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branching random walk with a random environment in time*

Zhigiang Gao! Quansheng Liu *
December 12, 2014

Abstract

Chen [Ann. Appl. Probab. 11 (2001), 1242-1262] derived exact convergence rates in a central limit
theorem and a local limit theorem for a supercritical branching Wiener process. We extend Chen’s results
to a branching random walk under weaker moment conditions. For the branching Wiener process, our
results sharpen Chen’s by relaxing the second moment condition used by Chen to a moment condition of
the form EX (In* X)1+’\ < 00. In the rate functions that we find for a branching random walk, we figure
out some new terms which didn’t appear in Chen’s work. The results are established in the more general
framework, i.e. for a branching random walk with a random environment in time. The lack of the second
moment condition for the offspring distribution and the fact that the exponential moment does not exist
necessarily for the displacements make the proof delicate; the difficulty is overcome by a careful analysis
of martingale convergence using a truncating argument. The analysis is significantly more awkward due
to the appearance of the random environment.

2000 Mathematics Subject Classification. Preliminary 60K37, 60J10, 60F05, 60J80.

Key Words and phrases. Branching random walk, random environment in time, central limit theorems,
convergence rate.

1 Introduction

The theory of branching random walk has been studied by many authors. It plays an important role, and
is closely related to many problems arising in a variety of applied probability setting, including branching
processes, multiplicative cascades, infinite particle systems, Quicksort algorithms and random fractals (see
e.g. [28,129]). For recent developments of the subject, see e.g. Hu and Shi [21], Shi [34], Hu [20], Attia
and Barral [4] and the references therein.

In the classical branching random walk, the point processes indexed by the particles u, formulated by
the number of its children and their displacements, have a fixed constant distribution for all particles u. In
reality this distributions may vary from generation to generation according to a random environment, just
as in the case of a branching process in random environment introduced in [2, |2, 35]. In other words, the
distributions themselves may be realizations of a stochastic process, rather than being fixed. This property
makes the model be closer to the reality compared to the classical branching random walk. In this paper,
we shall consider such a model, called a branching random walk with a random environment in time .

Different kinds of branching random walks in random environments have been introduced and studied in
the literature. Baillon, Clément, Greven and den Hollander [6,|18] considered the case where the offspring
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distribution of a particle situated at z € Z“ depends on a random environment indexed by the location z,
while the moving mechanism is controlled by a fixed deterministic law. Comets and Popov [12,13] studied
the case where both the offspring distributions and the moving laws depend on a random environment
indexed by the location. In the model studied in [19,114,22,131,136], the offspring distribution of a particle of
generation n situated at z € Z%(d > 1) depends on a random space-time environment indexed by {(z,7n)},
while each particle performs a simple symmetric random walk on d-dimensional integer lattice Z%(d > 1).
The model that we study in this paper is different from those mentioned above. It should also be mentioned
that recently another different kind of branching random walks in time inhomogeneous environments has
been considered extensively, see e.g. Fang and Zeitouni (2012, [1€]), Zeitouni (2012, [38]) and Bovier and
Hartung(2014, [10]). The readers may refer to these articles and references therein for more information.

Denote by Z,,(-) the counting measure which counts the number of particles of generation n situated
in a given set. For the classical branching random walk, a central limit theorem on Z,,(-), first conjec-
tured by Harris (1963, [19]), was shown by Asmussen and Kaplan (1976, [, [24]), and then extended to
a general case by Klebaner (1982, [25]) and Biggins (1990, [7]); for a branching Wiener process, Révész
(1994,[32]) studied the convergence rates in the central limit theorems and conjectured the exact conver-
gence rates, which were confirmed by Chen (2001,[11]). Kabluchko (2012,[37]) gave an alternative proof
of Chen’s results under slightly stronger hypothesis. Révész, Rosen and Shi (2005,[33]) obtained a large
time asymptotic expansion in the local limit theorem for branching Wiener processes, generalizing Chen’s
result.

The first objective of our present paper is to extend Chen’s results to the branching random walk under
weaker moment conditions. In our results about the exact convergence rate in the central limit theorem and
the local limit theorem, the rate functions that we find include some new terms which didn’t appear in Chen’s
paper [L1]. In Chen’s work, the second moment condition was assumed for the offspring distribution.
Although the setting we consider now is much more general, in our results the second moment condition
will be relaxed to a moment condition of the form EX (In* X)!** < oo . It has been well known that in
branching random walks, such a relaxation is quite delicate. Another interesting aspect is that we do not
assume the existence of exponential moments for the moving law, which holds automatically in the case of
the branching Wiener process. The lack of the second moment condition (resp. the exponential moment
condition) for the offspring distribution (resp. the moving law) makes the proof delicate. The difficulty
will be overcome via a careful analysis of the convergence of some associated martingales using truncating
arguments.

The second objective of our paper is to extend the results to the branching random walk with a random
environment in time. This model first appeared in Biggins and Kyprianou (2004, [8, Section 6]), where a
criterion was given for the non-degeneration of the limit of the natural martingale; see also Kuhlbusch (2004,
[26]) for the equivalent form of the criterion on weighted branching processes in random environment. For
Z,(+) and related quantities on this model, Liu (2007,[30]) surveyed several limit theorems, including large
deviations theorems and a law of large numbers on the rightmost particle. In [17], Gao, Liu and Wang
showed a central limit theorem on the counting measure Z,,(-) with appropriate norming. Here we study
the convergence rate in the central limit theorem and a local limit theorem for Z,,(-). Compared with the
classical branching random walk, the approach is significantly more difficult due to the appearance of the
random environment.

The article is organized as follows. In Section Pl we give a rigorous description of the model and
introduce the basic assumptions and notation, then we formulate our main results as Theorems[2.3]and 2.4]
Their proofs can be found in Section [ and[3 respectively. Whilst Section B will be devoted to the proofs
of the reminders.

2 Description of the model and the main results

2.1 Description of the model

We describe the model as follows ([17, 30]). A random environment in time £ = (,,) is formulated as
a sequence of random variables independent and identically distributed with values in some measurable
space (©, F). Each realization of ,, corresponds to two probability distributions: the offspring distribution
2(&n) = (Po(&n),p1(&n), -+ )onN = {0, 1, - -}, and the moving distribution G(&,,) on R. Without loss of
generality, we can take &, as coordinate functions defined on the product space (O, F®N) equipped with
the product law 7 of some probability law 7y on (O, F), which is invariant and ergodic under the usual shift



transformation 6 on ON: 0(&p, &1, -+ ) = (&1, &2, -+ +).

When the environment { = (§,,) is given, the process can be described as follows. It begins at time 0
with one initial particle @ of generation 0 located at Sz = 0 € R; at time 1, it is replaced by N = Ny
new particles @i = i(1 < ¢ < N) of generation 1, located at S; = Lg;(1 < i < N), where N, Ly, Lo, - -
are mutually independent, N has the law p(&), and each L; has the law G(&p). In general, each particle
u = uq...u, of generation n is replaced at time n + 1 by N,, new particles wi(1 < i < N,,) of generation
n + 1, with displacements L,,;(1 < i < N,,), so that the i-th child ui is located at

where Ny, L1, Ly, - - - are mutually independent, V,, has the law p(,,), and each L,,; has the same law
G(&,). By definition, given the environment &, the random variables N,, and L,,, indexed by all the finite
sequences u of positive integers, are independent of each other.

