ¢

i€ i€l

We can then pose f*:=d' +~'(e — (1/||v]|,)v) where v := ~/(#I).
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satisfies U(2'|s?) > U(c'|s?). It follows that h = >, (2 — ¢’) belongs to H in which
case we have

(3:3)  0<p(h) =PV(p*;h) + ¢°(h).

Observe that

PV(pish) < 505 p(shIhGs)]

t>7 steSt
< #DYD p(she(s)
t>1 steSt
(3.4) < (#D) Y P PV(hielsT) < o
sTEST

Since ¢? is purely finitely additive, we have'®

(3.5)  ¢°(h) = " (W) = = (W) = — " (v) < —e.

Combining (3.4) and (3.5) we get that ¢(h) < —e/2 which contradicts (3.3). Q.E.D.

3.2. Constrained Efficiency and High Implied Interest Rates

The following lemma shows the necessity of high implied interest rates for constrained
Pareto efficiency. Its proof follows as a direct corollary of Lemma 3.2. This is because
the price process p¥ associated to a linear functional in baj(e) automatically satisfies
PV (p¥;e|s?) < co.

LEMMA 3.3 If there are uniform gains to trade, then every constrained Pareto efficient
allocation exhibits high implied interest rates.'?

Constrained Pareto efficiency obtains when there are no mutual gains from trading,
including the trade opportunities involving transfers in the long run. Malinvaud efficiency,
instead, is a weaker notion that requires the absence of any feasible welfare improvement
subject to resource feasibility and participation constraints over any finite horizon.

DEFINITION 3.3 An allocation (c¢!);c; is constrained Malinvaud efficient if it is
resource feasible, self-enforcing, individually rational and if there is no other allocation
(¢%);e1 that is also resource feasible, self-enforcing and individually rational which Pareto
dominates (c!);e; and differs from (c');c; only on finitely many events.

18Recall that for any process h = (h(s")),tes;, we denote by Rl the tailed process at date r > 0,
defined by hl"l(s') = h(s') if t > r and hl"(s*) = 0 if t < r. In particular, for h = Yier (@ =), we
have that A"l =3,/ (f7Ir — ¢bl).

9This result is related to Lemma 2 in Bloise and Reichlin (2011). We refer to Appendix B for a
detailed discussion.
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Every constrained Pareto efficient allocation is constrained Malinvaud efficient. We
prove in Proposition A.1 (see the appendix) that if an allocation (c!);e; is Malinvaud
efficient then it must be strictly positive. In particular, the corresponding process p* of im-
plied Arrow—Debreu prices is well-defined. In addition, constrained Malinvaud efficiency
has a tractable characterization in terms of first order conditions: a resource feasible,
self-enforcing and individually rational allocation is constrained Malinvaud efficient if,
and only if,

- ' - “(s")
3.6 Vst = s°, U(cs') > U(el|s') = MRS(¢!|s!) = ————.
(36) (¢ls") > U(ells) @l = B0
When the above property is satisfied at any strict successor event s7 = s’, we say that
Euler equations are satisfied at event s’.
We next show that when implied interest rates are high, Euler equations are sufficient
for constrained Pareto efficiency.

LEMMA 3.4 Any constrained Malinvaud efficient allocation that exhibits high implied

interest rates is constrained Pareto efficient.?’

PROOF: Let (c!);er be a constrained Malinvaud efficient allocation and assume that the
associated process p* of implied Arrow—Debreu prices exhibit high interest rates. Since
(c")ies is constrained Malinvaud efficient, we know that MRS(cf|st) = p*(s') /p* (o (s!)) if
U(ci|s') > U(e!|s'). We can then apply Proposition A.2 to get that
1
u/(c'(s%))

for any resource feasible, self-enforcing and individually rational allocation (¢');c;.?! Sum-

[U(@]s°) ~ U(]s)] < PV (& —cl]s)

ming over ¢ the above inequalities, we get that

1 ~i| 0 il 0

ZW [U(@s”) = U(c']s”)] <0.
iel

It follows that (¢%);c; cannot Pareto dominate (c!);c;. Therefore, we proved that (c%);c;

is constrained Pareto efficient. Q.E.D.

Combining Lemma 3.3 and Lemma 3.4, we get a complete characterization of con-
strained efficiency under uniform gains to trade.

PRrROPOSITION 3.1 Assume there are uniform gains to trade. A constrained Malinvaud
efficient allocation is constrained Pareto efficient if, and only if, implied prices exhibit
high interest rates.

20This result is related to Lemma 3 in Bloise and Reichlin (2011). We refer to Appendix B for a
detailed discussion.

2f (&")4er is a resource feasible allocation then each consumption process satisfies & < e, which
implies that PV (p*; & |s") is finite.
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Proposition 3.1 generalizes Proposition 3 in Bloise and Reichlin (2011). Indeed, they
only characterize the sub-class of allocations that are uniformly bounded away from
zero.”? Moreover, they assume that aggregate endowments are uniformly bounded from
above and uniformly bounded away from zero. We do not need to impose these restrictions
on allocations and endowments. We refer to Appendix B for a detailed comparison.

4. CONSTRAINED COMPETITIVE EQUILIBRIUM

We next introduce the concept of a constrained competitive equilibrium (as defined in
Kehoe and Levine (1993) and Alvarez and Jermann (2000)).

Recall that a price system is a linear functional ¢ : £>°(e) — R that is strictly positive
(and therefore ||| -continuous) and normalized by p¥(s”) = 1. Given a price system ¢
and a real number b representing an initial financial transfer, we denote by B, (¢;b) the
(unconstrained) Arrow-Debreu budget set of all consumption processes ¢’ satisfying the
following budget restriction

o(ct —e') <b.
The Kehoe—Levine budget set is then defined by
By (30) := By (3 b) N PC’

where we recall that PC? is the set of all consumption processes ¢’ satisfying the partic-
ipation constraints U(cf|st) > U(e?|s?) at every strict successor event s* = s’. Denote by
d, (¢;b) the demand set associated to the budget set B, (p;b), i.e.,

diei (1) = argmax{U(c'|s°) = ¢’ € Bi(p:b)}.

