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Exact convergence rates in central limit theorems for a
branching random walk with a random environment in time*

Zhigiang Gao! Quansheng Liu *
January 4, 2016

Abstract

Chen [Ann. Appl. Probab. 11 (2001), 1242-1262] derived exact convergence rates in a central limit
theorem and a local limit theorem for a supercritical branching Wiener process. We extend Chen’s results
to a branching random walk under weaker moment conditions. For the branching Wiener process, our
results sharpen Chen’s by relaxing the second moment condition used by Chen to a moment condition of
the form EX (In* X)1+’\ < 00. In the rate functions that we find for a branching random walk, we figure
out some new terms which didn’t appear in Chen’s work. The results are established in the more general
framework, i.e. for a branching random walk with a random environment in time. The lack of the second
moment condition for the offspring distribution and the fact that the exponential moment does not exist
necessarily for the displacements make the proof delicate; the difficulty is overcome by a careful analysis
of martingale convergence using a truncating argument. The analysis is significantly more awkward due
to the appearance of the random environment.

2000 Mathematics Subject Classification. Preliminary 60K37, 60J10, 60F05, 60J80.

Key Words and phrases. Branching random walk, random environment in time, central limit theorems,
convergence rate.

1 Introduction

The theory of branching random walk has been studied by many authors. It plays an important role, and
is closely related to many problems arising in a variety of applied probability setting, including branching
processes, multiplicative cascades, infinite particle systems, Quicksort algorithms and random fractals (see
e.g. [29,130]). For recent developments of the subject, see e.g. Hu and Shi [22], Shi [36], Hu [21]], Attia
and Barral [4] and the references therein.

In the classical branching random walk, the point processes indexed by the particles u, formulated by
the number of its children and their displacements, have a fixed constant distribution for all particles u. In
reality this distributions may vary from generation to generation according to a random environment, just
as in the case of a branching process in random environment introduced in [2, [3,37]. In other words, the
distributions themselves may be realizations of a stochastic process, rather than being fixed. This property
makes the model be closer to the reality compared to the classical branching random walk. In this paper,
we shall consider such a model, called a branching random walk with a random environment in time .

Different kinds of branching random walks in random environments have been introduced and studied in
the literature. Baillon, Clément, Greven and den Hollander [6,|18] considered the case where the offspring
distribution of a particle situated at z € Z¢ depends on a random environment indexed by the location z,
while the moving mechanism is controlled by a fixed deterministic law. Comets and Popov [12,13] studied
the case where both the offspring distributions and the moving laws depend on a random environment
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indexed by the location. In the model studied in [9,14,123,132,139], the offspring distribution of a particle of
generation n situated at z € Z%(d > 1) depends on a random space-time environment indexed by {(z,7n)},
while each particle performs a simple symmetric random walk on d-dimensional integer lattice Z%(d > 1).
The model that we study in this paper is different from those mentioned above. It should also be mentioned
that recently another different kind of branching random walks in time inhomogeneous environments has
been considered extensively, see e.g. Fang and Zeitouni (2012, [16]), Zeitouni (2012, [41]) and Bovier and
Hartung(2014, [10]). The readers may refer to these articles and references therein for more information.

Denote by Z,,(+) the counting measure which counts the number of particles of generation » situated in
a given set. For the classical branching random walk, a central limit theorem on Z,, (), first conjectured by
Harris (1963, [20]), was shown by Asmussen and Kaplan (1976, [, 125]), and then extended to a general
case by Klebaner (1982, [26]) and Biggins (1990, [[7]); for a branching Wiener process, Révész (1994,[34])
studied the convergence rates in the central limit theorems and conjectured the exact convergence rates,
which were confirmed by Chen (2001, [[11]). Kabluchko (2012,[40]) generalized Chen’s partial results using
a different method. Révész, Rosen and Shi (2005,[35]) obtained a large time asymptotic expansion in the
local limit theorem for branching Wiener processes, generalizing Chen’s result.

The first objective of our present paper is to extend Chen’s results to the branching random walk under
weaker moment conditions. In our results about the exact convergence rate in the central limit theorem and
the local limit theorem, the rate functions that we find include some new terms which didn’t appear in Chen’s
paper [L1]. In Chen’s work, the second moment condition was assumed for the offspring distribution.
Although the setting we consider now is much more general, in our results the second moment condition
will be relaxed to a moment condition of the form EX (In* X )!** < oo . It has been well known that in
branching random walks, such a relaxation is quite delicate. Another interesting aspect is that we do not
assume the existence of exponential moments for the moving law, which holds automatically in the case of
the branching Wiener process. The lack of the second moment condition (resp. the exponential moment
condition) for the offspring distribution (resp. the moving law) makes the proof delicate. The difficulty
will be overcome via a careful analysis of the convergence of some associated martingales using truncating
arguments.

The second objective of our paper is to extend the results to the branching random walk with a random
environment in time. This model first appeared in Biggins and Kyprianou (2004, [8, Section 6]), where a
criterion was given for the non-degeneration of the limit of the natural martingale; see also Kuhlbusch (2004,
[27]) for the equivalent form of the criterion on weighted branching processes in random environment. For
Z,(+) and related quantities on this model, Liu (2007,[31]) surveyed several limit theorems, including large
deviations theorems and a law of large numbers on the rightmost particle. In [17], Gao, Liu and Wang
showed a central limit theorem on the counting measure Z,,(-) with appropriate norming. Here we study
the convergence rate in the central limit theorem and a local limit theorem for Z,,(-). Compared with the
classical branching random walk, the approach is significantly more difficult due to the appearance of the
random environment.

The article is organized as follows. In Section 2] we give a rigorous description of the model and
introduce the basic assumptions and notation, then we formulate our main results as Theorems[2.3]and 2.4
In Section 3] we introduce some notation and recall a theorem on the Edgeworth expansions for sums of
independent random variables used in our proofs. We give the proofs of the main theorems in Section[3and
[6] respectively. Whilst Sectiond] will be devoted to the proofs of the reminders.

2 Description of the model and the main results

2.1 Description of the model

We describe the model as follows ([17, [31]]). A random environment in time § = (&) is formulated as
a sequence of random variables independent and identically distributed with values in some measurable
space (©, F). Each realization of §,, corresponds to two probability distributions: the offspring distribution
2(&n) = (Po(&n),p1(&n), -+ )onN = {0, 1, - -}, and the moving distribution G(&,,) on R. Without loss of
generality, we can take &, as coordinate functions defined on the product space (O, F®N) equipped with
the product law 7 of some probability law 7o on (O, F), which is invariant and ergodic under the usual shift
transformation 6 on ON: 0(&p, &1, -+ ) = (&1, &2, -+ +).