For each realization ¢ € O of the environment sequence, let (T, G, P¢) be the probability space under
which the process is defined (when the environment £ is fixed to the given realization). The probability
P¢ is usually called quenched law. The total probability space can be formulated as the product space
(ON x T, EN ® G,P), where P = E(J¢ @ P¢) with &, the Dirac measure at ¢ and IE the expectation with
respect to the random variable &, so that for all measurable and positive ¢ defined on OF x I, we have

/ g(x,y)dP(z,y) =E/g(€,y)dﬁ"s(y)-
eNxT T

The total probability P is usually called annealed law. The quenched law P may be considered to be the
conditional probability of P given £. The expectation with respect to P will still be denoted by [E; there will
be no confusion for reason of consistence. The expectation with respect to P¢ will be denoted by E,.

Let T be the genealogical tree with { NV, } as defining elements. By definition, we have: (a) @ € T; (b)
ut € T implies u € T; (¢) ifu € T, then uz € T ifand only if 1 <¢ < N,. Let

T,={ueT:|ul=n}

be the set of particles of generation n, where |u| denotes the length of the sequence u and represents the
number of generation to which u belongs.

2.2 Main results

Let Z,,(+) be the counting measure of particles of generation n: for B C R,

Zny(B) =Y 15(S.).

ueT,

Then {Z,,(R)} constitutes a branching process in a random environment (see e.g. [2,[3,33]). For n > 0,
let Ny, (resp. L,,) be a random variable with distribution p(,,) (resp. G(&,,)) under the law P¢, and define

mn:m(gn):Eﬁﬁn; IL, =mg---mp_1, Ilg=1

Throughout the paper, we shall always assume the following conditions:

1 ~ ~
Elnmg >0 and E (—No(ln+ N0)1“> < 00, (2.1)
mo

where the value of A > 0 is to be specified in the hypothesis of the theorems. Under these conditions, the
underlying branching process is supercritical which implies that the number of the particles tends to infinity
with positive probability. Without loss of generality and for simplicity, we will always assume that

P(Ny > 1) = 1. (2.2)

Moreover, it is well known that the normalized sequence

1

n



constitutes a martingale with respect to the filtration (%, ) defined by
Fo=1{0,Q}, Fn=0(& Ny :|u|l <n), forn > 1.

Under @2.1)), the limit
W =limW,

exists a.s. with EW = 1 (see for example [3]); by @.2), W > 0 a.s.
For n > 0, define

n

n—1 n—1
b, = Z I, S,SLV) = Z O'](CV), forv >2, s, = (sg))
k=0 k=0

Ly =EeLy, o) =Ee(Ln —1,)", forv >2;

[

We will need the following conditions on the motion of particles:

P( lim |Eeeitlo| < 1) >0 and E(|Zo|") < o0, 2.3)

[t]—o0

where the value of > 1 is to be specified in the hypothesis of the theorems. The first hypothesis means
that Cramér’s condition about the characteristic function of Lg holds with positive probability.
Let {N1,,} and { N2 ,,} be two sequences of random variables, defined respectively by

1 2 1 2
Nin=q > (Su—tn) and Ny =siW, — T > (Su—tn)

™ ueT, " ueT,
We shall prove that they are martingales with respect to the filtration (2,,) defined by
Do =1{0,Q}, Z,=0(& Nu,Lyi:i>1,|u] <n), forn>1.
More precisely,we have the following propositions:

Proposition 2.1. Assume that the conditions @1) — @3) hold for some A > 1 and n > 2. Then the
sequence {(N1 n, Py)} is a martingale and converges a.s.:

Vi = lim Ny, exists a.s. in R.
n—o0
Proposition 2.2. Assume that the conditions @2.1) — @.3) hold for some X\ > 2 and n > 4. Then the
sequence {(Na n, Py)} is a martingale and converges a.s.:
Vo := lim Ny, exists a.s. in R.
n—oo
Our main results are the following two theorems. The first theorem concerns the exact convergence rate

in the central limit theorem about the counting measure Z,,, while the second one is a local limit theorem.
We shall use the notation

1 2 ¢
Zn(t) = Zn((—00, t]), t) = eft/2,<1)t:/ z)dz, teR.
(t) (( D). o) Nor (t) 700¢()
Theorem 2.3. Assume and that the conditions 1) — 2.3) hold for some X\ > 8 and n > 12. Then for all
teR, )
\/E[H—Zn(zn + snt) — @(t)W] 22 as, 2.4)
where

o) Vi, (Eog”) (1-1) o) W

V(t) = —
(Eay?)1/2 6(Eay))3/2




Theorem 2.4. Assume that the conditions 1) — @.3) hold for some X > 16 and n > 16. Then for any
bounded measurable set A C R with Lebesgue measure |A| > 0,

_(z=tn)?
n l\/ 218, 111 7, (A) — W/ e R dw] 272 (A as., (2.5)
A
where A AW c(A)
¢
u(A) = Vo+2ZV1) + ———
“) 2E082) ( ) 8(EO'(()2))2

1
WithT o = m/ xdx and
A

4 2 i 5(1[30(3))2
o) =E(o}” = 3(of”)") +4Bol (G ~Ta) - =l
0

Remark 2.5. The term % represents asymptotically the mean value of the deviation of the positions of the
particles in generation n with respect to their conditional expectation: actually by Proposition[2.1] we have

Vi . 1
RN | —0,).

Remark 2.6. For a branching Wiener process, Theorems2.3]land2.4limprove Theorems 3.1 and 3.2 of Chen
(2001,[L1]) by relaxing the second moment condition used by Chen to the moment condition of the form
EX (In" X)'** < oo (cf. @.T)). For a branching random walk with a constant or random environment, the
second terms in V(-) and p(-) are new: they did not appear in Chen’s results [[11] for a branching Wiener
process; the reason is that in the case of a Brownian motion, we have 063) = 064) -3 (UéQ))2 =0.

Remark 2.77. As will be seen in the proof, if we assume an exponential moment condition for the motion
law, then the moment condition on the underlying branching mechanism can be weakened: in that case, we
only need to assume that A > 3/2 in Theorem[2.3]and A > 4 in Theorem[2.4] In particular, for a branching
Wiener process, Theorem 23] (resp. Theorem 2.4]) is valid when .1)) holds for some A > 3/2 (resp.
A>4).

