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Exergy-based Formulation for Aircraft Aeropropulsive

Performance Assessment: Theoretical Development

Aurélien Arntz!, Olivier Atinault?, and Alain Merlen?
ONERA - The French Aerospace Lab, France

Aircraft have evolved into extremely complex systems that require adapted methodologies and tools
for an efficient design process. A theoretical formulation based on exergy management is proposed for
assessing the aeropropulsive performance of future aircraft configurations. It consists in the combina-
tion of a momentum balance and a fluid flow analysis involving on the first and second laws of thermo-
dynamics. The exergy supplied by the propulsion system and its partial destruction within the control
volume is associated with the aircraft mechanical equilibrium. Characterization of the recoverable
mechanical and thermal outflows is made along with the identification of the irreversible phenomena
that destroy their work potential. Restriction of the formulation to unpowered configurations yields
connections to some well-known far-field drag expressions and shows that their underlying theory can
be related to exergy considerations. As the exergy balance does not rely on the distinction of thrust
and drag, it is especially suitable for the performance evaluation of highly integrated aeropropulsive

concepts like boundary layer ingestion.
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Nomenclature

rate of heat anergy supplied by conduction (J.s~1)

rate of anergy generation by thermal mixing (J.s~!)

rate of anergy generation by viscous dissipation (J.s™1)

rate of total anergy generation (J.s™1), = A¢ + AVT + Ay
rate of anergy generation by shock waves (J.s™1)

aerodynamic drag (N)

mass specific internal energy (J.kg™!)

exergy specific fuel consumption

streamwise Kinetic energy deposition rate (J.s™1)

boundary pressure-work rate (J.s~1)

rate of thermal energy generation by viscous dissipation (J.s~1)
rate of heat energy supplied by conduction (J.s~1)

rate of thermal energy outflow (J.s~1)

transverse kinetic energy deposition rate (J.s~1)
surroundings-work rate (J.s™1)

mass specific flow exergy (J.kg™1)

rate of mechanical exergy outflow (J s, = Eu + Ev + Ep
rate of exergy supplied by the propulsion system (J.s 1)

rate of mechanical exergy supplied by the propulsion system (J.s~1)
rate of thermal exergy supplied by the propulsion system (J.s~!)
rate of thermal exergy generation by viscous dissipation (J.s~1)
rate of heat exergy supplied by conduction (J.s™1)

rate of thermal exergy outflow (J.s~1)

momentum change across the propulsive surface (N)

streamwise resultant force acting on the vehicle (N)



Ahy = mass specific fuel heating value (J.kg=')

I' = weight specific aircraft energy height (m)

h; = mass specific total enthalpy (J.kg=!)
k= medium thermal conductivity (W.m~*.K~1)
my = fuel mass flow (kg.s™')

n = unit normal vector

® = dissipation rate per unit volume (J.s~!.m~3)
1. = overall exergy efficiency

1; = engine intrinsic exergy efficiency

¥y, = mechanical exergy efficiency

1, = propulsive efficiency

q = heat flux by conduction (J.s™1)

s = mass specific entropy (J.LK~'.kg™!)

T = viscous stress tensor (N)

V = fluid velocity vector (m.s™1), = (Voo + u)x, vy, wz
W = aircraft weight (N)

Subscripts

A = aircraft surface

B = aircraft body surface

o0 = quantity at freestream conditions

O = outer boundary

P = propulsion system surface

Operator

9()

time rate of change

quantity relative to freestream = () — ()0



Introduction

Problem Statement

A century after the first commercial flight made in January 1914, the air transportation industry has
known a fantastic growth, especially since the early 50’s where air traffic has doubled every 15-20 years.
Most forecasts predict a continuing 5%-per annum growth, at least for the two coming decades. Such
a growth has raised environmental concern and driven international institutions to set ambitious objec-
tives of performance. Among these objectives emerged a dramatic reduction in both fuel combustion and
noise/pollutant emission. It is likely that the continuous improvement of the conventional fube-and-wings
configuration will not be sufficient to satisfy these new constraints. One of the most promising configurations
is the blended-wing body (BWB) featuring a boundary layer ingestion (BLI) propulsion [? ? ]. However,
this configuration is rather unconventional and current tools and methodology become inapplicable. Espe-
cially the conventional drag-thrust bookkeepings, used to separate the task of the airframe designer from
the one of the propulsion engineer, becomes excessively ambiguous for such highly integrated propulsion
systems [? ? ? ]. This lack of methodology prevents an accurate estimation of the benefit of a complete
advanced configuration and represents the main motivation for deriving the present performance prediction
formulation.

For transonic (to supersonic) commercial aircraft, this challenge has been taken up by Drela [? ] who
proposed a formulation based on a mechanical energy analysis which does not rely on the expression of
forces (thrust/drag). The formulation allows the identification of all external flow phenomena usually of
interest for the airframe designer: shock waves, lift-induced vortices and wake dissipation. It has notably
been applied for a computational assessment of the boundary layer ingesting nacelle design of the DS aircraft
[? ] and used for wind-tunnel experiments [? ].

Drela’s formulation provides an efficient tool for mechanical performance estimation but does not allow
for aircraft thermal management. This thermal aspect has been identified as being an area for major gain
in military aircraft performance [? ] and is also expected to play an increasing role for commercial aircraft
[? ] as a greater number of electromechanical actuation systems are anticipated to create thermal loads that
can be challenging to manage [? ]. A key example of advanced configuration is the N3-X concept which

decouples the power producing parts of the system from the thrust producing parts of the system thereby



allowing each to be optimized for its task [? ? ]. It utilizes superconducting electrically driven, distributed
low-pressure-ratio fans with power provided by two remote superconducting electric generators based on a
conventional turbofan core engine design [? ]. This shift from existing aircraft concepts adds a great deal of
complexity to the system through various energy exchanges and it stands to reason, that, as a greater number
of energy forms is expected to be dealt with for future aircraft, the need for a common currency to assess the
performance of various sub-systems (and their interactions) may be reinforced.

The formulation presented here aims at providing a more global tool for the design of such complex
configurations by taking into account the thermal energy in addition to the mechanical energy. These two
forms represent the total energy of the fluid and appear equivalent by virtue of the first law of thermodynam-
ics. However, in the perspective of producing work, it is clear that while the mechanical energy is completely
convertible into mechanical work, the thermal energy is not. According to the second law of thermodynam-
ics, only a portion of it could be ideally converted into mechanical work via a Carnot cycle of efficiency lower
than unity. The mechanical energy can thus be considered a higher quality form of energy than the thermal
energy. Even for thermal energy itself, there can be a ranking because, the hotter the gas, the higher the
thermodynamic efficiency. The distinction of the quality and level of an energy form is only made possible
by the introduction of the second law of thermodynamics. The combination of both laws enables an exergy
analysis which starts by splitting any form of energy in two parts: a first part (theoretically) fully convertible
into mechanical work and a second part that is (theoretically) impossible to be converted into mechanical
work. Following the work of Rant [? ] to establish an international terminology, it seems that the words
exergy and anergy are well suited to represent these two parts. Other names can be found in the literature
for exergy, especially availability made popular by Keenan [? ]. As exergy is the part of energy that has

economic value [? ], it is the only part worth managing carefully.