When the environment { = (§,,) is given, the process can be described as follows. It begins at time 0
with one initial particle & of generation O located at S = 0 € R; at time 1, it is replaced by N = Ng



new particles @i = i(1 <14 < N) of generation 1, located at S; = Lg;(1 < i < N), where N, L1, Lo, - - -
are mutually independent, N has the law p(&), and each L; has the law G(&p). In general, each particle
u = uy...u, of generation n is replaced at time n + 1 by N,, new particles ui(1 < ¢ < N,,) of generation
n + 1, with displacements L,;(1 < i < N,,), so that the i-th child i is located at

where Ny, L1, Ly2, - - - are mutually independent, N,, has the law p(,,), and each L,,; has the same law
G(&,). By definition, given the environment &, the random variables N,, and L,,, indexed by all the finite
sequences u of positive integers, are independent of each other.

For each realization & € O of the environment sequence, let (', G, P¢) be the probability space under
which the process is defined (when the environment £ is fixed to the given realization). The probability
P¢ is usually called quenched law. The total probability space can be formulated as the product space
(ON x T, EN ® G,P), where P = E(J¢ @ P¢) with & the Dirac measure at ¢ and IE the expectation with
respect to the random variable &, so that for all measurable and positive ¢ defined on O x I, we have

/ g(z,y)dP(z,y) = ]E/g(é,y)dps(y)-
ONxT T

The total probability P is usually called annealed law. The quenched law P may be considered to be the
conditional probability of P given £. The expectation with respect to P will still be denoted by [E; there will
be no confusion for reason of consistence. The expectation with respect to P¢ will be denoted by E,.

Let T be the genealogical tree with {V,,} as defining elements. By definition, we have: (a) @ € T; (b)
ut € T impliesu € T; (c)ifu € T, then uz € T if and only if 1 <7 < N,,. Let

T,={ueT:|u=n}
be the set of particles of generation n, where |u| denotes the length of the sequence u and represents the
number of generation to which u belongs.

2.2 Main results
Let Z,(+) be the counting measure of particles of generation n: for B C R,
Zn(B) =Y 15(S.).
ueT,

Then {Z,,(R)} constitutes a branching process in a random environment (see e.g. [2,13,[37]). For n > 0,
let N,, (resp. L,,) be a random variable with distribution p(&,,) (resp. G(&,,)) under the law P¢, and define
mn:m(gn):Ean; I, =mg---mp_1, Ilog=1.

It is well known that the normalized sequence

1

constitutes a martingale with respect to the filtration (%, ) defined by
Fo=1{0,9Q}, F,=0( Ny :|ul <n), forn>1.
Throughout the paper, we shall always assume the following conditions:

1 - PUNSEOY
Elnme>0 and E {—No(hﬁ NO) ] < o0, 2.1
mo

where the value of A > 0 is to be specified in the hypothesis of the theorems. Under these conditions,
the underlying branching process { Z,,(R)} is supercritical, Z,,(R) — oo with positive probability, and the
limit

W = 1irrln Wi,



verifies EW = 1 and W > 0 almost surely (a.s.) on the explosion event { Z,, — oo} (cf. e.g. [3,138]).
For n > 0, define

by =E¢Ly, o) =E¢(Ln —1,)", forv>2;

n—1 n—1
gn = Zlk; Sszy) = ZO_](CV), for v Z 27 Spn = (822))%
k=0

k=0
We will need the following conditions on the motion of particles:

]P(limsup’Egeitio‘ < 1) >0 and E(|Zol") < o0, 2.2)

[t] =00

where the value of 7 > 1 is to be specified in the hypothesis of the theorems. The first hypothesis means
that Cramér’s condition about the characteristic function of Lg holds with positive probability.
Let {N1,,} and { N2 ,,} be two sequences of random variables, defined respectively by

Nlnzni 3 (Su £y and NQ,nz—Z(s — )2 s2).

" wer, ueTy,
We shall prove that they are martingales with respect to the filtration (2,,) defined by
20 =4{0,9}, Dn=0(& Ny, Lyi 11> 1,|ul <n), forn > 1.

More precisely,we have the following propositions.

Proposition 2.1. Assume @2.1) and IE(hf mo) 1A < 00 for some A > 1, and IE(|EO|77) < 00 for some

1 > 2. Then the sequence {(N1,,,, Py,)} is a martingale and converges a.s.:

Vi = lim Ny, exists a.s. in R.
n— oo

Proposition 2.2. Assume 2.1) and E( In~ mo)lJr)\ < oo for some A\ > 2, and E(|E0|”) < oo for some
1 > 4. Then the sequence {(Na ,,, Dy,)} is a martingale and converges a.s.:

Vo := lim Ny, exists a.s. in R.
n—oo
Our main results are the following two theorems. The first theorem concerns the exact convergence rate
in the central limit theorem about the counting measure Z,,, while the second one is a local limit theorem.
We shall use the notation

Zp(t) = Zn((—00, 1)), ¢(t):\/%e—t2/2, @(t):/_ o(z)dz, teR.

Theorem 2.3. Assume (2.1) for some \ > 8, R.2) for some 1 > 12 and Ema‘; < oo for some 6 > 0. Then

forallt € R,
1

\/E[H—Zn(zn + snt) — @(t)W] 22 P as., 2.3)

where

o) Vi (Eal)(1—12) o(t) W
(Eay”)/? 6(Eog”)>2

V(t) = —

Theorem 2.4. Assume @I)for some \ > 16, C2) for some n > 16 and Emg° < oo for some § > 0. Then
for any bounded measurable set A C R with Lebesgue measure |A| > 0,

n—00

n|V2rs I 2, (A + 0,) W/ 2% de| —= p(A4) as., 24)




where

|A| _ |A] c(4)
u(A) = —Vo+27AV1 )+ ——
2E082) ( ) 8(E082))2
1
WIith T 4 = m/ xzdr and
A
(3)\2
5(E
c(A) =W E(0(" = 3(c?)?) +4 Bol)(Vi —TaW) — %W
)

Remark 2.5. For a branching Wiener process, Theorems2.3land 2. 4limprove Theorems 3.1 and 3.2 of Chen
(2001,[11]) by relaxing the second moment condition used by Chen to the moment condition of the form
EX (111+ X )”)‘ < oo (cf. @2.J)). For a branching random walk with a constant or random environment, the
second terms in V(-) and p(-) are new: they did not appear in Chen’s results [[11] for a branching Wiener

. . . . 2
process; the reason is that in the case of a Brownian motion, we have o(()g) = 064) -3 (082)) =0.

