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An elliptic semilinear equation with source term and
boundary measure data: the supercritical case

Marie-Francgoise Bidaut-Véron*
Giang Hoang'
Quoc-Hung Nguyen?
Laurent Véron®

Laboratoire de Mathématiques et Physique Théorique,
Université Francois Rabelais, Tours, FRANCE

Abstract

We give new criteria for the existence of weak solutions to equation with source
term

—Au=u? inQ, u=0 on 0N

where ¢ > 1, Q is a either a bounded smooth domain or RY and o € 9T (9Q) is
a nonnegative Radon measure on 0. In particular, one of the criteria is expressed
in terms of some Bessel capacities on 92. We also give a sufficient condition for the
existence of weak solutions to equation with source mixed terms.

—Au = |u|™ 'u|Vu|? inQ, u=0c on 9N

where q1,q2 > 0,q1 + q2 > 1,q2 < 2, 0 € M(IN) is a Radon measure on 9.

1 Introduction and main results

Let © be a bounded smooth domain in RY or Q = Rﬁ = RN~ x (0,00), N > 3, and
g : R x RN — R be a continuous function. In this paper, we study the solvability of the
problem
—Au = g(u, Vu) in Q,
u=0c on Of,

(1.1)

where o € M(0N) is a Radon measure on 9. All solutions are understood in the usual very
weak sense: u € L'(Q), g(u, Vu) € LL(Q), where p(z) is the distance from z to 99 when Q
is bounded, or u € L'(RY N B), g(u, Vu) € L,(RY N B) for any ball B if Q = RY, and

/u(—AE)dxz/g(u,Vu)fdz— %do' (1.2)
Q Q

o0 on

for any ¢ € C2(Q) N C.(RY) with ¢ = 0 on 99, where p(z) = dist(z,dQ), n is the outward
unit vector on 9. It is well-known that such a solution u satisfies

u = G[g(u, Vu)] + Plo] a. e. in Q.
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where G[.], P[], respectively the Green and the Poisson potentials of —A in €, are defined
from the Green and the Poisson kernels by

Plo](y) = /@ P(y.2)do(:), Gla(u, Tu)l) = / Gy, 2)g(u, V) (2)de,

see [14].
Our main goal is to establish necessary and sufficient conditions for the existence of weak

solutions of (1.1) with boundary data measures, together with sharp pointwise estimates of
the solutions. In the sequel we study two cases for problem (1.1):

1- The pure power case

—Au = |uli in Q,
u=0 on 0, (1.3)
with v > 0,¢>1and o > 0.
2- The mixed gradient-power case
—Au = |Vu|®2|u|1 1y in Q,
u=oc on 0f), (1.4)

with ¢1,q2 > 0, ¢1 +q2 > 1 and g2 > 2.

Problem (1.3) has been first studied by Bidaut-Véron and Vivier [2] in the subcritical
case 1 < ¢ < & with Q bounded. They proved that (1.3) admits a nonnegative solution

provided () is small enough. They also proved that for any o € 9™ (9€) there holds

G[(P[o])?] < co(0Q)P[o] (1.5)

for some ¢ = ¢(N, p,q) > 0. Then Bidaut-Véron and Yarur [3] have considered again problem
(1.3) in a bounded domain in a more general situation since they allowed both interior and
boundary data measures, giving a complete description of the solutions in the subcritical
case, and sufficient conditions for existence in the supercritical case. In particular they
showed that problem (1.3) has a solution if and only if

(G[P[o]])? < cP[o] (1.6)

for some ¢ = ¢(N, q,Q) > 0, see [3, Th 3.12-3.13, Remark 3.12].

The absorption case, i.e. g(u, Vu) = —|u|?1u has been studied by Gmira and Véron [8]
in the subcritical case (again 1 < ¢ < %) and by Marcus and Véron in the supercritical
case [12], [13], [14]. The case g(u, Vu) = —|Vu|? was studied by Nguyen Phuoc and Véron
[15] and extended recently to the case g(u, Vu) = —|Vu|?|u|? "1y by Marcus and Nguyen

Phuoc [10]. To our knowledge, problem (1.4) has not yet been studied.

