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Abstract: We present the study of systems of equations governing a steady flow of poly-
atomic, heat-conducting reactive gas mixture. It is shown that the corresponding system
of PDEs admits a weak solution and renormalized solution to the continuity equation,
provided the adiabatic exponent for the mixture - is greater than %
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1 Introduction

In this paper we consider a system of equations modelling the steady flow of compressible,
heat-conducting, n-component mixtures, undergoing reversible chemical reactions in a
bounded domain © C R3. These are n reaction-diffusion equations coupled to the Navier—
Stokes—Fourier system describing the fluid motion. The applications of such systems are
numerous, especially in engineering, like spatial vehicle reentry, crystal and polymers
growth, combustion or atmospheric pollution [12], but they may also be used to describe
population or the chemotaxis models [4,11]. This is a strong motivation for investigating
the mathematical structure and properties of the corresponding PDEs. Our goal is to
extend the existence theory [20,25] to the case of heat-conducting mixtures with strong
cross-diffusion.

The motion of gaseous mixture can be described by a system of equations governing the
total mass density o = o(x), the velocity vector field u = u(x), the absolute temperature
¥ = J(z) and the species concentrations Yi(x), k € {1,...,n}. These equations express
the conservation of the total mass, momentum, total energy and species masses. They



may be written as

div(ou) =0,
div(pu ® u) + divS + V7 = of, (1)
div(pEu) + div(mu) + divQ + div(Su) = of - u,

div(eYiu) + divF, = mpwy, k€ {1,...,n}.

In the above equations S denotes the viscous tensor (it has the opposite sign to the viscous
stress tensor also considered in continuum mechanics), 7 the internal pressure of the fluid,
f the external force, E the specific total energy, Q the heat flux, w; the molar production
rate of the k-th species, Fy the diffusion flux of the k-th species and my the molar mass
of the k-th species.

The fundamental difficulty in such type of systems is the coupling between the fluid
mechanics part, governed by the Navier—Stokes—Fourier system, with the species reaction-
diffusion equations. The coupling appears through the form of the pressure, which may
depend on the species concentrations, and through the heat-flux which, in contrast to the
single-component flows, includes a term representing the transfer of energy due to species
molecular diffusion.

Here we focus on the second type of coupling, while we assume that the molar masses
are comparable, i.e.

my=...=my =1, (2)

which leads to the pressure independent of the species concentrations. Assumption (2)
is fulfilled for the mixtures of isomers or in the state-to-state fluid models where each
quantum state is a separate pseudo species [2]. Similar assumption was made in [10],
where the existence of variational weak entropy solutions was shown, yet for the diagonal
Fick diffusion. This approximation, however, does not take into account the cross-effects
that are well-known to play an important role in the flows of multicomponent fluids. In
the recent papers [25,27] the model of isothermal flow with the Fick diffusion and pressure
depending on the species concentration was considered. However, it turns out that this
assumption leads to inconsistency with the Second Law of Thermodynamics when the
heat-conductivity is taken into account.

Reaction-diffusion equations with more complex diffusion and even their coupling to
the incompressible Navier-Stokes equations were investigated using many different ap-
proaches [1,3,5,12,13,15]. Our goal in this paper is to provide analogue existence result
with no restriction on the size of data but in the compressible setting. So far, such re-
sults were available only for system with viscosity coefficients satisfying the so called BD
relation and some further restrictions on the form of the pressure [19,26].

In our case, due to relatively weak coupling between the Navier—Stokes equations and
the rest of system (1), a part of techniques is a combination of methods developed first by
Lions [14] and Feireis] [8] for evolutionary barotropic flows and by Mucha, Pokorny [16]
and Novotny, Pokorny [20] for the stationary Navier—Stokes—Fourier system. The main
difference and the biggest difficulty in the present paper concerns much more complex form
of entropy inequality, which is a source of majority of a-priori estimates. Therefore, the
approximation scheme had to be considerably modified in comparison to the single-fluid
case considered in [20]. Some ideas for construction of the solution to the subsystem of
species reaction-diffusion equations can be already found in our previous work [17]. Here,
however, we had to extend them by adding further regularizations necessary to handle
general form of diffusion matrix.



