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Abstract

In this paper we provide a second order analysis for strong solutions in the optimal control
of parabolic equations. We consider the case of box constraints on the control and final integral
constraints on the state. In contrast to sufficient conditions assuring quadratic growth in the weak
sense, i.e. when the cost increases at least quadratically for admissible controls uniformly near to
the nominal one (see e.g. [14, 24]), our main result provides a sufficient condition for quadratic
growth of the cost for admissible controls whose associated states are uniformly near to the state
of the nominal one.

As a consequence of our results, for qualified problems with a strictly convex and quadratic
Hamiltonian we prove that both notions of quadratic growth coincide.

Keywords. Optimal control, semilinear parabolic equations, strong solutions, quadratic growth.

MSC. 49J20, 49K20, 35Q93.

1 Introduction

Besides its applications in several fields such as biochemistry [17], inverse problems [2] and biology
[27], the optimal control of systems governed by nonlinear parabolic equations is one of the proto-
types, together with the case of optimal control of hyperbolic systems, of optimization problems of
evolutive systems. We refer the reader to the monographs [21, 26] for a rather complete review of
the theory, the associated numerical analysis and some interesting applications (for the latter see in
particular [21, Chapter 1}).

In this work we consider the optimal control problem of a semilinear parabolic equation where
bounds constraints are imposed on the control and finitely many constraints are imposed on the state.
Thus, our constraints are partially polyhedric in the sense of [10]. For the sake of clarity and also
because of its analogy with the corresponding study for ordinary differential equations, we suppose
that we have integral constraints on the final state. In the same spirit than [3], we can consider several
notions of local solutions and of local solutions satisfying a quadratic growth property. Namely, we
will say that @ is a weak solution of the problem if it minimizes the cost locally on the constraint set
with respect to the L°°-norm. Moreover, if locally in the L> norm the difference between the cost of
an admissible control u and the cost of @ is greater than a positive constant (independent of ) times
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the square of the L? norm of u— @, we will say that @ is a solution of the problem satisfying the weak
quadratic growth condition. A characterization of the latter property and its equivalence for some
specific problems with a stronger notion of solution, are studied in [24] (see also [15, 5, 14, 9] and the
references therein for other studies on the topic). Another type of local solution, whose definition
goes back to the beginning of the theory of Calculus of Variations (see [20] for detailed analysis and
[4] for a short survey), is the following: the nominal control u is a strong local solution of the problem
if it minimizes the cost with respect to controls whose corresponding states are uniformly close to
the nominal state. If the corresponding quadratic growth property holds true, then we will say that
u is a strong local solution satisfying the quadratic growth property. We refer the reader to Section
2 for precise definitions of the notions explained above.

Our aim in this work is to study second order optimality conditions for strong solutions satisfying
the quadratic growth condition. Following the ideas in [3], we prove first in Theorem 3.3 a decompo-
sition result for the variation of the cost in terms of large and small perturbations in the L°°-norm
of the nominal control. This decomposition is the basic tool to prove our main result, which is a
sufficient condition for the quadratic growth property in the strong sense, proved in Theorem 4.4.
The result states that if stronger forms of the classical Pontryagin’s principle (see [16, 11, 13]) and
of the usual coercivity of the second derivative of the Lagrangian, supposed to be a Legendre form,
hold true, then the quadratic growth property in the strong sense is verified. In the case where
no final constraints are considered, the Legendre form assumption can be dropped which yields a
characterization of quadratic growth in strong sense (see Theorem 4.5). The latter result extends [3,
Theorem 4.24], established for semilinear elliptic equations with pure control constraints.

As a consequence of the previous findings, we obtain in Section 5 some unexpected results. Under
some continuity assumptions on the data, we have that if the Hamiltonian associated to the problem
is quadratic and strictly convex with respect to the control and a constraint qualification condition
holds true, then the notions of quadratic growth in the weak and strong sense are equivalent. When
we consider only control constraints, the equivalence between the two notions of solutions holds true
without any qualification condition (see Theorem 5.4). Of course, these arguments provide also the
proof of the analogous statements in the case of optimal control problems of ordinary differential
equations (see [7, 8]) and of semilinear elliptic equations (see [3]).

The article is organized as follows: in Section 2 we recall some basic properties of semilinear
parabolic equations, we state the optimal control problem and also our main assumptions. In Section
3 we study in detail a second order expansion of the Lagrangian of the problem and we prove the
decomposition result. In sections 4 and 5 we prove our main results: the sufficient condition for
quadratic growth in the strong sense, the characterization of this property in the case of pure control
constraints and the equivalence with quadratic growth in the weak sense for strictly convex quadratic
Hamiltonians. Finally, in the Appendix we provide the proof of some technical results stated in
Section 3.

2 Preliminaries

From now on, we fix a non-empty bounded open set Q2 C R? (d € N) with a smooth boundary. Let
us also fix 7' > 0 and set @ = 2x]0,7[ and ¥ = 92x]0,T|[. For s € [1,00] and k € N, we denote by
|- |ls and || - |lyyx. the standard norms in L*(Q2) and W*#(Q), respectively. For s, s € [1,00], we
set L°152(Q) := L' ([0, T]; L*2(R2)) (see e.g. [19]), which can be identified with the set of measurable
functions f : @ — R satisfying

1

T % 1
Hf”s1,52 = </O </Q ’f(t,x)‘”dw> dt) < Q.



Endowed with the norm || - |5, s, we have that L**2(Q) is a Banach space. For s €]1, 00| consider
the space
VE(Q) = L*([0, T W5(Q) N Wy (@) n Wh#([0, T]; L* (), (2.1)

which endowed with the natural norm

d d
lzllvs = l1zlls,s + 10e2lls,6 + D 1822 llss + D 10z 2lls,s:
=1

1,7=1

is a Banach space. The following properties of the spaces V* will play an important role in our
results. For the proof we refer the reader to the monograph [6].

Lemma 2.1. Let 1 < s <'s; < 0o, with i =1,2. Then, the following assertions hold true:

(i) The space V*(Q) is continuously embedded in L*'*2(Q) if
1 1 n d (1 1 <1 (2.2)
s 81 2\s sy) "7 '

Moreover, if (2.2) is a strict inequality, then the embedding is compact. In particular, if

() (- 1)< =

then V*(Q) is continuously embedded in L%*1(Q) (compactly embedded if the inequality is strict).
(ii) The space V*(Q) is continuously embedded in CO'=1/5([0, T]; L*(Q)) (the space of (1—1/s)-Hélder
applications with values in L*(2)).

(iii) The space V*(Q) is compactly embedded in C(Q) (the space of continuous functions on Q) if
(d+2)/2s < 1.