To state our results, let us introduce some notations. We denote A < (Z2)Bif A < (>)CB
for some C depending on some structural constants, A < Bif A < B < A. Various capacities
will be used throughout the paper. Among them are the Riesz and Bessel capacities in RV !
defined respectively by

Capzw,s(0)=inf{/ fsd?ﬁfZO,Iv*fZXO}’
RN-1

Capg, ,(0) = inf{/ fidy: f>0,Gyx f> XO} ;
RN-1



for any Borel set O ¢ RYM~! where s > 1, I,,G. are the Riesz and the Bessel kernels in
RMN—1 with order v € (0, N — 1). We remark that

s

Capg, +(0) = Cap (0) > C|O['"~= (L.7)

for any Borel set O C RY¥~! where vs < N — 1 and C is a positive constant. When we
consider equations in a bounded smooth domain © in RY we use a specific capacity that we
define as follows: there exist open sets Oy, ..., O,, in RY diffeomorphisms T} : O; — B;(0)
and compact sets K1, ..., K,, in 09 such that

a. KZCOZ,(?QCUKZ
=1

b. T;(0; N9Q) = B1(0) N {zn = 0}, T;(0; N Q) = B1(0) N {zny > 0}.
c. forany x € O, NQ, Iy € O, NI, p(z) = |z —y|.

Clearly, p(T; ' (2)) < |zn| for any z = (2/, z5) € B1(0) N {zy > 0} and |J7, (x)| < 1 for any
x € 0; N, here J7, is the Hessian matrix of T;.

Definition 1.1 Let v € (0,N —1),s > 1. We denote the Capgg—capacity of a compact set
E C o2 by

where T;(ENK;) =T;(ENK;) x {xn = 0}.
Notice that, if ys > N — 1 then there exists C' = C(N,~,s,) > 0 such that
Capli({a}) > C (1.8)
for all x € 9. Also the definition does not depend on the choice of the sets O;.
Our first two theorems give criteria for the solvability of problem (1.1) in R%.
Theorem 1.2 Letg > 1 ando € im;' (RN=1). Then, the following statements are equivalent

1. The inequality

o(K) < CCap;, ,(K) (1.9)

holds for any compact set K C RN -1,

2. The inequality

G[(P[0])?] < CPlo] < o a.ein RY (1.10)
holds.
3. The problem
—Au = uf n Rf,
U =¢eo mn 8Rﬂf, (1.11)

has a positive solution for € > 0 small enough.



Moreover, there is a constant Cy > 0 such that if any one of the two statement 1 and 2 holds
with C < Cy, then equation (1.11) admits a solution u with e = 1 which satisfies

u = Po]. (1.12)

Conversely, if (1.11) has a solution u with € = 1, then the two statement 1. and 2. hold for
some C' > 0.

As a consequence of Theorem 1.2 when g(u, Vu) = |u|?"'u (¢ > 1) and Q@ = RY, we
prove that if (1.3) has a nonnegative solution u with o € 90 (RV~1), then

’ N— q+1

o(B,(y)) < Cr 7t (1.13)

for any ball B;(y’)]\i[anN_1 where C'= C(gq,N) and ¢ > %; ifl<qg< %, then o = 0.
+

Conversely, if ¢ > {7, do = fdz for some f > 0 which satisfies

/B,( )fl+5dz < PN (1.14)
(Y’

for some £ > 0, then there exists a constant Cy = Cy(N, ¢) such that (1.1) has a nonnegative
solution if C' < Cj. The above inequality is an analogue of the classical Fefferman-Phong con-

dition [5]. In particular, (1.14) holds if f belongs to the Lorentz space LW"’O(RN*).

We give sufficient conditions for the existence of weak solutions to (1.1) when g(u, Vu) =
ul® " u|Vul, g1,q2 > 0, g1 + g2 > 1 and g2 < 2.

Theorem 1.3 Let g1,q2 > 0,1 +q2 > 1,02 <2 and o € DJTZ'(RNA). Assume that

lo](K) < CCapy, . a1 1aay (K) (1.15)

q1+a2

for some C > 0 holds for any Borel set K C RN~L; then the problem

— = |y|nn—1 q2 ; N
b Ry (L1
has a solution for e > 0 small enough and it satisfies
lul SPllof], [Vul < p~"Pllol]. (1.17)
Remark 1.4 1- We define the subcritical range by
(N=1)¢1+ Ng2 < N+1 or equivalently (]13-:]% >N —1. (1.18)

In that case problem (1.16) has a solution for any measure o € 9 (RVN~1) and e > 0 small

enough.
N—-1)(g1+g92—1)

(
2- In any case and in view of (1.7), if f € L 2=ay (RN and % >1

then (1.15) holds for some C > 0 and problem (1.16) has a solution for e > 0 small enough.