Exergy Approach to Aerospace Vehicle Design

The exergy analysis has been successfully applied to the design of ground-based systems such as fuel
cells, heat exchangers, cryogenics, chemical processes, solar power, distillation and desalination [? ? ?
]. In the aerospace community, a growing interest in the exergy analysis can be observed since the very

early 2000’s [? ? ]. The approach consists in considering that it is the usage and loss of thermodynamic



work potential that drives virtually every aspect of a vehicle’s environmental and economic performance
[? ]. Far from being an obscure scientific notion, the exergy analysis yields a fundamental definition of
loss in an engineering perspective: exergy destruction, or equivalently anergy generation, by irreversible
phenomena. As a consequence, it tells the designer how much improvement is possible and how close the
actual system is to ideal [? ]. Pioneer Moorhouse expanded exergy methods to the design of a complete flight
vehicle by defining mission requirements as an exergy problem cascading down to each component in the
same framework [? ]. The ability to perform exergy accounting in smaller and smaller subsystems makes it
possible to draw a map of how the destruction of exergy is distributed over the system of interest which is
a real advantage in the search for improving efficiency of a system [without a priori knowledge], because it
tells us from the start how to allocate engineering efforts and ressources [? ]. As the ultimate figure of merit
for loss in any vehicle regardless of type or construction is cost [? ], the exergy analysis can be combined
with costing considerations to form a thermoeconomic analysis. This approach provides information not
available through conventional energy analysis and economic evaluations but crucial to the design of a cost
effective system [? ]. The exergy analysis appears as a system-level approach that could improve the energy
management of highly advanced aerospace vehicles [? ] as providing a metric whereby thermal and chemical
energies are directly comparable to mechanical and electrical energies [? ].

Most applications have focused on propulsion systems [? ? ? ] following the pioneering work of Clarke
and Horlock [? ] to analyse a propulsive device in the light of the combined first and second laws. They
identified a consistent framework within which losses can be compared within machines, between machines
of different types for the same job and with perfection represented by the concept of the completely reversible
machine. s the operating conditions, which play a major role in the performance of the system, may vary

throughout the flight of an air vehicle, the possibility of the exergy analysis to formally take into account

improvement efforts [? ].

There has been significantly less interest on external flows and most noticeable is the work of Roth [?
] to extend the exergy approach to define aerodynamic loss as the reduction in total vehicle work potential
due to irreversible fluid-dynamic interactions between the vehicle and the atmosphere. On that account,

aerodynamic loss is directly comparable to thermodynamic loss in the engine and part of the system global



cost accounting [? ? ]. Also note that an analytical model for the design and optimization of an aerospace
vehicle was developed by Riggins et al. [? ? ? ] who brought together the equations of motion and an exergy
balance for the analysis of hypersonic vehicles.

The present article follows these recent efforts and introduces the theoretical developments of a new
formulation in the perspective of CFD-RANS applications. Note that the formulation has already been nu-
merically implemented and successfully applied to various airframe cases [? ] as well as for the investigation

of the BLI concept [? ].

I. Fluid Flow Analysis

A. Control Volume

The fluid flow analysis is carried out in a continuous volume V delimited by the aircraft surface S4,
a surface S,, excluding any discontinuous shock wave, and an outer boundary Sp. All surfaces are closed
and a vector pointing outwards of the volume and locally normal to the surface is noted n, as illustrated in

Fig. ??. The control volume delimits the system under study which is said to be thermodynamically open

Fig. 1 2D cutaway view of 3D control volume surrounding the aircraft.

as it can exchange mass, work, and heat with the surrounding fluid across its boundaries. The atmosphere is
considered as a thermal and mechanical reservoir, which means that we neglect the influence of the process

being studied on the (much larger) surroundings. The analysis is made in the aircraft reference frame, the



control volume is therefore fixed and the air is flowing in and out of it.

Note that, although the form of the outer boundary is arbitrary, it is sometimes found advantageous
to choose a downstream plane perpendicular to the freestream velocity and to push the remaining lateral
and upstream surfaces as far as possible from the aircraft. This has the practical advantage of assuming
freestream conditions on all surfaces but the downstream plane. Although, this assumption is often made
for drag prediction formulations and could be used to slightly simplify the mathematical derivation (and the
physical interpretation) [? ], this approach is not adopted for the following derivation in order to be as general
as possible.

Extensive use of the divergence theorem will be made in the derivation:

/VV-()dV: SA()~ndS+/8w()~ndS+/ ()-nds )

So

where () is any continuous tensor quantity.

B. Mean Steady Flows and Boussinesq’s Hypothesis

The objective is to develop a post-processing code for the preliminary design of future commercial
transport aircraft for which RANS numerical solutions provide valuable performance indications at a mod-
erate computational cost. In the perspective of developing such a numerical tool, the following derivation
is restricted to compressible and mean steady flows. Application of the Reynolds- and Favre-averaging pro-
cedures to the Navier-Stokes equations introduces two major unknowns: the turbulent shear stress and the
turbulent heat flux. As described in [? ], these turbulent quantities can be expressed as functions of mean
quantities for mean steady flows.

First, the Boussinesq’s hypothesis considers that the turbulent shear stress is locally related linearly to
the mean rate of strain S; the proportionality factor being an eddy viscosity noted j;. As a consequence,
neglecting the turbulent kinetic energy contribution, the effective (viscous + turbulent) stress tensor can be
expressed as Tepp = (p + Ht)é . Similarly, the effective dissipation rate due to viscous dissipation and
turbulence is given by @t = (Tefr - V) - V. In the following the adjective effective is replaced by viscous
for convenience.

Secondly, in a direct analogy to the Boussinesq’s hypothesis, the effective heat flux by conduction,

introducing the Fourier law, can be written as q.rf = —ker VT, The effective thermal conductivity is



expressed as kepr = ¢p(p/ Pr+ g/ Pre), where the turbulent Prandtl number is usually chosen as a constant
value of Pr; = 0.9 for air. As a consequence, the turbulent heat flux only requires a value for the eddy
viscosity.

For brevity, the notations for Reynolds- and Favre-averaged are disregarded in the following derivation

as well as the notation eff.

C. Mass Conservation
The mass conservation principle is applied to the control volume to provide a relation used to manipulate
and simplify other subsequent integral relations. The steady-state Reynolds-averaged mass relation in local

form is as follows:

V- (pV)=0 (2)

Integrating within the control volume ) and using the divergence theorem yields:

Tha = 1mo )
where
mA::_/ p(V-n)dS =iy ~0 (4a)
Sa
mo;:/ p(V-n)dS =iy ~0 (4b)
So

The fuel mass flow 7y will be assumed negligible compared to the air mass flow considered within the
control volume, so that both integrals are negligible. Thus, we have, for any scalar quantity convected by the

flow like the total enthalpy h;:

(V.n)dS — s n)dS = (V-n 5
/Sphz(V ) dS /Sp(h hi) (V-n)dS /Spéh (V-n)dsS (5)

where S is any closed surface of the analysis. This property is used to build the exergy balance in section ??.