3 Convergence of the martingales { (N, ,,, Z,,)} and {(N2,,, Z,)}

We first introduce some notation which will be used in the sequel. For simplicity and without loss of
generality, hereafter we always assume that [,, = 0 (otherwise, we only need to replace L,; by L,; — l,)
and hence /,, = 0. In the following, we will write K¢ for a constant depending on the environment, whose
value may vary from lines to lines. In addition to the c—fields .%,, and %, the following o-fields will also
be used:

Jo=1{0,9}, F = (&, Nu,Lui: k<n,i>1,|ul <n)forn>1.
For conditional probabilities and expectations, we write:
Pen() = Pe(1Zn), Ben() =Ec(120); Pu() =P(|5), Ea() = E(L5);
Pe.7,() =Pe(|Fn), Eez,() = Ee(|Fn).

As usual, we set N* = {1,2,3,---} and denote by
n=0

the set of all finite sequences, where (N*)? = {@} contains the null sequence &.

For all w € U, let T(u) be the shifted tree of T at u with defining elements {N,,}: we have 1)
@ € T(u),2) vi € T(u) = v € T(u) and 3) if v € T(u), then vi € T(u) if and only if 1 < i < Ny,
Define T, (u) = {v € T(u) : |v] = n}. Then T = T(&) and T, = T, ().

Now we can proceed to prove the convergence of two martingales.



3.1 Convergence of the martingale {(N, ,, Z,)}

The fact that { (N1 ,,, Z,,)} is a martingale can be easily shown: it suffices to notice that

Ny
E&,an,n-i-l = E€7n(Hj+1 Z Su) = ! Ef,n( Z Z(Su +Luz))

wETpt1 i1 weT, i=1
1 ol
o 5 2o B
1
= mnSu = Nl,n-

We shall prove the convergence of the martingale by showing that the series

Z I,, convergesa.s., with I, = Ny 41— Nip. 3.1

n=1

To this end, we first establish a lemma. For n > 1 and |u| = n, set

N” .
X, = Su< N _ 1) + Z Lui (3.2)

3
i=1 m‘“|

and let )A(n be a generic random variable of X, i.e. )A(n has the same distribution with X, (for |u| = n).
Recall that /V,, has the same distribution as V,,,

u| = n.

Lemma 3.1. Under the conditions of Proposition2.1] we have

_ _ N
Ee| X, |(InT | X, )™ < Ken <1nn + Egm—(ln Nn)1“> . (3.3)
Proof. We will use the following two elementary inequalities: for x,y > 0,
Int(z+y)<1l+InTz+InTy, In(1+2)<1+In"z,

which hold since In™ (z + y) < In" (2max{z,y}) < 1 +In" 2 + In" y. For u € T,, with the conditions
N, > 1, we have My = 1 and

)

Ny
N, ’Zizl L
| Xu| <[Su] (1 + ) +
m

Jul Ml

Ny
Z Lui

M| .=

Int | X,|<2+In"[S,|+InN, +In"

)

(In* X, )+ < 4t <21“ + (In* Sy ) + (In V) + (1n+

Hence we get that
8

4_)\|Xu|(lnJr |XU|)1+)\ < ZJia

i=1

with

N, N,
Jp =218, (” y ) Jo = |Su|(In* [, ])'+> (” . )
m

|u Lam

Ny, 1+
N, N, 1
Js = |Sul (1+ )(mzvu)l“, Ty = |Su| (1+ ) (hﬁ > Lui ) :
My M| M| =




91+A N, (anr |Su|)1+)\ Ny (hl Nu)l-i-/\ Ny
JE) = ut 9 - - L'[LZ 9 ‘;U7 - L'IJ,Z b
M| Zl mlu\ ; Mul ;
1| N 142
JS = Luz < Luz > .
M|y M|y ;

Since
lim — ZEHL |9 =E|L,|! < o0, ¢=1,2

n—oo n

there exists a constant K¢ < oo depending only on ¢ such that forn > 1 and |u| = n,

Ee|Ln| < Ken, EelSul <Y EelLj| < Ken, EelSul* = Ee|L;|* < Ken. (3.4)
j=1 j=1
By the definition of the model, S,,, IV,, and L,; are mutually independent under P¢. On the basis of the

above estimates, we have the following inequalities, where K¢ is a constant depending only on &, whose
value may be different from lines to lines: forn > 1 and |u| = n,

Ny
Efjl = 21+/\E5|SU|E5 (1 + o ) < Kf?’L;

lu|

EeJo < E§(|Su|2 + |Sul) < Ken;

EeJs < Ee|Sy|Ee <1 ) (In N,)'™* < Ken (1 +E§—(1nN )1“)
+A

M|

N, 1| !
E§J4 < E§|Su|E§ <1 + —u) (111 1+ Ly >

N 1 N, 1+
< (Kgn)Eg (1 + _u) (111 1+ Ef |Luz| )

i=1
( by Jensen’s inequality for the concave function (In z)!**)

(In Nu)1+’\>

Ny
S Kgn (Kf Inn + Ef
Ju]

~

Noo o
= Kenlnn + KgnEg—(lnNn)HA;

Eng 21+/\EE|L | < Ken;
Ny,

< (In" Be|S,|) T Ee| L | < (111 (Ken)) " Ken < Ken(lnn)';

Eelo = Be(In" [S,])F Ee—

M|

~

Nu Nn A7
m |(1nNu)1+/\ = KEnEgm—(ln NP

Eelr < EgEnEg

(2:Z -1 Lu ) 7 o2
E&Hg S Eg = Egan| S Kfn.

lu|

Hence we get that for n > 1 and |u| = n,

n

Ee| X (In* | X, ) < Ken <lnn + EE—(lnN )1“) 3.5)

This gives (3.3).



Proof of Proposition2.1] 'We have already seen that {(N7 ,,, Z,,)} is a martingale. We now prove its con-
vergence by showing the a.s. convergence of Y I, (cf. (3.I)). Notice that

1
In = Nl,nJrl - Nl,n = H_n Z Xu
u€Ty
We shall use a truncating argument to prove the convergence. Let

1
X,; = Xu]‘{‘Xu|§H\u\} and 17{1 = H_ Z X,{L

™ weT,

The following decomposition will play an important role:

ZI _Z —I) +ZI ~Eez 1)+ > Bes, I, (3.6)
n=0

n=0 n=0

We shall prove that each of the three series on the right hand side converges a.s. To this end, let us first

prove that
oo

1 v + 1% N1+
Since limy, 00 In 11, /n = Elnmg > 0 a.s., for a given constant 0 < §; < EInmy and for n large enough,
InII, > éin,

so that, by Lemma[3.1]

! + 1+A K& 1 ﬁn N 1HA
Observe that
= 1_N
EZ Eg— (In N, = ZFEm_O(mN)W < o0,
n=1

which implies that

Therefore (3.7) holds.
For the first series Y~ (I, — I},) in (3.6), we observe that

Ee|l, — I,| = — Z Xulyx,|>m,.}

n ueTy,

1
B {H— > ]Ef,%,(lXull{xupnn})}

n ueTy,

IN

= Ee(|Xn1
- 1
= (InI,)™>

(1%>1.)

