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WEYL CALCULUS AND DUAL PAIRS

M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

ABSTRACT. We consider a dual pair (G, G’), in the sense of Howe, with G compact acting
on L2(R") for an appropriate n via the Weil Representation. Let G be the preimage of
G in the metaplectic group. Given a genuine irreducible unitary representation II of
G we compute the Weyl symbol of orthogonal projection onto L2(R™)y, the Il-isotypic
component. We apply the result to obtain an explicit formula for the character of the
corresponding irreducible unitary representation II' of G’ and to compute of the wave
front set of I’ by elementary means.
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1. Introduction.

Let W be a vector space of finite dimension 2n over R with a non-degenerate symplectic
form (-, ). Denote by Sp C GL(W) the symplectic group and let G, G' C Sp = Sp(W) be
an irreducible dual pair. Denote by G, G’ the preimages of G, G’ in the metaplectic group
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Sp = Sp(W). Consider irreducible admissible representations II, TI" of é, el respectively
which are in Howe’s correspondence. By definition IT ® IT' is realized as a quotient of the
space of the smooth vectors of the Weil representation w of Sp(W). Hence, as explained
in [Prz93], there is a unique, up to a non-zero constant multiple, GG’-invariant tempered
distribution frem on W such that IT ® I is realized on the range of the operator

Op o K(fnerm). (1)
(See (3) and (4) below for the precise definitions of Op and K.) Thus, in principle, all

the information about the representation I ® IT" is encoded in the distribution frgm. For
example the group action is given by

(I(9) ®IT'(7')) © (Op o K(frew)) = (Op o K(fuew)) cw(3g) (€ G, § €C).
This is why frgr is called an intertwining distribution [Prz93]. In fact fren happens to
be the Weyl symbol, [H6r83], of the operator (1), see (5) below.

Often frgm may be computed in terms of the distribution character Oy of I, [Prz93].
If the group G is compact then the distribution character O may also be recovered from
frnem via an explicit formula [Prz91]. Thus we have a diagram

On — fuemr — Ow. (2>

The asymptotic properties of frgr determine the associated varieties of the primitive
ideals of IT and II' and, under some more assumptions, the wave front sets of these
representations, see [Prz93] and [Prz91].

We believe that in general one should be able to have a diagram like (2) with the arrows
in arbitrary direction. In particular deciding whether two representations are in Howe’s
correspondence should be done by comparing the intertwining distributions obtained from
their characters.

The usual, often very successful, approach to Howe’s correspondence avoids any work
with the distributions on the symplectic space. Instead, one finds Langlands parame-
ters (see [Moe89], [AB95], [Pau98], [Pau00], [Pau05], [LPTZ03]), character formulas (see
[Ada98], [Ren98], [DP96]), or candidates for character formulas (as in [BP13]), or one
establishes preservation of unitarity (as in [Li89], [He03], [Prz93] or [ABP07]). However,
in the background (explicit or not), there is the orbit correspondence induced by the
moment maps

g* F W H g/*’
see (16). This correspondence of orbits has been studied in [DKP97|, [DKPO05] and
[Pan10]. Furthermore, in their recent work, [LM13], H. Y. Lock and J.J. Ma computed
the associated variety of the representations for the dual pairs in the stable range in terms
of the orbit correspondence. The p-adic case was studied in detail in [Moe98]. Moreover,
still in the stable range, R. Gomez and C. Zhu computed their generalized Whittaker
models, [GZ13].

Needless to say, working with the GG’-invariant distributions on W is a more direct
approach than relying on the orbit correspondence. In this paper we consider the dual
pairs with G compact. Then the representations II and II' are the irreducible unitary
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highest weight representations. They have been defined by Harish-Chandra in [Har55]
and were classified in [EHW83]. They have been studied in terms of Zuckerman functors
in [Wal84], [Ada83] and [Ada87].

As a complementary contribution to all this work, we compute the intertwining distri-
butions frem explicitly. Our formula for the intertwining distribution frgmr is explicit
enough to find its asymptotics, see Theorem 44. These allow us to compute the wave
front set of the representation II" within the Classical Invariant Theory, without using
[Vog78]. See Corollary 46 below. Also, in the case when both groups are compact, we
have the diagram (2) with the arrows in arbitrary direction. Therefore we see which rep-
resentations II and IT" occur in Howe’s correspondence, which corresponds to which and
we recover the fact that II @ II' occurs with multiplicity one without using [How89a] or
[Wey46]. This is a stepping stone for understanding the more general situation.

In order to describe more precisely the content of this paper we need to introduce some
notation.

Denote by sp the Lie algebra of Sp. Fix a compatible positive complex structure .JJ on
W. Hence J € sp is such that J?> = —1 (minus the identity) and the symmetric bilinear
form (J-,-) is positive definite on W. Let dw be the Lebesgue measure on W such that
the volume of the unit cube with respect to this form is 1. (Since all positive complex
structures are conjugate by elements of Sp, this normalization does not depend on the
particular choice of J.) Let W = X @& Y be a complete polarization. We normalize the
Lebesgue measures on X and on Y similarly.

Each element K € §*(X x X) defines an operator Op(K) € Hom(S(X), S*(X)) by

Op(K)o(z) = /X K(z, ' )o(@) da. (3)

Here S(V) and S*(V) denote the Schwartz space on the vector space V and the space of
tempered distributions on V| respectively.

The map Op : §*(X x X) — Hom(S(X), S*(X)) is an isomorphism of linear topological
spaces. This is known as the Schwartz Kernel Theorem, [Hor83, Theorem 5.2.1].

Fix the unitary character x(r) = e*™ r € R, and recall the Weyl transform K :
S* (W) — §*(X x X) given for f € S(W) by

K((ea') = | fa = +o)x(5l.o-+a)) do (W

The Weyl symbol of the operator Op o K(f) is the symplectic Fourier transform J?of I,
defined by

fw) =2 /W fy(Mw,w) do (' € W). (5)

A theorem of Calderon and Vaillancourt asserts that the operator Op o K(f) is bounded
on L?(X) if its Weyl symbol and all its derivatives are bounded functions on W, [How80,
Theorem 3.1.3]. The intertwining distributions we compute are Weyl symbols of some



4 M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

bounded operators which naturally come from the Representation Theory of Real Reduc-
tive Groups. Many of these symbols turn out to be singular distributions. In order to
introduce them we recall the Weil representation.

For an element g € Sp, let J, = J (g — 1). Then its adjoint with respect to the form
(J-,-)is Jr = Jg~'(1—g). In particular J, and J; have the same kernel. Hence the image
of Jy is

J,W = (KerJ;)L = (KerJ,)*
where L denotes the orthogonal with respect to (J-,-). Therefore, the restriction of J,
to Jy,W defines an invertible element. Thus it makes sense to talk about det(Jg)jglw, the
reciprocal of the determinant of the restriction of J, to J;W. Let

Sp={j=1(g,&) €Sp xC, & =lims-HW det(Jg)j;W}. (6)

Then there exists a 2-cocycle C' : Sp x Sp — C, so that SY) is a group, the metaplectic
group, with respect to the multiplication

(91,61)(92,&2) = (9192, £6C (91, 92)) - (7)
In fact, by [AP12, Lemma 52,
det(ng)ngw det(ng)Jggw

O pr—
| <91792)| \/ det(Jg1gz)Jg192W

and by [AP12, Proposition 46 and formula (109)],

O — (g 5o Q

(8)

where sgn(qy, 4,) is the signature of the symmetric form

(o Dlgy = D7) + 5l + Do = D7) (10

(u’, u”’ S (91 — 1)W N (gg - I)W

By the signature of a (possibly degenerate) symmetric form we understand the difference
between the maximal dimension of a subspace where the form is positive definite and the
maximal dimension of a subspace where the form is negative definite.

Let

dg1,92 (ulv U”) =

1 _
Xeto) (W) = x(F (g + Dlg =D w,w)) (= (g—1w, weW). (11)
(In particular, if g — 1 is invertible on W, then x.(u) = x(5 ( (9)u,u) where c(g) =
(g+1)(g — 1)~ is the usual Cayley transform.) For § = (¢,¢) € Sp define

0g)=¢  T() =0{@)Xcgtg-yw,  w(g)=O0poKoT(g), (12)
where fi4—1)w is the Lebesgue measure on the subspace (¢ — 1)W normalized so that the
volume of the unit cube with respect to the form (J-,-) is 1. In these terms, (w,L?(X))

is the Weil representation of §1; attached to the character xy. A proof of this fact based
on previous work of Ranga Rao [Rao93| may be found in [Tho09]. Conversely, one may
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take the above definition of w and check directly that it is a representation with all the
required properties. This was done in [AP12, Theorem 60].

We consider a dual pair (G,G’), in the symplectic group Sp, with G compact. Let G
be the preimage of G in the metaplectic group, equipped with the Haar measure of total
mass 1. Fix an irreducible unitary representation II of G which occurs in the restriction
of w to G and let Oy be its (distribution) character. Then the operator

@H / @H dg

s (dimIT)~! times the orthogonal projection L?(X) — L2(X)y onto the Il-isotypic com-
ponent of L*(X). The Weyl symbol of this projection is equal to a constant multiple
of

7(6n) = [ On(aT(@) s (13)
This is precisely the intertwining distribu(icion we introduced before:
fusrw = T(On).
Here we are using that the symplectic transform of 7'(Oy) is £7(0Or), [Prz91, (5.2) and

(5.4.2)].
For example, if G = O; = {£1} and G’ = Sp, then
G={(1,1), (1,-1), (=1,i"27), (=1, —i"27")}
with the multiplication given by (g1, &1)(g2,&2) = (9192, £1€2C (g1, g2)), where
C(1,£1) =C(+1,1) =1 and C(-1,-1) = 2°".
In these terms, the following two one-dimensional representations of G occur in w.

Wy (g,m) = Inl"'n, T-(g.n) = glnl"'n (14)
A straightforward computation shows that

T(On,) = % (60 £ 27"dw), (15)

where Jg is the Dirac delta at the origin in W.
In general, Classical Invariant Theory says that the space L?(X)y is irreducible under

the joint action of G and GIL [How89a]. Hence L*(X)y = L*(X)ngmr for an irreducible
unitary representation IT" of G’. We are interested in the character O of II'.
The unnormalized moment map
W g, T(w)(y) = (yw,w) (weW, yeg) (16)
is a quadratic polynomial map with compact fibers. Hence the pull-back

S(@) 29 = Yot € S(W)
is well defined and continuous, [Prz91, Lemma 6.1]. Therefore, by dualizing, we get a

push-forward of distributions
7. : S* (W) = S*(g'). (17)
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Recall the Cayley transform c(x) = (x + 1)(z — 1)~!, which we view as a rational map
from the Lie algebra sp into the group Sp. In particular ¢(0) = —1. Let

¢:sp— Sp (18)
be a real analytic lift of c¢. Set ¢_(x) = é(x)é(0)~!. Then ¢_(0) is the identity in the group
Sp.

Let ¢* O be the pullback of O by ¢_, [Hor83, Theorem 6.1.2]. Then, as shown in
[Prz91, Theorem 6.7], for an appropriately defined Fourier transform F on ¢,

1, _ (central character of IT)(¢(0)) ) i S
S o = facter F(r(T(Om))- (19
Formula (19) allows us to determine Oy (¥) for every U € C>(G’) supported in the image
of ¢_. Indeed O (¥) = (¢ Ow)(¢)) where ¢(z) = U(¢_(z))ch > (z) for x € g/. Here
ch™" is the Jacobian of é_; see (145) and (148) in section 6.

For example, if G = Oy then for ¢ € S(g') we have

(PO = TOn)(w o 7) = 5 (60) +27 [ v/ (w)dw).

Recall that 7/(W\ {0}) C ¢’ is one of the two non-zero minimal nilpotent orbits in g’ = sp,
which we denote O,,;,,. Hence

roL 1
@ o 6 C7®Hli - Hi(c<0))f(§(5 :t /’Lomin))7 (20)
where pp . = 7,(27"dw) is an invariant measure on O, and I’y are the corresponding
two irreducible pieces of the Weil representation w. Notice that, since ¢(0) = —1, the
definition (14) gives I1_(¢&(0)) = —II_(¢(0)). It follows that
1, .
@ o 6 C—@w = H+(C(O>>‘F(/’Lon11n) . (2]‘>

This formula gives the character of w as the Fourier transform of an invariant measure of
a nilpotent orbits in sp. This is what Kirillov’s orbit method would aim at (if it worked
on semisimple Lie groups).

In this paper we compute explicitly the distribution frg = 7(Or) in terms of the
GG’-orbital integrals on W, see Theorems 40 and 43. In particular we see that T'(Oy) is a
smooth function if and only if (G, G’) is a pair of compact unitary groups, see Proposition
49. Also, modulo a few exceptions, T(Oy) is a locally integrable function if and only if
the rank of G is greater or equal to the rank of G’. Our results on the orbital integrals
are based on the corresponding results of Harish-Chandra, which are transferred from the
Lie algebra g’ to the symplectic space W via a theorem of G. Schwarz, [Sch74]. We hope
to circumvent it in the future in order to treat the case of a non-compact group G.

Let 7: W — g* be the unnormalized moment map for g given, as in (16), by 7(w)(x) =
(zw,w). The variety 771(0) C W is the closure of a single orbit O; see e.g. [Prz91,
Lemma 2.16]. There is a positive GG'-invariant measure po on this orbit which defines
a homogeneous tempered distribution. We denote its degree by deg pp. For ¢t > 0 let
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My(w) = tw, w € W. Denote by M, the corresponding pullback of distributions. In
particular M} o = t4°40 1. We show that

tdesno N T (O) =, const o,
%

as tempered distributions, where const is a non-zero constant, see Proposition 44. This
last statement leads to an elementary proof of the equality

WFl(@H/) = TITil(O) y (22)

see Corollary 46. Here W F|(Or) denotes the fiber of the wave front set W F(Oyy) over
the identity 1 € G’. As proven by Rossmann in [Ros95], W F}(On) agrees with W F(IT'),
the wave front set of the representation IT" in the sense of Howe [How81]. The equality
(22) was already verified in [Prz91, Theorem 6.11], but the proof used a theorem of Vogan
concerning the restriction of a representation to a maximal compact subgroup, [Vog7§|,
which is not needed in our present approach. In order to stay within the theory of the
almost semisimple orbital integrals on the symplectic space, see section 4, we consider only
representations II such that the distribution character Or is supported in the preimage
G; of the Zariski identity component G; of G. This eliminates some representations of
the groups Og;. For reader’s convenience one should mention here that there is a notion of
an associated variety of a presentation introduced by Vogan [Vog89] and that associated
variety determines the wave front set of a representation [SV00]. In this context a recent
work of Lock and Ma [LM13] provides a vast generalization of our formula for the wave
front set of II'. Needless to say this approach is much more sophisticated and much less
direct than ours.

In section 7 we demonstrate that our computation are precise enough to recover Weyl’s
theorem, saying that if both G and G’ are compact then the restriction of the Weil
representation to G x G’ decomposes with multiplicity one.

In section 8 we compute limits of the almost semisimple orbital integrals using van
der Corput lemma rather than techniques based on unpublished work of Ranga Rao and
obtain in that case a stronger version of Rossmann’s limit formula, [Ros90].

2. The group G and the Weyl denominator.

We keep the notation from the introduction. In particular, (G, G’) is a dual pair with
G compact and J is a fixed compatible positive complex structure on W.
In this section we describe the restriction of the covering

Sp > (9,6) ~ g €Sp (23)

to the group G. This is then applied to study the analytic lift of the Weyl denominator.
Let Sp” C Sp denote the centralizer of .J. Since Sp” is a maximal compact subgroup of
Sp, we may assume that G C Sp”’ and begin by studying the restriction of the map (23)

to Sp”.
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Let W¢ be the complexification of W. Denote by the same symbol (-,-) the complex
bilinear extension of the symplectic form from W to W¢. Let W C W¢ be the i-
eigenspace for J. Denote by W¢ 3 w — w € W¢ the conjugation with respect to the real
form W C W¢. Then W = W{ is the (—i)-eigenspace for J and

We = Wi @ Wg (24)
is a complete polarization. The formula
H(w,w') = i{w,w’) (w,w" € We) (25)
defines a non-degenerate hermitian form on W¢ and the map
1
5(1—2’J) : W — W{ (26)

is an R-linear isomorphism. Moreover, if w =
wop, w, € W, then

(1 —iJ)wy and w’' = (1 —iJ)wy for some

1 1
2 2

H(w, o) = %((on,w(’)) + i{wp, wh)). (27)

In particular, the restriction H|y of I to W¢ is positive definite. Let U C End(W¢)
denote the isometry group of the form H ]Wg.

Let g € Sp’. Then ¢ can be extended to a complex linear endomorphism, still denoted
by g, which belongs to Sp(W¢)”. Clearly g(W¢) = WE. Set u = 9lwz- Then for every

w € W¢ with w = £(1—iJ)wy for wy € W, we have uw = g[3(1 —iJ)wo| = §(1—1iJ)gwo,
ie.
(1) (i)
= —(1— ogol|—=(1— .
u=g w)ogols i

It follows that v € U.
Let

U = {(u,¢); det u=¢? ueU}CGL(WE) x C*. (28)

endowed with the coordinate-wise multiplication. This is a connected two-fold covering
group of U.

Proposition 1. The group isomorphism

1 1
Sp‘jeg—>u=9|wg:§(l—iJ)ogo[§(1—iJ)]_1€U (29)
lifts to a group isomorphism
Sp” 3 (9,€) = (u,Edet(g — 1) ,_pywi) € U (30)

~—J
Therefore the restriction of the covering (23) to Sp is isomorphic to the covering

Us (u,¢) s ueU. (31)
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Proof. Notice that any element g € Sp(W¢)’ preserves the decomposition (24) and satis-
fies the following formula

(g7 w, vy = (w, gu') (weW¢, v e Wg). (32)

Since the symplectic form identifies W with the dual of W and since the determinant of
the adjoint linear map is equal to the determinant of the original linear map, (32) shows
that

det(g — 1)WE = det(g‘l - l)wg,

where we take the determinant of the linear map restricted to the indicated subspace.
Hence,

det(g — 1) = (—1)"det(g — 1)%\@ det(g);vlé. (33)

Let g € Sp’. The restriction (-,-) of {-,-) to (¢ — 1)W is nondegenerate. Indeed, since
g and J commute, the orthogonal complement ((g — 1)W)* of (g9 — 1)W with respect to
(-,+) coincides with the orthogonal complement of (¢ — 1)W with respect to the positive
definite form (J-,-). Hence ((g — 1)W)* N (g — 1)W = 0.

Consider (g — 1)W as a symplectic space with (-, )¢ as a symplectic form, and let Sp,
be the corresponding symplectic group. Since J preserves (g — 1)W, we can consider its
restriction Jy to (g—1)W. It satisfies J? = —1 and the bilinear form (Jy-, -)o is symmetric
and positive definite. So Jy is a positive compatible complex structure on (¢ — 1)W. In
particular, Jy € Spy. So det(J)-1yw = det(Jp) = 1.

Formula (33) applied to g € Sp((g — 1)W¢)” shows that

det(Jg)(g—l)W _ det(J_l(g . 1))(9—1)W _ Z»dlm(g—l)W det(g — 1)?g71)Wg det(g)(;l—nwg'
Recall the notation u = 9|wg- Since W¢ is the direct sum of (g — 1)W¢ and the subspace
where g = 1,

det(g) (g 1yw+ = det(g)y+ = det(w). (34)
Thus, in terms of (6)

det(Jg)(_gl_l)W — 4m—IW et (g — 1)(_92_1)“@ det(u). (35)

Hence, the map (30) is a well defined bijection. We now prove that it is a group homo-
morphism.
We see from (7) that the map (30) is a group homomorphism if and only if

det(gr — 1), —1ywzdet(ga — 1)y, 1ywy

Clgr, o) =
(91, 92) det(g192 — 1) (gyg,—1ywt

(36)

The equations (35) and (8) show that the absolute values of the two sides of (36) are
equal.
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In order to shorten the notation, let us write c(g)u = (g + 1)(g — 1)~ !u for u in the
image of g — 1. Set

hgy.go (W', w") = H(—ic(gr)w’,w") + H(—ic(g2)w', w")
(W', w" € (g1 — 1H)WE N (g2 — )W,

Then, since g; and g5 commute with .J,

1

hyy g (', w") = 5 ((c(g1)wp, wo) — i{Te(g)wp, wp))

b el uf) — if (g w)).

where w’ and w” are the images of w(, and wj under the map (26) respectively. Moreover,
wh, wy € (g1 —1)WnN (g2 —1)W. In particular we see that the form h,, ,, is hermitian and

R’e(h‘glng (w/a ’LU”)) = dgy,92 (w,Ov wg)
2

Let w', w?, ..., w"™ be an hy, 4,-orthogonal basis of the complex vector space W¢ with
gy go(W" w®) = £1 or 0. Then w}, Jwd, wi, Jwd, ..., wg, Jwy is an g,, 4,-orthogonal
basis of the real vector space W with hg, 4, (w®, w*) = g4, g (W, W) = gy, g, (JWE, Jw).
The signature of hy, ,4, is the difference between the number of the positive hy, 4, (w", w")
and the number of the negative hy, 4, (w", w*), and similarly for the symmetric form gy, ,,.

Hence

sgn hg, g, = 5 581Gy, g-
Therefore
B = oF B — % B = (L egma ). (37)
We see from (9) and (37) that it will suffice to prove that
det(g1 — 1)y, —pywdet(g2 — 1) g, _1yw det(g192 — 1) (g, g, 1yw
det(g1go — 1)(glg2_1)wér det(g1 — 1)(91_1)nget(g2 - 1)(92_1)Wg
S8 oo (38)

This requires a significant amount of additional notation and therefore will be done in
Appendix E. In fact, since both sides of (36) are cocycles we may (and shall) assume that
Ker(g; — 1) = {0}, see [AP12, proof of Theorem 31]. O

Proposition 1 allows us to study the covering G — G by means of the (explicitly given)
covering U— U.

In the following we restrict ourselves to dual pairs (G, G’) which are irreducible, that
is no nontrivial direct sum decomposition of the symplectic space W is simultaneously
preserved by G and G’. Irreducible dual pairs have been classified by Howe [HowT79].
Those for which G is compact are all of type 1. They are

(O, 5pgm(R)), (Ua, Upg),  (SPg, Ogyn)- (39)
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More precisely, given the dual pair (G,G’), there is a division algebra D = R, C or H,
an involution D 3 a — @ € D over R, a right D-vector space V with a positive definite
hermitian form (-,-) and a left D-vector space V' with a non-degenerate skew-hermitian
form (-,-)" so that G is the isometry group of the form (-,-), G’ is the isometry group of
the form (-,-)" and the symplectic space W = V ®p V' with (-,-) = trp/((-,-) ® (-,-)"),
see [How79]. The group G is viewed as a subgroup of the symplectic group via the
identification G 3 g = g ® 1 € Sp. Similarly, the group G’ is viewed as a subgroup of the
symplectic group via the identification G’ 3 ¢ = 1® ¢’ € Sp.

Since G commutes with J, there is J' € G’ such that J =1® J'. Let Vi, = V' ®g C
and let V& C Vi be the i-eigenspace for J'. Then W =V ®p Vi and

det(g)wér = det(g ® V)veyvi+ (g € G).

The description of G as isometry group of the form (-,-) on V provides an irreducible
complex representation of G on Ve =V ®g C, of dimension d = dim V.

Recall that the group O4 has, up to an equivalence, one irreducible complex represen-
tation of dimension d. Call it §. Then det(d(g)) = £1, g € G.

