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LONG-TIME DYNAMICS OF THE PERTURBED SCHRODINGER
EQUATION ON NEGATIVELY CURVED SURFACES

GABRIEL RIVIERE

ABSTRACT. We consider perturbations of the semiclassical Schrodinger equation on a
compact Riemannian surface with constant negative curvature and without boundary.
We show that, for scales of times which are logarithmic in the size of the perturbation,
the solutions associated to initial data in a small spectral window become equidistributed
in the semiclassical limit. As an application of our method, we also derive some properties
of the quantum Loschmidt echo below and beyond the Ehrenfest time for initial data in
a small spectral window.

1. INTRODUCTION

In this article, we consider (M, g) a smooth (C*), connected, orientable, boundaryless,
compact and Riemannian manifold of dimension d. We want to study the long time
dynamics of the following family of Schrodinger equations:

8uﬁ
B
ot

where (1p)o<n<1 is a sequence of normalized initial data in L*(M) satisfying proper oscil-
latory assumptions, and

(1) VO <h <1, = P(h)up, with uy]i—o = ¥y,

~ R2A
e) Ph) =~ 22+,

with A, the Laplace Beltrami operator induced by the Riemannian metric g, V' € C*(M, R)
and €, — 0 as h — 07. We aim at describing the dynamics of these equations in the
semiclassical limit A — 0%. Due to the semiclassical approximation, these properties will
be related to the properties of the geodesic flow (Gf)icr acting on T*M. For instance, if
we denote by u;(7) the solution of (1) at time 7, i.e.

_iTP(h)
uh(r) =e h wh,

then we can introduce its “Wigner distribution”! on 7*M

(3) Va € CE(T"M), pn(7)(a) := (un(T), Opy(a)un(T)) ,

where Op,(a) is a h-pseudodifferential operator with principal symbol a — see [51]. This
quantity describes the distribution of the solution of (1) in 7M. As an application of the

IThis terminology is often reserved to the case where we consider R
1
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Egorov theorem [51], one finds that, for every fixed 7 in R,
(4) Va € C(T*M), pun(t)(a) = pa(0)(ao Gf) + o(1), as h — 0F.

In other words, the “Wigner distribution” at time 7 is related to the one at time 0 through
the action of the geodesic flow. This simple relation illustrates the connection between the
quantum evolution and the classical one in the semiclassical limit A — 0.

Our goal is to study the long time dynamics of (1) through these distributions. For that
purpose, we will study the properties of y(7) where 7 = 7, will depend on & > 0, and more
specifically when it will tend to +oo as b — 07. We will focus on geometric situations
where the geodesic flow enjoys some chaotic features, e.g. the Anosov property [36, 43] —
the main examples being negatively curved manifolds [5]. These considerations are related
to questions arising in the field of quantum chaos, where one wants to understand the
influence of the chaotic properties of the classical system on its quantum counterpart.

In the definition of the Schrodinger operator (2), we added a self-adjoint perturbation
eV, where ¢, — 0. In fact, we will not look at the dynamics of the “free” Schrodinger
equation (where V' = 0), and our goal is rather to understand the influence of this kind of
self-adjoint perturbations on the long time dynamics. Looking at the influence of selfadjoint
perturbations on the quantum dynamics of chaotic systems is related to the question of
the quantum Loschmidt echo in the physics literature — see section 6 for a brief reminder
or [28, 33, 29] for recent surveys on these issues. In the mathematics literature, these kind
of considerations have recently appeared in several places. In [8, 18], the authors were
interested by questions directly related to the quantum Loschmidt echo. In [25, 14], the
authors looked at magnetic (or metric) perturbations of the Schrodinger operator on a
general compact manifold, and they obtained some informations on the pointwise bounds
of the solutions of the perturbed Schrodinger equation for a finite time, and for a typical
choice of perturbations. In [24], the questions were close to the ones considered in the
present article, and we will compare more precisely below our results to those from this
reference. The tools used here are in fact the continuation of the ones introduced in [24].
As another application of the methods from the present article, we will also deduce some
properties on the quantum Loschmidt echo below and beyond the Ehrenfest time — see
section 6. Finally, the long time dynamics of the “perturbed” Schrodinger equation for
integrable systems is studied in [38].

Remark 1.1. We underline that, even if the perturbations we will consider will be small in
the semiclassical limit, they will be quite strong at the quantum level as we will require in
our statements that e, > A" for some 0 < v < 1/2. In fact, according to the semiclassical
Weyl law [51], the “mean level spacing” for the eigenvalues is of order h? where d is the
dimension of M.

2. STATEMENT OF THE MAIN RESULTS

When the geodesic flow satisfies some chaotic properties, one of the classical results on
the semiclassical distribution of the solutions of the “unperturbed” Schrodinger equation
is the quantum ergodicity theorem [46, 49, 16, 30, 51]. This property is usually formulated
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for stationary solutions of the Schrodinger equations but it can be generalized to more
general solutions [4]. In order to state this result, we fix some sequence (05)o<n<i Which
satisfies 9, — 0 as h — 07 and §;, > ah for some fixed constant o > 0. We define then

Hi = Lps146 (—h2D) L*(M).
If the Liouville measure L is ergodic for the geodesic flow on the unit cotangent bundle?

1
S*M = {(:L’,é) eT*M : po(x,&) = 5} ,
then it is known that this space is of dimension N(h) ~ Cy/h?/8y, for some fixed constant
Cy > 0 depending only on (M, g) [20]. The quantum ergodicity theorem can be stated as
follows [46, 49, 16, 30, 51, 4]:

Theorem 2.1 (Quantum Ergodicity). Let (74)o<n<1 such that limy_o+ 7, = +00. Suppose

that the Liouville measure L is ergodic for the geodesic flow on S*M. Then, for every

orthonormal basis (13) =1, .nm) of Hn, one can find J(h) C {1,...,N(h)} such that
8J(h)

)
ot N(h)

and, for every a in C*(T*M), for every ¢ in L'(R), one has

lim o(t) <w,]i, e~ A Oph(a)emf‘mg@/)%> dt = / o(t)dt x / adL.
h—0,5eJ(h) Jgr R 5 M

This theorem tells us that, under ergodicity of the Liouville measure, the solutions of the
“free” Schrodinger equation become equidistributed for a “generic choice” of initial data
microlocalized near S*M. We also observe that equidistribution occurs when we average
over the time parameter t. This result is very robust and it holds for many quantum
systems with an underlying chaotic classical system.

Again, this result holds for a typical choice of initial data, and it is a difficult problem
to understand what can be said for a fized sequence of normalized initial data (¢5)o<n<1 —
see [50, 44, 41] for recent reviews on these questions. We mention that, for short scales of
times (which are at most logarithmic in & > 0), one can also get a good description of the
distributions (p(7))o<n<1 for certain class of initial data, namely coherent states [17, 9, 10],
or Lagrangian states [45, 3, 2].

Instead of looking at particular families, or at generic families of initial data for the
unperturbed equation, we will now try to understand, for general sequences of initial data,
the quantum evolution under the perturbed Schrddinger equation (1), i.e. when V # 0.
This question was already discussed in [24]. Precisely, we will now consider sequences of
initial data (¢5)o<n<1 which satisfy the following property:

(5)

lim limsup || L1 pn14mn (—hA) 1y — whHLz(M) — 0, and VO < h < 1, ||¢p]/r2 = 1.

R—too p o+

2Here po(z, &) == 5(257—’5) with ¢g* the metric induced by g on the cotangent bundle.
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Remark 2.2. Recall that in [24], it was only required that, for every dy > 0,
(6)  lim | Las0,14000) (—R2A,) Uy — %HLQ(M) =0, and VO < b < 1, ||¢hp]z2 = 1.

which is more general than (5). In section 4, we will in fact consider slightly more general
initial data than the ones satisfying (5); yet, the assumptions will still be more restricitive

than (6).

Our goal is to understand the action for short logarithmic times of the “perturbed”
v 7 7'y"'Lﬁ(h) ey . . .
Schrodinger propagator e~ "+ on initial data satisfying (5), and to show that impos-

ing (5) instead of (6) allows to improve substantially the results from [24] — see corollary 2.6
below. In section 6, we will also show the relevance of this approach in the study of the
quantum Loschmidt echo.

2.1. Semiclassical measures. Let (71(h))o<n<i and (72(h))o<n<1 be two sequences which
satisfy 71(h) < 72(h). We define then

M([Tl(h)vTQ(h)]v h— 0+)7

as the set of accumulation points in D'(T*M) (as h — 01) of the sequences of distributions
(1n(70))o<n<1 defined by (3) where

o (¢n)o<n<1 varies among sequences satisfying (5),
o (Th)o<n<1 varies among sequences satisfying 7(h) < 7 < m(h) for A > 0 small
enough.

Any element in M([ry(h), 72(h)], A — 07) is in fact a probability measure carried on S*M
that is called a semiclassical (defect) measure [27, 13, 51]. We underline that these measures
have a priori no extra properties like invariance by the geodesic flow. Our goal is to
describe the properties of the measures belonging to M([r(h), 72(h)],h — 07). Given
a subsequence (¢p, )nen satisfying (5) with h, — 07, we define the following subset of
M([r1(R), 72(R)], . — 07F):

M<whn7 [T1<h’n)7 T2(hn)]7 h’n — O+),
where we restricted ourselves to the sequence of initial data (¢, )nen-

Remark 2.3. For a given sequence (¢r)o<n<1 satisfying (5), one can also extract a sub-
sequence h,, — 0 such that the subsequence (,(0))nen converge in D'(T*M) to some
accumulation point o which is a probability measure on S*M. We note that, if we make
the stronger assumption that

[(=R*Ay = V| = 0 (R), [|9nllz2 = 1,

then the accumulation point pg is in fact invariant by the geodesic flow Gf acting on
S*M [51] — Ch. 5. In the case of a compact congruence surface, it was proved that, if

(¢n)o<n<1 is also a sequence of o(1)-quasimodes for a certain given Hecke operator T, then
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Finally, we define another particular subset of M([r1(h), 2(h)],h — 07), i.e.
Miog([11(R), 72(R)], A — 07F),

where we impose the extra assumption that the initial data vary among sequences (1r,)o<n<1
satisfying

(7) [(=P*Ay = 1)t . = o (Allog A "), [[¢nllz2 = 1.
According to [2], the semiclassical measures of such initial data have positive metric entropy.

Remark 2.4. We emphasize that all the sets of semiclassical measures we have introduced
in this paragraph will depend implicitly on the choice of the sequence (€r)o<n<1, and on the
potential V. They both play an important role in the statements below; however, in order
to alleviate notations, they do not appear explicitely in the conventions we used for the
sets of semiclassical measures M(...).

2.2. Main theorem. In our different results, an important role will be played by the
function

(8) V(zo,&) € S*M,  fy(xo,&) = gb,(dao V. &5,

where & € S* ,M is the vector directly orthogonal to . In the case of negatively curved
surfaces, it represents (up to a constant) the unstable component of the Hamiltonian vector
field associated to V on T*M [24] — section 3. More precisely, our results will depend on
the geometry of the set of “critical points” of fy:

(9) Cy = ﬂ {(56’0750) €5 M: (Xg-fv)(l’mfo) = 0}7

where X is the geodesic vector field, i.e. Xo(p) = 4(G§(p))e=o for every p in S*M, and

where X means that we differentiate j times in the direction of X,. Our main result is
the following:

Theorem 2.5. Suppose that dim(M) = 2 and that it has constant negative curvature
K = —1. Suppose that e, — 0 as h — 0, and that there exists 0 < v < 1/2 such that, for
h > 0 small enough,

R S €p-

Then, for every sequence (y,, )nen which satisfies (5) with h, — 07, and which has an
unique semiclassical measure pig, for every 1 < ¢; < co < min{3/2,1/(2v)}, for every

€ My, [c1]logen, |, ca| logen, |], By — 07),
and for every a € C*(S*M,R), one has
o€y ) mina} + (1~ a(Cv) [

adl < p(a) < puo(Cy) max{a} +(1 —,uO(CV))/ adL.
5 M

*M
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This theorem is a consequence of proposition 4.4 below which is slightly more precise as
it allows, for each choice of (€;)o<n<1 to consider more general families of initial data — see
remark 4.1.