E£|Xn|(ln+ |Xn|)1+)\-

From this and (3.7),

I <Y Eell, - I,| < oo,
n=0

whence Y (I, — I,) converges a.s.
For the third series >~ ( E¢ 2, I}, as E¢ #, I, = 0, we have

nn’

Ee Y [Eez. Il = Be Y [Bez,(In — I;)| < > Ee|l, — I| < oo,
n=0 n=0 n=0



so that ZZOZO E¢ 2, I, converges a.s. It remains to prove that the second series

oo

Z(I,’L — E¢ 2, 1I,) converges a.s. (3.8)

n=0

By the a.s. convergence of an L2 bounded martingale (see e.g. [19, P. 251, Ex. 4.9]), we only need to show
the convergence of the series Y, , E¢ (I, — E¢ 2, I',)?. Notice that for a positive constant d2,

2
1 1
Ee(L, — Bz, 1) = E¢ (H— > (x - Ea%XL)) =E¢ <ﬁ > Ee, (X, - Eg,ynX;V)

" weT, " weT,

1 2 1 X2
<Eeqy > B, X? = H—nEs(an{u?n|snn})

™ weT,
1g (%215, 1<m 1% + X205 en 1 dis )
T, S\ RIS (IR <e2 ) T AR ST (| K >3
e 1 X200, (InIL, )~

<+ = =
M, ' T, ©|X,/(In" X)) -0+
1

( because x(Inz) "'~ is increasing for z > €?*)

e4)\

1 ~ ~
= — + ————Ee| X, [(In™ | X, [)' T
Hn + (lan)1+)‘ E| |(Il | |)

Therefore by (3.7), we see that Y~ E¢ (I}, — E¢ #, I},)* < oo a.s.. This implies (3.8).
Combining the above results, we see that the series Y I,, converges a.s., so that V- 1,n converges a.s. to

[e.°]

Vi= Z(Nl,n—i-l — Nin)+ Nija.

n=1

3.2 Convergence of the martingale {(N>,,, Z,,)}

To see that { (N2, Zy)} is a martingale, it suffices to notice that (remind that we have assumed ¢,, = 0)

1
E¢nNowt1 = Een(spiWat1) = Ef,n(n " ) 53)
n UET, 41
1 ol
.2 N2
= 82 W, — T ; E§7n<;(5u + Lu;) >
1 S
2 2 2
SnJer Hn-l—l ; £, (;(Su + S + uz))
1 ol
_ 2 2 _ 2
- Sn-l-an o Hn+1 ; Efv"<;E§7"{(Su+2SULUZ+Luz)|NU}>
1 1
2 2 2 2 2
= S Wn — mn (5% 402 = $2W,, — — S5 = Nop.
i 0o u%; ( ) i u; 2,

As in the case of {(N1,n, %)}, we will prove the convergence of the martingale {(Nz ,,, Zy,)} by
showing that

oo
Z(NQ,H+1 — N3 _,) converges a.s.,
n=1
following the same lines as before. For n > 1 and |u| = n, we will still use the notation X, and I,,, but
this time they are defined by:

Nu

N.
N, 1 2 -
X, =(s2 =81 -1+ — 2 12y + =5,y Lu .
(sn = Su)( mn)+mn ;:1(0" m)+mnS ;71 ; (3.9)



1
In=Nons1 = Noj = - > X (3.10)

Instead of Lemma[3.1] we have:

Lemma 3.2. Forn > 1 and |u| = n, let )?n be a random variable with the common distribution of X,,
defined by (3.9), under the law P¢. If the conditions of Proposition[2.2 holds, then

o~

~ ~ N, . =
Ee| X, |(InT | X, )T < Ken? + KgnQEgm—(ln N, (3.11)

Proof. Observe that for |u| = n,

Ny

1
— Z(a,(f) - L)

™ oi=1

N,

Xl < Is2 - S2(1+20) + + 14|

)

9
™ oi=1
Nu

LS @12

N,
Int|X,| <2+Int|s? — 82| +1In(1 + —) +In*
m Mn 3

n

+In* +1In" [ S|,

2

Ny
672 (I X[} < 259+ (In* [s2 — S2)1A - (in(1 + )1

n

+ (1 v 2 %( (2) L2)>1+A+ <1 |2 %L >1+A+(1 ER
n m—ni:1 O’n — Loy, n m—ni:1 wi n m .
Therefore g
67Xy |(In* [ X, ) <YK,
=1
with

N Ny o\ 142
Ki = [s] = S2I(1+ %) lQlH + (1n(1 + m—“)) + <1n+

n n

Ny, 1+
+<1n+ - Lm-) ]
Mn 1=1
N,
Ky = |52 — S2/(1+ %) [an* 82— S2)1A 4 (In* |su|>1“]
mn
1 X
Ks=|— > (¢? = L2)) {21“ + (In" |52 = S2)A 4 (In* ISuI)l“],
my “
=1
N.
1 <= N, 1A
Ki=|—> (0@ - 12)| (m(1+ %)
my im1 my
1 N, 5 N 1+ 1 N, 1+
K. — | @) _ 72 +| 2 _ +| 1 @) _r2
5 My, 4 (Jn Luz) lIl n 4 L7“ + 1I1 M Z(Jn Luz) ’
=1 =1 =1
9
K¢ =|—> Lui |5u|[21ﬂ+(ln+|5i—53|)1“+(1n+|5u|)1+k}’
mn .
1=1
N.
9 N, 1+
Ky = [— S Ly |Su|(1n(1—|——)) ,
Mn 53 Mn
9 N, 5 N, 1+ 1 N 1+
Ks=|— Lu||Su | [ InT|— Ly In* |— (2) 2.
= |2 s ( s ) +(n LSt -1




It is clear that (3.4) remains valid here; similarly, we get
Eelo?) — L] = Elol?) — L7* < Ken

(recall that En is a random variable with the same distribution as L,,; for any |u| = n and ¢ > 1). By the
definition of the model, S, N, and L,; are mutually independent under P¢. On the basis of the above
estimates, we have the following inequalities: for |u| = n,

N, N, .\ 1+A
EeK < Eel92 + s2[Be(1+ %) |27 + (In(1+ —4)) +

n m’n/
1 Ny 1+ 5 N., 140
1 @ _ 12 2 .
<1n(1+mn;1ag|an Lm.|)> +<1n(1+mn;Eg|Lm|)> ]
N, N, \ 1A
< Kenlnn+ KenBe (1 + —% (1 1 —“) :
< Kenlnn + KenEe ( +mn> n( +mn)

EcKa < 2(Be|Sul*™ + [sn[*79) < Ken®;

N,
1 u
Beko < Be (o D Belof? — L2) (2 + (n (Bels? — S2) + (" (Bl )+
™i=1

< Ken®;
N. N. 1+
E.K, < KenE —“(1 14— ) :
eKa < Kenlle = n( +mn)
1 N 2 ] N
_— (2 _ 12 . (2) 72