Remark 2.6. As will be seen in the proof, if we assume an exponential moment condition for the motion
law, then the moment condition on the underlying branching mechanism can be weakened: in that case, we
only need to assume that A > 3/2 in Theorem[2.3]and A > 4 in Theorem2.4] In particular, for a branching
Wiener process, Theorem 23] (resp. Theorem 2.4]) is valid when (2.1)) holds for some A > 3/2 (resp.
A>4).

Remark 2.7. In the deterministic case, Theorem[2.3] has been obtained by Kabluchko [40, Theorem 5 and
Remark 2] under the second moment condition for the underlying branching mechanism.

Remark 2.8. When the Cramér condition P(lim SUD|¢| 00 ]Egeitiﬂ‘ < 1) > 0 fails, the situation is

different. Actually, while revising our manuscript we find that a lattice version (about a branching random
walk on Z in a constant environment, for which the preceding condition fails) of Theorems[2.3]and[2.4] has
been established very recently in [19].

For simplicity and without loss of generality, hereafter we always assume that /,, = 0 (otherwise, we
only need to replace L,; by L; — l5,) and hence ¢,, = 0. In the following, we will write K for a constant
depending on the environment, whose value may vary from lines to lines.

3 Notation and Preliminary results

In this section, we introduce some notation and important lemmas which will be used in the sequel.

3.1 Notation

In addition to the o—fields .%,, and Z,,, the following o-fields will also be used:
Jo=1{0,9}, A = (&, Ny, Lyi: k<n,i>1,|ul <n)forn>1.

For conditional probabilities and expectations, we write:

Pen(-) =Pe(-|Zn),  Ben() =Ee(:|Zn); Pu() =P(|Fn), En() =E(|I);
Pe.z,() =Pe(:|Fn), Eez, () =Ee(-|Fn).

As usual, we set N* = {1,2,3,---} and denote by
n=0

the set of all finite sequences, where (N*)? = {&} contains the null sequence @.

For all w € U, let T(u) be the shifted tree of T at u with defining elements {N,,}: we have 1)
@ e T(u),2) vi € T(u) = v € T(u) and 3) if v € T(u), then vi € T(u) if and only if 1 < i < Ny,.
Define T, (u) = {v € T(u) : |v] = n}. Then T = T(&) and T,, = T, ().



For every integer m > 0, let H,,, be the Chebyshev-Hermite polynomial of degree m ([33]):

ﬁ
o

J

(_1)k$m—2k
H,,(z) =ml! —_—. 1
(@) =mb 2 im = 2h)2t 3-1)
k=0
The first few Chebyshev-Hermite polynomials relevant to us are:
Ho(l') = 1,
Hy(z) = z,
H2 (a:) = .1‘2 - 1,
Hs(z) = 2® — 3z,
Hy(x) =a" — 62+ 3
Hs(x) = 2° — 102 + 15z,
Hg(x) = 25 — 152 + 4522 — 15,
Hy(z) = 27 — 212° + 10523 — 105z,
Hg(z) = 2® — 282° 4- 2102* — 42022 + 105.
It is known that ([33]) : for every integer m > 0
(1) dm+1
O2) = g (2) = (-1)"¢(2) Hin (2)-
3.2 Two preliminary lemmas
We first give an elementary lemma which will be often used in Section 4]
Lemma3.1. (a) Forxz,y > 0,
Int(z4+y)<1l+InTz+nTy, In(1+2)<1+In"z. (3.2)
(b) For each A\ > 0, there exists a constant K > 0, such that
(In" ) < Ky, 2> 0, (3.3)
(c) For each \ > 0, the function
z(In ac)_l_”\ is increasing for x > e*\. 3.4)

Proof. Part (a) holds since In™ (z + ) < In"(2max{z,y}) <1+ In* 2 4+ In™ y. Parts (b) and (c) can be
verified easily. o

We next present the Edgeworth expansion for sums of independent random variables, that we shall need
in Sections[3]and[f] to prove the main theorems. Let us recall the theorem used in this paper obtained by Bai
and Zhao(1986, [9]), that generalizing the case for i.i.d random variables (cf. [33, P.159, Theorem 1]).

Let { X} be independent random variables, s atisfying for each j > 1

EX; = 0,E|X;|* < oo with some integer k > 3. (3.5)

We write B, = >°7 | EX? and only consider the nontrivial case B,, > 0. Let ,; be the v-order cumulant

of X; for each j > 1. Write

)‘Vﬂl :n(u_2)/QB;V Z'Yl/ja 1/2374... ,k;

j=1

, v 1 . . km
Qv,n(z) _ Z ( 1)1/+25q) V+25 H k_( m:—22) >



v k
4 1 m+2,n "
) v+2s— 1 H k ( m ¥ 2) )
where the summation > " is carried out over all nonnegative integer solutions (k1, . .., k,,) of the equations:

ki+---+k,=s and ky+2ky+---+vk, =

For1l < j <nandx € R, define
F,(z) = ]P’(anl ZX]- < x), vi(t) = EefXi:
j=1
_ (x) _ (z) _
Yoj = Xjlx,1<B01 Zng = XiluxsisBaaieny, Way = Xil{x;>B. (1412}
The Edgeworth expansion theorem can be stated as follows.

Lemma 3.2 ([S]). Letn > 1 and X1,--- , X,, be a sequence of independent random variables satisfying
B3 and B,, > 0. Then for the integer k > 3,

k—2 n
[Fu(2) = ®(2) = 3 Qualz)n™""?| < c<k>{<1 +[2))TF B Y EWD [+

j=1

—k— _k— - x 1\n
(1 [2) 7 B ST BIZE) [ 4 (L Jaf) e /2 (Csup —Zu +5-) }

o [t]>6,

1 n
where 6, = EBT%(Z E|Y,;]*) ™Y, C(k) > 0 is a constant depending only on k.