In order to clarify our statement, we will give below two corollaries of this theorem. Be-
fore, we briefly observe that if we choose V' satisfying jo(Cy ) < 1, then, for every nonempty
open subset w of S*M, one has p(w) > 0. In other words, provided the perturbation V'
satisfies some “generic” property with respect to the initial data, then the solutions of the
perturbed Schrédinger equation put mass on every nonempty open subset of S* M for times
of order |log(ey)|. In the case where pu(Cy) = 0, the limit measure is in fact the Liouville
measure. Compared with the quantum ergodicity theorem, we emphasize that we do not
need to average over the time parameter.

2.3. Some corollaries. The following corollary is a direct consequence of the main theo-
rem:

Corollary 2.6. Suppose that dim(M) = 2 and that it has constant negative curvature
= —1. Suppose that ¢, — 0 as h — 07, and that there exists 0 < v < 1/2 such that for
h > 0 small enough,

h” S €p.

Suppose also that
Cy = 0.
Then, for every 1 < ¢; < co < min{3/2,1/(2v)}, one has

M ([e1|log(en)|, ca| log(er)[]) = {L}.
Remark 2.7. Observe that the set
Cy = {(z0,%) € S*M : fy(z0,&) = 0}

can never be empty, as the set there always exists zp € M such that d,,V = 0. In
appendix C, it is shown that the assumption C;; = () is generic in the sense that it is
satisfied on an open and dense subset of C* (M, R).

In other words, the solutions of the perturbed Schrodinger become equidistributed for
time scales of order |log(e)| as soon as the potential satisfies some geometric admissibility
condition — see appendix C for the construction of such potentials. This statement is very
close to the main theorem of [24]. In this reference, equidistribution was also shown to
hold for times of order |log(e;)| under perturbation by a “multi-scaled” potential which
satisfies some geometric admissibility condition. The main improvement compared with
this reference are the following. First, the geometric assumptions on the potential are
simpler, and we do not have to deal with a “multi-scaled perturbation”. Moreover, we do
not need to average over subintervals of [c;|log(es)|, c2|log(ep)|] to obtain equidistribution
of the solutions, i.e. equidistribution holds for any time in the above interval. Finally, the
main result from [24] holds for a generic € in the interval [0, '], while the present result
holds for any large enough € — see proposition 4.4 for a more precise statement. Yet, it is
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important to underline that the restrictions on the energy localization of the initial data
are much more restrictive here than in [24] — see (5) and (6).

As was already mentioned, the main theorem shows that the solutions of the perturbed
Schrodinger equation put some mass on every nonempty open subset as soon as we know
that the initial data do not put all its mass on the set Cy. The results from [2] provide
sufficient conditions to ensure this property, modulo the fact that the initial data satisfy
the stronger assumption (7). More precisely, we introduce the “maximal invariant” subset
inside Cy, i.e.

Ay =) Gicv,
teR
and combining our main result to [2], we obtain the following corollary:

Corollary 2.8. Suppose that dim(M) = 2 and that it has constant negative curvature
= —1. Suppose that ¢, — 0 as h — 0, and that there ezists 0 < v < 1/2 such

h” S €p-

Suppose that the topological entropy® of Ay satisfies

1
htop(AV) < 5 .

Then, for everyl < ¢; < co < min{3/2,1/(2v)}, for every p € Miog ([c1] log(er)|, c2| log(en)|]),
and for every nonempty open subset w in S*M, one has

p(w) > 0.

Thanks to corollary 4 from [7], one knows that hy,(Av) < 3 is satisfied as soon as the
Hausdorff dimension of Ay is < 2. We also recall that,

Ay CAY = (GiCY) c ¢y € S*M,
teR

and we remark that, for a generic choice of V' (say V' has finitely many critical points), one
has dimg(C),) = 2.

2.4. Organization of the article. In section 3, we briefly recall some properties of geo-
desic flows on negatively curved surfaces. In section 4, we use semiclassical tools to reduce
the proof of theorem 2.5 to a question on hyperbolic dynamical systems. In section 5, we
solve this dynamical systems question using strong structural stability and unique ergod-
icity of the horocycle flow. In section 6, we apply our method to the study of the quantum
Loschmidt echo. In appendix A, we give a short toolbox on semiclassical analysis, and in
appendix B, we recall the strong structural stability theorem and we give a brief account
on the results from [24] that we will use in this article. Finally, appendix C provides a
large class of potentials satisfying the assumptions of corollary 2.6.

In all the article, M will denote a smooth (C*), connected, orientable, compact and
Riemannian manifold without boundary.

3We refer the reader to [36] for a precise definition.
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3. PROPERTIES OF GEODESIC FLOWS ON NEGATIVELY CURVED SURFACES

In all this article, we make the additional assumption that M is a surface with constant
sectional curvature K = —1. We will now draw some dynamical consequences of this
geometric assumption. We refer to [36, 43] for a more detailed exposition.

In this geometric setting, the geodesic flow* (GY);cr satisfies the Anosov property on
S*M [5]. Precisely, it means that, for every p = (z,£) in S*M, there exists a G-invariant
splitting

(10) T,5"M = RXo(p) ® E*(p) & E*(p),

where Xy(p) is the Hamiltonian vector field associated to po(x,§) = ”52””2”, E*(p) is the
unstable direction and E*(p) is the stable direction. These three subspaces are preserved
under the geodesic flow and there exist constants Cy > 0 and vy > 0 such that, for any

t >0, for any v* € E*(p) and any v* € E*(p),
14, Gl ey < Coe™™ 1ol and (14, 0" ey < Coe™ ™ [0

where ||.||,, is the norm associated to the Sasaki metric on S*M [43].

Moreover, as dim (M) = 2, these three subspaces are 1-dimensional subspaces of 7,5* M.
As explained in section 3 of [24], one can associate a direct orthonormal basis to this
splitting that we denote by (Xo(p), X*(p), X“(p)).

Remark 3.1. We emphasize that we make a slightly different choice of convention compared
with [24]. In this reference, the stable and unstable vector fields X* and X were chosen to
be of norm /2. Here, we will use the convention that they are unit vectors for the Sasaki
metric on S*M.

Recall from Chapter 3 of [43] (see also section 3 of [24]) that there exists some Cy > 0
such that, for every p in S*M and for every ¢ in R,

(11) 1d,GY | < Coe
In our proof, we will use two main properties of geodesic flows on negatively curved
surfaces, namely

e strong structural stability — see appendix B for a brief reminder of this property [5,
19];
e unique ergodicity of the horocycle flow [26, 39].
We conclude this preliminary section by a brief reminder on the ergodic properties of horo-
cycle flows on negatively curved surfaces [39]. Thanks to the fact that we are considering
negatively curved surfaces, one knows that X" defines a C' vector field on S*M [31]. The
unstable horocycle flow is then defined as the C' flow (H?),cr satisfying

* d s S

“In this case, (G§)ter is the Hamiltonian flow associated to po.
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Recall from [39] that this parametrization of the horocycle flow is uniformly expanding in
the sense that

Vpe S*M, Y(t,7) e R, GoHI(p) = HE o Gi(p).
Moreover, this flow is uniquely ergodic [26, 39]:

Theorem 3.2. Suppose that dim(M) = 2, and that M has constant negative sectional
curvature K = —1. One has, for every a in C°(S*M),

1 (T
TEIEOOSUP{ T/o aoHZ(p)ds—/S*MadL' ipE S*M} =0,

where L is the desintegration of the Liouville measure on S*M.

As mentioned above, this property will be at the heart of our proof. In fact, it was
shown in [39] (lemma 4.5) that this result implies that, for every a in C°(S*M) and every
b>0,

1 b
(12) lim 3 / ao H? o Gh(p)dt = / adL,
0 S*M

s$—+00

uniformly in p. This property exactly says that small pieces of geodesics become equidis-
tributed under the action of the horocycle flow, and it is the central step in the proof of
strong mixing for horocycle flows given in [39]. After a reduction based on semiclassical
techniques, we will have to understand some ergodic properties of perturbed geodesic flows
to complete the proof of our main results. This will be done in section 5, and, even if
the proof given there does not concern directly the horocycle flow, it will be modeled on
a similar strategy as the proof of (12) given in [39]. The main difference is that we will
replace H; by a perturbation éi of the geodesic flow and that we will need to prove that,
in a certain regime of b, € and s, it behaves like the unstable horocycle flow.

In order to clarify the proof given in section 5, we briefly recall from [39] how one can
derive (12) from the unique ergodicity of the horocycle flow. Let n > 0. It is sufficient to
prove that, for b > 0 small enough, there exists so(b,n) such that, for every s > s¢(b, 1),
the average %foba o H} o G(p) is within 5 of [, adL.

We write that

1 [° I . I .
— / ao H? o Gi(p)dt = - / aoGho H* (p)dt = - / ao H) (p)dt+ O(b).
b Jo b Jo b Jo

Then, we make the change of variables 7 = se™! and we get

1/ 1 [e¢ d
3 [aemocioar=—; [ aoni(n® + 0w,
b Jo b Js T

This quantity looks very much like a Birkhoff average, except that we have a Jacobian
factor in the integral. In order to deal with this term, we apply the mean value Theorem
and we get

L om0t (=~ =1 - H(p)dr + O(b
3 [aetzeGipa - - [ ae i+ ow),

se~b

—b
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for some t, in [0, b]. We have that e’ — 14 O(b), which implies that

be—t0
b

1 b 1 se

We can now apply unique ergodicity of the horocycle flow, and we find that there exists a
nonincreasing function r(7') — 0 as T" — o0 such that

1 ’ s t _ = _ —1
5/0 aoHquO(p)dt—/S*MadL+(9(b)+T(s(1 e b))—/S*MadL+(9(b)+0((sb) )

which implies our result.

4. REDUCTION TO CLASSICAL DYNAMICS

In this section, we consider a slightly more general setting than the one in the introduc-
tion in order to allow more general class of initial data. We fix a sequence (€;)o<n<1 which
satisfies €, — 0, as h — 01 and which represents the “strength” of our perturbation. We
define then admissible sequences of initial data of order vy > 0 as follows:

1[1—ﬁ5g”0,1+ﬁgg”0] (_hQA) U — @/)ﬁ’

where 1y > 0 is some positive constant.

(13) lim

h—0t

L =0, and, VO < h <1, |||z =1,

Remark 4.1. For any choice of (ep)o<n<1, assumption (13) allows to consider sequences of
normalized initial data satisfying

(14) lim sup H]-[lth,lJrRh] (—h2A) wh — whHLQ(M) — O, as R — +o00.
h—0+

We observe that this remark combined to proposition 4.4 below allows to deduce our main
statement, i.e. theorem 2.5.

For every € € [0, €], we introduce the following self-adjoint deformation of the Schrédinger
operator:

n2A,

P.(h) := —

where V' belongs to C*°(M,R). We will denote by (G%);cg the Hamiltonian flow associated

to pe(x, &) = po(x, &) + €V ().

Our goal is to study the long time dynamics of the corresponding quantum propagator
Upe(t) :=e” 5 on initial data satisfying (13), and for € large enough belonging to [0, €].
For that purpose, we introduce a sequence of time scales (7;)o<n<1 which satisfies 7, — +00

as h — 0t.