In a bounded domain 2 we obtain existence results analogous to Theorem (1.2) and 1.3
provided the specific capacities on 9f2 are used instead of the Riesz capacities.

Theorem 1.5 Let ¢ > 1, Q C RY be a bounded domain with a C? boundary and o €
MT(9Q). Then, the following statements are equivalent:



1. The inequality
o(K) < C Capd” (K) (1.19)

for some C > 0 holds for any Borel set K C 0.

2. The inequalities

G[(P[r])Y < CP[o] < < a.ein Q. (1.20)
holds.
3. The problem
A g .
AZ ; ga Z?llQéQ, (1.21)

admits a positive solution for € > 0 small enough.

Moreover, there is a constant Cy > 0 such that if any one of the two statement 1. and 2.
holds with C < Cy, then equation 1.21 has a solution u with € = 1 which satisfies

u = P[o]. (1.22)

Conversely, if (1.21) has a solution u with ¢ = 1, then the two statements 1. and 2. hold
for some C > 0.

From (1.8), we see that if o € M+ (00Q) and 1 < ¢ < ¥+, then (1.19) holds for some
constant C' > 0. Hence, in this case, problem (1.21) has a positive solution for € > 0 small

enough.

Theorem 1.6 Let q1,q2 > 0,q1 +q2 > 1,q2 < 2, Q C RN be a bounded domain with a C?
boundary and o € M(OY). Assume that

o0
lo|(K) < C’Capqgl_fq22 7(q1+q2),(K) (1.23)
for some C > 0 holds for any Borel set K C OS2, then problem
—Au = |u|? |Vl in Q,
u=¢eo on 01, (124)

has a solution for € > 0 small enough which satisfies (1.17).

Remark 1.7 As above, if (1.18) holds, then problem (1.24) has a solution for any o €
M(ON) and € > 0 small enough.

2 Integral equations

Let Q be either RV =1 x (0, 00) or  a bounded domain in R with a C? boundary 9. For
0 <a<p <N, we denote

1

|z — y|V =8 max {|z — y|,p(x),p(y)}a V(z,y) € Q x Q. (2.1)

Nos(7,y) =

We set
Nosl1](x) = /ﬁ No s(z,y)dv(y) Vv € M* (@)

and No s[f] := Noslfda] if f € LL (), f>0.

loc



In this section, we are interested in the solvability of the following integral equations
U = Nag [U%(p(.)*] + Na,plw] (2.2)
where ag > 0 and w € M+ (Q).

We follow the ideas developed by Kalton and Verbitsky in [9] who expressed a PDE
problem under the form of an integral equation. They proved a certain number of properties
of this integral equation which are essential for our study and we recall them here. Let X be a
metric space and v € MM T (X). Let K be a Borel positive kernel function K : X x X ~ (0, o0]
such that K is symmetric and satisfies a quasi-metric inequality, i.e there is a constant C' > 1
such that for all x,y, z € X we have

Ky <° (K(alc,z> * K(i,y>> |

Under these conditions, we can define the quasi-metric d by

1
K(z,y)’

d(xa y) =

and by B,.(z) = {y € X : d(x,y) < r} the open d-ball of radius r > 0 and center x. Note
that this set can be empty.

For w € MT(X), we define the potentials Kw and K f by

Ku(z) = /X Kz, y)dw(y), K f(z) = /X K (.9) f (y)dv (),

and for ¢ > 1, the capacity Capfgq, in X by

Cap”Kﬂ/(E) = inf {/ gqldv :g>0,Kg > XE}
X

for any Borel set £ C X.
Theorem 2.1 ([9]) Let ¢ > 1 and v,w € M (X) such that

/’” v(Bs(2)) ds _ C/T v(Bs(2)) ds (2.3)
0 s o 5 s

s
p (B o B s 2.4
y€B-(2) Jo S s 0 S §

for any r > 0,z € X, where C > 0 s a constant. Then the following statements are
equivalent:

1. The equation u = K"u? + eKw has a solution for some € > 0.

2. The inequality
/ (Kwg)?do < Cw(E) (2.5)
E

holds for any Borel set E C X, wgp = xgw.