DEFINITION 4.1 A Kehoe-Levine competitive equilibrium (g, (¢');c;) is a family
composed of a price system ¢ and a resource feasible and self-enforcing allocation (c!);cs
such that ¢' € di (p;a’(s?)) for every i, where (ai(s”));c; is an allocation of initial
transfers satisfying Y, a’(s%) = 0.

REMARK 4.1 A Kehoe-Levine competitive equilibrium (¢, (¢?);c7) with initial transfers
(a*(s%))ier need not be individually rational. If the allocation (¢');c; is individually ra-
tional, then we say that (a’(s"));c; is an allocation of individually rational transfers.
Observe that zero initial transfers are individually rational. This is because e’ belongs to

B}i(L(90§ O)'

22Recall that an allocation (c');e; is said to be uniformly bounded away from zero when there exists

€ > 0 satisfying ¢*(s*) > ¢ for every i and s’. To guarantee that feasible allocations are uniformly bounded
away from zero, Bloise et al. (2013) imposed an additional boundary condition on u and 3. We refer to
Appendix B.4 where we discuss how restrictive this condition is.
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Consider a Kehoe-Levine competitive equilibrium (¢, (c?);cr). If ¢ has no bubble com-
ponent, in the sense that ¢° = 0, then we say that the family (p?, (¢!)ics) is Kehoe-Levine
competitive equilibrium with a Bewley price process.

REMARK 4.2 An Arrow-Debreu competitive equilibrium (i, (¢!);cr) is a family com-
posed of a price system ¢ and a resource feasible (not necessarily self-enforcing) alloca-
tion (c');es such that ¢t € d(p;a’(s?)) for every i where (a’(s%));e; are market clearing
initial transfers and di (p;b) := argmax{U(c’|s") : ¢ € Bl (¢;b)}. Following the argu-
ments in Bewley (1972) we can show that (1) there exists an Arrow—Debreu competitive
equilibrium with zero transfers; and (2) for any Arrow—Debreu competitive equilibrium
(o, (c")icr), the price system involves no bubble component. In particular, the family
(p?, (c")ier) is an Arrow-Debreu competitive equilibrium with a Bewley price process.
We show below that both results (1) and (2) extend to Kehoe-Levine competitive equi-
libria, provided there are uniform gains to trade.

4.1. Welfare Theorems

It follows from standard arguments that a constrained version of the First Welfare
Theorem is valid, i.e., every individually rational consumption allocation of a Kehoe—
Levine competitive equilibrium is constrained Pareto efficient. As a direct corollary of
Lemma 3.4 and Lemma 3.2, we obtain a version of the Second Welfare Theorem that
is in the spirit of Proposition 5 in Kehoe and Levine (1993). On one hand, they do not
assume high implied interest rates, but, on the other hand, they only get existence of a
quasi-equilibrium with a price system that may involve a bubble component.

PROPOSITION 4.1 Let (¢!);c; be a constrained Malinvaud efficient allocation such that
the implied Arrow-Debreu prices p* display high interest rates. Then the family (p*, (c')icr)
is a Kehoe-Levine competitive equilibrium with a Bewley price process and individually
rational initial transfers defined by a‘(s") := PV(p*; c® — €f|s%).
PROOF OF PROPOSITION 4.1: Let (c);e; be a constrained Malinvaud efficient alloca-
tion such that the implied prices p* display high interest rates.

Since (c%);¢; is constrained Malinvaud efficient, we know that MRS(c?|s!) = p*(s?)/p*(c(s?))
if U(c'|s') > U(e'|s?). Since implied prices p* display high interest rates, we have

PV (p*; ¢f|s%) < PV(p*;e|s®) < oo.
We can then apply Proposition A.2 to get that

drag [UE) ~ U] <PV = dl)s)

December 18, 2014



16

for any self-enforcing consumption process & with PV (p*; &[s) finite. This implies that
if & is a self-enforcing consumption process such that

PV(p*; Ei|so) < PV(p*; ci|30)

then we necessarily have U(¢|s?) < U(c|s”). We have thus proved that ¢! belongs to
die, (p*, a'(s°)).
Q.E.D.

Combining Lemma 3.2 and Proposition 4.1, we obtain the following characterization
of constrained Pareto optimality.

PROPOSITION 4.2 Assume there are uniform gains to trade and consider an allocation
(¢')icr that is resource feasible, self-enforcing and individually rational. The allocation
(¢')ier is constrained Pareto optimal if, and only if, there exists a Kehoe-Levine com-
petitive equilibrium (p, (¢!);c;) with a Bewley price process p and individually rational
initial transfers a’(s") := PV(p;c’ — €’|s"). Moreover, the Bewley price process p must
coincide with p*, the process of implied Arrow—Debreu prices.

4.2. Existence

We have seen that the set of constrained Pareto efficient allocations coincides with
the set of consumption allocations implemented by Kehoe-Levine competitive equilib-
ria with individually rational transfers. Since existence of a constrained Pareto efficient
allocation follows from standard continuity and compacity arguments, we derive the ex-
istence of Kehoe-Levine competitive equilibria with some initial transfers. We next show
the existence of a Kehoe-Levine competitive equilibrium with zero initial transfers.

THEOREM 4.1 If there are uniform gains to trade, then there exists a Kehoe—Levine
competitive equilibrium with zero initial transfers and high implied interest rates.

Proor: We follow the standard Negishi approach. Let
A={A=N)icreR} : Y N=1}
i€l
be the set of welfare weights. For each A € A we can maximize the social welfare function
S
i€l

among all feasible, self-enforcing and individually rational allocations. By strict con-
cavity of the Bernoulli function, there exists a unique solution c¢(\) = (c!()\));e; which
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is constrained Pareto efficient.”® Denote by p*(\) the corresponding process of implied
Arrow—Debreu prices. Applying Proposition 4.1, we get that (p*(\),c(M)) is a Kehoe—
Levine competitive equilibrium with initial transfers

a'(\, s°) ;== PV(p*(\); (\) — €']sY).

