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Abstract

The aim of this work is to study a class of nonsmooth dynamic
contact problem which model several surface interactions, including
relaxed unilateral contact conditions, adhesion and Coulomb friction
laws, between two viscoelastic bodies of Kelvin-Voigt type. An ab-
stract formulation which generalizes these problems is considered and
the existence of a solution is proved by using Ky Fan’s fixed point the-
orem, suitable approximation properties, several estimates and com-
pactness arguments.

1 Introduction

This paper is concerned with the study of a class of dynamic contact prob-
lems which describe various surface interactions between two Kelvin-Voigt
viscoelastic bodies. These interactions can include some relaxed unilateral
contact, pointwise friction or adhesion conditions.

Existence and approximation of solutions to the quasistatic elastic prob-
lems have been studied for different contact conditions. The quasistatic uni-
lateral contact problems with local Coulomb friction have been studied in
[1, 29, 30] and adhesion laws based on the evolution of intensity of adhesion
were analyzed in [28], [10]. The normal compliance models, which are partic-
ular regularizations of the Signorini’s conditions, have been investigated by
several authors, see e.g. [17, [15, BI] and references therein.
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A unified approach, which can be applied to various quasistatic problems,
including unilateral and bilateral contact with nonlocal friction, or normal
compliance conditions, has been considered recently in [2].

The corresponding dynamic contact problems are more difficult to solve
than the quasistatic ones, even in the viscoelastic case. Dynamic frictional
contact problems with normal compliance laws for a viscoelastic body have
been studied in [22, 17, 18, 5, 24]. Nonlocal friction laws, obtained by suitable
regularizations of the normal component of the stress vector appearing in
the Coulomb friction conditions, were considered for viscoelastic bodies in
[16, [19% 20, [13], [7, [11]. Dynamic frictionless problems with adhesion have been
studied in [6l 211, 33] and dynamic viscoelastic problems coupling unilateral
contact, recoverable adhesion and nonlocal friction have been analyzed in
[12, Q).

Note that, using the Clarke subdifferential, the variational formulations of
various contact problems can be given as hemivariational inequalities, which
represent a broad generalization of the variational inequalities to locally Lip-
schitz functions, see [24], 23, 25, 26] and references therein.

A static contact problem with relaxed unilateral conditions and pointwise
Coulomb friction was studied in [27], based on new abstract formulations
and on Ky Fan’s fixed point theorem. The extension to an elastic quasistatic
contact problem was investigated in [§].

This work extends the results in [27] to a new class of nonsmooth dynamic
contact problems in viscoelasticity, which constitutes a unified approach to
study some complex surface interactions.

The paper is organized as follows. In Section 2 the classical formulation
of the dynamic contact problem is presented and the variational formulation
is given as a two-field problem. Section 3 is devoted to the study of a more
general evolution variational inequality, which is written as an equivalent
fixed point problem, based on some existence and uniqueness results proved
n [I1]. Using the Ky Fan’s theorem, the existence of a fixed point is proved.
In Section 4 this abstract result is used to prove the existence of a variational
solution of the dynamic contact problem.

2 Classical and variational formulations

We consider two viscoelastic bodies, characterized by a Kelvin-Voigt consti-
tutive law, which occupy the reference domains Q¢ of R%, d = 2 or 3, with
Lipschitz boundaries I'* = 9Q%, a =1, 2.

Let I'f;, I'x and 'z be three open dlSJOlIlt sufficiently smooth parts of I'“
such that T = T, UTx UTg and, to simplify the estimates, meas(I'¢) >



0, o = 1,2. In this paper we assume the small deformation hypothesis and
we use Cartesian coordinate representations.

Let y®(x“,t) denote the position at time ¢ € [0,7], where 0 < T <
400, of the material point represented by x® in the reference configuration,
and u®(x*,t) := y*(x*,t) — x* denote the displacement vector of x® at
time ¢, with the Cartesian coordinates u® = (uf,...,u5) = (u*, u$). Let %,
with the Cartesian coordinates ¢ = (g;; (u®)), and o®, with the Cartesian
coordinates o% = (af‘j), be the infinitesimal strain tensor and the stress
tensor, respectively, corresponding to 2%, a =1, 2.

Assume that the displacement U* = 0 on I' x (0,7), o = 1,2, and
that the densities of both bodies are equal to 1. Let f, = (f, f3) and
fo = (f3, f3) denote the given body forces in Q' UQ? and tractions on 'k U
I'Z, respectively. The initial displacements and velocities of the bodies are
denoted by ug = (u}, u?), w; = (u},u?). The usual summation convention
will be used for ¢, j, k, [ =1, ...,d.