The group Uy has two irreducible complex representations of dimension d, § and the
contragredient 6°. Then det(6°(g)) = det(d(g)) 7, g € G.

The group Sp, has, up to an equivalence, one irreducible complex representation § of
dimension 2d. In this case det(d(g)) =1, g € G.

In these terms

det(d(g))™  if G’ is isomorphic to Sp,,,(R),

det(g @ Dvgyv+ = q det(d(g))P~? if G’ is isomorphic to U, ,, (40)
1 if G’ is isomorphic to OF,,.
We set
VG ={(9:0): g € G,¢* = det(5(9))} (41)

Proposition 2. The covering

G—G (42)
splits if and only if det(g ® 1)V®JD>V(/C+ is a square. This does NOT happen if and only if
either G’ is isomorphic to Sp,,,(R) with m odd or G’ is isomorphic to U, , with p+q odd.
In these cases G is isomorphic to V/G.

Proof. Because of Proposition 1 we can identify the cover Sp’? — Sp” with U — U. Hence
the cover G — G splits if and only if there is a group homomorphism G € ¢ — ((g) €
U, C C* so that ((g)? = det(g)wg. Here we are using (34) and that G is compact.

By (40), this happens except at most in the two cases listed in the statement of the
Proposition.

Suppose that G' = Sp,,,,(R), and let ¢ : O4 — U; be a continuous group homomorphism
so that ((g)? = det(6(g))™ = (£1)™. Then ((O4) C {£1,+i} and it is a subgroup with
at most two elements. So ((O4) C {£1}. On the other hand, if ¢ € Oy \ SOy, then
det(d(g)) = —1. Thus ¢(g)? # det(6(g))™ if m is odd.
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Suppose now that G’ = U, ,, and let ( : Uy — Uj be a continuous group homomorphism
so that ((g)? = det(6(g))P9. Restriction to U; = {diag(h,1...,1) : h € U;} C Uy yields
a continuous group homomorphism h € U; — ((h) € Uy. Thus, there is k € Z so that
C(h) = h* for all h € U;. So h?* = ((h)? = det(diag(h,1...,1))P"¢ implies that p + ¢
must be even.

For the last statement, consider for k € Z the covering My, = {(g,¢) : ¢* = det(d(g))?**}
of G. Then (g,¢) — (g,¢(det(d(g)))™") is a covering isomorphism between M, and
M. [

Let Gf = v/G if the covering (42) does not split and let Gf = (Z/2Z) x /G if it does.
Then we have the obvious (possibly trivial) covering

G = G. (43)

Let H C G be the diagonal Cartan subgroup. Denote by Hf C G¥ the preimage of H
and let HY C H* be the connected identity component. Fix a system of positive roots
of b in gc and let p € ih* denote one half times the sum of all the positive roots. Then
there is a group homomorphism &, : Hf — C* whose derivative at the identity coincides
with p. More generally, for any p € ib*, let £, : HY, — C* denote the unique group
homomorphism which has derivative at the identity equal to pu, if it exists. In particular
the Weyl denominator

A =&m) [[(1=&alh)  (heH)), (44)

where the product is taken over all the positive roots «;, is well defined and analytic.

3. A Theorem of G. W. Schwartz.

Since the group G is compact, the involution D > a — @ € D is trivial if and only if
D =R. Let Mgz = My (D) denote the real vector space of the d by d’ matrices with the

entries in D and let Hy = Ha (D) = {X € My 4; X = X} denote the real vector space
of the D-hermitian matrices of size d’. In this section we shall be concerned with the map

B Md,d’ Sw— ww € Har. (45)

The group Uy = Uy(D) = {g € GL4(D); g* = g~ '} acts on My 4 via the left multiplication
and preserves the fibers of 4. (In the standard notation Uy(D) is equal to Oy if D = R, Uy,
if D = C and Sp,,d if D = H.) The title of this section refers to the following proposition,
which is based on a theorem by G. Schwartz [Sch74] .

Proposition 3. With the above notation,
Ce(Ha) o f = CF(Maar)™, (46)

where XY means the Y -invariants in X .
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Proof. Since each element of D may be viewed as a matrix with real entries of size equal to
the dimension of D over R, we have an inclusion My (D) C My gimp.a dimp(R). Cauchy-
Schwarz inequality shows that

trp/r B(w) = trpr(IB(w)) < y/trojr 1 4/trp/r(8(w)?) (we Mga). (47)

In particular we see that S is a proper map. Since the composition with S maps smooth
functions to smooth functions, the left hand side of (46) is contained in the right hand
side.

Consider a function ¢ € C°(My ). Then B(supp(¢)) is a compact subset of Hy.
Hence there exists a function f € C®°(Hz) equal to 1 in a neighborhood of 5(supp(¢)).
Also, we know from [Sch74] that there is a function ¥ € C*(H,4) such that ¥ o § = ¢.
Let ¢p = Uf. Then ¢ € C°(Hy) and ¢ o § = ¢. Thus the right hand side of (46) is
contained in the left hand side. O]

Corollary 4. The following equality holds, C>°(g') o 7/ = C=(W)C.
Proof. Fix a matrix F = —F € GLg (D). The classification of the dual pairs, [How89b],
implies that we may realize the symplectic space W as M, 4 with the symplectic form

(W', w) = trpr(—Fo'w') (we W).
Then G = Uy acts on W by the left multiplication and G’ = {g € GLy(D); §g'Fg = F'}
via the right multiplication by the inverse. In particular,

(y(w), w) = (~wy,w) = trpe(Fu'wy)  (y€g, weW)

Notice that the Lie algebra g’ = {FX; X € Hqa}. Also, if we identify g’ = g’* via the
trace, then

(w) = Fo'vw = FB(w) (w e W).
Therefore

C(g) ot =CZ(Ha) o B.

Hence the corollary follows from Proposition 3. 0J

Corollary 5. The map 7. : S*(W)¢ — S*(¢'), (17), is injective.
4. An almost semisimple orbital integral on the symplectic space.

In this section we describe the orbital integrals needed to express the distribution (13).
For that purpose it is convenient to view our dual pair as a supergroup as follows.

Let Vg = V and let V; = V'. From now on we assume that both are left vector spaces
over D. Set V = Vj @ V1 and define an element S € End(V) by

S(vg 4+ v1) = vg — vy (vo € Vg, v1 € V7).
Let
{z € End(V); Sz = xS},
{z € End(V); Sz = —aS},
GL(V)5 = End(V)g N GL(V).
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Denote by (-, -)” the direct sum of the two forms (-,-) and (-,-)". Let

55.= { € Bud(V)g; (ou,0)" = (20", w0 € V}, (18)
5T = {ZL’ < End(V)Ta (LUU, U)// = (u7 va)/la u,v € V}7
5 = 55 D 57,

S ={s e GL(V)g; (su,sv)" = (u,v)", u,v €V},

(z,y) = trp/r(Sry).
Then (S,s) is a real Lie supergroup, i.e. a real Lie group S together with a real Lie
superalgebra s = 55 ® s7, whose even component s; is the Lie algebra of S. We shall write

5(V) instead of s whenever we shall want to specify the Lie superalgebra s constructed as
above from V and (+,-)”. By restriction, we have the identification

5T = HOHI]D) (Vﬁ, VT) . (49)

The group S acts on s by conjugation and (-,-) is a non-degenerate S-invariant form
on the real vector space s, whose restriction to sz is symmetric and restriction to st is
skew-symmetric. We shall employ the notation s.z = sxs~! for the action of s € S on
x € 5. In terms of our previous notation,

9=">5lv;, 9 =s5lvpy W=s1, G=S8|y;, G =8|y,

so that

s5=g®¢g and S=GxG.
Notice that the action of S = G x G’ on s = W by conjugation corresponds to the action
of G on W by the left multiplication and of G' on W via the right multiplication by the
inverse. Also, we have the unnormalized moment maps

T W3 w—wly, €9, T Waw—uwl, eg. (50)

An element x € s is called semisimple (resp., nilpotent) if x is semisimple (resp.,
nilpotent) as an endomorphism of V. We say that a semisimple element = € st is regular
if it is nonzero and dim(S.xz) > dim(S.y) for all semisimple y € s7. Let x € s7 be fixed.
The anticommutant and the double anticommutant of x in sy are

57 = {yesT: {JZ,y}ZO},
yest
respectively. A Cartan subspace by of s7 as the double anticommutant of a regular
semisimple element z € s7. We denote by h"“Y the set of regular elements in by.
Next we describe the Cartan subspaces h7 C st for the supergroups associated with the
irreducible dual pairs (G, G’) with G compact. We refer to [Prz06, §6] and [MPP11, §4] for
the proofs omitted here. Given a Cartan subspace by, there are Z/2Z-graded subspaces

VJ C V such that the restriction of the form (-,-)” to each W/ is non-degenerate, V/ is
orthogonal to V¥ for j # k and

V=VlaVieVie. ..oV (51)
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The subspace VY coincides with the intersection of the kernels of the elements of by
(equivalently, VO = Ker(z) if bt = “1s7). For 1 < j <", the subspaces V/ are described
as follows. Suppose D = R. Then there is a basis vy, v{, of V% and basis vy, v} of V% such
that

(UO7UU)N = (Uéhvé))” =1, (U0>v6)” =0,
(Ul7v1>// = (Ulhvll)// = 07 (1}1,1]/1)// =L

The following formulas define an element u; € sy(\V7),

1 / . L v —’U/
uj(vg) = E(Ul — 1), uj(vy) = (vo 0)s

’—iv ] u-v’ziv v,
u;(vy) = \/5( 1+ ), j(v1) \/5( o+ vp)-

Suppose D = C. Then V% = Cuy, V% = Cuvy, where (vg,v9)" = 1 and (vy,v1)"” = §;i, with
d; = £1. The following formulas define an element u; € s7(\V7),

u;(vg) = e ity uj(vy) = e iy, (52)

Suppose D = H. Then V% = Huy, V{Q = Huy, where (vg,v9)” = 1 and (vq,v1)” = i. The
following formulas define an element u; € sp(V7),

s

u;(vg) = e iy, uj(vy) = e "1wy.

In any case, by extending each u; by zero outside V/, we have

ll/

br =) Ru;. (53)
j=1

The formula (53) describes all Cartan subspaces in s1, up to conjugation by S. In other
words it describes a maximal family of mutually non-conjugate Cartan subspaces. Notice
that there is only one such subspace unless the dual pair (G, G’) is isomorphic to (U;, U, )
with {” =1 < p+q. In the last case there are min(l, p) — max(l — ¢, 0) + 1 such subspaces,
assuming p < ¢. For each m such that max(l — ¢,0) < m < min(p,[) there is a Cartan
subspace b1, determined by the condition that m is the number of the positive ¢; in
(52). We may assume that 6; = --- =9, = 1 and 0,11 = --- = §; = —1. The choice of
the spaces V% may be done independently of m. The spaces V%' depend on m.

The Weyl group W (S, bt) is the quotient of the stabilizer of h1 in S by the subgroup S't
fixing each element of hy. If D # C, then the group W (S, hy) acts by all the sign changes
and all permutations of the u;’s. If D = C, then the group W(S, hy) acts by all the sign
changes of the u;’s and all permutations which preserve (d1,...,d), see [Prz06, (6.3)].

Set 9; =1forall 1 <j <" if D+# C. In general, let

Jp=06;m(uy),  Ji=06"(uy) (1< <) (54)
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Then Jj, J; are complex structures on V% and V{Q respectively. Explicitly,

Ji(vo) = —vy,  Jj(vy) =vo,  Ji(v1) = =i, J;(vi) =uv, if D=R, (55)

J

Jj(U()) = —ivo, J;(’Ul) = —ivl, if D=CorD=H.
(The point of the multiplication by the d; in (54) is that the complex structures J;, J; do
not depend on the Cartan subspace h1.) In particular, if w = Z?lzl wju; € by, then

l// l//

= Zw?éjjj and 7'(w) = Zw?éij’-. (56)
j=1

j=1
Let b% C s5 be the subspace spanned by all the squares w?, w € hy. Then

lll

ZR Jj+J0).

We shall use the following identification

l// l//

bilv, 2 D uids = D uidj € bil, (57)
P =1

and denote both spaces by h. Denote by [ the rank of g and by I’ the rank of g’. Then b
is an elliptic Cartan subalgebra of g, if [” = [, and an elliptic Cartan subalgebra of ¢, if
I"=1. Let d = dimp V5 and let d' = dimp V7. The proofs of the following two lemmas is
straightforward and left to the reader.

Lemma 6. Suppose | < I'. Then l” =1 and one may choose the system of the positive
roots of by in gc so that the product of all of them s given by the formula

[Ti<jcrai(= ?JJ + Yr) if D=C,
(zl: J [Li<jcna(— v+ i) - H§'=1 2iy; f D=H, (58)
i J) = <j<ks _
oL b [Li<jcna(—y7 + v2) if D=R and g = s0y,

Hl§j<k§l<_yj2' + yi) ) H3=1 iy; if D=R and g = 5094.

Let 3’ C g be the centralizer of h. We may choose the order of roots of b in gi/3¢ so that
the product of all of them is equal to

71—E//?j'<y) = (59)
Iicjena 195 + ue) - Hi 1(—iyj)d’—d if D=C,
H1§j<kgz(_?/j2' + i) - HZ, (= y]) - of D=H,

iy )d’—d if D=R and g = 50y,

H1§j<k§z<_yg2‘ + i) - sz 121y - H
_y ()" if D =R and g = 50541

=
H1§j<k§l<_y]2‘ + i) - [T;2: 2iy; - TT=
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The product of the positive roots of b% in the complexification of 55 evaluated at w?, where

w = Zé-:l w;u; € by, is equal to

g2 (%) = g (r(w) g s (7' (1)) =

( (H1§j<k§l i<_5jw32‘ + §jwl?;>>2 : H;:1(_i5ng2)d,_d if D=C,
(H1§j<k§l(_w? + wﬁ))Q ) Hé‘=1 2“”?’ ) H§'=1(_w?)d/_d if D= H,
<H1§j<k§l(—w§ + wﬁ))2 - Hé=1 2w} - H;Zl(iw?)d"d if D=R and g = 50y,

\ <H1§j<k§l<_w§ + wﬁ))z : Hé‘=1 iwgz : Hé‘:l 2“”]2' : H3=1(iw]2')d/_d+1 if D=R and g=509,1.

Lemma 7. Suppose |l >1'. Thenl' =1". Set ' =h. Then one may choose the system of
the positive roots of b in g so that the product of all of them is given by the formula

v H1§j<k§l/ i(—y; + Y) Zf D=C,
7Tg//h’(z: y;jdi) = H1§j<k§l’(_yjz +y7) , if D= H, (60)
J=1 H1§j<k§l’(_y]2' +u7) - [[;=: 2iy; if D=R.

Let 3 C g be the centralizer of h. We may choose the order of roots of b in gc/3c so that
the product of all of them is equal to

Ta/s(y) = (61)
. 4 . ! .
H1§j<k§l’ i(—y; + Yk) - Hj:1(_@yj)d ¢ if D=C,
T I &
H1§j<k§l’(_y]2' +yi) - Hj:l 2iy; - Hj:1<_y]2')d ¢ if D=H,
l/
[Licjonar (=47 +93) - Hy’:l(iyj)d—d if D=R and g = s0y,

l . U . —d .
H1§j<k§l(_yj2' + i) - Hj:l Wy - Hj:l(lyj)d ¢ if D=R and g =509.1.

The pro/clluct of the positive roots of b% in the complexification of 55 evaluated at w?, where

w = 22‘21 wjiu; € b1, is equal to

Wsa/h%(MQ) = Ty iy (7' (W) g3 (T(w)) =

(M i(-0u2 + 6yd)) - TT (i)~ # D=C,
(Maecpcp (st ) TI, 200 - T, (s f D=H,
<H1§j<k§l,(—w? + wﬁ))z . Hz.lzl 2iw]2~ . H?zl(z‘w?)d/*d if D=R and g = s09,

\ <H1§j<k§l,(—wﬁ + wﬁ))z . H?Zl iwjz» . H;lzl 2iwj2- . H;lzl(iw]z)d/*d if D=R and g = s09,1.

The following lemma is an immediate consequence of Lemmas 6 and 7.
Lemma 8. There is a constant C'(hy), which depends on by, such that |C(hy)| =1 and
Ty (09)] = Co7) T je(0?) (w0 € by).
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If b7 is a Cartan subspace of W, then
b = {w € by : Wsa/hg(WQ) #0}. (62)

Fix a Cartan subspace ht C W, an element w € h7'® and a function ¢ € S(W). Suppose
G = Ogyy1 with [ < I'. Let wy € s7(V°) be a non-zero element. Then w + wy is a regular
almost semisimple element whose centralizer in S is denoted by S"tt*o. Set O(w) =
S.(w 4+ wp) and define

powior(@) = [ ols.(w+ un)) d(sSIT). (63)

S/ShTerO

Then, up to a constant multiple,
o = [ [ ol ut)) du d(ssh). (64)
/ST Jap(V0)
In all the remaining cases let O(w) = S.w and let
powor(®) = [ dlsw)d(sS"), (65
S/S1
Let H C G be the Cartan subgroup with the Lie algebra h. Denote by A(H) C G x G’ be
the diagonal embedding. Then, explicitly,
' = A(H)({1} x Z), (66)

where 7' C G’ is the centralizer of h C g'.

To simplify the notation, when the Cartan subspace by is fixed, we shall simply write
pow) instead of po(w)y,- These are well defined, tempered distribution on W, see
[IMPP11], which depend only on 7(w), or equivalently 7/(w) via the identification (57).
Let pw be the Lebesgue measure on W normalized as in the Introduction. Choose a
positive Weyl chamber b C h7". We shall normalize the above orbital integrals so that
the Weyl integration formula reads

= 30 [ i ot 6 7

if [ <!’ and

= [ @)l (@) dr (v) (68)
' (bF) '

ifl>1.
Lemma 9. Suppose | <1 and D = C. Then for max(l — ¢,0) < m < m’ < min(p,[),
r(070) O 7(B)7,) = 0.
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Proof. We see from (56) and (62) that

l
T( Tfrig) = {Zyjjjv ylv"'aym>0>ym+17"'ayl7 yjiyk fOI'j%k} (69>
j=1

Hence

7(by,) N7(by,,)
l
= D uii Ui Ym >0 =Yg = = Yo > Yts o U Y5 F Uk for § £ kY
j=1

= 0.
0

Definition 10. Let Cy. = C(by) - 1™ 9/, where C(by) is as in Lemma 8. Define the
Harish-Chandra regular almost semisimple orbital integral on W by the following formula

FW) =Y ComgyWiow el b7, y=r1(w) =7'(w)).
bt bt

(Since, by Lemma 9, the union is disjoint, the definition makes sense. If | > l', then there
is only one Cartan subspace by and 3 =b'.)

In the remainder of this section we shall extend f and its partial derivatives continuously
to a larger domain inside f. This domain will depend on [ and I'. If [ < I, then we will
provide a continuous extension of f (and its partial derivatives up to a specific order) to
a distribution valued function f : h N 7(W) — S*(W)5. If [ > I, then f and all of its
partial derivatives extend continuously to the closure of every connected component of
h/In=red N 7'(h1). See Theorem 17 for the precise statement.

Let py be the Lebesgue measure on g. Let us normalize the orbital integrals pg, €
S*(g), y € b9, so that

[y = /h 7oy (W) Ppc.y dy, (70)

where h™ C " is a Weyl chamber.

Let Wy € W be the maximal subset such that T\Wg : Wy — g, the restriction of 7 to
Wy, is a submersion. Then W, # 0 if and only if [ < ', see Appendix A. In this case we
shall assume that

Tlw, (1g) = pwlw,- (71)
Lemma 11. Suppose | <1'. Then
T/ (T(W)T Ry, (herw) = F(W)lw, — (w € br™).
Proof. We see from (71) that

705 (T (W) 7y, (Hr () = |y (7(w)) g 1y (7' (w)) | o) W, (w € bY).
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Hence,
|70 (T(W)IT [y, (Berw)) = [Ty (T (W) po(w)|w, — (w € by™),
because both sides are W (S, by)-invariant. Thus,

Tg/b (T(w))Tr\kzvg (KGr(w))

(sl el )t ™)

Let C(bt) be the constant in Lemma 8. Then

|7y 5 (7' (W) 7y (7 (w)) mo/p(7(w))? -dim g/

— O )T o) dima/h,
705 (P(@) T ()] O Ty O

Hence, the lemma follows. 0

Let
by if D =C,
W(G,h) =1 ! |
¥ x {£1}  otherwise.
Denote the elements of 3; by o and the elements of {£1}! by € = (e, €2,...,¢), so that

an arbitrary element of the group (72) looks like eo, with e = (1,1,...,1),if D = C. This
group acts on h as follows:

(72)

1 !
(€0) > uidi =D e¥o1(i); (73)
j=1 j=1
and coincides with the Weyl group, equal to the normalizer of § in G divided by the

centralizer of h in G, as the indicated by the notation.
Since the moment map 7 intertwines the action of the Weyl group W (S, hy) with the

subgroup W (S, b1, h) C X, € W(G,b) leaving the sequence &y, 0o, ..., §; fixed. The
function f(y) is invariant under that subgroup. Furthermore,
W(G7 h) U T(bTTeg) = U(W<G7 b)/W(Sa bT? h))T(bTTeg)a (74>
bt bt

where the union on the right hand side is disjoint. Hence, in any case (I <" or [ > ") we
may extend the function f uniquely to W(G,b) Ubf 7(h7"*) so that the extension satisfies

the following symmetry condition
f(sy) = sgug(s)f(y) (s € W(G,h), y e WG, ) Jr(b:™),  (75)
bt
where sgn,  is defined by
a/(sy) = sgug(s) man(y) (Y €D). (76)

One motivation for such a definition of the extension is that left hand side of the equality
in Lemma 11 extends to all y € h and satisfies the symmetry condition (75). We would
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like to extend the function f from the set W(G,h) UhTT(bng) to h N 7(W). This will
require some more work.

Suppose [ < I'. Fix an elliptic Cartan subalgebra h’ C g’ containing 7/(hy). We may
assume that b’ does not depend on h;. Let h'"~"9 C §’ be the subset where no non-
compact roots vanish. Set hI" "% = 7'~L(i'I"79) N hy. Then 7(hI" ") is the set of the
elements y € 7(hy) such that under the identification (57), no non compact imaginary
root of b’ in g vanishes on y.

Lemma 12. Suppose | < I'. For our specific Cartan subspace (53), the set T(hy In— reg)
consists of elements y = 25‘:1 y;Jj, such that

y; >0 forall j, if G=0g 0or G=O0g41 or G=Sp, withl <l' or1=1=1,

y; >0 forallj, yj+ye >0 forallj#k, if G=Sp, and1<l=1, (77)
and

yi >0ifj<mandl—m<gq y;>20ij<mandl—m=q whenl > q;

y; <0ifm<jandm<p; y; <0ifm<jandm=p whenl>p;

yi—ur >0 j<m<k, (78)
if G' = Uy, and by = by,,. In particular, in the last case,

7( %:Teg)ﬂT( {" SN £ O implies [m —m!| <1, (79)

T( {n—reg)m In 7’69 {Zyjjja Yi,- - Ym 2 O:ym+1 Zym+27"'7yl}‘

1,m

Proof. We see from (56) that the set 7(hy) consists of elements y = 22:1 y;J;, such that
d;y; > 0 for all 1 < j < [. Hence 22:1 y;J; € b’ not annihilated by any imaginary
non-compact root of b’ in g implies (77) when D # C.