The difficult step of the proof consists on proving that A + a(), s”) is continuous. Ap-
plying Berge’s Maximum Theorem, we get that each function A — ¢f(\) is continuous
for the product topology.?! Since the Bernoulli function is continuously differentiable on
(0,00) and the consumption processes are strictly positive, we also get that the func-
tion A — p*(A) is continuous for the product topology. The continuity (for the product
topology) of the mappings A — p*()\) and A — c(), %) is not a priori sufficient to get
continuity of A — a’(),s”) since its definition involves an infinite sum. However, if we
prove that

(4.1) lim sup PV(p*(A\);els™) =0
T—00 AEA

then we get continuity of the mapping A — a’(), s?). We show below that (4.1) is true.?

CrAM 4.1 For any welfare weights A € A, we have

1

PV (Nsels) = —5eiy

> [Ulels’) = U(€ls")],  for all 5.
el

Proor: Fix an arbitrary vector A € A. Since p*(\) displays high interest rates and
the Euler equations are satisfied at the allocation ¢(\), we can apply Proposition A.2 to
deduce that

1

NEIWI)] [U(&]s") = U(c(N)]sH)] <PV (N);é& —t(V)]sh)

for any self-enforcing consumption process & satisfying PV(p*(\); &[s?) < oo. Let (d%);es
be defined by the uniform gains to trade condition (2.2). We can choose & := d’ to get
1
w(c'(A,sY))
1 .
——— [Ul(e|s!) — U(e'|s")] .
e [Tl ~ U]

Summing over i and using (2.2), we get the desired result. Q.E.D.

PV(p*(N);ic'(\) = d'ls") < [U((V)]s") = U(d"]s")]

Z3Uniqueness is straightforward if A’ > 0 for each i. For the general case, we can follow the arguments
in the proof of Lemma 4 in Bloise et al. (2013).

24This is because the mapping ¢ +— U(c|s?) is continuous for the product topology on the space of
self-enforcing and individually rational consumption processes. See Lemma A.1 for details.

25Claim 4.1 is related to Lemma 3 in Kehoe and Levine (1993).
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A direct consequence of Claim 4.1 is that each mapping A — a’(), s%) is continuous.
We can now follow the standard Negishi approach. Let G : A — A be the correspondence
defined by

G(\) := argmin{)\ - a(\,s°) : N € A}.

Applying Berge’s Maximum Theorem, we get that the correspondence G is upper semi-
continuous with non-empty convex values. By Kakutani’s Fixed-Point Theorem, it ad-
mits a fixed point A\*. We must have a’(\*,s) = 0 for each i. Indeed, assume by way
of contradiction, that a’(\*,s%) > 0 for some agent i.?® Since \* minimizes the map-
ping A — X - a(\*, s%), we must have A\%* = 0. Since ¢(\*) maximizes the social welfare
function, we must have U(ct(\*)|s") = U(e!|s"). However, we proved in Proposition 4.1
that (p*(\*), (¢'(A\*))ier) is a Kehoe-Levine competitive equilibrium with initial trans-
fers a(\*, s°). This means that

(W, 8%) € dig (p"(V); @' (N, 87)).
Since a’(\*,s%) > 0, we must have
U((A\)]s") = sup{U(c'[s°) : ¢ € By (p"(A");a' (A", )}
> sup{U(']s°) : ¢ € Bl (p"(X"); 0)}
> U(e's?).
The above inequality leads to a contradiction. We have thus proved that there exists a

vector of welfare weights A* such that (p*(\*), (¢'(A\*))ser) is a Kehoe-Levine competitive
equilibrium with zero initial transfers. Q.E.D.

4.3. Constrained Edgeworth Equilibria

We have proved the equivalence between constrained Pareto efficient allocations and
the consumption allocations implemented by Kehoe-Levine competitive equilibria with
individually rational transfers (see Proposition 4.2). The objective of this section is to
identify the subset of constrained Pareto efficient allocations implemented by Kehoe—
Levine competitive equilibria with zero initial transfers. We first adapt to our environ-
ment the concepts of core allocations and Edgeworth equilibria.

DEFINITION 4.2 Consider a resource feasible, individually rational and self-enforcing
allocation (c);er. A coalition S C I is said to improve upon the allocation (c?);c; when-
ever there exists an individually rational and self-enforcing allocation (¢%);c; satisfying

(4.2) Zéi = Zei and U(&|s%) > U(c!|sY), for alli € S.
i€S €S

26Recall that Yier a’(X\*,s%) = 0. If not all initial transfers are zero, then one of them must be positive.
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The allocation (c!);c; that cannot be improved by any coalition is called a constrained
core allocation.

It is straightforward to see that any consumption allocation implemented by a Kehoe—
Levine competitive equilibrium with zero transfers is a constrained core allocation, and
that any constrained core allocation is constrained Pareto efficient.

The conditions in (4.2) can be written as follows
(43) D XNE@ =) Ne' and NU(E|s") > NU(|s"), foralliel

i€l iel

where \' :=1if i € S and X' := 0 if i ¢ S. We may then extend the notion of coalition
by saying that (\);cs is a r-coalition whenever \* € {0,1/r,2/r,...,(r —1)/r,1}. The
interpretation is as follows. Consider a r-replica of our economy, in the sense that for
each i, we have r identical agents with the same endowment process e’. The ratio A’
represents the rate of participation of type i’s agents in the r-coalition. We say that a
r-coalition (A);c; improves upon the allocation (¢?);c; when there exists an individually
rational and self-enforcing allocation (¢');c; satisfying (4.3). We are now reading to adapt
the concept of an Edgeworth equilibrium (see for instance Aliprantis et al. (1987)) to our
environment.

DEFINITION 4.3 A resource feasible, individually rational and self-enforcing alloca-

tion (c");er is a constrained Edgeworth equilibrium whenever for any replica r € N,
it cannot be improved upon by any r-coalition.

