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An elliptic semilinear equation with source term and
boundary measure data: the supercritical case

Marie-Frangoise Bidaut-Véron*
Giang Hoang'
Quoc-Hung Nguyen?
Laurent Véron®

Laboratoire de Mathématiques et Physique Théorique,
Université Frangois Rabelais, Tours, FRANCE

Abstract
We give new criteria for the existence of weak solutions to equation with source
term

—Au=u? inQ, u=0 on 9N

where ¢ > 1, Q is a either a bounded smooth domain or RY and o € 9 (9Q) is
a nonnegative Radon measure on 9. In particular, one of the criteria is expressed
in terms of some Bessel capacities on 02. We also give a sufficient condition for the
existence of weak solutions to equation with source mixed term.

—Au = |u|™" 'u|Vu|? inQ, u=0 on N

where q1,92 > 0,q1 + g2 > 1,¢2 < 2, 0 € M(IN) is a Radon measure on 0.

1 Introduction and main results

Let © be a bounded smooth domain in RY or @ = RY := RV~! x (0,00), N > 3, and
g : R x RY i R be a continuous function. In this paper, we study the solvability problem
for

(1.1)

where o € M(IN) is a Radon measure on 9€2. All solutions are understood in the usual very
weak sense: u € L'(Q), g(u, Vu) € L}(Q), where p(z) is the distance from z to 99 when Q
is bounded, or u € L'(RY N B), g(u, Vu) € L,(RY N B) for any ball B if @ = RY, and

/Qu(—Af)dx:/Qg(u,Vu)fdx—/ %do (1.2)

an dn

—Au = g(u, Vu) in £,
u=oc on 0,

for any ¢ € C?(Q) N C.(RY) with ¢ = 0 on 99, where p(z) = dist(z, d), n is the outward
unit vector on 9. It is well-known that such a solution u satisfies

u = Glg(u, Vu)] + Plo] a. e. in Q.
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where G[.], P[.], respectively the Green and the Poisson potentials of —A in 2, are defined
from the Green and the Poisson kernels by

Plo](y) :/BQP(y,z)da(z), Glg(u, Vu)] /G y,x)g(u, Vu)(x)dz

see [14]. The case g(u, Vu) = |u|?"1u, ¢ > 1 has been studied by Bidaut-Véron, Vivier, Yarur
in [2, 3] in case the subcritical case, i.e. 1 < ¢ < %Jri, and (Q is bounded. They proved that
problem (1.1) admits a solution provided that |o|(02) is small enough. Furthermore, they

also proved that for any o € 9T (99) there holds
G[(P[o])?] < Co(0)P[o] in Q, (1.3)

for some constant C' = C(N,q,Q) > 0.

Our main goal is to establish necessary and sufficient conditions for the existence of weak
solution to (1.1) with nonnegative boundary measure date, in the supercritical case, together
with sharp pointwise estimates of solutions. The absorption case, i.e g(u, Vu) = —|u|9" u
has been studied by Gmira and Véron in the subcritical case [7] and by Marcus and Véron
in the supercritical case [12, 13, 14]. The case g(u, Vu) = —|Vu|? has been studied by
Nguyen Phuoc and Véron [15] and extended to the case g(u, Vu) = —|u|P|Vu|? by Marcus
and Nguyen Phuoc [10].

We consider first (1.1) with Q = RV~ x (0,00) and as a consequence of our results
when g(u, Vu) = |u|9"tu, ¢ > 1 (see Theorem 1.2), we prove that if (1.1) has a nonnegative
solution u with o € M, (RN 1), then

’ q+1

o(B.(y)) < CrV 7T (1.4)

for any ball B, (y') in RN=! where C' = C(g, N) and ¢ > ¥+ if 1 < ¢ < &£ then o = 0.
Conversely, if ¢ > N H , do = fdz for some f > 0 which satisfies

/B ( >f1+fdz < PNTEED (1.5)
Yy

for some € > 0. Then, there exists a constant Cy = Cy(N, ¢q) such that (1.1) has a nonneg-
ative solution if C' < Cj. The above inequality is an analogue of the classical Fefferman-
Phong condition [5]. In particular, (1.5) holds if f belongs to the Marcinkiewicz space
JCENEERY o (RN-1),

Moreover, we give sufficient conditions for the existence of weak solutions to (1.1) when
g(u, Vu) = [u|tu|Vu|®, q1,q2 >0, g1 +q2 > 1 and ¢z < 2.