If G"=U,,, then the non-compact roots of of h’ in g acting on elements of h C b’ are
given by

b3 yJ; = ily; — ) €R, if j<m<kork<m<j
!
baZijJ’.%j:iyjei]R, if j<mandl—m<q or m<jand m < p.

j=1
Hence, (78) follows. The last statement follows from the equality

T(bT,m) A T(bT,m-‘rk’) (80)
!
O uidis v Um =2 0= Ymi1 = = Yk > Ymikits - U},

which is a consequence of (69). O
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Lemma 13. Suppose | <1'. For a fized Cartan subspace by, the function

o fir(h) - S(a) (81)
extends to a smooth function

o frr(hy" ) = S(g) (82)

whose all derivatives are bounded. Further, any derivative of (82) extends to a continuous

function on the closure of any connected component of 7( %nfreg).

Proof. For a moment let us exclude the case G = Ogyy with [ < I'. Let ¢ € C°(g').
Then

(ko) (¥) = (7' (s.w)) d(s8"). (83)

s/s'1

Let Z' C G is the centralizer of h C g’ and recall formula (66) for S"I. Since G is compact,
(83) is a constant multiple of

U(g'y) d(g'Z). (84)
Gz
As checked in [MPP11, (23)], there is a positive constant C' such that

Ty /5 () o U(g'y)d(g'Z) (85)

= CO(my ) (Wg’/b’(y + ") /G / (g (v +y") dg’) |y=0,

where y € h and y” € §' N [3/,3]. Hence, the lemma follows from [Har57b, Theorem 2,
page 207 and Lemma 25, page 232] and the fact the space of the distributions is weakly
complete, [H6r83, Theorem 2.1.8].

Suppose G = Oy 41 with I < I'. Let wy € s7(V°) be as in (63). Then (w+wg)? = w?+wd.
Hence,

(o) (1) = / (s + w)) d(sST) (6)
S/s’TTvo
B / b U(s.(7'(w) + 7' (wo))) d(sS"TH°)
s/shrtwo
= O /G,/me(g'(wn))d(gz’”),

where C is a positive constants, y = 7'(w), n = 7/(wp) and Z'" is the centralizer of n in
Z'.
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Let W;,f}?;;t denote the product of the positive short roots of b’ in 3. As checked in

[IMPP11, (35)], there is a positive constant C' such that

o(mlert (w/wy o) [ v+ d<gH>)

G’ /H’ y'=0

Cry /y(y) /G o Y(g.(y +n))d(gZ™).

Hence the lemma follows from theorems of Harish-Chandra, as before.
For a test function ¢ on a vector space U set

by (u) =t~ Ugp(t~1ay) (t>0, uel).

Then a distribution ® on U is homogeneous of degree a € C if and only if
() = t°®(¢)  (t>0, ¢ € C2(U)).

Lemma 14. Suppose | = 1. Set

O =1lim o(J5f(y)  (k=0,1,,...).

y—0

Then 7.(f*)) is homogeneous of degree
—dim(g) + deg(ng)y) + ' =1 —Fk, if G = Ogyy and I < I,
—dim(g') + deg(myy) — k, otherwise.
(Here deg(my /) denotes the degree of the polynomial ©y y.) Furthermore,
supp(7,(fM)) € 7'(771(0)).

_reg

(87)

(88)

(89)

(90)

Proof. 1t suffices to consider the restriction of f to 7(h7"®) for one of the Cartan subspaces
br. Let v € C°(g¢'). For a moment let us exclude the case G = Og41, [ <I'. As we have

seen in the proof of Lemma 13, there is a non-zero constant C', such that for t > 0

AW = Clim (o) [ wlowdig?)

= Clim 7y 5 (y) / ¢ A&y (g.t71y) d(gZ)
y—0 G’ /7!

e g 07 FO0) ).
Thus, by taking the derivative, (89) follows.

Let U € W be an open subset with the compact closure U such that U N 77(0) = 0.
For w' € U let w' = w’, 4w/, be the Jordan decomposition and let ¢ be the minimum of all
the |w!| (for some fixed norm |- | on W) such that w’ € U. Then € > 0 because otherwise
there would be a non-zero nilpotent element of W outside of 771(0), which is impossible.

Hence
SwNU=0 (Jw] <ew € by).
Since supp f(7(w)) = Sw this implies (90).

(91)
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Suppose G = Og41 and [ < I'. Then for t > 0,

O ) = Clim o) [ [ s+ w?) duP d(sS))
S/S"T Js(VO)
But,
mors) [ [ s ut) dudes)
S/S"T Jsp(V0)
_am), / / (w4 7 20)) du d(sSY)
S/S"T Jsr(V0)
_ t—dlm( )+ dim(s7(V?)) ’/T// / - / 1/2w+w0))) dwod(ssg)
S/S’T Js7(V9)

_ ) ey ) iV () / U(g. 7y + m)) dlgZ™).
G//Z/n

Hence, by taking the limit if y — 0 we conclude that
T;(f(o))( ) — dim(g’ )+deg(7rg//3/)+ dim(s (f(O))( )
Since dim(s7(V°)) = 21" — 2, (89) follows.

Also, with the above notation, w + wq is a Jordan sum with w, the semisimple part,
and wy, the nilpotent part. Hence, as in (91), we have

S(w+w)NU =0 (Jw| <ew e bhy).

Since supp(f(7(w))) = S.(w + wy), (90) follows. O
Lemma 15. Letl =1. Then h =RJ; and
R*Jy ,G) = (Uy, Uy = Upy),

if (G,G') =
re R if (G,G) = (Uy,Up = Ugy),
_Tegy __ 5
WEHUTOr™) = RxJ if (GG = (O Spar), (On Spar), (Spr, O3)
1 or (Uy,U,,) with1 <p <q.

Let f(y) denote the function (75). For an integer k =0,1,2,... define
(f®) = lim 0(Jf)f(yJ)
y—0+
if (G,G') = (Uy,Up) and
k) _ 1 k IRt k
(F9) = T (O~ T (O ()
in the remaining cases. Assume that 1 <1'. Then

20 — 2 if D =R and G = O3,
2 — 1 if D =R and G = Og,
I'—1 if D =C,
o' —1) if D =H.

(fPYy=04if0<k<
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Proof. Suppose (G,G’) = (Os,Spyy). We know from Lemma 14 that the distribution
72((f®)) is supported in 7/(771(0)). However Lemma 11 shows that for any ¢ € C=(W,),
f(y)(¢) is a smooth function of y € h. Therefore, (f*)|w, = 0. Hence,

supp(.((f"))) € 7'(771(0) \ Wy).

A straightforward argument shows that 7/(771(0)\ W) is the union of one of the two min-
imal nilpotent orbits in ¢, call it O, and the zero orbit. Furthermore, dim(QO,,;,) = 2.
(See Appendix A.) Lemma 14 and (58) show that 7/({f*)}) is a homogeneous distribution
of degree

—dim ¢ + deg(mgy) +1' —1—k=—dim g/ +3I' =2 — k

However, as shown in [Wal93, Lemma 6.2], 7/((f*))) = 0 if the homogeneity degree is
greater than —dim g’ + %dim O, nin. Hence the claim follows.

Exactly the same argument works if (G, G’) = (Og, Spyy), or (Spy, O3,), or (Uy,Up,,)
with 1 < p < ¢, except that 7/(771(0) \ W,) = {0}, see Appendix A. So, instead of relying
on [Wal93, Lemma 6.2], we may use the classical description of distributions supported
at {0}, [Hor83, Theorem 2.3.4.].

Suppose (G,G’) = (U, Uyp). Then (83) and (84) show that for ¢ € C°(g') and 0 #

= 7(w) = 7'(w),

L)) = const g (v) | (g 9) i)

Since the group G’ is compact, the last integral defines a smooth function of y = ¢/J;.
Also, in this case, 7y ,y(y) = (iy/)" ~!. Hence, the claim follows. O

Lemma 16. Suppose | < I'. Let f(y) denote the function (75), with y = Zé’:l y;jJ; €
W(G,BH) UhTT(b?g)- For any multiinder o = (v, ..., q) set O(J)* = I(J)* ... 0(J;)™.
For1 < j < define

(0()* fly;=0 = lim _0(J)*f(y)

y;—0x
i (s # 0y € WG,H) Uy, 7(0)} = R, and
(OC))" Flyy=0 = Nim O(J)*f(y) — lim O(J)*f(y)

y;—0—
if {ys # 0 y € W(G,b) Uy 7(6)} = RX. Then for 1< j <!

o' =) +1 ifD=R and G = Oy,

. 2 — 21 ’Lf]D):R andG:OQZH,
O)f)y=0=0if 0<a; <
< ( ) f>y]—0 Zf _Oé] l/_l Zf]D):(C,
21 — 1) ifD = H.

(Here (O(J) f)y,=0 is a function of the y with y; = 0.)
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Proof. Without any loss of generality we may assume that j = [. Let w = Zé_:ll w;uj,

where 5jw]2- =y;, 1 < j <1 —1. Recall the decomposition (51). The centralizer of w in
W = s7 is equal to
s¥ =sp(V) =st(V)" @ - @ sg(VT)Y @ s(VO B V). (92)
As checked in the proof of [Prz06, Theorem 4.5] !, there is a slice through w equal to
Up = (w1 — €, w1 + €)uy + - + (wi_1 — €, wi_y + )uy_y + s7(V° V),

where € > 0 is sufficiently small. In order to indicate its dependence on the graded space V,
let us denote by fy(y) the function (75). Recall that y = Z;Zl y;J; € W(G,h) UbTT([’ng)

1
and let w, be such that 7'(w,) = y. The Lebesgue measure on s7(V) is fixed and the
orbital integral fio(y,) is normalized as in (67). We normalize the Lebesgue measure on

each s7(V7) and on s7(V° @ V') so that via the direct sum decomposition
st(V) = st (V) @51V @ - @ stV @ s:(V @ V')
we get the same measure on W = s3(V). Then the S(V)-orbital integral z10(.,) restricts

to U, and the result is the tensor product of S(V/)“-orbital integrals and the S(V° & V!)-
orbital integral, because U, is a slice. Therefore,

N, (93)
- P(y) (fV1<3/1J1)|(w1—6,w1+6)u1 - fVFl(yl—ljl—l)|(wl_1—e,wl_1+e)ul_1 X fVO@vl(lel))>

where P(y) is a polynomial, whose precise expression may be found from (58). In (93)

i Wi I wy—cawyver; € D'((wy — €, wy +€)uy) (1< j<1-1)
and

Fooavi (i r) € D' (st(V* @ V')). (94)
Here D’(X) denotes the space of distributions on X. Since the dimension of a Cartan
subalgebra of S(VY @& Vl)|\/T is equal to I’ — [ + 1, Lemma 16 follows from (93), (94) and
Lemma 15. This verifies the claim with a = (0,...,0,%,0,...,0) with the k£ on the place

j. In order to complete the proof we repeat the same argument with the f replaced by
d(J)? f, where 3; = 0. O

In the case [ < I, Lemmas 13 and 16 provide a further extension of the function f to
a continuous function

fW(G, ) 7" ) = ST(W)S (95)
bt
which satisfies the symmetry condition (75).

IThe statement of that theorem needs to be modified as follows. “Let z € g1 be semisimple. Then gf
has a basis of G*-invariant neighborhoods of 2 consisting of admissible slices U, through x. If ker(z) = 0
then one may choose the U, so that, for i = 0,1,

.’t2

U, 2y — ¥y, € go(Vs)

is an (injective) immersion.”
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Let dim(g)
2 dim(g
= —" 96
" dim(Vy) (96)
where we view both g and Vg as vector spaces over R. Explicitly,
2l -1 if G=0g,
)2 if G = Og41,
=91 itQ =1, (97)
I+1 ifG=Sp,.
Let
1 ifD=RorC
The formula (97) together with (58) show that
1
max{deg, Tgm; 1 <j <1} =—(r—1), (99)
’ L

where deg, 7,/ denote the degree of ﬂg/h(Z§:1 y;J;) with respect to the variable y;.
The following theorem collects the required properties of the Harish-Chandra almost
semisimple orbital integral on W.

Theorem 17. Suppose | < I'. Then the closure of the subset W(G,b) UhTT(bng) Chis
equal to

rmdwq:{h l ifD#C,
W(Gv h>{2j:1 ijj§ Y1, - -+ s Ymax(I—q,0) >0> Ymin(p,l)+1; - - - ,yl} if D =C.

The function (95) is smooth on the subset where each y; # 0 and, for any multi-index
a=(aq,...,qq) with

d—r—1 ifD=R orC,
max(ag, ..., q) < { od —r) ifD=H,

the function O(J%)f(y) extends to a continuous function on h N 7(W). This exten-

sion is equal to zero on the boundary of this set. We shall therefore extend it from
W(G,b) Uy, 7( %"_Teg) to b N7 (W) by zero.
Suppose now | > 1. Then [ extends to a smooth function

[y (hr) — C (100)

and any derivative of f extends to a continuous function on the closure of any connected
component of b'I"=e9 N 7' (hy).

Proof. The formula for h N 7(W) follows from (56), (69) and (73), via a case by case
verification. The extension of 9(J%)f(y) is a consequence of Lemma 16. Finally, the
extension in the case [ <[’ is done as in Lemma 13. L]

In general we shall write f,(y) for f(y)(¢).



28 M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

5. Limits of orbital integrals.

In this section we consider weighted dilations of the almost semisimple orbital using a
positive variable ¢. It turns out that the limit as ¢ tends to 0 is a constant multiple of the
invariant measure on a nilpotent orbit. So we begin by describing the nilpotent orbits. It
turns out that there is one maximal orbit.

Let m denote the minimum of d = dimp V§ and the dimension, over D, of a maximal
isotropic subspace of V1 with respect to the form (-, -)" in (48). Recall that the pair (G, G’)
is said to be in the stable range with G the smaller member if m = d.

Lemma 18. Let m be as above and let d' = dimp V. Let SHi (D) denote the space of the
skew-hermitian matrices of size k with coefficients on D, 0 < k < m. There are nilpotent
orbits O), C g such that

77 H0) =0, U0, _U---U0y, (101)
O,UO,_U---UQy is the closure of O, for 0<k<m,

FExplicitly
kd — k(k —1) if D=R,
dim O), = { 2kd' — 2k? if D=C, (102)
Akd —2k(2k+1) if D=H.
Suppose D = R or C. Then the partition of d' corresponding to the complezification
Ow = GLO}, of the orbit O, is X' = (28, 1772%). In other words, the Young diagram
corresponding to the orbit Ok has k rows of length 2 and d' — 2k rows of length 1. If
D = H, then Ol corresponds to the partition N = (22% 124 ~4) of 2d'.
The equality
dim O/, = dim W — 2 dim g, (103)
holds if and only if either the dual pair (G, G') is in the stable range with G - the smaller
member or if (G,G’) is one of the following pairs

(Om+1, Spgm(R)), (Ud’—m; Um,d’—m) with 2m < d'.

Proof. As is well known, the variety 7/(771(0)) is the closure of a single G’ orbit O/, , see
for example [Prz91, Lemma (2.16)].
Let w € s7 be a nilpotent element. Then

V=VOapvhg.. gvh

where V() is the kernel of w and each (w, V), 1 < j < k is indecomposable (see [DKP05,
Def. 3.14]). (If w = 0 then V = V(©).) The orbit of w, call it O, is of maximal dimension
if the kernel of w is minimal, which happens if and only if £ = m. Since the only nilpotent
element of g is zero, we have

0 =7(w) = w?|y,.
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Fix j > 1. Then (w, V%) is non-zero and indecomposable. The structure of such elements
is well known. In particular we see from [DKPO05, Prop.5.2(e)] that there are vectors
vy, v3 € V1 and vy € Vj such that

VY = Doy @ (Dvy & Dous), wv; = ve, wvg = v3, wug = 0.

Hence,
V%j) =Dv; @ Dy, w?v; = vs, w?vy =0
and the decomposition
Vi=V0 eV g ... gV,

determines the G’-orbit Oy of 7/(w) = w?|y..

The dual pair corresponding to S|y is (O, Spy(R)), if D = R, (U, Uy,y), if D = C,
(Spy, OF), it D = H. The complexifications of these pairs are (O1, Sp,(C)), (GL1(C), GLy(C))
and (Spy(C), O4(C)) respectively. In particular, this leads to the description of the com-
plexification of the orbit in terms of the Young diagrams, as in [CM93].

The closure relations between the orbits O are well known and their dimension may
be computed using [CM93, Corollary 6.1.4] leading to (102). The dimension formula in
(101) follows from (102).

The fact that (103) holds if the pair is in the stable range was checked in [Prz91, Lemma
(2.19)]. The last statement follows from (102) via a direct computation. O

Now we construct a slice through an element of the maximal nilpotent orbit.

Recall the non-degenerate bilinear form (-,-) and the automorphism 6 on s, [Prz06,
sec. 2.1]. (The restriction of (-,-) to s is a Killing form and the restriction to sy is a
symplectic form. Also, the restriction of 8 to s; is a Cartan involution and the restriction
of —0 to s7 is a positive definite compatible complex structure.) In particular the bilinear
form B(-,:) = —(6-,-) is symmetric and positive definite.

Fix an element N € sy. Then N + [s5, N| C s7 may be thought of as the tangent space
at N to the S-orbit through N. Denote by [s5, N]*# C st the B-orthogonal complement
of [s5, N]. Since the form B is positive definite,

st = [s5, N] @ [s5, N2 (104)
Consider the map
o:Sx (N + [s5,N|"?) 3 (s,u) — su € sy. (105)
The range of the derivative of the map o at (s,u) is equal to
[sg, su] + s[sg, NJ*2 = 5 ([s5,u] + [s5, N]*2) . (106)
Let
U ={u e N+ [s5 N"?; [s5,u] + [s5, N|"? = s7}. (107)

The equality (104) implies that N € U and U is the slice we were looking for. Next,
we consider the orbits passing through U. The maximal nilpotent orbit corresponds to a
point N and the almost semisimple ones to others points in U which will approach N in
a suitable sense, as explained below.
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Notice that U is the maximal open neighborhood of N in N + [s5, N|*# such that the
map
o:SxU>(s,u) = su € sy (108)
is a submersion. Then o(S x U) C sy is an open S-invariant subset and

0:SxU3(s,u) = su€a(SxU) (109)

is a surjective submersion.

We shall use the map (109) to study the S-orbital integrals in s;. This is parallel
to Ranga Rao’s unpublished study of the orbital integrals in a semisimple Lie algebra,
[BV&0].

From now on we assume that N is nilpotent.

Lemma 19. The map
N + [s55, NJ*2 > u — u? € 55 (110)
1S Proper.
Proof. We proceed in terms of matrices. Thus Vg = D? is a left vector space over D via
av :=va (v e Vg, aeD).

Then Endp(Vz) may be identified with the space of matrices My(ID) acting on D¢ via left
multiplication. Let

(v,0") =7 (v,0" € DY).
This is a positive definite hermitian form on D?. The isometry group of this form is
G ={g€ My(D); §'g = I}
Similarly, Vi = D? is a left vector space over I and
G'={g€ My(D); g'Fg=F},
where F = —F' € GLg#(ID). This is the isometry group of the form
(v,0") =T Fv  (v,0" € DY).
Furthermore we have the identifications
st = Homp (Vg, V1) = My 4(D),
with the symplectic form
(W', w) = trp/r(ww’) (w,w" € My 4(D)),
where w* = wW'F. Also, —0(w) = F~'w so that
B(w',w) = trpr(w'w’).
Two elements w,w’ € My 4(D) anticommute if and only if

ww™ +w'w* =0 and w'w +w*w =0. (111)
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From now on we choose the matrix F' as follows

0 0 I
F=[(o0o F o0 (112)
~I, 0 0

where 0 < k < m, where m is the minimum of d and the Witt index of the form
(, ), asin Lemma 18. Then, with the block decomposition of an element of My 4(D) =
Md/’k(ID» D Md’,dfk(ID)) dictated by (112),

*
wyp Wq =t ot [ et
S B _w? wtzF w%
= R .
3 We

We may choose

(113)

o o o

Notice that

[s5: N2 = 0 ([s5, NI7) = 0 (Vsp) = sy,
where the second equality is taken from [Prz06, Lemma 3.5]. Hence, a straightforward
computation using (111) shows that

0 0
[56, N]J'B = 0 Ws , W3 = —@g
W3 Weg

The image of w under the map (110) consists of pairs of matrices

*

Ik 0 Ik 0 Ws 0 Ik
0  ws 0 ws | =| —wsw wswiF' 0 (114)
Wy  We Wy W —w3Wh — weWh weWsF' w3
and .
I, O I, 0O
0 ws 0 ws | = ( 2_“% ;§ o ) . (115)
w3  Wes w3  We 6 b °
Hence the claim follows. O

Suppose k = m. Then it is easy to see from (113) and (A.1) that N = N,, € Wy, or
equivalently U C Wy, if and only if either the pair (G, G’) is in the stable range with G
the smaller member or (G, G") = (Opy1, Spyy (R)).

Corollary 20. If Kk =m, then the map
7N+ [s55 N** 3w — w'weg (116)

18 proper.
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Proof. This follows from the formula (115). Indeed, it is enough to see that the map
Wy — EEF/’LUg,

is proper. The variable w5 does not exist unless D = C and d > m. This means that m
is the Witt index of the form (, ). Hence iF” is a definite hermitian matrix. Therefore
the above map is proper. O

Corollary 21. Suppose k =m. If E C s1 is a subset such that T(E) C g is bounded, then
EN (N + [s5, N|™)

18 bounded.
Proof. This is immediate from Corollary 20. U
Lemma 22. For each k = 0,1,2,...,m, the orbital integral po, is S - invariant and

defines a tempered distribution on W, homogeneous of degree deg po, = dim Q) —dim W.

Proof. The stabilizer of the image of Nj in V7 is a parabolic subgroup P’ C G’ with the
Langlands decomposition P’ = GLi(D)G"N’, where G” is an isometry group of the same
type as G’ and N’ is the unipotent radical. As a GL(ID) - module, v, the Lie algebra of
N, is isomorphic to My g—ox (D) ® Hy(D), where Hy (D) C M, (D) stands for the space of
the hermitian matrices. Hence the absolute value of the determinant of the adjoint action
of an element a € GL;(D) on the real vector space 0’ is equal to

2 dim Hy, (D)

| det Ad(a)w| = | detg(a)|* 2 FamgD

Since G’ = K'P’, where K’ is a maximal compact subgroup, the Haar measure on G’ may
be written as

dg' = |det Ad(a)y|dk dadg” dn'.

Recall that da = | detg(a)| % d*a, where d*a stands for the Lebesgue measure on the real
vector space My (D). Also,

2 dim Hy (D) 1 if D =R,
2D p—lo iD=c,
kdimg D L.

Hence,
2dim Hy (D)

| det Ad(a)w|| detr(a)| ™ = | detg ()| ~>F" Famgs *

is locally integrable on the real vector space My (D).
Since the stabilizer of Ny in G’ is equal to G"N’ C P’, the G’ orbit of N, defines a
tempered distribution on W by

/ o(w) dpern, (w) = / o(kaNy) det Ad(a)y dk da (p € S(W).
W GLk(D) JK/
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This distribution is homogeneous of degree

2dim Hy (D), . )
d —2k+——2"7)d D—-d
( t gD D — dim W
Thus it remains to check that
2 di D
(d — 2k + 2 HeD) ) oD = 'k dimg (D) — 2 dimg SHy (D),

which is easy, because My (D) = Hy(D) @ SHi(D). In order to conclude the proof we
notice that the orbital integral on the orbit SN is the G - average of the orbital integral
we just considered:

/¢(w) d,uSNk(w)—// ¢(kaNyg) det Ad(a)y dk da dg.
W G JGLy (D) JK!
0

Now we want to see dilations by ¢ > 0 in s7 as transformations in the slice U modulo
the action of the group S, which is permissible as we consider S-orbits.
For ¢ > 0 let
t*l
St = 0
0
where the blocks are as in (112). Then s, € G'. We view s; as an element s; € GL(s7) by

0 0
I 0
0 ¢

si(w) = syw (w € s7).
Also, define an element M; € GL(s1) by

My(w) = tw (w € s7).
Set g; = M, o s; € GL(s7). Thus

gr(w) = ts;w (w € s7).