The outline of the paper is the following. In the next section we introduce the main
assumptions on the parameters of our model. In Section 3 we present the definition of the
weak solution and formulate the main result: existence of a weak solution under certain
restriction on the parameters of our model. Sections 4 and 5 contain the description
of the approximate scheme. In Section 6 we prove existence of a solution to the full
approximation and in the subsequent sections, 7 and 8, we pass to the limit with all
regularizing parameters to get existence of a solution to the original problem.

2 Formulation of the problem

We consider system (1) supplemented by the no-slip boundary conditions
ulgpn =0, (3)

together with
Fk . n‘[—)Q = 0, (4)

and the Robin boundary condition for the heat flux
—Q -n+ LW —1y) =0. (5)

The last condition means that the heat flux through the boundary is proportional to the
difference of the temperature inside €2 and the known external temperature g.
We assume that the total mass of the mixture is given

/gd;U:M>0. (6)
Q

The mass fractions Yy, k € {1,...,n} are defined by Y} = %’“, where g are the species
densities and Y ;_, o = 0. Thus, by definition, the mass fractions satisfy

d V=1 (7)
k=1

The consistency with the principle of mass conservation requires that the diffusion fluxes
and the species production rates satisfy

n n
> Fp=0, D wr =0, (8)
k=1 k=1

keeping in mind that the species molar masses are equal (2).

2.1 Fundamental thermodynamic relations

We consider a pressure m = 7(p,v) of the following form

m(0,9) = 7e(0) + mm (e, V), 9)

where 7, obeys the Boyle law

n

Tm = »_ oYkl = ¥, (10)
k=1



i.e., it represents the pressure for an ideal mixture of n species, whose molar masses are
equal 1 and we take, without loss of generality, the gaseous constant R = 1.
The first component of (9), 7., is the so called cold pressure or the barotropic correction

me=0", v>1.

The specific total energy F is a sum of the specific kinetic and specific internal energies
1
E(Q') u7197 01+, Qn) - 5‘“‘2 + e(Qu 197 Yl') soe 7Yn)7

where the latter, similarly to the pressure, consists of two components
e=c¢ec(0) +en(dY,....,Y,).
The cold energy e. and the ideal gas mixture energy e,, are given by

1

n n
= 1 — Yien = ¢ Y,
€c 7_19 ) Em ; K€k ;Cvk k>

where ¢, is the mass constant-volume specific heat. The constant-pressure specific heat,
denoted by cpy, is related (under assumption (2)) to ¢,y in the following way

Cpk = Cuk + 1) (11)

and both ¢, and ¢, are assumed to be constant (but possibly different for each con-
stituent).

In agreement with the second law of thermodynamics, there exists a differentiable
function called the specific entropy of the mixture s(o,v,Y1,...,Y,) that can be expressed
in terms of the partial specific entropies s = si (o, v, Yy) of the k-th species

n
s = ZYksk. (12)
k=1

The differential of entropy is related to the differential of energy, total density and mass
fractions by the Gibbs formula

1 n
YDs = De + 7D <> — ) gDV, (13)
0 k=1

with the Gibbs functions
9k = hi, — Vsy, (14)

where hy, = hi(9), sp = si(0,9,Ys) denote the specific enthalpy and the specific entropy
of the k-th species, respectively, with the following exact forms

hi = cpp¥, sk = cyilog —log o — logYy.

The cold pressure and the cold energy correspond to an isentropic processes, therefore
using (13) one can derive an equation for the specific entropy s

n

div(psu) + div (? — Z g;Fk> =0, (15)
k=1

where o is the entropy production rate

n

Vu Q- V¥ Jk Y b1 GkWk
=-S:—— - Fy - - ) =~ : 1
? 9 92 ; k V(ﬁ) 9 (16)




2.2 The form of transport fluxes

The viscous tensor S is determined by the Newton rheological law as
2
S =8(¥,Vu) = —u |[Vu+ (Vu)' — gdivuI — v(divu)I, (17)

where p = p(9) > 0, v = v(¥) > 0 are the shear and bulk viscosity coefficients, respec-
tively, I is the identity matrix.