To state our results, let us introduce some notations. We denote A < (2)Bif A < (>)CB
for some C depending on some structural constants, A < Bif A < B < A. Various capacities
will be used throughout the paper. Among them are the Riesz and Bessel capacities in RV 1
defined respectively by

Capy, ,(0) = inf{/ Fdy: 0L f > xo} ,
RN—1

CaprS(O)inf{/ fsdy:fZO,G.y*fz)(o},
RN—1

for any Borel set O C RV~1 where s > 1, I,, G, are the Riesz and the Bessel kernels in
RN =1 with order v € (0, N — 1). We remark that

Capg, ,+(0) = Cap; ,(0) > C|O] (1.6)



for any Borel set O C R¥~1 where vs < N — 1 and C is a positive constant. When we
consider equations in a bounded smooth domain © in R we use a specific capacity that we
define as follows: there exist open sets O1, ..., O,, in R diffeomorphisms T} : O; — B1(0)
and compact sets K1, ..., K, in 02 such that

a. Kz-COi,Z?QC UKz
=1

b. Tz(Oz n GQ) = Bl(O) n {$N = 0}, Tz(Oz N Q) = Bl(O) n {.TN > 0}

c. for any x € O; N 9N, Jy € O; N O, d(x,00) = |x — y|.

Clearly, p(T; '(2)) < |zn| for any z = (2/, zx) € B1(0) N {zy > 0} and |7, (x)| < 1 for any
x € 0; N, here Jr, is the Hessian matrix of 7;.

Definition 1.1 Let v € (0, N —1),s > 1. We denote the Capf%—capacity of a compact set
E C 09 by

Capli(E) = ) Capg, (Ti(E N KJ)),
i=1

where T;(ENK;) =T;(ENK;) x {xny = 0}.
Notice that, if vs > N — 1 then there exists C' = C(N,~,s,) > 0 such that
Cap??({a}) > C (1.7)
for all z € 092.
Our first two theorems give criteria for the solvability of problem (1.1) in R%.
Theorem 1.2 Letq > 1 ando € M (RN 1), Then, the following statements are equivalent

1. The inequality

o(K) < CCapy, ,(K) (1.8)

holds for any compact set K C RN~1,

2. The inequality

G [(P[0])Y] < CP[o] <00 a.ein RN7! x (0,00) (1.9)
holds.
3. The problem
—Au = ul in RN~ x (0,00),
u(.,0) =¢eo in RN-L (1.10)

has a positive solution for some e > 0.

Moreover, there is a constant Cy > 0 such that if any one of the two statement 1 and 2 holds
with C' < Cy, then equation (1.10) admits a solution u with ¢ = 1 which satisfies

u =< P[o]. (1.11)

Conversely, if (1.10) has a solution u with € = 1, then the two statement 1. and 2. hold for
some C' > 0.



Theorem 1.3 Let q1,q2 > 0,q1 +q2 > 1,q2 < 2 and 0 € MRN1). There exists 6 > 0
such that if the inequality

0(K) < 5Caps, . a1 rany (K) (1.12)

q1+a2

holds for any Borel set K C RN™1, then the problem

s R0 s

has a solution and satisfies
lul < CPlloll, |Vul < C(p(.))""P[lo]]. (1.14)

for some a constant C > 0.
In view of (1.6) and assuming do = fdz, we see that if f € LW“’O(RN*) and

(N—-1)(91+g92—1)
(NG 5 1 then (1.8) holds for some C > 0, if f € L =2 (RN~1) and
% > 1 then (1.12) holds for some C' > 0.