Lemma 23. The linear map g; € GL(s1) preserves the set N + [s5, N2 and the subset
U C N + [s5, N|*5. In fact

Ik 0 Ik: 0
gl 0 ws = 0 tws . (117)
w3 Weg t2w3 t2w6
Hence,
Tlu o gily = Mg o 7|y (118)
Furthermore

gro0 =00 (Ad 8 X G| e Nyt ), (119)
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where the gt|N+[567N]LB on the right hand side stands for the restriction of ¢g; to N +

sg, N|*B. In particular, the subset o(S x U) C st is closed under the multiplication by
0 T
the positive reals. Also,

det((ge| x4 (sg,n)25)") = glmer—dim O (120)

and ‘
det(g)) = t4mst (121)

Proof. The formula (117) is clear from the definition of g, and (118) follows from (117)
and (115).
In order to verify (119) we notice that for s € S and u € N + [s5, N|*# we have

gioo(s,u) = gi(su)=t(si8)u = (s¢88; ) (tssu)
= o(sis8;, ", giu) = oo (Ad s; x 9t Nt 15 ) (S5 0).

By the Chain Rule, the derivative of o at (s, u) is surjective if and only if the derivative
of g oo at (s,u) is surjective. Then (117) shows that this happens if and only if the
derivative of o at (s;s5; ", g;u) is surjective. By (106), the last statement is equivalent to
the derivative of o being surjective at (s, g;u). In other words, g; preserves U.

Since g; = M/ = M, and since det s; = 1, (121) is obvious. In order to verify (120) we
proceed as follows. The derivative of the map g;|y g, NI B coincides with the following
linear map

0 O 0 0
0 Ws — 0 tws
w3 Weg t2w3 t2w6

The determinant of this map is equal to the determinant of the following map

0 Wy 0 tw4
0 Ws — 0 tw5 )
w3 Weg t2w3 tw6

which equals

Since, by (101),
2dimg SHy(D) + d'(d — k) dimg D = dim s7 — dim Oy,
(120) follows. O

Next we consider an S-invariant distribution F' on o(S x U) and its restriction F|y to
the slice U. The following lemma proves that the restriction to U of the t-dilation of F' is
equal to gy applied to F|y.

Lemma 24. Suppose F' € D'(o(S x U))5. Then the intersection of the wave front set
of F' with the conormal bundle to U is zero, so that the restriction F|y is well defined.
Furthermore, 0*F = ps @ F|y. Moreover, fort >0,

MF = giF, (122)
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and
(M F)l = (9elv) Flu- (123)

Proof. The wave front set of F' is contained in the union of the conormal bundles to the
S-orbits through elements of sy. This is because the characteristic variety of the system
of differential equations expressing the condition that this distribution is annihilated by
the action of the Lie algebra s coincides with that set. The intersection of this set with
the conormal bundle to U is zero. Indeed, this intersection is equal to the orthogonal
complement to the sum of the union of the tangent bundles to the orbits and the tangent
bundle to U, which, by the submersivity of the map o, is equal to the whole tangent
bundle. Hence, F' restricts uniquely to U. The formula 0*F = ug ® F|y follows from the
diagram
U—-SxU—=0oSxU), u—(l,u) = u,
which shows that the restriction to U equals the composition of ¢* and the pullback via
the embedding of U into S x U.
Since sy F' = F we see that gf F' = M;s; ' = M; F. Hence,

(9elv)" Flo = (i F)lv = (M F)lu.
Thus we are done with (122) and (123). O
Lemma 25. Suppose F, Fy € D'(0(S x U))® and a € C are such that

t"(gi—1|v) Flu el Folu.
Then

taMt*71F — F
t—0+
in D'(c(SxU)).
Proof. This is immediate from (123) and Proposition B.1. O

Now we are ready to compute the limit of the weighted dilatation of the unnormalized
almost semisimple orbital integral po.

Proposition 26. Let k = m. Let O C o(S x U) be an S-orbit and let po € D'(s1) be the
corresponding orbital integral. Assume po is S - invariant. Then

tgfﬁtdeg“o’"Mf—lﬂob(sXm = polu(U) po,, |lssxv) (124)

where pe,, € D'(o(S x U)) is the orbital integral on the orbit O,, = SN,, normalized so
that pe,,|v is the Dirac delta at N, and the convergence is in D'(o(S x U)). This orbital
integral is a homogeneous distribution of degree deg pp,, = dim O), — dim W.

A few remarks before the proof. The scalar pp|y(U) may be thought of as the volume of
the intersection ONU. This volume is finite because the restriction pe|y is a distribution
on U with the support equal to the closure of O N U, which is compact by Corollary 21.
Hence pp|y applies to any smooth function on U, which may be chosen to be constant
on ONU.
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A straightforward argument shows that every regular orbit O passes through U, i.e. is
contained in (S x U), if the pair (G, G’) is in the stable range.

Our normalization of ugy, does not depend on the normalization of pup, which is
absorbed by the factor up|y(U).

Proof. By (120)
£ O = (g, 1 [1) pou (¥) = polu (o gilo).
We see from (117) that
lgrolgtu:]\fm (we ).
Hence, for any ¢ € C*(U),
lim pioly (¥ 0 g:) = polu(b(N)ly) = polv(ly)P(N) = polu(U)P(Nm),

where Iy is the indicator function of U. Thus (124) follows from Lemma 25. O

In order to find the limit of the weighted dilations of the normalized almost semisimple
orbital integral f(y), see Corollary 29, we still need to compute the weight.
A direct computation involving the formulas (58) and (61) verifies the following lemma.

Lemma 27. Suppose d < d'. Then
dim W = dim g + dim ¢'/3’' + dim b + dim s7(V°), (125)
or equivalently
dim W = 2 deg 7y + 2 deg my/y + 2 dim b + dim s7(V°). (126)

Here dim s7(V°) = 0 unless G = Oy 1, G’ = Spyy(R) and d =20+ 1< 2I' =d..
Ifd < d', then dim s7(V°) = 0 and

dim W = dim ¢’ + dim g/3 + dim b, (127)

or equivalently
dim W = 2 deg 7y + 2 deg 7my/; + 2 dim b. (128)

Recall Harish-Chandra’s semisimple orbital integral on f(y) € S*(W)S, (95) and (100).
Lemma 27 plus a direct computation implies the following lemma.

Lemma 28. For ¢ € C°(W) andt >0
f0Gw) E W) = 1951V o 1 () (w € h7). (129)

FEquivalently,
Mt*&f(y) — t2 deg my/;+2 dimhf(t2y)_ (130)

Also, without any assumptions, we have the following equivalent formulas

(bor) = Limi-imNy o (yeS()) (131)
T (M) = tdimw_?dimglMt*_zT;(u) (u e 8" (W)).
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Corollary 29. Assume that k = m. Then,
lim 98 H0m M f(y)losxuy = FW)0(U) 10, (0)]osx0)- (132)

t—0+
The distribution f(0) is homogeneous of degree deg f(0) = —(2degmy); + 2dimb). (If
I <V, then 2degmy); +2dimb = dim g + dim b.) Moreover (182) is equivalent to

. Lide _de
Jim t2ldesnom=desJO) £ (14|, oy = FW) |0 (U) oy, |osxo)- (133)

Proof. The statement (132) is immediate from Proposition 26. In order to see that (132)
is equivalent to (133) we recall (130), which also shows that deg f(0) = —2degmy/; —
2dimb. O

The set of almost semisimple elements in s7 coincides with the union of the S-orbits
through the generalized Cartan subspaces UETShT’ [IMPP11, (47)]. Since the set of the

regular almost semisimple elements is dense in UET Shr, [MPP11, Theorem 19] implies
that the set of the regular almost semisimple elements is dense in s;. Hence there is a
regular y such that the corresponding orbit in W is contained in o(S x U). Then all the
orbits corresponding to ty, with ¢ > 0, are contained in (S x U).

Next we shall try to shed some light at the limits of the derivatives of the orbital
integrals. We assume that [ < I’. As in [Har57a] we identify the symmetric algebra on
g with Cl[g], the algebra of the polynomials on g using the invariant symmetric bilinear
form B on g.

Lemma 30. Let y € h N 7(W) and let Q € C[h] be such that deg(Q) is small enough so
that, by Corollary 17, 0(Q)f(y) exists. Then

tdegrom M 0(Q) F(y)lo(sxo el Cuo,,, (134)

—0

in D'(c(S x U)), where C = 9(Q)f(y)|lv(ly) is the value of the compactly supported
distribution 0(Q) f(y)|u on U applied to the constant function Iy .

Proof. We see from Lemma 24 that it suffices to prove the lemma with (134) replaced by

988 om g1 0(Q) ()l = Co. (135)
Let ¢ € C2°(U). Since 9(Q) f(y)|v is a compactly supported distribution on U,
tieton g [ Q) fWlu(@) = Q) fW)lu(w o)
QW) (N,
= Q) W)|u(Iv)dn,, (V).
0

Proposition 31. Let y € h N7 (W) and let Q € C[b] be such that deg(Q) is small enough
so that, by Corollary 17, 0(Q)f(y) exists. Then

o ML D(Q)f () = Chio, (136)
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in the topology of S*(W), where C' = 9(Q) f(y)|v(Iy).
Proof. As we have seen in (87) and (85), there is a positive constant const such that for
b e S(g)

T.(0(Q)f )W) = AHQ)7(f () () (137)

= const 8(@7}5/%/) (ﬂ'g//b/ (y + y”) ’g[)(g(y + y”)) dg> |y”:0a
G/

where 7y = ﬂ;,%’,”t if G = Oy with I < U, and 7y jpy = 7y otherwise. Let P € Clg']“".
Then

QT y) (Wg'/hf(y +y") /G (PY)(g-(y + y")) dg) ly7=0 (138)

= 0Qig) P+ e+ [ 0lau+1)ds ) oo

By commuting the operators of the multiplication by a polynomial with differentiation
we may write

0Qy)Ply+y") = Y. Paly+y")d,

] <deg(QF, /1)

where 0% = H?Zl d(J5)% . Hence, (138) is equal to

> R0 (o) [ ol dg) o (0139

\oz|§deg(Q7~r5//h/)
We see from (137) - (139) that the range of the map
Clg1% > P = 7.(0(Q)f(y) o P € S*(¢) (140)

is contained in the space spanned by the distributions

0° (%'/h/(y +y") /G (g +y") dg) =0 (Ja| < deg(QFy ).

In particular this range is finite dimensional. Therefore Harish-Chandra regularity theo-
rem [Har65, Theorem 1, page 11| implies that the Fourier transform

(m(0(Q)f(y))) € S*(¢)
is a locally integrable function. Therefore the argument used in the proof of [BV80,
Theorem 3.2] shows that there is an integer a such that the following limit exists in

S*(¢'):
lim * M (7.(9(Q) f(y)))" (141)

t—0+
By taking the inverse Fourier transform we see that there is an integer b such that the
following limit exists in S*(g'):

lim "M (0(Q)f ())- (142)

t—0+
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But then the injectivity of the map 7., see Corollary 5, and (131) imply that there is an
integer d such that the following limit exists in S*(W).

. dqr*
Jim ¢M7,0(Q)f (y). (143)
Now Lemma 30 shows that d = deg pp,, and the proposition follows. O

6. Intertwining distributions.

In the following we consider an irreducible unitary representation II of G. We suppose
that II is genuine in the sense that it is non-trivial on the kernel of the covering map
G — G. Let pu € ib* represent the infinitesimal character of II. In particular, when
1 is dominant, then we will refer to it as the Harish-Chandra parameter of II. This is
consistent with the usual terminology; see e.g. [Kna86, Theorem 9.20].

Assume that the distribution character ©p is supported in the preimage E}vl of the
Zariski identity component G; of G. (Recall that G; = G unless G is an orthogonal
group.) Then

On(h)A(h) = > sengy(s)éu(h)  (heHE), (144)
seW(G,h)

where we lift I from G to G* via the covering (43) if necessary, A is the Weyl denominator
(44) and sgn, is as in (76). Since sgng,, = sgn, the sign character of the Weyl group
W(g,h), unless G = Og, we need to justify the formula (144) only in this case. Our
assumption that the distribution character Oy is supported in the preimage é‘: implies
that

ZseW(gJ)) sgn(s)&su(h) ZsEW(g,h) sgn(s)&su(th)
A * A(th)

where W (g, h) is the Weyl group of G; = SOy and t is any element of W(G,H) which
does not belong to W (g, h). Since sgn(s) = sgn, (s) for s € W(g, h) and

A(th) = sgng, (1) A(h),

On(h) = (h € H}),

(144) follows.
In this section we study the analytic properties of the distribution frgm = 7(0n) €
S(W) introduced in (13). For x € g define

ch(z) = |detg(z — 1)|*/?, (145)

where the subscript R indicates that the element x € g C End(Vj) is viewed as an

endomorphism of Vi over R. Since all eigenvalues of = € g are purely imaginary, x — 1 is

invertible and the function ch(x) is non-zero on g and we can raise it to any real power.
For an endomorphism x of W we set

Xx(%((xw,w))) weW. (146)

This definition coincides with (11) when x = ¢(g) for g € Sp and g — 1 is invertible.
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Recall the functions ¢ and ¢_ on sp to §f) introduced in (18) and the constants r and

v defined by (96) and (98), respectively. Recall also that ¢’ = dimp Vg and that G is
equipped with the Haar measure dg of total mass 1.

Lemma 32. Let ¢ : h — HE be a real analytic lift of ¢_ : b — ﬁ, via the covering (43).
For any ¢ € S(W)

T@0() = C [ ((On8)E @)t @) (mnto) [ xwioSw)an ) do

- [(eu @) (mnto) [ xelmoSwyav)

where ¢ (w fG (gw)dg, C is a non-zero constant, C" = C|W(G, )| and each con-
secutive mtegml 15 absolutely convergent.

Proof. By definition
T(6n)(¢) = /G On(3)T(3)(6) dg. (147)

where the integral is absolutely convergent because both, the character and the function
T(g)(¢) are bounded (see for example [Prz93, Proposition 1.13]) and the group G is
compact. _

Since the support of the character is contained in G; and since the image of the Cayley
transform c¢_ : g — G is contained and dense in Gy, we may integrate over g rather than G
n (147). As checked in [Prz91, (3.11)], the Jacobian of ¢_(z) = ¢(z)¢(0)~! is a constant
multiple of ch™®"(x). Also, the element &(0) is in the center of the metaplectic group.
In particular, ©r(gé(0)™") is a constant multiple of Or(§), where the constant has the
absolute value 1. Thus

T(6n)(6) = C, / On(e_(2))T(&(x)) (6) ch™ () do, (145)

where C is a non-zero constant and, by (12), T'(¢(z)) = O(é(x ))Xxﬂw. Since ¢(g.x) =
g.c(z), there is s € Sp in the preimage of 1 € Sp such that sgc(x) 6(g :13) Since I1
) = En(R)O(H). As
= On(c(x))O((2)).

occurs in Weil representation, for every i € Sp we have On(sh)©

(sh
On and O are characters of G, it follows that O (é(g.2))O(é(g.z))
Weyl integration formula on g shows that

e /h a5 (2) 2011 (E— () T () (6°) ™ () i, (149)

where C, is a non-zero constant and ¢% is as in the statement of the Lemma. Recall
[Prz93, Lemma 5.7] that 7/ (2) is a constant multiple of A( (z)) ch™(z). Also /5 ()
is a constant multiple of 7y, (2). Hence, if we set O (¢’ (z)) = On(é_(x)), then

T(On)(¢) = Cs /h (OnA) (¢ () b (@)myn ()T ((2)) (¢7) ch™™ (z) da, (150)
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where Cj is a non-zero constant. Observe that, by (6) and (12),

O(é(z))? = i W det(Jowy )y = iV det(c(z) — 1)y =iV det (27! (z — 1)), -

Since the determinant is taken on W, (145) implies that ©(¢(x)) is a constant multiple of
ch? (x), where d’ = dimp Vy as before. Hence, by (144),

T(Ou)(¢) = Ci [(Od)e (@) eh " (a)mys(o) | xalwhe®(wydwds  (151)

b

- O Y () [ (@)™ 0) (mnle) [ xel)o®) ) de

s€W(G.b)

where Cy is a non-zero constant and each consecutive integral is absolutely convergent.
Notice that for s € W (G, b)

/W Yo ()6 (1) duv = /W X5~ )8 (w) duw = /W a5 10)6% (5 w) duw
_ /W Y ()6 (w) duw

and that 7y (sx) = sgn(s) mg/y(z). Therefore

> sengn(s) /h (€l () e () (wg/h@c) /W X ()6 (w) dw) da
= Y [(eat@ar W) (e | vt o) da

- 2 [(ewtd a6 ) (rste) [ i) i
- Y [(eu@rarw) (o) [ i)

= |[W(G,p)| /h <£7#(cﬁ_(:c))chd/_’"_‘(x)> (ﬁg/f,(m) /W Yo (W) (w) dw) dx.

We can verify the absolute convergence as follows. The boundedness of the function
T(9)(¢), g € G, means that there is a seminorm ¢(¢) on S(g) such that

Olet@) [ xwotw)dn] <o) (@ eq) (152)

Equivalently, replacing ¢(¢) by a constant multiple,

| [ et o] <g@)an@) @e) (153)
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(This is the van der Corput estimate, [Ste93, formula (23) on page 345].) Also, (99) and
(156) below imply that

[Tasp(2)] < C5ch™H(2) < Cscb™™(x)  (z €h),
where Cjy is a constant. Hence

mon@) [ xaw)otw)du] < @) @) @ e (154)

Therefore the integral over h in (151) may be dominated by (i.e. is less or equal a constant
times the following expression)

/Chd/’"b(x) ch™ ¥+ (2) da = /chm(x) dr < 0.

b b

Let us fix the branch of the square root:
C\R 5z—22€C (155)
so that 22 > 0, if z > 0. Then for y = 23—1 y;J; € b,

! l
H 1—|—yJ H + 1y;) 2L 1—zy]) : (156)
7j=1

The elements J;, 1 < j <, form a basis of the real vector space fj. Let J7, 1 <j </, be
the dual basis of the space h* and set

ej = —iJ;, 1<5<I. (157)
If p € ib*, then p = Z;Zl pie; with p; € R. We say that p is strictly dominant if
H1 > o > -0 > .
The action of W(G, h) on b extends by duality to ib*: if p = Zé’:l pie; € th* and
t =eo € W(G,b) is as in (73), then

(Z ujej) = Z Ea.—l(j)/,l,o—l(j)ej . (158)

7j=1
Lemma 33. Let cﬁ_ be as in Lemma 32. Then

Eu(d(ty) =€ nu((y)  (F€W(G,h,ueih" yeh). (159)

Moreover, let
1
5:2—(d/—7“+b). (160)
L
Then, with the notation of Lemma 32 and (156),

l
()b () = T +ayy) O (1 — gy, (161)

J=1
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where all the exponents are integers:
tu; +0€Z (1<j5<). (162)
In particular, (161) is a rational function in the variables yy, Yo, ..., Y-

Proof. Since

Lt \ 7ML
e ) =TL(152) " =TT+ im0 i),
j=1
(159) and (161) follow from (156).
Let A = 22:1 Aje; be the highest weight of the representation II and let p = 22:1 p;€;
be one half times the sum of the positive roots of h in gc. If p is the Harish-Chandra
parameter of II, then y = A+p = 2;:1 pje;. Hence, the statement (162) is equivalent to

1
/\j+pj+2—b(d’—r+L)€Z, (163)

which holds because of the assumption that II is a genuine representation of G. Indeed,
if G = Oy, then with the standard choice of the positive root system, p; = %l — 7. Also,
A\j €Z,1=1,r=d— 1. Hence, (163) follows. Similarly, if G = Uy, then p; = &L — j,
Aj + %, € Z, =1, r = d, which implies (163). If G = Sp,, then p; =d+1—j, \; € Z,
v =3, r=d+ 3, and (163) follows. O

In order to study the inner integral occurring in the formula for T(@H) in Lemma 32,
we shall need the following lemma.

Lemma 34. Fix an element z € h. Let 3 C g and Z C G denote the centralizer of z.
(Then 7 is a real reductive group with the Lie algebra 3.) Denote by ¢ the center of 3
and by my/; be the product of the positive roots for (gc, be) which do not vanish on z. Let
B(-,+) be any non-degenerate symmetric G-invariant real bilinear form on g. Then there
is a constant C; such that for and x € h and 2’ € c,

Wg/b(x)ﬂg/‘g(ﬂ?,) / eiB(g-Z,ﬂl ) dg = 03 Z Sgng/h (t)ﬂ-é/f] (t—lx)eiB(z,m: )
G tW(Z,h)eW (G,h)/W(Z,h)
(Here myy =1 if3=1.)

Proof. The proof is a straightforward modification of the argument proving Harish-Chandra’s
formula for the Fourier transform of a regular semisimple orbit, [Har57a, Theorem 2, page
104]. A more general result was obtained in [DV90, Proposition 34, p. 49]. 0

We shall fix the symplectic form (-, -) on W according to the Lie superalgebra structure
introduced at the beginning of section 4 as follows

(w,w') = trpr(Sww’) (w,w" € W). (164)
Then
(zw,w) = trpr(Szw?) (regdg,weW). (165)
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(See [Prz06, (2.47)].) Let
77 s
B(z,y) = 5 tipr(Sey) = 5 trojr(zy)  (2,y € g). (166)
Then, using the expression (50) for the unnormalized moment map 7, we have

Xo(w) = eF @ww) = iBar®@)  (p g e W), (167)

Lemma 35. Suppose | < 1'. Then, with the notation of Lemma 32,

e /W Yo ()¢S (w) duw = C eBED £ () dy.

b7 (W)

where C' is a non-zero constant and fu(y) = f(y)(¢) for the Harish-Chandra regular
almost semisimple orbital integral f(y) of Definition 10.

