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Abstract. We consider phaseless inverse scattering for the Schrodinger equation with
compactly supported potential in dimension d > 2. We give explicit formulas for solving
this problem from appropriate data at high energies. As a corollary, we give also a global
uniqueness result for this problem with appropriate data on a fixed energy neighborhood.

1. Introduction
We consider the Schrédinger equation

—AYp+ov(z)p=Ep, zeR? d>2, E>0, (1.1)
where

ve L®RY), suppv C D,

1.2
D is an open bounded domain in R, (1-2)

For equation (1.1) we consider the classical scattering solutions ¢+ = ¢t (z, k), € RY,
ke RY, k2 = E, specified by the following asymptotics as |z| — oo:

Silkllz] . 1
]x|(d——1)/2f(k’|k| )+O(|x|(dT)/2)’ (1.3)

(2, k) = ™ + c(d, | k) o
o(d, |k|) = —mi(—2mi) 4= D/2|g|(d=3)/2

for some a priori unknown f. In addition, the function f = f(k,l), k,l € R k2 =2 = E,
arising in (1.3) is the classical scattering amplitude for equation (1.1).

In order to find ¢ and f from v one can use, in particular, the Lippmann-Schwinger
integral equation

(k) = ek 4 / Gz — y, kyu(p)d (v, k)dy,

Za: (1.4)
Gt (z,k) = —(2m)~ /52 5d§‘7

and the formula

F(k 1) = @)~ / Wyt (y, k)dy, (15)

D



R.G. Novikov

where z,k,1 € RY, k2 =12 = E > 0; see e.g. [BS], [F2].
The scattering amplitude f for equation (1.1) at fixed E is defined on

Mp={keR? 1eR: K®=1>=FE}, E>0. (1.6)

In addition to f on Mg, we consider also f |FE’ where

Tp={k=kp(p), l=15(p): p€Byyp}

k) = 2+ (B =200, 150) =~ + (£ 2) 0. o
B, ={peR’: jp|<r}, B.={peR’: |p|<r}, r>0, (1.8)
where ~ is a piecewise continuous vector-function on R? such that
W)l =1, 2(pp=0, peR™ (1.9)
One can see that
I'e c Mg, dmT'g=d, dimMg=2d—-2, E>0, d>2. (1.10)
Let
My =UpeaMEg, T'n =Ugeal'g, (1.11)

where A C Ry =]0, +o0].
We start with the following inverse scattering problems for equation (1.1) under as-
sumptions (1.2):

Problem 1.1. Reconstruct potential v on R from its scattering amplitude f on some
appropriate M’ C Mp -

Problem 1.2. Reconstruct potential v on R? from its phaseless scattering data | fI?
on some appropriate M’ C MR+'

Note that in quantum mechanical scattering experiments (in framework of model
described by equation (1.1)) the phaseless scattering data |f|?> can be measured directly,
whereas the complete scattering amplitude f is not accessible for direct measurements.
Therefore, Problem 1.2 is of particular interest from applied point of view in the framework
of quantum mechanical inverse scattering. However, in the literature much more results are
given on Problem 1.1 (see [ABR],[B], [BAR], [ChS], [EW], [E], [ER], [F1], [F2], [G], [HH],
[HN], [1], [IN], [Me], [Mo], [Ne], [N1]-[N7], [R], [S], [VW], [WY] and references therein)
than on Problem 1.2 (see chapter X of [ChS] and recent works [K1], [K2] and references
therein, where in [K1], [K2] some similar problem is considered).

In particular, for Problem 1.1 it is well known that the scattering amplitude f at high
energies uniquely determines v via the formulas

ok =1 = f(k,)) + O(E~Y?) as E — 400, (k1) e Mg, (1.12)
o(p) = (QW)_d/eiva(a:)dx, p € R% (1.13)
D
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see, for example, [F1], [N7].
On the other hand, for Problem 1.2 it is well known that the phaseless scattering data
|f|? on MR+ do not determine v uniquely, in general. In particular, we have that

Fy(l, 1) = " F=DV £ (k. D),

1.14
0D = [f(DP, (bD) € My, ye R, A

where f is the scattering amplitude for v and f, is the scattering amplitude for v,, where
vy(z) =v(x —y), =eR? yeR% (1.15)

see, for example, Lemma 1 of [N6].
In the present work, in view of the aforementioned nonuniqueness for Problem 1.2 we
modify this problem into Problem 1.3 formulated below. Let