+ €V,

Remark 4.2. In the following, our results will concern scales of times 7, of order |log(es)|,
under the assumption that e, > v/A. In our geometric context, it exactly means that we
consider a regime where the semiclassical approximation is valid, i.e. below the Ehrenfest
time. In fact, in our setting, the Ehrenfest time in the Egorov theorem is known to be of
order |loghl/2 [3, 21] — see appendix A for a brief reminder.
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Given a sequence of normalized initial data (¢r)o<n<1 satisfying (13), we define
. _impPe(h)
uh(rh) =e h hs
and its “Wigner distribution” on T*M, i.e.
(15) Va € CZ(T"M), py(n)(a) := (uj(7h), Opp(a)un(mh)) Lo
The goal of this section is to describe the asymptotic properties of u§(7,) as b — 07,
i ~ |log(ep)|, and € € [0, €] large enough.

Remark 4.3. The properties we will obtain will depend on the choice of V' and on the
properties of the semiclassical measures of the initial data.

In all of this section, we will choose €, and 14 in such a way that he,” — 0 as h —
0". Recall then that, one can extract a subsequence h, — 0 such that the sequence of
distributions (pj, (0))nen converges to a limit distribution which is in fact a probability
measure iy carried on the unit cotangent bundle S*M [51] — Chapter 5. We underline that
1o does not have a priori extra properties like invariance by the geodesic flow, even under
the stronger assumption (14).

We will only consider sequences of initial data with an unique semiclassical measure py
and, in order to alleviate the notations, we denote the extraction h, — 0 by i — 07.

Finally, the properties we will obtain are related to the set of critical points of order
J >0, ie.

(16) ¢ o= () {(x0, &) € S*M : (X3 fv)(0, &) = 0} .

J=0

4.1. Statement of the main result. Before stating our main result, we start with a
simple observation which follows directly from the results described in paragraph A.3.
Without any assumptions on (7;)o<n<1, on (€n)o<n<i (except that ¢, — 0) and on the
geometry of the manifold, we always have

17 min{a} < liminf u$(7)(a) < limsu (1) (a) < max{a}.

(1) pigla} < Bt i) € lmsi pi(m)(0) < wasfa)

The proposition below will show that, under proper assumptions on the geometry of the
manifold and on V', and for strong enough perturbations (€;)o<n<1, one can find a scale
of times (73)o<n<1 for which (u5(7)(a))s—o+ asymptotically belong to a smaller interval.
More precisely, we will show

Proposition 4.4. Suppose that dim(M) = 2, and that M has constant negative sectional
curvature K = —1. Suppose that limy,_,g €; = 0, and that there exists 0 < v < % such that,
for h > 0 small enough, one has

€n Z R,

Let J be a nonnegative integer. Let vy > 0 and vy > 0 satisfying

.31
1+1/1+(3J+1)V0<m1n{§,5}.
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3 1
Suppose that there exists 14+ v+ (3J 4+ 1)y < ¢1 < ¢2 < min {5, 2—} such that, for h >0
v

small enough,
c1|log(en)| < m < ol log(en)]-

Then, for any normalized sequence (Vp)no+ in L*(M) which satisfies (13) with vy, and
which has an unique semiclassical measure o, one has, for every a in C°(T*M,R),

polClymin{a} + (1= (C) [ edL < timint  pi(m)(a)

S*M h~>0+,e€[e}1i+yl J€n)

< lmswp pi(m)(@ < (G max{a) + (- (@) [ adL.

ﬁ—)0+756[5f1i+y1 €] S*M

Remark 4.5. This result implies Theorem 2.5 when we restrict ourselves to sequences of
initial data satisfying (14) — see remark 4.1.

Remark 4.6. Our assumptions on the different parameters impose that 0 < 1y < m < %

and €, > vk asymptotically. In particular, one has he,”™® — 0 when h — 0T, as in the
context of remark 4.3.

The statement of the proposition is a little bit technical as it involves many parameters,
and it should be understood as follows. If we suppose that e; > /A, then one can find
admissibility conditions on frequencies of the initial data, and a scale of times for which
the sequence (5 (7)(a))n belongs asymptotically to the interval

osla) = {1(CY) minfa} + (1 = no(Cl) [

S*M

adL, j1o(C;) max{a} + (1 — MO(C{&))/

S*M S*M
which is a subinterval of [min a, maxa] that appeared in (17). The interval is smaller as
soon as g, V and J satisfy uo(C{)) < 1. In the case where they satisfy 1o(C{}) = 0, then
the matrix elements converge in fact to |, g g QAL

Remark 4.7. We underline that, if we fix a normalized sequence (¢y,), o+ with an unique
semiclassical measure fig, then one has 11o(C;7™) < 11o(C{}) and thus I, v,y 11(a) C Ly v.s(a).
Yet, one has to be careful as the condition on (¢)s_ 0+ becomes more restrictive as we
increase the parameter J. For instance, given a normalized sequence (¢;)n 0+, it could
happen that the proposition could be applied for some J but not necessarly for J + 1.

This result is very close to theorem 4.1 from [24], and the main improvement compared
with this reference is that we do not need to average over the perturbation parameter
€ € [0, €] in order to get an equidistribution property. However, we have to make a much
stronger restriction on the family of initial data as it was only required in [24] that

V(SO > O’ hli}gh “1[1750714»50} (_hQA) ’l/}h - whHLQ(M) = 07

which is obviously a much weaker assumption than (13).

adL} ,
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4.2. Preliminary observations. Thanks to the frequency assumption (13) and to Re-
mark 4.6, we can suppose without loss of generality that a is homogeneous in a neighbor-
hood of S*M, i.e. there exists 0 < dy < 1/2 such that

(18)  V(x,¢) satisfying po(z, &) € [1/2 = 60, 1/2+ o], a(w,§) = a <x ﬁ) '

Without loss of generality, we can also suppose that
2
(19) 1[176;”05,1+e,{”0rz] (_h A) Un = V-

As mentionned in remark 4.3, the semiclassical measure py has a priori no invariance
properties under such general assumptions. Still, we can observe invariance for very short
scales of times in A. In fact, according to (19), one has

_it(=h2Ag-1)

(20) e = Y=+ O(tle,”).

In particular, for every vy > 14, one has

ithAg it
(21) V[t| < €2, e 2 = ey, +o(1),
where the remainder is uniform for ¢ in this interval.

Remark 4.8. Equality (21) is crucial in our proof of proposition 4.4. In fact, our argument
will make use of an equidistribution result, and we will need to average over some parameter
in order to use this equidistribution property. In [24], the averaging was performed over the
perturbation parameter € € [0, €;]. Here, we will take advantage of the fact that the initial
data satisfies a stronger spectral localization, and we will use (21) in order to average over
a time parameter ¢ € [0, ;?].

4.3. Proof of proposition 4.4. The proof of this proposition can be divided in two main
steps: (1) we apply semiclassical rules in order to reduce ourselves to a question on ergodic
properties of geodesic flows; (2) we use tools from hyperbolic dynamical systems in order
to answer this “dynamical systems” question. This paragraph is devoted to the first step,
and the proof of the second step is postponed to section 5.

Let J, v, 1y, v1, ¢; and ¢y be as in the statement of proposition 4.4. Recall that e, > h”
and that

c1|log(en)| < < cof log(en)],

for A > 0 small enough. Let a be an element in C2°(T*M,R) as in paragraph 4.2, i.e. which
is 0-homogeneous in a neighborhood of size §y of S*M. We underline that it is sufficient
to prove the lower bound as the upper bound can then be obtained by replacing a by —a.

4.3.1. Truncation in phase space. Let 0 < 6 < dg/4. We introduce 0 < x5 < 1 a smooth
function on R which is equal to 1 on the interval [(1 — §)/2, (1 + 0)/2] and 0 outside some
interval [1/2 — §,1/2 4 ¢]. Thanks to (19), we can write

U = Xs(Po(h))tn + o(1).
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Recall that the operator ys(P.(h)) is a h-pseudodifferential operator in ¥—°>0(M) with
principal symbol xs o p.(z, &) [51] (Ch. 14) and with the semi-norms which are uniformly
bounded for € € [0,¢;]. Then, thanks to the Calderén-Vaillancourt theorem [51], we find
that, uniformly for € € [0, €],

U = Xs(Pe(h))hn + o(1).
This implies that, one has

i"hﬁe(ﬁ) _ i"hpe(ﬁ)

i () (@) = <wh, o Opy (@) (B (B))e —w> To(1),

where the remainder is uniform for € € [0, ¢;]. We now apply the composition formula for
pseudodifferential operators and we find that

itTp, Pe(h) itTy Pe(h)

@) @ = (e Opa x s op)e ) +ol)
where the remainder is still uniform for € € [0, ).

4.3.2. Long time Egorov property. Observe now that, for & > 0 small enough and € € [0, €],
the function a x xs o p, is compactly supported in the energy layer {(z,§) : 1/2 — 2§ <
1€12/2 < 1/2 + 26}. Recall also that

0 <7 < collog(en)| < cov|loghl,

with cov < 1/2. Thus, we can choose 0 < § < dp/4 small enough in a way that depends
only on cov € [0,1/2) and such that we can apply Egorov Theorem up to the time 7,
(uniformly for € € [0, ;] and 7, < ca| log(ep)|) — see (47) in the appendix. In other words,
we have that, for 0 < 0 < dp/4 small enough,

pa(Th) (@) = (Pn, Oppla o G X x5 0 pe)ibn) + o(1),

where the remainder is uniform for € € [0, 5] and 0 < 75, < ¢o| log(ep)|-

4.3.3. Invariance for short times. We now use (21), i.e. invariance by the free Schrodinger
equation over short intervals of times. More precisely, we write that one has

1 s ishAg ishAg
(23)  pi(m)(a) = 6—/ (tn, €5 Opylao GT x x5 0 p)e™ ") ds + o(1),

nJo
where 15 > 1. As discussed in appendix A, the symbol a o GI* X x5 o p. remains in a
class of symbols S, *%(T*M) with 0 < ¢ov < 1/ < 1/2 (with the semi-norms which are
uniformly bounded for 7, < ¢5|log(e)| and € € [0, ¢;]). In particular, we can apply Egorov
theorem for finite time (here €;> — 0), and we find that

h

1 [
() (a) = <1ph, Op,, (672 /0 ao G oGy X X500 GSdS) zph> +o(1).
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Using Calderon-Vaillancourt Theorem one more time, one gets
va
1 [
pi (i) (@) = <¢ﬁ, Opy, (Xa °Po X aoGlo G8d5> @/)h> +o(1).

h JO

4.3.4. Using ergodic properties of the classical flow. As all the symbols are compactly
supported and as they belong to an admissible class of symbols S,°*(T*M) with 0 <
cov < V' < 1/2, we can use the results from paragraph A.3. It means that wa can replace
Op,, by a positive quantization Op; (see (49) for instance), i.e.
+ Lo
wi (i) (@) = { ¥n, Op, | xs © po X o aoGMoGyds | Yy ) + o(1).
n Jo
Fix now 79 > 0 and introduce the following subset of S*M:

where we recall that fy(z,&) := g*(d,V,&L). We also define the following compact subset
of T*M

Rtm )= {w. ears

e S
i€l

Remark 4.9. The points in the set K7, (1o, 8) corresponds to the points (z,€) in T*M for
which we are able to control uniformly the convergence of the integral

) € K{(no) and po(z, &) € [1/2 —5,1/2—1—5]}.

vo
1 [
— aoGMoGi(x,&)ds.

€, Jo

We refer to proposition 5.1 for a precise statement.

We introduce a smooth cutoff function xj? which is identically equal to 1 on f({ﬂ(no, J)
and which vanishes outside Ki(n9/2,d). We define

(24) Ap o s(€) = inf {% /eh aoGMoGy(x,€)ds : (x,€) € f({ﬂ(no/Z,cS)} ,
0

€n
Using these notations and the positivity of Op;’, we derive that
min{a}1,(0)(xs © po(1 = XI)) + Anpo s (€)(0) (xs © PoXV") < i (7) (a)-

Recall that a is homogeneous in a neighborhood of size 69 > 0 of S*M. Thus, as G o
G{(z, &) remains in this neighborhood for all (¢,s) when 1/2 —§ < po(z,§) < 1/2+4 0
(provided we choose € > 0 small enough), we can replace a by a in the definition of Ay, s,
where a(z,§) := a(x,£/[[£]|) for every (z,&) in T*M — M. In particular, provided we pick
0 < & < do/4 small enough and € € [¢,™", €], we can apply proposition 5.1 which implies
that Ay,,,s(€) converges to [q., adL.
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We now take the limit A — 07, and we deduce that

po (K (110/2)°) glg\r}{a} + Mo(Kxi(Tlo))/ adlL < liminf  ui(74)(a).