4 Convergence of the martingales {(Ny,, Z,)} and {(N2,,, Z,)}

Now we can proceed to prove the convergence of the two martingales defined in Section 2

4.1 Convergence of the martingale {(N, ,, Z,,)}

Proof of Proposition21]. The fact that {(Ny ,, %,)} is a martingale can be easily shown: it suffices to
notice that

Bt = Eeo(fe ¥ ) = R 3 206+ 1)
n+1 u€Ty 1 u€T, =1
1 N
1
= mnSu = Nl,n-
Observe that
N
1 1 =
Nipnt1— Niyp = Z Su(Nu/mn —1) + £ > (— > Lui) =L+ Lo 4.1

1L, u€eT, I, weT, " i=1

We shall prove the convergence of the martingale by showing that both of the series

Zh,n and ZIQW converge a.s. 4.2)

n=1



Define

I{,n = Z S l{N /mp<II,}» (43)

n u€eT,

1 .
L, = 0 Z Yulgy, <o,y with Yy, =

" weT, My

Z L. (4.4)
i=1

Since

Z q_ q —
nl;ngonjzlE§|L| E|L|9 < 00, q=1,2,

there exists a constant K¢ < oo depending only on ¢ such that for n > 1 and |u| = n,

Ee|Ln| < Ken, EelSul <Y BelLj| < Ken, EelSul* = Ee|L;|* < Ken. (4.5)
j=1 j=1
To prove the convergence a.s. of the series 220:1 I, (¢ = 1,2), we only need to show that the

following series converges a.s.:

Z(LL I¢11 n) Z(I:],n - EfanI{],n)’ and Z Ef,nlé
n=1 n=1 n=1

First for ¢ = 1, we see that

Ee|lin — It | = E£|— > Sul DN, /m,>11,3]

n u€T,

N,
< Eﬁ— Z Ee|Sy |E£(— + DN, /m,>11,}

n

’U,E/'\]T
< Kngg(g—: D15 oy
< Kgmﬂﬂf(% +1) (I (1+ 7%))1+A
< Kgn_)‘Eg(Z—: +1) (I (14 Z—Z))m.

Observe that for A > 1,

EZ = [Eg;a N+ (InT mn)lJ”\}

n=1
[eS)

1
Z = {E— (In* No)"** + E(In~ mo)l‘M] < 00,

which implies that

o~

=1 N, - _
> ﬁ[Efm—(hﬁj\fn)l“+(1n mn)l"')‘] < oo as. (4.6)
n=1 n

Hence

]Ef| Z(Il7n - I{,n)| < ZE§|ILn - I{,n| < 09,

n=1 n=1
Ee| Y Benli ol =EBel Y Een(lin— 11,1 <D Eellin— 1 ,| < 0.
n=1 n=1 n=1

It follows that the series " | (I1.n — I ,,) and 3 " E¢ ,, ] ,, converge a.s.



Observe that ;' (1], — E¢ 9,1 ;) is a martingale w.rt. {Z,41}. By the as. convergence of
an L2 bounded martingale (see e.g. [15, P. 251, Ex. 4.9]), we prove the convergence a.s. of the series
Yoo (11, — Eenli ) by showing that of the series

Z Ef(li,n - Efqnli,n)Q'

n=1
It is immediate from the following:
1 N, 2
=Ee | Z Su ( e~ Dlpzean,y — Ben(= — D1, gnn})}
n ueT mn n n
[ 1 Ny 2
—Be| o 3 SEea (- =Dl (scn,y ~ Ben( "~ Dlxcn,)) ]
L~ u€eT, n ™
1 2
<Eelqm > S ]E€<_*1) 1{2;§§Hn}]
" weT,
M1 ) N\ 2
<Be| g ¥ Best[Ee(52) T am,y + 3]
L+ u€Ty, n
B S%E (ﬁn)Q +35%
T, ‘\m,/) {Ee<my UL,
B S%E No2 1 1 352
T, f{(m_n) ( {Fo <min(en 1,0} T {e2*<N—zsnn})}+n_n
2 2 N N, N, \—1
<gm (34 M)2n 4 Snp (—") ((1 )1 —(1+2) —") I, + 1) In~ "> (1 +11,,
<ga B+e T B, + (+mn) (I, + 1) In (1+11,)
52 52 N, N,
<B+eMNt 4 Ke— " E "It (14 2
( )Hn SIS (1+411,) S ( mn)
< K, IE 1 14+ —).
ST + Ex e ( +mn)

Combining the above results, we see that the series Y I ,, converges a.s.
Next we turn to the proof of the convergence a.s. of the series D Iz .
To begin with, we prove that

Ee|Y,|(Int |V, ) < Ken + Ken(In™ my, ) T, 4.7

Ny 1+
<ln+ ‘Z Ly +In~ mn> ]
2)‘<<ln ‘ZLM )H_/\ (In™ mn)1+>‘>]

* 2\ I my, )1+A “E ’ZLu

This follows from the fact:

ut

_‘ZLuz

<m KA_E&’Z Ly
1=1
Ny

1 1 N
< K)\m—Eg ZE£|Lui|2 + 2)\(111_ mn)lJr/\m—Egz Eg‘Lui

n i=1 =1

Ee|Y,|(n* [¥,])' ™ < E

< Ken+ Ken(In™ mn)H/\.

Observe that

1
EE|12,TI - Ié,n| = E§|H_ Z Yu]‘{‘Yu‘>Hn}|

n u€eT,



< Egm Z Ee |V, |(In* |V, [)

Ken+ Ken(In™ mn)1JrA
(InIT,,)1+A

KE - 1+
< F(l + (In™ my,) ™)

By (@.6)), the series >_n~*(1 + (In~ m,,)***) converges a.s. Thus

Ef' Z(IQW - Ié,n)l < ZEdIQ,n - Ié,nl < o0,

n=1 n=1
Be| > Eenls, | =Eel Y Ben(lon —15,)] <Y Belloyn — I | < oo.
n=1 n=1 n=1

This implies the convergence a.s. of the series Y~ | (Inn — I3 ,,) and > " | Ee 15 ,,.
To prove the convergence a.s. of the series Y (I3, — E¢nl5,,), we only need to show the conver-
gence of the series: Y " | B¢ (I3 ,, — E¢ 15 ,,)?. This is implied by the following observation:

1 2
Ee (L3, —Eenls )" = Eeimz Es(lY vacmy = (BelYal 1y, <n, }))
" weT,
1 2
<Eery D Ee (IYul1qv,i<n, )
" weT,
<E i |V, [21 . + |V, |*1
= fHQ Ee [ Yul Ly, <minesr my + Yl Lear <y, <,y
m weT,
et 217 —1-X + —1-X\\—1
<@ T+ Bepp O EelYuPTLanlL) (Y, (u Y)Y
m weT,
< LS Bt v
T T /1 1T N1\ u n u
=TI, £Hn(lan)1+>\ = 13
e Ken+ Ken(ln™ my)tH?
<ap o+ Ke en( " )
I, (InII,,) 1+
64)\ I(5 L
- +A
SH—H+F(1+(1D M) )-

Combining the above results, we see that the series ) _ I ,, converges a.s.
Therefore we have proved (4.2)) and the martingale { N} ,, } converges a.s. to

o0

Vi= Z(N1,n+1 — Nin)+ N

n=1

4.2 Convergence of the martingale {(N,,, Z,,)}

Proof of Proposition To see that {(Na,,, Z,,)} is a martingale, it suffices to notice that (remind that we
have assumed ¢,, = 0)