_2
Given & € W02 7(Q), with s > (d+ 2)/2, a € L>*°(Q) and v € L®*(Q) recall (see e.g. [18,
Chapter 4, Theorem 9.1]) that the linear parabolic equation
at§ - A§ + a(t7 .%')5 - U(t7 .%'), in Qa
£ = 0, inY, (2.4)
§0) = & inQ,

admits a unique strong solution £[&g, v] € V*(Q), i.e. the equation is satisfied almost everywhere and
€[€0,v](0,-) (which is well defined by Lemma 2.1(i)) is equal to &. Moreover, there exists ¢s > 0
such that following estimate holds true (assuming &y = 0, for simplicity),

1€0, v]llvs < csllvlls,s- (2.5)

Using Aubin’s Theorem (see [1, 25]), it can be easily checked (see e.g. [24]) that the linear appli-
cation v € L?2(Q) — £[0,v] € L*2(Q) N C([0,T]; L*(R)) is continuous when L*2(Q) and L?2(Q) N
C([0,T); L?(2)) are endowed with the weak and the strong topologies, respectively. Finally, the
following estimate (see [24]) will be also useful in Section 3

1€[0, 01, D)1 + [[€[0, v][l1,1 < exf|vlf1,1,  for some ¢; > 0. (2.6)
Given u € L>®(Q) and ¢ : Q@ x R xR — R, we consider the following semilinear parabolic equation:

aty - Ay + So(t’ z,Y, u) =0 in Q’
y(,) = 0 inX, (2.7)
y(0,-) = wol(-) inQ.

3



For a function ¢ = ¢ (z,t,y,u) differentiable w.r.t. to the third and fourth coordinates we will write
Yy (2, y,u) for D, y(t, z,y,u) and oy (t, v, y,u), Pu(t,z,y,u) for the partial derivatives of ¢
w.r.t. y and u respectively. Similar notations will also be used for the second order derivatives. We
assume that

2
(H1) (i) The initial state yo belongs to Wo <%(Q), with s > (d +2)/2.
(ii) The function ¢ is measurable and for all R > 0 there exists ¢ = ¢(R) > 0 such that

—c(1+y]?) < ot 2, y,u)y forall (t,z,y) € Q@ xR, [u] <R.

(iii) For a.a. (t,z) € Q the function ¢(t,x,-, ) is C2, the application (t,z) — ¢(t,z,-,) € C*(R?) is
measurable and there exists ¢ = ¢(R) such that |(y,u)| < R and |(y/,«’)| < R imply that

[Py, (E2,0,0)| + [@(y,u)z2(t,2,0,0)] <c,
[P (y) (2, Y1) — @tz u) < ey — o'+ lu — '), (2.8)
[ P@ue (b2, y,u) = o uz(t 2,y u) < cly =y + Ju—u]).
Denoting by C*#(Q) the space of functions defined on @ that are a-Holder continuous w.r.t. ¢ and
B-Holder continuous w.r.t. x, the following result holds true (see e.g. [11, 16, 24]).

Proposition 2.2. Under assumption (H1) for any u € L°*°(Q), equation (2.7) admits a unique
solution y[u] € V*(Q) N CP/2P(Q) for all s €]1,00].

Remark 2.3. The result stated in the above Theorem holds true under weaker assumptions than
(H1) (see [11, 16, 24]). As a matter of fact, the hypothesis on the second derivatives of ¢ are not
necessary for the well-posedness of (2.7), but they are fundamental for the second order expansions
derived in the next section.

Let us consider / : Q x RXR - R, @: QxR >R, Pp: QxR - R, &;: Q xR — R™
satisfying the following assumptions:
(H2) The function ¢ is measurable and satisfies (H1)(iii) with ¢ in place of ¢. Moreover, if 1) =
O, 9" ®J (ie{l,...,ng} and j € {1,...,ns}) we have that
(i) v is measurable.

(i) For all z € Q, 9(z,-) is C?, the application x +— 9(z,-) € C?(R) is measurable and there exists
a constant ¢ = ¢(R) > 0 such that for all y, ¥’ € R with |y| < R, |¢/| < R, we have that

|¢y(xa0)| + |71Z)yy(xa0)| <e¢ |wy($,y) - ¢y($ay/)| <cly -9,

, / (2.9)
|¢yy($,y) - ¢yy($,y W< cly -y

Let us define the functions J : L°(Q) — R, Gg : L>>°(Q) — R"2, G : L>*°(Q) — R™ and
G : L®®(Q) — R"ETM a5

J) = [ lt,z,yul(t z),ut,z)dtds + [o ®(z,y(T,z))dz,
G%(u) = J @%(m,y[u](T,x))dx for z =1,...,npg, 2.10)
Gi(u) = [o®(x,yu](T,z))dz for j=1,...,np,

G(u) = (Gg(u),Gr(u)).

Notice that, under assumptions (H1)-(H2), the functions J, Gg and Gy are well defined. Given
a,b € L*>°(Q) such that a < b a.e. in @, let us define the sets

Ki = {uel®>®Q); a(t,z) <u(t,z) <b(t,z) a.e. in Q},
Ky = {ue Loo(Q) 5 Gin(u) =0, Gi(u) <0, i=1,... ng, j= 1,...,n1},
K = KinNnkKs.



We consider the optimal control problem

inf J(u) st. uelk. CP
wepit o T (cP)

When no final constraints are considered on the state, we will denote the problem by (C'P’), i.e

inf  J(u) st. uwe K. (cpP)
u€L>>0(Q)

We consider the following notions of solution for problem (C'P) (the corresponding notions of solu-
tions for (C'P’) are obtained by replacing K by Kj).

Definition 2.4. We say that
(i) w is a weak local solution of (C'P) if there exists € > 0 such that

J(u) < J(u) forall we K such that ||u—tl/sc00 < €. (2.11)

If in addition, there exists o > 0 such that

J(u) + %Hu —al®* < J(u) forall ue K such that ||u— oo <eé, (2.12)

we will say that @ is a weak local solution of (C'P) satisfying the quadratic growth condition.
(il) w is a L*-weak local solution (s € [1,00[) of (CP) if there exists € > 0 such that

J(u) < J(u) forall uwe L such that |ju—ulss <e. (2.13)
If in addition, there exists o > 0 such that

J(u) + %Hu —a|? < J(u) forall u€ K such that |ju—1lss <e, (2.14)

we will say that u is a L*-weak local solution of (C'P) satisfying the quadratic growth condition.

(iii) @ is strong local solution of (C'P) if there exists € > 0 such that
J(u) < J(u) for all we K such that ||y[u] — Ylloc,0o < €, (2.15)

where y = ylu]. If in addition, there erxists o > 0 such that

J(u) + %Hu —a|® < J(u) for all u €K such that |ly[u] —7llsooo < €, (2.16)

we will say that u is a strong local solution of (CP) satisfying the quadratic growth condition.