In a bounded smooth domain €2 we obtain existence results analogous to Theorem (1.2)
and 1.3 provided the specific capacities on 9€) are used instead of the Riesz capacities.

Theorem 1.4 Let g > 1, Q be a bounded open set in RN with 00 € C? and o € M, (99).
Then, the following statements are equivalent:

1. The inequality
o(K) < C Cap??, (K) (1.15)

holds for any Borel set K C 0f).

2. The inequalities

G|[(P[0])!] < CP[o] <0 a.ein Q. (1.16)
holds.
3. The problem
—Au = 14 ;
Nl (1.17)

admits a positive solution for some ¢ > 0.

Moreover, there is a constant Cy > 0 such that if any one of the two statement 1. and 2.
holds with C < Cy, then equation 1.17 has a solution u with € = 1 which satisfies

u = Plo]. (1.18)

Conversely, if (1.17) has a solution u with ¢ = 1, then the two statements 1. and 2. hold
for some C > 0.

From (1.7), we see that if o € M (9Q) and 1 < ¢ < £, then (1.15) holds for some
constant C' > 0. Hence, in this case, problem (1.17) has a positive solution for some small
constant ¢ > 0.



Theorem 1.5 Let q1,q2 > 0,q1 +q2 > 1,q2 < 2, Q be a bounded open set in RN with
00 € C? and o € M,(0KY). There exists § > 0 such that if

() < 6 Capy L () (1.19)
holds for any Borel set K C 02 when ) is a bounded, then problem
—Au = |u|" " u|Vul|® i Q,
{ u=o on 0L, (1.20)

has a solution and satisfies (1.14).

As above, by (1.7) and (1.19), we deduce that for any o € 9t,(92) and q1%l‘_qu_1 > N —1,
problem (1.20) has a solution provided that |o|(92) is small enough.

2 Integral equations

Let Q be either RN =1 x (0, 00) or 2 a bounded domain in RY with a C? boundary 9. For
0<a< <N, we denote
1

Nos(z,y) = e P (e — 4 @) P )] V(z,y) € A x Q. (2.1)

We set
Nosl1](x) = ﬂ Nos (o, y)du(y) Vv € 0 (@)

and N, 5[f] := Ng g[fdz] if f € L, (Q), f>0.

loc
In this section, we are interested in the solvability of the following integral equations

U =Nag[U%(p(.)*] + Na,pw] (2.2)

where ap > 0 and w € MF(Q).

For our purpose, we introduce Kalton and Verbitsky’s result which is proved in [9]. Let X
be a metric space and v € MM (X). Let K be a Borel positive kernel function K : X x X +
(0, o0] such that K is symmetric and satisfies a quasi-metric inequality, i.e there is a constant
C > 1 such that for all z,y,z € X we have

1 < C( 1 . 1 )
K(z,y) =  \K(z,2) K(zy))
Under these conditions, we can define the quasi-metric d by

1

d(m,y) = K(:C y)’

and by B,.(z) = {y € X : d(x,y) < r} the open d-ball of radius » > 0 and center x. Note
that this set can be empty.

For w € MT(X), we define the potentials Kw and K f by

Ku(o) = [ Kle)daly), K@) = [ K@)
X X
and for ¢ > 1, the capacity Capg , in X by
Capg  (E) = inf {/ g7dv:g>0,K"g > XE}
X

for any Borel set £ C X.



Theorem 2.1 ([9]) Let ¢ > 1 and v,w € MT(X) such that

for any r > 0,z € X, where C > 0 is a constant.

equivalent:

S S

[ uEw o ds
y€B,(z) J 0O s S 0 S S

/2’“ v(Bs(2) ds _ / " v(Bs(x)) ds (2.3)
0 B 0 7

(2.4)

sup

Then the following statements are

1. The equation u = K"u? + cKw has a solution for some € > 0.

2. The inequality

3. For any Borel set E C X, there holds

4. The inequality

/ (Kwg)%do < Cw(E) (2.5)
E
holds for any Borel set E C X, wg = xXgw.
w(E) < CCapk ,(E). (2.6)
K" (Kw)! < CKw < o0 v —a.e. (2.7)

holds.