Proof. By Lemmas 6 and 8 and the Weyl integration formula (67) on W,
/vax(w)¢G(w) dw = ;/T(hf)Wg/h(T(w))ﬂg'/y(T(w))C(hl)Maw)(anﬁG) dr(w).
T
Let us consider first the case (65)
o (6 = [ (6) (50 d(s8").

s/s't

Recall from (57) the identification y = 7(w) = 7'(w) and let us write s = g¢’, where g € G
and ¢’ € G'. Then

Xa;(sw) _ eig(x(s.w),s.uﬁ _ eiB(x,T(s.w)) _ eiB(x,g.T(w)) _ eiB(x,g,y)

and
¢ (s.w) = ¢%(g'w).
Since
{1} xGYNsST = {1} x 7,

we see that for a positive constant Cy

Hotw) (6%) = Cy / #Bean qg [ 6%(g ) d(g'2).
G az

However we know from Harish-Chandra (Lemma 34) that

7o/0() ( /G e!Pray) dg) Tom(y) =Ca > sgng,(t)eP@w),

teW(G,bh)
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Hence, by Definition 10 and (75) and for some suitable positive constants Cy,
(@) | () ) o (165)
= C3 Y sgngl(t Z / P C(br)my y (y) ¢ (g w) d(g'Z") dy
tEW (G,h) (b7) Gz
= G D sang(t Z/ | PGy (y) ¢¢(g'w)d(g'Z") dy
teW(G,h) (by) G/ /7
= Oy Z sgng/h(t)/ . eBEt) f o (y) dy
tEW (G,h) Uy 7(b7)
= > [ ey
teW(G,h) Ub 7(
= 04/ €iB(x’y)f¢G (y) dy
W(G.b) Uy (b))
= G ) dy
b7 (W)
Since fye = vol(G) fs, the formula follows.
Consider now the case
HO(w) Xx(b / / X1¢G w +w )) d’wo d(SShT).
S/S"T Jap(VvO)
Then, as in (64),
G _ G d ShT‘HUO
HO(w) (Xa:ﬁb ) (X%QS )(8.(’(1] + wo)) (3 )
s/s"T o
Furthermore,
Xx(s(w+wo)) _ ei%<x(s.(w+w0)),s.(w+wo)) _ eig(x(s.w),sw>
—  iBT(sw) _ iB(wgT(w)) _ iB(z.9.9)
and
% (s.(w +wp)) = 6%(g".(w +w)).
Hence, with n = 7/(wy),
NO(w)<X1¢G) _ 01/ 6z‘B(a:,g.y) dg/ ¢G(g/.w) d(glzln).
G G’ )z
Therefore, the computation (168) holds again, and we are done. 0



46 M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

Lemma 36. Suppose | > 1'. Let 3 C g and Z C G be the centralizers of T(b7). Then for
¢ € S(W)

Wg/h(fﬁ)/wxx(w)qﬁe(w) dw
=¢ ) 581y () y (¢ ) / BtV £ (y) dy,

tW(Z,h)EW(G,h)/W(ZJ}) T/(bTTEg)

where C' is a non-zero constant.

Proof. By the Weyl integration formula (67) with the roles of G and G’ reversed and
Lemmas 7 and 8,

/W o ()6 (w) do = € / rars () () ) ((6%) d (),

T/(hTreg)
where
o) = [ (g s) o5,
/8"
Recall the identification y = 7(w) = 7'(w) and let us write s = g¢’, where g € G and
g € G'. Then

Xr<3w> — eig(m(s.w),s.w> _ eiB(:E,T(S.’LU)) _ eiB(w,g.T(w)) _ eiB(x,g.y)

and
6% (s.0) = 6°(g'w).
Since
({1} x G)nS'T = {1} x H,
we see that

1ot (6%) = Cy / ¢BED) g / 6% (' w) d(g'H).
G G/

However we know from Harish-Chandra (Lemma 34) that

7T9/*)(95)/ e!Pory) dg Tos3(y) = Cs Z sgngp ()75 (t*lx)eiB(z,ty)'
¢ tW (Z,h)EW (G,b) /W (Z,h)

Hence,
man(o) | alw)®(w) du (169)
\%W%
= O > sgy (1), (') / P e (y) / ¢¢(g'w) d(g'H') dy
tW (Z,h)eW (G,b)/W (Z,b) 7'(h77°) G'/H’
~- 3 seny () (1) / B £ () dy.
tW(Z,h)eW (G,h) /W (Z,h) ™' (by"%9)

Since fye = vol(G) fs, the formula follows. O
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Lemma 37. Suppose | <1'. Let f(y) denote the function (95). Then there is a seminorm
q on S(W) such that

[ SO0 T ] < 6) ehla) T < 0) chla)

(x €h, p € S(W)).

Proof. Since | < I, Lemma 35 and van der Corput estimate (154) prove that there is a
seminorm ¢ on S(W) such that for all y € h and ¢ € S(W) we have

( /h - e'Plwy) dy‘ < q() gy ()| ch(w)~*

The result therefore follows from (99) and (156). O
Corollary 38. Suppose | <1'. Then for any ¢ € S(W)

/é- hd/ r— L( )/ eiB(x,y)f¢(y) dydI,
b (W)

where C' s a non-zero constant and each consecutive integral is absolutely convergent.

Proof. The equality is immediate from Lemmas 32 and 35. The absolute convergence of
the outer integral over h follows from Lemma 37. 0

Suppose [ > I'. Recall from (57) with {” = I’ that b’ = ZélleJ; is identified with
Zé-lzl RJ; Ch. Let h” = ZJ _y+1 RJj, so that
b=bob" (170)

Then 3, the centralizer of 7(hy), is the centralizer of b’ in g and 3 = b’ @ g”, where g” is
the Lie algebra of the group G” of the isometries of the restriction of the form (-,-) to

> v (171)

G=l'+1

Furthermore, the derived Lie algebras of 3 and g” coincide (i.e. [3,3] = [¢”,9"]) and b” is
a Cartan subalgebra of g”.

Corollary 39. Suppose | >1'. Then for any ¢ € S(W)

T(On)(¢)
= C ) sang(s /5 (¢ () b (2 )Wa/h(l’)/ P fo(y) dy de
seW(G,h) ' (h7"%Y)

where C'is a non-zero constant and each consecutive integral is absolutely convergent.
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Proof. The formula is immediate from Lemmas 32 and 36 together with formula (159):

T(On)(¢)

o /h (5,,4&_ (a;))chd’*H(x)) (Wg/b(x) /W Yo (0)0€ (1) dw) dz

= O [ (u@ @)

Z sgng/h(t)wj/b(t_lx) / eiB(x’ty)qu(y) dy | dz

tW(Z h YEW(G,h) /W (Z,h) T/(hTreg)
- hd' r—t )
W (Z, )| z b)| / (z)

S sy (O (t'2) / B f gy dy | de

tEW(G,h) T/(bTreg)
— G S seng(®) / (Eul () (1))
teW (G,h) b

(%/a(iﬂ) / . )eiB (ttv) £ (y) dy) dz
T/ TT'eg

-GS s [ (Eonld )t )

teW(G,h)

<7T5/;,(x) //(b - eiB(‘”vy)f¢(y) dy) dz.

As in (99) we check that
1
max{deg, my; 1 < j <1} =max{deg, mypr; 1<j<U"}=-(r"—-1).
L

Also, r — r” = d'. Hence,
chdlfrfl(:v)]ﬂj/b(x)] < const ch? ") = const ch 3 (x).

Furthermore, f; is absolutely integrable. Therefore, the absolute convergence of the last
integral over § follows from the fact that ch™ is absolutely integrable. 0

Let g = E, where ¢ is as in (98). Then
L

l l l
=Y wfy, (e=) il y=) yJy€n). (172)
j=1 j=1 j=1
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Indeed, the definition of the form B, (166), shows that

B(z,y) = §th/R($y Ztr]D)/R J; k)T Y
3,k
™ ™
= 5 ZtrD/R(—l)xjyj = —: ijyj' (173)
J J

For a subset v C {1,2,...,1} let
byt ={yeh; y;=0forall jcn}

Theorem 40. Let | <l'. Fix a genuine representation 11 of G with the Harish-Chandra
parameter p € ih*. Let P,y and Qup be the polynomials defined in (C.4) and (C.5). Let
d be as in (160) and set

a;=—p; —0+1, bj=p; —0+1 (174)
i) = Pa,u, (By)e "W qi(y;) = B Qapn, (B71yy) (1< 5 <)
There is a non-zero constant C' such that for ¢ € S(W)

T(©n)(¢) = C . (H (pj(yj)+Qj(—ayj)5o(yj))) - fo(y) dy (175)

j=1
= / Hp] vi) - [ a(00(7)) - foly) dyy
7C{1,2,. bOT(WIM G jevy

where dy = ngy dy; and (50 18 the Dirac delta at 0. Equivalently, if we define the
following generalized function

!
= CH(pj(yj) +4;(=0y,)00(y;))  (y € hN7(W)),
then

T(6n)(¢) = /h M) B (176)

Theorem 17 implies that the function f4 has the required number of continuous deriva-
tives for the formula (175) to make sense. Notice that the operators appearing in the
integrand of (175) act on different variables and therefore commute.

Proof. Notice that the a;, b; are integers by (162). Equation (175) follows from Corollary
38, Lemma 33, Theorem 17 and from Proposition C.4. O

In the case D = C the boundary d(h N 7(W)) may be non-empty. Then the integrals
in (175) with (h\ ) NA(hN7(W)) # () vanish. In any case we sum only over the v such
that d(hN7(W)) C v*+. In particular, all terms of the sum corresponding to 7 # () vanish
provided all hyperplanes y; = 0 are boundaries of h N 7(W). From Theorem 17 we see
that this is the case if and only if max(l — ¢,0) = min(p,[). In turn, this is equivalent to
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either ' =g>landp=0orl=p+q=1. In the first case (G,G’) = (U, Uyp); in the
second (G, G') = (Upsq, Upyg)-

Notice also that the degree of the polynomial Q5 is 20 — 2. Hence, there are no
derivatives in the formula (175) if 20 — 2 < 0. However,

2(5—2:1(d,—7‘—b):
L

Also,
20 — 21 if (G,G’) = (Oq, Spyy),
J 20 =21 —1 if (G,G) = (Ogi11, Spyy),
'—1—1 if (G,G)=(U,U,,),p+q=1,
-1 if (G,G’) = (Sp;, O3).
Thus, since we assume [ < I’, there are no derivatives in the formula (175) if
d—r—.<0,

which means that [ =l'if D# Cand l € {I' = 1,I'} if D =C.
Lemma 41. Suppose | > I'. In terms of Corollary 39 and the decomposition (170)
& (@) ch? T @)y (@) (177)
= (@) (@) (&l (@) e T @ g ()

where ' € §' and 2" € K. Moreover,

y & an(ch (@) b (2" g (2 da” (178)
= ¢ Y sgu(s") g (—(sp)lyr + "),
S//GW(g“,h//)

where C'is a constant, p" is one half times the sum of positive roots for (g¢, b¢:) and Lo

15 the indicator function of zero.

Proof. Part (177) is obvious, because (2" + ") = mgr /o (2”). We shall verify (178).
Let r” denotes the number defined in (96) for the Lie algebra g”. A straightforward
computation verifies the following table.

g H r ‘ r" ‘d’—r+r”
Uy d d—d 0
og ||d=—1]|d—-d —1 0
spy||d+3|d—d+3 0

By [Prz93, Lemma 5.7] applied to G” D H” and g” D b”,
Wg”/h”(xﬁ) _ CYA”(C{(:E”)) ChT’”—L(m//) (ZE _ ZE, + (ﬂ”, :E/ c h,; (E” c h//)7



WEYL CALCULUS AND DUAL PAIRS 51

where A” is the Weyl denominator for G”,

A” = Z sgn(s”) gs”p’“ (179)

SI/EW(ENyh”)

Hence, the integral (178) is a constant multiple of

éfs,u<cﬂ_ (.%//))A//(Cﬁ_ (x//)) Chd’—r—l-r” (I//) (Ch—QL ($//> d:c”)
b

= /11 gfsu(h)A”(h) dh’
cZ(h")

where ¢ (") C H%.
Notice that the function

H">h— ¢, (h)A"(h) € C (180)

is constant on the fibers of the covering map H”* — H”. Indeed, (179) shows that we’ll be
done as soon as we check that the weight —su + s”p” is integral for the Cartan subgroup
H” (i.e. it is equal to the derivative of a character of H”). Only in the two cases, G = Uy
and G = Og,, 41, the covering (180) is non-trivial.

Recall the notation used in the proof of (163), and let d” denote the dimension of the
vector space (171) over D. Suppose G = Uy. Then G” = Uy, )xﬂ—%l € Z and pj+% € 7.

Hence, (—sp); + % € Z. Since, pj + # € 7Z, we see that

d/+d+1+ , d'+1

Z > (—sp)j + 5 p; + 5

— (—S/J)j + p;l +d+ 1.

Therefore (—spu); + pf € Z.

Suppose G = SOap41. Then G” = SOy 41, A; € Z and pj+3 € Z. Hence, (—sp);+3 €
Z. Since, p + 5 € Z, we see that (—su); + pj € Z.

Therefore, (180) is a constant multiple of

Z sgn(s”) Esu(h)&srpr (h) dh (181)
Sllew(g//7b//) HQ’

vol(H)) sgn(s”) if (sp)|y = s"p",
{; if (s1)lye ¢ W(g", "),

= vol(H) S sgn(s" )y (—(s)ly + 5"6).
SlleW(gllyhll)
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Corollary 42. Suppose | > 1'. Then for any ¢ € S(W)
T(On)(¢) (182)

— Y sang s / Eald @) ) [ o ) dyds
! hT'reg

seW(G',b’)

= ' | e .(d(x) chdl_T_L(:c)/ B £ (y) dy dx
1 /(77°%)
where C' is a non-zero constant, C" = C|W(G',§)| and each consecutive integral is abso-
lutely convergent. The expression (182) is zero unless one can choose the Harish-Chandra
parameter i of 11 so that

plyr = p". (183)
Proof. The second equality in (182) follows from the fact that fs(sy) = sgny 4 (s)fs(v),
s € W(G,b).
Observe that B(z' + 2",y) = B(a',y) for ' € i/, 2” € h” and y € 7/(b7"*) C h’. We
see therefore from Corollary 39 and Lemma 41 that

TOW@) =C Y > seugyls)senls") oy (= (sl +s"0")

SEW(G,b) 8" €W (G ,h"")

£ (i () chd/TL(:v)/ e BEY [ () dy do.  (184)
b ™' (hy"9)
Notice that for x € §' and §" € W(G",h”), we have s"x = x. Thus §,Su(cﬁ_(w)) =
€ weu(c(z)) by (159). Notice also that W(G”,§”) C W (G, b) and sgn(s") = sgng py(s”).
Moreover, Loy (—(sp) |y + 8"p") = Loy (— (" tsp)|s + p"). Hence, replacing s by s”s in
(184), we see that this expression is equal to

= C Y > sgng(s)Ioy (= (s)]yr + ") (185)

SEW (G,h) s €W (G ,b")
f_su(cﬁ,(:z:)) Chd,_r_‘(x)/ eiB(x’y)f¢(y) dy dx.
b’ 7' (b1"9)
= CIW(G",b") > sgny /p (s)

SEW(G,()), (S“)lh”:p//

f_su(cﬁ(x))chd,_r_b(x)/ e BEY £ (y) dy d.

b ' (h1"9)

Clearly (185) is zero if there is no s such that (su)lp» = p”. Since p is determined
only up to the conjugation by the Weyl group, we may thus assume that p|y» = p” and
(183) follows. Under this assumption the summation in (185) is over the s such that
(sp)]pr = p”. For such s we have

(si)ly + p" = s = s(uly + p"). (186)
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Since p is regular, (186) shows that s € W(G’, ). Hence, (182) follows. The absolute
convergence of the integrals was checked in the proof of Corollary 39. O

Theorem 43. Letl > 1'. Fix a genuine representation 11 of G with the Harish-Chandra
parameter i € ih*. The distribution T'(Or) is zero unless one can choose p so that

lyr =" (187)
Let us assume (187) and let
Gg = (sm)y = 8+1, b= —(sp)— 041 (s€W(G,Y), 1<) <0).
There is a constant C' such that for ¢ € S(W)

l,
1O = € 3 sagyyls) [ TTPes Gle ™ fola) dy (159
m'(ht"?) j=1

seW(G’,b")

_ / Hpj(yj)-f¢(y)dy,
Tl(hTTeg) ]:1

where C" = C|W(G', V)|, the constant 3 is as in (172) and p;(y;) = Pay , ., (By;)e Plvil.
In particular T(@H) is a locally integrable function whose restriction to by is equal to a
non-zero constant multiple of

1 /
———— > sgng(s H ey ey (80,7 (w) )Pl (w e by*). (189)

7Tg/ﬁ (TI(UJ)) SEW(G,b)

Proof. The formula (188) follows from Corollary 42, Lemma 33 and from Proposition C.5,
because under our assumption, a, j+bs j = —20+2 = —%(d’—r)—kl > 1. Weyl integration
on W, (68), together with (188) implies (189). O

Our formula for the intertwining distribution 7'(©y) is explicit enough to find its asymp-
totics, see Theorem 44. These allow us to compute the wave front set of the representation
IT" within the Classical Invariant Theory, without using [Vog78]. See Corollary 46 below.
We keep the notation of section 5.

Theorem 44. In the topology of S*(W),

deg 1o, £ r* =
t Mt*1T<@H) t3+ Cﬂ@ma

where C' # 0, if T(On) # 0.
Proof. Proposition 31 and Theorem 40 imply that for [ <’

J, 18 MEAT ()

= C Z / Hp] y] HQJ )‘U(]IU) d’yy Ho,, -
hnT(W)Ny-+
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Similarly, Proposition 31 and Theorem 43 imply that for [ > I

tg%;lr tdegMOmM 1T(@H) ( / h,req Hpj yj ’U(HU) dy)

Thus in each case the limit is a constant multlple of the measure pp,,. In order to
determine the constant it suffices to restrict the distribution T(©y) to U. This can be
done explicitly, without the use of the orbital integrals as follows.

Recall from (167) that

(zw,w) = trp/r(z7(w)) (x € g,weW).

Hence

T(On)[p(Iy) = / T(On)|or (1) s = / / O )O(d) Xe(o) (1) df du
_ / / On(5™ )@ (§ troa(clg)r(u) di du (190)

We shall use the notation introduced in the proof of Lemma 19 with k = m.
In the stable range the elements of U are of the form

o= (1)

with wy = —w}. So, by (115), 7(u) = 2ws and the last integral in (190) is a non-zero
constant multiple of

/g /G On(3 0@ (2 tro/a(clg)n)) dida
= /é@n(g_l)@(g)</gX(itrD/R(c(g)z)) dx) dj

= const / Ou(7~)0(3)dlclg)) di

= const Op(—1)O(—1),

where O11(g71)©(g) does not depend on the preimage g of g € Sp and const denotes some
non-zero constant.

Suppose now that the dual pair is not in the stable range, so m < d. Suppose moreover
that U consists of the matrices of the form

()

u =

w3  We

with wy = —w}. This means that F’ = 0 in (112), i.e. that G’ is not equal to U,, with

p # q. By (115),
2?1]3 We
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-t

For g € G, write ¢(g) = (a —b

b d ) € g with a = —a' € M,,(D) and d = —d e My ., (D).
Then

2ws  w 7t
tI']D)/R <c(g) ( —wgé 0 6 ) ) = trD/R(Zawg +b wﬁt + b’LU@) = 2trD/R(aw3) + 2trD/R(bw6) .

Hence, the last integral in (190) is a non-zero constant multiple of

J [ [ena e (G o (i §° ) dzdwsdu,

— 1 ——
= ConSt/(;5@H<< afm 25> )@(( (;[m 25 )>d§5

where const # 0 and Gy is the subgroup of G consisting of all the indicated matrices.
Notice that the integral

[on(( 5™ 0 ) Yo(( g 0. ))as

is a non-zero constant multiple of the sum of the multiplicities of of the irreducible com-
ponents of Il|g_ in w, i.e. in II, which is positive.
Suppose now that U consists of the matrices of the form

Then D = C and we may assume that

o 2’(1)3 Weg
7(u) = ( —w, Wstiws ) '

Computations similar to those of the previous case show that the last integral in (190) is
a non-zero constant multiple of

T S L NP

—_—— -1 —_—

= aonst ("0 ) V(6™ g ) [ (G teretetanymting) dus .
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Let W5 = My _y.4-m(C) endowed with the structure of real symplectic space induced by

0 0
W under the identification of ws with [ 0 ws |. If g5 — 1 is invertible, then 2
0 0
1 . ©5(¢(0)gs)
—tr c(gs)wstiws)) dw :/ Xe(os) (W5) dws = - —, 192
o X remctamminn) dus = [ xagon) s = TS a0

where O3 is the character of the Weil representation for the metaplectic group Sp(Ws),
as defined in (12).

To compute (191), observe that if W = W; & W, is a direct sum orthogonal decompo-
sition of the symplectic space W, then we have the embeddings

Sp(W;) € Sp(W) (5 =1,2),

Suppose g; € Sp(W;) with ¢g; — 1 invertible in End(W;). Then, in terms of [AP12,
Notation 4 and Notation 6], U= W;NW; =0,V=0,U;+Uy; =W, Ujs =W, gy, 4, = 0.
Hence, v(qy, 4,) = 1, see the bottom of page 46 in [AP12], and [AP12, Proposition 46]
implies that C'(g1, g2) = 1. Therefore

Also,
Sp(W;) S Sp(W)  (j=1,2).

We apply this with W; = W5 and W equal to its orthogonal complement in W. Let Go
be the subgroup of G acting trivially on W5. Then, if Oy denotes the character of the
Weyl representation associated to W,

o( (37 0 ) = euTenian).

173
Since the restrictions @H\és and Or| &, are genuine representations of Gs and ég, respec-
tively, the products @H|éj (9)©,(g) (j = 2,5) are independent of the preimage g of G;.

ZFormula (192) ca be easily verified using twisted convolution 7. Indeed

so that

See e.g. [AP12, Lemma 57].
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Hence, (191) is equal to

o oo™ ) o™ 5 Ve
e (5 1) Dm0
- const [ | @H<( I 0 )_1>@2(%>@@5§2%§§> gs
- ot /G@((c?; g5<o> ) 1>@2(%>@5< )

- const’/G @més(ggl)@gg,)dgg,
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(193)

(194)

(195)

(196)

(197)

This is a non-zero constant multiple of the sum of the multiplicities of the irreducible

components of H|é5 in w, i,.e. in II, which is positive.
Corollary 45. In the topology of S*(¢'),
t9 O My F(7/(T(6n))) — CFpoy,

t—0+

or equivalently
¢dim Om=2dime’ N re 2/ (T(O)) — Cor

t—0+
where C' # 0, if T(On) # 0.