Remark 2.5. Since foru € K and 1 < s1 < s9 < 0o we have that

/\u(t,x)\”dtdng”_sl/ lu(t, z)[* dtde,
Q Q

s 51
with M := max{||a||co,00 [|b]lcc,00}, it holds that |ullsys, < leéHquisl and thus the relative
topologies of L*1°1(Q) N K and L**%2(Q) N K are equivalent. This implies that for s € [1,00[ the
notions of L*-weak solution and L*-weak solution (respectively L*-weak solution and L'-weak solution
satisfying the quadratic growth condition) are equivalent. As a consequence, using that Lemma 2.1(iii)
and Lemma 3.1 in the next Section imply that ||y[u] — §llcc.co < ||u — @llss for s large enough, we

obtain that |[u — all;,1 — 0, for u € IC, implies that ||y[u] — ¥|lco,c0 — 0.



3 Second order expansions and a decomposition result

The Lagrangian £ : L>®°(Q) x R"2 x R — R and the Hamiltonian H : Q x R? associated to (C'P)
are defined as

L(u,\) = J(u)+A"G(u) where A= (Ag, \;) € R"® x R,
H(t,z,y,p,u) = L(t,xz,y,u) —pp(t,z,y,u).
Now, let us fix u € K and set y := y[u]. Given A = (Ag, A1) € R"2 x R"™ define
DN (2,y) = ®(x,y) + Ap®Pp(z,y) + A\ @(z,y) forally eR, z €.

(3.1)

The adjoint state py associated to @ is defined as the unique weak solution of
—0ip — Ap — Hy(t, 2, y,p,u) = 0 inQ,
p = 0in X, (3.2)
p(T) = @A o(T)).

By (H2)(ii) and the maximum principle one has p) € L°*°(Q).

The aim of this section is to provide a decomposition result for a second order expansion of the
Lagrangian £ in terms of the Hamiltonian and the adjoint state in the spirit of [3, Theorem 3.5].
The key issue is that we consider perturbations v of @ that are not necessarily small in the || - ||o0 00
norm. We will need first some precise informations about the effect of this type of perturbations
on the application u — y[u]. We collect in the following lemma some results of this type. For a
function ¢ : @ x R x R — R we will denote ¢(t,x) := ¥(t, z, 5(t, z), u(t,z)) and given u € L>>(Q)

we will write 6¢(¢, ) = P(t,z,y(t, ), u(t,z)) — (t,z). Similarly, for ¥ : Q@ x R — R we set
U(x):=V(x,y(T,x)).

Lemma 3.1. For v € L**(Q) set u:= u+ v and let us define z1[v] € V*(Q) and z2[v] € V*(Q) as
the solutions of

Orz1 — Az1 + 9, (t, x)21 + p(t,z) = 0 in Q,
z1 = 0 inX, (3.3)
21(0,-) = 0 n S
and
Orza — Dzg + B, (L, 2) 20 + 59, (L, 2) 21 [V]* + 0y (8, 2)21 0] = 0 in Q,
zo = 0 inX, (3.4)

22(0,-) = 0 inQ,

respectively. Then, setting 0y = ylu] — g, di[v] = dy — z1[v] and da[v] = di[v] — 22[v], the following
estimates hold true
[z1[ollvs + [16yllvs = O([[vlls,s),

ldi[v]ll2,2 + |1 [0](T, ) ll2 = O ([[6yloc,0[[v]l2,2) , (3.5)
lda[v]]l1,1 + [[d2[v)(T, )l = O ([0ylloc,scll0]l32) -
Proof. The proof is postponed to the Appendix. O

Let us now fix some notations. Given u € L°*°(Q) and A € R"6T"1 we write du := u — @ and
F[)\](t, z) = H(t, z,y(t, ), pa(t, x), u(t, z)), (SF[)\](t, z) = H(t, z,y(t,2), pA(t, x), u(t, z)) — F[)‘] (t,x),
H t,

yN (@) = Hy(t,2,5(t, ), pa(t,2), a(t,2)),  SHy[N(t, @) == Hy(t,2,5(t, @), ba(t, 2), ul(t, x)) — Hy[N(t,2),

(3.6)

with similar notation for the second order derivatives. Using the estimates obtained in Lemma 3.1
and the definitions of the Hamiltonian and the adjoint state p, we can prove the following result.



Proposition 3.2. (i) We have the first order expansion of the cost:
£l A) = £03) = [ SHDI(E )i + Oyl oulz2), (37)

where the O-term is uniform for X in a bounded set of R"E+T™

(ii) We have the following second order expansion

L(u,A) — L(u,\) = fQ [SHN(t, ) + $Hyy[N(t, ) (21[6u])? + 6H [N (t, ) 21 [6u]] dtda (3.8)
+ Jo PyylN (21 (00 (T, 2))?dz + O ([|0ylo,00ll0u13 5) '
where the O-term is uniform for X\ in a bounded set of R"E+T™
Proof. See the Appendix. O
Given v € L*?(Q) define £[v] € V%(Q) as the unique solution of
KE — AL +P,(t,0)E + By (tx)y = 0 inQ,
& = 0 in X, (3.9)
£€0,) = 0 in€Q.

Given A\ € R"5+71 let us define the linear and quadratic forms Q1[u, ] : L>?(Q) — R, Qaa, ] :
L*2(Q) — R as
Q1[u, AJv = fQ Jo(t, z)dtdz,
Q2lu, Al(v) = [y H J(t, 2) (€[], v)*dtda + [o ®yy[N (@) (E[)(T, 2))? da

Now, let us consider a sequence uy € L°*°(Q) such that ||uy —u|l22 — 0 and let Ay, By, be a
sequence of measurable subsets of [0,7] x € such that |A; U Bg| =T x || and |Bg| } 0 as k T o0

(3.10)

(where we set | - | for the Lebesgue measure of a Lebesgue measurable set). Recalling (3.3), we set
Opu i=up — U, Oa,u:=ly, (ug — ), 0B, U 1= Okt — 04, U, (3.11)
2=z [0pu), 2= 2z[0a,u]  and 2P = 2 [0p,0]. .

Similarly to (3.6), we write 0z H[\|(t, x) = H(t,z,5(t, ), pr(t, z), up(t, x)) — H[N(t, ), with an analo-
gous definition for &, H,[A|(¢, z). Using Proposition 3.2, we prove now the main result of this section,
that will be fundamental in Sections 4 and 5.