The heat flux Q consists of two terms (we already neglect the Soret and the Dufour
effects) representing the transfer of energy due to the species molecular diffusion and the
Fourier law, respectively

Q=) mFi+aq, q=-kV, (18)
k=1

where k = k(1) > 0 is the thermal conductivity coefficient.
The diffusion flux of the k-th species Fy, is given by

n
Fi. = —oY} ZDglvy, (19)
=1

where DY, = D},(0,9,Y1,...,Yy), k,l =1,...,n are the multicomponent diffusion coeffi-
cients.

The diffusion matrix. The coefficients QDgl depend only on ¢ and Yi,...,Y,, see for
instance [12], therefore we introduce another matrix

(D=1 = oD i=1 = (Di(0, Y, .., Yo)) =1
The main properties of the diffusion matrix D, discussed in [12], Chapter 7, are:

D=D!' N(D)=RY, R(D)=Y", 20)
D  is positive semidefinite over R",

where we assumed that ¥ = (V1,...,Y;)" > 0. Above N(D) denotes the nullspace of

matrix D, R(D) denotes its range, U = (1,...,1)" and U+ denotes the orthogonal com-

plement of RU.

Furthermore, we assume that the matrix D is homogeneous of a non-negative order
with respect to Y1,...,Y,, and that D;; are differentiable functions of ¥,Y7,...,Y,, for any
i,7 € {1,...,n} such that

1Dy (0, V)| < C(V)(1 + ")

for some a > 0.

Remark 1 As a consequence of (20) the matriz D is positive definite over UL. This
property corresponds to the positivity of entropy production rate associated with the diffu-
sive process, see [24]. Indeed, according to above definitions, o may be rewritten in the
following form

n

L grw
S Fi -V (logpy) — 2 k1 9Kk (21)
k=1

Vu &|V9[?
+

g = —8(19, Vu) . T 192

79 )

5



where we denoted pr, = oYV. Let us investigate the structure of the third term, we have

n n F
—ZFk‘V(Ingk) Z—ka'vm
k=1 =1 Pk

—-YoEe () e e
k=1

= DuVY - VY, >c) |VYi[*
k=1 k=1

The transport coefficients. The coefficients u, v, k are continuous functions of temper-
ature and the following growth conditions are imposed

p(1+9) <p(@) <p(l+9), 0<v()<v(1+7),

- (23)
(1 +9™) < k(9) <R(1+9™),

with m > 0 and the positive constants u, 1,7, &, K.

The species production rates. We assume that the species production rates are smooth
bounded functions of (g, 9, Y,...,Y,) such that

wr(o0,9,Y1,...,Y,) >0 whenever Y; =0. (24)

Next, in accordance with the second law of thermodynamics we assume that
n
= grwr >0, (25)
k=1

where gj are specified in (14). Note that thanks to this inequality, (22), together with
(17) and (18) yield that the entropy production rate defined in (16) is non-negative.

2.3 Notation

The matrices from R™*™ are denoted by capital letters, the vectors from R" are denoted
by 7 The vectors from R? and the tensors from R3*3 are denoted by small and capital
bold letters, respectively. We use generic constant denoted by C' which may change from
line to line. When it is important, its dependence of parameters will be indicated in the
parentheses.

We work in the framework of Sobolev and Lebesgue spaces denoted by W™P(Q)),
m € N, and LP(Q2), p > 1, respectively, endowed with the standard norms. For brevity we
will write

[ullwmr@) = llullmp:  [ullze@) = [lullp: llullzeoe) = llullpoa

independently whether u is a vector or scalar. By C§°(Q2) we denote the space of C*
functions on 2 with zero value at the boundary 9f2.



3 Weak solutions, main result

We are now in a position to formulate the definition of weak solutions for our system.