<2m; 'Eelo®) — L2 + Belo? — L2| < Ken;
2
E¢Ks < Ee <m— ZEgILml) (2E¢S} + 21 Ee|Su]) < Ken®
moi=1

N,
Ny 1 2 & N, Ny (1
E¢K; < Ee <(ln(1 ) =Y IE5|LM-|> Ee[S. < Ken®Ee—(In(1+4))

My
9 N, 2
EcKg < Ee|S,| <2Eg (m— ZLu> +Ee¢
=1

Hence we get that for |u| = n,

1
M 2(07(12) - Liz)|> < Ken?.

=1

o~

~ ~ N, ~
Ee| X, |(InT [ X, )T = Ee| X, |(Inh | X, ) < Ken® + Ken®Ee—"(In N,, )1+ (3.12)

My
This ends the proof of Lemma[3.2] O

Proof of Proposition[2.2]. The proof is almost the same as that of Proposition 2.1t we still use the decom-
position (3.6), but with I,, and X, defined by (3.10) and (3.9), and Lemma [3.2]instead of Lemma [3.] to
prove that the series Y~ (N2 41 — Na ) converges a.s., yielding that { N ,, } converges a.s. to

oo

Vo = Z(NQ,n—i-l — Nay) + Naji.

n=1

11



4 Proof of Theorem

4.1 A key decomposition
For u € (N*)*(k > 0) and n > 1, write
Zn(u,B)= > 15(Suy — Su)-
vET, (u)
It can be easily seen that the law of Z,, (u, B) under P¢ is the same as that of Z,,(B) under Pyx¢. Define
Wn(ua B) - Zn(uv B)/Hn(ekg)v Wn (’U,, t) = Wn(ua (7007 t])v
Wi (B) = Zn(B)/Mn,  Wa(t) = Wn((—o0,1]).
By definition, we have I1,,(0%¢) = my - - - mpin_1, Zn(B) = Z,(2, B), W,(B) = W,,(2,B), W,, =
W, (R). The following decomposition will play a key role in our approach: for k < n,
Zn(B) = Z Zn_1(u, B —8,). @.1)
u€Ty
Remark that by our definition, for u € Ty,
Zn,k(u, B - Su) = Z ]'B(Suvl"'vn—k)
V1 VUn— kg €Ty (u)

represents number of the descendants of w at time n situated in B.

For each n, we choose an integer k,, < n as follows. Let 3 be a real number such that max {%, %} <
B < % andsetk, = [n”], the integral part of n”. Then on the basis of @), the following decomposition
will hold:

I Zn(sut) — @)W = Ay, + By, + Cy, “4.2)
where
1
An = — > Wk, (u,snt — Su) = Be g, Wak, (, 50t — Su)]
L, u€Ty,
1
IBn = H— Z [E£7kan7kn (’LL, Snt - Su) - (I)(t)] )
kn u€Ty
kTI,
Cn = (Wi, —W)o(t).

Here we remind that the random variables W, (u, s,t — S,,) are independent of each other under the
conditional probability P¢ . .

4.2 Proof of Theorem

By virtue of the decomposition (&.2)), we shall divide the proof into three lemmas.

Lemma 4.1. Under the hypothesis of Theorem[2.3]
ViA, 2220 a.s. 4.3)
Lemma 4.2. Under the hypothesis of Theorem[2.3]
n—oo 1 _3 1
VnB, 7%, 61E053> (Eo?) ™2 (1 = 2)p(t)W — (Eo$?) 2 ¢(t) Vi a.s. (4.4)
Lemma 4.3. Under the hypothesis of Theorem[2.3]

VnC, 22225 0 as. 4.5)

Now we go to prove the lemmas subsequently.

12



Proof of Lemmad.1l For ease of notation, we define for |u| = k,,,

Xn u = n—=ky (U Spt — S ) - E& kn, Wn kn (u Spt — Su); Xn,u = Xn,u1{|Xn’u\<an}a

7 2 X Tum g 3 X

kin u€Ty,, kin u€Ty,,

Then we see that | X, | < Wy—g, (u) + 1.
Using the fact that W,, converges to W > 0 a.s., to prove Lemmal£.1] we only need to prove that

VnY, 2225 0 as. (4.6)

We will use the extended Borel-Cantelli Lemma. We can obtain the required result once we prove that
Ve > 0,

> P, (IVnYa| > 2¢) < 0. (4.7)

Notice that

€
Py, (Y] > 2—)

vn
_ _ _ € - €
< P (Y, #Y, Pr (Y, —Eer Y| > — Pr (|Eer, Yol > —).
< Pr, (Yo # Ya) + Py, (] ¢k Y| \/ﬁ)Jr ko (Ee &, Y| \/ﬁ)
We will proceed the proof in 3 steps.
Step 1 We first prove that
> Pr, (Yo # V) < 0. (4.8)
n=1
To this end, we need the following result:
Lemma 4.4. (/27]) Assume that @.1)) holds. Then
E(W* 4+ 1)(In(W* 4 1))* < oc. (4.9)
We observe that
Pr, (Yo # Y4) {E n—kn + D)1, _ kn+1>rn})] 2
Tn=2%Zky
|: W +1 1{W*+1>7‘n}):|
Tn=Zk,
< (In Zy,) E(W* +1)(In(W* + 1))
< Ken E(W* + 1)(In(W* + 1)),
where the last inequality holds since
Z, /g, = W >0as. (Hn)% — exp{Elnmg} as. ,
and k,, ~ n®. By the choice of 5 and Lemma[44] we obtain (@.8).
Step 2. We next prove that Ve > 0,
> - — €
> P (Vi — BVl > ﬁ) < 0. (4.10)
Take a constant b € (1, e®1"™0), Observe that Vu € Ty, ,n > 1,
B X2y = [ 2B (Tl >0)de =2 [ aB (Xaullgx, ez, > 0)ds
0 0

IN

an an
2/ 2P, ((Wh—g, (v) + 1| > z)dx = 2/ 2P(|Wh—k, + 1| > x)dz
0 0

13



< 2/an eP(W* 4+ 1> x)dx
OZk-n,
< 2/ (Inz) *E(W* 4+ 1)(In(W* + 1)) dz + 9
bhn Zkn
* n(W* A nx) Mz nz) Mz
< 2E(W* + 1)(In(W* + 1)) </ (Inz)~d +/bkn (Inz) d>+9
< 2E(W* 4 1)(In(W* 4 1) (bF» + (Zy,, — b)) (ky Inb) =) + 9.

Then we have that

> — — €
P Y, —EY,| >—
3P (o~ BVl > 22)
— €
Z Pk, (Y — Be g, Y| > ﬁ)
e Yo nEx, (27 Y Eer X | = an Zil ) B X
n=1 u€Ty,, u€Ty,,

Z [2E(W* + 1)(In(W* + 1)) (" + (Zk, — b ) (kn Inb) ) + 9]

< 2 2E(W* + 1)(In(W* + 1)) <ZZ b +Z (kp Inb)~ )+9€2ZZL
n=1 kn

. kn o .
Since Z, ~ (eE In m") and A5 > 2, the three series in the last expression above converge under our
hypothesis and hence (.10} is proved.