Suppose that the solids can be in contact between the potential contact
surfaces I'¢; and T'Z which can be parametrized by two C* functions, ¢!, ¢?,
defined on an open and bounded subset Z of R~! such that (&) —@?(€) >
0 V¢ € = and each T'g is the graph of o® on Z that is I'% = { (&, p*(€)) €
R?; ¢ € 2}, a = 1, 2. Define the initial normalized gap between the two
contact surfaces by

p'(§) — ¢*(§) -

= A =.
WO = veer

Let m® denote the unit outward normal vector to I'*, o = 1, 2. We shall
use the following notations for the normal and tangential components of a
displacement field v*, a = 1, 2, of the relative displacement corresponding
to v := (v',v?) and of the stress vector 0“n® on I'&:

V(1) = (&, 97(8), 1), R (&, 1) = v(E, 1) - m(E),

un (€ 1) = vn (& 1) F R (&), [on](8,1) = v (€, 1) — 90(E),

v7(&,t) == v (& 1) — R (§, ) (E), vr(€,t) == vr(S,t) — vi(E, 1),

ox(§:1) := (a(§, H)n?(€)) - n*(E), o7(§,t) = a(§, H)n*(§) — of(&, 1)n(8),
for all ¢ € = and for all ¢ € [0,T]. Let g := —[ux]| = g, — ul — u% be the
gap corresponding to the solution u := (u',u?). Since the displacements,

their derivatives and the gap are assumed small, by using a similar method
as the one presented in [3] (see also [I1]) we obtain the following unilateral
contact condition at time ¢ in the set Z: [uy] (§,t) = —g(&,t) <0 VE € =.



2.1 Classical formulation

Let A“, B* denote two fourth-order tensors, the elasticity tensor and the
viscosity tensor corresponding to Q¢ with the components A* = (A%kl) and
B = (Biajkl), respectively. We assume that these components satisfy the
following classical symmetry and ellipticity conditions: CZ, = Coiyy = Cpjy; €
L>(Q%), Vi, j, k, 1 =1,...,d, Jaca > 0 such that C2,7ijTi > aca 7357
V1 = (m;) verifying 7;; = 7, Vi, j = 1, ...,d, where C;;, = A%y, C* =
A% or Cyy = By, C*=B* Vi, 5,k 1=1,...,d, a=1,2.

We choose the following state variables: the infinitesimal strain tensor
(e, €?) =(e(u'),e(u?)) in Q' U Q2] the relative normal displacement [uy] =
u + u3 — go, and the relative tangential displacement ur = uw} — u% in =.

Let k, K : R — R be two mappings with s lower semicontinuous and &
upper semicontinuous, satisfying the following conditions:

k(s) <F(s) and 0 ¢ (k(s),R(s)) Vs eR, (1)
d7p > 0 such that max(|&(s)|, [R(s)]) <ro Vs € R. (2)

Consider the following dynamic viscoelastic contact problem with Coulomb
friction.
Problem P,: Find u = (u',u?) such that w(0) = ug, ©(0) = u; and, for
all t € (0,7),
4 — dive*(u®,u®) = f{ in Q9
o®(u®,u") = A% (u®) + B (1*) in Q,

[0
u®*=0 on I'fy, o“n*= f5 on I'y, a=1,2,

N

D Ot
S N e N N N

o'n'! +o?n?>=0 in =,

E([un]) < on < E([un]) in Z,

N N N N

lor| < ploy| in Z and

lor| < plon| = ar =0, i
‘O'T’ :,U,|0'N| =30 > O, Upr = —QO'T,

where o = o%(u®,u"), a = 1,2, oy := ok, o7 := 0%, and p € L>(2),
i > 0a.e. in =, is the coefficient of friction.

Different choices for k, ® will give various contact and friction conditions
as can be seen in the following examples.
Ezample 1. (Adhesion and friction conditions)

Let so > 0, M > 0 be constants, £ : R — R be a continuous function
such that k£ > 0 with k(0) = 0 and define

0 if s< —sq, 0 if s< —sq,
K(s) =% k(s) if —sp<s<0, R(s)=4q k(s) if —s9<s<0,
-M if s>0, —M if s>0.



Ezample 2. (Friction condition)
In Example 1 we set k = sqg = 0 and define

o (s) = 0 if s<0, Far(s) = 0 if s<0,
MY M i s>0, MY T M if s> 0.

The classical Signorini’s conditions correspond formally to M = 4-oc0.
Ezample 3. (General normal compliance conditions)

Various normal compliance conditions, friction and adhesion laws can be
obtained from the previous general formulation if one considers Kk = kK = &,
where x : R — R is some bounded Lipschitz continuous function with
k(0) = 0, so that oy is given by the relation oy = k([uy]).

2.2 Variational formulations

We adopt the following notations:
H*(Q%) .= H*(Q*%RY), a=1,2, H® := H*(Q') x H*(Q?),
(v, W) s = (VW) g 1) me(@1) T (V7 W) s 2y m1e (02)

Vo= (v,v?) e H* Vw= (w',w?) € H°, VseR.

Define the Hilbert spaces (H, |.|) with the associated inner product denoted
by (.,.), (V, ||.]|) with the associated inner product (of H') denoted by (., .),
and the closed convex cones L2 (Z), L2 (2 x (0,T)) as follows:

H = H° = [2(QY;R?Y) x L*(Q*RY), V := V! x V%, where

Ve={v*c H'(Q%); v*=0 ae. on ¢}, a=1,2,

LA(E):={0€ L*=E); 6 >0 ae. in =},

LA(Ex (0,7)) :={ne L*(0,T;L*(Z)); n >0 ae. in Zx (0,7)}.

Let a, b be two bilinear, continuous and symmetric mappings defined on
H'x H' - R by

a(v,w) = a' (v, w") + a* (v, w?), b(v,w) =b'(v',w") + ¥ (v, w?)

Vo = (v!,v?), w= (w!,w?) € H', where, for a=1,2,

a (v, w®) = . A%e(v?)-e(w?)dx, b* (v, w*) = . B (v)-e(w®”) dz.