D. Momentum Relation
The momentum relation is used to obtain a far-field expression for the power developed by the net

force acting on the aircraft. The steady-state Reynolds-averaged momentum relation in divergence form is as



follows:

V- (pVeV)=-Vp+V-7 (6)

Again, integrating within the control volume and invoking the divergence theorem yields the two following

momentum fluxes:

Fa=Fo )

where the two terms represent the net force acting on the aircraft, F' o being a near-field integral while Fg is

a far-field expression:

Pai= [V (Von)+(p—pon—(7-n) d5 (82)

Poi=— [ [pV(V-n)+(p—pun] dS (8b)

Note that the viscous force has been dropped from (??) as it is rapidly negligible compared to the other
forces involved at distances greater than one body length downstream of the configuration [? ? ]. As shown

in appendix A, the rate of work done by this force[? ] is W

W= —Fo - Ve — /S puVoe (V1) + (p— poo) (Vo - 1)] dS ©)

where I is the weight specific aircraft energy height, i.e. the sum of the aircraft potential and kinetic energies
[? 1. This expression represents the power of the resultant force and there is no need (and no possibility)
to distinguish thrust from drag. The following subsections aims at building a first and second law balance

which will identify this far-field expression of WT in section ??.

E. First Law of Thermodynamics
First, the total enthalpy is defined as the sum of the internal energy, the flow energy and the kinetic

energy and its rate of change can therefore be written as:

2
V-(p(;hq;V):V-(péeV)+pooV~V—|—V-(p—poo)V+V~(pV7V) (10)

where we have added and subtracted p,V - 'V for further purposes.

10



Secondly, according to the first law of thermodynamics, the steady-state Reynolds-averaged total en-

thalpy equation is as follows:

V. (p6hiV)=V-(7-V)-V-q (11)

where q is the heat flux by conduction.

F. Second Law of Thermodynamics
The Gibbs relation provides a relation between entropy and internal energy. In time-averaged form it

reads:

1
TVs=Ve+pV- (12)
p

Inserting the steady-state expression of the internal energy variation

V-(pdeV)=—pV-V4+(7-V)-V-V.q (13)

into the Gibbs relation (??) yields the following entropy relation:

V~(p55V):%(?~V)~Vf%V~q (14)

Introducing the Fourier law and the dissipation rate ®, one gets, multiplying Eq. (??) by the reference

temperature 75

Too . Too Tno
TV - (pdsV) = ?{H—Wk(VT)Q -V-—a 15)

which corresponds to Moore and Moore eddy viscosity model for mean entropy production [? ]. It requires
the assumption that the rate of production of turbulence kinetic energy equals the rate of its dissipation and
that the rate of production of temperature fluctuations equals their rate of dissipation. Although higher fidelity
models exist [? ], this simple model is preferred in the present work as it only relies on the eddy viscosity
and on quantities of the mean flow. This final relation is used in the following section to form the exergy

balance.

11



II. Exergy Balance

A. Definitions & Terminology

Exergy is a thermodynamic property describing the maximum theoretical work that can be obtained from
a substance in taking it from a given temperature and pressure/velocity to a state of thermal and mechanical
equilibrium with the environment[? ]. Exergy is a property of both the system and the reference environment,
the latter being here taken as the atmosphere at the altitude of flight and whose properties are noted with the

subscript co. As mentioned in the introduction, in the perspective of producing work, we can say that:

Energy = Exergy + Anergy = Total = Useful + Useless (16)

which can be translated mathematically for an open system as:

E:(hi—him)—Too(S—Soo):(Shi—Too ds (17)

where we have neglected the gravitational potential energy of the specific flow exergy € [? ? ]. We also
assume that the mixture of air and fuel behaves as a perfect gas. We are interested in calculating the time-

averaged change in exergy which can be written locally as:

V-(peV)=V-(pdh; V) =T V- (pdsV) (18)

The two previous paragraphs provide an expression for the two right-hand side terms of Eq. (??) that are

used in the following subsection to form the exergy balance.

B. General Exergy-based Formulation
To simplify the derivation we neglect the heat transfer across the outer boundary as well as viscous

terms[? ]. From the divergence theorem, the integration within the control volume of Eq. (??) yields:

—/ pe(V~n)d$:—/V-peVdV+/ ps(V~n)dS+/ pe(V-n)dS (19)
Sa v So Su

which, inserting Eqgs. (??, ?? & ??) and using Eqs. (?? & ??), yields the following exergy balance:

Eprop + Eq = WT + € + Eun + Asor (20)

where the rate of exergy outflow is decomposed into WT + Ep + En and Aoy represents to total anergy

generated within the control volume, Avor = /l¢ + Aw + Ay. Left-hand side terms represent exergy

12



sources supplied (either by convection or conduction) while right-hand side terms represent exergy outflows
and sinks, except for W which is a (reversible) accumulation/restitution of exergy as shown in paragraph

??. All terms are defined hereafter and sketched in Fig. 2?.

cmmmm——

et
A L | .,“’“L_';

Fig. 2 Main terms of the exergy balance in the flow field. Green is associated with exergy, red to anergy and blue

to energy. & and Ep are not shown.

The aircraft surface has been split in two surfaces: one solid body surface Sp which may be non-

adiabatic and one permeable propulsive surface Sp on which V - n # 0. Note that: Sy = Sg | Sp.

Eprop : the rate of exergy supplied by the propulsion system

Eprop 1= / —p oh; (V -n) dS—TOO/ —pds (V- -n)dS
Sp Sp (21)

M Aprop
Both terms are non-zero only on permeable surfaces of the aircraft S4 considered to be only the one
associated with the propulsion system Sp. The first term is the total power supplied to the flow while
the second term represents all unavoidable thermodynamic cycle inefficiencies and aerodynamic losses
that have occurred within the propulsion system delimited by the surface Sp [? ]. The combination of
both forms the exergy delivered by the propulsion system to the fluid. A decomposition of this term is

provided in subsection ??.

Note that n points into the propulsor, so that the nozzle has V - n < 0, and épmp > 0 for a propulsive

system with net thrust, as expected. For convenience, Spmp will be referred to as propulsive exergy.
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&, 1 the rate of heat exergy supplied by conduction

. T,

5::/ —(q-n)dS — —>2(q-n)dS

=, (q-n) 5. 7 (amn) @)
B, Aq

The terms are non-zero only on non-adiabatic surfaces of the body that are noted Sp. The first term
is the amount of energy of the heat transferred by conduction while the second term is the associated
anergy. The combination of both terms yields the exergy supplied to the fluid by conduction. In
concrete terms, heat is being supplied to the flow and a potential for being converted to work exists:
the higher the temperature (with reference to atmospheric conditions), the greater the work potential.
A heat transfer at temperature 7' = T, has no practical value: its thermal exergy is zero [? ]. Note
that if 7" < T\, the term éfq is still positive meaning that there is a potential to improve a Carnot cycle

efficiency by using the cold surface as a heat sink.
These terms could notably be used to evaluate systems like heat exchangers. If adiabatic surfaces are

considered, which is generally assumed for most civil aircraft, these terms are simply zero.