S*M ﬁ—)O,eE[e;L-H/l J€n]

This property holds for any 79 > 0. Thus, we finally derive

mwmmmmwwv adL< liminf  p(m)(a),
S*M S*M ﬁ—)o,5€[5;+u1755]

which concludes the proof of proposition 4.4.

5. PERTURBATIONS OF THE GEODESIC FLOW

Thanks to the results of section 4, the proof of our main result is now reduced to a
purely dynamical systems question as it only remains to estimate the quantity Ap,, s(€)
defined by (24). Precisely, for a fixed 0-homogeneous C' function @ on T*M — M, we need
to understand the asymptotic behaviour of

1 b
Loo(e.t.7) = 3 [ 06T o Gilan ).

as b,e — 0 and T — +o0o. Recall that (G!)cr is the Hamiltonian flow associated to the

function p(x,§) := @ + eV (x). This integral looks very much like the integral involved
in (12) except that the unstable horocycle has been replaced by a perturbed geodesic flow.
The way we will deal with the convergence of I, ¢ (e,b,7") will in fact be very similar to
the proof of (12) given in section 3. The additional arguments we will need will be:
e the strong structural stability theorem [5, 19] which will allow us to “replace” the
perturbed geodesic flow by a “reparametrization” of the horocycle flow;
e a theorem due to Cartan [15] on polynomials which helps us to estimate the size of
the Jacobian factor.

Fix now J > 0 and 7y > 0. In order to give our main result on the convergence of
Lo60(€,0,T), recall that we defined the following subset of S*M:

(25> Ké(ﬁ(]) = {(.T,f) € S™M : 30 <Jj< J7 (XO o Id>jfv} (.T,f) > 7]0}7

where we set fy(x,€&) := gi(d,V,&L). Using this convention, we have the following state-
ment:

Proposition 5.1. Suppose that dim(M) = 2, and that M has constant negative sectional
curvature K = —1. Let J > 0, and let ny > 0. Let vy + (3J + 1)vn < 1/2 with vy > 0 and
Vo > 0. Let

3
1+V1+(3J+1)V2<01§02<§.

Then, there exists &, > 0 such that, for every C' function a on T*M — M which is 0-
homogeneous, one has

) 1
lim sup
e0—0 (%) {

€02
72/ i o Glose0l 6 G2 (2, &)ds —/ adL
0 S

€y *M
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where (x) means that we take the supremum over the set

* v 50
{(xo,&),c, €) € Tl ja—s, 172460 M X [c1, c2] ¥ [ea™", €] : (xo, Teol e Ky (mo) ¢

with T[§/2—61,1/2+61}M = {(.To,go) eT*M 1/2 — 51 < p(](.l’o,fo) < 1/2 —|—(51}

This proposition tells us that small pieces of geodesics become equidistributed under the
action of a perturbed geodesic flow provided that the perturbation is nontrivial on the small
piece we consider. The fact that the perturbation is nontrivial is exactly guaranteed by
the fact that we require (zo,&/||€||) to be on the subset Ki(ny). We emphasize that this
statement looks very much like the results® of section 6 in [24], more precisely corollary 6.4.
In this reference, instead of averaging over the time parameter s, the average was performed
over the perturbation parameter €. Then, the result was established as an equidistribution
property for similar scales of times, and the admissibility condition on the perturbation
involved the nonvanishing of the following integral transform:

* u 1 oo * -7
va = (:E07€0) €S Ma BV(an gO) = E/ gm(r)(dJ:(T)‘/)gl(T))e dTa
0

where (z(7),£(7)) := Gf(x0,&). We refer to appendix B to see how this transform appears
naturally when we apply the strong structural stability theorem.

This function will also play an important role in our proof and our admissibility condition
will in fact be related to it. According to [24], this function is Holder continuous for every®
v < 1/2. Yet, we have more regularity if we look at the direction of the geodesic flow. In
fact, one has

e By o Gg (w0, o) = By (20, &0) — /0 e " fv o Gg (w0, &) dr,

and we can then observe that the map s — e *f} o G§ (z0,&p) is of class C* (for a fixed
choice of (zg,&)). Moreover, the quantities appearing in the definition of Ki}(ng) are
exactly the derivatives of this map at s = 0.
We describe now more precisely the main stages of the proof:
(1) in paragraph 5.1, using homogeneity properties of our problem, we “project” ev-
erything on S*M;
(2) in paragraph 5.2, we use the strong structural stability theorem to replace the per-
turbed geodesic flow by a “reparametrized” horocycle flow involving the derivatives
of the map s — e *Y% o G§ (x0, &0);
(3) in paragraph 5.3, we make use of the unique ergodicity of the horocycle flow to
conclude.

The main lines of the proof are very close to the arguments given in section 6 of [24];
yet, some aspects need a slightly different treatment, especially in steps (2) and (3).

SWe emphasize that the results are not equivalent, and that they cannot a priori be deduced one from
the other.

6The constant 1/2 appearing here is the main reason for the factor 3/2(= 1 + 1/2) involved in the
statement of the proposition.
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5.1. Reduction to S*M. As was already explained, we will first “project” on S*M all
the quantities involved in the definition of I, ¢, (e, b,7"). We follow the same procedure as
in [24] (paragraph 5.1) and we refer to it for the details.

Let (z1,&) be an element in a small neighborhood of S*M and define

Yo = {(@,8) € T"M : pe(, §) = pe(1,61)},

which is an energy layer for the Hamiltonian p.. Introduce also the two following diffeo-
morphisms:

Orrer * Yoreg = S™M, (2,6) = (. ¢/[I€]]),

and its inverse

(9;1 61) 1 STM — 23[»‘1 10 (:L’ 5 < \/2 pe 1’1751) - 6V( ))f)

Thanks to these two maps, we can define a new flow on S*M, i.e.

t t -1
Peri,er — 05 © Ge/”&” © (9;1761) :

$11

Recall that we can compute explicitely the vector field

. d
(26) Yia(p) = = (Plaea ()

associated to this new flow. More precisely, one has

Lemma 5.2. One has, for every p = (z,§) in S*M

7)Y () = Ceme (2) Xo(p) +

ﬂuauce % @V 6) () = X)),

Pe(z1,€1)—€V (z)

where Ce,m1,§1 (.T) = po(z1,61)

The proof of this lemma follows from a direct calculation and it was given in [24] (lemma
5.2).

Remark 5.3. We can reestablish the dependence in (z7,&;) more clearly and write:

Cem (1) = \/ 14 ﬁewl) V(@) =14 Oy (6).

We can rewrite I, ¢ (€,b,T) using this new flow, and we get

L (" 7jel sléoll €o
(28) L, (e,b,T):—/aogoexZ o 0 G | wo, = | ds
" b Jo (e)ele) =0 l&oll

where (x(s),£(s)) := G§ (0, &o)-
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5.2. Applying strong structural stability. We will now use the strong structural sta-
bility theorem in order to transform the integral I, ¢, (€, b, T) into an integral involving the
horocyle flow. Precisely, we start by proving the following lemma:

Lemma 5.4. Suppose that dim(M) = 2, and that M has constant negative sectional
curvature K = —1. Let a be a C' function on T*M — M which is 0-homogeneous, let
N>1andlet0 <y <1/2.

There exist d1,€1,81,T1 > 0 and Cy > 0 such that, for every e € [0,€e], for every
s € [0, s1], for every T > Ty and for every (xo,&o) satisfying po(xo, &) € [1/2—061,1/2+ 4],
one has

T s §0 B 76p3£\” (s)eTléol
aop, :Ilfzyﬁ(s) o Ggl®! (9007 m) —aoH, " (p(e, T, x0,80))

<O (€T + treTliéoll g 4 8N+166T||§0||) ’

where .

ple, T, 20, &) = GOTHEOH o HZB‘I}GO’HE*&I) <x0 i)

1ol
and
N—-1
(I€olls)P p“ ( &o )

29 -1 ,— .
( ) ,50 pzo p+1 0 ) fV> Ty HfOH

In the end, we will need to average over the time parameter s. Thanks to this lemma,
this average will now correspond to an average along “reparametrized” trajectories of the
horocycle flow which is known to be uniquely ergodic [26, 39].

Remark 5.5. We emphasize that our assumption on the set K7 (1) involves some nonvan-
ishing conditions on the coefficients of the polynom appearing in the “reparametrization”
of the horocycle flow.

Remark 5.6. Before giving the proof of this lemma, we start with a simple observation
which explains why we need to consider time scales larger than |log(eg)| in the statement
of proposition 5.1. In fact, if one has e < e Tl and s <« 1, then the previous lemma
implies that

T s §o -
aop, ;'lfil‘g(s) o Ggl®! <$o, m) —ao Gy (z0,&)| = o(1).

In particular, averaging over the time parameter s for such scales would not provide any
equidistribution.

Proof. Let a be a smooth function on T*M — M which is 0-homogeneous. We will use the
conventions of appendix B. We fix 0 < v < 1/2. Let (x0,&) be an element in a small
neighborhood of S*M

First, we write the strong structural stability equation. More precisely, thanks to (51),
we have, for every p in S*M and for every s in R,

Tl|€oll

a 7 or.e(oy (TlE0 1)
@0 Pe 2(s), 5(5)(,0) =ao hm(s (s) © G, (8),6(s)

o (hse) (p).



20 GABRIEL RIVIERE

Using the “smoothness” of the maps withr espect to € — see (52), we can write that

. T Ry en € -
aop o (s)(P) =aoG, &l o (hx(S)vf(S)) (p) + O(eT),

€2(s),¢

where the constant in the remainder is uniform for p in S*M, s € R and (2o, &) in a small
neighborhood of 5*M

—1
We now replace (h;(s) §(s)> by its approximate expression given by (55). Then, ac-
cording to (11), we get

- T e
00 0, uione(s) (1) = @0 Go 0 exp (=T ¢9) (p) + O(D) + O(e e ),

where U5 ) ¢, 18 defined by (53) and is C! in €. Again, the constants in the remainders are
still uniform for p in S*M, s € R and (20, &) in a small neighborhood of S*M
Thanks to lemma 1 in [40] — see also remark B.3 from the appendix, we have

where the constant is uniform for s € R and (zo, &) in a small neighborhood of S*M. In
particular, one has

dop! ). <s><p>:&oG§”£°”oexp( H&)Hﬁva)oeXp( BVX“) (p)+O(eT)+O(+7eTlol).

%ol

We will now approximate these two maps by the unstable and stable horocycle flows. For
that purpose, we fix p in S*Mand we observe that the maps

u -7 8v (p)
€ — exp, ( % HBVX ) , and € — H, "7 (p)

are of class C'. Moreover, their derivatives coincides up to an error of order O(¢) where
the constant in the remainder is uniform for p in S*M and ||&|| close to 1. In particular,

dS*M <€pr( ”g HﬁVXU) H HEOHﬁV( )(p>) = O<62>7

where the constant in the remainder is still uniform for p in S*M and ||| close to 1. The
same holds for the maps generated by the stable vector field X®. Thus, up to other error

terms of the same order, we can replace the maps exp <—”§—€0”6€}X8> and exp (—”6—2”55){“)
by the stable and unstable horocycle flows, i.e.

a0l (o) = a0 GII o ;TN o T () 1 O(eT) 4 OO,
where the constant in the remainders are still uniform for p in S*M, s € R and (¢, &) in

a small neighborhood of S*M. This implies that

v (p)

5 T B T ,Lﬁ
009 10 ey (p) = @0 Gg "V o H, T () 4+ O(eT) + O(eMH7eT 00T,
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as GLo HT = H¢ "o G for every ¢t and 7 in R [39]. Up to this point, the proof is exactly
the same as in [24], and we will now analyse more precisely the reparametrization constant
B*(p). t

We use the fact that G o HT = H¢™ o G, and we find

_e(T=9)lgoll BV (P)

(30) ao(pzjﬂﬁg)” (s)(p) _ GJOGSH&)” H HEOII OG(()T*S)”&)”(p)+O(€T)+O(€1+76T||§o||).