Theorem 3.3. Suppose that ||6xul22 L 0 and that ||04,%]/co,00 + 0. Then,
By,

where the o-term is uniform for X in a compact set of RMETT

Proof. Let us first prove that

L(up, N) = L(@,\) =[5 SpH[N(t,z)dtdz + Jo [Hu[N(t,2)0a,u+ Hy w2 [Nt 2)(24, 64, u)?] dtdx

+ Jo @yy N (2 (T, 2))*dz + o([|dpul3)-
(3.13)



The proof is based on expansion (3.8). For notational simplicity we omit the dependence on A for H
and its derivatives. First note that, since ||d4, %||00,00 4 0, a Taylor expansion implies that

fAk SpH(t,x)dtde = fQ [H,(t,2)0a,u+ $Hyu(t, ) (64,1)%] dtdz + O(16.4, ullso,00 164, ull32),
— fQ [Hu(t,x)@;ku + %Huu(t,x)(éAku)Q] dtdx + O(H(SkuH%Q).

(3.14)
Thus, if
f [%F y(t,z)(2 k)2+5kﬁ zk]dtd:c = f [%E y(t, ) (% A’“)Q+ﬁyu(t,x)z‘4’“5,4ku]dtd:c+0(||5ku||%),
Jo @y NGEH(Tx)2de = [ ®yy [N (2 (T, 2))dz + o || 0xul13)
(3.15)

holds true, relation (3.13) follows from (3.8) and (3.15). Let us prove (3.15). Note that
/ [$H ,, (t,2) (%)% + 6, H (¢, x)2"] dtde = / [3H ,, (t, ) (2™%)? + 6, H (¢, )2 ] dtda + 7y, (3.16)
Q Q
where

Il = O < / [1GA4) = )]+ ol — 4] dtdx) —¢ ( / (1222 4 122+ |24 + S|z dfdf“)'
Q Q

By (2.3), there exists ¢; €]1,2[ and g2 €]2, 00[ such that |[25%||20 = O(||65, ullg.q) and |2 g.q0 =
O([[6a,ul|2,2) = O(||0kul|2,2). By Holder inequality (and setting s* := s/(s — 1) for s €]1, 00[) we get

Jun

1
a1 2" 2\
Iomcll s = ( | 19maldeda) ™ < ([ 1) (@) o) & ol = o). (347
Q Q
Therefore, using Holder inequality again, 7, = o(||dxul/2,2) and so

/Q [%Fyy(t, z) (%) + 5kﬁy(t,x)zk} dtdx = /Q [%Fyy(t,x)(zA’“)2 + 6 H (2, x)zA’“} dtdz + o(||6xul2,2)-

Now, since ||04,%|lso.c0 — 0 We have that ||z ||oe 0o — 0 and so o
fQ SpHy(t, x)z 4 dtde = fQ Hyu(t,2)2% Spudtdr + O (fQ || ? |2 4% |dtdx) , (3.19)
= o Hyu(t, )z Gudtdz 4 o([|0xul|3 ).
Noting that ¢5 €]1,2[, we get
[ untt.5)2 05, s = 0 (12 ) = ofll5eul}).
and so (3.19) yields
/Qdkﬁy(t,x)zAkdtdx = /Qﬁyu(t,x)zAkéAkudtdx—i—o(HékuH%Q). (3.20)

Combining (3.18) and (3.20) gives the first identity in (3.15). In order to derive the second one, note
that Fubini’s theorem implies that

2F(t, x)0p 2" (¢, x)dt] dz,

Jo @uyN(H(T,2))2de = 2 [, yy[N]
@, [Nz tm)@tz (t,z)dtdx.

:QfQ

oo



Analogously,

/Eyy[)\](zAk(T,x))de = 2/ Eyy[)\]zA’“(t,m)@tzA’“(t,x)dtdx,
Q Q

Therefore, using
2RO,k — AR AR = (2 — zAk)atzk + 9y(2F — zAk)zA’“ = 2Be9,2F + 8,28k 2,

we obtain

/Q [Eyy[)‘](zk(ﬂx))z - Eyy[)\](zAk (T7x))2] dz

~0 (/ [\szHatzk\ + \atszHzAky} dtdm) .
Q

By considering ¢; €]1,2[ and g2 €]2, 00| as above, Holder inequality implies that

|Jo [Byy N (ZH(T,2))% = @y N (2(T, 2))?  da| = O (|27 [l220102* 122 + 10627 |z 05 12* [l g2.2) »

= o[ldxull3 5),

where we have used (2.5) in order to estimate [|0;2%]2,2 = O(||6pull2,2) and |0;25¢ || g gx = O([|6B, ullgz.q2) =

o(||6xul|2,2). Expansion (3.13) follows. Now, defining (¥ := 24 — ¢& where ¢F := ¢[04,u] (recall
(3.9)), we have that
ot = AP+, (t2)¢F = O(|oa,u?) inQ,
¢ = 0 inY, (3.21)
¢k0,:) = 0 inQ.
By (2.5), we obtain that

1
2
12 + ICH(T, 2 = O ( /Q \5Akur4dtdm) = O (|6, ullsocollBay tll22) = o5 ull2).

Using this estimate, it is straightforward to obtain (3.12) from (3.13). O

Remark 3.4. When ||0ul|22 is small, (3.12) provides a second order expansion of L(u, ) — L(a, \)
that is decomposed in two principal terms. The first one corresponds to a classical “weak” second
order expansion (see [24]) on dully (4 denotes the indicator function of the set A) with A being a
measurable set such that ||duls||eo 0o is small. The second term in the expansion takes into account
large deviations of u(t,x) around u(t,z), but over a set of small measure.

4 Second order analysis for strong solutions

In this section we study second order optimality conditions for strong local solutions. Let us first
recall that given a Banach space (X, || - ||x) and K C X, the tangent cone to K at u is defined as

Tg(u) ={veX |Julo)=u+ov+o(oc) e K, 7>0, ||o(c)/c||x =0, as o | 0}. (4.1)

Definition 4.1. (i) We say that A = (Ag, \;) € R"6T" s q Lagrange multiplier at u € K if
Q1lu, Nv >0 for all v € Ti, (@), N >0, MGi(u) =0, forall j=1,...,n;. (4.2)

The set of Lagrange multipliers at u is denoted as Ap(u).
(i) We say that X = (Ag, A1) € R"ET™ s a Pontryagin multiplier at u € K if X € Ap(u) and a.e.
m Q

HM\(t,z) < H(t,x,y,px,u) Y u € [a(t,x),b(t,z)].
The set of Pontryagin multipliers at u is denoted as Ap(u).



