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SECOND ORDER ANALYSIS FOR STRONG SOLUTIONS IN THE
OPTIMAL CONTROL OF PARABOLIC EQUATIONS*

TERENCE BAYENT AND FRANCISCO J. SILVA?

Abstract. In this paper we provide a second order analysis for strong solutions in the optimal
control of parabolic equations. We consider first the case of box constraints on the control in a general
setting and then, in the case of a quadratic Hamiltonian, we also impose final integral constraints on
the state. For the first problem, in a rather general framework, we prove a characterization of the
quadratic growth property in the strong sense, i.e., for admissible controls whose associated states are
uniformly near to the state of the nominal control. Assuming a quadratic Hamiltonian in the state
constrained case, we provide a sufficient second order optimality condition for the aforementioned
quadratic growth property, which does not impose the uniqueness of the Lagrange multiplier set. As
a consequence of our results, in the quadratic Hamiltonian case, under some continuity assumptions
on the data we prove that the notions of quadratic growth in the strong sense coincide with the
more standard notion of quadratic growth in the weak sense, i.e., with respect to controls which are
uniformly near to the nominal one.
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1. Introduction. Besides its applications in several fields such as biochemistry
[18], inverse problems [2], and biology [28], the optimal control of systems governed
by nonlinear parabolic equations is one of the prototypes, together with the case of
optimal control of hyperbolic systems, of optimization problems of evolutive systems.
We refer the reader to the monographs [22, 27] for a rather complete review of the
theory, the associated numerical analysis, and some interesting applications (for the
latter see in particular [22, Chapter 1]).

In this work we consider the optimal control problem of a semilinear parabolic
equation where bounds constraints are imposed on the control and also, when a more
particular structure is assumed for the cost and the dynamics, we consider finitely
many constraints on the state. Thus, in the latter case, our constraints are partially
polyhedric in the sense of [9]. For the sake of clarity and also because of its analogy
with the corresponding study for ordinary differential equations, we suppose that we
have integral constraints on the final state. In the same spirit as [3], we can consider
several notions of local solutions and of local solutions satisfying a quadratic growth
property. Namely, we will say that @ is a weak local solution of the problem if it mini-
mizes the cost locally on the constraint set with respect to the L°°-norm. Moreover, if
locally in the L*°-norm the difference between the cost of an admissible control u and
the cost of @ is greater than a positive constant (independent of u) times the square
of the L?-norm of v — @, we will say that @ is a weak local solution of the problem

*Received by the editors December 17, 2014; accepted for publication (in revised form) January

6, 2016; published electronically March 29, 2016.
http://www.siam.org/journals/sicon/54-2/100041.html

TUniversité Montpellier 2, Case courrier 051, 34095 Montpellier cedex 5, France (tbayen@math.
univ-montp2.fr).

fXLIM-DMI UMR CNRS 7252, Faculté des Sciences et Techniques, Université de Limoges, Limo-
ges, France (francisco.silva@unilim.fr). This author’s research benefitted from the support of “FMJH
Program Gaspard Monge in Optimization and Operation Research” and from the support to this
program from EDF.

819


http://www.siam.org/journals/sicon/54-2/100041.html
mailto:tbayen@math.univ-montp2.fr
mailto:tbayen@math.univ-montp2.fr
mailto:francisco.silva@unilim.fr

820 TERENCE BAYEN AND FRANCISCO J. SILVA

satisfying the quadratic growth condition in the weak sense. A characterization of the
latter property, as well as its equivalence for some specific problems with a stronger
notion of solution, are studied in [25] (see also [16, 5, 15, 7] and the references therein
for other studies on the topic). Another type of local solution, whose definition goes
back to the beginning of the theory of calculus of variations (see [21] for detailed
analysis and [4] for a short survey), is the following: the nominal control @ is a strong
local solution of the problem if it minimizes the cost with respect to controls whose
corresponding states are uniformly close to the nominal state. If the corresponding
quadratic growth property holds true, then we will say that u is a strong local solution
satisfying the quadratic growth property in the strong sense. We refer the reader to
section 3 for precise definitions of the notions introduced above.

Our aim in this work is to study second order optimality conditions for strong
solutions satisfying the quadratic growth condition. Following the ideas in [3], the key
tool is a decomposition result for the variation of the cost in terms of large and small
perturbations in the L°°-norm of the nominal control, which is proved in Theorem
4.3. We use this decomposition result to prove our main results, which are a charac-
terization of the quadratic growth property in the strong sense for general problems
with bound constraints on the control, proved in Theorem 3.5, and, under a more
particular structure, a sufficient second order optimality condition for the quadratic
growth property when final state constraints are also considered (see Theorem 3.10).
Using the latter second order sufficient optimality condition and the results in [25] we
are able to obtain in Theorems 3.12 and 3.13 some characterizations of the quadratic
growth property in the state constrained case. Loosely speaking, for the pure control
constraint and the state constrained cases, our results state that if a stronger form of
the classical Pontryagin’s principle (see [17, 12, 14]) and the usual coercivity of the
second derivative of the Lagrangian hold true, then the quadratic growth property
in the strong sense is satisfied. Conversely, both aforementioned conditions are also
necessary, which yields the characterization of this property.

As a consequence of the previous findings, we obtain some unexpected results.
Under some continuity assumptions on the data, if the Hamiltonian associated to
the problem is quadratic and strictly convex with respect to the control and, in the
state constrained case, a constraint qualification condition holds true, then the no-
tions of quadratic growth in the weak and the strong sense are equivalent. Of course,
these arguments provide also the proof of the analogous statements, seemingly unno-
ticed before this work, in the case of optimal control problems of ordinary differential
equations (see [10, 11]) and of semilinear elliptic equations (see [3]).

The article is organized as follows. In section 2 we fix some notation and we
recall some basic results on linear parabolic equations. In section 3 we state the opti-
mal control problem (CPy), where only bound constraints are imposed, and problem
(CPq), where final state constraints are considered under the assumption that the cost
is quadratic and the dynamics is affine, as functions of the control variable. Since the
article is somewhat technical, we have preferred to state and comment on our main
results in this section, postponing their proof until the final section. Namely, we state
the characterizations of the quadratic growth property for strong solutions separately
for both problems (CPy) and (CP;), and also the equivalence with the corresponding
property for weak solutions under some structural assumptions. At the end of sec-
tion 3, some open problems regarding the state constrained case are also discussed.
Section 4 is technical and devoted to the proof of the decomposition result, which is
central in the proof of our results. Finally, using the results in section 4, we prove in
section 5 the results stated in section 3.
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2. Preliminaries. From now on we fix a nonempty bounded open set 2 C R?
(d € N) with a smooth boundary. Let us also fix T > 0 and set @ =]0,T[x and
¥ =]0,T[x09Q. Given s € [1,00] and k € N, we denote by | - ||s and || - ||y the
standard norms in L*(Q2) and W*#*(Q), respectively. For si, so € [1,00), we set
Lsv52(Q) = L* (0, T); L%2(2)) (see, e.g., [20]), which can be identified with the set
of measurable functions f : @ — R satisfying

||f||51,52 = (/0 <A |f(t,$)|52d$) dt> < 0.

Endowed with the norm || - |5, s, we have that L*1-2(Q) is a Banach space. We also
denote by || - || the standard norm in L>°(Q). For s €]1, oo consider the space
(2.1) VA(Q) = L*([0,T]; W>*(Q) N Wy " () n W= ([0, TT; L (%)),

which endowed with the natural norm

2]

d d
ve 1= |2lls,s + 10e2]]s,s + Z 102, 2ls,s + Z 00,2, ls,s

i=1 i,j=1

is a Banach space. The following properties of the spaces V*® will play an important
role in our analysis. For the proof we refer the reader to the monograph [6].

LEMMA 2.1. Let 1 < s < s; < oo with i = 1,2. Then, the following assertions
hold true:
(i) The space V*(Q) is continuously embedded in L°*°2(Q) if

(2.2) 1—1+d(1—1><1.

s 81 2\s 89

Moreover, if (2.2) is a strict inequality, then the embedding is compact. In particular,

if

(2.3) (1 + ;) (i - 311) <1,

then V*(Q) is continuously embedded in L*1°1(Q) (compactly embedded if the inequal-
ity s strict).

(ii) The space V*(Q) is continuously embedded in CO*=1/5([0, T); L*(Q)) (the space
of (1 —1/s)-Hélder mappings with values in L*(2)).

(iii) The space V*(Q) is compactly embedded in C(Q) (the space of continuous
functions on Q) if s > (d +2)/2.

_2
Given & € WO2 =*(Q), with s > (d+2)/2, a € L™(Q), and v € L**(Q), recall
(see, e.g., [19, Chapter 4, Theorem 9.1]) that the linear parabolic equation

hé — Al +alt, )¢ = wo(t,z) inQ,
(2.4) £ = 0 Y,

admits a unique strong solution £[€g, v] € V*(Q), i.e., the equation is satisfied almost
everywhere and £[¢p, v](0,-) (which is well defined by Lemma 2.1(ii)) is equal to &p.
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Moreover, there exists ¢, > 0 such that following estimate holds true (assuming &, = 0,
for simplicity):

(2.5) 1€[0, w]llve < eslfo]ls.

Using Aubin’s theorem (see [1, 26]), it can be easily checked (see, e.g., [25]) that the
linear mapping v € L?2(Q) — £[0,v] € L?2(Q) N C([0,T]; L*(R)) is continuous when
L?2(Q) and L*%(Q) N C([0,T); L3(£2)) are endowed with the weak and the strong
topologies, respectively. Finally, the following estimate (see [25]) will be useful in
section 4:

(2.6) 1€10, 0], Tl + 116[0, v]l[1.1 < enffo

|11 for some ¢; > 0.