S:{’f|27’fj‘27 jzla"'vn}v (116)

where f is the initial scattering amplitude for v satisfying (1.2) and f; is the scattering
amplitude for
vy =v+w;, j=1,...,n, (1.17)

where wyq, ..., w, are additional a priori known background scatterers such that

w; € L®RY), suppw; C Q;,
j € LERY, suppw; C 8 ) (1.180)
Q; is an open bounded domain in R®, Q; N D =0,

w 7é 0, W, 7é Wi, for jl % jg in LOO(Rd), (1 18b)
7, J1, J2 € {1,.. . ,n}.

Problem 1.3. Reconstruct potential v on R? from the phaseless scattering data S on
some appropriate M’ C MR+ and for some appropriate background scatterers wy, ..., w,.

Note also that Problems 1.1, 1.2, 1.3 can be considered as examples of ill-posed prob-
lems; see [LRS] for an introduction to this theory.

Problem 1.3 in dimension d = 1 was, actually, considered in [AS] for n = 1. However,
to our knowledge, Problem 1.3 in dimension d > 2 was not yet considered in the literature
before the present work.

Results of the present work can be summarized as follows.

First, we give explicit formulas for solving Problem 1.3 in dimension d > 2 for n = 2
and M’ = T'y defined by (1.7), (1.11) for any unbounded A C R,; see Theorem 2.1,
Remark 3.1 and Corollary 2.1 of Section 2. As an example of A for this result one can take
A = [Ey, +oo[, Eg > 0, or just A of Remark 2.1.

Second, we give a global uniqueness result for Problem 1.3 in dimension d > 2 for
n =2 and M’ =T, for any bounded infinite A C R ; see Theorem 2.2 of Section 2. As an
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example of A for this result one can take A =|Ey — e, Eg +¢[,Eg >0, e >0, Eg —e >0,
or just A of Theorem 2.2.

In addition, we indicate possible extensions of the aforementioned results to the case
n = 1; see Propositions 2.1, 2.2 of Section 2.

The progress of the present work in comparison with the recent works [K1], [K2] in-
cludes explicit formulas for phaseless inverse scattering at high energies and no assumption
that v > 0. In addition, in the present work we consider inverse scattering from far field
phaseless scattering data (and not from near field phaseless scattering data as in [K1],
[K2]).

The main statements of the present work are presented in detail in the next section.

2. Main statements

2.1. Notations and related remarks. Let

a(p) = (2m)~¢ / ey (z)de, pe RY, (2.1)
Rd
where u is a test function on R%. In particular, we consider @ = 0, w; for u = v, wy,
j=1,...,n, where v, w; satisfy (1.2), (1.18).

Note that if
uy(x) = U(.T o y)? T,y € Rd? (220’)

then .
iy(p) = €™i(p), peR: (2.2b)

We represent v and w; as follows:

i(p) = |0(p)|0(p), O(p) = e,

0 i iB; (2.3)
W;(p) = |@;(p)|w;(p), w;(p) = ePi®),
where p e R, j=1,...,n.
We consider the following sets:
Ay ={peR": =1}, yeR, (2.4)

Zoz{pERd: |o(p)| =0}, Z, z{pERd: lw;(p)| =0}, j=1,...,n,
}/jly.j2 = {p € Rd\(Zjl U ij) : (wjl (p))2 = (wj2<p))2}7 1< jlaj2 <n, jl 7& j2' (26)

We have, in particular, that
A, is closed and Mes A, =0 in R% y#0. (2.7)

Assumptions (1.2) on v imply, in particular, that ¢ is (complex-valued) real-analytic
on R%. Therefore:

Zy is closed in R% MesZy =0 in R? if ¢ 0. (2.8)
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Assumptions (1.18) on wj; imply, in particular, that w; is (complex-valued) real-
analytic on R? and w; #0, j=1,...,n. Therefore,

Z; is closed and MesZ; =0 in R% j=1,...,n. (2.9)

In addition, if

wj(z) =wji(|lz—yl), x¢€ RY, for some wy, (2.10)

for some j and some y € R%, then
Z;i={peR*: |p| €R;}, (2.11)

where R; is a discrete set in R, without accumulation points (except +oo) and R; is
independent of y.
In addition, taking into account (2.2), if