Step 3. Observe

]P)kn <|E£,knYn| > )
£

1 —
< VR, Bk, Vol = 7 2 BewXow
kn u€Ty,,
N
= TEkn 7 > (*Eg,ann,ul{lxn,ulzzkn})’
" ’IJ,ET;WI
< Z Ek )+1)1{Wn kn (W+12>2Z,, }
kn uGTkn
n
= vn {E(ankn + 1)1{Wn7kn+12m}}
3 =2k,
n *
< i{E(W +1)1{W*+12rn}}
€ Tn=Zky,
\/ﬁ * A *
< E 1)1 1
< TmZP (W* + 1) InN W™ + 1)
< e Ken? MPE(WF 4 1) It (W + 1),

By the choice of 5, AG > 2 and hence this implies that

> _ €
P Eep, Yol > — | <.
; o <| € ,kn Y| \/ﬁ) 00

Combining Steps 1-3, we obtain (@.7). Hence the lemma is proved. O

14



Proof of LemmaHd.2]. For ease of notation, set

RO
6(s2 —s3 )3/2°

n

Dy(t) = (1—=t*)p(t),  Kin=

Observe that
B, = By1 + Bp2 + Bps + By, .11
where
1 Spt — Su Snt — SU .
B = o Z (Egk Wik, (4, spt — Su) @<m> HL”D1<m)>’
n ’IJ,ETK " kn " kn

n

= (55 )

n

1 Spt — Su .
B3 = KI’”H_H Z (Dl (W) - Dl(t)> )

uETkn

E|H

B, = "ﬁl,nDl (ﬁ)Wkn .

Then the lemma will be proved once we show that

VnBa 2% 0; (4.12)
VB2 2% —(Bo) "2 (t)Vis 4.13)
VnB,s 2222 0; (4.14)
VB, 2222 61E033> (Eol?) =3 Dy ()W (4.15)

We will prove these results subsequently.
We first prove (A.12). The proof will mainly be based on the following result about asymptotic expansion
of the distribution of the sum of independent random variables:

Proposition 4.5. Under the hypothesis of Theorem2.3) for a.e. &,

n—oo

i, L
Pe( (2 i <¢) ~ 20) ~ R Do) 0.

nt/?
€n sup <
57 )1/2

zeR

Proof. Let X, =0for0 < k <k, —1land X}, = Zk for k,, < k < n — 1. Then the random variables
{X}.} are independent under P¢. Denote by vy (-) the characteristic function of Xj: vy (t) := EgeXk,
Combining the Markov inequality with Theorem 1 of Bai and Zhao (1986,[5]), we obtain the following
result:

sup
zeR

<K (s2 fsk Z]EEUJ |* 4+ nS sup—(k +Z|v] >+_

= |t]>

n—1 7
P # <z|—®(x)— Kk1nDi(x)
(s2 sk /2 = ’

By our conditions on the environment, we know that

n—1
Tim n(s2 - s )7 Y BelLil* = E|Lo|*/ (Bof?)?. (4.16)
j=kn

By 2.3), L, satisfies
P(limsup|vn(t)| < 1) > 0.

|t] =00

15



So there exists a constant ¢,, < 1 depending on &,, such that

sup |vn(t)] <¢, and P, <1)>0.
[t|>T

Then Ecy < 1. By the Birkhoff ergodic theorem, we have
1 n—1
sup( Z|vj )_ ZCJ%ECO<1
[t|>T j=1

Then for n large enough,

n

1
sup —(k + Z v (¢ > +— ] =on™™), VYm>0.

[¢|>T T
From (@.16) and (@.17), we get the conclusion of the proposition.
From Proposition[4.3] it is easy to see that
Vi|Bai| < Wi, €n ——250.

Hence #.12) is proved.
We next prove (@.13). Observe that

B2 = Bpai + Bpaz + Bposg + Bpos + Bios,

wmumﬂ__-zj[(———j%ﬁ>@m¢@(@§£%%ﬁ

" ueT
B22 = —n ; [ (%) = (1) | Lis,|>kat>
' weTy, n
Bz = —— Z (751/2 — t> P(t)1{|5, >k}
kn ey,
Bpos = W(Sn —(s2 — Sin)l/Q)Wknfb(t)tv
Bpas = —qutﬂ\ﬁ,kn-

By Taylor’s formula and the choice of 3 and k,,, we get

€n =v/n sup

¢(G;§%%ﬁ)@m¢@(@§%%%ﬁ

4.17)

t)] l{lsulgkn}’

)

|y|§kn n
Spt —y 2
< \/ﬁ sup L S— N )
ly|<kn | (57 — Sin)lm
Thus
|VnBpaoi| < Wi, & — 0. (4.18)
We continue to prove that
VnBros 222 0; VnBros 2225 0. (4.19)
This will follow from the facts:
1 n o0 1 n o0
ﬁ Z |Su|1{|5u|>kn} ;> 0 a.s.; \/EH— Z 1{Su|>kn} ;> 0a.s. (4.20)
" u€Ty, " u€Ty,

16



In order to prove (@.20), we firstly observe that

Z > 1Sullys, sk

kn UETkn

00 oo oo ” kn—1 oo 1
= 2 Bl 15, oy S 2 KRS S D ket D EILIT = ) EILl"

n=1 n=1 n=1 7=0 n=1

Z\f D Hisuiskn)
kn ’U.GTkn

00 oo oo . lkn—l oo "
S VL sy € SRS < SV S B = S b

n=1 n=1 n=1 j=0 n=1

The assumptions on 3, k,, and 7 ensure that the series in the right hand side of the above two expressions
converge. Hence

Z Z |S |1{\5 |>kn} < OO, Z\/_ Z 1{\5 |>k,} < OO0 as.,

" uGTkn n uGTkn

which deduce (#.20), and consequently, (.19) is proved.
By the Birkhoff ergodic theorem, we have

2
lim 22 = Eo(?, (4.21)

n—oo N

whence by the choice of 8 < 1/4 and the conditions on the environment,

Vi i nvo0
VnBpag = (52— 32 1 5n 1 (5L — 2 )12 Wi, o(t)t —— 0. (4.22)

Due to Theorem[2.1]and (@.21), we conclude that
VinBogs 22 —(RelP) 3 o(t)Vh as. (4.23)

From (@.18), (@.19), (#22) and @.23)), we derive . 13).
Now we turn to the proof of {.14).
According to the hypothesis of Theorem[2.3] it follows from the Birkhoff ergodic theorem that

1
lm /sy, = 6(1@0—52))—3/21@0—33). (4.24)

n—

= H Zl{\sw}* > |P
" weTy, " UETy,

The first term in the last expression above tends to 0 a.s. by @.20), and the second one tends to 0 a.s.

because the martingale {W,, } converges and

Snt —vy
Di| ————+= | —Di(t)
<<s,% - szgw)

Combining the above results, we obtain (@.14)).
It remains to prove (@.13), which is immediate from @.24) and the fact W,, === W.
So Lemma.2]has been proved. O

Notice that

1S, <kn}-

n—o0
sup — 0.

ly|<kn
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Proof of Lemma This lemma follows from the following result given in [23].
Proposition 4.6 ( [23] ). Assume the condition 2.J). Then

W -w, = o(nf/\) a.s.