We now write that

sl
ﬂMM%G%ﬂ( S0 ) ( jﬂ)_ e ( &)d
A 1ol A [1€oll /o frot o 1]

where fy(z,€) = g%(d.V, 1), Then, we find that, for every p > 0,

dp+1 — s g 50
sléoll gu o (sliéoll _&0 _ p+1 _1)p SU
o ( B oGl ( ||so||))so ol (X0 — 1) f(az H&”).

In particular, we can write the order N expansion as s — 0, i.e.

(31) 6_8||§0||6$OG8”£0|| (ZL‘ g ) BV ( mi) _ch0 §0( )+O( N+1)
Il 1€oll

where P . (s) is defined by (29). Finally, combining (30) and (31), we find that
Tl oeleol (x o ) _ doHeeT||50|| (6$(m0,”§—gu>fP%,go(s)) oGg”gO” (x §o )

(IO()O€$ 8).6(s) © 0 u 0,
(hee) =0 &l Tl
+ O(eT) + (’)(elﬂeT”go”) + O(s) + O<SN+1€€T||§O||)’

where the constant in the remainders are uniform for (xg, &) in a small neighborhood of
S*M. This concludes the proof of the lemma.

O

5.3. Using unique ergodicity of the horocycle flow. Thanks to lemma 5.4, we can
write, for every N > 1
(32)

1 [b —ePY Tléoll
Lrncale,0.T) = 5 / doo, 00 (e, T, g, €0))ds+O(T)+O (7 10l L OB) + OBV e 0]

Regarding the previous formula, we need to understand the asymptotic behaviour of

,epN ( Je T|€oll

- 1 [
110750(67 b7 T) = E/O‘ CL © OH <p<€7 T7 xOu gO))dS

as €,b — 0, and T" — +o00. We are now in a situation which looks very much like (12). The
main difference is the polynomial term in the time reparametrization.

It would be natural to make the change of variables s = Pév §o< s). However, the polynom
(P ¢,)'(5) may vanish on certain points of the interval. This is the reason why we require
the point (xg,&) to belong to the subset Ki(no). This hypothesis means that, for such

points, at least one the first J + 1 coefficients of the polynom (PY . )(s) does not vanish.

70,80
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In particular, a first observation we can make is that the Jacobian factor (P} . )'(s) can
only vanish at finitely many places.

Our first step will be to understand precisely the subsets where the Jacobian of the
change of variables is very small (paragraph 5.3.1). Then, it will allow us to make the
change of variables on proper subintervals of [0,b] (paragraph 5.3.2) and to apply unique
ergodicity of the horocycle flow (paragraph 5.3.3).

5.3.1. Estimates on the Jacobian of the change of variables. In order to study the size of
the Jacobian in our change of variables, we will proceed as in [24], i.e. make use of the
following theorem due to Cartan [15]:

Theorem 5.7. Given any number H > 0 and any complex numbers z1, ..., z,, there is a
system of p disks in the complex plane, with p < n and with the sum of the radii equal to
2H, such that for each point z lying outside these disks, one has the inequality

H n
|z — 21|z — 2a]. .. .. |z — 2| > (;) .

From this theorem, one can in fact deduce the following property

Lemma 5.8. Let 0 be some positive parameter satisfying 0 < 8 < 1. Let ng > 0, J > 0
and N > J + 1.

Then, there exists 61 > 0, 0 < s; < 1 and Cy > 0 such that, for every 0 < so < s1, and
for every (xo, &) in Ki(no) satisfying 1/2 — 61 < po(xo, &) < 1/2+ 61, one has a system of
subintervals, some of which can be empty, Li(xo, &), ..., Li(xo,&) of [0, so] with the sum

6

of their length bounded by COS(I)JFQ(‘”” and satisfying
A o(80) 1= {5 € [0, so] : ‘(ngo s)| < +9} U Ly (0, &)

Proof. Modulo minor modifications, the proof follows the same lines as the proof of propo-
sition 5.17 in [24]. For the sake of completeness, we briefly recall how one can deduce this
lemma from Cartan’s Theorem. We fix 8 > 0. First, we write

(Pﬁ,go)/(S)Zjil(H&]L';) = (o= 17 (20 ) )

p=0

If we choose §; > 0 small enough, one knows that, for every (zg, &) in Ki(no) satisfying
1/2 — 61 < po(wo,&0) < 1/2 + 91, there exists 0 < p; < J such that

|€o|Pr m €o Mo
(T! (Ko=) v (“m)) v

Let (xg,&o) be such a point and let p; be the first integer for which the coefficient of the

polynom is > 5%. The case p; = 0 is straightforward as we can choose all the intervals to

be empty. Suppose now p; # 0.
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In this case, we introduce

p1 p+1
ol =3 (0= 0017 e (0. ) )

p=0

which will be the “dominant part” of the Jacobian factor (P} . )'(s). In fact, one can
define

+
Bay.go(s0) = {s € [0,50] : [(PN &) ()] < 53t and |qug e (5)] > s }
Then, there exists an uniform constant Cjxs, > 0 such that the following holds
g 48
on,so(so) C {S € [0, s] : CJ,N,618PI+1 > SghLQ(l B SE]] p1+2)} .

As J—po+ g > (0 and as 6 < 1, this set is empty for sg > 0 small enough (depending only
on Cjns,, J, 0 and #'). This shows that the dominant part of the Jacobian is encoded by
the polynom ¢, ¢ (s). In other words, for sy > 0 small enough, one has

0
p1!|qg:0,50<3)‘ < 2J!8€1+2
(ol (Xo — D)™ . fyr (xo’ Hg—gll)’ b

We are now in a situation where we can apply Cartan’s Theorem on polynoms. Thus, there
exists a system of subintervals, some of which can be empty, Li(z0,&0), - -, Ly(xg,&) of

Axo,fo(SO) CcC {sc [0, 80]

+_
[0, so] with the sum of their length bounded by 2J e, "' and satisfying

J:ofo 50 UL $oa§0

which concludes the proof of the lemma. O

5.3.2. Change of variables. We will now perform a change of variables in the integral
defining [;0750 (e,b,T). For that purpose, we will split the interval [0, b] in small subintervals
where the Jacobian of the change of variables is large enough. Let 0 < 6 < 1.

Let (z9,&) be an element in K{ (1) satisfying 1/2 — 6; < po(wo, &) < 1/2 + 81, where
d; is given by lemma 5.8. For b > 0 small enough, the subset A, ¢ (b) N[0, d] is included in

the union of at most J subintervals of [0, ] whose total length is bounded by O\
Outside of these “bad” subintervals, the Jacobian of the change of variables does not vanish
and is bounded from below by b/*¢. We will now split the complementary of these “bad”
subintervals into a family of L disjoint subintervals (Bj)g=1, ., (depending on xg,&) of
individual length b'+27%2% and the union of at most J + 1 intervals whose total length is
bounded by (J + 1)b'*2/%20 More precisely, we write
L N T
> [ a0 m e e T, o) + O ),
k=1 Bk

(33> [NIO,&J (67 b7 T) = b

where one has
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o forevery 1 <k #k <L, By N By, = 0;
e for every 1 < k < L, By, is an interval of length b'+2/+%.
e for every 1 < k < L and ofor every s in By, one has |(P}
° % Zijzl |Be| = 1+ O(b20+1).

We will now consider each of the subintegrals independently, i.e. for every 1 < k < L

1 —€
(6, b, T) = ao Hu (/)<€7T7 an&O))dS7

B |Bk‘ By,

) ()] = b7

N
[Nk on’fo (S)GTII&)II

20,80

and we will verify that this converges to |, gy @dL for a proper range of €, b — 0, and
T — +oo. We fix 1 < k < L and we make the change of variables s’ = P,Y . (s) where
s € B;,. We obtain

1 - —esleTlIEo ] ds'
aOHuﬁse <p<67T7x07§0)) .
(PR &) o (P e 18,)71(s)]
Remark 5.9. We observe that PY

0.0 (Br) is an interval whose length is bounded from below

by b'*3743 and from above by O(b'*27+2%)_ In the following, we will denote by Bj, this
interval.

7k
[$07§0

(6,0, T) =

|Bk| P%’EO(B,E)

We now write
1 O (PL)"(s)
(P e)) © (P e 15728 (P g,) (1) (Pl ) (s)"

where s;, is the left end point of By. In particular, we find that

< sup
seBy,

X|(Prg 018 (8) = sl

1 ~ —es’eTloll
a o liuese

where the constant in the remainder is uniform for 1 < k£ < L (and for (z¢,&p) in the
allowed energy layers).

fk

x0,£0

(6,0, T) = (p(e, T, z0,&))ds + O(b),

Remark 5.10. Taking the particular case a = 1, we also observe that
|Bil = | Bl |(Py, ) (36))| (1 + O(b)).

In the end, we have obtained that

1 1.T|€0
(6,0, T) = — / aoH_ ¢ ¢ ”(p(e,T,xo,So))ds'+(’)(b),

|Bi| /B

(34) I*

70,80

where By, is an interval whose length is bounded from below by b!+37+3¢,

Remark 5.11. Let (g, &) be an element in K7} (no) satisfying 1/2—d; < po(zq, &) < 1/2461,
where ¢; > 0 was given by lemma 5.8. Combining (33) and (34), we have that, for every
0<fd<1,
1 1 0
fmmfo (67 b7 T) = 7 Z S / ao ]—Iu_eseT”éOH (p(E, Ta Lo, 50))ds + 0O <b2(J+1)> )
L |Bk| By

k=1
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where By, is an interval whose length is bounded from below by b!+37+3¢

on (g, &) (but not on € and T).

and which depends

5.3.3. Unique ergodicity. We can now conclude using unique ergodicity of the horocycle

flow [26, 39], which implies
1 [ /
—/ doHZ(p)ds'—/ ddL‘:pGS*M}
7 Jo S*M

is a nonincreasing function which tends to 0 as Ty — +oo. Then, one has, for every
1<k<I,

1
|Bk| By,
Thanks to remark 5.11 and to (32), it implies that

r(Ty) :== sup sup{

|T1>To

ao H;eseTllioll (p(e, T, zo, 50))ds — / adl + 7 (b1+3J+30€6T||§0||) )
S*M

Lo (€,0,T) = / adL+r (bl+3‘]+3eeeT”§°”)+O <bﬁ)+(9(6T)+(9(61+V6T”§“”)+(9(bN+1eeT”§°”).
S*M

As N can be chosen arbitrarly large, § > 0 arbitrarly small and ~ arbitrarly close to
1/2, this concludes the proof of proposition 5.1, where we took ¢y — 07 with b = €2,

T = c|logey|, and € € [e™", e).