O

Proof. Observe that, by the uniqueness of the GG'-invariant measure, 7, (10, ) is a positive

constant multiple of po, . Hence Proposition 44 together with (131) show that

tdeguom+dimW—2 di][ng’]wt>k_27_>|/< (T(én)) N C,u(’)’ ]
t—0+ m
Now we apply the Fourier transform F and use the fact that
FO Mt*—z — t2dimglMt*2 o f

to see that
deg po,,, +dim W ,
/ 2F(rT(On)) = CFuo,

But Lemma 22 implies that deg pp,, +dim W = dim O/,. Hence the corollary follows. [

Corollary 46. Suppose the representation I1 occurs in Howe’s correspondence and the dis-
tribution character Oy is supported in the preimage Gy of the Zariski identity component

Gy of G. Then
WEI) =0,

m:*
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Proof. This is immediate from Corollary 45, Lemma C.1 and the easy to verify inclusion
WFII') C O, [Prz91, (6.14)]. O

7. The pair G=U;, G'=U,, [ <.

In this section we consider a dual pair (G, G’) with both members compact. By the
classification of the dual pairs, both G and G’ are compact unitary groups and we may
assume that G = U; and G’ = Uy with [ < I’. Furthermore, since we want to use the
results of section 6, we view Uy as U, , with p =0 and ¢ = I’. In particular, by Theorem
(17),

!
me(W)Z{ZyJ«Jj; yj§0fora111§j§l},

j=1
which is a W(G, h)-invariant domain, where W (G, §) acts on h by permutation of the
coordinates, as indicated in (73). The constant § introduced in (160) has value

5— %(z'—u 1) (198)

and =7 in (172).
Fix a genuine representation Il of G with the Harish-Chandra parameter p € ih* and
define
aj=p;—6+1,  bj=—p;—o+1 (1<j<I), (199)
as; = (sp); —0+1, byj=—(sp);—0+1 (seW(G,h),1<75<I). (200)

(Hence a; = a1,5 and bj = bl,j‘)

Lemma 47. There is a constant C' such that for ¢ € S(W)

l

T(On)(¢) = C HPaj,bj(Wyj)e“yf-My)dy (201)

hOr(W) 51

C

- e, 2, ) [T 7oy (™ - Jotw) dy
TIPSy /

Equivalently, with a possibly different constant C,

w=cf H%MMWWMU (202)

Proof. We are going to use Theorem 40. Since we view Uy as U,, with p = 0 and
q =l', we have §; = —1 for all j. Since the degree of the polynomial Qa, , b,; 18 equal to
—a,;—bs; =20—2 =1'—1-1, Corollary 17 implies that Qq, . ,(7'0(J ))f¢( )y;—0 = 0.
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Hence all the terms with v # ) are zero. Thus the first equality in (201) follows. For the
second, notice that, since (sy); = ys-1(;), we have

! !
. T
1 Pacsoes(mui)ems = o= [T Pa i, ()
j=1 j=1
l ! !
. ™Yy . _ T S—l .
- 623:1 Y=t H Pal,j,bl,j (ﬂ-ysfl(j» = H Paj,bj (7'{'(8 ly)j)e ( ¥)i
=1 i=1
and recall that fs(sy) = sgn(s)fs(y). Finally, since my; < 0, (C.4) implies that we may
replace P, 5, (my;) by 27rPaj7bj7_2(7ryj). O

Lemma 48. The distribution T(Or) is non-zero if and only if the highest weight A =
Zj:l Aje; € ih™ of I satisfies the following condition:

l/
Mzl 2N (203)

Equivalently, if and only if the Harish-Chandra parameter v of 11 satisfies
p; €06 +7Z* (1=1,2,...,0) (204)
where Z" denotes the set of non-negative integers.

The condition (203) means exactly that II occurs in Howe’s correspondence, see for
example [Prz96, (A.5.2)]. Recall that we have chosen the Harish-Chandra parameter u
to be strictly dominant, i.e. so that p; > s > -+ > y, but, in fact, the condition (204)
does not depend on the choice of the order of roots.

Proof. Let p = Zj:1 p;e; be one half times the sum of the positive roots. Then p; = \j+p;

:HTl—j. Hence
=t = N—ANa+l (1<ji<i-1),

!/

l
/Lj—(s = )\j—§+l—j (1§]§l)

This proves the equivalence of the conditions (203) and (204) since p is strictly dominant.

Notice that, since a; = pu; — 0 + 1, the condition (204) is also equivalent to a; > 1 for
all 1 < j < [. If the distribution T(én) is non-zero, then none of the P, ; _» can be
identically 0. So a; > 1 for all 1 < j <[ by (C.2).

It remains to see that the condition a; > 1 for all 1 < j <[ suffices for the non-vanishing
of the expression (202). We are going to use a non-direct argument, though an alternative
one is going to be evident from Proposition 49 below.

In the case when both members of the dual pair are compact

Foly) = Curg 10 () /S o(s.0) ds (205)

where w € by and 7(w) = y is identified with 7/(w) and C} is the appropriate constant.
Clearly the integral in (205) converges if ¢ € C>°(W) and gives an element of C>°(W)¢.

and p;



60 M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

By Corollary 4, it is of the form 1 o7’ where ¥ € C°(g’). Since G’ is compact, a theorem
of Dadok, [Dad82, Corollary 1.5], applied to ig’ shows that the function

hbNt(W)sy — /S<b(s.w) ds € C, (y =71(w), w € by)

may be an arbitrary W (G, h)-invariant compactly supported C'* function on h N 7(W),
as ¢ varies through C'°(W). Therefore

B3y — myn(y) / o(sw)ds,  (y=r(w), we by)

may be an arbitrary W (G, h)-skew-invariant compactly supported C*° function on h N
7(W). Hence, if (201) were zero, then the function

l

— Ty Ty /3 (Y
Hpaj,bj,72(ﬂ-yj>e yJ,L()

j=1 Trg/h(y>

would have to be W (G, )-invariant. Equivalently,

l
H P‘l]wbj,—Q (ﬁ%‘)
j=1

would have to be W(G, h)-invariant. This is not possible if a; > 1 for all j. Indeed, pu is
strictly dominant and hence, by (C.2), the Py, —2 are non-zero polynomials of different
degrees. Thus, the distribution (201) is not zero. UJ

Proposition 49. With the notation of Lemma 48, let
!
Pu(y) =[] Puwy—2(my;)  (y €).
j=1

The distribution T(On) is a smooth GG’ -invariant function on W. For w € by it is given
by the following formula:

1
Tg/b (y)

T(On)(w) = epe i ( > seuls)Palsy)

s€W(G,h)

- cne—Ww’“”(L > Sgn(‘S)Psu(y))» (206)

7Tg/b(?/) SEW(G.h)

where crp is a constant, J is the unique positive compatible complex structure on W central-
ized by G and G', 5 is as in (172) and y = 7(w) € h. The sum in (206) is a W (G, b)-skew
symmetric polynomial. Hence the quotient by myyy is a W(G,b) invariant polynomial on
h. It extends uniquely to a G-invariant polynomial pﬂ ong. Thus

T(On)(w) = cne Y P, (r(w))  (we€W). (207)
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Proof. We see from Lemma 47 and the formula (205) that for any ¢ € S(W),
. L
TO0)0) = G [ SRy [ ologw)dgdy'dy. (208)
hNT (W) Gx G

However, by (173) and (167) with g =,
I

I !
s s
—WZyj = B(Z Jiy) = 5(2 Jiw, w) = §<Jw,w),
j=1 Jj=1

Jj=1

where J = 22':1 J; has the required properties. Furthermore,

1
Ty (Y) = m Z sgn(s)my /y (sy)-
! sEW(G,h)

Hence, (208) implies

T(On)(9) (209)

= G, / e vl N sgn(s) B(sy) gy (y) / ¢(g9g'-w) dg dg' dy.
bNT(W) WD) Gx@

Weyl integration formula on W, (67), together with (209) implies (206). O

We now reverse the role of G and G’ to compute the intertwining distribution T(Oy)
for a genuine irreducible unitary representation I’ of G’. Since we assume that [ < ', the
decomposition (170) becomes

B =hah" (210)
Proposition 50. Let II' be a genuine representation ofa‘r7 with the Harish-Chandra pa-
rameter ' € ih"™. Then T(O) # 0 if and only if
—ps €0+ 127, 1<ji<l) (211)
and p|gr = p” (up to permutation of the coordinates).

T(Ow) is a non-zero constant multiple of T(On) if and only if p and ' can be chosen in
their Weyl group orbits so that

fly=—p and (g =p". (212)

Proof. As one may see from (166), reversing the roles of the members of the dual pair in
Theorem 43 results in replacing the form B by —B. The constant § = 7w get therefore
replaced by —f = —m. Also, (205) gets replaced by

Fi(9) = Cu () / o(s.w) ds

with an appropriate constant C. Since this plays no role in Lemma 41 and Corollary 42,
T (Oqr) is zero unless one can choose ' so that

Wl = . (213)



62 M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

Since the roles of [ and I are reversed, 6 = 1(I' — | + 1) is replaced by & = (I — ' + 1).
As before, ; = —1 for all j. Let

a,;=—(sp'); =0 +1, b ;= (sp'); —d" +1 (s e W(G,h), 1 <j <.

5.
Then Theorem 43 says that

l

606 = ¢ Y sas) [ Pu . (—my)e™ - fily)dy, (214)

sEW (G,b) b7 (W) =1 T
where there are no derivatives because the degree of the polynomial @y ey is equal to
—ay; —by ;=20 -2=1-1-1<0.
Since —my; > 0, we have Fy y (—my;) = 21Fy u o(—my;). Recall, (C.3), that

Par b 2(=my;) = Py o —2(7y;). Hence, (214) may be rewritten as
TOw)(¢) = C Y sgn(s HPst a—2(Ty)e ™ fily) dy, (215)
sEW(G,h) bOT(W) j—1

with a different constant C. Recall also that
!
g/ (Y) - Hyé o= Comg /3 (y)-
j=1

Hence, Proposition C.6 shows that

HPbS] o —2(TY;) - T (y C3HPb’ (=), —(—1),—2(TY;) - Ty s (Y)-

Therefore (215) coincides with
T(Omw)(¢) (216)
= C Y SgH(S)/ pr 41, —(sur);—o41,—2(TY;)e” ™ - fy(y) dy,
seW (G,h) b7 (W) j=

with a possibly different constant C. By comparing (216) with (201) we see that (212)
holds. O]

Since, by the definition (12),
OP(K(T(©n))) = w(6n) and OP(K(T(6r))) = w(6m),
Proposition 50 implies the following corollary.

Corollary 51. When restricted to the group é(N}’, the oscillator representation decomposes
into the Hilbert direct sum of irreducible components of the form Cr - 11 @ I, where 11 is
determined by 11" via the condition (212) and Cy are some positive integral constants.
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The final part of this section is devoted to the proof that Cy = 1, that is that each
irreducible representation II @ II" of G x G’ contained in the oscillatory representation
occurs with multiplicity one, see Proposition 60 below. This is a well known and funda-
mental fact due to Hermann Weyl, [Wey46]. We include a proof using the interwining
distributions.

For 8 € h* we denote by Hz the unique element in b such that §(H) = tr(H Hg) for all
H € bh. We define the operator 0(3) as the directional derivative in the direction of Hp.
This defines in particular d(mg/y) =[], 0().

Lemma 52. The constant C; in Lemma 34 is equal in absolute value to

(W (5, 0)] O(mgn)(mgpy)  (L—1V)'m™ O(mg/y) (o)
vol(G)  [W(g, b)| () (myn) o vol(G)  O(mym)(mym)

Proof. The proof is a straightforward modification of the argument proving Harish-Chandra’s
formula for the Fourier transform of a regular semisimple orbit, [Har57a, Theorem 2, page
104]. Notice that the constant AW+ SR 2 g Que to the normaliza-
tion of B in (173). O

(@' +1) +1) U'+1)
lll ll/JrT

(217)

Recall that we denote by X, the group of permutations of {1,2,...,m}.
Lemma 53. Let z; € C for 1 < 7 < m. Then, with the convention that empty products

are equal to 1,

s(j)—1

s II-0= I -2 (218)

SEXm j=1 k= 1<j<k<m

—_

Proof. The left-hand side is a Vandermonde determinant. Indeed

1 (21 ) (a1—=1)(z1—=2) ... (z:1—-D(xn1—2)...(z1—=—m+1)
et 1 (22—1) (22— 1)(22—2) ... (22—1)(22—2)...(220—m+1)
_i (zm'—l) =)o =2) o o= D)(zm = 2) oo (2 —m 4+ 1)
1z 23 2t
1 2y 22 P
= det ) :
1 2, 22 . o

This proves the result. O
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Lemma 54. Letn € Z withn > 2 and let a € C. Set

F(a,n) =
1 a a(a+1) ala+1)---(a+n—2)
1 a+1 (a+1)(a+2) ... (a+1)(a+2)---(a+n—1)
det | : : : :
1 a+n—1 (a+n—1)a+n) ... (a+n—1)(a+n)---(a+2n—3)
1 a+n (a+n)la+n+1) ... (a+n)la+n+1)---(a+2n—2)
Then

n—1
F(a,n) = H k!.
k=1

In particular, F(a,n) is independent of a.

Proof. For 2 < j < n we replace the j-th row by the difference between the j-th and the
(7 — 1)-th row. We obtain:

1 a ala+1) ... ala+1)---(a+n—2)
01 2a+1) ... (n—1)(a+1)---(a+n—2)
F(a,n) = det|: : : : :
01 2(a+n—-1) ... (n—1(a+n—1)---(a+2n—4)
01 2a+n) ... (m-—1)(a+n)---(a+2n—3)
1 2(a+1) ... (n—1)(a+1)---(a+n—2)
— det | : : :
1 2(a+n—1) ... (n—=1)(a+n—1)---(a+2n—4)
11 2(a+n) ... (n—1(a+n)---(a+2n-—23)
I (a+1) ... (a+1)---(a+n—2)
= et ) L atne D) (a2 d)
1 (a+n) ... (a+n)---(a+2n-3)

= (n—DFla+1,n—-1).

Iterating, we conclude
n—1
F(na)=(n-1)Fla+ln-1)=--=(n-1)--2F(a+n-272) =[] *
k=1

since

_ I a+n—-2|
F(a+n—2,2)—det[1 a—{—n—l]_l'
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We may identify
5T::\N'::ERHD(VT,V6)ZZA%J«(n,

so that 7(w) = wiw' and J(w) = —iw, w € M;;(C), is a compatible positive complex
structure on W contained in g. Then (165) implies that

(J(w),w) = Re tr(Jr(w)) = tr(ww").

Hence our normalization of the Lebesgue measure dw on W is such that for each entry,
dz = dxdy if z =z + iy € C. In particular, if we let ®(w) = e~ L) then

/ d(w) dw = '
W

Lemma 55. With the above notation,

l -1

/h @) [ @) dsdu? = vol(@)vol@) [T # [Tk =1 =0t (219)

k=0 k=0

Consequently,
/ fw)dw = C/ |7r50/h?(w2)|/ f(s.w) ds dw? (f € C.(W)),
W b2 felel

where
ol
C = ; T ) (220)
vol(G) vol(G/) [T K T [imo (B + 1/ = 1)!

Proof. By G x G'-invariance,

/ O (s.w) ds = vol(G) vol(G') P (w) .
GxG’

Moreover,
[ Tag 2 (W) = | iy (7 (w)) 75 (7 (w))] -

Using (58) and (61), up to a constant of absolute value one,

/|7T5/h2(w2)| ®(s.w) ds dw?
2 T elel

a /<R+>

l

(z; — a1)? ( Hx?’ﬁe’“""’xl dxy---dxy . (221)

l
1<j<k<l =1

o0
/ z% " dr = o).
0

Recall that
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Since

2
[T @ -w? = (Xsen(s) e ai®)

1<5<k<I seY;
_ Z Sgn(st) xi(l)—i—t(l)—Q . x;gl)-ﬁ-t(l)—? 7

formula (221) is equal to

Z sgn(st)/ xi(1)+t(1)+l’—l—2_"x;(l)+t(l)+l'_l—2€_z1_..._ml diy - d

s, teX (R+)!
= Z sgn(st)(s(1) +t(1) + U =1 =2)1--- (s() +t()) + ' = 1 — 2)!
s,teXy
!
= |%] ngn(s)H (sG)+i+1—1-2)!
SEY 7j=1
=itdet [(k+j+1—1-2)]",_ . (222)
Applying Lemma 54, we obtain
. !
Ndet [(k+j+1—1-2)1].,
-1 -1 l
= [E+0=D)FG+ 1 —1-2),0)=]]tk+1 -0 []*
k=0 k=0 k=0
which proves the lemma. 0

One can relate the Haar measure on the group to the Lebesgue measure on the Lie
algebra via the following formulas

dé (z) = 2" ch?(z) da (x €g), (223)
dé (z) = 2" ch™%(z) da (x ebh).
Also, we have the following, easy to verify, equation

_la-1 _
() =27 7 A(E(x) b Hx)  (web). (224)
Lemma 56. The constant C in (178), with the roles of G and G’ reversed, is equal to
o—('=1)(I'~1+1)/2 vol(H”ﬁ) .

Proof. This follows from (224) and (223) with ' — [ in place of . O

Lemma 57. The constant cry in Proposition 49 is equal in absolute value to

sy O(mg) (mg) vol(G)  _w-v o
(27T)l21 U+== H/{Q//((;( bg)/| ) VOIEH; T 5 — (27T)l21+l(l l)' (225)
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Proof. The value of the constant ¢y is obtained by repeating the computation in the
proof of Proposition 49 keeping track of the constants, and the following formula, due to
Macdonald [Mac80, p. 95]:

a(ﬂg/h)(ﬂg/h) vol(G)

= (2m)N 226
WG vl A7 220
where N = l(l U is the number of positive roots. ([l
Lemma 58. For every smooth function F : h — C
!
(0mesn) () (0) = (T k) £(0). (227)
k=0
Proof. In terms of the coordinates z; = iy; (1 < j <),
) = [ (0w, = 0s) =D sen(s)osV" - o507 (228)
1<j<k<l sEY

By the product rule,
(O(7q/0) (/6 F)) (0) = O(7qs5) (7q/5) F(0) -

Moreover, if d5; denotes Kronecker’s delta, then

D)) = 3 sgn()s 050 (sl 0

EIS] tex;
l
= ngn (ngn t) 05t H t(k) — 1)!)
IS tey; k=1
!
ST | ()
k=1
l
= J]* (229)
k=0
O
Lemma 59. The following equality holds
!
, (04 p; — 1)
dim " = ) H ’ o) H (b5 = pne) - (230)
] 1 ]:1 1<_]<I€Sl
Proof. By Weyl’s dimension formula,
l/
dim T’ = H (W', ) ch o (K — 1) et (P — 1,) ’ (231)

a>0 (p, @) Z:Q(k —1)-- Z:lJrl(k —1)
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where (-, -) is the form on h’* induced by (any nonzero multiple) of the Killing form on
g’. Indeed, recall that, in our conventions, the positive roots of (g¢, hi:) are of the form

ap(r) =z, -z,  (1<j<k<IU,zel),

and
o=, ) with p}—l(l'—2j+1)for1§j§l’.

— 2

Let p” be the p-function for uy;_gs. Let us fix the form on h'* associated with the trace
form (x,y) = — tr(zy) on b’. Then

<p> O‘j,k’) =k _j'
Recall that

wy=p =50 —1+1-2(j-10)=0—j+1 (+1<j<l). (233)

Hence
(W o) =k—3j l+1<j<k<l).
This proves the second equality in (231). Observe now that

v U—j

[[k=i=]]r=0—-5"

k=j

The denominator of (231) is therefore equal to

("= 3!

1

l
Jj=
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For the numerator of (231), using (233), we have

4 U

TG =) TT (i = 1)

k=2 k=l+1
= (W =) (g —pig) oo (i =) (o = pipen) o (i = )
X (g —pz) o0 (po — ) (g — piy) -0 (g — )
X . :
X (g = )iy = pgn) - (g — )
(=) e (e — )
= II W=m) 1] —m)
1<j<k<l 1<5<1
I+1<k<l
= II W= II m+k-0
1<j<k<l 1<5<1
I+1<k<l
= II wi-w) II TI (mi+h
1<j<k<I 1<5<l 1<k<l—1
!
(20 +n; — 1)!
= Il - [I—F—
1<j<k<l j=1 J°
O
Proposition 60. Up to a constant of absolute value one,
T(On)(0) = vol(G) - dim IT'. (234)

Equivalently, I1 @ I is contained in w exactly once.

Proof. The projection of w onto its isotypic component of type II is given by

vol(G) - Py = dimI- / On(@)w (@) dj

G

— dimIl- /G 61(3) OP(K(T(3))) dj

- dimH-OPoIC( /@ On()T(@) d'g)
= dimII- OPoK(T(On)) .

Also, with K = K(T(On), we have

t(OP(K)) = /X K(z,2) dz = T(6n)(0).
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It follows that the dimension of the isotypic component of type II is

t(Py) = dimII-tr (OP (K(T(@H)))Volté)

— dim. 1©0(O) (235)
vol(G)

Hence I ® IT" is contained in w exactly once if and only if (234) holds.
Notice first that, by definition, (b — 1)!P,,2(£) is a polynomial function of a and b.
Hence, using (206), we have that

I
[1(=r; = 8) T(On)(0)
j=1
is polynomial function of (g1, e, ..., ). It therefore suffices to prove (234) for —pu;

satisfying (204). )
By Lemma 58, T'(O1)(0) can be computed from (227) by evaluating at 0 the function

eF T (On) (w)

determined in Proposition 49. Set x; = 7y; and 0; = 0,,. Then, by (206), (225) and
(227),

(g} k!)T o

:Cna(ﬂg/b)< Z Sgn Hpty)féﬂ (tp);—0+1, 2(77%))(0)

teW(G,bh) j=1
!
RN Gt 5]
= cn(—im) 2 H (9; — 3k)< Z sgn(?) HP(tu)j75+1,7(m)j75+1,72($j)) (0)
1<j<k<l tEW (G,b) j=1
!
. 1(1-1) s(7)—1
= cn(—im) 2 Z sgn(t) Z sgn(s) H (aj(]) P(tu)j—5+1,—(tu)j—5+1,—2)(0)
teW(G,h) sEW(G/b) j=1
1
N ()] s(1)—1
= cn(—im) 2 Z sgn(ts) H (aj(J) P(tu)j—6+1,—(m)j—5+1,—2) (0)
t,seW(G,h) j=1

l

= en(—im) T WG, B) S sen(s) [T (@9 Py —si1my—si1,-2)(0) . (236)

SEW (G,b) j=1
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According to Lemma C.8, we have

s(j)—1
OV, st —py—se1,-2(0)
= By —sj)-s+2,—p;—5+1,-2(0)
o b1
— (—1)—6—s0()+2 28(])+2(5—1)( HJ )7 237
(=1) s(j)+2(6—1) (237)

where last equality holds under the assumption (204). Notice that

l l
pj 40 —1 _ (nj +0—1)!
jlj[l (S(j)+2(5— 1)) N H (s(7) +2(6 = 1))y — s(j) =6+ 1)!

| : uj+5—1>
= ]1_[1(]+2 §d—1) 1}_[1 PETES]
IR SRR S (VR ]
) E“"”‘ =ty —o+1 (238)

Hence, omitting constants of absolute value one, we have

> sen(s H O3 Py 1.4 -541,-2(0) (239)
seW(G,h)
’ 1 ; + (5 — 1
S Y sgn(S)( kg )
SGW(G " s(7) +2(0 = 1)
’ 1) + (5 ) ! 1
=o'~ o (MJ— sgn(s) :
L{ (=5 %gém 1106-%ﬁ-5+1ﬂ

By (218),

> sen(s II T fé+) = [ = (240)

s€W(G,h) J=1 1<j<k<l

Comparing Lemma 59, (236), (239) and (240), we deduce the following equality

(H k') = Op(im) 220" W (G, b)| dim IT'. (241)
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We therefore conclude that T(0y)(0) = Ky dim IT', where

Kl = Cprtsigu-tgn WGD)]
[Ti—o ¥
1(1—1)
2m) 2
= 2B (ony
[Tio !
= 2 vol(G) (242)
= vol(G).
In (242) we have used (226), (229) and that vol(H) = (2n)". O

8. Limits of orbital integrals in the stable range.

The results on the limits of the orbital integrals obtained in the previous section did
not make any assumption on the relative sizes of the groups G and G’. They are based on
the adaptation to orbital integrals on the symplectic space W of Harish-Chandra’s study
of orbital integrals on a Lie algebra. However, if we restrict ourselves to the stable range,
we may obtain the same results without any reference to Harish-Chandra’s work. This is
another indication on how natural is the stable range assumption in the theory of reductive
dual pairs. For instance, recently Lock and Ma, [LM13], computed the correspondence of
the associated varieties under this assumption. This is equivalent to computing the wave
front set correspondence by the work of Schmid and Vilonen, [SV00].