Obviously, a constrained Edgeworth equilibrium is constrained Pareto efficient. It
should also be noted that any consumption allocation implemented by a Kehoe-Levine
competitive equilibrium with zero transfers is a constrained Edgeworth equilibrium. The
contribution of this section is to prove that the converse is also true.

THEOREM 4.2 Assume there are uniform gains to trade. A consumption allocation is
implemented by a Kehoe—Levine competitive equilibrium with zero transfers if, and only
if, it is a constrained Edgeworth equilibrium.

Proor: We only need to prove the sufficiency part. Consider a constrained Edgeworth
equilibrium (c?);ez. It is a resource feasible, individually rational and self-enforcing allo-
cation such that there does not exist a family (A%);c; of rational numbers in [0,1] N Q
and an individually rational and self-enforcing allocation (&');c; satisfying (4.3).2” Using
the continuity of preferences and the density of the set of rational numbers in the set of

real number, we can show that

0¢ Gl(c):= {Z N(z' —e') s a' € Pi(c"), \' >0 for each i and Z)\i = 1} ,

el i€l

*"Observe that J, c{0,1/r,2/r,...,(r = 1)/r,1} = [0,1] N Q.

December 18, 2014



20

where P'(c) is the set of all consumption processes z' € £*°(e) that are self-enforcing
and satisfy U(z']s%) > U(c?|s).?® Since each set P*(c*) has non-empty |- -interior, the
Convex Separation Theorem implies that there exists a non-zero and [|-||.-continuous
linear function ¢ : £*(e) — R separating G(c) and {0}.?Y Therefore, for every i, we
have p(x?) > p(e?) for any z* € Pi(c?). Since Bernoulli functions are strictly increasing,
standard arguments show that ¢(c!) = ¢(e').?" We have then proved that ¢(z?) >
o(c') = p(e?) for every ' € P'(c?). In particular, the linear functional ¢ supports the
allocation (¢%);c;. Applying Lemma 3.2, we get that ¢ is a price system without a bubble
component that coincides with PV (p*;-|s"), where p* is the process of implied Arrow—
Debreu prices. In particular, p* displays high interest rates. Applying Proposition 4.1, we

deduce that (p*, (c');es) is a Kehoe-Levine competitive equilibrium with initial transfers
a'(s%) = PV (p*;c' — €'s°) = p(c —e') =0
and we get the desired result. Q.E.D.

We can apply Proposition 5.2.2 in Florenzano (2003) to prove that a constrained
Edgeworth equilibrium always exists.?! Our existence result in Theorem 4.1 then follows
as a simple corollary of our equivalence result in Theorem 4.2.

5. ABoUT UNIFORM GAINS TO TRADE

One of the crucial assumption imposed in this paper is that there are uniform gains to
trade. We propose to investigate two simple environments where this condition is always
satisfied.

5.1. Stationary Markovian Economies

Here, we restrict attention to stationary Markovian endowments. Uncertainty is as-
sumed to be represented by a simple Markov process on a finite state space S. An event s’
is then a t + 1-vector (s, $1,...,5:) where each shock s, € S and sy € S is fixed. In

Z8The allocation (c¢');ecr satisfying the above property is called a fuzzy (or Aubin) core allocation of
an economy where consumption processes are restricted to be self-enforcing. Under our assumptions, any
Edgeworth equilibrium is a fuzzy core allocation. See the proof of Proposition 4.2.6 in Florenzano (2003)
for details.

*To see why the set P*(c’) has non-empty ||-||_-interior, we let z* := ¢’ +e. Fix € € (0,1) and choose
any process z in £>°(e) with [[z]|, < 1. We have that u(z’(s") + 2(s")) > u(c’(s")) which implies that
z' + z belongs to P’(c'). Therefore, 2 belongs to the ||-|| -interior of P*(c").

30Fix £ > 0. Observe that ¢ +ce € Pi(c"). Tt follows that ¢(c') 4 ep(e) > @(e'). Passing to the limit
when € — 0, we get that o(c') > ¢(e). The desired result follows from market clearing.

31 Apply Proposition 5.2.3 in Florenzano (2003) by choosing: the consumption set Xt = PCY, the
set Pi(c) := {z' € X' : U(2's°) > U(c'|s")}, the topology o to be the product topology and the
null production sector Y; = Z = {0}. The assumptions in Proposition 5.2.2 follow from the following
properties: U(-|s?) is concave and upper semi-continuous, the set PC’ is closed convex, and the set of
resource feasible allocations is compact.
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addition, the conditional probability 7(s'*!|s?) is assumed to depend only on s; and s; 1.
We abuse notation and denote this conditional probability by m(s¢+1|s:), implying that

7(s") = m(sgss_1)m(5¢0-1|50-2) ... 7(s1]50).

A process z = (2(s?)) 4ty is said to be stationary Markovian if z(s?) is a time invariant
function of the current shock s;. We make a slight abuse of terminology and use the
=1 g,).

We assume that agent i’s endowment process is stationary Markovian. For any event

st = (71, s), the endowment e’(s' !, 5) is denoted by e’(s). It follows that the reservation

notation z(s;) for z(s

utility process is also stationary Markovian. Indeed, for every event s = (s~1, s) we have
U(€'|st) = Vi(s) where Vi = (Vi(s))ses € R is the unique solution of the following
recursive equations

Vse S, Y(s)=u(e(s)+ 8 ) m(s|s)Y(s).

s'eS

When the process of endowments is stationary Markovian, the condition of uniform
gains to trade is satisfied if, and only if, the allocation (e');c; is not constrained Pareto
efficient.® This result corresponds to Proposition 4 in Bloise and Reichlin (2011). The
contribution of this section is to provide an alternative and simple proof that builds on
the following intuitive result.

LEMMA 5.1 Assume that (e');c; is stationary Markovian and not constrained Pareto
efficient. Then there exists an individually rational, self-enforcing and stationary Marko-
vian allocation (d*);c; such that

Zdi(s) < Zei(s), for all s € S.

el el

PROOF: Since (e');cs is not constrained Pareto efficient, there exists a constrained
Pareto efficient allocation (c*);c; which Pareto dominates (e?);c;. This means that (c?);c;
is individually rational, self-enforcing, resource feasible and satisfies U(c?|s%) > U(e?|s?)
for every agent i, with a strict inequality for at least one agent. The stationarity of the
endowment process implies that this Pareto dominance property is valid not only at the
initial event s, but at any event s' at date 1 (and actually at any event s?).