Sm : the rate of mechanical exergy outflow

Em ::/SO %qu (V-n)dS—k/SO %p(vg—ﬂnz) (V-n)d8+/80(p—poo) [(V-=V)-n] dS

B, B, Ep
(23)
E, is the streamwise kinetic energy deposition rate and is associaed to jet/wake while E, is the
transverse kinetic energy deposition rates and is mainly associated with lift-induced vortices. Ep is
a boundary pressure-work rate associated with the these flow phenomena. All three terms being linked

by velocity/pressure exchanges, they are gathered to form the rate of net mechanical energy outflow.

These terms being of mechanical nature, they represent exergy, and thus indicate a potential for im-
provement as discussed in the next section. However, for most aerospace applications, the exergy

associated with these flow phenomena is not recovered and, for that reason, represent an exergy loss.

&, : the rate of thermal exergy outflow
Sth::/ p5e(V-n)dS+/ pOO(V~n)dS—TOO/ pds(V-n)dS
So So So (24)

Ep E,, A

14



Assuming a perfect gas, internal energy is solely proportional to temperature (e = ¢, T'), so that the
first term is the rate of thermal energy outflow. The second term is usually referred to as the rate of
(isobaric) surroundings work [? ? ] and is a non available work that the system performs, or receives,
due to its interaction with the reference atmospheric pressure field at p., [? ]. The last term is the
outflow rate of anergy. The combination of the three terms yields the maximum amount of work that is
theoretically extractable from the thermal energy. To extract this work one should consider a reversible

Carnot cycle using the thermal energy as a source (or sink).

For most aerospace applications, this term is not recovered and therefore represents an exergy loss.

: the rate of anergy generation by viscous dissipation

. T,

Ay = / o dy 25)
v T

/l¢ is linked to viscous dissipation and turbulence which transform any difference in kinetic energy

into thermal energy. For that reason, these phenomena act towards reducing the mechanical exergy

to zero by building a new homogeneous field of velocity (and pressure), in which the system and its

surroundings are back in mechanical equilibrium.

This term is positive and hence will always increase anergy; it indicates an irreversible process that
destroy exergy. Even if at high Reynolds numbers the dissipation is mainly associated with turbulence

rather than viscous stresses [? ], for convenience, A, will be referred to as viscous anergy.

: the rate of anergy generation by thermal mixing

. Ty
Ao, ::/‘)Fk (VT)?* dy (26)

AVT is linked to thermal mixing which reduces the difference in temperature and therefore reduces the
thermal exergy to zero. It acts towards building a new homogeneous field of temperature in which the
system and its surroundings are back in thermal equilibrium. The thermal mixing is a function of the

square of the temperature gradients so that avoiding strong temperatures variations would reduce this

term.

This term is positive and hence will always increase anergy; it indicates an irreversible process that

destroy exergy. For convenience, Aw will be referred to as thermal anergy.

15



A, : the rate of anergy generation by shock waves

Ay = Ty / pds (V-n)dS 27)
S

This definition is the most straightforward way of calculating the anergy associated with discontinuous
shock waves. This phenomenon converts mechanical energy into thermal energy; this process being

irreversible, it is an exergy destruction. For convenience, A,, will be referred to as wave anergy.

The exergy balance Eq. (??) is valid for compressible viscous and mean steady flows with energy supply
from a propulsion system and via heat transfer at the surface of the aircraft. Very few assumptions have been
made only to simplify the derivation which does not require small perturbations assumption or Taylor series.
It is worth noticing that although the balance holds for any location of the downstream plane, numerically
speaking, it is found highly advantageous to place it as near as possible to the body in order to minimize the
effect of spurious dissipation on lift-induced vortex decay [? ? ].

For adiabatic surfaces, the exergy relation (??) can be described as follows: the exergy supplied by
the propulsive system has been used to effectively apply a net force that drives the vehicle through the air.
Exergy has been supplied in excess to that requirement in the form of streamwise and transverse kinetic
energy and a boundary pressure work. This loss of mechanical exergy is associated with wakes/jets and lift-
induced vortices and will be dissipated by viscous dissipation and shock waves. Additionally, work could be
extracted from the thermal energy flowing out of the control volume. If not valued, this work potential will
be destroyed by thermal mixing. To conclude, in a vehicle performance perspective, the design that wastes
and destroys the less exergy is the most efficient one because a correspondingly lower propulsive exergy will

be required to compensate.

C. Outflows Characterization and Recovery
In an engineering point of view, the definition of loss as entropy generation helps the designer visualizing

the flow in a different perspective:

- B, is positive regardless the sign of the perturbation axial velocity « which is positive in a jet and
negative in a wake. From streamwise momentum considerations, the wake of an aircraft is seen as

a deficit, and as a consequence, is considered a loss. The exergy analysis tells us that it actually

16



represents a potential for improvement. The concept that takes advantage from having generated a
wake is called wake ingestion, or, by extension, boundary layer ingestion [? ]. The idea is to place
the propulsive system downstream of the configuration so as to ingest its wake, and to ideally re-
energize it by just the right amount to match freestream conditions, leaving no wake/jet: £, = 0.
Such arrangement enables the recovery of the exergy present in the wake [? ]. From Eq. (??), one can

also see that it would result in a correspondingly lower exergy to be supplied by the propulsion system.

- B, represents (mainly) the kinetic energy associated with lift-induced vortices. Traditional far-field
momentum-based analysis conclude that these vortices generate drag and are thus generally viewed
as losses. In the exergy/anergy framework, the formation of the vortex is not considered as a direct
loss[? ]. The exergy approach offers a different flow perspective in considering the vortex formation
as a potential for work extraction which can be valued through different processes such as formation
flight [? ] or wingtip turbines [? ? ]. Again, there would be a correspondingly lower exergy to be

supplied by the propulsion system.

&, could actually be termed thermocompressible exergy as it can be decomposed into a (pure) thermal
exergy at constant volume and a thermal exergy associated with volume change, as shown in appendix
B. The dominance of one aspect over the other one will depend on the application under study. For
example, for a realistic powered aircraft flying at low speed, it is likely that the thermal exergy at
constant volume part would be the largest contributor to the overall thermocompressible exergy due
to high-temperature jet exhaust while for an unpowered configuration at transonic regime, the thermal
exergy associated with volume may be the largest contributor. For convenience, thermal exergy is kept

to designate Sth.