Definition 1 We say the set of functions (o, u,ﬁ,?) is a weak solution to problem (1-
5), (9-18), (24-25) provided o0 > 0 a.e. in Q, o € LV(Q), [0 dz = M, u € Wy*(Q),
olulf € LY(Q), Vi, > 0 ace. inQ, Y € WL2(Q), Fj,-nlpq = 0, and e Y =1ae inQ,
Y >0, a.e inQ, IV € LYQ), ¥ € L1(0Q), and the following integral equalities hold
e the weak formulation of the continuity equation

/Qu-dex:(),
Q

holds for any test function ¢ € C*(Q);
e the weak formulation of the momentum equation

—/ (Q(u®u):V<p+S:V<p) dx—/ﬁdiwpdx:/gpr dz,
Q Q Q

holds for any test function ¢ € C§°(2);
e the weak formulation of the species equations

—/Ykgu-Vw da:—/Fk-Vw dx:/wm/) dzx,
Q Q Q

holds for any test function 1 € C*(Q) and for all k =1,...,n;

e the weak formulation of the total energy balance

—/Q<;Q|u|2+ge>u-v¢ da:+/QnV19~V¢ dx_/9<kzlhka> -V dx
—/ng-uwdx—i—/ﬂ(Su)-Vwda:—l—/gﬂu-vwda:—/aQL(ﬁ—ﬁo)z/JdS,

holds for any test function 1p € C* ().

Remark 2 Indeed, there exists a more gemeral definition of a solution to our problem
which is based on replacing the weak formulation of the total energy balance by the entropy
inequality and the global total energy balance; see [20] or [21] for more details. The reason
for this is that it allows to prove the existence of those variational entropy solutions for
larger range of parameters. Nonetheless, we prefer to stay here with (a more direct) defi-
nition of weak solutions to our problem, even for the prize of more restrictive conditions
on m and 7.

Remark 3 The kinetic energy balance is (at least formally) nothing but the momentum
equation multiplied by u and integrated over ), thus we may write the balance of the
internal energy in the form

n
div(gen) + div( > mFg — £V9) + rdivu+ S : Vu =0, (26)
k=1
Howewver, the balance of the total energy is equivalent to the balance of the internal energy
and the momentum equation only for sufficiently reqular solutions, but it might be not true
for weak solutions introduced above.



We will also use the notion of the renormalized solution to the continuity equation

Definition 2 Let u € I/Vllof(Q) and o € L?O/CS(Q) solve

div(gu) =0

in the sense of distributions on ), then the pair (o,u) is called a renormalized solution to
the continuity equation, if

div(b(o)u) + (ob'(0) — b(p))divu dz = 0, (27)

in the sense of distributions on Q, for all b € WH*°(0,00) N C*([0,0)), such that sb/(s) €
L*>(0, 00).

The main theorem of this paper reads as follows

Theorem 1 Lety > %, M>0,m>1,a< 3"12_2. Let Q € C%. Then there exists at least
one weak solution to our problem above in the sense of Definition 1. Moreover, (p,u) is
the renormalized solution to the continuity equation in the sense of Definition 2.

4 First level of approximation

This section is devoted to the main level of approximation on which all essential approx-
imation parameters appear: € > 0 indicating additional dissipation and relaxation in the
continuity equation as well as in the species mass balance equations, A > 0 providing ellip-
tic regularization in the species equations while written in terms of entropic variables, and
6 > 0 improving the integrability of the density and providing the bound from below for
the temperature. Combining ideas from [10, 20, 25] we consider the following approxima-
tive system. We look for o € W24(Q)NLP(Q) for some ¢ > &, u € WOI’Q(Q), Y e Wi2(Q),
9 € WH2(Q) N L3B(Q) N L2B(09) with ¢ > 0, Y > 0 and ¥ > 0 a.e. in § satisfying the
following system.