3. For any Borel set E C X, there holds

w(E) < CCapg ,(E). (2.6)



4. The inequality
K" (Kw)! < CKw < o0 v —a.e. (2.7)
holds.
We check below that N, g satisfies all assumptions of K in Theorem 2.1.
Lemma 2.2 N, g is symmetric and satisfies the quasi-metric inequality.

Proof. Clearly, N, g is symmetric. Now we check the quasi-metric inequality associated to

N, s and X = Q. For any z,z,y € Q such that = # y # 2, we have
o =y NI S — 2 VT g g gy VO
< 1 L+ 1 .
Na,ﬁ(xvz) Na,ﬂ(z7y)

Since |p(z) — p(y)| < & =y, so
|z —y|N P (p()* + [z = y[N P (p(y)* S |z — y|V P (min{p(x), p(y)})* + & — y|¥ T
S (Jo =2V + |z = y[VP) (min{p(x), p(y) )™ + |z — 2|V 4 |z — y NPt
((p@) |z — 2|V =P + |z — 2N PF) + ((p(y) ™[z — yIN P + |z — y|N—PF)
1 1
Nes(@2)  Nap(zy)

S

Thus,

1 < 1 + 1
Na,,@’(xvy)

Next we give sufficient conditions for (2.3), (2.3) to hold, in view of the applications that
we develop in Sections 3 and 4.

Lemma 2.3 If dv(z) = xa(p(z))*dz with ag > 0, then (2.3) and (2.4) hold.

Proof. It is easy to see that for any = € Q, s >0

BQ_%S(:U) NQ CBy(z) C Bs(z)NQ, (2.8)
with S = min{s NpTa , sﬁ(p(x))_%—ﬁ} and B,(z) = Q when s > 2%(diam ()N,
We show that for any 0 < s < 8diam (), x € Q

v(Bs(x)) =< (max{p(z),s})*s". (2.9)

Indeed, take 0 < s < 8diam (), € Q. There exists ¢ = ¢(Q2) € (0,1) and =, € Q such that
Bes(xs) C Bs(x) N and d(zs,00) > es.
() 1E0 < 5 < 220, 50 for any y € Ba(x), ply) = p(a). Thus, v(By(x)) = (p(2))%|Ba(x) N
Q| =< (d(x, 02))sN.
(b) If s > @. Since p(y) < p(x) + |z — y| < 5s for any y € Bs(x), v(Bs(x)) S sNV+Hao
(b.1) If s < 4p(x), we have
v(Bs(@)) Z V(B (2)) < (p(x)) 20t Z sVHeo,

4

(b.2) If s > 4p(x). We have for any y € B.,/2(xs), p(y) > —|y — xs| + p(xs) > €5/2. It
follows

v(By(x)) Z V(Begja(ws)) 2 s 0.



(at1)(N—p+a) _
Thus, for any 0 < s <2 ~-7 (diam (Q))N=F+ 2 € ) we have

v(Bs(x)) = (max{p(z), min{s¥=rs , 77 (p(z)) " ¥ }})0
“ N
N—38 })

ot N . 1
- SN—B+o N N lf p(l‘) S SN—B:ru7
(p(a))*o~ #2857 i pla) > sv=bes,

X (min{sm ; §¥F (p(z))”

at1)(N—B+a)
N-B

and v(By(z)) = v(Q) < (diam (Q))=+N if s > 2° (diam (Q))N=B+e. We get,
(diam (Q))*0+tF= if r > (diam (Q))N~F+e,

/T V(IBS(ZC)) dS - aptB—«a
0

— =< { r¥~N-pfa . if 1 € ((p(x))N =B+, (diam (Q))N—A+e],
(p(z))*~ ®5r ™5 if 7 e (0, (p(x))N A+,

So, (2.3) holds. It remains to check (2.4). For any x € Q and r > 0, clearly, if r >
L(p(x))N =P+ we have

" v(Bs d agtB—a

sup / 71/( ) & < min{rﬁ%, (diam (Q))QOHB*O‘},
y€B,.(z) Jo S S
we obtain
sup / v(Bs(y)) ds §/ v(Bs(z)) ds
y€B,(z) JO 8 s 0 S s
1 N—-B+a -