By the choice of 5 and k,,, we see that

1

V(W —Wy,) = o(nz ) 222,

Now Theorem2.3]follows from the decomposition (@.2)) and Lemmas 4. 1]-[4.3]

5 Proof of Theorem 2.4

We will follow the similar procedure as in the proof of Theorem[2.3]

5.1 Proof of Theorem 2.4

We remind that A, 77 > 16 in the current setting. Hereafter we will choose max{%, 7} < 8 < 7 and let
kn = [n?] (the integral part of n®).
By @), we have

2
V2rs, 11 Z, (A) — W/ exp{—;—Q}dac = Ar + Ao + Mg, (5.1)
A Sh

with Al,n = vV QWSHH];: Z <Wnkn (u, A— Su) — Ef,kn ank:n (u, A— Su)>,

u€Ty,,

Agyn = Hl;nl Z <v27TSnE£1kankn(u,ASu)/

1.2
exp{—5 5 }dz> ;
wETy, A Sn

2
x
As,, = (Wk"W)/AeXP{E}dz'

On basis of this decomposition, we shall divide the proof of Theorem[2.4]into the following lemmas.
Lemma 5.1. Under the hypothesis of Theorem2.4] a.s.
nAy ., ——2 0. (5.2)

Lemma 5.2. Under the hypothesis of Theorem[2.4] a.s.

n—oo 1 _ 1 _ _
nhap "% (Bog?) N (5 Ve + TaV)IA| + 5By (Boy?) (Vi —TaW)|4]
1 _ ) _
+ 5 (Bog?) PE(og” —3(o5”))WIA| = o (Bog”) 7 (Bog” * WAL (5.3)

Lemma 5.3. Under the hypothesis of Theorem2.4) a.s.

n—oo

nA37n — 0. 54

Now we go to prove the lemmas subsequently.
Proof of Lemmal5.1] Similar to the proof of Lemmal.1] we introduce the following notation:

Xn,u - n—=kny (’LL, A— Su) - Eg,kanfkn (’LL, A-— Su); Xn,u = Xn,u1{|Xn7u|<an}; |u| = kna

1 — 1 _
Yn:Z Z Xn,U7 Yn:Z Z Xn,u-

" €Ty, " u€Ty,,
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Then we see that | X, | < W, —g, (u) + 1. As before, we only need to prove

n—oo

n2Y — 0a.s. (5.5)

It will follows from that Ve > 0,

> i, (In?Ya| > 2¢) < . (5.6)
n=0

To prove (3.6)), we observe

P, ([Yn| > 207 2¢e) < Py, (Yo # Vo) + P, ([Vn — Ee i, Yol > n72€) + Py, (B, Yo| > n”%e),

and we proceed the proof in 3 steps.
Step 1. We first prove that

> P, (Yo #Ys) < 0. (5.7)

n=1

The proof of (3.7) is the same procedure as that of (£.8) and we omit details here.
Step 2. We next prove that Ve > 0,

D P, ([Vn —EeY,| >n"%e) < oo. (5.8)

n=1

Take a constant b € (1, e®1"™0) and observe that Vu € Ty, ,n > 1,
_ Zk’ﬂ
B, X7, < 2/ rP(W* +1 > x)dz.
0

< 2/an' (Inz) *E(W* 4+ 1)(n(W* + 1)) dz + 9

pkn Zin,

<2E(W* + 1) (In(W* + 1)) (/ (In z))‘dz> +9

<2E(W* + 1) (In(W* + 1) 0% + (Zy, — b*)(kn Inb)™) + 9.

(1nz)4d:c+/

bkn

Then we have that

Z]P’kn(|7n - Eg?ﬂ > n_%a)

n=1

Z Ek ]P)g Ey |Yn - Eﬁ,knY’nl > n_%a)

6_2 i ngEkn ZI;? Z Efyknyi,u = 5_2 i TL3 Z];? Z Ekny2
n=1

u€Ty,, n=1 u€Ty,,

e~2 Z [2E(W* + 1)(In(W* + 1)) (0 + (Z, — b*)(k, 1)) + 9]

oo

s%QE(W*H)an(w*H)A)(Z Z—bk +Zn (Fn Inb)™ )m?ZZk .

n=1 "

The three series in the last expression above converge under our hypothesis and hence (3.8)) is proved.
Step 3. Observe

Pkn (|E£,kn Yn| > n7%€)

1 3 = 1 3 1 _
< e 'n2Eg, [Eeg, Yol = IWEM‘Z—R ez'ﬂ‘: B¢k, Xnu
u kn
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1 3
e n2Ey | =—

> (—Eg,ann,ul{\Xn,uezkn})‘

" UETkn
1 3
< e 'n2 Zk > B () + Dlw, . (w)+1>24,}
" ’U.GTkn
= ¢ 1n2 {E(ankn + 1)1{Wn7kn+127‘n}:| P
Tn="Zk,
S 671 3 |:E(W + 1)1{W*+1>7‘n}:| 7
Tn=2Zky,
< n?e'(InZ,, ) EW* + 1) InN(W* + 1)
< e 'Ken? MEWE + 1) InN(W* + 1),
and this implies that
ZP’“” <|E§,knYn| > ngé“) < 0.
n=1
Combining Steps 1-3, we obtain (5.6), so that the lemma is proved. O

Proof of Lemma We start the proof by introducing some notation: set

1
Kim == (52 — 53 )732(sD) —s1¥), ko= 2o(s2 — 52 ) H(s® — 52,
6 n 72 n
1 n—1 ) 9
-2 2
R =5 (5~ 5K,) Zk ( i) )
J=Rn

and, for an integer m > 0, let H,,, be the Chebyshev-Hermite polynomial of degree m :

(71)k1.m72k
kl(m — 2k)I12k"

Define for x € R,

Dy(x) = — Ha(x)9(x), Da(x) = —Hs(x)p(z), D3(x) = —Hs(x)d(x),

3
(5513) — s,(i)) Z?;kln (UJ@ — 100§3)a§2))

(-4 T -

144(5% — 57 )7/2
We decompose Ay, into 7 terms:

Aoy =Ao 1 + Ao o + Aoz + Ao pa + Ao s + Ao e + Ao 7 (5.9

(@)
Su
+ZHVnDI( %)/2)+R;z( 1/2)) S% 1/2]