It is also shown in appendix B that the thermal exergy is positive no matter if 7" is higher than T, or
not. This is because a temperature lower than reference conditions can be used as a temperature sink
to improve the efficiency of an ideal Carnot cycle while a temperature higher than 7, could be used

as a source.

Although it does not necessarily take an exergy analysis to recognize that the flow downstream a config-

uration could offer improvements, by redefining the loss as entropy generation, the exergy/anergy framework
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provides a consistent approach to evaluate any recoverable potential. As soon as the local state is not in
equilibrium with the reference conditions, exergy is available, and the more it deviates from equilibrium, the
greater the work potential [? ]. For unconventional configurations for which we have little knowledge, this

approach would make any (mechanical or thermal) waste clearly visible.

D. Propulsion Analysis

1. Exergy Efficiencies
The scope of this analysis is voluntarily large so as being able to deal with any kind of propulsive
device. As é'pmp represents the potential to produce propulsive power, one can first introduce an engine

intrinsic exergy efficiency );:

P = Lp.mp =1- Lp.mp (28)
H; H;

where #; is the rate of total energy supplied to the flow while /lp,,.op represents all anergy generation that has
occured within the propulsive device delimited by the surface boundary Sp. The primary source of energy
for H; could be of any form (electrical or chemical). For example, for fuel-based propulsion, the total power
supplied to the flow is equal to the rate of energy released by combustion [? | H; = m ¢ Ahy where Ahy is
the fuel higher heating value, roughly[? ] equal to the (standard) chemical exergy stored in the fuel [? ].

It is crucial to note that, if the propulsion system is modeled in the computation, use of the divergence
theorem could be made to decompose Apmp into viscous anergy, thermal anergy, wave anergy and heat
transfer (by conduction) anergy. Moreover, this decomposition could be obtained for each component of the
complete propulsive device.

The exergy delivered by the propulsion can be decomposed into a mechanical exergy and a thermal

exergy (if any):

SPTOP = gpmp,m + gp?‘op,th (29)
where
; 1
Epropm = / [(p — Do) + 3P (VZ-V2)| (V-n)dS (30a)
Sp
Eprop,th = / [p(0e — T 0S) + poo] (V- 1) dS (30b)
Sp
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where we introduced i = —n for writing convenience. In terms of propulsion, only the mechanical part of

the total exergy is in a usable form. One can therefore introduce a mechanical efficiency as:

oy = Eoronm 31)

Eprop

For a given exergy supplied to the flow, as the thermal exergy is reduced, the mechanical efficiency is in-

creased. The mechanical exergy can then be expanded into:

. 1
Epropm = / [pV (V- -0)+ (p—pe)t] dS - Vo + / 5,0 u? (V-n)dS
Sp S

P

Fprop Azial Kinetic Power

(32)

[ gt (V) as+ [ —pa) (V= Va)-al] dS

Transverse Kinetic Power Pressure—Work Rate

where the first term is the dot product of the momentum change across the surface Sp and of the flight
velocity V. Whether or not the force F},,.,,, should be considered an (intrinsic/gross) thrust is left at the
discretion of airframe and propulsion designers, with the understanding that the surface Sp has to be defined.
The difficulty lies in the fact that the definition of Sp is not unique, especially for highly integrated propulsion
devices, as illustrated in Fig. ??, where it could be any combination of inlet/outlet surfaces.

e - | :
—

| e S
i }
[P
o U i, |

53

Fig. 3 Possible choices for the propulsive surface definition for a highly integrated propulsion system.

In fact, the force Fj,,.qp, is only identical to thrust under the conditions that the surface is carefully chosen
so at to satisfy a given drag/thrust bookkeeping, which always involves some kind of arbitrariness [? ] and
must be adapted to any particular situation [? ].

The propulsive efficiency 1), indicates the portion of mechanical energy that has been effectively con-

verted into gross propulsive power:

F
p = LoropVeo (33)

Eprop,m

This efficiency is capable of assessing under/over-expanded nozzles for which p # p.,. Note that if the

surface Sp is taken such that we can assume p = p, then v, reduces to its standard expression as ratio of
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thrust power to the kinetic power [? ]. One can finally introduce an overall exergy efficiency .:

IE‘lp'r’op Voo

/¢5 = Hi

=i X hm X Pp (34)

These efficiencies are applicable to any type of propulsion system and should therefore be well-suited

for technology comparisons.

2. Refinement for Jet Propulsion

The basic exergy analysis proposed above yields absolute loss relative to the maximum work allowed
by the second law of thermodynamics whereby any departure from a Carnot cycle appears as a loss. It has
been found that application of this approach to jet propulsion devices concludes that the largest exergy losses
are due to nonequilibrium combustion and exhaust heat and kinetic energy [? ? ]. However, it appears that
optimization of a thrust-producing device to produce maximum exergy output may lead to less-than-optimal
result if the objective is to produce thrust for propulsion [? ]. Two additional figures of merit derived from
exergy considerations are therefore worth noticing: Gas Horsepower and Thrust Work Potential [? ]. The
former only considers mechanical equilibrium and thus concludes that nonequilibrium combustion and heat
losses no longer appear as losses; the only inefficiency being associated with exhaust kinetic energy. Thrust
work potential is defined as the thrust work that would be obtained in expanding a flow at a given temperature
and pressure to ambiant such that the thrust work obtained is equal to the thrust produced multiplied by the
flight velocity of the aircraft [? ]. As a consequence, exhaust residual kinetic energy is not counted as
being available for propulsive purposes and therefore not accounted as loss, unlike exergy and GHP. Also,
relationships between classic measures of component efficiencies to modern measures of work potential have

been proposed, the former having the disadvantage of not being directly comparable to one another [? ].

E. Further Specifications of the Formulation

1. Thermal Exergy and Mechanical Exergy Relations
Relation (??) somehow hides the fact that the viscous dissipation is a process that represents a loss in

mechanical exergy E¢, but a gain in thermal exergy 6"¢ at temperature 7', the net destruction of exergy being
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As expected, exergy is the portion that could be converted into mechanical work via an ideal Carnot cycle of
efficiency 1 —T,,/T. The thermal exergy associated with viscous dissipation is highest when the temperature
at which the process takes place is highest, with reference to the ambient conditions. Equivalently, the loss
(anergy generation) associated with viscous dissipation is lowest when the temperature at which it occurs is
highest [? ]. This statement is true for any irreversibility meaning that anergy generation at high temperature
is less crucial than at lower temperature [? ].

From Eq. (2?), it is possible to re-write the main exergy balance Eq. (??) as:

Eprop +Eq+Es = W+ Em + En + By + Agy + Au (36)

where E¢ appears as a sink of mechanical exergy while €¢ represents a source of thermal exergy (thus placed
left-hand side). In the light of these developments, Eq. (??) can be graphically represented as in Fig. ?? for

an aircraft in equilibrium.

o

I

; ; VT

T s

L L
a5 ~ 1 - px 1
“ | L= 2 e e e R T e o S i T e A *
Cprop T g : i l !