CrLAamM 5.1 For every s! € St we have U(c!|s') > U(e!|s!) for every agent i, with a
strict inequality for at least one agent.

PrROOF: Fix an arbitrary event s' at date 1. Since (c¢%);cs is self-enforcing, we have
U(ci|s') > U(e?|s!) for every agent i. Assume, by way of contradiction, that U(c?|s!) =

32The Pareto dominating consumption allocation (Ci)ig 1 need not be stationary Markovian.
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U(e|st) for every agent i. Since the Bernoulli function is strictly concave, this implies
that c!(s*) = e¥(s?) for every event s’ in the subtree ¥(s!). Otherwise, we would be able
to Pareto dominate the constrained Pareto efficient allocation (c?);c;.>*> Now choose the
date 2 event s% := (s',sg) which is the successor of s' corresponding to the shock sg.
Observe that the subtree Y (s?) is a copy of the whole tree ¥. In particular, any event
st € ¥(s?) can be written st = (s!,0'"!) where o'~! (30,01, ...,01-1) € X. Consider
now the allocation (&);c; defined by &(s?) := ¢i(st) if s & ¥(s?), and &(s?) := cf(ot1)
for any event s = (s!,0!"!) where o*~1 € 3. Since U(c!|s!) = U(e?|st) for every agent i,
we have that the allocation (¢');c; is individually rational, self-enforcing, resource feasible
and Pareto dominates (c);c;. Q.E.D.

Fix an arbitrary state s € S. It follows from Claim 5.1 that

(5.1)  u(c'(s0,8)) + S Z |(s0,8,8")) > U(e'|(s0, 5))

s'eS

for every agent i, with a strict inequality for at least one agent. Recall that U(e’|(sg, 5)) =
Vi(s) and U(c!|(s0, s,8")) > V(s'). Therefore, for each i we can choose §%(s) € [0, c*(so, s)]
such that

(52)  Viel, u(d'(s)+B8Y w(ss)V'(s) > V'(s)

s'es

together with?®!

(5.3) Zéi Z (so, s Zei(s).

iel icl iel

Denote by U the set of vectors U = (Ui(s))(i’s)elxs in R7*9 satisfying

Vi(s) < Ui(s) < 2,

and such that there exists z%(s) € [0, §%(s)] satisfying

for every (i,s) € I x S

+ﬁz Y > Vi(s), for every (i,s) € I x S.
s'eS

The set U is non-empty. Indeed, it follows from (5.2) that the family (V*(s))(.5erxs
belongs to U. It is straightforward to verify that U/ is a compact and convex subset of

33Indeed, let (¢')ic; be the allocation defined by &' (s') := c'(s") if s' ¢ X(s'), and &(s') :=
(1/2)ci(s*) + (1/2)e'(s?) for st € X(s'). The allocation (é');er is individually rational, self-enforcing
and resource feasible. Moreover, if there exists one agent i such that ¢' and e’ do not coincide on the
subtree Y(s'), then (¢');c; Pareto dominates (¢')ier.

341f the inequality in (5.1) is strict, we can choose §°(s) < ¢(so, 5), otherwise we take 6°(s) = c*(so, s).
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RIS, Let & : LY —» U be the correspondence where ®(U) is the set of all vectors U in
U for which there exists y'(s) € [0, 6%(s)] satisfying

Vi(s) < U (s) < u(y'(s)) + Z 7(s'|s)U'(s"), for every (i,s) € I x S.
s'esS

The set ®(U) is a non-empty, convex and closed subset of U and the correspondence
® is upper semi-continuous.?” Applying Kakutani’s Fixed-Point Theorem, there exist a
vector (Ui(s))(i,s)ejxs in U and a vector (di(s))(i,s)e[xs in R7”*S such that

(5.4)  Vi(s) < UY(s) < u(di(s))+ 3 Z 7(s'|s)U(s'), for every (i,s) € I x S
s'eS

where di(s) € [0,0%(s)]. Abusing notations, we let (d%);c; be the consumption alloca-
tion associated to the vector (di(3)>(i,s)el><s and defined by d’(s) := d'(s;). Applying
recursively (5.4), we get

U(e'|st) = Vi(sy) < U'(sy) < U(d'|s").

Therefore, the allocation (d*) is self-enforcing, individually rational and stationary Marko-
vian. Moreover, it follows from (5.3) that

Zdi(s) < Zéi(s) < Zci(so, s) = Zei(s).
i€l icl iel icl

Q.E.D.

It is straightforward to see that Lemma 5.1 implies that the economy exhibits uniform
gains to trade since the process (e);c; of endowments is uniformly bounded from above
and uniformly bounded away from zero.

PropoSITION 5.1 If the process of endowments is stationary Markovian and not con-
strained Pareto efficient then there are uniform gains to trade.

PROOF: Define z := Y, ;(¢" — d'), where (d");cs is the individually rational, self-
enforcing and stationary Markovian allocation (d*);c; of Lemma 5.1. The process z is
strictly positive and stationary Markovian. Moreover, if we let

o ®
e seg 6(8) .

then v € (0,1) and condition (2.2) is satisfied. Q.E.D.