1
Ef,nNQ,n-‘,-l = Ef,n( Z (SZ — S%+1))

1I
n+l1 UET 41

3 ]Egn<z(s + Lui)? s§+1))

u€eT, =1

n+1

10



Ny,
_ 1 ZE£1n<Zs2+23Lm+L n+1)>

Mt weT, i=1
1 il
_ ST Bl S Eg,n{(sﬁ 28, Lo + L2, — siﬂ)‘Nu}
s weT, i=1
1
L LY st -2 = Y (S ) = N
n+1 weT, n weT,

As in the proof of Proposition 2.1, we will prove the convergence of the martingale {(Na,,, Z»)} by
showing that

oo

> (Nai1 — Nay) converges a.s.

n=1

We start by giving some notation. For n > 1 and |u| = n, set

1 N,
Jin = —n Z _n - 1), J{,n = 1L, Z (% — 5721)(m_n - 1>1{f,f—;;§ﬂn}; (4.8)
ueT, u€eT,
1
= Z Qu, ‘]2n : H Z Qul{\Qu|<H 1 with Q,, = - Z(L?H — 0-512)); 4.9)
™ weT, u€T, =1

N.
1 1 1
=1

" weT, " weT,

Then we see that N2 .11 — Nay, = Jin + J2n + 2J3,. Thus the convergence a.s. of the martingale
{Na,,, } will follow from the convergence a.s. of the series y  J, (¢ = 1,2, 3). Using the above truncation
and following the same procedure as in the proofs of Proposition 2.1 we can prove the convergence a.s. of
the series Y J, (¢ = 1,2, 3). We omit the details and only stress the following estimate:

N,
1 o 1+
+ 14 _ 2 _ (2 +‘_ 2 _ (2)’
EelQul (10" Qu))"* = Ee— \}jL o} >\(ln o (L= o))
1+A

N. N.

1 u u

< ]Eem—‘ >z - 0512))‘ (1ﬂ+ ‘ Y (Lhi- 0512))’ +In~ mn)
=1 i=1

N N

1 i i
< 2 E,— L2, — @ ( ln+‘ L2, —oc® ‘ A4 (In~ my, 1+)‘)
< PEe | 30— )| (0 [ 0 o) 7

1| N 2
< KaEe = ;(in —o)| + KenEe(In™ my,)'

< Ken + KenEe(In™ my,) 2.

So the martingale N> ,, converges a.s. to the limit

o0

Vo = Z(NQ,nH — Na2.p) + Na .

n=1

5 Proof of Theorem

5.1 A key decomposition
For u € (N*)*(k > 0) and n > 1, write for B C R,

Zn(u,B) = > 15(Suv — Su).

vET, (u)

11



It can be easily seen that the law of Z,, (u, B) under P¢ is the same as that of Z,,(B) under Pyx¢. Define

Wy (u, B) = Z,(u, B)/IL,,(0%¢), W, (u,t) = W, (u, (—o0,t]),
Wo(B) = Z,(B)/U,, Wy(t) = Wa((—00,1]).

By definition, we have 1L, (0%¢) = my - - - mpin_1, Zn(B) = Z,(2, B), W, (B) = W,,(2,B), W,, =
W, (R). The following decomposition will play a key role in our approach: for k < n,

Zn(B) = Z Zn_1(u, B —8,). (5.1

u€Ty,

Remark that by our definition, for u € Ty,

Zn,k(u, B - Su) = Z ]'B(Suvl"'vn—k)

V1 VUn— g €Ty (u)

represents number of the descendants of u at time n situated in B.
For each n, we choose an integer k,, < n as follows. Let 8 be a real number such that max {%, %} <

3 < 1 and set k, = [n”], the integral part of n”. Then on the basis of (5.)), the following decomposition
will hold:

0,1 Z,(spt) — ()W = A,, + B,, + C,, (5.2)
where

1
An = H— Z [Wn—kn (u7 Snt - Su) - E&,kan—kn (’LL, Snt - Su)] 3

n uety,

1
B, = H— Z [Eg,kan—kn (u, Spt — Su) — (I)(ﬁ)] ,

kn u€Ty

kTI,

C, = (W, —W)P(t).

Here we remind that the random variables W, (u, s,t — S,,) are independent of each other under the
conditional probability P¢ ..

5.2 Proof of Theorem

First, observe that the condition Emg® < oo implies that E(In~ moyi < oo forall Kk > 0. So the
hypotheses of Propositions[2.1]and 2.2] are satisfied under the conditions of Theorem[2.3]
By virtue of the decomposition (3.2)), we shall divide the proof into three lemmas.

)

Lemma 5.1. Under the hypothesis of Theorem[2.3]
ViA, 2220 a.s. (5.3)

Lemma 5.2. Under the hypothesis of Theorem[2.3]
n—00 1 _3 _1
VnB, 172 61&3053) (Eo?)~2(1 = 2)p(t)W — (Eo$?) 2 ¢(t) Vi a.s. (5.4)
Lemma 5.3. Under the hypothesis of Theorem[2.3]
VnC, 2225 0 as. (5.5)

Now we go to prove the lemmas subsequently.

Proof of Lemma[3.] For ease of notation, we define for |u| = ki,
Xn,u - n—=kny (U7 Snt - Su) - Eg,kanfkn (’LL, Snt - Su)7 Xn,u = Xn,u1{|Xn7u\<Hkn}a

_ 1 _
A, = T > X

" u€Ty,,

12



Then we see that | X, | < Wy—g, (u) + 1.
To prove Lemma[5.1] we will use the extended Borel-Cantelli Lemma. We can obtain the required result
once we prove that Ve > 0,

> P, (VA > 2e) < oc. (5.6)
n=1
Notice that
€
Pr (|A.] >2—
- - - € - €
< Pr,(An # An) + Pr, (|An — Ee , An| > ﬁ) + Pr,, (|Ee,k, An| > ﬁ)'
We will proceed the proof in 3 steps.
Step 1 We first prove that
D Pi, (An # Ay) < 0. (5.7)
n=1
To this end, define
W* = sup W,,

and we need the following result :

Lemma 5.4. (/28, Th. 1.2]) Assume @.1)) for some X > 0 and IEma‘s < oo for some § > 0. Then
E(W* 4+ 1)(In(W* 4 1))* < oc. (5.8)
We observe that

Pkn, (An 7& Zn) < Z ]P)kn (Xn,u # 7n,u) = Z Pkn(|Xn,u| > Hkn)