We now check that N, g satisfies all assumptions of K in previous theorem

Lemma 2.2 N, g is symmetric and satisfies the quasi-metric inequality.

Proof. Clearly, N, s is symmetric. Now we check the quasi-metric inequality associated to

N, and X = Q. For any x, 2,y € Q such that x # y # z, we have

|z — NI S | — NPT g |z — g NP
< 1 n 1 -
Naﬁg(z,z) Naﬁ(z,y)

Since |p(z) — p(y)| < |z — y|, so

o =y (p(2))* + |z — g1V P (p(y)* S le =y (minfp(z), p(y) ) + [ —y[V I
S (lz =217 4 |2 = y[V7P) (min{p(2), p(y) N + |z — 2|V 4 |2 -y Ve

= ()"} -

1

<
™ Nap(, 2)

Thus,

2N — 2N ()2 — yIV T 4 |2 — V)
L
NQ,B(Z,?J)’
1 5 1 n 1
Naqﬁ(z’y) Naﬁ(zaz) Na,g(z,y)

Lemma 2.3 If dv(x) = xa(p(x))*dz with ag > 0, then (2.3) and (2.4) hold.



Proof. It is easy to see that for any z € Q, s >0

327%3(:5) NQ C Bs(z) C Bs(z) N, (2.8)
with S = min{sN*}Ha , sﬁ(p(x))_ﬁ} and B, (z) = Q when s > 2%(diam(ﬂ))N.
We show that for any 0 < s < 8diam(Q2), z € Q

v(Bs(x)) =< (max{p(z), s})*s". (2.9)

Indeed, take 0 < s < 8diam(2), z € Q. There exists ¢ = £(2) € (0,1) and x5 € Q such that

B.s(xs) C Bs(x) N and d(zs,00Q) > es.

() 110 < 5 < 22 5o for any y € By(z), ply) = plx). Thus, v(By(x)) < (p(x))°°|B(x) 0

Q| =< (d(x, 082))sN.

(b) If s > @. Since p(y) < p(x) + |z — y| < 5s for any y € Bs(x), v(Bs(x)) < sVteo
(b.1) If s < 4p(x), we have

V(B () 2 v(Bun (2)) = (p(a))* N 2 sVHeo,

4

(b.2) If s > 4p(z). We have for any y € B.g/a(xs), p(y) > —ly — xs| + p(xs) > es/2. It
follows

(@t (N=B+a) _
Thus, forany 0 < s <2 ~-5  (diam(Q))N =+ x € Q we have

v(Bs(2)) = (max{p(z), min{s Y=, s 77 (p(x)) " ¥7 }})°0

o N
% (min{s ™=, 5757 (p(a)) " ¥}
_ [ s if p(x) < s¥=hea,
(p(a)* " FF 577 i pla) 2 7,

(a+1)(N—B+a)
N-B

and v(B,(x)) = v(Q) =< (diam(Q))*+N if s > 2 (diam(Q))N =B+, We get,

: (diam ()52 i ¢ > (diam(©))Y 7+,
[P T (ol iam(@)N )
0 (p(x))aofmrN——B if re (0’ (p(x))N_B""O‘].