6. DECAY OF THE QUANTUM LOSCHMIDT ECHO

iT Py (h)

Motivated by the fact that the unitarity of the quantum propagator e~ n  (with

Py(h) = —hQQA <) does not allow one to observe any sensitivity to perturbations of the
initial conditions, Peres argued in [42] that both the classical and the quantum system
should be sensitive to pertubations of the Hamiltonian. For that reason, he suggested that
one should look at perturbations of the Hamiltonian for fived sequences of initial data in
order to study the influence of perturbations both in the classical and in the quantum
setting. For the quantum counterpart, he proposed to look at the overlap between the
solutions of the unperturbed and the perturbed Schrodinger equation for fixed initial data.
Precisely, given a normalized sequence of initial data (¢5)o<n<i and V € C*(M,R), one
should study the following quantity:

Peres expected that this overlap should typically decay for any quantum system, and that
it should decay to a much lower value for chaotic sytems than for regular ones. One of the
main difficutly one encounters when studying this overlap is that we want to understand the
limit as 7 — 400 but also as & — 0 and € — 0. In [35], motivated by experiments in nuclear
magnetic resonance, Jalabert and Pastawski were also interested” in studying properties
of F}{’e@/}h, 7) for chaotic systems. They considered the situation where the initial data are
given by a sequence of coherent states which are microlocalized at some point (z,&p) in

2

It seems that the terminology “quantum Loschmidt echo” was introduced in this article.
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phase space, and where the potential is given by V(z) = wVi(z) + ... + u;Vy(z), where
the (u;);—1,..s are independent random variables. They observed that, on average and for a
certain range of parameters, the quantum Loschmidt echo is exponentially decaying with a
rate which is asymptotically given by the mean of the Lyapunov exponents of the classical
system. This regime can be observed for times of order the Ehrenfest time, and for strong
enough perturbations (meaning that € — 0 is large compared with the mean level spacing of
Po(h)). This regime is known as the Lyapunov regime. In [34], it was emphasized that the
situation becomes slightly more complicated for smaller perturbations, and that one can
observe other kind of regimes like the so-called Fermi golden rule regime (exponential decay
with a rate depending on €). Besides the above works, many progresses have been made
recently in the physics literature concerning the asymptotic behaviour of F;‘{:e(wﬁ, 7), and
we refer to [28, 33, 29| for detailed reviews on these questions. It is important to note that,
when studying this problem, the decay rates depend in a subtle way on various quantities
like €, 7 and h, but also the shape (or the statistical properties) of the perturbation, and
the choice of initial data.

The aim of this last section is to use the tools developed in the previous section for
the study of the asymptotic properties of the quantum Loschmidt echo on surfaces with
constant negative curvature. We will look at strong perturbations, namely e > /7 and at
scales of times > |loge|. For simplicity of exposition®, we will only consider sequences of
normalized initial data satisfying (5), i.e.

lim limsup || L ga14rn (—h7A) ¥y — %HLQ(M) =0, and VO <h <1, ||¢n] 20y = 1.

R=too pyo+

Our main results on these questions are propositions 6.2 and 6.4 which state that the
quantum Loschmidt echo becomes asymptotically strictly less than 1. Compared with the
results described above, it does not provide any decay rate but is valid for any sequence of
initial data (with a proper localization in frequencies) and for any V' satisfying a certain
explicit admissibility condition. In particular, we do not have to average over a family of
perturbations.

6.1. Preliminary lemma. As a first step in the study of the properties of the quantum
Loschmidt echo, we study the restriction of the perturbed propagator e~ 7 (PoW+eV) o the
eigenspaces of the unperturbed Schrédinger operator Py(h). The following lemma is the

key result of this section:

Lemma 6.1. Suppose that dim(M) = 2, and that M has constant negative sectional
curvature K = —1. Suppose that limy,_,g €; = 0, and that there exists 0 < v < % such that,
for h > 0 small enough, one has

€n Z R,

8As in the statements of section 4, our arguments could be generalized to deal with slightly more general
normalized initial data satisfying (13) for some small enough vy > 0.
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Let J be a nonnegative integer such that
J
Ci = () {(x0, &) € S*M : (X3 fv)(z0, &) = 0} = 0.
=0

Let ¢1, o, 9 > 0 satisfying 1 + (3J + 1)y < ¢1 < o <min{3/2,1/(2v)}.
Then, there ezists 0 < ¢y < 1 such that, for every sequence (Tn)o<n<1 satisfying

c1]log(en)| < 7 < ol log(en)|,

one has

S Co,

1. HH 1’ h —10 —i%(ﬁo(ﬁ)-f—eh‘/)n 1’ h -0
imsup ||II(1, ke, )e (1, he, ™) L 1200)

h—0+t

where

II(1, ke, ™) =1 (=R*A,).

[1—¢, o h4e, YO

This lemma shows that, under some geometric assumptions on the perturbation, the
norm of the perturbed propogator restricted to the eigenspaces of Py(#) is uniformly strictly
less than 1. In appendix C, it is shown that the assumption on V' is “generic”.

Proof. We proceed by contradiction, i.e. we suppose that, for every integer n > 1, one can
find a sequence (7})o<n<1 satisfying

c1|log(en)| < 7' < cof log(en)l,
and such that

1
>1——.
n

lim sup
h—0t

'H(l, hegﬂo)e—%(ﬁo(ﬁ)-kenV)H(l’ he, ™)

L2(M)—L2(M)

Thus, for any integer n > 1, one can find’ 0 < i, < + and 4y, such that |[¢p, |22 = 1,
cilloges,| < 770 < co|logep, |, and

iTnn 5 2
(36) HH(L hngg:o)efﬁ(Po(hn)JrEth)H(l’ hneg:o)whn >1- 2,
L2(M)—L2(M) n
We define iy, = (1, Apey " )tbn,, which satisfies, thanks to the previous inequality,
limy, 400 [|1s, || = 1. We will now use two different procedures to compute the limit of

the following quantity:

A [ 0y

where V* =V — [,V ormdL (with 7(z,{) = x), and voly is the Riemannian volume on
M. Using proposition 4.4 and the fact that C; is empty, we first obtain that

2
lim An:/ <Vo7r—/ Vode) dL.
n—+400 S*M S*M

Without loss of generality, we can suppose 0 < 41 < Ry,

2
dvol,,

o 0%
iTh

n (D ~
o~ (Polla)ten, V) ],
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We will now compute the limit of A,, in a slightly different manner, and then get the
contradiction. For that purpose, we will admit that the following property holds:
(37) Ve o)t V)], o= T PtV )Y 4 (1),

We postpone the proof of this equality to the end, and we first show how it allows us to
conclude. As in paragraph 4.3, we introduce a smooth cutoff function ys to microlocalize
the symbols near S*M. Combining this to relation (37), we obtain:

Ay = (1, 0By, (Vx5 0 o) Vi, ) +0(1):

where we set

AT

Tn ~
(Po(hn +enn,V — P (P (hn)+en, V)

Vn =eh Ophn(v X6 © DPep,, )

As in paragraph 4.3, we can use the invariance of the state 'lz}ﬁn on short intervals of time,
precisely (21). We find that

va
1 Chn ) ~ 1sﬁnAg ishndg  ishnAg zsﬁnAq -

A= [ (e Opy, (Vixsop)e E e VLT, Y ds +o(1),
€hn JO

for some fixed v5 > 1y. Using Egorov and Calderén-Vaillancourt theorems [51] (Chapters
4 and 11), we have

'LshnAg ishnAg

e Opy, (V*xsopo)e™ 2 = Op;,. (VX5 0p0) + 0r2-12(1),

uniformly for s € [0, €;”], and thus

~ " 1 E’;LEL _'LSFLnAg 'LSFLnAg
Ay = (G Om (Vxsom) (o [ e Ve Jn, )+ o(1)
hn Y0

: 3 1 622 7i3ﬁnAg zsﬁnAq
So, it remains to analyse the operator o Jo'me 2 Ve ds whose complete expres-
hn
sion is
1 622 ZT i
n _isﬁnAq P ﬁ Thn ﬁ i v ishnlAg
672 € 2 € h s Foln)ken, V Opﬁ (V X6 © DPep,, ) fin (Folfin) +ein )6 2 ds.
I,

The proof of proposition 4.4 was in fact reduced to studying the convergence of this kind
of operator — see equations (22) and (23). In particular, we proved that, modulo small
error terms, this operator is a h,-pseudodifferential operator with principal symbol

1 EZ?L * Ti S

(z,&) — x5 0 polz, f) / Vo Gm o Gi(x, €)ds

ﬁn
Combining the facts that Cj} is empty and that [, V*dL = 0 to proposition 5.1, it can
be shown that the norm of this operator is in fact o(1) as n — +o00. Thus, one has

2
/ (Vow—/ Vode) dL = lim A, =0,
* M * M n—+oo
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which provides the contradiction as C{. is empty.

It remains now to verify that (37) holds. We observe that, up to this point, we did not
use all the informations contained in (36). In particular, by construction of @hn, one knows
that, as n — 400,

=o(1).

L2

" H (e = TI(1, By 20)) e OOV,

Then, we fix a bounded sequence (d,),>1 such that e, 6! — 0, and 5,16;”17’” — 0 as
n — +00. We let 0 < x; < 1 be a smooth cutoff function which is equal to 1 in a small
neighborhood of 0 and 0 outside a slightly larger interval, say [—1/2,1/2]. As 1 + 1y < %

by assumption, and as €, 0, — 0, we find that h,e, 6" — 0. As 1y, = II(1, hnegn”")z/;hn,
this implies that, for n large enough,

(38) Un, = X1 <M) Uiy, -

Using functional calculus for pseudodifferential operators (Ch. 14 in [51]) and the fact that
dp > hY for some 0 < v < 1/2, we know that the operators

y (PO( ;n 1/2)7 and v, (Peﬁn(hgi— 1/2)

are h-pseudodifferential operators in W;>%(M). Then, using the Calderén-Vaillancourt
theorem [51] (Ch. 5), we find that

" (PO( §H—1/2> N (Pghn(hgi—m)

Using (38) and twice this equality, we find that

(39) = Oe, ;1) = o(1).

L2—L?

Ve~ T Botrsen,y mm—vwlﬁﬁg%:iﬁ> B0, 4 o(1)

Thanks to the composition properties of h-pseudodifferential operators, this can also be
rewritten as

Th ~ B —1/2
(40) Ve mr ROtV <—0( ; / )Ve

e iy, +o(1).

We now remark that

P —1/2 P —1/2\ TR (h)ben, V), 7 ~1-vo -
'(Ji€:4L)m<ii%?_L> i PG | = Oy ) +O(rabaey).

L2
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Implementing this property in (40), we get

iTnn ~ ~ P —1 2 7'nn > pﬁ hn 7
Vet Pol)tenn V)] (—0( n) = 1/ ) =S Aoy ren, V) Fera (i) >¢hn +o(1),

On, €l

which implies

in 511 in

Applying (38), (39) and the composition rule for pseudodifferential operators in the other
way, we finally obtain

Ve (Po(hn ten,V %n J' i (Py () +en, V thn +0(1),

which is exactly equality (37). O
6.2. Properties of the quantum Loschmidt echo.

6.2.1. Times of order |logep|. As a direct application of lemma 6.1, we obtain the following
property of the quantum Loschmidt echo:

Proposition 6.2. Suppose that dim(M) = 2, and that M has constant negative sectional
curvature K = —1. Suppose also that

400
Cv = () {(20,&) € S"M = (X3.fv) (w0, &) = 0} = 0.
j=0

Let (€r)o<n<1 be a sequence such that limy_,o €, = 0, and such that there exists 0 < v < %
verifying, for h > 0 small enough,
€n Z R,
Let 1 < ¢; < ¢ <min{3/2,1/(2v)}.
Then, there exists 0 < co < 1 such that, for every sequence (r)o<n<1 satisfying (5), and
for every sequence (n)o<n<1 satisfying for h >0 small enough

cillogen| < < ol log €],

one has

0 < limsup F} o (Wnm) < < L
h—0

Remark 6.3. In order to deduce this proposition from lemma 6.1, one should observe that
every sequence (9p)o<n<1 satisfying (5) verify, for every vy > 0,

I 2
it H <Id =Ly ageon (=R Ag)) Un||

h—0

Moreover, by a compactness argument, Cyy = () implies that there exists J > 0 such that

Ci = 0.
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Our result shows that the quantum Loschmidt echo is strictly less than 1 for times of
order | log€;|. Recall that, under our assumptions on €5, we are looking at a scale times for
which the standard semiclassical rules apply. In other words, we are below the so-called
Ehrenfest time which is Ho_2gh\ in this geometric context. We also observe that our result
holds for any sequence of initial data satisfying proper energy localization, namely (5).
Compared with the results from the physics literature mentioned in the introduction of
this section, we emphasize that our proposition does not provide a priori a decay rate for
the quantum Loschmidt echo.