A
Agp

I *

Fig. 4 Variation in the exergy balance terms of Eq. (??) versus position of the downstream plane for an aircraft in

mechanical equilibrium. A, is not shown.

The transverse kinetic energy is dissipated much later than the streamwise component. Both kinetic
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energies dissipation provides the thermal exergy 6"¢ which is itself dissipated by thermal mixing. Thermal
anergy AVT is mostly associated with jet exhaust thermal exergy dissipation while viscous anergy /l(b is
linked to both wake and jet exhaust dissipation. A = Sm + Sth —+ Atot is the sum of the anergy that has been
generated within the control volume and of the outflows that are going to be dissipated, which is constant
when the downstream plane is moved away from the body. For practical applications, Spmp is expected to

have several times the magnitude of &,.

For low-subsonic flow regimes, typically for M., < 0.3, we can consider the flow incompressible. As
a consequence, the mechanical and thermal aspects of the flow can be considered, to the leading order, only
weakly coupled. Hence, we can isolate all terms of mechanical (resp. thermal) nature from Eq. (??) to form

a mechanical (resp. thermal) exergy relation:

gprop,m = WF + gm + E¢ (3721)

Epropin + Eq + E = Emn + Agr (37b)

The important point is that Eq. (??) is actually equal to Eq. (37) of Drela’s formulation [? ] if we consider
incompressible flows, ignore unsteadiness and assume the outer boundary to reduce to a Trefftz plane. As
expected, the exergy approach provides the capability of thermal energy management on top of mechanical

energy considerations via Eq. (??).

2. Far-field Asymptotic Considerations
It is relevant to study asymptotic developments of the various terms involved in the present formulation
when the downstream surface is extended at infinity downstream. We use the superscript > to indicate the

value of an integral over such a surface:

So *)Soo

A® = lim Tm/ pds(V-n)dS (38)
So
The terms we are interested in are those of Eq. (??) for the case of an adiabatic surface:

éprop = WF + gm + éth + Atot (39)
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The behavior of the right-hand side terms of Eq. (??) will be examined keeping in mind that, as the outer
boundary is moved downstream of the airplane, WT remains constant. The linearization of Gibbs equation
around (Poo, 1) proves the thermal exergy to vanish downstream of the configuration, see appendix C. Also,
to satisfy the second law of thermodynamics, the outflows of mechanical exergy have to decrease towards

zero, being dissipated by viscous dissipation. Inserting these considerations into Eq. (??) yields:

gprop - At(o)? = WP (40)

As aresult, one can briefly consider three different cases:

a. Spmp = A;:;, which means that all work potential (initially stored in the fuel) has been destroyed. WT =

0: the aircraft is in mechanical equilibrium.

b. Spmp > At?jz, which means that the propulsion system has provided more exergy than required for
equilibrium flight. WT > 0: the aircraft would gain energy height and store the exergy supplied in excess

as mechanical energy.

c. é.’pmp < Ati‘;, which means that the exergy supplied by the propulsion system is not able to balance the
total exergy destruction involved. WT < 0: the aircraft would lose energy height and become a power

source in descent [? ].

In agreement with [? ? ], the aircraft acts as an accumulator of mechanical energy that is released during
descent. When in steady flight, the exergy of the system tends to zero and therefore the system tends to
thermodynamic equilibrium, i.e. thermal and mechanical equilibriums. Locally, the temperature, pressure

and velocity tend towards their reference values, the system gets in equilibrium with its surroundings.

III. Aerodynamic Flows over Unpowered Configurations
Although the formulation is primarily developed for powered configurations, its restriction to unpow-
ered airframe cases is presented along with the description of the flow from an exergy standpoint. Then,
connections are made to some well-known far-field drag expressions to demonstrate that their underlying

theory can be related to exergy considerations.
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A. Restricted Exergy-based Formulation
In the absence of propulsion systems, &£,.,, = 0, and considering adiabatic surfaces, £, = 0. As no
thrust is being generated, from Eq. (2?) in appendix A, we get WI' = —DV,,, which means that Eq. (2?)

simply reads:

DVoo = gm + gth + A¢ + AVT + -Aw (41)

which can be considered as an extension to transonic flows of the exergy-based approach to incompressible
flowsof Lietal. [? ? ].

Physically speaking, if we consider a fixed body with an incoming flow as in wind tunnel testing, the
following exergy-based interpretation can be suggested. The incoming flow has a certain exergy due to its
velocity with reference to the fixed body reference frame. As the flow passes in the vicinity of the obstacle,
boundary layers develop and slow the fluid down. This reduction in kinetic energy means that a portion of the
exergy of the flow is destroyed. The total enthalpy massflow across the outer boundary is zero [? ], meaning
that the total energy is effectively conserved. However, there has been a change in forms: viscous dissipation
has converted kinetic energy into thermal energy at temperature 7' whose field is then made uniform by
thermal mixing.

Inserting the internal energy relation (??) into the thermal exergy outflow definition Eq. (??) and invok-

ing the divergence theorem, one gets that thermal exergy outflow can be decomposed into:

Sth=é¢—Aw—/<p—pm>V-Vdv “2)
Vv

The viscous dissipation is a source of thermal exergy resulting from the conversion of kinetic energy into
thermal energy while the thermal anergy destroys this work potential. The last term being associated with
compressibility, the duality of what is named thermal exergy is highlighted once again. Inserting Eq. (??)
into Eq. (??), on gets that, except for the term associated to the shock waves which differs slightly[? ], Eq.
(??) is equal to the restriction to unpowered configurations of the mechanical energy balance proposed by
Drela [? ] if we consider steady mean flows. This author also demonstrated that, outside of the viscous wakes
and propulsion plumes, the total mechanical energy E,+ E, + Ep represents what is generally referred to

as the drag power of the lift-induced vortices, in agreement with various previous approaches [? ? ].
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B. Connection to Far-field Drag Approaches

In 1925, Betz proposed to evaluate the impact on the flow of the body with a focus on experimental
wake survey [? ] which led to a great variety of far-field drag expressions since then. As a consequence,
the present section does not pretend to be an extensive review of all available expressions but rather aims at
making connections between the proposed exergy-based relation (??) and some of the most popular/recent

formulations.

1. Wake-integral Formulations

In 1999, van Dam gave a review of existing methodologies with a focus on computational fluid dynamics
experiences [? ]. Building on the original work of many contributors, it was first assumed that the viscous
stresses can be dropped from Eq. (??) and variations of total enthalpy neglected. Then, introducing the
Gibbs equation and neglecting small interaction drag as well as density fluctuations, the following popular

drag expression was proposed:

D= / S s + / L (w€) dS 43)

where v and ¢ are respectively the crossflow stream function and the streamwise or trailing vorticity. This
expression was proposed by van der Vooren and Slooff [? ] who also suggested the use Eq. (??) to distinguish
between boundary layer drag and wave drag. According to Giles and Cummings [? ], this equation can

equivalently be written as follows:

D:/ pm§d8+/ Lo (0? +0?) a8 (44)
R p 2

As the vortex drag term decreases, there is a corresponding increase in the entropy term, because the total
drag must remain constant. Note however that application of this expression is actually tricky for numerical
flows because, due to numerical dissipation, the accurate computation of the kinetic energy term can only
be achieved close to the body [? ? ] so that the downstream plane should be located nearby the solid. This
may violate the assumptions made for the derivation, mainly that density and axial velocity fluctuations may
not be negligible. As a consequence, whatever the location of the downstream plane, there is an inherent
imprecision in applying Eq. (??) for numerical far-field drag prediction.