Let us define the active sets

Ag(u) :={(t,z) € Q; ult,z) = a(t,x)}, Ap(u) :={(t,x) € @; ult,x) = b(t,z)},

_ . i (4.3)
I(u) =={j € {1l,...,n1}; Gp(a) =0}.
If the Robinson’s constraint qualification condition (see [22])
0 € int{G(a) + DG(u) (K1 —u) — K2} (RCQ)

holds true, then by [24, Lemma 4.2]

Tic(u) == {v e L**(Q); v>0 in A,(a) and v < 0 in Ay(a), DGg(a)v =0, DG} (a)v <0Vie I(a)}.
(4.4)
Moreover, as a consequence of [13, Corollary 2.2], at any weak solution @ of (C'P) we have that Ay (@)
is a nonempty compact subset of R*&+7r1
The critical cone Ci(u) to K at @ is defined as

Ck(u) :=={v € Ti(u) ; DJ(u)v =0}. (4.5)

In order to provide a second order necessary condition we will assume the following constraint
qualification

(H3) There exists A € Ap(u) such that
0 € int (DG(a) [(/cl — @) N (H, [A])L] ~ T, (G(@) N AL) , (4.6)

where (H,[\])* denotes the functions v € L?2(QQ) such that fQ H,[N(t, z)v(t,z)dtdr = 0 and At is
the subspace of R"Z x R™ which is orthogonal to {\}.

Remark 4.2. (i) Condition (4.6), introduced by Shapiro in [23] for general optimization problems
and in [10] in the context of semilinear elliptic equations with finitely many state constraints, implies
(RCQ) and the fact that Ar(u) is a singleton (see [24, Lemma 5.4]). This qualification condition is
implied by the classical surjectivity type assumption for similar problems in the context of semilinear
elliptic equations (see e.g. [12, Condition (3.1)] and [24, Remark 5.3 (ii)]). Of course, if no final
state constraints are considered, then such qualification condition is not necessary to establish the
second order necessary condition.

(ii) Under (4.6), second order necessary conditions for local weak minima are proven in [24, Theorem

5.7

We say that the quadratic growth condition for the Hamiltonian holds true at (u, A) € K x Ap(a)
if there exists a > 0 such that a.e. in @

HN(t,x) + %|u —a(t,x)]? < H(t,z,5,pr,u) YV u € lat,z),bt,z)]. (4.7)
We have the following second order necessary condition for quadratic growth in the L°-sense.

Theorem 4.3. Suppose that (H1)-(H3) hold true. Then, if s € [1,00[ and u is a L*-weak local
solution of (C'P) satisfying the quadratic growth condition (2.14), we have that:

(i) There exists A € R"EY" gych that Ap(u) = Ap(u) = {\}.
(i) Condition (4.7) holds true.
(ii) There exists a > 0 such that for every v € Cx(u) we have that Q[ ](v) > a|v[|3,
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Proof. 1f u is a L*® weak local solution of (CP) satisfying (2.14) then in particular @ satisfies (2.12)
and so the existence of A € R"2T" such that Az (2) = {\} and (iii) follow from [24, Theorem 5.7].
The existence of \ € R"E61"1 guch that condition (4.7) is verified, follows by Pontryagin’s principle
(see [16, 11, 13]) applied to the optimal control problem inf{.J(u) — forfu — Z_LH%’Z, u € K}. Noting
that the latter problem has Aj(u) as Lagrange multiplier set we get that A = X from which the
result follows. O

Recall that if H is a Hilbert space, a quadratic form @ : H — R is a Legendre form if it satisfies:
(a) Q is weakly lower semicontinuous.
(b) If vi € H converges weakly to v and Q(vx) converges to Q(v), then vy converges strongly to v.

Now, we prove our main result which is a sufficient condition for the strong quadratic growth
property. Note that in contrast to the necessary condition in Theorem 4.3, no qualification condition
is assumed.

Theorem 4.4. Suppose that (H1)-(H2) hold true and that:

(i) Ap(u) # 0.

(i) There exists A € Ap(u) such that the quadratic growth condition for the Hamiltonian holds true
at (u, ).

(iii) For all X € Ap(a) the quadratic form Qlu, A] is a Legendre form and there exists o > 0 such
that

max  Q[u, \(v) > aljv|3, Vo € Cx(a).
AeAp(u) ’

Then, @ is a strong local solution of (C'P) satisfying the quadratic growth condition.

Proof. 1f (2.16) does not hold, then there exists a sequence u, # u € K, with associated states
Yk = y[ugl], such that, setting dxu := up — u and Oy := yr — Y, one has

J(ur) = J(@) < o(|l0kul3s) as  [|dkylloc,c0 — 0. (4.8)

By definition, for every A\ € Ar(u) we have that J(ug) > L(ug,A) and J(u) = L(u, A), therefore by
Proposition 3.2(i) we have that

/Q5kﬁ[>\](t790)dtdx + O(|dkull2,2010rlls0,00) = L(ur, A) = L(1, A) < o(||dull3 2)-
Setting A = A, assumption (ii) implies that |§xu22 — 0. Now, let us define

Ap = {(tvx) €qQ ; ’u(tax) - a(th)‘ < H5WH1,1}7 By =@ \Ak7

and 04, u and dp, u as in (3.11). Since ||dxul/22 — 0, we obtain that |[d4, ulcc,cc — 0 and using the
Chebyshev inequality we get that |By| — 0. Therefore, by (3.12) and (4.8), for every A € Az (a) we
have that

SRH N (8, 2)dtdz + Q1 [a, N (da,u) + 5Qalu, A(0a,u) < of[[dpull3 ). (4.9)

By,

Suppose that [[64,ull22 = o(||dB, ull2,2). Then we have that |[0xull22 = O(||0p,ul|2,2). Since d4,u €
Tk, (u), for every A € Ap(u) we have that Qq[u, A\]04,u > 0. Also, by the continuity of the quadratic
form Qolu, N](-) we get that Qolu, A](64,u) = O(||64,ul35), and so, using (4.9), we obtain the
inequality

; SRHN (8, 2)dtdz < of[|6kul3 ) + O(0a,ul3 2) = ([, ull3 ). (4.10)
k
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Setting A = A in the above inequality, by condition (ii) we get that a||63ku||%72 < o(\|5Bku||%72), for
some « > 0, which is impossible. Thus, except for some subsequence, ||dp, ul22 = O(||da,ul|22)-
Now, let us set oy, := [|04,ul|2,2, which can be assumed to be nonzero, and define vy, := d4,u/0%.
Since ||vg||2,2 = 1, we have that, up to some subsequence, vy, converges weakly in L??(Q) to some v.
Note that since v* € Ty, (@) and Tk, () is closed and convex in L*2(Q), we obtain that v € Tic, ().
Let us now prove that v € Cx(u). First note that, by the results in [24, Section 3],

J(ug) = J(a) = DJ(@)dku + O([|6ul3 2) = DJ(@)dpu + o ||dkull2,2), (4.11)

and, recalling (3.9) and using [24, Remark 3.4],
DJ (@) = / 2, (t, 2)C[0pu] + Tu(t, 2)53u] dide + / T, ()6l (T, 2)de. (4.12)
Q Q

On the other hand, estimate (2.6) implies that

<0, ulllny + €08, ul(T, )l = O(lldB, ull1) = oll|dkull2,2)-
Therefore, since ||dxull2,2 = O(||da, ull2,2), equations (4.8), (4.11) and (4.12), yield

/ [Zy(t,:c)g[chku] —i—zu(t,x)&;ku] dtdz —|—/ Dy (x)C[0a,u)(T,z)dx < of||da, ul2,2)-
Q Q

Dividing by o} we get that

/Q [0, (t, 2)¢[vi] + Cu(t, )vg] dida +/ P, (2)C[vg] (T, x)dz < o(1).