6.2.2. Beyond the |logey|-scale. The previous proposition holds for times of order |log €],
and it is natural to ask what are the properties of the quantum Loschmidt echo beyond
this time scale. According to the physics literature, it should typically be a nonincreasing
function of time. Thus, one expects that it will at least remain strictly smaller than 1 for
larger times. The following proposition provides some informations in this direction.

Proposition 6.4. Suppose that dim(M) = 2, and that M has constant negative sectional
curvature K = —1. Suppose also that

+o0
Cv = () {(20,&) € S"M : (XF.fv) (w0, &) = 0} = 0.
j=0

Let (en)o<n<1 be a sequence such that limp_,o €, = 0, and such that there exists 0 < v < %
verifying, for h > 0 small enough,
€n Z R,
Then, there exists 0 < co < 1 such that, for every sequence (r)o<n<1 satisfying (5), and
for every sequence (Tn)o<n<1 satisfying
Th

lim = 400,
h—0t | log ep|

one has .
0 <lim sup/ Fy . (W, tr)dt < co < 1.
=0 Jo ’
Compared with proposition 6.2 which was for instance valid for any time of order c| log €|
(with ¢ > 0 fixed in a convenient interval), this result holds on average over an interval of
times of order 7;. The advantage is that we can consider much larger times, e.g. we can

choose 7, > |logh|. A natural scale of times is 7, = 1/h, which is called the Heisenberg
time in the physics literature. In this case, the result reads as follows:

Corollary 6.5. Suppose that dim(M) = 2, that M has constant negative sectional curva-
ture K = —1, and that Cy = (). Let 3/2 < a < 2.
Then, there exists 0 < co < 1 such that for every sequence (p)o<n<1 satisfying (5), one

has
itAg it(Ag+h~ V)
<€ 2 @Z)ﬁ, € 2 ¢ﬁ>

2
dt§00<1.

=0 70

1 [™
V19 > 0, limsup—/
0
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We will now give the proof of proposition 6.4 which also follows from lemma 6.1.

Proof. As Cy = 0 and as S*M is compact, there exists J > 0 such that Ci} = (). We fix
vp > 0 small enough to ensure 1+ (3.J + 1)1y < min{3/2,1/(2v)} as in the statement of
lemma 6.1.

Using remark 6.3, we first observe that

1 1 it T D 2
lim sup/ F;{;eh(d}ﬁ,t'ﬁi)dt < lim sup/ H(l,hEgVO)e_%(PO(ﬁ)'i‘EhV)wﬁH dt.
0 0

h—0 h—0

We will in fact show something slightly stronger. Precisely, we will prove that there exists
0 < ¢g < 1 such that for every sequence (¢p)o<n<1 satisfying (5), and for every sequence

(Th)o<n<1 satisfying
Th

lim = 400,
h—0+ | log €p|

one has

it S 2
I1(1, hegl'o)e_%(Po(ﬁ)“hv)@/)ﬁH dt < ¢y < 1.

1
0 < limsup /
h—0 0

We proceed by contradiction. We suppose that there exist a sequence (v, )n>1 satisfy-
ing (5), and a sequence (73, )n,>1 satisfying

. Th
lim ——— = +o0,
n—+00 ‘ log Ehn|
such that
1 itTy ~ 2
(41) lim TI(1, Fpey, 0 )e " FoUmITema Vg, g = 1.
n oo 0
In particular, as ||¢y, || = 1, one has
1 itT ~ 2
(42) lim (1d = TI(1, ;. 0)) € - Polldtens Vg gy — 0,
n oo 0

and also, from the Jensen’s inequality;,
1

(43) lim ’ (Id — II(1, Be ) €~

n—-+o0o 0

it

T (Po(ﬁn)-f'ehnv)whn ' dt =0,

We fix 14 (3J+ 1)1y < ¢ < min{3/2,1/(2v)}. By changing the variables in equation (41),
we deduce that

1 2

dt = 1.

ic| log €hip | it

H(la hnegnuo )B—T(ﬁ’o (hn)+e€ny, V)e_ th (Po(hn)+€th)whn

lim
n—-+o00o 0

Then, from (41), (42) and (43), one gets

1

2

dt.

itThn

H(l, hner_yo)ef ic\loﬁgnehn‘(Po(ﬁn)wLeth)H(l’ hnegm)e* i (pO(hn)+€th)wh

1= lim
n—-+o0o 0

n
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In particular, one has

. 2
ic|log e Ln‘ ~
1 S llm Sup HH(]_, hnegnvo)6745n7 *(PO(hn)JFﬁTLnV)H(l’ hnegnl/O) ,
n—-+o0o
which is < ¢ < 1 from lemma 6.1, and thus provides the contradiction. 0

APPENDIX A. SEMICLASSICAL ANALYSIS ON MANIFOLDS

In this appendix, we review some basic facts on semiclassical analysis that can be found
for instance in [51] — chapter 14.

A.1. General facts. Recall that we define on R?? the following class of admissible sym-
bols:

SkaRQd) {(ah<l’ f))he (0,1 € COO(]RM) |8§8?ah| < Ca,ﬁh*k‘<€>m*|5\} )

Let M be a smooth Riemannian d-manifold without boundary. Consider a smooth atlas
(fi, Vi) of M, where each f; is a smooth diffeomorphism from V; C M to a bounded open
set W, C R To each f; correspond a pull back f; : C*(W;) — C*>°(V;) and a canonical

map f; from T*V; to T*W;:
fi: (@,8) = (file),(Dfilx)™")7€).
Consider now a smooth locally finite partition of identity (¢;) adapted to the previous atlas

(fi;Vi). That means > ;¢ = 1 and ¢, € C>°(V}). Then, any observable a in C*(T*M)
can be decomposed as follows: a = Zz a;, where a; = a¢;. Each a; belongs to C*(T*V))

and can be pushed to a function & = (f;*)*a; € C®°(T*W}). As in [51], define the class of
symbols of order m and index k

(44)  S™MTM) = {(ah(x,ﬁ))ﬁe(o,q € C(T*M) : 0200 ay| < Ca,ﬁhﬂ@m*lﬁ\} .

Then, for a € S™*(T*M) and for each I, one can associate to the symbol @; € S™*(R??)
the standard Weyl quantization

Opt ()u(o) = o [ b0 (T2 65n) tupa

where u € S(R?), the Schwartz class. Consider now a smooth cutoff 1, € C°(V}) such that
Y = 1 close to the support of ¢;. A quantization of a € S™*(T*M) is then defined in the
following way [51]:

(45) Op;,(a sz (S Op (@) (f; 1)) (W x u),

where u € C*°(M). This quantization procedure Op,, sends (modulo O(h>)) S™*(T*M)
onto the space of pseudodifferential operators of order m and of index k, denoted ¥™* (M) [51].
It can be shown that the dependence in the cutoffs ¢; and v, only appears at order 1
in i (Theorem 18.1.17 in [32] or Theorem 9.10 in [51]) and the principal symbol map
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oo : WMF(M) — Smk /Sm=LE=1(T* M) is intrinsically defined. Most of the rules (for exam-
ple the composition of operators, the Egorov and Calderén-Vaillancourt Theorems) that
hold on R?? still hold in the case of ¥™*(M). Because our study concerns the behav-
ior of quantum evolution for logarithmic times in A, a larger class of symbols should be
introduced as in [51], for 0 <7 < 1/2,

(46)  S;H(TM) = {(ah)he(o,l} € C™(T"M) : 050 ay| < ca,ﬁh*k*ﬂﬁffl(g)mf\ﬁl} .

Results of [51] (as Calderén-Vaillancourt and Egorov theorems) can also be applied to this
new class of symbols.

A.2. Egorov theorem. In this paragraph, we briefly recall the Egorov theorem for short
logarithmic times on constant negatively curved surfaces. The proof of this result on
compact manifold was given in [3, 21] building on earlier proofs on R¢ [6, 11, 51]. Here,
we will in fact be interested in generalizations of the results from [3, 21] in the context of
“perturbed” Schrodinger operators P.(h) := Py(h) + €V. It was explained in appendix B
of [24] how the Egorov Theorem for short logarithmic times can be extended to P.(h) by
slightly adapting the arguments from [3, 21]. We will just recall the result we need, and
we refer the reader to the above references for more details.

Let 0 > 0 and let a be a smooth function which is compactly supported in the following
neighborhood of S*M of size ¢, i.e.:

Thjo-sjpraM = {(x, ) € T"M : po(x, &) € [1/2 = 6,1/2+ 6]},

where po(z,§) = @ According to [24] (appendix B), there exists ¢y > 0 such that, for

every € € [0, €] and for every smooth function a compactly supported in Tﬁ Jo—51/24 6]M ,

1-5)|log h
one has that, for every 0 <t < %\/u—g', the operator

it Pe (h) _itPe(h)

e Opyla)e”

belongs to W-*°(M) for some 0 < 7 < 1/2 (which depends on § and €). Moreover,
its principal symbol is equal to a o G% and all the involved semi-norms can be uniformly
bounded in terms of € € [0, €g] and of ¢ in the above range. Also, thanks to the Calderén-

;/aillancourt Theorem, we find that, uniformly for € € [0,¢] and 0 < ¢ < %\/‘}r—%‘im, one
as
(47) [e5 Opy(a)e= 5 — Opyao )] | = o)
L2—L?
as h — 0.

A.3. Positive quantization. Even if the Weyl procedure is a natural choice to quantize
an observable a on R?*? it is sometimes preferrable to use a quantization procedure Op;"
that satisfies the following property : Opj (a) > 0 if a > 0. This can be achieved thanks
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to the anti-Wick procedure Opi", see [30] for instance. For a in S2°(R2?), that coincides
with a function on R? outside a compact subset of T*R¢ = R??, one has

w Lo a
(48) 10y (a) = Opy™ ()2 < C > k= [[9%all,

1<|a|<D

where C' and D are some positive constants that depend only on the dimension d. To get a
positive procedure of quantization on a manifold, one can replace the Weyl quantization by
the anti-Wick one in definition (45). This new choice of quantization (that we will denote
by Op;’) is positive and it is well defined for every element a in SY(T*M) of the form
co(z) + c(z, ) where ¢y belongs to SY°(T*M) and ¢ belongs to'® C°(T*M) N SY°(T*M).
We can also require that Op; (1) = Id r2(m)- The main observation is that, for such symbols,
one has

(49) Op; (@) = Opy(a)] . < €' Y mE (|07l

1<|o|<D’

where C" and D’ are some positive constants that depend only on the manifold M and on
the choice of coordinate charts.

APPENDIX B. STRONG STRUCTURAL STABILITY

In our proof, we needed to use the strong structural stability property for Anosov
flows [5], and more precisely, we needed to use the fact that the conjugating homeomor-
phism and the reparametrization function depend in a “smooth” way on the perturbation
parameter €. This regularity was observed by De La Llave, Marco and Moriyon [19] based
on “analytic” proofs of structural stability for Anosov diffeomorphisms due to Moser [40]
and Mather [48]. In this appendix, we recall a few facts on the geometric properties of the
conjugating homeomorphism that were proved in section 5 of [24] based on the arguments
of [19].