’IJ,ETkn ue’]l‘k.n
< D Py (W, (u) + 12T,
uETkn

— Wy, {rnP(Wn,kn +1> m)}

""n:Hkn

< Wi, [B((Wot + Dw, oy s130)]

rn:Hkn
< Wi, [E((W* n 1)1{W*+12M})}
< WH(InTly, ) " E(W* +1)(In(W* + 1))
< KWn ™ MEW* + 1) (In(W* + 1)),

T":Hk‘n

where the last inequality holds since
1
—InIl, > Elnmg > 0a.s. , (5.9)
n

and k,, ~ n”. By the choice of 3 and Lemmal[5.4, we obtain (5.7).
Step 2. We next prove that Ve > 0,

g

> P, ([An — Ee, Al > —=) < o0. (5.10)
n=1

B

Take a constant b € (1, e%1n™0). Observe that Vu € Ty, ,n > 1,

B X2 = [ 2P (Kl > 0)de =2 [ aPu (Xaallgx, ien,) > 2)do
0 0

IN

Hk‘n, Hkn
2/ 2P, ((Wh—g, (v) + 1| > z)dx = 2/ 2P(|Wh—k, + 1| > x)dz
0 0

13



< 2/Hkn eP(W* 4+ 1> x)dx
OHkn
< 2/ (Inz) *E(W* 4+ 1)(In(W* + 1)) dz + 9
* n(W* A " nx) Mdx e nz) Mz
< 2E(W* + 1)(In(W* + 1)) (/ (Inz)~d +/bkn (Inz) Mz | +9
< 2E(W* 4 1)(In(W* 4 1)) (bF» + (ITy,, — b*)(k, Inb) ™) + 9.

Then we have that

> — — €
> Pr, (|4 — Be o, Al > —=)

n=1 \/ﬁ
— €
Z WPek, ([An — Eg 1, An| > %)
_ = _ -2
e N (7 S o R M (T S
n=1 u€Ty,, UETkn

o2 Z nWyg, QE W* n 1)(1D(W* + 1))\)(bk" + (Hkn _ bkn)(kn In b)*)\) + 9]

72 * * kn -2 *OO n
WE(W™ + 1)(In(W* + 1)* <ZH pn +z (ko Inb) )+9€ LTS

By (5.9) and A3 > 2, the three series in the last expression above converge under our hypothesis and hence

(G10) is proved.
Step 3. Observe

P, <|E5,knﬁn| > )

£

< iEkTJEgk A | Z Egk Xnu
kn ’U.GTkn
NG 1
- Vg, | —Ee g Xl ‘
= B |, UEXTE (—Ee ko Xnul{x, 210, 1)
< == Z Eg,, (u) + D)lw, .. (w)+1>10,, }
kn UETkn
nW,
= M {E(Wn—kn + 1)1{Wn7kn+127"n}:|
5 =1k,
wr i
< T VR[EOWV 4 Dl asn,
£ =1k,
W*
< vn E(W* +1)In*(W* +1)

e (Indy, )»
< KKEn%*WE(W* +1) InM(W* +1).
g

Then by (3.9) and A3 > 2, it follows that

b - e
ZP’C” <|E£,knAn| > —> < 0oQ.
n=1 \/ﬁ

Combining Steps 1-3, we obtain (3.6). Hence the lemma is proved. O

14



Proof of Lemmal3.2]. For ease of notation, set

NN C))
Di(t) = (1= t*)¢(t), Fip =
' 6(s2 — 7. )3/2
Observe that
IBn :Bnl +IBn2+IBn3+IBn4; (511)
where
Snt — Sy spt — Sy
e (E O R (ﬁ”

IBnQ =

% (i) )
Bus = Fiugi— 3 ( <$> Dl(t)>;

" u€Ty,
IBn4 = IilynDl( )Wkn

Then the lemma will be proved once we show that

VnBn 222 0; (5.12)
ViiBny 2% —(Eol) ()i (5.13)
VnB,s 2222 0; (5.14)
V) s 61&3083) (Eol?)~2 Dy ()W, (5.15)

We will prove these results subsequently.
We first prove (5.12). The proof will mainly be based on the following result about asymptotic expansion
of the distribution of the sum of independent random variables:

Proposition 5.5. Under the hypothesis of Theorem2.3) for a.e. &,

/ n—oo
€, =N/ sup — 0.
rER

n—1 7
P LL <z|—®(x)— Kk1Di(x)
(sh — sz )2~ ’

Proof. Let X =0for0 < k <k, —1and X} = Ek for k, < k < n — 1. Then the random variables
{X}} are independent under P¢. Denote by vy (+) the characteristic function of Xy: vy (t) := EgeXk,
Using the Markov inequality and Lemma[3.2] we obtain the following result:

n—1 /L\k
P. [ _&k=ka 77 — ®(2) — k1., D
e <) ~ 900 -
1
<K¢} (s2—s;.) Z IE5|L |* +nf |f‘up —(k + Z v (¢ ) >
j=kn

By our conditions on the environment, we know that

lim n(s2 — s2 ) Z Ee|Li|* = E|Lo[*/(Eo(P)2. (5.16)

n—oo

By 2.2)), L, satisfies
]P’(limsup lun (1)] < 1) > 0.

|t] =00

15



So there exists a constant ¢,, < 1 depending on &,, such that

sup |vn(t)] <¢, and P, <1)>0.
[t|>T

Then Ecy < 1. By the Birkhoff ergodic theorem, we have
1 n—1
sup( Z|vj )_ ZCJ%ECO<1
[t|>T j=1

Then for n large enough,

n

1
sup —(k + Z v (¢ > +— ] =on™™), VYm>0.

[¢|>T T
From (3.16) and (5.17), we get the conclusion of the proposition.
From Proposition[5.3] it is easy to see that
Vi|Bai| < Wi, €n ——250.