This approach, which still forms the underlying theory of many current formulations for the far-field
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drag prediction and decomposition [? ? ? ? ? ? ], can actually be considered as a simplification of
the exergy-based relation (??). This statement is proved by simply multiplying Eq. (??) by the freestream

velocity V, and by replacing poo by poo R1 to get:
1
DV, = Too/ Poo 05 Vo dS +/ ~Poo(V? + w?)Vi dS (45)
TP TP 2

If we consider the outer boundary Sp to reduce to a Trefftz plane, on which (V - n) dS = (Voo + u) dS ~
Voo dS, Eq. (2?) reduces to relation (??) if p >~ p, and if E,, Ep, and &, are neglected. In comparison,
the derivation of relation (??) has not required any assumption[? ] about the flow, and, as a consequence, is

expected to have a greater level of accuracy.

2. Oswatitsch’s Formulation
In 1956, Oswatitsch came to a result generally referred to as entropy drag [? ]. Choosing the control
surface in the far field of the body, he neglected second order terms in the drag expression Eq. (??) and

showed that:

DV, = lim p (Ts 6s — 6h;) (V -n) dS (46)
So *}S(x, SO

which he further simplified by neglecting the change in total enthalpy:

DV, = SOILII}SOO Tso /SO pds(V-n)dS 47
This last equation is well-known by drag prediction specialists as being capable of determining the rate of
work of fotal drag experienced by a body that does not exchange energy (neither mechanical nor thermal)
with the flowing fluid. The outer boundary of the control volume must enclose all entropy changes caused by
the body in the flow field that in some cases extend far away from the body, for example, those caused by the
decay of the vortex sheet behind a wing. As the integral converges towards its final value, the overall impact
of the body on the flow is considered and from an energy standpoint, this illustrates the fact that the system
tends towards a thermodynamic equilibrium, which is characterized by a maximum entropy.

The aerodynamic conditions of Oswatitsch development are similar to those assumed for the asymptotic

considerations introduced in paragraph ?? so that the same result is to be found: Eq. (??) precisely reduces

to Eq. (??). Oswatitsch’s formulation is an asymptotic development which makes it rather difficult to apply
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to realistic CFD applications due to constraints on mesh extent. In comparison, Eq. (??) has the advantage
of being valid close to the body under study.

Noteworthy, Oswatitsch additionally made the connection to a theorem of thermodynamics according
to which the decrease of the useful work of a heat engine (as compared with the theoretical efficiency) is
equal to the entropy increase of the total system multiplied by the ambient temperature: the Gouy-Stodola
Theorem [? ]. As a consequence, and by virtue of Eq. (??), Oswatitsch can be considered as having provided

the first exergy-based formulation for the prediction of airframe aerodynamic performance [? ? ? ].

Although the present selection is not exhaustive, it has been shown that many (past and current)
momentum-based far-field drag expressions required some thermodynamic considerations and that their un-

derlying theory can be consistently related to the proposed exergy-based formulation.

IV. Discussion on the Formulation

A. Design Perspective

Designers being used to manipulate non-dimensionalized values to compare different configurations, in
a direct analogy to traditional drag coefficient, all power terms of relation (??) can be non-dimensionalized
by the power of the freestream dynamic pressure-force in order to express power coefficients. For example,

for Eprop:

> SPT'OP
= 4
Cgprop 0'5p00 Vo?’oAmf ( 8)

By doing so, the magnitude of the power coefficients is directly comparable to the traditional drag coef-
ficients. Also, the absence of thrust and drag could appear somewhat puzzling in a design perspective.
However, the knowledge of these two forces is not mandatory for estimating basic performance of the con-
figuration under study. For example, as for the power balance method [? ], an exergy-based range equation

can be introduced, see appendix D:

1 CL W,
Re = TsFro <CA> = <Wf) “9)

where, for propulsion, E\SFC is the exergy specific fuel consumption as defined by Eq. (??). For aerody-

namics, CL is the (traditional) lift coefficient and C' A* is the power coefficient of the sum of all outflows
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and anergy generation within the control volume. For structures, it is the (usual) ratio of the initial to final
weight. As expected, reducing the specific exergy consumption as well as all exergy outflow and destruction
would improve the performance of the vehicle.

Additional developments are likely to be required before the approach can be readily adopted by aircraft

designers, however, chances are good that it would fit traditional aircraft performance indicators.

B. Original Contributions and Relations to Existing Work

The present formulation is a continuation of the various recent efforts mentioned in the introduction, es-
pecially those of Riggins etal. [? ? ? ] focusing on hypersonic vehicles with simplified model examples. On
the contrary, the focal point of the present formulation is commercial aircraft flying at subsonic to transonic
regimes with an emphasis on high-fidelity CFD applications [? ? ]. Also, the present formulation provides a
richer phenomenological decomposition of the outflows which is analogous, for the mechanical part, to the
one proposed by Drela [? ].

Over this mechanical energy balance, the formulation proposed here has the advantage of being a com-
ponent of a larger and well-founded vehicle design philosophy based on exergy management [? ? ? ] for
tracking and estimating any potentially recoverable waste and linked to thermoeconomic considerations [? ?
]. Additional benefit comes from the thermal management capability which could be applied, for example,
to efficiently integrate heat exchangers on aircraft.

Regarding propulsion, a large panel of highly integrated propulsion devices can be evaluated and effi-
ciency characterization can be achieved with thermal energy considerations and for under-/over-expanded
nozzles. In the case of more traditional propulsion systems integration, the propulsive exergy term can be
decomposed to express the propulsive thrust power and therefore the approach proposed here could fit con-
ventional drag/thrust bookkeepings [? ? ]. Also, greater insight into jet engines’ performance could be
achieved through the use of dedicated figures of merit such as gas horsepower or thrust work potential [? ?
1.

As regards unpowered configurations, although not the main focus of the present work, the restricted
formulation is well-founded and can be considered as an extension to transonic flows of existing drag formu-

lation based on exergy considerations [? ? ]. Additionally, its derivation requires less assumptions about the
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Finally, having a single formulation and numerical (post-processing) code for both engine/airframe in-
tegration and aircraft thermal management is believed to provide a rational and consistent framework for
the design of advanced architectures. To the authors knowledge, no formulation that combines all these
various aspects for high-fidelity RANS computations post-processing is currently available to the aerospace

community.