#Since U belongs to U, the vector (V*(s))(,s)crxs belongs to ®(U).
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5.2. Seizable Assets

We discuss a simple extension of our environment. Following Kehoe and Levine (1993)
and Kocherlakota (2008), we assume now that there is a physical asset (also called tree)
in positive net supply delivering the dividend £(s!) > 0 at every event s'. At the initial
event s°, each agent i holds a fraction #7(s”) > 0 of the tree, with Y,.;6°(s) = 1. The
aggregate resources to be allocated between agents at event s is now

w(sh) =&(s") + ) _e'(s)

el

and an allocation (c);cs is said to be resource feasible whenever

(5.5) Zci:w:f—kZei.

iel i€l

Following the interpretation proposed by Kehoe and Levine (1993), the private endow-
ment e’(s') represents goods and services, such as labor, that cannot be physically dis-
associated from the agent. The shares of the physical asset (such as land) can change
hands, and therefore can be seized in case of breach of contract. Therefore, the default
option at event s’ is still represented by U(ef|s’) and the definition of an individually
rational and self-enforcing allocation remains unchanged. In particular, the definition of
a constrained Pareto efficient allocation remains the same except for the resource feasi-
bility constraint that is now defined by (5.5). The commodity space £°°(e) is replaced by
(> (w) and the budget constraint ¢(c!) < ¢(e?) is replaced by ¢(c) < @(ef + %€) in the
definition of a Kehoe-Levine competitive equilibrium.

All the results presented above remain valid under the uniform gains to trade assump-
tion which takes now the following form: the economy exhibits uniform gains to trade
if there is an individually rational and self-enforcing allocation (d*);c; and v > 0 such
that

(5.6) Vs'em, D di(sh) < (1-yuw(s).
el

The contribution of this section consists in showing that if dividends £ of the tree is
large enough with respect to the private aggregate endowments e, then the assumption
of uniform gains to trade is automatically satisfied.

PROPOSITION 5.2 If there exists a fraction « > 0 such that & > «e, i.e.,

(5.7)  &(sh) > aZei(st), for all event s

el

then the economy exhibits uniform gains to trade.
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Proor: Observe that

Yod=e<(l-Ete)= (1w

i€l
where v := /(1 + a). We can then choose (d');c; such that 3, ;d" = (1 — y)w and
d' > €' for each i. Q.E.D.

Condition (5.7) is satisfied if dividends are uniformly bounded away from zero and
private endowments are uniformly bounded from above. This is in particular the case if
the economy is stationary Markovian and dividends are strictly positive. Therefore, the
existence result in Proposition 6 of Kehoe and Levine (1993) is a particular case of our
Theorem 4.1.
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Appendix A: TECHNICAL RESULTS AND PROOFS
A.1. Continuity Properties of the Utility Function

Since the Bernoulli function is bounded from above, it follows from standard arguments
that the function U(-|s°) : ¢ — U(c|s") is upper semi-continuous on R¥ for the product
topology. It is also lower semi-continuous on the space of consumption processes that are
self-enforcing and individually rational.

LEMMA A.1 The utility function U(-|s?) is continuous for the product topology on the
space of self-enforcing and individually rational consumption processes.

Proor: Fix z and y two consumption processes in RE. For every date 7 > 1, we have

T

-1
(A1) |U@]s%) = Uyls®) <8 > w(shula(s")) — u(y(sh)|
0

t= stest
£ 5 S wIAG sl
sTeST
where A(z,y|s™) := U(z|s™) — U(y|s™). Observe that for any self-enforcing and individ-
ually rational consumption process z, we have

u

1-p

U(e'|s™) < U(z|s™) < Z B Tr(s8)sT )T <

s€>sT

where U := sup.>( u(c). This implies that

(A2) limsupB™ Y w(s7)U(2]s7) <0.

T—00 STEST
Since we assumed that U(e?|s”) > —oco we must have

lim 57 Z m(sT)U(e'|s™) = 0.

T—00
sTEST

This implies that

(A.3)  liminf 57 > w(sU(2]s7) > 0.

sTEST

Combining (A.2) and (A.3), we can then conclude that

lim 87 3 w7 Az, ylsT)] = 0

T—00
sTEST

and the continuity of U(-|s%) follows from the continuity of the Bernoulli function. Q.E.D.
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A.2. Strictly Positive Consumption

LEMMA A.2 Consider a consumption process ¢/ that is self-enforcing and individually

rational. Assume there is an event s’ = s% such that ¢/(s') = 0. Then there must exist a

successor event s7 = s! such that

(a) ¢(s7) >0 and U(c?|s™) > U(el|sT);

(b) for every intermediate event s” satisfying s
U(|s"™) > U(e?|s").

t < s" < 57, we have ¢/(s") = 0 and

Proor OF LEMMA A.2: Assume by way of contradiction that there does not exist
s > st satisfying (a) and (b). We let Sii1(s') be the set of date ¢ + 1 events successors
of st such that the participation constraint is non-binding. We must have ¢/(s'*1) = 0
for every s't1 € SLit(st) (otherwise (a) and (b) are satisfied). We denote by Sit%(st) the
set defined by

Sﬁ,‘gZ(st) = U {st+2 € St+2(st+1) : U(cj|st+2) > U(ej|st+2)}.
stH1eSH (st)

For every event s” we let AU(c/|s") := U(c?|s") — U(e?|s™). Observe that m(s)AU(c’|st)
coincides with

(s [w(0) —u(@ (SN +8 D w(sTHw(0) —ule ()]
stHlesy ! (st)
+82 > a(sTHAU( ).
st+2eSH 3 (st)
Since AU(c?|st) > 0, the set SLi2(s?) is non-empty. Again, we must have ¢/ (s'+2) = 0
for every s72 € Sii?(st). We can then define recursively a sequence (Sii™(s?))n>1 such
that for every k > 2

() AU (s Zﬂ" Yo wlsT(0) —uled (7))

strneskin (st)

Z Bkﬂ_(st-l—k)AjU(St—i-k)_

stHhesi (st

Passing to the limit when k goes to infinite, we get AU(c/|s!) < 0 which contradicts the
fact that ¢/ is individually rational and self-enforcing. Q.E.D.

PROPOSITION A.1 If (¢%);cs is a constrained Malinvaud efficient allocation, then it is
strictly positive.

PROOF: Let (c¢');cr be a constrained Malinvaud efficient allocation. Fix a date-t event
st and assume by way of contradiction that there exists an agent j with ¢/(s!) = 0. From
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the resource feasibility there exists an agent k # j with ¢*(s*) > 0. We propose to show
that there exists a bilateral trade between agents j and k that is Pareto improving.