-9 2
Ao o =11, 1 S/ — (x=S) ——}|d
2n2 =150 Y {\Sulékn}/A [(S%S i exp{— 202 — 52 )} exp{—7 ] x,

uETkn n

V2TKI nSn 1 , x— Sy
Ao nz = (s2 — 2 )1/2Hkn Z 1{|Su|§kn}/AD1 (s%—si )1/2 dr,

S
k uETkn

with

Ao 1 = v27ran,;1 Z lEg,kan_k (u, A —Sy) (qﬁ
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V2K nSn - _
Aona = —— =T S 1s, <)

!/
(s2 Sk )1/2 < /AD2< 1/2>d$7
u kTI,
\/27m3 nSn _1
Mans = (32 172 e, > Lgs.izk, }/ D; < 1/2>d~’07
(Sn UETy, A
\/27rsn 1 ,
A2,n6 = (52 75 )1/2H ; 1{|S |<kn }/ARn< 1/2>d$,
n u€Tk,

Aonr = (n\/%snw DY </( ( f:sf 1/2)

1/2)
u€Ty, Sn
3 2
Su Sk 1/2
v=1 n n

The lemma will follow once we prove that a.s.

n—o0

nAgsp1 —— 0, (5.10)
n o0 — 1 i

nhs o 222 (Eo?) (Ve + VDAL, (5.11)

nhg 3~ 21Ea(3>(EaéQ>)—2(V1 —TAW)|A], (5.12)
n o0 5 —

nhg g~ —ﬂ(Eag”) 3Rl )2W | A, (5.13)
n oo 1 —

nAg ns s g(]Eag”) 2E(o) — 3(aP))W A, (5.14)

nAg ne ——— 0, (5.15)

nhy pr ——2 0. (5.16)

The proof of (3.10) is based on the following result on the asymptotic expansion of the distribution of
the sum of independent random variables:

Proposition 5.4. Under the hypothesis of Theorem[2.4) for a.e. &,

n—1 7 3
—1, Lk
P (% < x) S (@)~ 3 ke Dole) — Rule)
" n v=1

Proof. Let X, = 0for0 <k < k,—1and X = Zk for k, < k < n—1. Then the random variables { X }
are independent under P;. Combining the Markov inequality with Theorem 1 of Bai and Zhao (1986,[5]),
we obtain the following result:

"k, Ln 3
Pe| 55z <o) =)~ ) wunDu(w) = Ru()
( Sn Skn) —

/ n—oo
€, =N/ sup — 0.
rz€R

sup
z€R

1 1
<K¢{ (s2—si.) Z Ee|L;|® + n'® Egg— kn + Z lv;(t) +—
j=kn

By our conditions on the environment, we know that

2 _ 6 _ mT.|6 (2)\3
lim n?(s s7) Z Ee|L|® = E|Lo|®/ (Ea$?)?. (5.17)
The required proposition concludes from (3.17) and @17). O

Using Proposition[5.4] we deduce that

n—00

[nAg p1] < \/27rsnn7%Wknen — 0,
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and (5.10Q) is proved.
Next we turn to the proof of (3.11)). Using Taylor’s expansion and the boundedness of the set A, together

with the choice of 8 and k,,, we get that

o (z—) ;) (53, —y* + 2zy + o(1)),

Gz sy gy - eelogg 21 - 22—

n

uniformly for all |y| < k,, and x € A as n — oco. By the same arguments as in the proof of @.20), we can
show that for > 16, with 3, k,, chosen above,

nll,* Z 1{is./5kn} ——>0 and I, ! Z S21(isu 15k} ——> 0 as. (5.18)

'U«ETkn, uETkn

Therefore as n tends to infinity, we have a.s.

1 —1 2 2
nAg o = nmoAIHkn e; (Skn *Su)l{lsulgkn}
u€Tk,,
+2/:Cd:€H Z Su 1{|S |<kn }+0( ))
A u€Ty,,
n
= N. Al +2|A|TaN 1
267 =5z ) NkalAl + 214[TaNL, +o0(1))
= (2Eo{?) "1 (Va + 224V1)|A| + o(1),

which proves (3.11).
To prove (3.12), we observe that

A _ K1 nsn (xi Su)3 3(:67 SU) 72((:%75‘:%2)d
2,n3 = (s2 — 1/2 Z L{1sul<kn) (s2 — 52 )3/2 - (s2 — 52 )1/ € Lo ar

’U.GTkn

= Ao n31 + Az,ngz + Ao n33 + Ao naa,
with

3 _ _(@=Sw)?
A . K1,nSn 1 (-T Su) e 2(sZ 52 ) da
2,n31 = ﬁ § : {ISu|<kn} 1e2 _ <2 \3/2 " ’
(Sn - / (Sn Sk ) /

S
uETk

A K/l,nsn H—l 1 / 3($ - Su) (1 72((:2 5252))d
2,n32 = 2 E Sul<kn s | 1—e TR ) dx;
n (s2 — S%n)1/2 kn {Sul<kn} " (s% _ S%n)1/2

n

’IJ,ETk
o R1 nsn 71
Ag 3z = — (2 = S 1/2 Z / 1/2dx
Sn ue’]I‘k
R1,nSn 3(1' — Su)
Monss = = oyl b D LOsusk) / w2y
n UETkn k

It is clear that

n|Aa n31| < Lnjn / (|| + kn)2dzWy,, == 0 aus.,
(Sn - Skn) A "
n|Az n32| < % /A g(|z| + kn)?dzWy, 27 0 as. (1—e® <z, forz > 0),
A UG YO NPT ——
nhg n33 = 6(5721*—) |A[(N1 g, —TaAWk,,)

n o0 1 — —
oo, —IEJ(()3) (Eoo)~2(Vi — ZaW)|A] ass.,

3%1 nsn _
n|A2,p34| < (/ aldaTlt > s, sk, + AT > |Su|1{|Su|>kn})

uGTk ue’]l‘k.n
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7% 0 as. ( by E20)),

whence (3.12) follows.
By the Birkhoff ergodic theorem, we see that

. NK2nSn (EO'(()3))2 . NK3nSn E(O'(()3) — 3(0(()2))2)
lim 3 N2 DN lim 5 iz @ . (5.19)
n—oo (sp — %) 72(Eo{?)3’ n—oe (8% — i) 24(Eo?)?
Elementary calculus shows that, uniformly for |y| < k,,
: r—y \" (z —y)? =00
lfl/z 1, /A <m> exp< 2(5%—3%R)>d$ 0 a.s. , (520)
and / exp (— (i_ y)j )dac 7% ] as. 5.21)
A 2(Sn - Skn)

Combining (3.18),(3.19), (5.20) and (3.21)), we deduce (3.13) and (5.14).
By the Birkhoff ergodic theorem and the definition of H,,(z) and ¢(x), we see that

1
/ _
whence (3.13) follows.
Finally because A 7| is bounded by K¢ - I, Zuem {|Su|>kn}» (CI8) implies (5.16).
So the required result (3.3)) follows from m - (G16). O

Proof of Lemma By Proposition[4.6], under our assumption, we have
W — W, =o(n™?) a.s.
By the choice of § and k,,, we see that

3
n2

(W — Wy, ) = o(n2 =) 222 ¢,
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