Q
Using [24, Proposition 2.1(iii)] and passing to the limit we obtain that D.J(u)v < 0. On the other

hand, the same type of computations implies that

[ @) @al(Talde =0 and [ @ V)T e <0, V] € 1),
Q Q

which together with the fact that A € Ap(u) and v € T, (u), implies that DJ(u)v = 0. Therefore,
we have proven that v € Ci(u). Since for all A € Ap(u) one has

/ dpH[u, N|(t, z)dtdx + Q1[u, A](da,u) > 0,
By
we get with (4.9) that

Qau, AJ(vg) < o(1). (4.13)

By assumption (iii), there exists Ay € Ap(u) such that Qa[a, As](v) > |0]]3 5. Since Qalu, Ay is a
Legendre form, (4.13) yields,

0 < alvllss < Qalu, A](v) < lim inf Q2[t, Ag](vy) < limsup Qa[t, Ag](vk) <0,
' —0o0 k—o0

and so v = 0 and Q2[u, A\s|(0) = 0 = limy_, 0 Q2[, As](vg), which is imposible because the fact that
Q2[i, \5] is a Legendre form yields that v, — o strongly in L?%(Q), contradicting [lvg|l22 =1. O
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In the case when no final constraints are considered, i.e. when we consider the problem (CP’),
we can prove a characterization of quadratic growth in the strong sense without the Legendre form
assumption for the quadratic form. We notice that in this case the critical cone is given by

Cr, (@) = {v e L**(Q); v>0 in Ay(a) and v <0 in Ay(a), Hy(t,z)v(t,z) =0 ae. in Q}.

Since there is no dependence in A\, we denote by p the unique adjoint state associated with u and

H(t,z) := H(t,z,5(t,z),p(t,v),a(t,z)), with similar notations for the derivatives of H evaluated at
(t,z,y(t, ), p(t, ), u(t,x)). For v € L*?(Q), we set
Qilujv = fQ u(t, z)dtdz,

Qaful(v) = Jq H(yvu)2(tax)(§[v]7v) dtdz + fo ®yy(2)(E[)(T, 2))? da,

where {[v] is defined by (3.9).

(4.14)

Theorem 4.5. Assume (H1)-(H2). Then, the following assertions are equivalent:

(i) The control u is a strong local solution of (C'P') satisfying the quadratic growth condition.
(ii) There exists a > 0 such that the following conditions hold true:

(ii.1) For almost all (t,x) € Q we have that

H(t,z) + %\u —a(t,x)]? < H(t,z,5(t, x),p(t,x),u) Yuée la(t,z),bt,z). (4.15)

(ii.2) For all v € Ck, (a) it holds that Qa[u]v* > |v][3 .

Proof. The proof is similar to the proof of [3, Theorem 4.24]. The fact that (i)= (ii) follows by the
same argument than the one in the proof of Theorem 4.3. Note that, since we are not considering
final state constraints, the qualification condition (4.6) is not needed (see [24]). As in the proof of
Theorem 4.4, if (2.16) (with K replaced by K1) does not hold, then there exists a sequence uy € Ky
satisfying that [|y[ug] — Ullsc,co — 0 and (setting dpu := uy, — )

J(ug) — J(@) <o (\|5ku||§72) as k 1 co. (4.16)
By (3.7) with A =0 and (4.15) we get (setting oy := ylug] — 7)
!
§H5kUH§ <o (|[6rul32) + O(lI6rYlloo 00 |Okull2,2) = o(1),
which implies that u, — 4 € L*2(Q). Now, for a.a. (t,z) € Q, let us set

ooy if Hy,(t,z) =0,
b 1/|Hu(t,z)|  otherwise,

and By := Bé U Bg, where

5= { () € Qi eu(ta)) = \loallaa . B = {(t0) € @ w1/l )

By the Chebyshev inequality |Bl};| — 0 as k 1 co. By the dominated convergence theorem, we also
have that |B?| = fQ I{(m)eBi}dtdx — 0, which implies that |Bg| — 0. Defining A := Q \ By and
decomposing 6pu = 64, u + dp, u, we obtain that |[04, ¢|/cc,cc — 0. Thus, letting A = 0 in (3.12), we
get

J(ug) — J() :/B S H (t, w)dtde + Qulalda,u + 3Qala)(9.4,u) + of[|0kul3 2)- (4.17)
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Now, set 04, := [|04,u|2,2 and o, = ||0p, u||2,2, which yields H(SkUH%,Q = Uik+0%k' If o4, =o0(oB,),
then (4.17) and the continuity of the quadratic form Q9[u] imply that

/ SH (t, x)dtdz + Q1[u]da, u < o(a%k).
By,

Since Q1[u|da,u > 0, (4.15) would yield that § ]25 < o(o% .)» which is impossible. Therefore, we

must have, except for some subsequence, that UB,c = O(aAk) Let us define vy := da,u/oa,. By
(4.15) we have ka SH(t,x)dtdz > 0 and Q1[u]ds, u > 0. Therefore, (4.16) and (4.17) imply that
Qa[u](vr) < o(1). (4.18)

Note that if vy, € C, (u) then (4.18) would yield a contradiction with (ii.2). The problem is that a
priori vy, belongs only to Tk, (@). The idea is to decompose vy, = vi 1 + v 2 Where vi, 1 € Ck, (4) and
prove that ||vg 2||2,2 — 0, which together with (4.18) and (ii.2) would yield the desired contradiction.
In order to construct such decomposition, first notice that Ci,(u) = {v € L?>?(Q) ; v(t,z) €
Cyiy for a.a. (t,x) € Q}, where

Cio:={veR; Hy(t,z)v=0, v=>0if (t,z) € Ag(d) and v < 0if (t,x) € Ap(a)} .