There exists a successor event s7 = s’ satisfying conditions (a) and (b) of Lemma A.2.
Fix ¢ > 0 small enough such that c¢*(s*) > ¢ and ¢/(s7) > ~e where ~ is arbitrarily chosen
to satisfy

,BTF(ST)u/(Ck(ST))
17 B (st (F(sh))

Define (¢7,é%) as follows

F(s7) = {cj(st) +e  ifs" =4 {ck(st) —e ifs" =4

~koor
. ;o () =
A(sT)—ve ifs"=s" F(sT) +ye ifs" =57

and (&7 (s"),é¥(s™)) := (¢ (s"), c¥(s")) for any s” ¢ {s, s7}. By construction the consump-
tion processes & and é* satisfy participation constraints for every event s” > st that does
not satisfy s” < s7 since we have U(¢'|s") = U(c!|s") for every i € {j, k}.

The choice of 7 is such that for € > 0 small enough we have

m(s') B u(@(s") + m(sT)BTuM(E(sT)) > m(sh)BuM (P (s")) + m(sT)BTu(cM(sT)).

It follows that U(c¥|s") > U(c¥|s") for any event s” satisfying s* < s” < s7. We have
thus proved that ¢* is still self-enforcing and individually rational. Moreover, we have
U(ék|st) > U(cF|sh).

For every event s” satisfying s < s” < s7, agent j’s participation constraint is non-
binding, i.e., U(c¢’|s") > U(e/|s"). This implies that we can choose ¢ > 0 small enough
such that U(¢/|s") > U(e’|s") for any s” satisfying s’ < s” < s7. To get a contradiction,
we only have to show that U(&7|s!) > U(c/|s!). Observe that

NI i1 ot BTm(s7) (T j (T
U@[s") = U(d]s") = [u(e) —u(0)] + W[U(C’(S ) —e) —u(d(s7))]-

Inada’s condition implies that for € > 0 small enough we get the desired result. Q.E.D.

A.3. Finite Present Value under Personalized Prices

LEMMA A.3 Consider an event s’, a strictly positive consumption process ¢! and a
strictly positive process p = (p(s'))tex such that PV (p; ef|s?) is finite. Assume that, for
every successor event s7 = st the participation constraint is satisfied (i.e., U(c'[s7) >
U(e!|s7)), and MRS*(c¢!|s7) < p(s7)/p(c(s7)).Then

PV (p';c'|sT) < oo

where p’ is the process of individual Arrow—Debreu prices defined recursively by p’(s) :=
1 and p*(s*) /p'(o(st)) := MRS (c|s?).%6

36In particular, we have p'(s*) = Bin(s")u'(c'(s")) /v (c'(s°)).
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PRrROOF: We provide a proof for s* = s. The general case obtains replacing the tree ¥
by the subtree X(st). By concavity of the Bernoulli function we have

U(el]s) - U(c|s) < i Z p'(sHe'(s") — ¢'(s")]

u'(c'(s°)) =

sTesT
Since U(c!|s") > U(e?|s™) we get that
r—1 r—1 Ci SO . ei SO
S YA < 3 psesh + L 'u,()ci (S(O])() +)
t=0 stecSt t=0 stecSt
i U — U]s)
< D> P + =)

t=0 stec St

and the desired result follows from the assumption that PV (p;e?|s) is finite. ~ Q.E.D.

A 4. Decentralization Result

PROPOSITION A.2 Consider an event s?, a strictly positive consumption process ¢ and
strictly positive process p = (p(s?))ses; such that PV(p;ef|s?) is finite. Assume that, for
every successor event s” > s, the participation constraint is satisfied (i.e., U(c!|s7) >
U(e?|s)), and MRS!(c!|s™) < p(s7)/p(c(sT)) with equality if U(c?|s™) > U(e?|s™). Then

¢ has finite present value, in the sense that PV (p; ¢|s®) < oo, and for every self-enforcing
consumption process ¢ with finite present value, we have

u’(cil(st)) [U(E|s") —U(c'[s")] < PV(p;& —'[s).

ProOOF: We provide a proof for s* = s%. The general case obtains replacing the tree ¥
by the subtree (s!). For every event s™ = s, we denote by ¢*(s™) the marginal rate of
substitution MRS’(¢!|s7) and we let p’ be the associated “personalized” Arrow-Debreu
price process defined by p‘(s?) := 1 and p'(s7) = ¢*(s7)p(a(s7)).>" We first prove an
intermediate result.

CLAIM A.1 For every self-enforcing consumption process & with finite present value,
i.e., PV(p;&|s®) < oo, we have

-1
(Ad)  vE>0, pOi(s9) <D D" p(sE(sT) = () + > p(sHbi(s°)

7=0s7€S7 s€eS¢

370r equivalently p*(s7) = 7w (s™)u'(c'(s7)) /v’ (c'(s°)).
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where b(s7) := PV(p'; & — ¢!|s7).?® Moreover, we have

; EVpi( <€) —
(A.5) 61520 > p(sb(s4) =0.
s€cS¢

Proor oF CrLaiM A.1: Concavity of the Bernoulli function implies that for every s &
2,

16) D) ey @] < Y BEEE) — () = s ().