So, (2.3) holds. It remains to check (2.4). For any z € Q and r > 0, clearly, if r >
2(p(z))N =P+ we have

" v(Bs d aotB-a

sup / 71/( W) & < min{rf\?j—éla, (diam(Q))>o+P=a},
yeB,.(z) Jo S S

we obtain

sup / V(BS(Q))QS/ V(BS(x))E

y€B,.(z) JO 5 5 0 s s
If 0 <7 < 3(p(x))N =P+ we have B,(z) C B __o () and p(z) < p(y) for all

PN (p(x)” NTB



yGBrﬁ(p(z))*W(x)’ thus
" u(Bs(y)) d " u(By(y)) d
sup / v(Bs(y)) ds sup /V( (v)) ds
z S S 1 __a S S
YR (®) 70 ly—a|<r ¥ (p(z)) "B 7O
= sup (py)) ™~ ¥ r w7
ly—a|<r N (p()) " NP
= (pa)) ¥
_ /T v(Bs(x)) ds
=] ==
Therefore, (2.4) holds. ]

Definition 2.4 For ap > 0,0 <a < S < N and s > 1, we define Capol(fa s by
Canf, , o(B) = int { [ (o) 59 > 0.N lalp())*] = x|

for any Borel set E C Q.

Clearly, we have

Canst, , (B) = int { [ g*(p(a) Ve g > 0.Nasl] = x|

for any Borel set £ C Q. Furthermore we have by [1, Theorem 2.5.1],

o 1/s
(Capge ()" = sup {wlB) € I (B), [INa sl o o S 1) (2:10)

for any compact set E C €, where s is the conjugate exponent of s.
Thanks to Lemma 2.2 and 2.3 , we can apply Theorem 2.1 to obtain.

Theorem 2.5 Let w € MT(Q), ap > 0,0 < a < B < N and q > 1. Then the following
statements are equivalent:

1. The equation u = Ng g[u?(p(.))*°] + eNgq,glw] has a solution for some e > 0.

2. The inequality
| (N sl (pla)ds < CulE) (211)

holds for any Borel set E C Q, wg = wxEg.
3. The inequality
w(K) < CCapf{fawB’q, (K) (2.12)
holds for any compact set K C Q
4. The inequality
Na,s[(Naglw])? (p(.)*] < CNaplw] <oo aein Q (2.13)
holds.

To apply the previous theorem we need the following result.



Proposition 2.6 Letq > 1, v,w € MT(X). Suppose that A1, Az, By, By : X x X + [0, +00)
are Borel positive Kernel functions with A1 < Ao, By < Bs. Then, the following statements
are equivalent:

1. The problem u = AYu? +eByw v—a.e has a position solution for some € > 0.
2. The problem u = ASu? 4+ e Bow v—a.e has a position solution for some ¢ > 0.
3. The problem u =< AYu? 4+ e Bijw v—a.e has a position solution for some ¢ > 0.
4. The problem u 2 AYu? + eBiw v—a.e has a position solution for some e > 0.

Proof. We only prove that 4 implies 2. Suppose that there exist ¢; > 0,69 > 0 and a
position Borel function u such that

Alu? + ggBiw < cyu.

Taken ¢ > 0 with Ay < cpA;, By < c2B. We consider upy; = Ajud + so(clcQ)_q%lng
and ug = 0 for any n > 0. Clearly, u,, < (clcQ)_q%lu for any n and {u,} is nondecreasing.

Thus, U = lim u, is a solution of U = A§UY + 60(0102)_031 Bow. n
n—oo
The following results provide some relations between the capacities Capy! and the
a,BS

Riesz capacities on RY ! which allow to define the capacities on 9.

Proposition 2.7 Assume that Q = RY~1 x (0,00) and let ag > 0 such that —1 + s'(1 +
—08)<ap<—-1+8(N -84 a). There holds

Capiy, (K x {0}) = Cap, J(K) (2.14)

pat 20l _p
f K RN-1
or any compact set K C ,

Proof. The proof relies on an idea of [16, Corollary 4.20]. Thanks to [1, Theorem 2.5.1]
and (2.10), we get (2.14) from the following estimate: for any p € 9T (RN 1)

[[Na,slk @ den=01ll1+ (0,(p(.)))20dz) = ||Ig_a+aﬂs_fl_1[ﬂ]||LS'(]RN*1)a (2.15)

where I, [u] is the Riesz potential of g in RN=1 i.e

Bl = [ EEAT vy R,

r

with B/ (y) is a ball in R¥~!. We have

’