Thus, it is natural to define vy (¢, ) := Pc,, (vi(t,x)) (where P. denotes the projection operator),
which is measurable in terms of (¢,z) and (t,z) — vg1(¢,z) € Ck,(u). Using that for every h € R
we have, denoting d(h,C} ;) :=inf{|z — h| ; z € C;,}, and (h)4 := max{h,0}

A(h, o) < e (ot 2] +La, (E.2)(<h) 1 +Lay (1. 2)(0)s) (419)
by definition of v ; and the fact that v, € T, (u), we obtain that
1
lop2(t, 2)| = d(vk(t, ), Ct ) < Ko Hu(t, z)vg(t, z)| < WHu(t,x)vk(t,x), (4.20)
kU2 2

where we have used that H,(t,2)vi(t,z) > 0 and that v, = 0 on By. Now, by the continuity of the
quadratic form Q2[u], we have that (4.17) implies that

H,(t,z)vg(t, z)dtde < O(o4, ),
A
which together with (4.20) implies that |lvg 2|11 < O(UA,C/H(SkUH;,/;)- On the other hand, by defini-

< VIokull2,2 by
OAk

tion of vi(t,z) and C, we have that |vg2(t, )| < |vg(t,z)|. And so, since ||vg||so,00
definition of the set Ay, we get that

0
csllzz_oa, ):oumuuéfg‘wo as k 1 oo,

lvr,2ll2.2 < [[vk,2lloo,00llVk,2lli = O
00,00 oA, H(skqu/4

which concludes the proof. O

In the following corollary we prove an interesting consequence of the previous result.

Corollary 4.6. Suppose that (H1)-(H2) hold true and let s € [1,00[. Then, u is a strong local
solution of (C'P') satisfying the quadratic growth condition iff @ is a L*-weak local solution of (C'P")
satisfying the quadratic growth condition.

Proof. If @ is a L®-weak local solution of (C'P’) satisfying the quadratic growth condition, then
arguing as in the proof of Theorem 4.3 we have that (ii.1) and (ii.2) in Theorem 4.5 are satisfied.
Therefore, @ is a strong local solution of (C'P’) satisfying the quadratic growth condition. The other
implication being clear (see Remark 2.5), the conclusion follows. 0
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5 The case of a strictly convex quadratic Hamiltonian and contin-
uous data

We prove in this section that under a continuity assumption on the data and a convezity condition on
the Hamiltonian, the notions of weak and strong minima satisfying the quadratic growth condition
are equivalent. We assume that

(H4) (i) We suppose that a, b € C(Q) and that there exists £ > 0 and continuous functions
l1:Q =R, lh:QxXR—->R,p;:Q — Rand s : Q Xx R — R such that

E(taxayau) = El(t?x)UQ + 62(t’x,y)a go(t,x,y,u) = ng(t,SC)u + @2(taxay) and El(t’x) > E in @

(i) For v = ®, &%, <I>j} (i': 1,...,ngand j =1,...,ny) we assume that v, admits a locally Hélder
continuous extension to 2 x R satisfying 1, (x,0) = 0 for all z € 09Q.

Remark 5.1. (i) By (H4)(i) we have that Ap(u) = Ap(u) for every u € K.

(ii) By (H4)(ii) and [16, Proposition 2.1], we have the existence of ' €]0,1[ such that for all
A € R*EH11 the adjoint state py defined in (3.2) belongs to CP5'/2(Q) N L2([0, T; HA ().

Now we prove the main result of this section, which provides the equivalence of the notions of
weak and strong solutions satisfying the quadratic growth condition.

Theorem 5.2. Consider problem (C'P) and suppose that (H1),(H2) and (H4) are satisfied. Then,
for u € K we have the equivalence of (2.12), (2.14) (for any s € [1,00[) and (2.16), provided that

one of the following conditions is satisfied
(i) The condition (H3) holds true.

(ii) The Robinson constraint qualification (RCQ) holds true and every v € Ci(u) satisfies that v =0
a.e. in Ag(u) U Ap(u).

Proof. By Remark 2.5 it suffices to prove that (2.12) and (2.16) are equivalent if (i) or (ii) are satisfied.
Let us suppose that (i) holds true. We only need to prove, the other implication being trivial, that
if @ satisifies (2.12) then it also satisfies (2.16). Note first that (4.6) implies that Az (a) = Ap(a) is a
singleton {A} (see [24, Lemma 5.4]). Assumption (H4) implies that Q2[u, A] is a Legendre form and
so by [24, Theorem 5.7] we obtain that assumptions (i) and (iii) in Theorem 4.4 are satisfied. Thus, in
order to conclude we only need to show that the quadratic growth condition (4.7) for the Hamiltonian
holds at (@, A). Since @ is a weak solution of the problem inf{.J(u) — §|lu — 11||%72 ; u € K}, by the
local Pontryagin principle for weak solution (see [13]), we have the existence of A € R™271 and
€ > 0 such that

F[j\](t,uv)—i—%]u—ﬂ(t,gzc)\2 < H(t,z,y(t,x),ps(t,x),u) Vucla(t,r),bt,z)], [u—u(tz)| <e (5.1)

from which A = X. Now, for all (t,z) € Q let us define

a(t,x) = argmin  H(t,z,y(t, ), px(t, z),u). (5.2)
u€la(t,z),b(t,z))

By the strict convexity of the Hamiltonian w.r.t. u and (5.1) we get that @ is well defined and @ = @

a.e. in Q). Moreover, using the continuity of the data, assumed in (H4) and the continuity of § and

P, we easily check with (5.2) that 4 is continuous. Therefore, for all (t,z) € Q, v € [a(t, ), b(t,z)],
and |v — u(t, z)| < e we have

« « N _ _

H(t,z,y(t,x),pa(t,x),a(t,x)) + E\v —a(t,x)|* < H(t,z, 4(t, z), pr(t, ), v). (5.3)
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Therefore, letting
B = inf {H(t,z,y(t,x), p(t,x),u) — H(t,z,5(t,x),p(t,x),a(t,2)); (t,z) € Q, u € [a(t,z),b(t, )], |u—a(t,z)| > e},

the continuity of @ implies that 8 > 0. Defining o/ = min{3/4M?,5} we obtain that (5.3) holds
with « replaced by o' and for all v € [a(t,z),b(t,z)] and so (4.15) is satisfied, which implies the
result if (i) holds true. If (ii) holds true, the proof follows the same lines, the only change being the
use of [24, Theorem 5.2] instead of [24, Theorem 5.7]. O

Remark 5.3. Condition (ii) in the above results means that the critical cone is equal to the strict
critical cone (see [24]). It is easy to check that this condition is equivalent to an a.e. strict complemen-
tarity assumption over the finite dimensional problem appearing in Pontryagin minimum principle.

For problem (C'P’) the qualification condition is not needed. The proof of the following result is
identical to the previous one.

Theorem 5.4. Consider problem (C'P") and suppose that (H1),(H2) and (H4) are satisfied (where
we consider only ¢ = ® in (H4)(ii)). Then, for u € K1 we have the equivalence of (2.12), (2.14)
(for any s € [1,00]) and (2.16) (with KC replaced by K1).