Assume f§ € WhHe(0,T; L2(Q%RY), f5 € Wh(0,T; L*(T%; RY)), a =
1,2, up, u; €V, gp € Li(E), and define the following mappings:

J:I2E) x H' >R, J(5,0) :/u|5| o] dé
Vé e L2(E), Yo = (v, v?) € HY,

fEWISOTHY, (f0) = Soyy [ 10"t 3

a=1,2

/ fo-v%ds
I'e
Vo = (v,v?) e H', Vte[0,T).

Assume the following compatibility conditions: [ugn] < 0, &([ugn]) = 0 a.e.
in Z and dp, € H such that

(P, w) + a(ug, w) + b(uy, w) = (f(0),w) YVweV. 9)

The following compactness theorem proved in [32] will be used several times
in this paper.

Theorem 2.1. Let X, U and Y be three Banach spaces such that XcUcy
with compact embedding from X into U.

(i) Let F be bounded in LP(0,T;X), where 1 < p < oo, and OF /ot :=
{f; f € F} be bounded in L'(0,T;Y). Then F is relatively compact in
LP(0,T;U).

(ii) Let F be bounded in L=(0,T; X) and F /9t be bounded in L"(0,T;Y),

A~

where r > 1. Then F is relatively compact in C([0,T];U).
For every ¢ € L*(0,T; L*(Z)) = L*(Z x (0,T)), define the following sets:

A ={ne L*(0,T; L*(B));s0( <n<Fo( ae in 2x(0,T)},

Ar(Q)={n € LE(E X (0,T));5, 0 <n<FypoC ae. in Zx (0,T)},

A ={neL2Ex (O0.T))F oC<n<n of ac in Zx(0,7)},
where, for each 7 € R, ry := max(0,7) and r_ := max(0, —r) denote the

positive and negative parts, respectively.

For each ¢ € L*(0,T; L*(Z)) the sets A((), Ay(¢) and A_(¢) are clearly
nonempty, because the bounding functions belong to the respective set, closed
and convex.

Since meas(Z) < oo and k, & satisfy , it is also readily seen that
there exists a constant, denoted by Ry and depending on meas(=Z), ro and 7T,
such that for all ¢ € L*(0,T; L*(Z)) the sets A (¢) and A_(¢) are bounded
in norm in L%*(0,7;L*(Z)) by Rg. Moreover, these sets are bounded in

L=(0,T; L®(2)).



A first variational formulation of the problem P. is the following.
Problem P!: Findu € C*([0,T); H™)NW'2(0,T; V), A € L*(0,T; L*(E))
such that u(0) = ug, ©(0) = w1, A € A(juy]) and

(W(T),v(T) —uw(T))_,., — (uy,v(0) — ug) — /0 (,v — u)dt
—1—/0 {a(u,v —u) + b4, v —u) — (N, oy — un)r2z)} dt (10)

T T
+/ {J()\,v+ku—u)—J(A,ku)}dt2/ (f, 0 — ) dt
0 0
1
Vo € L=(0,T;V)NWY(0,T; H), where 1> > 3 k> 0.

The formal equivalence between the variational problem P! and the classi-
cal problem — can be easily proved by using Green’s formula and an
integration by parts, where the Lagrange multiplier A\ satisfies the relation
A= ON.

Let ¢ : L2 (Z) x L2(Z) x V — R be defined by

¢(51,(52,’U) = —(51 — 527”N)L2(E) -+ / % ((51 + (52) |’UT| d§
= (11)

V(01,02) € (L3(2))?, Vv = (v',v?*) e V.

Since n € A(¢) if and only if (n4,7-) € A(() x A_((), it follows that the
variational problem P! is clearly equivalent with the following problem.
Problem P?: Findu € C*([0,T}; H™)NW'2(0,T; V), A € L*(0,T; L*(2))
such that w(0) = ug, ©(0) = w1, (A, A\-) € A ([un]) x A_([un]) and

(@(T),v(T) = w(T)) -, — (u1,v(0) — uo)

-|-/OT{—(u,i)—u)—i—a(u,v—u)—l—b(u,v—u)}dt (12)

T T
[ oA vk ) = o A kit [ (fo - u)de
0 0
Vo € L=(0,T;V)NWH(0,T; H).
The existence of variational solutions to problem P, will be established by

using some abstract existence results that will be presented in the following
section.



3 General existence results

Let Uy, (Vo, [|-]]; (-,.)), (U, ||.]lv) and (Ho, |.|, (.,.)) be four Hilbert spaces
such that Uy is a closed linear subspace of Vj dense in Hy, Vo C U C Hy with
continuous embeddings and the embedding from Vj into U is compact.

To simplify the presentation and in view of the applications to contact
problems, L?(Z) will be preserved in the abstract formulation even if, more

~
—

generally, the space L2(Z) can be considered with (2, m) a finite and complete
measure space, see [27] for a time-independent application. Also, we use the
notation Zr := = x (0,7).