Lemma 61. The following inequality holds

dimW — dim O/, — dimg — dim b > 0. (243)
The two sides of (243) are equal if and only if
(G, G) = (02,8py (R));  (O3,8pyr(R)); (Ur,Upg), 1<p=<gq. (244)

Proof. Let F(d) denote The quantity (243) as a function of d = dimVg > m. This is a
concave down quadratic function. We know from (103) that F'(m) = dimg — dim b > 0.
Also, (102) gives the following explicit formula
Mm—W—m—% if G=0y, d=2m,
F(d) = 2dm—m2—m—% if G=0g941, d=2m,
2dd' — 2md' 4+ 2m? —d* —d if G=TU,,
8dm — 4m? + 2m — 2d* — 2d if G =Sp,, d =2m.

Hence, FI(d') > 0 if G # Og41 and F(d' 4+ 1) > 0 if G = Og4;. This verifies (243).

Since m < d < d" if G # Og41, and m < d < d' + 1 if G = Og41, the equality in (243)
implies that F'(m) = 0. But F'(m) = dim g — dim§. Hence, (244) follows. O
Lemma 62. Assume d' > 2r. If the pair (G, G') is in the stable range with G-the smaller
member, then one may normalize the positive orbital integral pe,, so that

- 1
leli% mﬁb(y) = po,,(®) (¢ € S(W)),
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where the limit is taken over y € §™9. (The stable range assumption implies d' > 2r.)
If the pair (G,G’) is not in the stable range with G-the smaller member then the limit is
zero.

Proof. Since G is compact, the orbit G-y C g is compact and hence the Fourier transform
fiosl@) = [P day(z) (@ eg)
g

is a uniformly bounded function as y varies through h. Furthermore, by (99)

/ b (2) dx — / oo ()2 b () dar < / T2y (245)

g b b

< /chZL(x) dx < 00.
b

Hence, by van der Corput estimate (154) for ¢ € S(W), the consecutive integrals in the
following computation are absolutely convergent:

»(2) /W Xo(w)p(w) dw dz: (246)
116 () g ()0 (1) / Yo ()8 (w) duw dz
W

16
|
1 . ,
= Cg/ Z sgng/b(s)e_’B(y’”)/e’B($’Z)f¢(z) dz dx
b )
/
/

T/o(Y) SEW(G,h)

b
1 . ,
Z e_ZB(y’sx)/eZB(I’Z)f(Z,(sz) dz dx
b

ma/5(y) SEW (G,b)

Z efiB(y,s:p) /eiB(sx,z)f¢<Z> dz dx
b

s€W(G,b)

= C’2|I/V(G,b)|/—1 e_iB(y’x)/eiB(x’Z)f¢(z) dz dx
b Ta/n(Y) b
1
= Cs———/s(v),
)

where C, Cy and C3 are some constants and in the second equality we used Lemmas 34
and 35. Hence,

i ! = lim epnts w)p(w) dw dx
fig Co ol = iy [ icu(e) [ xetwpotu) dwds @47

- / o) [ xelw)o(uw) duds — / | atwiotw) du .

By definition of f,, (247) is a limit of S-invariant measures. Hence it is an S-invariant
measure. The last expression shows that this measure is homogeneous of degree —2 dim g.
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Hence, by (129), the image of it under the map 7. is G’-invariant and homogeneous of
degree %(dim W — 2dim g) — dim g’. Therefore that image is a multiple of a nilpotent
orbital integral over a nilpotent orbit of dimension dim W — 2dim g, (see [BV80]).

Under the assumption d’ > 2r, if our pair is not in the stable range then D = C, i.e.
the pair consists of the unitary groups. In this case Lemma 61 shows that

dim W — 2dim g = dim O}, where k=4d or d' —d.

But the case £k = d is impossible, because £ < m and we assume that m < d. Hence
the limit is a possibly zero multiple of the orbital integral over the orbit Oz _4, assuming
d —d < m. But the assumption d’ > 2r means that d’ > 2d. Hence, d —d > d > m.
Thus the limit is zero.

Suppose our pair is in the stable range. Then 0 € W,. Furthermore, by Lemma 11 and
the continuity of the pull-back 7%,

1 ) * B .
Corare oW =T (Hea)(9) =, 7 (00)(9) = o, (6) (6 € C(We))(248)

Clearly, (248) implies that the restriction of that measure to Wy is a multiple of p0|w,.
Also, the map 7, is injective (on invariant distributions). Hence, (248) is a non-zero
multiple of pe,, . Notice that the left hand side of (248) is a non-negative measure. Thus
our lemma follows. O

The two lemmas below shed some light at the connection of our limit formula in Lemma
62 and Rossmann’s result [Ros90] concerning limts of nilpotent orbital integrals.

Lemma 63. Suppose the pair (G, G’) is in the stable range with G-the smaller member.
Define a polynomial por € C[h'] by

7Tg/h(ZJ)7T3”/h”(Z/ ) if G # Ogqa,

short

!
(y + " _ :
p@ (y y ) { ﬂg/h(y)ﬂ'ju/h// (y//) ZfG - 02l+17

where y € b, y" € b’ and W;,'}/Ogﬁ is the product of the short roots of b in 3¢. Then por
generates the representation of the Weyl group W (Gg, bi) corresponding to the orbit O
via Springer correspondence, as explained in [AKP13, sec.4].

Proof. We see from (58) that the polynomial in question is equal to

[licjcrai(=y; + yk)> : (Hl<j<k§l/ i(—y; + yk)> it D=C,
! . .
H1§j<k§l(_y]2‘ +up) - Hj:l 22%‘) . <Hl<j<k§l’(_y]2 + y,%)) if D=H,
A . .
H1§j<k§l(_y]2' + yi)) : <Hl<j<k§l’(_y]2' +yi) - Hj:l+1 2Zyj> if D=Randg=soy,

[icjcra (=5 +4i) - Hé’:l iyj) . (Hl<j<k:§l'(_y]2‘ + yi)) if D=Rand g = 5091,
(249)
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where the parenthesis separate the factors in the definition of pos. In terms of [AKP13,
sec.3] the above products may be rewritten, up to a constant multiple, as

A(ll)(yl, . ,yz)A(ll/—l)(lerl, . ,yl/) if D= (C,
Ay s u)Agr- g (Wi, - ye) i D=H,

. 250
A(llﬂ)) (yl, e ayZ)A(@Jl’fl)(yl-i-la . ,yl/) if =R and g = 509, ( )
A(@,ll)(yla R 7yl)A(ll/—l,®) (lerla R ,yl/> if =R and g — 509141,
Hence the lemma follows from [AKP13, Theorem 12]. O

Observe that for dual pairs in the stable range and for ¢» € S(g’) Rossmann’s formula,
[Ros90] indicates that

hm Apor)my py (y / Y(g.y") dy = Cruo () (251)

and Lemma 62 shows that

lim lim O(y i) (Wg'/h' (y+y") . U(g-(y+9")) dy) = Copor(¥),  (252)

y—0 Tg/h (y) y'"—0

where y < T(r)Treg)? ﬁ-al//h// = 7T3///h// if G 7é Ogl+1, and ﬁ-é"/f]” = 71';,],17,;‘,':, if G = O2l+1' In fact
(252) is a stronger version of (251) because, in general, if p is a product of linear factors
vanishing at 0 and F" has limit F'(0) at 0, then [0(p)(pF)](0) = d(p)(p) F(0).

APPENDIX A: A FEW FACTS ABOUT NILPOTENT ORBITS

Let g’ be a semisimple Lie algebra over C. Then there is a unique non-zero nilpotent
orbit in g’ of minimal dimension which is contained in the closure of any non-zero nilpotent
orbit, [CM93, Theorem 4.3.3, Remark 4.3.4]. The dimension of that orbit is equal to one
plus the number of positive roots not orthogonal to the highest root, relative to a choice
of a Cartan subalgebra and a choice of positive roots, [CM93, Lemma 4.3.5]. Thus in the
case g’ = spy(C), the dimension of the minimal non-zero nilpotent orbit is equal to 21.
This is precisely the dimension of the defining module for the symplectic group Spy,(C),
which may be viewed as the symplectic space for the dual pair (O1, Spy,(C)).

Consider the dual pair (G,G’) = (O, Spy(R)), with the symplectic space W and the
unnormalized moment map 7/ : W — g’. Since W\{0} is a single G’-orbit, so is 7/(W\{0}).
Further, dim(7/(W\ {0})) = dim(W) = 2[. Hence, 7/(W\ {0}) C ¢ is a minimal non-zero
G’-orbit. In fact, there are only two such orbits, [CM93, Theorem 9.3.5]. In terms of dual
pairs, the second one is obtained from the same pair, with the symplectic form replaced by
its negative (or equivalently the symmetric form on the defining module for O; replaced
by its negative).

Consider an irreducible dual pair (G, G’) with G compact. Denote by [ the dimension
of a Cartan subalgebra of g and by I’ the dimension of a Cartan subalgebra of g'. Let us
identify the corresponding symplectic space W with Hom(Vy, Vj) as in [Prz91, sec.2].

Recall that W denotes the maximal subset of W on which the restriction of the un-
normalized moment map 7 : W — g is a submersion. Then [Prz91, Lemma 2.6] shows
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that W consists of all the elements w € W such that for any = € g,
rw =0 implies z = 0. (A.1)

The condition (A.1) means that x restricted to the image of w is zero. But in that case
x preserves the orthogonal complement of that image. Thus we need to know that the
Lie algebra of the isometries of that orthogonal complement is zero. This happens if w is
surjective or if G is the orthogonal group and the dimension of the image of w in Vj is
> dim(Vg) — 1. Thus
W, # 0 if and only if I <7'. (A.2)

Consider in particular the dual pair (G, G’") = (Oz, Spyy, (R)) with 1 < ’. We see from the
above discussion that W consists of elements of rank > 2. Hence, W\ (W,U{0}) consists
of elements w or rank equal 1. By replacing Vg with the image of w we may consider w as
an element of the symplectic space for the pair (O1, Sp,,). Hence the image of w under
the moment map generates a minimal non-zero nilpotent orbit in g’.

If (G,G") = (Og,Spyy(R)), with 1 < I’ then W, consists of elements of rank > 1.
Therefore W\ W, = {0}.

APPENDIX B: PULL-BACK OF A DISTRIBUTION VIA A SUBMERSION

We collect here some textbook results which are attributed to Ranga Rao in [BV80] and
in [Har11]. These results date back to the time before the textbook [Hér83] was available.

We shall use the definition of a smooth manifold and a distribution on a smooth manifold
as described in [Hor83, sec. 6.3]. Thus, if M is a smooth manifold of dimension m and

M DM, 5 M, CR™

is any coordinate system on M, then a distribution v on M is the collection of distributions

u, € D'(M,) such that

U, = (K0 Ky ") U (B.1)
Suppose W is another smooth manifold of dimension n and v is a distribution on W.
Thus for any coordinate system

W2 W, W, CR"
we have a distribution vy € D'(W)) such that the condition (B.1) holds. Suppose

o:M—=W
is a submersion. Then for every & there is a unique distribution u, € D’ (]\;[H) such that
uﬁ‘()\ooon’l)fl(WA) = ()\ 000 '%71)*”)\‘ (B2)

Since
(kor )*Noogor ™ HNuy=(Nocok oror)uy=(Aooor;!) vy

the u, satisfy the condition (B.1). The resulting distribution u is denoted by o*v and is
called the pullback of v from W to M via o.
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Proposition B.1. Let M and W be smooth manifolds and let o : M — W be a surjective
submersion. Suppose u, € D'(W) is a sequence of distributions such that

lim o*u, =0 in D'(M). (B.3)
n—oo
Then
lim w, =0 in D'(W). (B.4)
n—oo

In particular the map o* : D'(W) — D'(M) is injective.
More generally, if u, € D'(W) and @ € D'(M) are such that

lim o*u, =1 in D'(M), (B.5)
n—oo
then there is a distribution uw € D'(W') such that
lim u, =u in D'(W) (B.6)
n—oo

and 4 = o*u.

Proof. By the definition of a distribution on a manifold, as in [H6r83, sec.6.3], we may
assume that M is an open subset of R™ and W is an open subset of R".
We recall the definition of the pull-back

o*: D'(W) — D' (M) (B.7)
from the proof of Theorem 6.1.2 in [H6r83|. Fix a point zp € M and a smooth map

g: M — R™ such that
cdg: M—R"<R"™

has a bijective differential at xy. By Inverse Function Theorem there is an open neigh-
borhood M of xy in M such that

(c®9g)|m: Mo — Yy

is a diffeomerphism onto an open neighborhood Y; of 0 @ g(zg) = (0(x¢), g(x0)) in R™ x
R™™™. Let

h: Yy — My
denote the inverse. For ¢ € C2°(M,) define & € C(Y) by
O(y) = ¢(h(y))ldet '(y)]  (y € Vo). (B.8)
Then
oc'u(¢p) =u® 1(P) (ue D'(W), ¢ € CZ(M,y)). (B.9)

By localization this gives the pull-back (B.7).
Let Wy be an open neighborhood of o(zg) in W and let Xy be an open neighborhood
of g(xp) in R™™ such that
Wo x Xy € Yo.
Fix a function n € C2°(Xj) such that

/Xon(x)dle.
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Given ¢ € C°(Wy) define ¢ € C°(M,) by
O, 2") = (" )n(a") (2" € Wy, 2" € Xy),
where ® is related to ¢ via (B.8). Then
o u(¢) = u(y).
Hence the assumption (B.3) implies

lim () =0 (4 € CF(Wh)).

n—oo

Thus, by [H6r83, Theorem 2.1.8],
lim w,|w, =0
n—oo

in D'(Wy). Since the point xy € M is arbitrary, the claim (B.4) follows by localization.
Similarly, the assumption (B.5) implies that for any ¢ € C°(W))

lim u,(¢) = lim 0"u,(¢) = ()
n—oo n—oo
exists. Thus, by [H6r83, Theorem 2.1.8], there is u € D'(W)) such that
lm w,|w, = u.
n—oo

By the continuity of ¢*, o*u = @. Again, since the point o € M is arbitrary, the claim
follows by localization. O

Lemma B.2. Let M and W be smooth manifolds and let o : M — W be a surjective
submersion. Then for any smooth differential operator D on W there is, not necessary
unique, smooth differential operator o*D on M such that

c*(wo D) = (c*u) o (¢"D) (u € D'(W)).

If D annihilates constants then so does o*D. The operator o*D is unique if o is a
diffeomerphism.

Proof. Suppose o is a diffeomerphism between two open subsets of R™. Then
o u(¢) =u(d oo |det((c™))]) (¢ € CZ(M)).
Let
(0*D)(¢) = (D(¢poo™!))oo (¢ € CX(M)).
Hence
o*(uoD)(¢) = (uoD)(¢poo |det((c™"))|)
u(D(¢ oo™ det((c™))]))
= u(((D(¢oo™")oa)oo  det((c™"))]))

Using the local classification of the submersions modulo the diffeomerphism [Die71,
16.7.4], we may assume that o is a linear projection

o:R™" 3> (z,y) >z e R",
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in which case the lemma is obvious. O

Suppose M is a Lie group. Then there are functions m, € C"O(]\;[,{) such that the
formula

/M bor)dun(y) = [ owmulz)ds (6 € CZ(N) (B.10)

defines a left invariant Haar measure on M. We shall tie the normalization of the Haar
measure duy(y) on M to the normalization of the Lebesgue measure dz on R™ by re-
quiring that near the identity,

Mexp—1 () = det Lad(w) (B.11)
P ad(z) ’

as in [Hel84, Theorem 1.14, page 96]. Collectively, the distributions m,(z) dx € D'(M,)
form a distribution density on M. (See [Hor83, sec. 6.3] for the definition of a distribution
density.)

Suppose W is another Lie group with the left Haar measure given by

/W VoMW dun(v) = [ olein@dr (1€ G,

and let ¢ : M — W be a submersion. Given any distribution density vy € D'(W))
we associate to it a distribution on W given by w%v,\ € D'(W,). We may pullback this
distribution to M and obtain another distribution. Then we multiply by the m, and
obtain a distribution density. Thus, if o : M,, — W), then

(™), =mg(Aooo /€1>*(wi)\1))\). (B.12)

Distribution densities on W are identified with the continuous linear forms on C2°(W) by

v(hoN) = ux(v) (¥ € CZ(Wy)).

(Here v stands for the corresponding continuous linear form.) In particular if ¥ € C(W).
then Fuy is a continuous linear form on C2°(W) and for ¢ € C°(W)),

Fuw)a() = (Fuw)or) = /W b 0 AW)F(y) dyow (v)

= . V(z)F o X (2)wy(z) da.
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Hence, for ¢ € CEO(MN), with o : M,, — W),

(0" (Fumw))u(0) = (Aooon 1) (—

wy
— . my(z)p(x)F o X o (Ao okr™)(z)de
= [ ¢(@)(Foo)or " (z)my(z)dx

My

— AJ ¢o /a(y)(F o U)(y) dﬂM(y)

(F'pw ) ) (M)

Thus

o*(Fuw) = Foouy. (B.13)
As explained above, we identify D’(M) with the space of the continuous linear forms on
C2°(M) and similarly for W and obtain

o* : D'(M) — D'(W) (B.14)

as the unique continuous extension of (B.13). Our identification of distribution densities
with continuous linear forms on on the space of the smooth compactly supported functions
applies also to submanifolds of Lie groups.

Let S be a Lie group acting on another Lie group W and let U C W be a submanifold.
(In our applications W is going to be a vector space.) We shall consider the following
function

g:3xU>3(s,u) = sueW (B.15)

The following fact is easy to check
Lemma B.3. If O C W is an S-orbit then c71(0) =S x (ONU).

Assume that the map (B.15) is submersive. Let us fix Haar measures on S and on W
so that the pullback
o :D'(W)—=D(SxU)
is well defined, as in (B.14). Denote by SY C S the stabilizer of U.

Lemma B.4. Assume that the map (B.15) is submersive and surjective. Let O C W
be an S-orbit and let po € D'(W) be an S-invariant positive measure supported on the
closure on O. Let poly € D'(U) be the restriction of o to U in the sense of [H6r83, Cor.
8.2.7]. Then poly is a positive SY-invariant measure supported on the closure of O NU
in U. Moreover,

0" o = s @ polu. (B.16)
Proof. Let s € SY. Then

s* (nolv) = (s"po) lv = polu-

Hence the distribution pel|y is SU-invariant. Lemma B.1 implies that uo|y # 0 and
Lemma B.3 that uel|y is supported in the closure of O N U in U. Since the pullback of
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a positive measure is a non-negative measure, |y is a positive SU-invariant measure
supported on the closure of ONU in U.
Theorem 3.1.4" in [H6r83| implies that there is a positive measure ppny on U such that

o o = s @ fony -

Consider the embedding
or:U>u— (1,u) € SxU.

Then o ooy : U — W is the inclusin of U into W. Hence,

(0 001) o = polu.
The conormal bundle to o, as defined in [H6r83, Theorem 8.2.4], is equal to

Noy =T =T7(S) x 0 CTH(S) x T*(U) =T*(S x U).
By the S-invariance of o* e,
WF(us ® pony) €0 x TH(U) C TS x U).

Hence
Ny, NWF(us ® pionu) = 0.
Therefore
proly = (0 001) o = 07 0 0" po = 07 (s @ ponv) = ponu -
This implies (B.16). O

APPENDIX C: SOME CONFLUENT HYPERGEOMETRIC POLYNOMIALS

For two integers a and b define the following functions in the real variable &,

Puale) = { i TR 02 ()
Paalg) = { {7 B SRS 2o
where a(a +1)...(a+ k —1) = 1 if £ = 0. Notice that
Pap2(8) = Poa2(=€) (£ €R, a,beZ). (C.3)
Set
Pop(§) = 2m(Pap2(§Ir+(§) + Pup—2(§)Ir-(£)) (C4)
= 2m(Fap2(§)Ir+(§) + Poaz(—&)Ir+ (=),
where Ig denotes the indicator function of the set S. Also, let
0 ifa+b2>1,
S, detclatk Uo—ak(] _jy)h=b if —q>b—1>0, (©.5)

ab(iy) = 27 k=b
Qaaliy) 2 bie+). k=) bkl o—bk(q —I—zy)k @ if —b>a—1>0,
(1+1y)~2(1 —iy)™° if a <0andb<0.
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Proposition C.1. For any a, b € Z, the formula
[avirea-w ey e s®) (C.6)
R

defines a tempered distribution on R. The restriction of the Fourier transform of this
distribution to R\ {0} is a function given by

/R(l +iy) (L —iy) Pem e dy = Poy(€)e . (C.7)

The right hand side of (C.7) is an absolutely integrable function on the real line and thus
defines a tempered distribution on R. Furthermore,

1 A 1
(1L+iy) (1 —iy) " = = | Pap(&)e” e dy + 5= Quuliy) (C8)
21 R 2
and hence,
\a b d
[ i e =)t dy = @)™+ Qual=3)0(6) (©9)
R
Proof. Since, |1 +iy| = /1 + 42, (C.6) is clear. The integral (C.7) is equal to
%/(1+z)%1—z)%Zﬂu (C.10)
iR

= 2m(—Ig+ (&) res.mi (1 + 2) 7% (1 — 2) Pe ™ + Ip- (&) res.— 1 (1 + 2)"*(1 — 2)Pe ).

The computation of the two residues is straightforward and (C.7) follows.

Since -
| eteag— -,
0

we have
EMme teY d¢ = ( , ) 1—iy) ' =m!(1 —ay) ™! m=20,1,2,...). (C.11
/ Tir) i = ml =) ( ) (©1)
Thus, if b > 1, then

G“

-1

> iy ala+1).(a+k—-1)_ _, N
/)mmwﬂﬁﬁ= R
0 k=0 :
L (—a)(—a—1)..(—a—k+1) [ 1 -

Also, if a < 0, then

= (1-do-w) =5 (o)

k=0
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Hence,
/OOO Poya(&e e de — (1 +iy) (1 —iy) ™" (C.12)
(1)t (Z (o)ca-.(-az b+ (_% 1 m)
= (—a)(—a—1).(—a—k+1) [ 1 F
_ g o (—5(1 — zy)) )

Recall that P,;, o = 0 if a < 0. Hence, (C.7) shows that (C.12) is the inverse Fourier
transform of a distribution supported at {0} - a polynomial.
Suppose —a < b — 1. Then (C.12) is equal to

L (—a)(—a—1).(—a—k+1 1\ )kt
2ak__zl( )( )k!( + )(—§> (1 —ay)*,

which tends to zero if y goes to infinity. The only polynomial with this property is the
zero polynomial. Thus in this case (C.12) is zero. If —a = b— 1, then (C.12) is obviously
zero.

Suppose —a > b — 1. Then (C.12) is equal to

_peyh e Dela kit ) (_1)’“ (1= i) (C13)
k=b

k! 2

As in (C.11) we have

0 . d " N m - \—m—1 —
/oog etetV d¢ = (d(zy)) (14+dy) = (—=1)"m!(1 + iy) (m=0,1,2,..).

Suppose a > 1. Then

/0 Pmb’_Q(g)egeigy de = (_1)a+b—1 ai: b(b+1)..b+k—1) (_2)—b—k(_1)a—1+k<1 N Z,y)_aJrk.

- £ k!
= (1+ iy)‘“Q‘bi (=)(=b= 1)1'{‘!‘<_b —k+ 1) (—%(1 + iy)) .