We end this article with the following example.
Example 5.5. Consider the optimal control problem
inf fQ [%u(t,x)Q + E(t,x,y(t,x))] dtdz,
Oy —Ay+oly) =u+[f inQ,
s.t. y=0 in X, y(0,:) =1yo(),

a<u<b in Q,

where £ is continuous on Q x R and satisfies (H2), ¢ is C' and it is increasing, f € L°>®(Q),

22 . — . .
Yo € W, S’S(Q) and a, b are continuous on Q). Then, for this problem the notions of weak, L®-weak
(for any s € [1,00[) and strong solutions satisfying the quadratic growth condition are equivalent.
On the other hand, if we consider the problem with non-convexr Hamiltonian

inf fQ [u(t,z)* — u(t,x)* — y(t,x)*] dtdz,
Oy —Ay=u inQ,
st. y=0 in X, y(0,:)=0,
0<u<2 1inQ,

using [24, Theorem 5.8] we obtain that u =0 is a weak local solution satisfying the quadratic growth
condition. However, due to the —u* term, we have that  is not a L*-weak solution for any s € [1,00].

Appendix: proofs of some technical results

We provide in this section the proofs of Lemma 3.1 and Proposition 3.2 stated in Section 2.

Proof of Lemma 3.1. We have that dy satisfies

ooy — Ady + [fol oy(t,x, g+ Ty, u + T’L))dT] dy = — {fol ou(t,x,y + 10y, u + Tv)dr| v in Q,
oy = 0 in X,
0y(0,-) = 0 in Q.
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Using the above equation and equation (3.3) for z;, the estimates for ||dy||ys and ||z1[v]||ys follow by
(H1)(iii) and (2.5). Noting that, omitting the dependence on (¢, x),

o(t,z,yla + o), 4 +v) — (g, a+v) —@(t,x)dy = [ [p(t,z,§+ 70y, a+v) — B(t, x)] drdy
= O (|oy]* + |[v||dyl) ,

we easily check that d; satisfies
Opdy — Ady + 9, (t,z)dr = O (16y[* + [v[6y]) in Q,
d1 = 0 in E,
di(0,-) = 0 in Q.

In particular, (2.5) implies

1

2 2
[d1[v]ll2,2 + [[di [o)(T, )|l = O [/Q [16y1* + [vllay]]” dtdz| | = O ([ylloc,ccllvll22)

which gives the second estimate in (3.5). On the other hand, omitting the dependence on (t,z) and
setting y = y[u + v], w = @ + v, we have that

oy, u) — (g, u) — B, (t,z)z1 — By (t, )22 — 58, (t, )2} — 6@, (t, )z
=B, (t,x)da + 9(y,u) — (G, u) = By (t, )0y — 57, (t, 2)27 — 6p,(t, )2
=B, (t,)da + 0y (7, u)0y + 30y (@, W)3y? + [ (1 = 7) [0y (7 + 70y, w) — By (7, w)] dT(dy)?
—p,(t, )0y — 5P, (t, 2)2F — 69, (t, 2)21
=B, (t, x)dy + 65, (t, 2)d1 + 500, (t, 2)0y* + 55, (t, 2)(6y* — 27)
+ fy (1= 7) [0y (7 + 70y, 1) — By (5, u)] dr(Sy)?
= By(t,)dz + O (|di[[v| + |y°|[v] + [di[(10y| + |z1]) + [0yl*) -
This implies that do solves
Opdy — Ady + 3, (t,x)dy = O (|di||v] + [6y>||v] + |di](|6y| + |z1]) + [6y[*) in Q,
ds = 0 in X,
d2(0,-) = 0 in Q.

Using (2.6) we get that
H@MMHW@MGAM:0(4me+mﬁmu«mwm+moﬂwmdmﬁ,

and the third estimate in (3.5) follows from the previous ones. O

Proof of Proposition 3.2. Let us prove (i). Omitting the dependence on (¢, z), using the notations
introduced in the statement of Lemma 3.1, with v = du, and writing dyr(x) := dy(T,x), we have
that

Jo [y, u) =] dtdz + [, [N (y(T,2)) — @[N] dz = [, [£(y,u) — £(F, u) + 6] dtdz + [, By [Ndyrdz
+0 ([ |oyr[*dz)
= fQ [0(y, u) — £(F, u) + 6 + O;prby + PrOSy] dtda
+0 (fQ |5yT|2dz) )
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where we have integrated by parts in the time variable using that p, (7, -) = ®[\](-) and 6y(0,-) = 0.
Now, since

/Q [£(y, u) = 07, ) — Pa(e(y, u) — (7, u))] dtdz = /Q [y — Prp,] 0y dtdz + O (/Q [1y[* + |ay||dul] dtdw) :

(where we use that py € L°°°(Q), uniformly for A in a bounded set, by the maximum principle),
equation (3.2) and the equation satisfied by dy imply that

Llu, A) — £(3, A) = /

SH(t,z)dtdx + O (/ [[6y[* + [5y|[du|] dtdz +/ |6yT|2dx> ,
Q Q Q

and the result follows from Lemma 3.1. In order to prove (ii), we follow a similar strategy. Expanding
up to the second order, we have

Jo [0(y,u) — (] dtdx

Jo [0(y, u) — £(y,u) + 6¢] dtdz,
— fQ [Ey(g,u)éy + %Eyy(y, u)(dy)? + 5?] dtdz
+ fQ fol(l — 1) [lyy(§ + 76y, u) — Ly (7,u)] (0y)?drdtde,
= Jo [0€,0y +€,0y + 50,27 + 67] dtdz
40 (J, [1ds (691 + |21]) + [3ull6y? + 8] ded)
= fQ [6€y21 + 0y (21 + 22) + 3Ly 27 + 0] dida
40 (J [ 160 + Idal +1dal (6] + |=2]) + [oul 2 + [5y/°] )

Analogously, omitting the z argument and setting (z1)r = z1(7,-) with a similar convention for

(dl)T and (dQ)T,

Jo(@N(yr) —@\)dz = [, [®y[Noyr + 5 Pyy[Noy7] dz + O ([q [6yr|*dz)
= Jo [Ey[)‘](zl + z2)r + % 6yy[)‘](zl)QT] dz
+0 ([fo ()] + [(d)7]|(z0) 7| + [(d0)rlldyr| + |dyr[*] dz) .

Therefore, by Lemma 3.1 and the Cauchy-Schwarz inequality, we get

L(u,A) — L(a,\) = fQ (60,21 + 0y(21 + 22) + 20yy27 + 00 dtda

- = 5 ) (5.4)
+ Jo [Py (21 + 22)1 + 5 Pyy[N(21)7] dz + O([16y ] 0,00 1615 2)-
Finally, using (3.3), (3.4), (3.3) and integrating by parts we obtain that
/Qéy [A](z1 + z2)rdz = —/Q 00D+ 6P,21 P+ %@yyz% P+ ly(z1 + 22)] dtda,
which combined with (5.4) yields (3.8). O

Acknowledgment: The authors express their gratitude to the authors of [7, 8] for valuable
discussions.
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