Let ag, bg: Vo x Vy — R be two bilinear and symmetric forms such that

AMa, My >0 ag(u,v) < Mg [|ull [l bo(u,v) < M, [Jull [[v]l, (13)
Img, my >0 ag(v,v) > mg ||v]|2, bo(v,v) > my |[v]|* Yu,v eV, (14)

Let [ : Vo — L*(E) and ¢ : L3 (Z) x L2(E) x V; — R be two mappings
satisfying the following conditions:

3 k1 > 0 such that Vv, v € Vj,
11(v1) = 1(v2) || r2(z) < Fallvr — v2lu,

VA, v € LA(E), VO >0, Yoy, vs, v € Vp,
Go(715 72, v1 4 v2) < Po(V1, 72, V1) + Po( 71, V2, v2), (16)
$0(71,72,0v) = 0 ¢o(71,72, V), (17)

Vo eV, ¢0(0,0,v) =0, (18)

(19)

vf)/la Y2 S Li(E), VU S U07 ¢0(717727U) = 07

3 ky > 0 such that ¥y, 79, 01, 02 € L3 (Z), Yoy, 09 € Vp,
|60 (71, Y25 V1) — Po(V1, V2, V2) + G001, b2, V2) — Po(61, 2, v1)| (20)
< ka(llva = d1llz2@) + 172 — dallz2m)) lvr — vallu,
if (vy',7%) € (L3(Zr))? foralln e N
and (77, 73) = (71,72) in (L*(0,T; L*(Z)))?, then

T T
|ttt [ antnomods Yoe L20.7:%)
0 0

Remark 3.1. i) Since by ®o(++,0) =0, from (@), forve =0, v; = v,
we have
VY1, 72, 01, 02 € L2(E), Vv € V,
[90(71:72,v) — @o(1, 02, v)| < ka(([y1 — d1llr2z) + 2 — 02l r2@) [v]|o-

(21)

(22)

8



ii) From (@ and (@), for 01 = 9o = 0, we derive

erD V2 S Li(E)a V1)17112 S ‘/07

23
160(11, 72, 01) — o1, 12, 02)] < Ka(lnllzae + Il e s — valler. &)

iii) If (77, 73) € (L3(Er))%, foralln € N, (77,75) = (m1,72) in (L*(0,T; L*(5)))?,
and v, — v in L*(0,T;U), then
T

T
lim gbO(’ﬁl’ ’737 Um) ds — / ¢0(717 Y2, ’U) dS, (24)
0 0

n,Mm—00

which can be proved by taking into account in the following relations:
T
|| 46032198 0m) = dulo o0} s
o7 T
< [ 160088, vm) = o075 o)l ds | [ {00381, 0) = do(, )}
0 0
T

< / k(72 1z + 2] 2@ o — il ds
0
T
_H {¢0<77117737,U) - ¢0(’}/1,"}/2,U>}d8‘,
0

and passing to limits by using and that (7} y)n are bounded in L*(0,T; L*(Z)).

Assume that fo € WH(0,T;Vp), u°, u' € Vj are given, and that the
following compatibility condition holds: %(I(u®)) = 0 and Ipy € Hy such
that

(po, w) + ag(u’, w) + bo(u, w) = {fo(0),w) Yw € Vj. (25)
Consider the following problem.
Problem Q;: Find u € Wy, X\ € L*(0,7;L*Z)) such that u(0) = u°,
w(0) = u', (A4, A=) € Ap(l(u)) x A_(I(u)) and

(@(T),v(T) = u(T))vrx v — (u1,v(0) = up)

+/OT{—(u,1)—u)+a0(u,v—u)—i—bg(u,v—u)}dt (26)

T T
—I—/ {do( A, A, v+ ki —u) — ¢po(Ay, A, ki) } dt > / (fo,v —u)dt
0 0

Vo € L=(0,T;Vy) N Wh2(0,T; Hy),

where Wy := C1([0,T]; U") N W20, T; V).

The sets A (¢), A_(¢) and A(¢) have the following useful properties, see
also [27].



Lemma 3.1. Let ¢ € L*(0,T; L*(Z)) and (n1,m2) € A (¢) x A_(¢). Then
mne = 0 a.e. in Zp and there exists n € A(C) such that ny = m, n- = 1o
a.e. in .

Proof. If Kk, o( <y <Kro(and K_o( <1mp < k_o( a.e. in Zp, then

(5, 0C) (R0¢) Smm < (Fy0C) (5_0C) ae. mBp.  (27)

Since by (1)) 0 ¢ (x(C(&,1)),R(C(,1))), it follows that for almost all (§,t) € E
the terms £((&,t)) and ®(¢(&,t)) have the same sign, or at least one term is
equal to zero. Thus, (k, 0 () (F—0() = (R4 o()(k_0() =0ae. in Er, so
that by one obtains 717, =0 a.e. in Zp.

To complete the proof, it suffices to take n = n; — 15 and, using the
relations n; > 0,172 > 0 and ;72 = 0 a.e. in =, to see that n,. = ny,
n_ =1y a.e. in =p. O

Based on the previous lemma, consider the following problem, which has
the same solution u as the problem ();, and the solutions A;, Ay satisfy the
relation A = A\; — Ay, where \ is a solution of )7 .

Problem Qz Find v € Wy, A\, Ay € L?(0,T; L*(Z)) such that u(0) = u",
w(0) = u', (A1, A2) € Ay(U(u)) x A_(I(u)) and

(T),0(T) = u(T))vrxv = (ur,v(0) = uo)
/ {—=(,0 —u) + ag(u,v — u) + bo(t,v — u)} dt (28)
+/ {d0(A1; Ao, v + kit — w) — @o( A1, Ag, ki) } dt > /T<fo7 v —u)dt
Vo € L0, T; Vo) N W2(0, T; Hy).