3. Optimal control problems and main results. Throughout the article,
we consider a controlled semilinear parabolic equation. More precisely, given a control
u€ L®(Q) and p: Q@ X R x R — R, we consider the equation

aty - Ay + (P(t, z,Yy, ’LL) =0 in Qv
(3.1) y = 0 inYx,
y(0,-) = wyo(-) inQ.

Let us now fix some notation and standard assumptions which will guarantee the
well-posedness of (3.1). For a function ¢ = ¥(¢,x,y,u) differentiable with respect
to (w.r.t.) the third and fourth coordinates we will write ¢, .,)(t, z,y,u) for D, .9
(t,z,y,u) and ¢y (t, z,y,u), ¥y (t, z,y,u) for the partial derivatives of ¢ w.r.t. y and
u, respectively. Regarding second order derivatives, we will write

Uyy(t, 2, y,u) = Dy W(t, 2,y u), bualt, z,y,u) = D5 (t 2, y,u),
Vyu(t, z,y,u) == D2, 1p(t, 2, y,u),
Dy (b 2,9, 1) (2,0)?
= Yy (L 2,y u) 2% + 20 (8 2, y, ) 20 + Yy (8, 2, y, u)v? V(z,0) € R2.
Our first assumption is as follows.
(H1) (i) The initial state yo belongs to WOQ_%’S(Q) with s > (d +2)/2.

(ii) The function ¢ is measurable and for all R > 0 there exists ¢ = ¢(R) > 0 such
that

(3.2)

—c(1+y*) <ot z,y,u)y V(t,z,y) €Q xR, |ul <R

(iii) For almost all (a.a.) (t,x) € @ the function ¢(¢,z,-,-) is C?, the mapping
(t,z) = ¢(t,z,-,-) € C?(R?) is measurable, and there exists ¢ = ¢(R) such that
ly| <R, |u] < R and |y| <R, |v/| < R imply that

‘D(y,u)<p(t7x70a 0)| + |D(y,u)2§0(ta $7070)‘ < c,
(33) |D(y,u)§0(t7xayvu) - D(y,u)W(tafvylvu/)| < C(|y - y/| + |U - ul|) )
1Dyt 2,y u) = Dyt v,y u)| < e (ly =o' + [u—']),

where in the above inequalities we use a matrix norm norm for the terms involving
Dy u)2. Denoting by C*P(Q) the space of functions defined on Q) that are a-Hélder
continuous w.r.t. the time variable ¢ and $-Holder continuous w.r.t. the space variable
x, the following result holds true (see, e.g., [12, 17, 25]).
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PROPOSITION 3.1. Under assumption (H1) for any u € L>(Q), (3.1) admits a
unique solution ylu] € V(Q) N CP#2P(Q) for all s €]1,00].

Remark 3.2. The result stated in the above proposition holds true under weaker
assumptions than (H1) (see [12, 17, 25]). As a matter of fact, the hypothesis on the
second derivatives of ¢ are not necessary for the well-posedness of (3.1), but they are
fundamental in order to provide second order expansions of the mapping u — ylul.
In addition, existence of a weak solution y € L2([0,T]; Hi(22)) N C(Q) can be proved
under the weaker assumptions that yo € C(2), yo(z) = 0 for all z € 9 and that
has a Lipschitz boundary (see, e.g., [12, 17]).

We introduce now some functions that will model the cost functional and also
some constraints on the final state y[u](T,:). Let £: Q x RXxR >R, ®: QxR = R,
Pp: QA xR —-R" and ®;: Q2 x R — R™ be such that the following holds.

(H2) The function ¢ is measurable and satisfies (H1)(iii) with ¢ in place of .
Moreover, for ¢ = ®,®%, &7 (i =1,...,ng and j = 1,...,ns) we have that

(i) ¢ is measurable,

(ii) for all x € Q, ¥(x,-) is C?, the mapping z — ¥(z,-) € C%(R) is measurable,
and there exists a constant ¢ = ¢(R) > 0 such that for all y, ' € R with |y| < R,
ly'| < R, we have that

W]y(xvoﬂ + ijy(%o” <e¢ W’y(x»y) - 1/Jy($,y’)| <cly—y|,

(3.4)
|¢yy(xyy) - ¢yy(may/)‘ < C|y - y/|‘

Let us define the cost function J : L>(Q)) — R as

35 J(u) = /Q 0t 2, gl (4, 7), ult, ))dtde + /Qq)(m,y[u](T,a:))dm,

where we recall that y[u] is defined in Proposition 3.1. Notice that under assumptions
(H1)-(H2), the function J is well defined. The following assumption, requiring a
quadratic (respectively, affine) dependence of the cost ¢ (respectively, the dynamics
) with respect to u, will be required in some of our results

(H3) There exist £ > 0, functions ¢1, 1 € L*°(Q) and f3,ps : Q X R — R such
that for a.a. (t,z) € Q we have £(t,x) > £ and

e(ta ‘rvyvu) = gl(tam)u2 + ‘€2(t7x7y)7 @(t»xa.%u) = gOl(t,fE)'U/ + @Q(ta (E,y)

Now, given a,b € L*>°(Q) such that ess inf{b(t,z) — a(t,x) ; (t,z) € Q} > 0, let
us define the set

Ko :={u € L>®(Q); a(t,z) <u(t,z) < b(t,z) almost everywhere (a.e.) in Q}.

In this work we will consider two optimal control problems. In the first one only
bound constraints are imposed on the control u, i.e., the problem is

CP inf  J(u) s.t. ueKkp.
(CPo) L (u) 0

In the second problem we consider finitely many state constraints on the state y[u](T), -).
In order to introduce the problem, define Gg : L*°(Q) — R™, G; : L>®(Q) — R™,
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and G : L*®(Q) — R"E1" ag

Gip(u) = [, (z,yu)(T,z))dz  for i=1,...,ng,
(3.6) Gi(u) = [, ®W(a,yu)(T,z))de for j=1,...,np
Glu) = (Ge(u),Gr(u).

By assumption (H2) the map G is well defined. Let us set R_ := {y e R; y < 0}
and consider the sets

’Cl = {O}TLE X REI, ,CQ = {U c LOO(Q) N G(U) € ’Cl}, K := ]C() ﬂICQ.
Our second optimal control problem is

CP inf  J(u) s.t. uelk.
(cPy) Lt T

In the study of (CP;) we will assume that (H3) is satisfied (however, we refer the
reader to subsection 3.3 for some extensions and related open questions).
Now, let us fix the notions of solutions considered in this work.

DEFINITION 3.3. We say that:
(i) @ is a weak local solution of (CPg) (resp., (CP1)) if there exists € > 0 such
that

(3.7 J(@) < J(u) Yue Ky (resp., K) such that ||u— e < e.

If, in addition, there exists a > 0 such that

(3.8) J(u)+ %Hu — 12”%2 < J(u) Yue Ky (resp., K) such that ||u— il < e,

we will say that u is a weak local solution satisfying the quadratic growth condition.
(ii) @ is a L*-weak local solution (s € [1,00[) of (CPg) (resp., (CPy)) if there

exists € > 0 such that

(3.9) J@) < J(u) Yue Ky (resp., K) such that |Ju—allss < e.

If, in addition, there exists a > 0 such that

(3.10) J(u)+ %Hu — ﬂH%Q < J(u) Yue Ky (resp., K) such that ||u—allss <ce,

we will say that u is a L®-weak local solution satisfying the quadratic growth
condition.

(iii) u s strong local solution of (CPg) (resp., (CP1)) if there exists € > 0 such
that

(3.11) J(@) < J(u) Yue Ky (resp., K) such that |y[u] — §lleo < €,
where g := y[u]. If, in addition, there exists oo > 0 such that
(3.12) J(u)+ %Hu — ﬁ||§2 < J(u) Yue€ Ky (resp., K) such that ||y[u] — §lleo < €,

we will say that u is a strong local solution satisfying the quadratic growth condition.
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The following remark will be very useful.

Remark 3.4. Since for u € g and 1 < 57 < 89 < oo we have that

/|u(t,x)|82dtdx§M52751/ |u(t, )| dtdx
Q Q

s s1
with M := max{||a|/co, ||bllcc}, it holds that ||u|ls,,s, < M1_5||u||§’f,Sl and thus the
relative topologies of L#1°1(Q) N Ky and L*2:°2(Q) N Ky are equivalent. This implies
that for both problems (CPg) and (CP), for s € [1, co[ the notions of L*-weak solution
and L'-weak solution (resp., L®-weak solution and L'-weak solution satisfying the
quadratic growth condition) are equivalent. As a consequence, using that Lemma
2.1(iil) and Lemma 4.1 in the next section imply that ||y[u] — §|lc < c|lu—s,s for a
constant ¢ > 0 and s large enough, we obtain that |ju —ull1,1 — 0, for u € Ky, implies
that [lyfu] — Fllec — 0.

3.1. Main results for problem (CPg). In this section we present a charac-
terization of property (3.12), i.e., for strong local solutions of problem (CPg), which
are assumed to exist. The proof of the results in the present section will be provided
in section 5.1.

Let us set some notation in order to concisely write optimality conditions for
problem (CPg). The Hamiltonian H : Q x R — R is defined as

(3.13) H(t,z,y,p,u) =Lt z,y,u) — pp(t,z,y,u).