Wy, (x) = Wy, (’T - y)7 S Rda J2 # Jt, (212)
for some 71, jo and some y € ]Rd\{()}, then

Y, s C Ay (2.13)

1,J2

2.2. Results on Problem 1.3 in dimension d > 2 for n = 2.
Theorem 2.1. Suppose that complex-valued v satisfies (1.2), complex-valued w;
satisfies (1.18a), j = 1,2, d > 2. Then the following formulas hold:

N 2 . 2 d
(p)]? = 1 (k,1)|> for each peR% j=0,1,2, 2.14
P = lm IfkDP foreach peRY 214
E—+oco
16;(p)* = | £ (k, DI < e(Dy)NFE~V2,
p=k—1, (kl) € Mg, EY?2>p(D; N;), j=0,1,2,
where vg = v, fo = f, Do = D, v; is defined by (1.17) and D; = D U, for j = 1,2,
[vjllze(p;) < Nj, j =0,1,2, and ¢, p are defined by (3.10), (3.11). Suppose, in addition,
that wy, wo satisfy (1.18b) and that

(2.15)

MesYy 2 =0 in R% (2.16)

where 57172 denotes the closure of Y; 5 in R®. Then the following formula holds:

(COS“) = (sin(By — 1)) '

sin «

sin f2 —sin 5y (2[0] | ])~
— cos 33 cos 31 (2[0|]wa])~
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a = a(p), |8] = [6(p)|, B; = Bi(p), lw;| = [d;(p)], j = 1,2, p € R\(Zo U Z1 U Zo U1 9),
where «, (1, B2 are defined in (2.3).
Theorem 2.1 is proved in Section 3.

Remark 2.1. Formulas (2.14), (2.15) of Theorem 2.1 remain valid with I'g in place of
Mg, where I'g is defined by (1.7). In addition, taking into account (2.9), (2.16) these for-
mulas can be considered as explicit formulas for finding @ on R? from S = {|f|2, | f1[2, | f2|2}
on I'y and background wy, wy for any

A={E;eR;: jeN, E; 500 as j— oo}, (2.18)

where 'y is defined in (1.11).

Corollary 2.1. Let all assumptions of Theorem 2.1 on v and wy, ws be fulfilled.
Let A be defined as in (2.18). Then S = {|f|? |f1|?,|f2|*} on 'y and background wn,
wy uniquely determine v in L°(R?) via formulas (2.14), (2.15) and the inverse Fourier
transform.

In addition to results of Theorem 2.1, Remark 2.1 and Corollary 2.1 on the explicit
reconstruction from phaseless scattering data at high energies, we have also the following
global uniqueness result for the case of finite energies:

Theorem 2.2. Let v satisfy (1.2), wy, wy satisfy (1.18), (2.16), d > 2, and v, wy, wy
be real-valued. Let

AZ{EJ‘GR+Z 7 €N, Ejl#Ejg for jl#jg, EJ—>E* as _]—)OO}, E, > 0. (219)

Then S = {|f|% |f1|?,|f2|?} on T'n and background w;, wy uniquely determine v in
L>®(RY).
Theorem 2.2 is proved in Section 4.

2.3. Results for the case n = 1.

Proposition 2.1. If complex-valued v satisfies (1.2), complex-valued w; satisfies
(1.18a), d > 2, then formulas (2.14), (2.15) hold for j = 0,1. If, in addition, wy # 0 in
L>®(R%), then

cos(a — B1) = ([0 )~ (Jon]* — |9 — Jidn ),

. N X X (2.20)
a=a(p), [8] = 0(p)], B1 = Bi(p), [dn] = [dr(p)], p € R)\(ZoU Z),
where «, 51 are defined in (2.3).
Proposition 2.1 is proved in Section 3.

Proposition 2.2. (A) There are not more than two different complex-valued poten-
tials v satisfying (1.2) with given S = {|f|?,|f1]?} on T'y and background complex-valued
wy satisfying (1.18a), wi # 0 in L°(R?), where A is defined as in (2.18). (B) There are not
more than two different real-valued potentials v satisfying (1.2) with given S = {|f|?, | f1|*}
on T'y and background real-valued w, satisfying (1.18a), wy # 0 in L>®(R?), where A is
defined as in (2.19).
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Proposition 2.2 is proved in Section 5.
3. Proofs of Proposition 2.1 and Theorem 2.1