Also, if b < 0, then

—b

o (=b)(=b—1).(=b—k+1) [ 1 A"
(1 —iy) =) (—5(1+@y)> .

k!
k=0
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Hence,
| Pacs(©esrde — (1 i) e - i) (©14)
= (L4 iy) 2 (Z (=b)(=b— ”,;;g“b —k+1) (_%(1 . Z.y))

—Z b—l)!( b—k+1) (_%(Hiy)))'

As before, we show that (C.14) is zero if —b < a — 1. If —=b > a — 1, then (C.14) is equal

to
D bz b_1> '( b_k+1) (_%) (l—l—’iy)k_a

Ifa>1landb>1, then our computations show that

e’} 0
/ Popo(€)e e d¢ + / Py _o(6)ete™ d¢ — (1 +dy) (1 —iy)™" (C.15)
0

—00

is a polynomial which tends to zero if y goes to infinity. Thus (C.15) is equal zero. This
completes the proof of (C.8). The statement (C.9) is a direct consequence of (C.8). O

The test functions which occur in Proposition C.1 don’t need to be in the Schwartz
space. In fact the test functions we shall use in our applications are not necessarily
smooth. Therefore we’ll need a more precise version of the formula (C.9). This requires
a definition and two well known lemmas.

Following Harish-Chandra denote by S(R*) the space of the smooth complex valued
functions defined on R* whose all derivatives are rapidly decreasing at infinity and have
limits at zero from both sides. For ¢» € S(R*) let

V(04) = lim ¥(€), w(0+) = lim (E), (¥ = v(0+) — v(0-).
In particular the condition (¢)y = 0 means that ¢ extends to a continuous function on R.
Lemma C.2. Let ¢ =0,1,2,... and let p € S(R*). Suppose

(Who=--= () =0 (C.16)
(The condition (C.16) is empty if c =0.) Then

[ et de] < minfL ol (ol 16 o+ 0l (€D

Proof. Integration by parts shows that for z € C*
/ eTHP(E) dE = 27 P(0+) + -+ 27T I(04) 27 / eI (g) de,
R+ R+

[ e @ de = = p0m) — e - 0y 2 [ et ag
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Hence,
| euea
RX
= 2 )+ + 2 W)+ 2 WD)y 4 27 / e et () de
RX
and (C.17) follows. O

Lemma C.3. Under the assumptions of Lemma C.2, with 1 < c,

/ / (i) e (&) d dy = 2mpM(0)  (0<k <ec—1),
R JRX
where each consecutive integral is absolutely convergent.
Proof. Since
[t ming ey dy < o,
R

the absolute convergence follows from Lemma C.2. Since the Fourier transform of ¢ is
absolutely integrable and since 1 is continuous at zero, Fourier inversion formula [Hor83,
(7.1.4)] shows that

| et ds ity = 2mi00), (C.18)
Also, for 0 < k,

[ o s = [ (=00 (G e ) ue) de
= [ o0 (e v+ [ (=00 (e ) e ds
= (@) 0+ + / Gty de
@)oo+ [ ) dg
= @) Wt [ ()€ ds

Hence, by induction on £ and by our assumption

| e i@ e = @) W+ )@+ -+ )
' /R e Y () d

= [ et ae
RX

Therefore our lemma follows from (C.18). O
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The following proposition is an immediate consequence of Lemmas C.2, C.3, and the
formula (C.8).

Proposition C.4. Fiz two integers a, b € Z and a function » € S(R*). Let ¢ = —a — b.
If ¢ > 0 assume that

$)o=---=(¥9)=0. (C.19)
Then

/R/RX(lHy)“(l—iy)be"y%(i)dﬁdy (C.20)
= [ Pusl@ () 86 + Qual@(E)l-o
= /R (Pas(©)e™ "+ Qup(—0e)d0(€)) (€) d€ ..

where 0y denotes the Dirac delta at 0.
(Recall that Qup =0 if ¢ < 0 and Qqup is a polynomial of degree if ¢, if ¢ > 0.)

Let S(RT) be the space of the smooth complex valued functions whose all derivatives
are rapidly decreasing at infinity and have limits at zero. Then S(R*) may be viewed
as the subspace of the functions in S(R*) which are zero on R™. Similarly we define
S(R™). The following proposition is a direct consequence of Proposition C.4. We sketch
an independent proof below.

Proposition C.5. There is a seminorm p on the space S(R™) such that

/ e~ (€) dﬁ’ < min{1, || }p(¥) (v € S(RY), Rez>0). (C.21)
R+
For any integers a,b € 7Z such that a +b > 1 and any function ¢ € S(RT)

Jariya-iy [ ey =or [ Pua©ctv©d,  ©22)

R+
and

[aria-iy [ cwugdedy=or [ Paa@cv@d  ©23)

where each consecutive integral is absolutely convergent.
Let a,b,c € Z, ¢ > 0, be such that a+ b+ ¢ > 0. Suppose » € S(RT) is such that

¥(0) = /(0) = -+ = ¥(0). (C.24)
Then the equalities (C.22) and (C.23) hold too.
Proof. Clearly

/ e-z%(@ds\s [ e Restuende <l v I
R+ R+
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Integration by parts shows that for z # 0,
—2& -1 -1 —z&, ./
[ e =atoo e [ e
R+ R+

Hence (C.21) follows with p(¢)) = [¥(0)|+ || ¥ ||l1 + || ¥ |1
Let a,b € Z be such that a + b > 1. Then the function

(14271 —2) / eEB(E) de

R+

is continuous on Rez > 0 and meromorphic on Rez > 0 and (C.21) shows that it
is dominated by |2|72. Therefore Cauchy’s Theorem implies that the left hand side of
(C.22) is equal to

—2mres,_; <(1 +2)7 (1 —2)7° /R e (&) dg) :

+

The computation of this residue is straightforward. This verifies (C.22) The proof of
(C.23) is entirely analogous.
Integration by parts shows that under the assumption (C.24)

[ o=zt [ g Rezz0, 2 20)
R+

R+
Hence, the above argument caries over and verifies the equalities (C.22) and (C.23). O

Proposition C.6. Suppose a,b,c € Z are such that

b>1, a+b+c=1andc>0. (C.25)
Then
. (b+c—=1)!
Puaal€)6° = ST Puteseal®), (©.26)
Suppose now that
a>1, a+b+c=1andc>0. (C.27)
Then
(a+c—1)!

Pa,b,72(§)50 = (_1>C Pa+c,b+c,f2(£)- (C28)

(@ —1)12¢
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Proof. Because of (C.3), it is enough to prove (C.30). We compute

SH
|

- 1)... ke —
Pa,b,Z(f)fc = CL(CL —2'(2) — 1(61_;)' 1) Qfafkbercflfk

(S
= o

(—a)(—a—1)...(—a—k+1)

— _1 k 2—a—k b+c—1-k
kz:; ) El(b—1—k)! ¢
b—1 Y
— _1)k (=a)! g—a—k gbte—1—k
kz; ) E'(b—1—Fk)!(—a—k)! ¢
b—1
_ (_1)k (b +c— 1)' 27a7k§b+cflfk
— Elb—1—k)l\b+c—1—k)!
and
b+c—1
(a+c)atc+l)...(a+ct+k—=1) o e b bre1n
P — 9—a—c¢ c
a+c,b+c,2(£) kZ:O k'(b _|_ c— 1 _ k)' 5
_ i: (G, + C)((Z +C+ 1) s ((1 +c+k— 1)2—a—c—k€b+c—1—k’
—~ Elb+c—1—k)!
_ bz‘f(_l)k(—a —o)ca—c—1) (Cae—h 1), e
— El(b+c—1—k)!
b—1
_ Z(_l)k (b B 1)(b —1- 1) st (b - k) 27a767k€b+6717k‘
— Elb+c—1—k)!
b—1
_ Z(_l)k (b — 1)(b —1- 1) . (b _ k) 2—a—c—k£b+c—l—k
— Elb+c—1—k)!
b—1
_ Z(_l)k (b — 1)' 2—a—c—k€b+c—1—k
P Elb+c—1—kK)I(b—1—k)!
and the claim follows. O

By combining Proposition C.6 with (C.3) we obtain the following proposition.
Proposition C.7. Suppose a,b,c € Z are such that
a>1, a+b+c=1andc>0. (C.29)

Then
(a+c—1)!

Pa,b,fQ(f)(_g)c = (CL _ 1>‘20

Pa+c,b+c,72 (5) (CBO)
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The following lemma is an immediate consequence of the definition of P, 9, P, —2 and
their relation (C.3).

Lemma C.8. Suppose a,b € Z. Then

P& = Pup-12(8) and Ppy _5(§) = Pac1p,-2(8) - (C.31)
If b > 1 then
o +1)...(a+b—-2)
A :21 a ba(a 39
Py 32(0) b (C.32)
If, moreover, a <0 and a+b <1, then
Puya(0) = (—1)? 217t ). C.33
0= (-1p 2 (T8 (©.33)
If a > 1 then
a0+ 1) (bt a—2)
Py _2(0) =2t C.34
b, 2( ) (a _ 1)| ( )
If, moreover, b < 0 and a+ b < 1, then
—b
Py 2(0) = (=1)* 2t70? : C.35
peal0 = a2 (L 7 (©.35)

APPENDIX C: WAVE FRONT SET OF AN ASYMPTOTICALLY HOMOGENEOUS
DISTRIBUTION

Let
Fiw)= [ sy

denote the usual Fourier transform on R™. Recall that for ¢ > 0 the function M; : R™ — R"
is defined by M,;(z) = tx.

Lemma C.1. Suppose f,u € S*(R™) and u is homogeneous of degree d < 0. Suppose

EMEFW) = ul) (€ SRY). (eRY
Then
WEy,(F'f) D suppu. (C.2)

Proof. Suppose ® € C°(R") is such that ®(0) # 0. We need to show that the localized
Fourier transform

F(F'NHe)
is not rapidly decreasing in any open cone I' which has a non-empty intersection with

suppu. (See [H6r83, Definition 8.1.2].) In order to do it, we’ll choose a function ¢ €
C*(T") such that u(y) # 0 and show that

[ e E ) i@ de 5y uw). (©3)

t—0+
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Let ¢ = @. We may assume that [, ¢(x)dz = 1. Notice that

EMEL(f % 6) = (1M f) (7M7), (C.4)
so that, by setting ¥ (z) = 1)(—x), we have
[ F e ) dr (©5)

= 1M (fx¢) % (0) = FTM f) x ((E"Mi¢) % 4) (0).
We'll check that for an arbitrary ¢ € S(R")
(" Mia) kY — ) (C.6)

t—0+

in the topology of ) € S(R™). This, together with (C.5) and Banach-Steinhaus Theorem,
[Rud91, Theorem 2.6], will imply (C.3). Explicitly,

(67" M226) ) (@) = 00a) = [ o0t = t9) = vla)) 1)
Fix N =0,1,2,... and ¢ > 0. Choose R > 0 so that
/|y oIy sup (Ll )] < e (©3)
Let 0 < ¢t < 1. Then
(1 + Ja])™ / oWl )y (C9)

IN

/| oI )Y+ ) ot — )y

IN

/| oW ) dy - s 1+ o))

zeR™

and

(14 2 /| @l dy (C.10)

< /| oWy sup (14 ) o)

zeR™

so that, by (C.8),

(1 + 2 /|| W)U =) vy <e (0<t<1LaeR). (C1])
y|=>
Choose r > 0 so that

(1+ 2V /| L0t v e 0<i<L iz (©1
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Since the function v is uniformly continuous,

fimsup s | [ o)t — 1) — () dy' o (C13)
t=0+ z[<r [J]y|<R
Hence,
isup sup (1+[+1) | [ o) (0l — 1) — 01 dy] <e (C.14)
t—0+ z€R" ly|<R
By combining (C.11) and (C.14) we see that
s s (1-+ o) | [ 6wt~ ) = o) | < 2 (15
t—0+ z€Rn R™
Since the € > 0 is arbitrary, (C.15) and (C.7) show that
limsup sup (1+ o) |(£"M;10) * () — (2)| = 0. (.16)
t—0+ zcR”

Since the differentiation commutes with the convolution, (C.16) implies (C.6) and we are
done. O

APPENDIX E: A PROOF OF A COCYCLE PROPERTY

Here we proof the formula (38). Consider g;, 9o € Sp” as elements of End(W}) by
restriction. They preserve the positive definite hermitian form H(-,-), (27). Let K; =
Ker(g1 — 1), Ky = Ker(ga — 1), K12 = Ker(g1g2 — 1), Uy = (g1 — )W{, Uy = (g2 — 1)WY,
U12 = (9192 — 1)WE and U = U1 N UQ.

We assume in this appendix that K7 = {0}. In this case U = U,. Moreover,

KynN Ky = Ky N Ky, = {0}.

Hence there is a subspace Wy C WE such that

W(EL = K& Wy P K. (E.1)
Recall that
VV(JCr =U® K, (E.2)
is an orthogonal direct sum decomposition. Define an element h € GL(W{) by
h|K12€BW2 = (gl_l - 1)_1(92 - 1)7 thz = (91_1 - 1)_1' (E3)

Fix a basis w; of VV(’CL so that w; € Ko if 1 < a, w; € Wy if a < i < b and wpy1, wpia, ...
is a basis of Ky that is orthonormal with respect to H. Then

hw; = w; (1 <a). (E.4)
Lemma E.1. The following equalities hold:
det(H((g192 — )w;, hw;)a<i ;) (E.5)
= det(H(5(c(g0) + (92)) 02 — Dowi (92 — Dty )acier)
= det(H((g192 — V)wi, w;)acij)det(h).
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Moreover, we have

det(H (w;, (g, " — 1)hw;)i;) = det(H((ga — Dw;, w;)ij<b), (E.6)

so that

det(H((g2 — 1)w;, w;); j<s)

det(h) = — . (E.7)
det(H (wi, (97" = Dw;)iz)
Proof. Notice that both
() = (g + (g -1~ W = W,
c(g2) = (g +1)(g2—1)7": U= W¢
are well defined on the space U and
1
(91 = 1)5(c(g1) + clg2))(g2 — 1) (E.8)
1
= 5((91 +1)(g2 — 1) + (91 — L)(g2 + 1))
= qig2 — L.
Suppose a < i,7 < b. Then (E.8) and (E.2) show that
H((g192 — Vwi, hw;) = H((g1ga — Dwi, (97" — 1) (g2 — Dwy) (E.9)

= H((g1 — 1) (9292 — Dwi, (g2 — Dwy)

= H{(g ~ 1) o — Dyle9n) + e(92) (92 — D (92 — )
1

= H(§(C(91) + ¢(92)) (92 — Dwi, (g2 — Dwj).
Suppose j < b < i. Then (g192 — 1)w; = (g1 — 1)w;. Hence,
H((g19> — Dwi, hwy) = H((g1 — Dwy, (97" = 1) (g2 — Dwy) (E.10)
= H(wu( — Dw;)
= H((gy" — 1wi, w;)
= H(-gy" (92 — Dwi, wy)
= H(0,w;)
= 0.
If b <i,j, then
H((g192 — 1)w;, hw;) = H((g1 — 1)w;, hw;). (E.11)

Notice that
det(H((g1 — 1)'11}1, hwj)b<i,j) = det(H(wl, (g;l — 1)hwj)b<i,j) (E12>
= det(H(wi,wj)bQJ) =1.
The first equality in (E.5) follows from relations (E.9), (E.10), (E.11) and (E.12).
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Since h preserves the subspace K, it makes sense to define h € GL(W{/K12) by

h(w+K12) = hw (U}GWE)
Then

det(H ((9192 — Dwi, hw;)a<ij) = det(H((g192 — 1)ws, w;j)a<i j)det(h).

But (E.4) implies det(h) = det(h). Hence the second equality in (E.5) follows.
Also, if j < b < i, then

H(w;, (97" — Dhw;) = H(w;, (g2 — Dw;) =0
because of (E.2). Hence,
det(H (w;, (97" — Vhwy)i;) = det(H (w;, (97" — 1)hw;)ij<p) det(H (wi, (g7 — 1)hw; )p<i ;)
= det(H(w;, (97" — 1)hw; )i j<b)
= det(H (w;, (92 — Dwj)ij<p)
= det(H((g2 — Dwi, wy)ij<v).
This verifies (E.6). The formula (E.7) follows immediately from (E.6). O
Corollary E.2. With the notation of Lemma E.1

det(H(%(c(gl) + c(g2))(g2 — Vws, (92 — Dwj)a<ij<b)

det(H ((g192 — 1)wi, wj)a<ij)det(H((g2 — Dwi, w;)ij<s)
det(H ((g1 — )ws, wy)i;)
Lemma E.3. Fiz two elements g1, g2 € Sp(W) and assume that K1 = {0}. Let V C U
denote the radical of the form H(%(c(gl) + c(g2)),-)u and let H(%(c(gl) +c(g92))s )uv
denote the resulting non-degenerate form on the quotient U/V. ThenV = (go — 1) K2 and
det(QlQQ — 1)U12
det(91 — 1)Wé— det<92 - 1)U
det(H (5(c(g1) + c(g2)), Jupv)
|det(g2—1: Klz—)V)‘Z ’
where |det(ge — 1: K19 — V)| is the absolute value of the determinant of the matriz of
go — 1 with respect to any orthonormal basis of K15 and V.

(E.13)

Proof. We use the notation of Lemma E.1 and make the following additional assumptions:
W, is the orthogonal complement of K5 + K5 in WE with respect to H, wy, wo, ... is a
basis of W[{ such that wq, ws, ..., w, is an orthonormal basis of K5, and wgi1, Weio, -\
wy is an orthonormal basis of W,.

Let @ € GL(W{) be such that
Qw1, Qus, ... is an orthonormal basis of W¢,
Qw; is orthogonal to Ko + Wy if b < 4.
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Define the matrix elements @);; by

Quw; = Z Qj,iwj~
J

Then
Qi =0;,if 1 <b.
Hence,
det(Q) = det((Qy,i)1<s4) = det((Qji)b<ji) = det((Qj,i)a<yii)
and
1 = det(H(Qui, Qwj)i<iy) = | det(Q)]* det(H (wi, w;)i<i)-

Therefore

| det((Q)i)a<jil® det(H (wi,wj)i<i;) = 1. (E.14)
It is easy to check from (E.8) that (g — 1)Kj2 = V. In particular, dimV = dim K5 = a.
Let uq, us, ..., up be an orthogonal basis of U such that uy, us, ..., u, span V. Define the

matrix elements (go — 1)x; by

b
(g2 — Dw 292—1muk (1<i<b).
k=1
Hence,
(92— Dry=0ifi <a<k
Therefore

det(((g2 — Dr.i)1<r.i<o) (E.15)
= det(((92 — Dri)i<kica) det(((g2 — Dri)a<r.i<b)-

Define h € GL(W{) as in (E.3). Then, by (E.6),

h) =det((g7" — 1)~ (g " —1)h) (E.16)
) det((g; " — 1)h)
gi = 1) det(H(wi, (97" — Vhw;)i<iy) det(H (wi, w;)i1<iz) ™"
) det(H((g2 — Dws, w;)ij<p) det(H (wi, wy)i<iz) ™

Also,
det(H(%(C(gl) + ¢(92))(92 — Dwi, (92 — 1)wj)a<i j<b) (E.17)

= det(H(%(C(gl) + ¢(g2)) s, w)acki<o) | det(((g2 — Di)ack.i<s|*.



WEYL CALCULUS AND DUAL PAIRS 95

Since W{ is the orthogonal direct sum of Kj5 and Uiy, the vectors Quj, a < j, form an
orthonormal basis of Uy,, so that

det(g192 — 1)u,, = det(H((9192 — 1)Qu;, Qu;j)aci ;) (E.18)
= |det((Qij)a<i)* det(H ((g192 — 1)ws, w;)a<i;)-
Define an element ¢ € GL(W{) by

qu; = u; if i < b,
quw; = w; if b < 1.

Then quwy, qus, ..., qup is an orthonormal basis of U so that
det(gz — 1)u = det(H ((g2 — 1)qui, qw;)i,j<p)-
Define the coefficients ¢; ; by
qu; = Z ¢jiW; .
j

Then
g =05, if b <1
so that
det(q) = det((gj1)1<i;) = det((gj)1<ii<b)-
Also,
(92 — Dquw; = Z%z —Dw; =Y qiilg—Dw; (i <b).
j<b
Therefore,

det(H ((g2 — 1)qws, qu;); j<b) = | det(q)|* det(H ((g2 — 1)wi, w;)i j<b)-

Define the coefficients ¢; jl of the inverse map ¢~! by
w’i qwl Z q'L ] qw]

Since, the qw; form an orthonormal basis of W,

C]i_,jl = H(q 'qu;, qu;) = H(w;, qu;) = H(qu;, w;),

so that
H(u;,w;) if j <b,
q,:jl =< H(wj,w;) if j > b,
H(w;,w;) =0, if i,5 > b.
In particular,
g =0if j<b<i
so that
det(q)™" = det(g™") = det((q;; )ij<p) = det(H (uy, wi), ;).
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Thus

det(H ((g2 — 1)w;, wj); j<p) det(ge —1: U — U) (E.19)
= det(H((g2 — 1ws, w;)ij<p) det(H ((g2 — 1wy, w;)i <) | det(q)]?

— | det(H((g2 — Ly, wy)iyep)|?] det(g)?
b

= |det(H(Z(gz — 1)giu, wj)i,jgb)|2 | det(q)[?
k=1

= | det((g2 — Dr)rizs) det(H (ug, wy)i j<b)|* | det(q)[?
= |det((g2 — Dri)wizo)l’
= |det((g2 — )ii)ri<a) I det((g2 = 1)ki)acri<o)]’,
where the last equality follows from (E.15). Notice also that
det(g7' = 1) = det(H((97" — 1)Quj, Qui)i<j) (E.20)
= det(H(Quj, (91 — 1)Qur)1<jin)

= det(H((g1 — 1)Quy, Quj) 1<)
= det(gl — 1).

The formula (E.13) follows from (E.5) and (E.14) - (E.19) via a straightforward compu-
tation:

det(g1go — 1: Ujp — Uyo)
det(g1 — 1: W — W) det(go — 1: U — U)
| det((Qig)a<iy)|* det(H((g192 — Dwi, w))a<iy)
det(g; — 1: W — W) det(go — 1: U — U)
| det((Qig)a<ij)|* det(H(5(c(g1) + c(ga))u, ur)a<ri<s) | det(((ga — Dii)a<hizs)|?
det(h) det(g; — 1) det(g — 1: U — U)
| det((Qig)a<iy)|* det(H(5(c(g1) + c(g2))ur, u)a<ki<s) | det(((ga — Dii)a<h.ics)|?
det(g; ' — 1)_1 det(H((g2 — D)w;, w;)i j<p) det(H (w;, w;)1<i ;)"  det(gr — 1) det(go — 1: U — U)
det(H (5 (c(g1) + c(g2))tr, w)acri<o) | det(((g2 — 1)ki)a<k,ics)|®
det(g; — 1) det(H((gs — Dwn,w;)iyes) det(gr — 1) det(gs — 1: U — U)
det(H (% (c(g1) + c(g2))ur, w)acrizs) | det(((g2 — 1)ki)ack,izs)|®
det(H((g2 — 1)w;, wj) <p) det(ge —1: U — U)
det(H (5(c(g1) + c(g2))ur, w)acki<p) | det(((go — 1)ii)a<hi<o) |’
| det((g2 — Dr,i)ri<a) [l det((92 — Dri)a<hii<o)|?
det(H (5 (c(g1) + c(g2))tu, t)ach,i<b)
| det((g2 — Dn,i)ki<a) [?
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Since, in terms of (37),

det(H (3(c(g1) + c(g2) Jupv) _ det(H(i(—1)
|det(H (3(c(g1) + e(g2))-, Jun)| | det(H (i(—1)

ngn hgy g5
)

(c(g1) + c(g2)) Jupv)
(c(g1) +c(g2))s Jun)l

N = |N—=

the formula (38) follows from (E.13).
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