V. Conclusions

An exergy-based formulation has been derived combining a momentum balance along with a first and
second laws analysis. The choice of exergy is motivated by its ability to provide a consistent system-level
framework to design complex aerospace systems. The output of the derivation is a balance between the
exergy supplied by the propulsion system and its (partial) destruction within the control volume. Relation
is made between the aircraft mechanical equilibrium and the flow phenomena that directly influence flight
power requirements. As the formulation does not rely on the separate definitions of thrust and drag, it is
suitable for the performance evaluation of aircraft concepts with boundary layer ingestion. The common
currency aspect of the exergy analysis could facilitate the development of such concepts that are highly
multidisciplinary.

Characterization of the various outflows that could be valued was made, i.e. the wakes and jets as well
as lift-induced vortices. It was pointed out that, through the exergy point of view, any flow perturbation is
seen as a potential for improvement. This represents a radically different perception of the flow as compared
to a traditional momentum analysis. Asymptotic considerations made clear that the thermal and mechanical
exergy outflows vanish far downstream of the configuration; the work potential being destroyed by viscous
dissipation and thermal mixing. When the aircraft is in mechanical equilibrium, all the fuel work potential
is destroyed by the various irreversible flow phenomena, while it stores any exergy supplied in excess when
more thrust is generated than drag.

Finally, restriction of the formulation to unpowered airframe cases was made and connections to re-
cent/popular drag prediction formulations were provided. It was demonstrated that the underlying theory of

many momentum-based far-field drag expressions can be related to exergy considerations, their derivations
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requiring more assumptions about the flow.

Appendices

A. Aircraft Force Balance

A force balance of a flying aircraft is reminded for taking into account the mechanical equilibrium of
the airplane. This force balance is made in the Earth reference frame in which we consider the aircraft as a
mass moving at velocity V... We assume that the thrust and the drag act in the flight path direction; the net

resultant axial force being noted F;. A popular result is that a general force balance [? ] yields:

E,Ve =WT (50)

where we consider the aircraft weight W to be constant. As a consequence, if more thrust is provided than
drag, we have that F;,V,, > 0. This excess power represents a potential for a gain in aircraft mechanical
energy, i.e. an increase in height and/or velocity. If F, = 0, the propulsion system provides as much thrust
as the drag of the configuration and the aircraft is in mechanical equilibrium[? ], WT = 0 and there is no

potential for acceleration.

B. Thermal Exergy Breakdown
From Gibbs equation, Eq. (??), for a perfect gas (p/p = RT), one can show that entropy, and therefore

anergy, is a function of two independent variables such as temperature and density:

vT 1
Vs=cy— + Rp V- (51)
T p

The integration of this relation between the local state (7', p) and the reference conditions (T, po ) yields:

8s (T, p) = 65 (T, poo) + 05 (Teo, p) := ¢, In (;) + R In <p;°> (52)

o0

It is thus possible to isolate the anergy variation due to pure thermal processes and due to compressibility

effects. This decomposition can be introduced into the thermal exergy definition, Eq. (??), to get:

éthz/sop [Ge — Tow 05 (T, poo)] (V-n)dS—&—/SO e~ T 38 (T pl) (Vom)dS

é"m(T) gthr(p)

where the two terms are defined hereafter:
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S’th(T) : the outflow rate of thermal exergy at constant volume

Enr) = Eun (T, poo) = /

pc,T [1 _Ix In <T>} (V-n)dS (54)
So T

Tw

This is the part of thermal exergy that is proportional to ¢,, and thus named thermal exergy at constant
volume. When the magnitude of 47" is small compared to T, we can use a second order Taylor series
of In(T/Tw) = In(1 + 6T /T4 ) to prove that the integrand is equal to p ¢, (T — Tiy)? /(2T )(V - 1)

and that the convected quantity is positive [? ].

é}h( p) - the outflow rate of thermal exergy associated with volume change

Einp) = Eth (T, p) = /
s

Poo {1 - pi In ("’;)] (V-n)dS (55)

The integrand can be re-written as pRT . [1/x + In(x)](V - n) where = p/po > 0 to prove that the

convected quantity is strictly positive.

Although the compressibility of the flow can be considered of mechanical nature, as thermal energy
and compressibility are closely related outside of viscous regions, they are gathered under the terminology
thermal. The distinction of the two phenomena could make sense in regions where there are important

expansions/compressions such as in engine nozzles.

C. Thermal Exergy Outflow
Assuming the fluid locally weakly perturbated in terms of temperature and pressure, we can linearize

Eq. (??) around (T ~ Ty, p ~ p~o) and neglect second order terms to get:

T §s = de + pwa(%) (56)

which, multiplying by the local mass flow p(V - n) and summing over the outer boundary far downstream

yields, using the mass conservation Eq. (??):

lim Too/ pds(V-n)dS = lim pde (V- -n) dS—i—Slim Poo (V-m)dS  (57)
So

So0—8x So—8s J s, 0S80 J 5,
which can be combined with the definition of thermal exergy Eq. (??) to prove that the thermal exergy far
downstream of the airplane is zero, é"t,‘f’ = 0. On the contrary, the linearization of Gibbs relation is not
possible when the surface of integration Sp is close to the engine exhaust jet in which case the temperature

may be far from the reference conditions which precisely indicates that the thermal exergy &1, is substantial.

31



D. Exergy-based Range Equation

This appendix presents the derivation of the exergy-based range equation which is obtained in a very

similar manner as for the power balance method [? ]. During the flight, the time rate of change of weight is

linked to the time rate of weight of fuel burnt W

aw .
B v 74
dt f

One can define an exergy specific fuel consumption ESFC as:
ESFC = YI

prop

and therefore re-write Eq. (??) as:

aw ;
—W = ESFC 5}77“01)

(58)

(59)

(60)

Considering the aircraft in a steady level flight, we have that W = L where L is lift. If we consider adiabatic

surfaces, according to Eq. (??), we have that é"pmp = A* where A* is the sum of the anergy generated and

all outflows. Therefore, one can write:

) . W
& rop — = A —
prop = A A i

and re-write Eq. (??) as:

W BSFC
d ~ (L/A)

Assuming L/ A* and ESFC to be constant along the flight path, one can write:

_dW _ ESFC

W (L/AY)

and integrate to get a relation of the weight W at a given time ¢ and the initial weight W;:

(i) B

For the final time #; of the flight we have, introducing the final weight W:

tr = 71 i In Wi
= ESFC i  \W;
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(61)

(62)

(63)

(64)

(65)



Therefore, the (exergy-based) range R flown at a given flight velocity V.., during the flight time ¢ ¢ is simply:

1 LV, W
= Vi Xty = e gy (2 66
Re=Voo XUt = popC 4o H(Wf> (00)

which, introducing the non-dimensionalized lift and anergy power coefficients yields:
1 CL W;
Re=———=|— 1 67
* = ESFC <c,4*> n<Wf) 67
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