: > dp(2) ) ,
N, Ofmne s o = — Xdrnd
I ”3[,u® {zNn 0}]||L (Q,(p(.))*0 da) /RN 1/0 (/]RN (e —z|2—|—x )N R LN AT NGT

_ * w(By.(x")) dr\® o ,
Lo UL by PN ) NN
Notice that
(% p(BL) dr\T (N u(BlL(a) dr\T
/0 (/ZN S N—Bra Ty dry > ; . T N-Bta rdr N

’
S

[ (e ) e
~ o +1 .
x% B+a—07= TN

0



Thus, using Holder’s inequality and Fubini’s Theorem, we obtain

<!

([ pB) A\, LT A\ T p(B) Y dr
/0 (/ZN N—Bra rydey < r2s . = = 7de:cN
"dr ag-1
70/ / < N—pras )) ) rrxN “den
e p(Bla) \* dr
= TN7ﬂ+a7%§ r
p(Bi)) \* dr
w/o (TN ) T

Thus,

) < dr
||Na6[ﬂ®5{m 0}]||Ls (Q,(p()))0dx) =~ ( . 1/ ( N B+a D 7dy

It implies (2.15) from [4, Theorem 2.3]. ]

1/s’

(2.16)

Proposition 2.8 Let Q C RY be a bounded domain a C? boundary. Assume ag > 0 and
“1+d1+a—-0)<ayg<-14+5(N—LF+a). Then there holds

CapN B 5( ) Capﬁ +a0+1 175(E) (2]‘7>
for any compact set E C 0Q C RV,
Proof. Let K1, ..., K,, be as in definition 1.1. We have

CapN B s anpN B8 EmKi)’

for any compact set E C 0f). By definition 1.1, we need to prove that

Capy, , ((ENK;) = Capg JT(ENK;) YVi=1,2,..,m. (2.18)

1
poat20H g

We can show that for any w € 9 (9Q) and i = 1, ...,m, there exists w; € M (T3 (K;)) with
T;(K;) = T;(K;) x {xy = 0} such that

w;(0) = w(T;7 1O x {0}))

for all Borel set O C T;(K;), its proof can be found in [1, Proof of Lemma 5.2.2]. Thanks
to [1, Theorem 2.5.1], it is enough to show that for any i € {1,2,...,m} there holds

INa,sxx: @l Lo (@, (p( )0 dw) = ||Gﬂ_a+“2_fl_1[wi]||L5/(RN*1)’ (2.19)

where G, [w;] (0 <~ < N —1) is the Bessel potential of w; in RV~ i.e

Golol@) = [ G =il

10



Indeed, we have

o B dw(z) s .
||Na,ﬁ[WXKi] L' (Q,(p(.))*0dz) — /Q <\/K1 m) (p(z)) odr
duo(2) ) ws [ ([ )
= T I N—fB+ta z))*dx + i A )% do
/Omﬂ (/K T — z|N=Bta (p(@)) o\0; \VK; |x — z|N—Bte (p(2))

-/ B ( / | %) (o)™ dz + ((K:)"

Here we used |z — z| < 1 for any € Q\O;, z € K;.
We get by using a change of variable

/om (/K %)SI (p(2))*dz + (w(K;))*

“Jiore ([ 7)o ) 1 )y + (1)

dw(z) )s/ oo V. ,
= —— | YN dy+ (w(K;))® withy = (v, yn),
/Bl(O)ﬂ{zN>0} (/K ly — Ti(z)|[N =P+ N

since |T; ' (y) — 2| < |y — Ti(2)], Ir(T; ()| = 1 and p(T; ' (y)) < yn for all (y,z) €
T;(0; N Q) x K;. From the definition of w;, we have

1 s ,
dw<z>) yeody + (W(K))"
/Bl(O)ﬁ{mN>O} (/K ly — Ti(2)|N At

’