If0<r < 3(p(x)) , we have B,.(z) C Brﬁ(p(gﬁ)),ﬁ(m) and p(x) < p(y) for all
yeB o (), thus

PN (p(a) NP

" r(Bs(y)) ds " v(Bs(y)) ds
sup A — < sup A ST Yy

S s 1 __a
yeB (@) ly—z|<rN=F (p(z)) NP

= sup (py)) 0~ ¥ r w5
ly—al<r N7 (p(a)) NP
= (p(a))™0” ¥ v

[ U

S S

Therefore, (2.4) holds. u

Definition 2.4 For ag > 0,0<a << N and s > 1, we define Capﬁ{’a s by

Capy, , ,(E) = inf {/Qgs(p(l‘))“”dx g >0,Ng lg(p(.)*] > XE}

for any Borel set E C ().

Clearly, we have

Capy, ,.«(E) = inf {/Qf]%p(x))ao(s”dx 19> 0,Nq g[g] > XE}

for any Borel set E C €. Furthermore we have by [1, Theorem 2.5.1],

(CapaNoawﬁ,s(E)) Ls/(Q,(p(_)))aodx) S 1} (210)

for any compact set E C €, where s’ is the conjugate exponent of s.

1/e = sup {w(E) Tw e Qﬁ;(E), HNa,ﬁ[w”

Thanks to Lemma 2.2 and 2.3 , we can apply Theorem 2.1 to obtain.



Theorem 2.5 Let w € MY (Q), ag > 0,0 < a < B < N and ¢ > 1. Then the following
statements are equivalent:

1. The equation u = Ng g[ul(p(.))*°] + eNg,glw] has a solution for e > 0 small enough.

2. The inequality

/ (Noslw))(p(x)™ di < Cwo(E) (2.11)
ENQ

holds for some C > 0 and any Borel set E C Q, wp = wxE.

3. The inequality

w(K) < CCapyy, , ,(K) (2.12)

holds for some C > 0 and any compact set K C Q.

4. The inequality
No.s [(Ngglw))? (p(.)*] < ONg glw] < 00 a.e in (2.13)
holds for some C' > 0.

To apply the previous theorem we need the following result.

Proposition 2.6 Letq > 1, v,w € MT(X). Suppose that Ay, Az, B1, By : Xx X + [0, +00)
are Borel positive Kernel functions with A1 < Ao, By < Bs. Then, the following statements
are equivalent:

1. The equation u = AYu? + eBiw v-a.e has a solution for € > 0 small enough.
2. The equation u = ASu? + eBsw v—a.e has a solution for € > 0 small enough.
3. The problem u < AYu? + eByw v-a.e has a solution for € > 0 small enough.

4. The equation u 2, Aju? + eBiw v-a.e has a solution for € > 0 small enough.

Proof. We only prove that 4 implies 2. Suppose that there exist ¢; > 0,69 > 0 and a
position Borel function u such that

Alu? + ggBiw < cyu.

Taken ¢z > 0 with Ay < ¢4y, Bs < coB. We consider u,+1 = Ajul + 60(0102)7‘1731320\)
1
and up = 0 for any n > 0. Clearly, u, < (c1c2)” aTu for any n and {u,} is nondecreasing.

Thus, U = lim wu, is a solution of U = A§U? +€0(C102)7ﬁ32w. [
n— oo

The following results provide some relations between the capacities Capﬁ{’a s and the
Riesz capacities on RY~1 which allow to define the capacities on 9.

Proposition 2.7 Assume that = RN71 x (0,00) and let ag > 0 such that —1 + s'(1 +
a—f)<ay<—-14+¢8(N—-LB+a). There holds

J(K) (2.14)

Na,g,s

Cap? (K x {0}) < Cap; ot1 s
B-at—5F——1

for any compact set K ¢ RN~1,



Proof. The proof relies on an idea of [16, Corollary 4.20]. Thanks to [1, Theorem 2.5.1]
and (2.10), we get (2.14) from the following estimate: for any p € I (RV 1)

LS/(RN_l), (215)

|[Na,glt @ 6z n=0y]| L' (Q,(p(.)))*0 dz) ||Ig,a+ar§77r1,1[ﬂ]|

where I, [u] is the Riesz potential of y in RN71 i.e

h[u}(y)=/0 B, 1(1)7 VyeRN

with B/ (y) is a ball in RV~!. We have

’

> du(2) |
N Sra - %0 e i’
ool @ Sta-r i @ pmoan = [, [ (/ ) s

> Bl(z") dr\®
/IRN 1/0 </ ’I“N B+a 7 NOdSCngc/.
TN
Notice that
(% p(BL) dr\T P u(BL() dr\T

’
S

= By () dzy
> /O .