3.1. Preliminaries. Let

LP®Y) = {ue L°RY) : |ull, < +oo},

|lullo = ess sup (1 + |:)3|2)"/2|u(g;)|7 o>0. (3.1)
zcR?
Note that
v, w;, v; € L(R?Y) for each o >0, (3.2)

where v, w;, v;, j € {1,2}, are the potentials of Proposition 2.1 and Theorem 2.1.
We recall that

| <o >7 GHk) <o > | e < ao(d ) K],

d

keRY |k|>1, for s>1/2,

where G (k) denotes the integral operator with the Schwartz kernel G (z — y, k) of (1.4),
< z > denotes the multiplication operator by the function (1 + |z|?)'/2; see [E], [J] and
references therein.

We will use the following detailed version of formula (1.12):

f (k1) — (k= )| < 2(2m)%ao(d, 0/2)(e1(d, 0)|[v]|o)*E~/2,

3.4
(k,1) € Mg, EY?>pi(d,o,|v],), o >d, (34)
where ag(d, s) is the constant of (3.3),
B dx 1/2
ci(d, o) = (/ W) ; (3.5)
Rd
p1(d, o, R) = max(2ao(d,0/2)R,1); (3.6)
see formula (2.11) of [N7].
3.2. Proof of formulas (2.14), (2.15). We have that
X (3.1),(3.5) 4 )
ok =D < @2m)"Yvllo(er(d, 0))7, (3.7)
1 (k. D2 = [o(k = DI = [1f(k, D] = [0k = DI (&, D] + [o(k = 1)]) < (3.8)
[f (k1) — o(k = DI2Jo(k = D]+ [f(k, 1) = 0(k = 1)]),
where (k,l) € Mg, 0 > d. Due to (3.4), (3.7), (3.8), we have that
170k, DF = o0k = DP| < 3C2m) el (@ o)1 D) — ok =Dl <o o)

6(2m)~*%ao(d, 0/2)((c1(d, 0)) " ([v]lo)* B/,
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(k,1) € Mg, E=Y2 > pi(d,0,||v|s), o > d. Formulas (2.14), (2.15) follow from (3.9) for
v =wv;, f = f; and from the possibility of choice of k = kg(p), | = lg(p) as in (1.7) for
d > 2. In addition,

¢(D) = 6(27) " ag(d, 0 /2)(c1(d, o)) (cz(d, 0))3, (3.10)
p(D,N) = p1(d,o,ca(D,0)N), (3.11)

for some fixed o > d, where

co(D, o) = sup(1 + |z|?)7/2. (3.12)
zeD

3.3. Proof of formula (2.20). We have that

N 1.17) . ~ 2.3 a1 7 “ ;
012 U2 o+ 2 ol + || =
(|9] cos o 4 |1 | cos B1)? + (|9 sin o + iy | sin 31)* = (3.13)

6% + |4y |> + 2|9||t01|(cos acos By + sinasin B;) on R

Formula (2.20) follows from (3.13).

3.4. Proof of formula (2.17). Using (3.13) and analogous formula for 99 = 0 + Wy, we
obtain the system

cosffy  sinfy cosar\ [ (2]
cos By sin 3y sina )\ (2]
on RN\ (Zy U Z, U Z5).
Formula (2.17) follows from (3.14).

(o~ Jof - |w1|2>) a1

|01 |
|wa|) 71 (|02]* — [0]? — |2?)

3.5. Final remark. Proposition 2.1 and Theorem 2.1 follow from formulas (2.14),
(2.15), (2.20), (2.17) proved in Subsections 3.2, 3.3, 3.4.

4. Proof of Theorem 2.2
Let
AEO,E:{U{Z,Z)EFEZ k—lEBgm}, O<E()§E, (41)

where I', B, are defined by (1.7), (1.8).

Theorem 2.2 follows from:

(1) the formulas of Theorem 2.1 with Ag,_ g in place of Mg and |p| < 2v/E,

(2) the fact that © on B, 5-\(Z1 U Z UY] 2) uniquely determines ¢ on R? (since o is
real-analytic on R?), and

(3) the results of Lemma 4.1 for v and for v =v 4+ w;, j =1,2.

Lemma 4.1. Let v satisfy (1.2) and be real-valued. Then:
(a) |f(ke(p),le(p))|? is real-analytic in E €]p?/4,+oco] for fixed p € R?, where kg(p),
lg(p) are defined in (1.7 );
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(b) |f|> on T'y uniquely determines |f|> on Ag, g for each E > E., where T'p, A are
defined in (1.11), (2.19).