1 S
= —rdwi(€) | YN dyndy' + (w(K3))®
L1(0)ﬁ{$1\r>0} (/ﬂ-(m) Iy — €2 +92) = ) N

’

wi(BL(y")) dr ’ . L '
— - ydyndy  with R = diam(Q).
/R” / </mm{yN,R} Y A )

As in the proof of Proposition 2.7, we also obtain

’

/

wi(BLy)) dr\’ o /
Yiloe\d ))& 0 Jord
/RN 1/ (/m]n{yN R} rN=fta p Yn YNy
R b(BLUYY)) \E dr
N pra_soT —dy'.
RN-1 pN—B+a—=—= T

Therefore, we get (2.19) from [47 Theorem 2.3]. |

3 Proof of the main results
We denote
Plolie) = [ Pla2)dola). Gl = [ Gla)fw)dy
o0 Q
for any o € 9M(9Q), f € L,(Q), f > 0. Then the unique weak solution of

—Au=f in €,
uU=0ag on 0,

11



can be represented by
u(z) = Gf](z) + Plo](z) Vz €.

We recall below some well-know estimates for the Green and the Poisson kernels.

1 p(@)p(y) } 7

[z —y[V2 " o — gV

G(z,y) < min {

p(x)

P = —
(ZL',Z) |.’L'—Z|N7
and
ply) . lz —y 1
szZC,y 571’1111’1 L, —/—7, VZP:E)Z) 575
Ve G WIS oy { o | P AIS g

for any (x,y,z) € Q x Q x 99, see [2]. Since |p(x) — p(y)| < |x — y| we have

max {p(z)p(y), |z — y[*} =< max {|z — y|, p(x), p(y)}*.

Thus,
mm{L<_%5%5>}>meﬂw?%i@m@HW ora=0 B
Therefore,
Ga,) = pl)ply)Nao(a, ), P(,2) = p(r)Noa(r, 2 (32)
and
V2 6] £ PN (0), 2P, 2)] S Nowlr, 2) 33)

for all (x,,2) € QA x 2 x 0, a > 0.
Proof of Theorem 1.2 and Theorem 1.4. By (3.2), we have

G[(P[o])?! <Plo] <oo a.ein Q.
<~
N2 [(N22[0])? (p(.)) 7] S Naplo] <oo aein ©,
and
U = GU?Y +Plo] <= U =< p(.)Naa[p(.) U] + p(.)Ngz2[0]
= V = Nol(p() V) 4+ Nalo], V = U(p() ™!
By Proposition 2.7 and 2.8 we have:

Cap;, (K) = Caqutl%q,(K x {0}) V compact set K C RV™!

if @ =RY~1 x (0,00), and

Cap, (0) = Caply,’, (0) ¥ compact set O C 99

%1‘1 N2,2,q’

if Q is a bounded domain. Thanks to Theorem (2.5) with w =0, a = 2,8 = 2,00 = ¢+ 1
and proposition 2.6, we get the results.
]
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Proof of Theorem 1.3 and 1.5. By (3.2) and (3.3), we have

G(z,y) < Cp(@)p(y)N11(z,y), Vo Glz,y)| < Cp(y)Nii(z,y), (3.4)
P(l‘,y) < Cp(y)N1,1(x,z), |VZ P(.Z‘,Z)| < CNLl(:E)Z)) (35)
for all (x,y,2) € Q x Q x 9N for some constant C' > 0.
For any u € VVllocl(Q), we set

F(u)(z) = / G, 9)lu()| ™ () [Vuly)|=dy + /6 P(z.2)do(:).
Using (3.4) and (3.5), we have
[F(w)] < Cp()Nyy [[ul®* [Vl ®p(.)] + Cp()Ny 4 [[o]].
VF(u)] < ONy 4 [[u]?® [Vul%=p()] + ONy 4 [Jo]].