Hence (5.12) is proved.
We next prove (3.13). Observe that

B2 = Bpai + Bpaz + Bposg + Bpos + Bios,

wmumﬂ__-zj[(———j%ﬁ>@m¢@(@§£%%ﬁ

" ueT
B22 = —n ; [ (%) = (1) | Lis,|>kat>
' weTy, n
Bz = —— Z (751/2 — t> P(t)1{|5, >k}
kn ey,
Bpos = W(Sn —(s2 — Sin)l/Q)Wknfb(t)tv
Bpas = —qutﬂ\ﬁ,kn-

By Taylor’s formula and the choice of 3 and k,,, we get

€n =v/n sup

¢(G;§%%ﬁ)@m¢@(@§%%%ﬁ

(5.17)

t)] l{lsulgkn}’

)

|y|§kn n
Spt —y 2
< \/ﬁ sup L S— N )
ly|<kn | (57 — Sin)lm
Thus
|VnBpaoi| < Wi, & — 0. (5.18)
We continue to prove that
VnBros 222 0; VnBros 2225 0. (5.19)
This will follow from the facts:
1 n o0 1 n o0
ﬁ Z |Su|1{|5u|>kn} ;> 0 a.s.; \/EH— Z 1{Su|>kn} ;> 0a.s. (5.20)
" u€Ty, " u€Ty,
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In order to prove (3.20), we firstly observe that

Z DA R
kn u€Tg,,
00 oo oo kn—1 oo
= 2 ElShlls,, kg € 2ok EISk T < 30t 3 EILI = 3k EILol,
n=1 = n=1 7=0

Zf 2 Lasul>en)
kn uGTkn
[e'e) 0 n kn =1 - 3
TS BT = S nkkn PRI

- Z\/_El{@knbkn} < Z\/ﬁkinE@an" < Z\/—k
n=1 n=1 7=0

n=1
The assumptions on 3, k,, and 7 ensure that the series in the right hand side of the above two expressions

converge. Hence
Z Y SulLis, sy < oo, Z\/_—Zl{\S\>k}<OO a.s.,
Kon u€Ty,, kon u€Ty,,
which deduce (3.20), and consequently, (3.19) is proved
By the Birkhoff ergodic theorem, we have
. 8721 (2)
lim — =Eo,”, 5.21)
n—oo N
whence by the choice of 8 < 1/4 and the conditions on the environment
Vn Si n—o0

Bros = n W t —— 0. 5.22

VB = g g e 2
(5.23)

Due to Proposition2.I]and (3.21)), we conclude that
ViBpas 22 —(Eo(?)"2(t)Vi aus.

From (5.18), (3.19), (5.22) and (5.23)), we derive (5.13).
Now we turn to the proof of (3.14).
According to the hypothesis of Theorem[2.3] it follows from the Birkhoff ergodic theorem that
1
(B3 2Ea®). (5.24)

lim \/ﬁfﬂ,n = -

n— o0
Notice that
L5 (n(220) -0
. 2 ( CEERE
(s, 1<kn}-

_ Sin)l/Q

(@m) o0

2 1
< = > lgsuskata— O
11, II
" ueTkn " uETkn
The first term in the last expression above tends to 0 a.s. by (3.20), and the second one tends to 0 a.s

because the martingale {W,, } converges and
n—oo
— 0.

sup
ly|<kn

Snt — vy
Di| =+ | —D:i(t)
<<sz - szgw)

n—oo

Combining the above results, we obtain (3.14)
It remains to prove (3.13), which is immediate from (3.24) and the fact W,, —— W.

So Lemma[3.2]has been proved.
17



Proof of Lemma This lemma follows from the following result given in [24].
Proposition 5.6 ( [24] ). Assume the condition 2.1). Then
W -w, = o(nf/\) a.s.

By the choice of 5 and k,,, we see that

1

V(W —Wy,) = o(nz ) 2224,

Now Theorem 23] follows from the decomposition (3.2)) and Lemmas 5. 11-[3.31

6 Proof of Theorem 2.4

We will follow the similar procedure as in the proof of Theorem[2.3]

We remind that A, 7 > 16 in the current setting. Hereafter we will choose max{%, %} <B< i and let
kn = [n?] (the integral part of n®).

By (&), we have

V2rs, I Z, (A W/exp{— stde = Ay 4 Ao + Az, (6.1)
with Ay, = V2ms,II} Z ( 2 (U, A= Sy) — Es,kan_kn(u,A—Su));
u€Ty,,
ZCQ
Ao = I} Z ( wsnEe ko, Wi—k,, (u,A—Su)—/eXp{——Q}dac);
uETk A 2Sn
ZCQ
Az = (Wkn—W)/eXP{—Q—Q}dm-
A Sn

On basis of this decomposition, we shall divide the proof of Theorem[2Z.4]into the following lemmas.
Lemma 6.1. Under the hypothesis of Theorem2.4) a.s.
nAy, 2= 0. (6.2)

Lemma 6.2. Under the hypothesis of Theorem[2.4) a.s.

novoo, 1, 1 _ _
nhap “= (Bog?) TN (=5 Va +ZaVD)IA| + 5Eof” (Bay”) 2<v17zAW>|A|
1
+§(Eaé2))*2]E(af)4)73(0(()2)) YW |A| — (Eo((f)) 3Bl )P WAl (6.3)

Lemma 6.3. Under the hypothesis of Theorem2.4) a.s.

n—oo

Az, 222 0. 6.4)
Now we go to prove the lemmas subsequently.

Proof of Lemma The proof of Lemmal6.1l follows the same procedure as that of Lemmal[5.1] with minor
changes in scaling. We omit the details. O

Proof of Lemma We start the proof by introducing some notation: set

1 1
fin == (52— 53 )72 (sE) = 5), ko = 25 (52— s3,) (s — s,
6 n 79 n
1 SEAD (2))2
— 2 2 —2 4 2
K3.n *ﬂ(sn —5%,) Zk (O'j — 3(O'j ) )
J=Fkn

18



Define for xz € R,
Di(z) = — Ha(2)¢(z), D2(x) = —Hs(x)¢(z), D3(x) = —Hs(z)p(x),

8513) s 27}:1 ®) _ 105353
Ry(z) =— 125()6(571 —_ k2 ))9/2 s(z)o(z) — : kﬁg(;% Si )5],/2 o )H4($)¢($)
5513) _ 5(3) i (2)
)R (0 )

144(s2 — 57 )7/2
where H,, are Chebyshev-Hermite polynomials defined in (3.I). We decompose A ,, into 7 terms:
Aoy =Ao 1 + Ao o + Ao 3 + Ao g + Ao s + Ao g + Ao 7,

where

— T — Su
Ay =V2mspII Y [Ef,kan—kn (u, A= S) —/A (¢(m)
n k

u€Ty,, n
St () Rﬁ’(@%lx—;%lﬂ)) & —dsf%nw] ’

A27n2:H;"1uEZﬂ; 1{\Su|§kn}/A [Wexp{—%}—exp{—% :|d.’L'a
Ao 3 = (S\/ﬁlﬁ nS{}QH_l ue%; Lfisu)<kn }/AD (ﬁ)d%
Ag s = (f’iz nSSQH_l ue%; L5, 1<k, }/AD <(s xsgu)yz)dxv
Az,m% _1u€Z']1'k L{iSul<kn }/AD <ﬁ>d%
Ao = 2 n\/%sn)uzn 1uesz L4is, 1<k, }/AR; (#)d%
s = G 2 </A( (7= (@)