First, we briefly recall strong structural stability property for Anosov flows in the same
way as it was stated in [19]. For that purpose, we introduce some manifolds of mappings
that will be involved in this theorem — see [22, 1, 23] or the appendix of [24] for a brief
reminder on their differential structure. Define

Cx,(S"M) := {h € C'(S*M,S*M) : Vp e S*M, (%h o Gg(p))
which can be endowed with a smooth differential structure modeled on the Banach spaces
of continuous sections s : S*M +— h*T'S*M which are differentiable along the geodesic
flow. This manifold contains an “adapted” submanifold M which contains Idg«,; in its
interior and for which the elements are in some sense “transversal” to the geodesic vector
field Xy [19] — appendix A (see also appendix of [24]).

The structural stability theorem can be then stated as follows (theorem A.2 in [19]):

= Dx,h exists} ,

t=0

1OHere we mean that there exists a compact subset K C T*M such that supp(ap) C K for every
0<h<l1.
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Theorem B.1. [Strong structural stability] Assume Xy is an Anosov vector field. There
exists an open neighborhood Uy(Xo) of Xo in V?(S*M) and a unique C* map Sy : Up(Xo) —
M x CO(S*M,R) such that So(Xo) = (Ids<pr, 1) and if So(X) = (h,T), then

(50) Dx,h — 17X o h =0g:p(h),
where 0g«p 18 the zero section.

Remark B.2. In fact, the neighborhood Uy(Xy) can be chosen small enough to ensure that
h is an homeomorphism — appendix A of [19] or remark 5.5 of [24]. Using that h is an
homeomorphism, we can also write the following formula connecting the two flows:

(51) VieR, hoGy™ o h™Y(p) = Gy(p),

where
(t )'—/t ds
TP Ton oGy o)

We now describe some geometric properties of the conjugating homeomorphism when
we apply the strong structural stability theorem to the perturbations Y .. Recall that
they define small C' perturbation of the geodesic vector field X,. We refer to section 5
of [24] for the details of the proofs.

Observe that there exists ¢y > 0 such that, for every (z1,&;) in a small neighborhood of
S*M and for every € € [0, €], Y, & belongs to the neighborhood of the previous theorem.
We write

SO( z1 51) - (h;LEl’T;hEl)'

As the map S is of class C!, we can write that
(52) Sup {d(h, ¢, (p), ), |75, 6, (p) — 1]} = O(e)

where the constant in the remainder is uniform for (z1, &) in a small neighborhood of S*M

In our proof, we also need to understand precisely the properties of the map (hg, 51) 1 We

observe that the map € — (hg, ¢ )~ 1€ C°(S*M, S*M) has a priori no reason to be of class
C! — see remark 5.7 in [24]. In order to solve this problem, we will write

h’; £ eXp( Uz, §1>’

where v . is a continuous vector field and exp is the exponential map induced by the
Riemannian structure on S*M. We also introduce the following vector field on S*M

(5?)) 6;1 51 : Hé H <6VXS +ﬁVXu>

where .
1 [ B
By (x,&) = E/O Ga(—1) (dx(ft)v,gi(_t)) eldt,

and
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with G§(z, &) := (x(t),£(t)). We observe that these two functions do not depend on (1, &;).
It was proved in [24] that 5% and 3{ are C7-Holder for every v < 1/2 — lemma 5.13 from
this reference. According to lemma 1 in [40], we can write that

(54) exp( Vg 51) O exp vxi & exp( 1‘1 61 + vxi 61 + 7”( Uzi,610 vxi 51))
where
||T(6;17§17 vihfl)Hco S CHﬁ;hfl ||CW ||v;‘1,§1 ||zO>
for some uniform constant C' > 0 (depending on the manifold and on 7). In particular, we

have that, in our setting, |[r (05, ¢, v5, 51)||Co = O(e'7) with the constant involved in the
remainder which is uniform for (z,&;) in a small neighborhood of S*M

Remark B.3. The proof of this fact was given in the appendix of [40] for the general case
of vector fields on a Riemannian manifold. The only difference is that the proof given in
this reference is for v = 1. Yet, the proof can be directly adapted to get the above estimate
involving Holder norms.

Finally, according to paragraphs 5.3.1 and 5.3.2 in [24], one has that @5 . is equal to
Uy, ¢ UP to an error of order O(e?) in the C°-topology. This property followed from the
differentiation of the implicit equation (50). In particular, thanks to (54), we can derive
that exp(—05, ¢,) © RS, ¢, is close to identity up to an error of order O(¢'*7), where the
constant involved is uniform for (z1,£;) in a small neighborhood of S*M. We underline
that this property holds for every 0 < v < 1/2. To summarize, for every 0 < vy < 1/2, we
have that

(55) sup {d (s, 6) ™" () exp(=75,6)(0)) } = O(7),

peES* M
where the constant in the remainder is uniform for (z1,£;) in a small neighborhood of
S*M. Thus, even if the map e — (hg )" € C°(S*M,S*M) is not “smooth”, it can be
approximated in a precise way by a smooth map which has a very explicit expression.

APPENDIX C. POTENTIALS SATISFYING Cy = )

In this appendix, we will prove the following proposition which shows that the assump-
tions appearing in section 6 and corollary 2.6 are in some sense “generic”:

Proposition C.1. Let M be a smooth compact oriented Riemannian boundaryless surface.
Then, the set

U:={V eC®M,R):Cy =0}
is open and dense in C*(M,R) endowed with its natural topology of Fréchet space.

We note that we do not require M to be negatively curved in this statement. Recall

that we have defined fy(z,&) := gi(d,V,&1), and
Cv={peSM:Vj>0 X3 fv(p)=0}.
The proof below was indicated to us by Jean-Yves Welschinger.
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Proof. Recall that the (natural) Fréchet topology on C*°(M,R) is in fact equivalent to the
topology induced by the following metric:

- 1
WV, W € CX(MR), D(V.W) =) e min {1 [V = Wle},
§>0
where, for every i > 0, ||.||c: is the usual norm on C*(M, R).
We will first prove that the set U is open. We fix V in U. By compactness, we observe

that there exists some Jy > 0 such that, for every p in S*M, there exists 0 < j < Jy such
that X{.fv(p) # 0. We introduce

fvp) = max {|X3.fv(p)| : 0<j < Jo},

which is continuous on S*M. From our assumption, there exists 0 < dp < 1 such that
fv > 6o on S*M. We now observe that, for every j > 0, there exists a constant ¢; > 1
(depending only on (M, g) and on j) such that, for every p € S*M and for every W in
C*(M,R), one has

‘X(])(fV — fw)(p)| < Cj”v — W||ci+1-

If we take W in C*°(M, R) such that D(V, W) < 55— 6°0< —— then, forevery 0 < j < .Jy,
ax| <j<Jy Cj
one has ||V — Wles € 5—=2——. Then, we deduce that W belongs to U.

— 2max c

It remains to show thatoijgéosjet U is dense. This will follow from the Sard-Smale’s
theorem [47]. Before applying this theorem, we make a simple observation. We fix V' in
C>®(M,R) and d, > 0. We observe that there exists Jo > 5 such that, for every W in
C>(M,R),

N Jo
D(V,W) < Z Y] IV = Wlles + bo.
j=0

Suppose now that we are able to find W in C’(M,R) which is dy close to V in the C%
topology and such that, for every p € S*M, there exists 0 < j < 3 verifying Xg Jwi(p) #0.
Then, we can use the fact that C*°(M,R) is dense in C’(M,R) for the C”° topology and
conclude. In fact, by density, we can find, for every 0 < § < &, W in COO(M R) such that
W =W |len < ﬁ In particular, for such a W, one has D(V, W) < 38, and

<j<Jg Cj

Vp e S*M, Orgggg{lXé-fw(p)l} > Org%{lXé-fw(p)l} — 4.

Taking 4 > 0 small enough to ensure that the above quantity is positive for every p in
S*M, we have found W in C*(M,R) which is dy close to V' in the C*> topology and such

that, for every p in S*M, there exists 0 < j < 3 satisfying Xg.fw(p) #0.
It now remains to prove that, for every Jy > 5, the set

U, = {V eCP(MR): Vpe S*M, 30<j<3st. X].fv(p) # 0}
contains a dense subset of C’°(M,R). For that purpose, we define
L:(V,p) € CP(MR) x S"M = (fv(p), Xo.fv(p), X5-fv(p), X5.fr(p)) € R,
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This defines a C! map on the Banach manifold C(M,R) x S*M, and we say that 0 is a
regular value of L if, for every (V, p) satistying L(V, p) = 0, the tangent map D)L is a
continuous surjective linear map whose kernel has a closed complement. One can verify
that it is in fact continuous, and that the kernel has a closed complement (the kernel has
finite codimension). In order to verify the surjectivity, it is sufficient to show that

(56) Vz € RY, IW € C”(M,R) such that Dy, L.(W,0) = z.
We note that Dy, L.(W,0) = L(W, p), and we introduce the following linear maps, for
every po = (zo,&p) in S*M:
LY W € By :=C"(M,R) — fw(po) €R,
and, for 1 <7 < 3,
LY W e B; :=n_yKer (LY) = X7.fw(po) € R.

For every 0 < j < 3, one can verify that these maps are nonvanishing linear forms on the
infinite dimensional Banach space B; — see remark C.2 below. In particular, taking W;

which does not belong to the kernel of Lg)) for every 0 < j < 3, we can write that, for
every 0 < 7 < 3,

£<Wj7 pO) = (a(J)v ajlv a’év aé),
# 0, and a;; = 0 for every p < j. In particular, R* =
< 3}, and the map Dy, L is surjective.

where, by construction, a§
span{ Dy, L.(W;,0) : 0 < j

Remark C.2. Above, we claimed that ngo) is a monvanishing linear form when it acts on
the Banach space B; C C”°(M,R). This can be proved as follows. Let 0 < j < 3. Consider
k:U —V C R? a chart centered at zo in M. This chart can be lifted to a chart centered
at (x,0) in T*M as follows

F:TU =TV CRY  (2,8) = (v, v) = (k(2), (dr(x)") 7).

For a fixed smooth function W on M, we define in a small neighborhood of 0 the function
W (u*) = W o k7 1(u¥). In these local coordinates, the map fjr can rewritten:

fw (@, &) = (Z gk’l(u)vl> W (u).

k l

where (g%!);, is a non-degenerate 2-form. For ¢ not equal to 0, we note that at least one of

the two coefficients 0y, := >, §"!(u)v; does not vanish. In particular, at the point (zg, &),
one has

fw (o, &) = doW (D),

with ¥ # 0 independent of W (as &, # 0). More generally, for 1 < j < 3, one can write in
local coordinates,

X3 fw(wo, &) = W (0,0, 0)+ > al0*W(0,0),

aeN2:|al<j+1
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where a/, are real numbers which are independent of W. If we choose W such that d? W = 0
for every p < j, then W belongs to the space B;, and we have, for such a function W,

LE){))<W) = X3 fw (w0, &) = @ TW(0,0,...,v).

As the vectors v and © are both nonzero, we can find a function W whose derivatives up
to order j vanish at (0,0) and such that the previous quantity does not vanish.

From the previous discussion, we can conclude that £71(0) defines a C' submanifold of
codimension 4 [37] — Ch. 1 and 2. We are now in position to conclude. For that purpose,
we define the projection map

A:(V,p) €C(M,R) x S*M + V € C™(M,R).

In the terminology'" of [47], this defines a Fredholm map of index 3. One can also consider
the restriction A z-1(g) of this map to the codimension 4 submanifold £~*(0). This map can
also be written A]z-1) = Ao I, where I is the inclusion map from £7(0) to C(M,R) x
S*M. Thanks to the above observation, I is a Fredholm map of index —4. By the
composition rules for Fredholm operators, one has that A].-1() is a Fredholm map of
index —1. Thanks to the Sard-Smale’s theorem — for instance corollary 1.5 in [47], there
exists a dense subset D of C”°(M, R) such that, for every V in D, (A]z-1(9)) ' (V) is empty.
In particular, every V' in D belongs to U},; thus, Uy, is a dense subset.

O
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