Therefore, we can easily see that if

(Q1 + g0 — 1)111+QQ—1
(Clqr + g2))™

holds then F is the map from E to E, where

Nu [(Nwallol) ™ (p() "] < Niiflo]] <00 aein @ (3.6)

E = {u e WENQ) : u] < M()N1allol], [Vul < AN11[lof] aein Q}

loc

: _ C(a1t+g2)
with A = "l

Assume that (3.6) holds. We denote S by the subspace of functions f € W' (€2) with norm

loc
[flls = [1f1lpar+az (@, (p())r-2dz) + IV F Il Lar+aa (0, (p(.)) 140240y < 00

Clearly, E C S, E is closed under the strong topology of S and convex.

On the other hand, it is not difficult to show that F is continuous and F(E) is precompact in
S. Consequently, by Schauder’s fixed point theorem, there exist u € E such that F(u) = u.
Hence, u is a solution of (1.13)-(1.20) and it satisfies

lul < Ap()Nv[lol], [Vu| < ANy [lo].

Thanks to Theorem 2.5 and Proposition 2.7, 2.8, we verify that assumptions (1.12) and
(1.20) in Theorem 1.3 and 1.5 are equivalent to (3.6). This completes the proof of the
Theorems. u

4 Extension to Schrodinger operators with Hardy po-
tentials

We can apply Theorem 2.5 to solve the problem

—Au— —Esu=u? in
(1) ’
u=oc on 0f,

where x € [0, 1] and o € MT(ON).

Let Gy, Py be the Green kernel and Poisson kernel of —A — 5 in O with x € [0,1]. We
have

1++/1—4r
o 1 (p(x)p(y)) "7
Gu(z,y) = mln{|$y|N2, |z — y[N-1+VI=ax [
1+/1—4r
(p(x)) ="

P 2) = O e
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for all (z,y,2) € Q x Q x 99, see [6, 11, 7]. Therefore, from (3.1) we get

Gl y) = (p@)p(y) 3 Ny rmama(@,y), (4.1)
Pu(2,2) = (p(x) 3 Ny roimsal@ 2), (4.2)

for all (z,y,2) € Q x Q x 99, a > 0. We denote

P, [o](z) = /6 Pula,2)dr(a), Gulflle) = /Q G y) £ (v)dy

for any o € MH(9Q), f € L1 (Q, (p(.)) B dx), f > 0. Then the unique weak solution of
—Au — Wu =f in €,
u=oc on 02,

can be represented by
u(z) = Gilf](z) + Prlo)(z) Vo e
As Proof of Theorem 1.2 and Theorem 1.4 we have
G, [(Pxlo])Y] S Pilo] <00 a.ein Q.

q (a+1)(1+VT=TR) '
< Ny yicane {(NH-\/@@[U]) (p(.) 3 SNy, yicgrelo] <0 aein Q
and

U= G,[U9 +P,[o]

(¢+1)(14vT=TR) _1+ViTdw
& V= N1+M,2[(P(-)) 2 VI + N1+\/m,2[0], V =U(p(.) e

Thanks to Theorem 2.5 with w = 0, a = 14+ V1 —4k,8 = 2,9 = % V1245 and
proposition 2.6, 2.7, 2.8, we obtain.

Theorem 4.1 Let ¢ > 1,0 <k < 1 and 0 € M (). Then, the following statements are
equivalent

1. The inequality

o(0) < C Cap, (0) (4.3)

q+3—gq—2;z¢mﬁq’
holds for any Borel set O C RN~! jf Q = RN=1 x (0,00); and
o(0) < CCap‘?i’s%q;;Nm’q, (0) (4.4)
holds for any Borel set O C 02 if Q is a bounded domain.
2. The inequalities
G, [(Pxlo])] < CP4lo] <00 a.ein £, (4.5)
holds.

3. Problem

{ —Au — Wu:uq in Q, (4.6)

u=co on O0f),

has a positive solution for some e > 0.

Moreover, there is a constant Cy > 0 such that if any one of the two statement 1. and
2. holds with C' < Cy, then equation 4.6 has a solution u with € = 1 which satisfies

u=P,lo]. (4.7)

Conversely, if (4.6) has a solution u with e = 1, then the two statement 1. and 2. hold for
some C' > 0.
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