3.1 Some auxiliary existence results

For the convenience of the reader, an existence and uniqueness result proved
in [I1] will be restated here, under an adapted form.
Let 8 : Vo — R and ¢, : [0,7T] X V@8 — R be two sequentially weakly

10



continuous mappings such that

B(0) =0 and ¢(t, z,v,w; +wy) < P1(t, z,v,w1) + ¢1(t, 2, v,ws), (29)

O1(t, z,v,0w) = 0 p1(t, 2,0, w), (30)

$1(0,0,0,w) =0 Vt € [0,T], Vz, v, w, w2 € Vo, VO >0, (31)
dks > 0 such that V¢, € [0,7], Vuy g, v12,w € Vp,

|o1(t1, ur, v1, W) — P1(ta, ug, v2, w)| (32)
< ks([ty — to| + |Blur — ug)| + v — va) [Jw]],

dks > 0 such that Vit € (0,7, YVuyo, v, wie € Vo,
|1 (t1, wr, 01, wr) — G (tr, wr, vr, w2) + @1 (te, uz, vo, w2) (33)
— 1 (ta, g, vo, wr)| < ky (|t — ta] + [Jur — us|| + Jv1 — v2|) |Jwy — w2l

Let L € Wh*°(0,T;Vp) and assume the following compatibility condition on
the initial data: dp; € H, such that

(p1, w) + ao(u’, w) + bo(u', w) + ¢1(0,u°, u', w) = (L(0),w) Yw € Vy. (34)

Consider the following problem.
Problem Q3 : Find u € W22(0,T; Hy) "NW12(0, T; Vj) such that u(0) = u°,
4(0) = u', and for almost all t € (0,7)
(i, v — 1) + ag(u, v — @) + b, v — @)
+¢1(t,u, i, v) — ¢ (t,u,u,0) > (Lyv—a)y Yo €V,
Under the assumptions , , , , — and the stronger

condition

(35)

$1(t,0,0,w) =0 Vtel0,T], Vw € Vj, (36)

an existence and uniqueness result for the problem @3 was proved in [11]
but in its proof the relation was only used to verify that the relation
implies that ¢y(t, z,v,-) is Lipschitz continuous on Vj. Since and
also imply that ¢;(¢, z,v, -) is Lipschitz continuous, we clearly have the
following existence and uniqueness result.

Theorem 3.1. Under the assumptions , , (@)—, there exists a

unique solution to the problem Q5.

Lemma 3.2. Assume that , , @—@, (@, and hold. Then,
for each (v1,72) € (WH(0,T; L*(2)))* N (L2 (Er))* with 71(0) = 72(0) = 0,
there exists a unique solution u = w(y, y,) of the following evolution varia-
tional inequality: find u € W*2(0,T; Ho)NWH2(0,T; Vy) such that u(0) = u®,

11



w(0) = u', and for almost all t € (0,T)

(i, v — 1) 4+ ag(u,v — 4) + bo(t, v — @) (37)
+¢0(71,72,v) — Go(V1, 72, %) > (fo,v —u) Vv € V.

Proof. We apply Theorem to =0, L= fy and
o1(t, z,v,w) = Po(1(t),12(t),w) YVt € [0,T], Vz, v, w € V.

Since ¢, satisfies — one can easily verify the properties —.
Also, (25)) and imply the condition ([34).

Using , we have
Vitio €10, 7], Yuya, v1g, wia € Vp,
|1 (1, ur, v, wi) — Gt ur, v1, wa) + G1(ta, Ug, V2, wa) — P1(ta, Uz, va, w1 )]
= [@o(71(t1),72(t1), w1) — Po(71(t1), 72(t1), w2)|
+o0(11(t2), 72(t2), w2) — Po(11(t2), Y2(t2), wi)
< ka(([n(t) = nt2)llree) + 1v2(t) — v2(t2)ll @) [wr — wallv
< ko (Cyy + Ot — tal[[wr — wally

< kslty — to||wr — wal|y,

where C,,, C,, denote the Lipschitz constants of 7, 72, respectively, and

ks = k2(C'Y1 + Cvz)-
Thus,
P11, ur, v1, wi) — @it ur, v1, w2) + 1 (te, us, v2, w2) — G1(t2, us, v, wl)gS
< kslty — tofllwy —wsllu Vi €[0,T], Yurg, vig, wia € Vo,
and, since by the continuous embedding V{, C U there exists Cy > 0 such that
|lw|lv < Cyllw|| Yw € Vg, it follows that ¢, satisfies with k4 = k5Cy.
Taking in w; = w, wy = 0, by with @ = 0, we obtain
|f1(t1, w1, v1,w) — Pr(te, ug, va, w)| < kslty — tofJwlly

(39)
Vitio €[0,T), Vi, v12, w €V,

and using the continuous embedding Vj C U, it follows that ¢, satisfies
with kg = ]{350[].
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Now,takingintlzt,tgzo,ulzz,vlzv,u2:v2:o,by
we have
|¢1(t7 Z,U, wl) - ¢1(t7 Z,, U)2)| S k5t ||U)1 - w2||U
Vit €[0,T], Vz, v, w o €.
As the embedding from Vj into U is compact, from and it is easily
seen that ¢, which is depending only on t and w, is weakly sequentially
continuous.