Given @ € Ky and setting § := y[a], the adjoint state p associated to @ is defined as
the unique weak solution of

7atp7Ap7Hy(t7xagap,ﬂ) 0 in Qv
(3.14) p = 0inX,

By (H2)(ii) and the maximum principle one has p € L>°(Q). Let us define the linear
form Qq[u] : L?2(Q) — R and the quadratic form Q[u] : L*2(Q) — R as (recall the
notation defined in (3.2))

(3.15)

Qilalv = [, Hult,2,5(t,2),p(t, x),a(t, z))v(t, v)dtdz,
Qlal(v) = [q Hyuwe(t 2, gt ), p(t 2), u(t, 2)) (E[0](t, 2), v(t, ))*dtdz
+ Jo Pyy (2, 9(T, 2))[0)(T, 2)*dx,
where £[v] € V?(Q) is the unique solution of

atg - Af + @y(t, Z, ?j(t, .’L‘), ﬂ(t7 !L‘))g = _Qou(t T, g(ta 37), ’lj/(t, .’L‘))’U in Q7
(3.16) ¢ = 0 iy,
£(0,-) 0 in Q.

Under (H1)-(H2) we have that Q;[a] and Qs[u] are well defined. Now, let us recall
that given a Banach space (X, || - ||x) and K C X, the tangent cone to K at u is
defined as

Ti(u) = {veX|Jur)=ut+tv+o(r) € K, 7 >0,

(3.17)
llo(T)/Tl|x — 0, as 7 | 0}.
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Defining
Aa(w) :={(t,x) € Q; ult,x) = a(t,x)}, Ap(u):={(t,z) € Q; ult,z) =b(t,z)},
it is easy to check (see, e.g., [25]) that
Tic, (@) :== {v € L**(Q) ; v >0 in A,(@) and v <0 in Ay(a)} .

Finally, the critical cone to Koy at @ is defined as Ci, (@) := Ti, (@) NKerQ [a], where
KerQ[u] := {v € L?2(Q) ; Q1[u]v = 0}. It is easily seen (see, e.g., [25]) that

Cio(w) = {velL??*Q); v>0 in A,(a) and v <0 in Ay(a),
Ha(t,,5(t,2), 5(t, 2), 6(t, 2))o(t,2) = 0 ae. in Q)

Now, we have all the elements to state our main result for problem (CPgy) which
provides a characterization of the quadratic growth property for strong local solutions
(see (3.12) in Definition 3.3(iii)).

THEOREM 3.5. Assume (H1)—(H2). Then, the following assertions are equivalent:

(i) The control @ is a strong local solution of (CPy) satisfying the quadratic growth
condition (3.12).

(ii) There exists o > 0 such that the following conditions hold true:

(ii.1) For almost all (t,z) € Q we have that

(3.18)  H(t,z,y(t,z),p(t, x),u(t,z)) + %|u —a(t,x)|]* < H(t,z,y(t, ), p(t, z),u)

for all u € [a(t, x), b(t, z)].
(ii.2) For all v € Cx, () it holds that Qa[u](v) > a|v]|3 5.

The following corollary states an interesting consequence of the previous result.

COROLLARY 3.6. Suppose that (H1)—(H2) hold true and let s € [1,00[. Then, @
is a strong local solution of (CPg) satisfying the quadratic growth condition iff @ is a
L#-weak local solution of (CPy) satisfying the quadratic growth condition.

Thus, the notions of weak local solutions in L® (s € [1,00[) and strong solutions
are equivalent. The next result shows that if the structural assumption (H3) holds
true and the data of (CPg) are continuous, we have the equivalence of the three notions
of local solution in Definition 3.3 satisfying the quadratic growth condition. Note that
under (H3) there exists at least a global solution 4, i.e., J(4) < J(u) for all u € Kqy
(see, e.g., [27, section 5.3]).

THEOREM 3.7. Assume (H1)—(H3) and that a, b, {1, and 1 (resp., o and p2)
admit extensions to Q (resp., Q x R) which are continuous. Moreover, suppose that
®, admits a locally Hélder continuous extension to Q x R satisfying ®,(z,0) = 0
for all x € 9Q. Then, for u € Ko we have the equivalence of (3.8), (3.10) (for any
s €[1,00[), and (3.12).

We end this section with the following example.

Ezxample 3.8. Consider the optimal control problem
inf [, [Su(t,z)? + €(t, 2, y(t, )] dtda,
Oy —Ay+epy)=u+f nQ,
s.t. Yy = 0 in Ev y(oa ) = yO(')7
a<u<b inQ,
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where N > 0, £ is continuous on @ x R and satisfies (H2), ¢ is C? and it is increasing,

feL™®Q),y € WOQ_%’S(Q), and a, b are continuous on . Then, for this problem
the notions of weak, L*-weak (for any s € [1, 00[), and strong solutions satisfying the
quadratic growth condition are equivalent.

On the other hand, if we consider the problem with nonconvex Hamiltonian

inf fQ [u(t, )? —u(t,z)* — y(t,x)*] dida,
Oy —Ay=u inQ,
st. y=0 in X, y(0,)=0,
0<u<2 inQ,

using [25, Theorem 5.8] we obtain that @ = 0 is a weak local solution satisfying the
quadratic growth condition. However, due to the —u* term, we have that @ is not an
L-weak solution for any s € [1, 00].

3.2. Main results for problem (CP;). In contrast to the generic results pre-
sented for problem (CPy), we will assume now that the cost function and the dynamics
have the more particular form in (H3). In this case, the existence of at least one global
solution 4, i.e., J(4) < J(u) for all u € K, follows from standard arguments (see, e.g.,
[27, section 5.3]). The results stated in this section will be proved in section 5.2.

Let us introduce the Lagrangian £ : L>®°(Q) x R"? x R™ — R defined as
(3.19) L(u,\) := J(u) + \"G(u), where A = (\g, A\;) € R"® x R"..

Now, let us fix 4 € K and set g := y[u]. Given A = (Ag, A;) € R"E x R™ define

The adjoint state p) associated to u is defined as the unique weak solution of

—Op — Ap — Hy(t,z,g(t, z), p(t, ), a(t,z)) = 0 inQ,
(3.20) p = 0inX
(T’ ) = (I)y[)‘]('vg(T’ ))7

p
where we recall that H is defined in (3.13). By (H2)(ii) and our assumptions on
®p and ®;, the maximum principle implies that py € L*°(Q). Similarly to the
case without final state constraints, given A € R"&+" let us define the linear and
quadratic forms Q1 [, A : L%2(Q) — R, Q2[u, A] : L*?(Q) — R as (recall the notation
defined in (3.2))

(3.21)
Qilu, Ao = [, Hy(t, 2, (t, 2), pA(t, x), a(t, ))v(t, z)dtdz,
Q2[u, \(v) = [ Heyuz(t2,9(t,2),pa(t, @), a(t, 2)) (0] (8, 2), v(t, x))*dtde

+ Jo yy[N (@, 5(T, 2))[)(T, z)?da,

where ¢ is defined by (3.16). Under our assumptions (H1)—(H2) we have that Q1 [u, A]
and Q2[u, A] are well defined.

DEFINITION 3.9. We say that A = (Ag, A\;) € R"2+Y™ s q Lagrange multiplier at
u e K if
(3.22) Qi[a, \Jv > 0 Yo € Tie, (@), X, >0, NGH(a@) =0, Vj=1,...,n;.

The set of Lagrange multipliers at 4 is denoted as A (@).
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Note that A\ € Ar (@) iff A} > 0, MG%(@) = 0 for all j = 1,...,n; and a.e. in Q
we have

H,(t,x,5(t,x), pr(t, ), a(t, ) (w — a(t,z)) >0 Yu € [a(t, z),b(t, )]

Therefore, the particular quadratic structure of the Hamiltonian assumed in (H3)
implies that there exists a > 0 such that A € Az (u) iff X} > 0, MJG%(u) = 0 for all
j=1,...,n; and a.e. in () we have

(3.23) H(t,z,y(t,x),pxr(t,x), u(t, z)) + %|u —a(t,x)|* < H(t,z, y(t,z), pa(t, ), u)

for all u € [a(¢,z),b(t, x)].
Now, let us define the critical cone to K at u as

(3.24) Ck(a) :=={v € Tx(u) ; DJ(u)v =0},

where we recall that the tangent cone T (@) is defined in (3.17).

Let us state the main result in this section, regarding a sufficient second order
optimality condition for quadratic growth in the strong sense for local solutions of
(CP1).

THEOREM 3.10. Suppose that (H1)—(H3) hold true and that
(i) Ap(a) #0,

(ii) there exists o > 0 such that

max  Qu, A](v) > oz||vH% 5 Vv e Ck(a).
AEAL (1) ’

Then, @ is a strong local solution of (CPy) satisfying the quadratic growth condition

(3.12).

In order to prove a characterization of the quadratic growth property, i.e., that
conditions (i)—(iii) in the previous theorem are also necessary, we will need to impose
some qualification conditions (see [25] for a detailed discussion on this topic).