1At 0
u (C (S )) sTEX(sT)
By definition of the process b’, we get for every event s7,

bi(sr) _ (Ei(sr) - Ci(sT)) + Z qi(ST+1)bi(ST+1).
sTHL-sT
If U(cs™) > U(ef|s™1) then ¢¢(s™1) = q(s7). If U(c!|s™1) = U(e?|s™™1) then we
have U(&|s™"1) > U(ct|s™"1) since & is self-enforcing. It then follows from (A.6) that
bi(s7t1) > 0. In both cases we have ¢*(s7 )b (s7H1) < q(s7TH)bi(s7H1), implying that

Vi(sT) S (@(sT) = (s + D alsTH'(sTH).

sTHL -7

Multiplying by p(s”) and summing the inequalities over all events s™ up to date &, we
get Equation (A.4).
We now show that Equation (A.5) is satisfied. It is sufficient to prove that

li 3 il &) —
lim > p(s) PV (piafst) =0
s€€S¢

for any process x with finite present value under p, i.e., PV(p; z|s?) < co. Observe that

P PV als) =) 3 L)
sTeEX(sE)

For every s” € ¥(s%) there exists a finite family of events (s!,...,s"~!) such that

<t <62 o <l <

In particular

pi(sr) if £+ Qi p(s")
= (s gi(sn) < 20D
p(s°)
38To define b’(s”) we need to show that PV(p’; &|s%) and PV (p’; c'|s®) are both finite. Since p’ < p

we have that PV (p'; &|s") is finite. The fact that PV(p’; ¢'|s°) is finite follows from standard arguments.
We refer to Appendix A.3 for details.
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It follows that p(s¢) PV(p’; z[s¢) < p(s¢) PV(p; 2|s¢) and consequently

S p(s PV@als) < 33 p(s)a(s)

s€esE r>€ sTesr

The desired result follows from the fact that PV (p;x|s°) is finite. Q.E.D.

To prove that ¢’ has finite present value, we apply Claim A.1 choosing & := e’. Observe
that passing to the limit in (A.4) we get that

1

D) [U(@]s") —U(|s”)] < PV(p;& — 's°).

Q.E.D.

Appendix B: COMPARING WITH THE LITERATURE

Recall that if (¢!);cy is a strictly positive consumption process, then the implied Arrow—
Debreu price process p* is defined recursively by p*(s%) := 1 and

*(St) t 0
= maxMRS( c|sh), for all s' = s°.
P (o)
Following Bloise and Reichlin (2011), we say that an allocation satisfies the Modified
Cass Criterion when there exists a non-null and uniformly bounded from above process
v satisfying, for some p € (0, 1),

p Z (s (st > p*(sHu(sh), for all st = s°.

sttly-gt

When this condition holds true for p = 1, we say that the allocation satisfies the Weak
Modified Cass Criterion.

Bloise and Reichlin (2011) introduce a different concept of “high implied interest rates”
than the one we borrow from Alvarez and Jermann (2000). We say that implied interest
rates are BR-high when

Z p*(st
stey

This concept coincides with the one we adopt if, and only if, the endowment process is

uniformly bounded from above and uniformly bounded away from zero.*’

391n the sense that there exists ¢ > 0 such that 1/¢ < e(s’) < ¢ for any event s'.

December 18, 2014



32

B.1. Lemma 3.3

Lemma 3.3 is in the spirit of Lemma 2 in Bloise and Reichlin (2011) but cannot be
compared to it. To illustrate this we state below their result using our terminology.

LEMMA B.1 (Lemma 2 in Bloise and Reichlin (2011)) Assume aggregate endowments
are uniformly bounded from above. Consider an allocation ¢ = (c*);c; that is feasible, self-
enforcing, individually rational and uniformly bounded away from zero. If ¢ is constrained
Pareto optimal then it does not satisfy the Modified Cass Criterion.

On one hand, we do not restrict attention to allocations that are uniformly bounded
away from zero. On the other hand, we have a stronger assumption (uniform gains to
trade) but their conclusion is weaker than ours.

B.2. Lemma 3.4

Lemma 3.4 is in the spirit of Lemma 3 in Bloise and Reichlin (2011) but cannot be
compared to it. To illustrate this we state below their result using our terminology.

LeEMMA B.2 (Lemma 3 in Bloise and Reichlin (2011)) Assume aggregate endowments
are uniformly bounded from above. Consider an allocation that is constrained Malinvaud
optimal and uniformly bounded away from zero. If it does not satisfy the Weak Modified
Cass Criterion then it is constrained Pareto optimal.

On one hand, the sufficient condition we proposed in Lemma 3.4 is valid for any con-
strained Malinvaud efficient allocations, not necessarily those that are uniformly bounded
away from zero. On the other hand, the sufficient condition of Lemma 3 in Bloise and
Reichlin (2011) is weaker than ours.

B.3. Proposition 3.1

Proposition 3.1 is in the spirit of Proposition 3 in Bloise and Reichlin (2011) that we
state below using our terminology.

ProprosITION B.1 (Proposition 3 in Bloise and Reichlin (2011)) Assume aggregate
endowments are uniformly bounded from above, uniformly bounded away from zero, and
there are uniform gains to trade. Consider an allocation that is constrained Malinvaud
efficient and uniformly bounded away from zero. It is constrained Pareto efficient if, and
only if, implied interest rates are high.

First, Bloise and Reichlin (2011) only characterize the sub-class of allocations that
are uniformly bounded away from zero. Second, they assume that aggregate endowments
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are uniformly bounded from above and uniformly bounded away from zero. They need
these additional assumptions because their approach to prove the necessity part (see
their Lemma 5) requires that marginal utilities of consumption at constrained Pareto
efficient allocations are uniformly bounded from above and bounded away from 0.

B.4. Boundary Condition of Bloise et al. (2013)

In Bloise et al. (2013) (see also Bidian and Bejan (2014)), the following extra-conditions
are imposed on primitives.
(B) The Bernoulli function is bounded from below (i.e., u(0) € R) and there exists € > 0
such that

B.1. e < €i(st) < 1/(e#I) for every i and s';

B.2. fu(0) + (1 — B)u(1l/e) < ule).
In this paper, we only assume that the endowment process is strictly positive, i.e., e*(s') >
0. In particular, we allow for the possibility of successive negative (positive) shocks on
endowments such that e’ converge to 0 (to infinite) along some path. Moreover, we
do not impose any consistency requirement between the subjective discount factor g,
the Bernoulli function u and endowments. Observe that for any given pair (5,u), we

can construct an endowment process (e?)re; satisfying (B.1) but such that (B.2) is not
satisfied. Indeed, (B.2) implies that

B
1-p

passing to the limit when e tends to 0, we get the contradiction sup,~qu(z) < u(0).

u(l/e) < [u(e) = u(0)] + u(e)
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