~ N—ﬂ+a—a2—fr1 TN
TN

X

Thus, using Hélder’s inequality and Fubini’s Theorem, we obtain

s/

es} [e’e} / / s’ [e’e} e o] sy [ee} / / s
u(Ba) dr\* ., < / ) [ ()
N rN s d o LA S A S _ Od
/O (/331\/ TN7ﬁ+a T xN N " r TN N 5-},-@_7 TxN N
o dr qo—1
—C/ / ( N ,8+a)> 7%\70 2dxy
TN
T et p(By)) \* dr
@) \* dr
C/ ( N- B+a 2ofl oo

@) \° dr
L (2, (p(.))) 0 dz) ~~ ( By 1/ ( N_ B+a 20f1 7dy

It implies (2.15) from [4, Theorem 2.3]. N

Thus,
1/s’

[INa,8l1t @ 0gg =0yl
(2.16)

Proposition 2.8 Let Q C RY be a bounded domain a C? boundary. Assume oy > 0 and
“1+1+a—-0)<ayg<-1+5(N—p+a). Then there holds

Capyy, ,» (B) = Cap? L aats () (2.17)

yS

for any compact set E C 900 C RV,

10



Proof. Let K1, ..., K,, be as in definition 1.1. We have
CapRy, ,o(E) < >_CapRy, , (BN K:),
i=1

for any compact set E C 0f). By definition 1.1, we need to prove that

(TWENK;) Vi=1,2,.. m. (2.18)

,ayﬂsj@,lv*

Capol\‘loaﬁ’s(E NK;) = CapGﬁ

We can show that for any w € M (9Q) and i = 1,...,m, there exists w; € M, (T;(K;)) with
T;(K;) = T;(K;) x {zx = 0} such that
wi(0) = w(T7 (0 x {0}))

for all Borel set O C T;(K;), its proof can be found in [1, Proof of Lemma 5.2.2]. Thanks
to [1, Theorem 2.5.1], it is enough to show that for any i € {1,2,...,m} there holds

||NQ;B[XK10‘)]||L5/(Q,(p(.)))0‘0dx) = ||Gﬂ_a+a27/+1_1 [ws]| \Ls’(RNﬂ)a (2.19)

where G, [w;] (0 <y < N —1) is the Bessel potential of w; in RV~ i.e

Goloe) = [ Golo—nduly)

Indeed, we have

i's/m,(pu))aoaw) /Q</K %)S/ (p(x))*dx
- /om (/K m> (p(w))“°d:c+/m0i </K %) (p(x))*° da

<[ ([ m) (pla)* iz + (w(K2))"

Here we used |z — z| < 1 for any « € Q\O;, z € K;.
By a standard change of variable

[ (] 290) beyede s i)y

= dw(z) . -1 ag -1 -1 w s’
o UL g o) 0 ) 0 )+ (1)

?

dw(z) >S/ . . ,
= - YN dy + (w(K3))® withy = (¥, yn),
/Bl(O)r‘]{a:N>0} (/K y — T;(2)| NP+ N

since [T, (y) — 21 = |y — T2, I (T (m))] = 1 and p(T; () = gy for all (y,2) €
T;(0; N Q) x K;. From the definition of w;, we have

1 s ,
dw<z>) yeody + (W(K))*
/Bl(o)m{zmo} </K y — Ti(z)|N—Pte

’

1 S
= ~—rrdwi(§) | Yy dyndy' + (w(K;))®
/Bl<o>m{zN>o} </ﬁ-<m> (Jy' — €2 +y2) N

’

[eS) 2R 1 (0 5
wi(B,.(y')) dr - :
= — = o h = Q).
Lo T ) s s = im

min{yn,R

[Naglwx]l

’
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As in the proof of Proposition 2.7, we also obtain

’

wiBI) dr\
——=— | yydyndy
/RN 1 / <~/mln{yN R} rv Bta r N N
2R 1 (o) s’
i (BLL( d
/ / il a))+1 —Tdy/.
RN—1 N BAa—=0= r

Therefore, we get (2.19) from [4, Theorem 2.3]. |

3 Proof of the main results

We denote
Plo](x) :/ P(z,2)do(z) /G z,y)f
o0
for any o € M(9N), f € L, (Q), f > 0. Then the unique weak solution of
—Au=f in Q,
u=o0 on 012,

can be represented by
u(z) = G[f](z) + Plo](z) Vx €.