Denoting by B(0,4d) the open ball in R"2*"  centered at 0 and of radius 4, let
us recall that if the Robinson’s constraint qualification condition (see [23])

(RCQ) 36 > 0 such that B(0,9) C G(u) + DG(u) (Ko — u) — K2
holds true, then by [25, Lemma 4.2]

Ti(a) == {veL?**Q); v>0 in A.(a) and v <0 in Ay(a),

(3.25) .
DGg(uv =0, DGi(u)v <0Vie I(u)},
where I(@) := {j € {1,...,n1} ; G(a) = 0}. Moreover, as a consequence of [14,
Corollary 2.2], at any weak local solution @ of (CP;) we have that Az (@) is a nonempty
compact subset of R"z+n71,

We will state a characterization of the quadratic growth property by assuming
that at the nominal control @ € K the standard qualification condition (RCQ) is
satisfied and that the critical cone is equal to the strict critical cone to K, defined as

Ci(u) :={veCx(a); v=0 ae. in A,(a) U Ap(a)},
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or that the following strengthened qualification condition holds true: there exists
A€ Ap(a) and § > 0 such that

(326)  B(0,6) € (DG(@) [(Ko — @) N (HuA)*] ~ (K1 — Gm) n L),

where (H,[\])1 denotes the subspace of functions v € L?2(Q) such that
[ Hult . g(t.2).palt,0),a(t )0t 2)deds =0,
Q

and A is the subspace of R"® x R™ which is orthogonal to {\}.

Remark 3.11. Condition (3.26), introduced by Shapiro in [24] for general opti-
mization problems and in [9] in the context of semilinear elliptic equations with finitely
many state constraints, implies (RCQ) and the fact that Ay (@) is a singleton (see [25,
Lemma 5.4]). This qualification condition is implied by the classical surjectivity type
assumption for similar problems in the context of semilinear elliptic equations (see,
e.g., [13, Condition (3.1)]). We refer the reader to [25, Remark 5.3] for a detailed
discussion on this matter.

For the sake of clarity, we state both characterizations as different theorems,
depending on the assumed qualification condition. Using the results in [25], the proofs
of the following two results are straightforward and will be given in section 5.2.

THEOREM 3.12. Suppose that (H1)—(H3) hold true, that Robinson’s constraint
qualification (RCQ) is satisfied at & € K, and that Cx(u) = Cg(u). Then, the
following assertions are equivalent:

(i) The control @ is a strong local solution of (CP1) satisfying the quadratic growth
condition (3.12).

(i) Ar(a) # 0 and 3 « > 0 such that for all v € C(a) it holds that

- 2
max Quf A0) = ol

Condition Ci(u) = Cg(u) is satisfied if there exists A € Ap () such that
H,(t,z,y(t, z),py\(t,x),a(t,x) a.e. in A,(a) U Ap(@). In the absence of state con-
straints, this type of assumption has been proved to be useful in order to obtain
asymptotic expansions for approximations of local solutions of the optimal control
problem at hand (see [8] for an application in the analysis of interior point methods).
In the following result, we provide the desired characterization without the assump-
tion that Cx (@) = C§ (@), but requiring assumption (3.26), which is stronger than
(RCQ).

THEOREM 3.13. Let @ € K. Suppose that (H1)—(H3) hold true and that (3.26) is
satisfied at some A € Ap(a) (and so Ap(a) = {A}). Then, the following assertions
are equivalent:

(i) The control u is a strong local solution of (CP1) satisfying the quadratic growth
condition (3.12).

(i) 3 o > 0 such that for all v € Cx(u) it holds that Qa[a, A](v) > alv|3 5.

As in the case of pure control constraint (see Theorem 3.7), under some continuity
assumptions on the data, we have the following equivalence of notions of local solutions
satisfying the quadratic growth condition.

THEOREM 3.14. Assume (H1)-(H3) and that a, b, {1, and @1, (resp., {2, and
©2) admit extensions to Q (resp., Q x R) which are continuous. Moreover, for ¢ =
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&, O, P suppose that 1, admits a locally Holder continuous extension to QxR
satisfying ¥y (x,0) = 0 for all x € 02. Then, for u € K we have the equivalence of
(3.8), (3.10) (for any s € [1,00]) and (3.12), provided that one of the two following
conditions is satisfied:
(a) The Robinson constraint qualification (RCQ) holds true and Ci(u) = C-(a).
(b) Condition (3.26) is satisfied at some A € A (1) (and so Ap(a) = {A}).

3.3. Some remarks and possible extensions in the state constrained
case. The proofs of the results in the previous subsection, provided in section 5,
show that our statements hold true if the term £;(¢,x)u? in the cost is replaced by
any strongly convex function of w, where the strong convexity constant is uniform
w.r.t. (t,x2) € Q. Moreover, if (H3) holds true the reader can also verify that our
results are still valid if the assumptions in (H1)—(H2) concerning the uniform Lipschitz
property for the second derivatives w.r.t. to the state variable y are replaced by the
weaker assumption of a uniform modulus of continuity. On the other hand, it can be
interesting to relax the assumptions on the regularity of the initial data and of the
boundary 9Q2. The main difficulty here is that in this case we can only expect the
existence of weak solutions for (3.1) (see Remark 3.2). This fact adds some difficulties
in the expansion of the cost w.r.t. perturbations of a nominal control @ proved in
Theorem 4.3 in the next section.

Extensions to general cost functions and dynamics, without assuming (H3), as the
ones considered for problem (CPy), are not straightforward and remain as interesting
challenges, as we now explain.

Let us first discuss second order sufficient conditions. In analogy with [10], let us
first introduce a stronger notion than the one of a Lagrange multiplier. We say that
A= (Mg, A1) € R"51" i a Pontryagin multiplier at @ € K if A € Ar (@) and a.e. in Q

H(t,z, gt @), pa(t, x), ult, x)) < H(t,z, y(t, x),pat, x),u) - Vu € [alt, ), b(t, 2)].

The set of Pontryagin multipliers at u is denoted as Ap(@). The proof of Theorem
3.10 actually shows that the correct condition on the quadratic form is that there
exists & > 0 such that maxyep, ) Qa2[G,AJ(v) > al[v]5,. Now, our assumption
(H3) implies that the Hamiltonian H is convex w.r.t. u and so in our particular
case A (@) = Ap(u), which allowed us to prove our results. However, in the general
case Ap(@) is strictly contained in Ar(%). Another issue appearing in second order
sufficient conditions is the fact that our assumption (H3) implies that for every A €
R"E+7 the quadratic form Qs[i, A] is a Legendre form, i.e., it satisfies that Qs[, A]
is weakly lower semicontinuous and if vy € H converges weakly to v and Qa[a, A](vy)
converges to Qz[i, A\|(v), we have that vy converges strongly to v. In the general case,
this assumption cannot be directly verified and has to be imposed. As a conclusion,
regarding second order sufficient optimality conditions, the proof of Theorem 3.10
shows that in the general case we have the following result.

THEOREM 3.15. Suppose that (H1)-(H2) hold true and that

() Ap(a) £0,

(ii) there exists A € Ap(u) such that (3.23) is satisfied at u,

(iii) for all X € Ap(@) the quadratic form Q[u, ] is a Legendre form and there
exists a > 0 such that

max Q[u,N(v) > a3, Vv e Cx(a).
XeAp(a) ’

Then, @ is a strong local solution of (CP1) satisfying the quadratic growth condition.
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Now regarding second order necessary conditions, a direct application of the Pon-
tryagin principle (see, e.g., [17, 12, 14]) and the results on second order necessary
conditions in [25] show that if @ € K is a strong local solution of (CP;) and (RCQ)
holds true, then there exist & > 0 and A € Ap(@) such that (3.23) holds true and for
all v € Cf(u) we have that maxyen, (z) Q2[@, A](v) > al[v[|3 5. In accordance to (iii)
in the previous theorem, the desirable second order necessary condition should imply
a maximization of Qq[@, \](v) on Ap(@) rather than on Ay (@).

As a summary, for second order sufficient conditions the main issue is to get rid
of the Legendre form assumption, while for second order necessary conditions the
main problem is to obtain a maximization condition of Q2[d, A\](v) on Ap (). Both
problems remain as interesting future research projects, since they would allow us to
establish a characterization of quadratic growth for strong local solutions for general
control problems of the form (CP;), similar to the one established in Theorem 3.5 for
problem (CPy).

4. Second order expansions and a decomposition result. The aim of this
section is to provide a precise second order expansion for the cost J (see, e.g., (3.5))
and the Lagrangian £ (see (3.19)) in terms of the control, assuming (H1)—(H2). Since
J(u) = L(u,0) we will consider only expansions for £(-, A) which are proven to be
uniform for A in a compact set. The main result of this section is Theorem 4.3, which
is the key tool to prove second order sufficient conditions for quadratic growth in the
strong sense. Since this section is of a technical nature, at first reading the reader can
skip the first results and pass directly to Theorem 4.3.

Throughout the section we fix @ € L*°(Q) and denote § := y[u]. The key point is
that we consider perturbations v of @ that are not necessarily small in the || - || norm.
We will first need some precise information about the effect of this type of perturbation
on the mapping u — y[u]. We collect in the following lemma some results of this type.
For a function ¢ : Q@ x R x R — R we will denote ¢ (¢, x) := (¢, x, §(t, z), u(t, z)) and
given u € L>=(Q) we will write 6¢(t,x) := (¢, z, §(t,z),u(t,x)) — ¥(t,z). Similarly,
for U: QxR — R we set ¥(z) := U(z, (T, z)).