By Theorem (3.1] there exists a unique solution u = u,, ,,) of the varia-
tional inequality (37)). ]
Lemma 3.3. Let (v1,72), (61,02) € (Wh=(0,T; L*(2)))? N (LA (Er))? such
that 71(0) = 72(0) = 61(0) = 62(0) = 0 and let w(y, ~,), U, 50) be the corre-
sponding solutions of . Then there exists a constant Cy > 0, independent
of (71,72), (01,02), such that for all t € [0, T

|u(71,72)<t) - u(51752)(t>|2 + ||u(71,72)(t) - u(51,52)(t)|’2
t . . 2
+/O ||u(717“/2) - u(51,52)|| ds
t

S OO/ {¢0(,717 Y2, u(51,52)) - qu(’Ylu Y2, u(’yhvz))
0

(40)

+00(01, 02, Uy, 7)) — P0(01, 02, (s, 55)) } ds.

Proof. Let (71,72), (61,02) € (Wh=(0,T;L*(2)))? N (L2(Z7))? and uy :=
Uy 72)> U2 = U5, 5,) De the corresponding solutions of , for which the ex-
istence and uniqueness are insured by Lemma |3.2] Taking in each inequality
v = Uy and v = Uy, respectively, for a.e. s € (0,T) we have

(g — dlg, Uy — TUg) + ap(ur — ug, Uy — U2) + bo(Uy — g, Uy — Us)

< Go(71, 72, U2) — Go(V1, V2, 1) + G001, 02, 11) — Po(d1, b2, TUa).

As the solutions wuq, us verify the same initial conditions and ag is symmetric,
by integrating over (0,t) it follows that for all ¢t € [0,7]

1 . . 5 1
§|U1(t) —ua(t)|” + 5610(“1@) — ug(t), ur(t) — ua(t))

t
—l—/ bo(ﬂl — ﬂg,al — UQ) ds
0

< / {¢0(71’72,1'L2) - ¢0(71772,111) + ¢0(51,527?l1) - ¢0(51,527112)}d8-
0

Using the Vj - ellipticity conditions , the estimate follows. O]
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3.2 A fixed point problem formulation

Since D(0,T; L*(Z)) is dense in L?(0, T; L?>(Z)), which is classically proved by
using the convolution product with suitable mollifiers, it follows that for every
v € L% (Z7), there exists a sequence (y"),, in Wh>(0, T'; L*(Z))NL2 (E7) such
that v*(0) = 0, for all n € N, and v" — v in L*(0,T; L*(Z)).

Theorem 3.2. Assume that (.) (.) (@) (.) and (.) hold. For each

(71,72) € (L2(E7))?, let (77, 45)n be a sequence in (WH(0,T; L*(Z)))* N

(L2 (2))? such that (+7,73) = (1, 72) in (L2(0, T: L*(2)))2, 47(0) = 13(0) =
0, and let ugyp 4py be the solution of corresponding to (V},7y), for every

n € N. Then (uqn p))n is strongly convergent in Wy, its limit, denoted by
U = U(y, 1y), 05 independent of the chosen sequence converging to (y1,72) with

the same properties as (V7', 75 )n and is a solution of the following evolution

variational inequality: uw(0) = u°, 1(0) = u?,

(T), o(T) = w(T))vrxv — (u',0(0) — u?)

/{ ,0— ) + ag(u, v — u) + bo(t,v —u)} dt (42)

T
+/ WM%JMU—U+k®—¢M%A%MDhﬁ2/pU@v—wdt
0 0
Vv e L*®0,T; Vo) NWH2(0,T; Hy).

Proof. Assume (y1,72) € (LL(Z7))?, A7, 4 € Whe(0,T; L*(Z)) N L2 (=r)
such that 747(0) = 75(0) = 0, for all n € N and (77,7%) — (71,72) in
(L*(0,T;L*Z)))?. Then, by Lemma [3.2 for every n € N there exists a
unique solution of the following variational inequality: find u, := u(n 42y €
W?22(0,T; Hy) N WH2(0,T;V;) such that u,(0) = u°, 4,(0) = u', and, for
almost all t € (0,7),

(um w — Un) + CLO(um w — un) + b0<um w — un) (43)

+¢0(W?a7§7w) _¢0(’7{L7737un) Z <f07w_un> Vw e ‘/0

From , for w = 0, w = 24, and integrating over (0,¢) with ¢t € (0,7,
we derive

t t t
/(un,un)dH/ ao(un,un)ds—i—/ b (it 1) s
0 ‘ 0 0

t

+A%mwwmw:4mmm@
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and so for almost every t € (0,7) we have

1 1 t
0
' n .n ' . 1 12 1 0,0
= - ¢0(’717’727un)d8+ <f07un>d8+§|u | —|—§CI,O(U y U )
0 0

By the relations , for vy = 0, and , we obtain

L, My "
0 + O+ s [ ds
! ! X 1 112 M, 0112
< [ kol + 8l linlods + [ allliallds-+ 31l + e
0 0

Since the sequence (V}',74), is bounded in (L?(0,T; L*(Z)))?, by Young’s
inequality it follows that there exists a positive constant C7, depending only
on ag, by, fo, u®, ut, the bound of (47, v3'),., k2 and Cy;, such that the following
estimates hold:

Vn € N, |Un(t)| S Cl, ||Un(t>|| S Ol a.e. t e (O,T), ”unHLQ(O,T;VO) S Cl.
(44)
Using for w = 1, £+ ¢ and , we see that for all ¢ € L*(0,T;U,),

T T T T
i, ) d ) d bo (U, 1)) ds = ) ds.
/0 (1, ) s+/0 ao (U, 1) s+/0 0(tn, ) ds /0 (fo, ) ds

This relation and the estimates imply that there exists a positive con-
stant Cy having the same properties as C and satisfying the estimate

VTL € N, “IdnH[P(O,T;U{)) S CQ. (45)

From , , it follows that there exist a subsequence (u,, )r and u such
that

—*q in L*>*(0,T; Hy), un, —* u in L>(0,T;Vp),
— 4 in L*0,T;Up).

Unp,,

) (46)
Up, —w in L20,T;Vp), iy

k

According to Theorem [2.1] with

F=C(in oy X=Hy, U=U"Y =U}, r=2,
f:<unk)k7 X:‘/Ov U:Ua YZHO? T:27
]::(unk)kv XZ%) UZU) Y:Uéa p:27
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we obtain

Uy, — @ in C([0,T);U"), tn, — u in C([0,T); U), 1, — @ in L*(0, T;U).
(47)
By Lemma [3.3] for all k, I € N we have

T T
/ Hunk - ’Z.j,an2d8 S CO/ {‘bO(’y?k?fyngaU’nl) - ¢0(7?k773k7unk)
0 0 (48)
+¢0(7?l7’73l7unk) - ¢0(7?l77;”7 unl)} ds.

and passing to limits by using , we find that (u,, )r is a Cauchy sequence
in L*(0,7T;Vp). Thus, (t,, ), is strongly convergent to « in this space and
since

t
for all t € [0, T, up, (t) = u’ +/ U, () ds,
0
we deduce
Uy, — uin C([0,T); Vo), un, — u in WH2(0,T; Vo). (49)

The limit u is the same for all the convergent subsequences, satisfying con-
vergence properties similar to (47)), corresponding to every sequence approx-
imating (v1,72), as can be readily seen by passing to limits in the following
relation, obtained from for y12 =7, 012 = 5f2 and for all n € N:

T
[y vy — tigam omy||® ds

T
< Co/ {00(1's 72> snspy) — Po( 15 72 Uiy 4 (50)
0

+¢0(5?7 0y, u(v{w;)) - ¢0(5?? 03, 7:‘(5?753))} ds,

where (87, 6%), is an arbitrary sequence in (W>°(0,7; L*(2)))*N (L2 (=Er))?

such that 67(0) = 65(0) = 0 Vn € N, and (67, 65) — (71, 72) in (L*(0, T; L*(2)))2.
Now, for all v € L>(0,T;Vy) N WH2(0,T; Hy), we choose in w =

Un + +(v — uy), and so integrating over (0,7") yields

T T
/ (iln,v—un)dt—i—/ {ao(tn, v — up) + bo(ty, v — uy) } dt
0 0
T
4 [ {000 = i) = o0 ki)Yt (51)
0 T
Z/ <f0,'U—Un>dt
0
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and integrating by parts the first term in implies

in(T), 0(T) = un(T)) = (i1, v(0) — u)

(@
+/0 {= (U, 0 — Uy) + ag(tn, v — ) + bo (U, v — uy)} dt (52)

T T
4 / (G0l 20—t + ki) — Go(y0 23 i)} dt > / (o — ) dt.
0 0

Using e.g. (47), and (24), it is clear that we can pass to the limit in
each term of (52) and so we obtain that v = u(,, -, is a solution of . ]

Let ® : (L2 (27))? — 203G’ \ {0} be the set-valued mapping defined
by

(b(’717/72) = A+(l(u(71772))) X A—(l(u(’h,'yz)))

(53)
for all (v1,72) € (L2 (Er))?,

where w(,, ~,) is the solution of the variational inequality (42) which corre-
sponds to (71, 72) by the procedure described in Theorem

It is easily seen that if (A, Ag) is a fixed point of @, ie. (A, ) €
D (A1, A2), then (u(a, r,), A1, A2) is a solution of the Problem Q.

We shall consider a new problem, which consists in finding a fixed point of
the set-valued mapping @, called also multivalued function or multifunction,
which will provide a solution of Problem ;.

3.3 Existence of a fixed point

We shall prove the existence of a fixed point of the multifunction ® by using
a corollary of the Ky Fan’s fixed point theorem [14], proved in [27] in the
particular case of a reflexive Banach space.

Definition 3.1. Let Y be a reflexive Banach space, D a weakly closed set in
Y, and F: D — 2¥ \ {0} be a multivalued function. F is called sequentially
weakly upper semicontinuous if z, — z, Yo € F(z,) and y, — y imply
y € F(2).

Proposition 3.1. ([27]) Let Y be a reflexive Banach space, D a convez,
closed and bounded set in'Y, and F : D — 2P\ {0} a sequentially weakly
upper semicontinuous multivalued function such that F(z) is convez for every
z€ D. Then F has a fized point.
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Note that since Y is a reflexive Banach space and D is convex, closed and
bounded, there is no assumption that Y is separable, see [27, 4].