We recall below some classical estimates for the Green and the Poisson kernels.

. 1 x
G““”Xmm{x—yw2’§33@}’

p()
|z — 2|V’

P(z,z) <

and

ply) . [z —yl 1
|v G(Z’,y)‘ /S min 1a ’ |v P(HZ,Z)| 5 ’
’ o — N P(@)p(y) ’ @ — 2|V
for any (x,y,z) € Q x Q x 99, see [2]. Since |p(z) — p(y)| < |x — y| we have

max {p(z)p(y), |z — y|*} = max {|z — y|, p(2), p(y)}* .

Thus,
mm{L(ﬁ@in }X<mwﬂxjyj@»mw97 ora=0 B
Therefore,
G(z,y) < p(2)p(y)Na2(2,y), P(z,2) < p(z)Na,a(z, 2) (3.2)
and
Vo G(z,9)| S p(y)N11(z,y),  [VeP(2,2)] $ Naal,2) (3.3)

12



for all (x,9,2) € QA x 2 x N, a > 0.
Proof of Theorem 1.2 and Theorem 1.5. By (3.2), the following equivalence holds
G[(P[o])Y] SP[o] <0 aein Q <= Nas[(Na2[o])?p?™!] < Naplo] < oo aein €.
Furthermore

U =< G[UY +Plo] < U =< pNa2[pU?] + pNa (0],
which in turn is equivalent to

V =< Noo[p?T' V4] + Ny o] with V =Up~'.

By Proposition 2.7 and 2.8 we have:

Capy, o(K) = CaqutLq, (K x {0}) VK c RV~! K compact.
q

if Q= ]Rf, and
Cap%?q, (K) =< CaqutLq, (K) V K C 09, K compact.

if Q is a bounded domain. Thanks to Theorem (2.5) with w =0, a = 2,8 = 2,09 = ¢+ 1
and proposition 2.6, we get the results.

[ ]

Proof of Theorem 1.3 and 1.6. By (3.2) and (3.3), we have
G(z,y) < Cp(x)p(y)N1,1(z,9), [VaG(z,y)| < Cp(y)Nia(z,y), (34)
P(z,y) < Cp(y)Ny1(x,2), |ViP(z,2)| <CNyi(z,2), (3.5)

for all (z,y,z) € Q x Q x 9N for some constant C' > 0.
For any u € VVﬁ)cl(Q), we set

w)(z) = T w(y)|? Ty u(y)]? xz, z)do(z).
F(u)(2) /QG( )|y ()| Vu(y)| dy+/mP( ,2)do(z)
Using (3.4) and (3.5), we have
[F(u)| < Cp(-)N11 [[u]™[Vul®p(.)] + Cp(.)N1 1],
|VF(u)| < CNyp [[u][Vul?p(.)] + CNy 1[[o]].

Therefore, we can easily see that if

1)q1+q271

o q1+q2 )+t (Q1+QQ*
Nua [(Nuallol)™ (o) ] < o=,

holds then F is the map from E to E, where

Niiflol] <oco aein Q (3.6)

E= {u € Wllocl(Q) Sul < Ap( )Ny alol], [Vul < ANq1[lo]] aein Q}

: _ Cl(a1t+g2)
with A = "

Assume that (3.6) holds. We denote S by the subspace of functions f € VV,{)C1 (©) with norm
I[flls = IIflpar+az @, (p())r-92dz) + IV Fll| Lar+aa (0, (p()) 140240y < 00

Clearly, E C S, E is closed under the strong topology of S and convex.

On the other hand, it is not difficult to show that F is continuous and F(E) is precompact in
S. Consequently, by Schauder’s fixed point theorem, there exist v € E such that F(u) = u.
Hence, u is a solution of (1.16)-(1.24) and it satisfies

lul < Ap()Nwa[lof], [Vu] < ANy [lo].