LEMMA 4.1. For v € L>®(Q) set u :=u + v and let us define z1[v] € V*(Q) and
zo[v] € V*(Q) as the solutions of

Orz1 — Azy + 9, (t,x)21 +0p(t,xz) = 0 inQ,
(4.1) z1 = 0 inX,
z1(0,-) = 0 nQ,
and
Oz — Dzo + 3, (1, 1) 20 + 5B, (1, 2) 21 [V]? 4 0y (t,2)z1[v] = 0 inQ,
(4.2) zo = 0 inX,
22(0,-) = 0 inQ,

respectively. Then, setting oy := ylu|—g, di[v] := 0y —z1[v], and da[v] := di[v] — 22]v],
the following estimates hold true:

21 [v]llvs + 10yllve = O([Jv]]s,s),
(4.3) 1 [v]ll2,2 + ldr [v)(T’ )]z = O (69l o|v]l2,2)
lda[v]ll1.1 + lld2[o](T )l = O ([6ylloo IVl 2) -
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Proof. We have that dy satisfies

Opdy — Ady = — [fol oy (t, 2,5+ Ty, 0 + TU)dT} Sy
- [fol ult, 5+ 0y, 0 + TU)dT} v in Q,
by = 0 inX,
6y(0,-) = 0 in Q.

Using the above equation and equation (4.1) for z;, the estimates for ||dy|lys and
[lz1[v]]]vs follow by (H1)(iii) and (2.5). Noting that omitting the dependence on

(t,z),
go(t,amy[ﬂ-i- ’U],”EL + ’U) - (p(:lj/l] +/U) _Ey(tux)éy
= fol [wy(t,x,g + 7y, u+v) —¢y(t,a:)] dréy = O (|5y\2 + \vHéyD ,

we easily check that d; satisfies

Oy — Ady + B, (t, )ds O (16y]? + |v]|6y]) in Q,
d1 = 0 in E,
d1(0,-) 0 in .

In particular, (2.5) implies

2 2
[da[v]ll2,2 + |da[o)(T’ )]l = O [/Q [6y[* + [vllyl]” dtdz| | = O (8yllclv]l2.2) -

which gives the second estimate in (4.3). On the other hand, omitting the dependence
on (t,z) and setting y = y[@ + v], u = @ + v, we have that

Py, u) = p(g,u) = B, (L, 2)z1 — B, (t, )22 — 58, (1, 2)27 — 6, (t, )21
=By, (t,x)d2 + o(y, u) — (7, u) — P, (t, 2)dy — 5B, (t,x)27 — 65, (t, x)z
=0, (t,2)dy + @y (7, u) 0y + 504y(7,u)(5y)?
+ fo (1= 7) [0y (7 + 70y, 1) = B, (5, u)] dr(3y)? — B, (¢, 2)dy
—%Eyy(t, x)2? — 5¢y(t, x)21
=, (t,x)dz + 65, (1, x)d1 + 507, (t, 2)(6y)* + 5By, (8, 2)((5y)* — 27)
+ Jy (1= 7) [0y (F + 70y, w) — By, (5, w)] dr(3y)>?
=B, (t,2)dy + O (|da o] + [0y[*||v] + [da](Iy] + [21]) + [dy[?) .

This implies that ds solves

Opdy — Ado + B, (t,x)dy = O (|dul[v] + [6y[?[v] + |di[(|0y| + |21]) + |dy[?)
in @,
dy = 0 in %,

d2(0,~) = 0 in Q.



STRONG MINIMA IN THE CONTROL OF PARABOLIC PDEs 833
Using (2.6) we get that
lda[v][l1,1 + [|d2[v}(T, ) [lx

= O ( fo [leal o] + 18y /o] + lda (16y] + |21]) + [oy]*] ataa)

and the third estimate in (4.3) follows from the previous ones. O

Let us now fix some notation and recall the definition of the Hamiltonian H in
(3.13). Given u € L*>(Q) and A € R"2+" we write du := u — @ and

HN(t,z) = H(t,,g(t, ), px(t,x),a(t, ),
(4.4) SH[N(t, ) = H(t,z,y(t,x), pa(t, ), u(t,x)) — H[N(t, ),
Hy[)\](t,x) = Hy(t,z,y(t,x),pa(t, ), u(t, z)),
HyN(t,2) = Hy(tz,y(t2),palt, o), u(t, z)) — Hy[N(t, z)

with similar notation for the second order derivatives. Using the estimates obtained
in Lemma 4.1 and the definitions of the Hamiltonian and the adjoint state p, (see
(3.20)), we have the following result.

PROPOSITION 4.2. Given u € L*(Q) set y := y[u], ou:=u—1a, and 0y :=y — 7.
The following assertions hold true:
(i) We have the first order expansion

(4.5) £(u,\) — £(1,) = /Q STTIN (1, ) dtda + O((|8y| oo |6 ]122),

where the O-term is uniform for A in a bounded set C C R"&+nI,
(ii) We have the second order expansion

L(u, A) = L(u, A)
(4.6) = fQ [SHN(t, ) + 3 Hyy [N (t, @) (21[6u])? + 0H 4 [N|(t, 2)21 [6u]] dtda
+ Jo Py (21[0u](T, 2))dz + O ([|0ylloloul3 ) .
where the O-term is uniform for X in a bounded set C' C R*E+"1
Proof. Let us prove (i). By (3.19), omitting the dependence on (¢, z),

(4.7)
+ Jo [Nz, y(T. z)) — [N (2, y(T, x))] da.

Now, writing dyr(z) := dy(T,x), assumption (H2)(ii) implies that

Jo [66w) - ﬂ s + f, [ON(y(T. ) — BN do
(4.8) = fQ [6(y, u) — £(g,u) + 60 dtdx + [, Dy[Ndyrdz + O ([, |dyr|*dz),
= fQ [y —é(y7 u) + 60 + yprdy + pra0ydy| dtdz + O ([, |dyr|*dx)

where, in the second equality, we have used that ®[\|(-) = p, (7}, -) and dy(0,-) = 0.
Using the equation satisfied by py in (3.20) and the equation satlsﬁed by éy and
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integrating by parts, we obtain
fQ [0:P2 0y + PrO:0y] dtdw
(4.9) = Jo [y = 523,)8y — palp(y, u) — p)] dtdz,
=Jo [—fyéy —Pa(e(y, u) — 9(y,u) — P,y + 6p)] dtda.

On the other hand, note that (H2)(ii) implies

Uy, u) = () = 0,0y = [y (6, (§ + 70y, u) — £,)dydt = O (|6y[* + |6y]|dul) ,
Py, w) = (T, u) = By0y = [y (py (7 + 70y, u) — §y)dydt = O (|dy[> + |dy|[dul) ,
and so, using that the maximum principle and (H2)(ii) imply that ||px||ec is uniformly

bounded for A € C, we get with (4.7), (4.8), and (4.9)
L(u,\) — L(1,\) = / SH(t,x)dtdx + O (/ [16y[* + |6y||6ul] dtda +/ |5yT|2dx> ,
Q Q Q

and assertion (i) is obtained from Lemma 4.1. In order to prove (ii), we follow a
similar strategy. Expanding up to the second order, and recalling that we denote
di = 0y — z1 and do = 0y — 21 — 22, we have

Jo [0(y, u) — €] dtdz
= Jo [« [ﬂ Ju) — £(7, u) 4 6f] dtdz,
= Jo [4y(G,w)dy + 5Ly, (5, u) (6y)* + 6¢] dtdx
+ /g fo = 7) [lyy (5 + 70y, u) — Lyy(§,u)] (0y)*drdtda,
= Jo [0€,0y + £,0y + 50yy27 + 6] dtda
+0 (Jo [lasl18y] + [=]) + 15ulldy[? + [6yF*] dedz)
= Jo [0y21 + 0y (21 + 22) + 50yy27 + 6] dtda
+0 (g [ldal1dul +Ida + lds (9] + |21]) + [Sulloy]? + 5y[*] dedz ) ,
where, in the third equality, we have used that
Cyy (5, 0) (0y)?
= Ly (0y)? + O(|oul|dyl*) = Cyy(21)* + O (|6ul|dy|* + |du|(|z1] + |0y]))

and fQ fo ) [Cyy (T + Ty, u) — Ly (§,w)] (6y)*drdtdz = O (fQ \5y|3dtdx)

by (H2)(ii). Analogously, setting (z1)r = 21 (7, -) with a similar convention for (di)r
and (da)r, we have

fQ ([N (yr) — ®[\])dx

Jo [24] 5yT+ Pyy[Noy2] dz + O ([, [oyr|*d)

Jo [y (21 + 22)7 + 5 ©yy[N(21)3] da

+0 (Jq [I(d2)r] + [(d)7l|(z0)7] + |(di)7||yr| + |8yr[*] dz) .
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Therefore, by Lemma 4.1 and the Cauchy—Schwarz inequality, we get
Lu,A) = L(a,\) = [, [60yz1 + €y (21 + 20) + 20,23 + 60] dtdx
(4.10) + fQ [Ey[)‘](zl + 22)7 + % 6yy[)‘](Zl)QT] dz
+O([loyll o lloull3 2)-

Finally, using (3.20), (4.1), (4.2) and integrating by parts we obtain that

Jo ®y[A] (21 + 22)rda
= [oPA(T,z) (21 + 2z2)pdx
= _ fQ (60 Dy + 6@,21 Dy + 58,25 Da + ly(21 + 22)] dida,
which combined with (4.10) yields (4.6). 0

Now, let us consider a sequence uy, € L>(Q) such that ||uy—|2,2 — 0 and let Ay,
By, be a sequence of measurable subsets of [0, x © such that |A; U By| =T x |Q]
and |Bg| | 0 as k T oo (where we set | - | for the Lebesgue measure of a Lebesgue
measurable set). Recalling (4.1), we set
Opu =up —a, Oa,u =14, (ur —1u), dp,u = dpu — 04, u,

(4.11)
2Fi= 2 [0pu), 2 = 2[0a,u],  and 2Pr = 2 [6p,ul,

where [4 denotes the indicator function of a measurable set A, i.e., Iz(t,z) = 1 if
(t,z) € A and it is equal to zero otherwise. Similarly to (4.4), we write 0, H [\ (t,z) =
H(t,z,y(t, ), pr(t, ), u(t, z)) — H[A|(t, z), with an analogous definition for &, H ,[\]
(t,z). Using Proposition 4.2, we prove now the main result of this section, which will
be fundamental in section 5.