Sy Sk 1/2
+Z’*m”v(ﬁ) -(-) ¢(””/sn))d$> L{50 >k}
v=1 n n

The lemma will follow once we prove that a.s.

n—oo

nA27n1 — 0,

n o0 — 1 —
nhznz "7 (Bog?) ™ (5 Ve +TaVh)|A
n o0 1 — —
nhg nz s §Eaég)(Eaé2)) 2 —TAW)|A,

n oo 5 —
Nl g 222 —ﬂ(EUéQ)) 3(EolP)2W |4,
n—oo 1 @)\ =2/ (4) (2)\2
nA2 ns >S(IEUO )" "E(0y 3(og ) )WIA],

n—oo

—0,

—
nA27n7 u> 0.

nAQ,nG

(6.5)

(6.6)
6.7)

(6.8)
(6.9)

(6.10)

(6.11)
(6.12)

The proof of (6.6) is based on the following result on the asymptotic expansion of the distribution of the

sum of independent random variables:
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Proposition 6.4. Under the hypothesis of Theorem[2.4) for a.e. &,

n—1 7 3
—1, Lk
Pg iikglﬂ R (I)(SC) - E ’iv,nDu(iE) — Rn(l')
(Sn Skn) =1

Proof. Let X =0for0 < k <k, —1and X} = Ek for k, < k < n — 1. Then the random variables
{X}} are independent under P¢. By Markov’s inequality and Lemma[3.2] we obtain the following result:

n—1 Z 3
P, <% <) - 0(0) - > hunDule) = Rale)

n—oo

0.

€En =" 3/2 sup
zeR

sup
z€R Sk
1 1
<K¢ < (s2—st,) ZE5|L| +nts sup — kr, +Z|v] + =
[¢|>T T G=kn 2n
By our conditions on the environment, we know that
2 _ 6 T .16 (2)y3
lim n?(sp — si,) Z Ee|L|® = E|Lo|®/ (Ea{?)?. (6.13)
The required proposition concludes from (6.13) and (G.17). O

Using Proposition[6.4] we deduce that
[nA2 p1] <V 27Tsnn7%Wkn €, -2 0,

and (G.6) is proved.
Next we turn to the proof of (6.7). Using Taylor’s expansion and the boundedness of the set A, together
with the choice of 3 and k,,, we get that

Sn (z —y)* x? 1 .
CEERE eXP{—W} - exp{—— = W(skn -y +2zy + 0(1)),

uniformly for all |y| < k,, and z € A as n — co. By the same arguments as in the proof of (3.20), we can
show that for n > 16, with 3, k,, chosen above,

nH;ﬂl Z 1{|Su\>kn} 270 and H};nl Z 531{|5u|>kn} 7% 0 as. (6.14)
u€Ty,, u€Ty,,

Therefore as n tends to infinity, we have a.s.

1 1 2 2
nhg n2 = nm ( - |A|Hkn Z (S = sk )80 I<ka)

u€Ty,,
A ’U.GTk
n

= N Al + 2|A|T 4N 1
2(s2 — Sin)( 2.k | Al 4+ 2| A[TANT k, + 0(1))

= (2E0) "N (=Va + 2TaV1)| Al + o(1),

which proves (6.7).
To prove (6.8), we observe that

_ K1,nSn -1 (x - Su)3 3(x — Su) _252277322)2)
Yoo = g et 2 1{S“<’““}/A((s%; PG osae)

u€Ty,,

n

= Ao 31 + Ao nza + Ao n3s + Ao 34,
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with

2

R1,nSn -1 (-T - Su)3 2(s2 —s2 )
A _ , I E 1 — " e nkn’ dx;
2,n31 (S% — Qn)l/Q kn, {|Su|§kn}/A (S% 75i )3/2 )

Sk u€Ty,, n
2
R1,nSn -1 3(1' - Su) 72((: f:) )
A2pze = 571 1115, 1<kn / — 55l 1—¢€ Fal ) dz;
(s2 — Si )1/2 kn ue%; {ISu|<kn} " (s% _ Sin)1/2
_ R1 nsn 71 .
A2 33 = _(nfs 1/2 ; / 1/2dx
u kn
K1 nSn 3(1' — Su)
Nopgs = 55—+ 15,15k, / 7d:c.
(s2 — 52 1/2 uezqu {ISul>kn} (s2 kn>1/2

It is clear that

nKk S
(5271% /A(|9U| + k)2 daWy, 2= 0 aus.,

kn
NK1,nSn

(Sn - Sin)

n(ss{o’) - s,(:;) )Sn

6(s2 — s2 )>/2

n

n|Agnz1| <

3 n oo —
n|Ag n3a| < / §(|$| + kp)3daWy, =5 0as.  (1—e ® <z, forz > 0),
A

- 3|A|(N1k, —TaWy,)

n o0 1 — —
oo, ]Ea(3)(Eoo) 2(Vy —zaW)| 4] as.,

3NK1 nSn _ —
n|A2,p34| < W(A|$|dxﬂknl > Lsuskag AT > |Su|1{|Su|>kn})

uG'Jl'kn ue’]l‘k.n

272, 0 as. ( by B20),

whence (6.8) follows.
By the Birkhoff ergodic theorem, we see that

) NK2nSn (EO'(()3))2 . NK3 nSn E(O'(()3) - 3(062))2)
lim — 7= DN lim — iz @ . (6.15)
n—oo (s2 — 53 ) 72(Egy”)3  m7ee (sn —s%,) 24(Eo,™)?
Elementary calculus shows that, uniformly for |y| < kj,
. r—y v (z — y)2 n—o0
lfl/z 1, /A <W> exp< 2(3%—3in)>d$ 0 a.s. , (616)
and / exp (— (‘””2* yf )d:z: N0 as. (6.17)
A 2(Sn - Sk )

Combining (6.14),(6.13), (6.16) and (6.17), we deduce (6.9) and (6.10).
By the Birkhoff ergodic theorem and the definition of H m( ) and ¢(x), we see that

1
Sup 1By ()] = O(—73),
whence (6.11) follows.
Finally because | A2 7| is bounded by K¢ - H,;l Zuem {1Su|>kn }» @©I4) implies (©.12).
So the required result (6.3) follows from (6.6) — (6.12). O

Proof of Lemma By Proposition[3.6], under our assumption, we have
W -w, = o(nf/\) a.s.
By the choice of 5 and k,,, we see that

n—o0

n2 (W — Wy, ) = o(n2 =) 22,
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