Theorem 3.3. Assume that , (@, — and hold. Then there
exists (M1, A2) € (LA(Er))? such that (M, A2) € P(\,X2). For each fived
point (A1, A2) of the multifunction ®, (un, x),A) with A = Ay — Xy is a
solution of the Problem Q).

Proof. By Lemma , if (A1, A2) € ®(A1, A2), then (u(a, ), A) is clearly a
solution to the Problem Q).

We apply Proposition [3.1) to Y = (L*(0,T; L*(2)))?, D = (L2(Z7))* N
{¢ € L0, T; L2(2)); ||| 201222y < Ro}” and F = &.

The set D C (L*(0,T; L*(Z)))? is clearly convex, closed and bounded.
Since for each ¢ € L*(0,T; L*(Z)) the sets A (¢) and A_({) are nonempty,
convex, closed, and bounded by Ry, it follows that ®(v;,72) is a nonempty,
convex and closed subset of D for every (y1,72) € D.

In order to prove that the multifunction ® is sequentially weakly upper
semicontinuous, let (11,78) — (11,7%), (1-78) € D, (1f,15) € (2}, )
Vn €N, (7f,75) — (m,7,) and let us verify that (11, 7) € ®(11,).

Using the Theorem for each n € N, it follows that there exists a
sequence (37,95), in (WH(0,T; L*(Z)))* N (LA (Zr))? such that (47,%) —
(31,92) = 0, 47'(0) = 4(0) = 0 and

1
g ag) = wepapllwe < — foralln €N, (54)

where usn 57) 1s the solution of corresponding to (37,93 ), U(yr 4z is the
solution of (42)) corresponding to (77, ~4) and to the procedure that enables
to define ®(y7,7%).

As (77, 75) = (71,72) in (L*(0,T; L*(Z)))?, Theorem 3.2/ implies u(3n 57y —
U(y,,72) N Wo, and by and the triangle inequality, we obtain

U(v?ﬁ?) — u(’h,’yz) n WO. (55)
Now, by Lemma [3.1] the relation (77, 75) € ®(7,74) is equivalent to
m =1y € A(l(u(v?,ﬁ))) (56)
which may be rewritten as
kol, <ny —ny <Kol, ae. in Zp, (57)

for all n € N, where [,, := [(u(yn 45)). The relations are equivalent to

/@oas/@ﬁ—@>s/%om (58)
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for every measurable subset w C = and for all n € N.
Using (55), (15), the semi-continuity of £ and %, the relation (2)), the con-

vergence property [ (7 —n5) — [ (m —mn2), and passing to limits according

to Fatou’s lemma (suée also [217]), we obtain

/ﬁol(uwwg) < /(771 — 1) < /Eol(uwm))a (59)

for every measurable subset w C Zp, which implies (71,72) € ®(711,72). O

4 Existence of a solution to the contact prob-
lem

Theorem 4.1. Under the assumptions of Section[d there exists a solution of
the Problem P}.

Proof. We shall prove that there exists at least a solution (wu, Ay, A_) of the
Problem P? which will provide a solution (u,\) of the Problem P! with
A=A — A

We apply Theoremto Up = Hj = HYQLRY) x HYO%RY), Vo =V,
U=H' Hy=H,ay=a,by=>b, u’ = ug, u! =uy, ¢o = ¢, fo = f and to
the mapping [ : V' — L*(Z) defined by I(v) = [uy] Vv € V.

Since Ay, B € L>(Q%) Vi, j, k, 1 =1,...,d, a = 1,2, we obtain
).

The condition meas(I'¢;) > 0, the ellipticity properties of the coefficients
Al Biiy and the Korn’s inequality imply that there exist mg,my > 0
such that

a(v”,v%) = mg [[v*|[ye, (v, 0%) = mp v Yo eV a=12,
and we obtain
a(v,v) > m, ||v|?, bv,v) >my|v|* Vv eV, (60)
where m, = min(m}, m2), my = min(m;, m3).

Also, the properties —, and can be easily verified.

Now, let Cy, be a positive constant such that |[vl| 2=y < Cpl|v| ae for

19



all v € H'. Using (1)), the following estimates hold:

V1, 72, 01, 02 € L3 (E), Vv, 02 € V,

(71,72, V1) — d(71, 72, V2) + @(01, 02, v2) — G(01, 02, v1)]

== (M =7 unN)E) + / p(n +v2) |vir| d€

+(71 — Y2, Van) 12(z) — / (1 + 2) [var| d€

—(01 — 0, Van) 12(z) + / (61 + 02) |var| d§

+(01 — b2, Vin) 12(=) — / p (61 + 02) [vir| dE|

< (v =2 = 01 + 02, vin — Von) L2(m)|
1 / 1+ — 81— 6) ([oar] — [var]) dé]

< (lln =dillzee) + [z = d2llz2@) lviv — vawllrz)
+| el @) (v = dillzz) + 12 = d2llz2@) lvir — varll(z2@))
< A+ lplle@) (m = dillz2@) + 172 = d2llz2z) [lv1 — v2ll (222
< Co(1+ [lpllze@) (I = dillzze) + 2 = S2llr2@) 1 — vol[ae,
and so is satisfied with ko = Ciu (1 + ||t L= (z))- O
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