Recall that Q1[a, A] and Q2[u, A] are defined in (3.21).

THEOREM 4.3. Suppose that ||0pull2,2 L 0 and that ||04,u|co + 0. Then,
L(u/w >‘) - ;C(’B, )‘)

4.12 _
(4.12) = ka SkHN(t, x)dtdz + Q1[d, A0, u + 5Q2(t, N (64, 1) + o(||6xull3 ),

where the o-term is uniform for A in a compact set of R"E+"I
Proof. Step 1. Using the expansion (4.6), we first prove that
L(up, A) = L(1, )
= ka S H[N(t, z)dtdx
+Jo [Hu[N(t,2)0a,u~+ $H w2 [Nt 2)(22%, 64, u)?] dtda
+ Jo @yl A (z4(T, z))? dz + o(||0xull3 5)-

For notational simplicity we omit the dependence on A for H and its derivatives. First
note that since ||04, u|| 4 0, a Taylor expansion of the term & H (¢, z) implies that

(4.13)

fA SpH (t, z)dtdx
= Jo [Hu(t, 2)0n,u + 5 Huu(t, 2)(04,u)?] dtda + O([[6., ull 164, ull3 2),
= fQ [Hu(t, 2)0a,u+ 5 Hyu(t,2)(04,u)?] dtdz + of||6xull35).
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Thus, if

Jo [$Hyy(t,2)(2%) + 0pH y2*] dtda
(414) = [y [3Hyy(t,2)(z")? + Hyu(t, 2) 2 da,u] dtdz + o([|dxul3 ),

and fQ 6yy[)‘](zk(T, x))?dr = fQ 6yy[)‘](ZAk (T,x))*dz + 0(”516“”%,2)
hold true, relation (4.13) follows from (4.6) and (4.14) using that fQ SxH can be
decomposed as fAk o H + ka SxH. Let us prove (4.14). Using that 2% = z4% 4 2B«

(because d4,u and dp, u have disjoint supports and (4.1) has a unique solution), we
have that

Jo [3Hyy(t,2)(z5)? + 0, H (£, 2)2*] dtdz

(119) =y By (1) (A% + 8 (1)) s + 7,

where
Iri] = O (fQ [(z4%)2 — (2F)2| + |Ggul |24 — 2] dtdx)
= O (g [1252 + ||| + |l P+ ] ez )
The second equality in the above relation follows from the fact that |(z4%)2 — (2%)?| =
|2Br||2A% 4 2F| = |2B*||224% + 2B*|. Now, by (2.3), there exists ¢, €]1,2[ such that

12P%|2.2 = O(||6 B, ull 4.4, )- By the Hélder inequality (and setting s* := s/(s — 1) for
s €)1, 00[) we get

1
185, ullar a0 = (S 105, ulo dedzr) ™
(4.16)

< (fQ (15) (&) dtdx) G oulla = oldcul2z)

and so ||25#]|2.2 = o(||0kul|2,2). Therefore, using the Cauchy—Schwarz inequality and
that [24*[|2,2 = O(l|da,ull2,2) = O(l[dkull2.2), we get 1 = o([|dxul|3 5) and so
Jo [3H, )(z’“)2 + 0pH y(t, 2)2F] dtdw

(4.17) o
=Jo [% yy (£ ) (245)% + 6 H y (t, )24 | dtda + o[|dpul|3 o).

Now, since [|64,ullsc — 0 we have that [|z**| — 0 and so expanding the term
OH,y(t, x) we get

Jo SpH y(t,2)z 4% dtdz = Jo Hy(t,2) 2% 6u dtda

(4.18) +0 ( Jio 18ul2[= ] dtdx)
= Jo Hyult, )z S dtda + o[|0xull3 5).-

On the other hand, using (2.3) again, there exists go €]2,00[ such that ||z4%||,, 4 =
O( 29) = O(||6xull2,2). Noting that g5 €]1,2[, arguing as in (4.16) we get

||5Bku\|q; q; = o(||0xul[2,2) and so

’/QHyu(tvx)ZAkfsBkUdtdx =0 (”ZAk||q2,q2||53ku‘|q§‘7q5> = 0(||5ku‘|§,2)-
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Equation (4.18) then yields
(4.19) /Q(;kHy(t,:r)zA"‘dtdx = /QHyu(t,x)zA’“(SAkudtdx+0(||5ku||%72).

Combining (4.17) and (4.19) gives the first identity in (4.14). In order to obtain the
second one, note that Fubini’s theorem implies that

(4.20) Jo @y NGHT, 2)2de = 2 [, §yy[A] [fo (t, )0 2" (¢, z)dt | dz,
= 2 [,y N> k(t,x)02" (t, x)dtdz.
Analogously,
4.21 B, N (T,2))2de =2 | ®,,[Nz%(t, )0 2% (¢, 2)dtdx.
yy vy
Q Q

Therefore, using
20,2k — ARG, AR = (zk — zA’“)atzk + 8t(z’c — ZA"')ZA’“ = 2Br 9, 2% 4 9,28k 24k,
we obtain with (4.20) and (4.21) that

| o [Ryy N (ZF(T, ) — @4y [N (2% (T, x))?] da|
=0 (fQ [125%]|0,2%| + 18,2 Px || 2] dtdx) .

By considering ¢1 €]1,2[ and g2 €]2, o[ as above, the Holder inequality implies that

o [@uy N GH (T, 2))? = By, N (z**(T,2))?] da
=0 (\|sz ||2,2Hatzku272 + |10y

= O (195, gy a0k tell22 + 195, 1l g3.05 ]I 2

)

5,95 17

)

= o([[oxull3 2),

where we used (2.5) in order to estimate ||9;2%||2.2 = O(||0xul|2,2) and ||9;z
O(||0B, ullgz,q5) = o([|oxull2, 2) arguing as in (4.16). Expansion (4.13) follows.
Step 2. Defining (¥ := z4% — ¢* where ¢F := €[5, u] (recall (3.16)), we have that

3143

8t€k - ACk "F@y(t,l‘)ck = O(|6Aku|2) in @,
(4.22) ¢ = 0 inY,
Ck(O’ ) = 0 inQ.

By (2.5) and the fact that ||64, u||cc — 0, we obtain that

¢ 1.2 + ICH(T, 2
1
2
-0 ((IQ 64, ul*dtdz ) ) = O (8, ulloc 64, ul2.2) = (54, u],2).

Using this estimate, it is straightforward to obtain (4.12) from (4.13). d
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Remark 4.4. When ||du||22 is small, (4.12) provides a second order expansion
of L(u,\) — L(u@,\) that is decomposed into two principal terms. The first term
ka SpH[N|(t, ) dtdz takes into account large deviations of u(t, ) around u(t, x), but
over the set of small measure Bj,. The second term

Q17 Ao, u+ 5Q2(7, A(94,u)

corresponds to a classical “weak” second order expansion (see [25]) on 4, u, which
satisfies |04, u]|oo is small.

5. Proofs of the main results. In this section we provide the proofs of the
main results in section 3. We use the abbreviations for the notation introduced in the
previous section.

5.1. Proofs of the main results for problem (CPy).

Proof of Theorem 3.5. The argument follows the lines of the one in [3, Theorem
4.24]. In order to prove that (i) = (ii) note that Remark 3.4 implies that @ is a
L#-local solution of (CPg) satisfying the quadratic growth condition (3.10) for every
s € [1,00[. In particular, there exists a > 0 such that @ is a L°-local solution of the
problem

(CPy) inf {J(u) - % /Q lu(t, z) — a(t, x)|2dtdz ; u € /co}.

Applying Pontryagin’s principle to problem (CPy’) (see, e.g., [17, 14]) we directly
obtain (3.18). On the other hand, since every strong solution satisfying the quadratic
growth condition is a weak local solution satisfying the quadratic growth condition,
we can apply second order necessary conditions for problem (CPg’) (see, e.g., [15] and
25]) to obtain that Qz[u](v) > allv[|3, for all v € Ci, (a).

Now, suppose that (ii) holds true and that (3.12) is not satisfied. Then, there
exists a sequence uy € Ko satisfying that up # 4, ||y[ur] — Yllec — 0 and (setting
OpU := Uup — ﬁ)

(5.1) J(up) — J(@) < o ([|0rull3,) as kT oc.
By (4.5) with A = 0 and (3.18) we get (setting oy := y[ug] — 7)

«
lowal3 < o (4

13,2) + O([I6kyllcolldrull2,2) = o(1),
which implies that u;, — @ € L*?(Q). Now, for a.a. (t,z) € Q, let us set

I I if H,(t,z) =0,
b7 1/[Hy(t,x)|  otherwise,

where H,(t,z) := H,(t,z,y(t,z),p(t,z),u(t,z)), and consider the set By := B} UBZ,
where
2,2} ’

B} = {(t,x)GQ;\(sku(t,xNZ [0
B = {(t2) € Qs mue > 1/|0ully )

By the Chebyshev inequality |Bi| — 0 as k T co. By the dominated convergence
theorem, we also have that |B}| = fQ Ii(tv)ep2ydtdz — 0, which implies that |By| —
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0. Defining Ay := @ \ By and decomposing dxu = 04,u + dp,u, we obtain that
|04, ulloc = 0. Thus, letting A = 0 in (4.12), we get

(5.2) J(ue) = J(@) = | xH(t,2)dtde + Qulalda, u+ 5Qa[@l(0a,u) + o([|6kul3 ),
By

where 6, H (t,z) := H(t, =, §(t,x), p(t, z), up(t, z))—H(t, z,y(t, z), p(t, z), u(t, z)). Now,

set 04, = [|6a,ull2,2 and o, := ||6p,ulls,2, which yields ||§yull3, = 0%, + 0%, . If

o4, =0(op,), then (5.2) and the continuity of the quadratic form Q»[u] imply that

/ SpH (¢, r)dtdz + Q1[u)da,u < o(a?gk).
By,

Since Q1[u]da,u > 0, (3.18) would imply that §o%, < o(o%, ), which is impossible.
Therefore, for some subsequence, we must have that op, = O(O’Ak). Let us define
vg = da,u/04,. By (3.18) we have ka SpH(t,z)dtdz > 0 and Qiu)da,u > 0.
Therefore, (5.1) and (5.2) imply that

(5-3) Q2[u](vr) < o(1).