Thanks to Theorem 2.5 and Proposition 2.7, 2.8, we verify that assumptions (1.15) and
(1.24) in Theorem 1.3 and 1.6 are equivalent to (3.6). This completes the proof of the
Theorems. u
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4 Extension to Schrodinger operators with Hardy po-
tentials
We can apply Theorem 2.5 to solve the problem
—Au — p%u = u4 in Q,

uU=0 on 01,

where x € [0, 1] and o € M+ (99).
Let Gy, Py be the Green kernel and Poisson kernel of —A — Gipz In @ with £ € [0, 1].
We have

1+V/I1—4dk
G () = min 1 (p(z)p(y)) 2
e L el
1+/I—4k

_ (o)) >
PK(‘TVZ) - |[L‘ _ 2|N—1+\/m’

for all (x,y,2) € Q x Q x 99, see [6, 11, 7]. Therefore, from (3.1) we get

Y =
Gr(z,y) < (p(x)p(y)) 2 Ny, i—gm2(7,9), (4.1)
1+V1—-4k

Pﬁ(x7z> = (p(I)) 2 Na,17\/174n+a(1‘7z)7

—
:J;
[\)

—

for all (x,y,2) € Q x Q x 9, a > 0. We denote

P, [o](x) = / Py, 2)do(2), Gulfl(x) = [ Grle,v)f(y)dy
oQ Q

for any o € MT(9N), f € Ll(Q,p1+ " dx), f > 0. Then the unique weak solution of
—Au — p%u =f in Q,
u=oc on 0f),

satisfies the following integral equation [7]
u= Gg[f] + Prlo] a.e. in Q.
As in the proofs of Theorem 1.2 and Theorem 1.5 the relation
G, [(Pi[o)Y] SPlo] <0 aein Q,

is equivalent to

(a+1)(A+VT—4r)
2

Ny, i—ame {(Numg[a])qﬂ SN =melo) <o aein @,

and the relation
U = G,[U? + Pglo],
is equivalent to

(9+1)(1+vI—4r) 1+VI—dr
2

. _ 1+
V =Ny yimamale VI + Ny 1=gmplo] with V =Up™ "2

Thanks to Theorem 2.5 with w = 0, a = 1+ V1 —4kK,8 = 2,09 = % V124%) and
proposition 2.6, 2.7, 2.8, we obtain.
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Theorem 4.1 Let ¢ > 1,0< k < % and o € MT(0Q). Then, the following statements are
equivalent

1. There exists C > 0 such that the following inequalities hold

0(0) < CCapIq+37(q71)m’q/ (0) (4.3)
2q
for any Borel set O C RN~ if @ = RY and
o(0) < CCap‘Zi’eﬁ(g;W% q,(O) (4.4)
p ;

for any Borel set O C 09 if Q is a bounded domain.

2. There exists C > 0 such that the inequality

G, [(P[o])] < CPlo] < 00 a.ein K, (4.5)

holds.

3. Problem
—Au—p%uzuq n QQ, 16
u=¢eo on 0N, (4.6)

has a positive solution for e > 0 small enough.

Moreover, there is a constant Cy > 0 such that if any one of the two statements 1 and 2
holds with C < Cy, then equation 4.6 has a solution u with ¢ = 1 which satisfies

u < Pylo]. (4.7)

Conversely, if (4.6) has a solution u with € = 1, then the two statement 1. and 2. hold for
some C' > 0.

Remark 4.2 Problem (4.6) admits a subcritical range

N+ 5

1<g< ——=2—
IS Nye-

If the above inequality, the problem can be solved with any positive measure provided o(9)
is small enough. The role of this critical exponent has been pointed out in [11] and [7] for
the remouvability of boundary isolated singularities of solutions of

—Au—%u—l—uq:OinQ
p

i.e. solutions which vanish on the boundary except at one point. Furthermore the complete
study of the problem
—Au—p%quuq:O in €,

u=o0 on 09, (4.8)

is performed in [7] in the supercritical range

1+v1—4k
N+f

> .
7= N+ 1+\/21—4n _9

The necessary and sufficient condition is therein expressed in terms of the absolute continuity

of o with respect to the Caplq%_(qg;) g -capacity.
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