Statement (b) of Lemma 4.1 follows from statement (a) of Lemma 4.1 and the property
that the accumulation point E, €]p®/4, +oo[ if p € B, /-

In turn, statement (a) of Lemma 4.1 follows from the presentation

fP=ff (4.2)
and from Lemma 4.2.

Lemma 4.2. Let v satisfy (1.2) and be real-valued. Then f(kg(p),lg(p)) admits

holomorphic extension in E to an open N in C, where |p? /4, +00[C N, at fixed p € R
Lemma 4.2 follows from:

(1) the integral equation (1.4) for ¢»* on D and the presentation (1.5) for f, where
k=kg(p), | =1p(p):

(2) the property that

Gt (z, k) = G (|z, k), zeR? keRN{0}, (4.3)

where G is the function of (1.4) and G depends also on d;

(3) the properties that: |kg(p)| = E'/? for E €lp?/4,+oo], p € Rd E'/2 is holomorphic
in £ € C\] — o0,0]; (E — p?/4)*/? is holomorphic in F € C\] 00, p%/4]; p € R%
G (r, k) is holomorphic in x € C for odd d > 3 and in k € C\] — 00, 0] for even d > 2,
where r > 0;

(4) the result that (1.4) with k& = kg(p) is a Fredholm integral equation of the second
kind for ¢ (-, ) € L*(D) with holomorphic dependence on the parameter
E € C\] — oo, p?/4] at fixed p € R%;

(5) the result that (1.4) is uniquely solvable for (-, k) € L?(D) for each k € R\ {0}
under our assumptions on v.
In connection with basic properties of function G+ and basic properties of the

Lippmann-Schwinger integral equation (1.4) we refer also to [BS], [F2], [Me].

5. Proof of Proposition 2.2

Proof of part (A). Due to formulas (2.14), (2.15) with I'g in place of Mg, we have
that S = {|f|2,|f1|?} on I'x uniquely determine [2], |01] on R%. If |#| = 0, then v = 0 in
L>®(R%). Therefore, it remains to consider the case when || # 0.

Due to (2.8), (2.9), j = 1, and continuity of ©, @, we can choose p’ € R?, v’ > 0 such
that

[0(p)| # 0, |wi(p)| #0 for pe€ By,
By =A{p€ RY - Ip—p'| < T’}. (5.2)

Therefore, formula (2.20) for cos(aw — 1) holds for each p € By ;.

If cos( — B1) = 1 on By v, then a = 1 (mod2m) on By . If cos(a — f1) = —1
on By ., then a = 81 + m (mod2r) on By .. And in both cases & = |9]e’® is uniquely
determined on By .+ by |, |01], w1 = |1|e?t on By .

9
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Due to continuity of e, ¢%1 on B,/ we can choose p” € By ,» and 7" €]0,7’[ such
that
—1 < emin < cos(a— 1) < Cmaz <1 on By (5.3)

for some fixed ¢pin, ¢maz- Therefore, due to formula (2.20) for cos(a — 31) and continuity
of o, f1 (mod2m) on By, we have that either

a = B1 + arccos((2|9|[w1]) " (|91]* — [6]? — |1 ]?)) (5.4a)

or
a = B — arccos((2[0][w1 ) ™" ([o1]* — [0* — |w1]*)) (5.4b)

(mod2m) on By, where arccos takes values in [0, 7]. Therefore, there are not more
than two different & = |6]e’® on By . with given |9, |01], W1 = |@1|e** on By . In
turn, 0 on By ,» uniquely determines v on R due to real analyticity of .

This completes the proof of part (A) of Proposition 2.2.

Proof of part (B). Due to statement (b) of Lemma 4.1 (for v and for v = v + wy),
S = {|fI% |f1]*} on 'y uniquely determine S on Ag, g. Due to formulas (2.14), (2.15)
with Ag, g in place of Mg and |p| < 2¢/FE., we have that S on Ag, g uniquely determine
9], [01] on By /5

Then in a completely similar way with the proof of part (A) of Proposition 2.2 we
obtain that there are not more than two different o on B, - with given |0], |01], W, on
By /5

Finally, o on B, /- uniquely determines ¢ on R? due to real analyticity of 0.

This completes the proof of part (B).
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