Note that if vy € Ck, (@), then (5.3) would yield a contradiction with (ii.2) because
|lvgll2,2 = 1. The problem is that a priori vs belongs only to Tk, (@). The idea is
to decompose vy = vg1 + vg2 where vy1 € Ci, (@) and prove that ||vg 2|22 — 0,
which together with (5.3) and (ii.2) would yield the desired contradiction. In order to
construct such a decomposition, first notice that Ci,(4) = {v € L?2(Q) ; v(t,x) €
Cy o for aa. (t,z) € Q}, where

Cio={veER; Hylt,z)v=0, v>0if (t,x) € A.(a)
and v <0 if (¢,2) € Ap(u)}.
Thus, it is natural to define vy 1(t,2) := Pg, , (vk(t,2)) (where P. denotes the projec-
tion operator), which is measurable in terms of (¢,x) and (¢,z) — vi1(t, z) € Ci, (Q).

Using that for every h € R we have, denoting d(h, C; ;) := inf{|z —h|; 2 € C; .} and
(h)+ = max{h,0},

(5.4) d(h, Ctp) < Ko (|Hu(t, 2)h| 4 Ta, (¢, ) (=h) 1 +1a, (¢, 2)(h)4)
by definition of vy 1 and the fact that v, € T, (@), we obtain that

|vk,2(t’ 1})| = d(vk(ta .’E), Ct,x)

5.5 — _
(5.5) < Ky Hy(t, z)vg(t, z)] < mHu(t,x)vk(t,x),
2,2
where we have used that H, (¢, z)vi(t,z) > 0 and that vy = da,ux/0a, = 0 on By.
Now, by the continuity of the quadratic form Q2[a], we have that (5.1) and (5.2)
imply that
H,(t,x)vg(t, z)dtdz < O(o4,),
Ag

which together with (5.5) gives (aAk/\\éku||1/4) On the other hand, by
the definition of vy 1(¢,z) and C; , we have that |vg 2 (2, :c)| < |vg(t,z)|. And so, since
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[[vg ||l oo < 7”@7“2’2 by the definition of the set Aj, we get that
k

Opu
|171 -0 ( (|0 ||2,2 O Ay, ) _ O(H(skUH;/;) -0,

Tav ||Spullys

lveal3 2 < llvkz2lloollvn,2

as k T oo, which concludes the proof. O

Proof of Corollary 3.6. If u is a L*-weak local solution of (CPg) satisfying the
quadratic growth condition, then arguing as in the proof of Theorem 3.5 we have that
(ii.1) and (ii.2) in Theorem 3.5 are satisfied. Therefore, the converse implication in
Theorem 3.5 implies that @ is a strong local solution of (CPy) satisfying the quadratic
growth condition. The other implication being clear (see Remark 3.4), the conclusion
follows. O

Proof of Theorem 3.7. By Remark 3.4 it suffices to prove that (3.8) and (3.12)
are equivalent. We only need to prove, the other implication being trivial, that if
u satisfies (3.8), then it also satisfies (3.12). Note that if @ satisfies (3.8), then, by
the second order necessary optimality conditions for weak minima (see, e.g., [15] and
[25]), we have that (ii.2) in Theorem 3.5 is satisfied. Thus, in order to conclude we
only need to show that the quadratic growth condition (3.18) for the Hamiltonian
holds at . Since % is a weak solution of problem (CPy'), by the local Pontryagin
principle for weak solutions (see [14]), we have the existence of £ > 0 such that

H(t,z) + %lu—u(t,2)|? < H(t,z,y(t, z), p(t, ), u)

(5.6)
Vu€ [a(t,z),b(t,z)], |u—7u(t,z)] <e,

where H(t,x) := H(t,x,5(t, z),p(t, ), u(t,z)). Now, for all (t,z) € Q let us define

(5.7 itx)=  argmin  H(t,z,g(t,2),p(t,2), )
u€la(t,z),b(t,x)]

By the strict convexity of the Hamiltonian w.r.t. u (by (H3)) and (5.6) we get that @
is well defined and @ = @ a.e. in (). Now, by the continuity assumption on the data,
the assumption on ®,, and [17, Proposition 2.1], we have the existence of g’ €]0, 1]
such that 5 € C#"F"/2(Q) N L2([0, T]; HA(Q)). Thus, using the continuity of the data
again, the continuity of § and the continuity of p, we easily check with (5.7) that 4 is
continuous in Q. Therefore, for all (¢,z) € Q, u € [a(t,z),b(t,z)], and |[u—a(t,z)| < e
we have

(5.8)  H(t,z,y(t,x),p(t,x), a(t,z)) + %\U —a(t,x)? < H(t,,5(t, ), p(t, ), u).
Therefore, letting

Bi=inf{H(t 2,y(t ), p(t,x),u) — H(t,z,y(t,z),p(t, x), a(t, ) ;
(t,z) € Q, u € [a(t,x),b(t,x)], |u—a(t,z)| > 5} ,
the continuity of @ implies that 8 > 0. Defining o/ = min{3/4M?, S} we obtain

that (5.8) holds with « replaced by o and for all v € [a(t, z), b(t,x)] and so (3.18) is
satisfied, which implies the result. 0
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5.2. Proofs of the main results for problem (CP,).

Proof of Theorem 3.10. If (3.12) does not hold, then there exists a sequence uy #
@ € K, with associated states yr := ylug], such that, setting dru := ux — @ and
OrY := Yy — ¥, one has

(5.9) J(ur) = J(@) < o(l|okul3 ) as  [okylloc — 0.

By definition, for every A € A (@) we have that J(ug) > L(uk, A) and J(a) = L(a, \);
therefore by Proposition 4.2(i) we have that

/ SkH[N(t, z)dtdz + O(|0xull2.2/0kylloe) = L(ur, A) — L(@, A) < o([|rull32),
Q

where
5kﬁp‘] (t, :L') = H(ta Z, g(ta Z),ﬁA(t, ’JZ), uk(ta l‘)) - H(ta Z, g(ta x)aﬁ)\(ta ‘T)v ﬂ(tv l‘))

Setting A = A, assumption (i) and (3.23) imply that ||xul2,2 — 0. Now, let us define

Ay = {(t,x) €Q ; |u(t,z) —u(t,z)| < \/Ilékull,l}, By :=Q\ Ay,

and 04, u and dp,u as in (4.11). Since ||dxull2,2 — 0, we obtain that |04, U/ — 0
and using the Chebyshev inequality we get that |Bg| — 0. Therefore, by (4.12) and
(5.9), for every A € Ar(u) we have that

(5.10) : SkHN(t, z)dtdz + Q1[a, N (54,u) + 5Q2[t, \](04,u) < o(|\6ku||§’2).

Suppose that |[0a,ull22 = o(||[dp,ull2,2). Then, [[dpull22 = O(||dp,ull2,2). Since
da,u € Ti, (@), for every A € Ar (%) we have that Q1[t, A\]04,u > 0. Also, by the con-
tinuity of the quadratic form Qs[a, A](-) we get that Qa[a, A](0a,u) = O([|64,ull32),
and so, using (5.10), we obtain the inequality

(5.11) SHN (¢, w)dtdz < o([|0kull32) + O(|0a,ull3 ) = o([|0m,ull32)-
By

Using (3.23) we get that a||dp, ul|5, < o(||0p,ul|3 ;) for some a > 0, which is impossi-

ble. Thus, extracting a subsequence, we can assume that |[0p, u|l2.2 = O(||0a, u||2.2).
Now, let us set o = ||d4,ul/2,2, which can be assumed to be nonzero, and define
vg = 0a,u/ok. Since |lvgll2,2 = 1, we have that up to some subsequence, vy, con-

verges weakly in L?2(Q)) to some v. Note that since v* € T, (@) and Ti, (%) is closed
and convex in L*?(Q), we obtain that © € T, (%). Let us now prove that v € Cx(1).
First note that by the results in [25, section 3],

(5.12) J(ug) — J(@) = DJ(w)6ru + O([|0rull32) = DJ(@)dpu + o [|dxull2,2),

and, recalling (3.16) and using [25, Remark 3.4],

(5.13) DJ ()0 = /Q 2, (t, 2)¢[6ku] + Tu(t, 7)) dida + /ng(x)g“[éku](T,x)dx,
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where £, (t,x) = £,(t,z,5(t,x),u(t,x)) and ®,(z) = ®,(z,y(T,z)). On the other
hand, estimate (2.6) implies that

<[, ullli,1 + [IC[0B,ul(T, )|l = O(IdB, ull1,1) = o(|[0xu

|2,2)-

Therefore, since ||dxull2,2 = O(||0.4,ull2,2), (5.9), (5.12), and (5.13) yield

/ [Zy(t,x)déAku] —|—Zu(t,x)5,4ku] dtdz —|—/ O, (x)C[0a,u)(T, z)dx < o||da,u
Q Q

|2,2)-
Dividing by o we get that
L [Zy(tax)g[vk] +Zu(t7x)vk} dtdx + /ng(x)g[vk](Ta x)dx S 0(1)

Using [25, Proposition 2.1(iii)] and passing to the limit we obtain that D.J(a)v < 0.
On the other hand, the same type of computations implies that

[ @) a)lalT e =0 and [ @)@l <0 Ve 1w,

where (®g),(z) = (Pg)y (2, ¥(T,z)) with a similar notation for (®;),(z). The above
relations, together with the fact that A € A (@) and v € Ty, (@), imply that DJ(u)v =
0. Therefore, we have proved that v € Ci(@). By convexity of the Hamiltonian w.r.t.
u, for all A € Ap (@) one has 6, H[M|(t,z) > 0 and Q1[u, \](64,u) > 0 and so

/ SrHN|(t, z)dtdz + Q1 [u, N|(6a,u) > 0.
By,

Thus, we get with (5.10) that
(5.14) Q2[t, A (vg) < o(1).

By assumption (iii), there exists A; € Ap(u) such that Q2[a, As](v) > «al|v]|3,. The
structural assumption in (H3) implies that Q2[d, \s] is weakly lower semicontinuous
(see, e.g., [25]) and so (5.14) yields,

0 < af[]l3, < Qo[ A](9) < liminf Qa[a, As] (vr) < Tim sup Qa[8, Av](vi) <0,
—00

k—o0

and so 7 = 0 and Q2[t, A\s](¥) = 0 = limy_ 00 Q2[8, A\s](vg). Using that v — ([u] is
continuous from L?2(Q), endowed with the weak topology, to L*?(Q), endowed with
the strong topology (see, e.g., [25, Proposition 2.1(iii)]), (H3) implies that vy, — =0
strongly in L*?(Q), contradicting |vg|l2,2 = 1. 0

Proof of Theorem 3.12. We only need to prove that (i) implies (ii). If @ is a strong
local solution of (CPy) satisfying (3.12), then in particular it is a weak solution satis-
fying (3.8). Assertion (ii) follows directly from [25, Theorem 5.2] and the assumption
Ck(u) = C¢(u). 0

Proof of Theorem 3.13. The proof of this result is exactly the same as the previous

one, the only difference being that instead of using [25, Theorem 5.2] we use [25,
Theorem 5.7]. d
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Proof of Theorem 3.14. The proof of the equivalence between weak and strong
minima satisfying the quadratic growth condition for problem (CP;) is the same as
the proof of the corresponding result for (CPg) in Theorem 3.7, the only difference
being that in order to write the second order necessary optimality condition for a
weak minimum, Theorem 5.2 in [25] is used if condition (a) holds and Theorem 5.7
in [25] is used if condition (b) holds. Then, as in Theorem 3.7 the local Pontrya-
gin principle together with the continuity assumption on data are used to obtain a
global quadratic growth property for the Hamiltonian. Finally, the previous charac-
terizations in Theorems 3.12 and 3.13 can be directly applied for cases (a) and (b),
respectively. 0

Acknowledgment. The authors express their gratitude to the authors of [10,
11] for valuable discussions and to the two anonymous referees for their valuable
corrections/suggestions, which allowed a considerably improvement and simplification
in the presentation of the main results.

REFERENCES

[1] J. P. AUBIN, Un théoréme de compacité, C. R. Acad. Sci. Paris, 256 (1963), pp. 5042-5044.

[2] H. T. Banks AND K. KuNIscH, Estimation Techniques for Distributed Parameter Systems,
Systems Control Found. Appl., Birkhduser Boston, Boston, MA, 1989.

[3] T. BAYEN, J. F. BONNANS, AND F. J. SiLva, Characterization of local quadratic growth for
strong minima in the optimal control of semi-linear elliptic equations, Trans. Amer. Math.
Soc., 366 (2014), pp. 2063-2087.

[4] T. BAYEN AND F. J. S1LvA, Weak and strong minima: From calculus of variation towards PDE
optimization, in Proceedings of the IFAC Workshop on Control of Systems Modeled by
Partial Differential Equations, 2013.

[5] M. BERGOUNIOUX AND N. MERABET, Sensitivity analysis for optimal control of problems gov-
erned by semilinear parabolic equations, Control Cybernet., 29 (2000), pp. 861-886.

[6] O. V. Besov, V. P. IL'IN, AND S. M. NIKOL’SKII, Integral Representations of Functions and
Imbedding Theorems, “Nauka,” Moscow, 1979.

[7] J. F. BONNANS AND P. JAISSON, Optimal control of a time-dependent state constrained parabolic
equation, SIAM J. Control Optim., 48 (2010), pp. 4550-4571.

[8] J. F. BoNNANS AND F. J. SiLva, Asymptotic expansion for the solutions of control constrained
semilinear elliptic problems with interior penalties, STAM J. Control Optim., 49 (2011),
pp. 2494-2517.

[9] J. F. BONNANS AND H. ZIDANI, Optimal control problems with partially polyhedric constraints,
SIAM J. Control Optim., 37 (1999), pp. 1726-1741.

[10] J. F. BoNNANS, X. DUPUIS, AND L. PFEIFFER, Second-order necessary conditions in Pontryagin
form for optimal control problems, SIAM J. Control Optim., 52 (2014), pp. 3887-3916.

[11] J. F. BonNANs, X. DuPuls, AND L. PFEIFFER, Second-order sufficient conditions for strong
solutions to optimal control problems, ESAIM Control Optim. Calc. Var., 159 (2014),
pp. 1-40.

[12] E. Casas, Pontryagin’s principle for state-constrained boundary control problems of semilinear
parabolic equations, STAM J. Control Optim., 35 (1997), pp. 1297-1237.

[13] E. Casas AND M. MATEOS, Second order optimality conditions for semilinear elliptic con-
trol problems with finitely many state constraints, SIAM J. Control Optim., 40 (2002),
pp. 1431-1454 (electronic).

[14] E. Casas, J.-P. RAYMOND, AND H. ZIDANI, Pontryagin principle for local solutions of con-
trol problems with mized state control constraints, STAM J. Control Optim., 39 (2000),
pp. 1182-1203.

[15] E. Casas AND F. TROLTZSCH, Second order necessary and sufficient optimality conditions for
optimization problems and applications to control theory, SIAM J. Optim., 13 (2002),
pp. 406-431.

[16] H. GOLDBERG AND F. TROLTZSCH, Second order sufficient optimality conditions for a class
of mon-linear parabolic boundary control problems., SIAM J. Control Optim., 31 (1993),
pp. 1007-1025.



TERENCE BAYEN AND FRANCISCO J. SILVA

B. Hu AND J. YONG, Pontryagin mazimum principle for semilinear and quasi-linear parabolic
equations with pointwise state constraints, SIAM J. Control Optim., 33 (1995), pp. 1857—
1880.

J.-P. KERNEVEZ, Enzyme Mathematics, Stud. Math. Appl., North-Holland, Amsterdam, 1980.
O. A. LADYZHENSKAYA, V. A. SOLONNIKOV, AND N. N. URAL'CEVA, Linear and Quasilinear
Equations of Parabolic Type, Transl. Math. Monogr. 23, AMS, Providence, RI, 1967.
J.-L. LioNS AND E. MAGENES, Problémes aux limites non homogénes et applications, Vol. 1,

Trav. Rech. Math. 17, Dunod, Paris, 1968.

A. MiLYuTiIN AND N. Osmorovskii, Calculus of Variations and Optimal Control, Systems
Control Found. Appl., Birkhduser Boston, Boston, MA, 1998.

P. NEITTAANMAKI AND D. TiBA, Optimal Control of Nonlinear Parabolic Systems: Theory,
Algorithms and Applications, Chapman & Hall/CRC Pure Appl. Math., 179, Taylor &
Francis, New York, 1994.

S. M. ROBINSON, Strongly regular generalized equations, Math. Oper. Res., 5 (1980), pp. 43-62.

A. SHAPIRO, Perturbation analysis of optimization problems in Banach spaces, Numer. Funct.
Anal. Optim., 13 (1992), pp. 97-116.

F. J. SiLvA, Second order analysis for the optimal control of parabolic equations under control
and final state constraints, Set-Valued Var. Anal., 24 (2016), pp. 57-81.

J. SimoN, Compact sets in LP(0,T; B), Ann. Mat. Pura Appl. (4), 146 (1987), pp. 65-96.

F. TROLTZSCH, Optimal Control of Partial Differential Equations: Theory, Methods and Ap-
plications, Grad. Stud. Math. 112, AMS, Providence, RI, 2010.

G. F. WEBB, Theory of Nonlinear Age-Dependent Population Dynamics, Monogr. Textbooks
Pure Appl. Math., Marcel Dekker, New York, 1985.



	Introduction
	Preliminaries
	Optimal control problems and main results
	Main results for problem (CP0)
	Main results for problem (CP1)
	Some remarks and possible extensions in the state constrained case

	Second order expansions and a decomposition result
	Proofs of the main results
	Proofs of the main results for problem (CP0)
	Proofs of the main results for problem (CP1)

	References