e The approximate continuity equation

ep + div(pu) = eAp + €p,

(28
VQ . n|8Q = 07 )
is satisfied pointwisely and we require g > 0, fQ o0 dr = M, thus we may take o = %
e The weak formulation of the approximate momentum equation
1 1
/ <2Qu‘Vu'¢— §Q(u®u) Vo —S: V¢> dzx
“ (29)
—/(7r +60° + 60%)dive dx = / of - ¢ dx
Q Q

is satisfied for each ¢ € C§°(Q).
e The weak formulation of the approximate species balance equations (k =1,2,...,n)

/eYkgw dx—/YkQu-Vw dx—/fk-vw dz

Q Q Q
A / (Vlog Vi - Vi + log Vi) da (30)
Q

:/ [wmﬁ —eoVYy - Vo + ediv(Yy Vo) — eVYy - Vi + epp | da
Q

8



is satisfied for any ¢ € C>®(9Q), where g, > 0, k = 1,...,n satisfy >p_, 0, = ©; for

instance, we take g, = £ = % Moreover,
n
F, =Y, Du®,Y)VY, Dy (9,Y) = ¥Dkz(19, Y), (31)
(oy +e)

for suitable 7 > 1 (connected with the order of the homogeneity of D(-,Y)) and oy =

Yo Y.
e The weak formulation of the approximate total energy equation

1
—/ |:Q€+§Q|u‘2+(71'+5z96+5@2):|u'v¢ dx
Q

—/ (Su-V¢+519_11/1) dx—i—/mg—i_ﬁVﬁ-Vzﬂ dz
Q 0 Y

+/ [(L + 697 1)(0 — 0g) + e log ¥ + M= log 9]¢ dS
o0

n R (32)
# e [ [~ Fu Vo olelo+ DY+ N LE V0] do
k=1 @ k

B—1
+ 5/ (200 + 0®u - Vip — efo*p) dx
Q

2/ of - uy dw+6/(€6Q951w+9ﬁu‘vw—€ﬂ@%) dz
Q Q

is satisfied for any ¢ € C*(Q), where
ks = K+ 695 + 5971

Remark 4 Above 8 and B are some positive, large enough numbers that will be deter-
mined in the course of the proof.

For this system we will prove the following result

Theorem 2 Let 0 < A € € < §, f and B be sufficiently large positive numbers. Let
Q) € C?. Then there exists a solution to the approxzimate system in the sense specified
above.

The existence of solutions to the above system will be proven below, by introducing
another artificial level of approximation.

5 Full approximation

Now, our task is to construct regular solution defined in the previous section, i.e. to prove
Theorem 2. For this purpose we introduce two new parameters: N € N — the dimension
of the Galerkin approximation in the momentum equation and 7 — regularization of the
coefficients in the temperature and the momentum equations. Note that since the species
molar masses are assumed to be equal, the species concentrations do not appear in the
momentum equation. This allows to solve more or less separately the Navier-Stokes-
Fourier system and the reaction-diffusion system and to combine them via a suitable fixed



point theorem. In order to consider the former, we used slightly modified strategy from [20]
by Novotny and Pokorny. The existence of weak solutions to a similar system of reaction-
diffusion equations in the evolutionary case is due to Mucha, Pokorny and Zatorska [17].
In [18], [19] the same authors investigated also the coupling between the two systems,
note however, that the assumptions on the form of the fluxes and pressure are now quite
different. Nevertheless we use some of their arguments here.

In the basic level of approximation we look for the set of functions {p, u, 17, U} satisfying
the following system.
e The approximate continuity equation

ep + div(pu) = eAp + €p,
Vo nlsga =0

is satisfied pointwisely.
e The Galerkin approximation for the momentum equation

1 1
/(Qu-Vu-w—Q(u®u):Vw—Sn:Vw> dz
0\ 2 2
—/(77+5Qﬁ+592)divw dx:/gf-wda: (34)
Q

Q

is satisfied for each test function w € Xy, Xy = span{w;}¥| € W,?(Q2), where {w;} N,
are the first N eigenfunctions of the Laplace operator with Dirichlet boundary condition;
indeed, u € Xy. In (34) we denoted

_ i (V)
K 1+nd

vy (9)
14+ nd

[Vu + (Vu)! — ;divul} - (divu) I. (35)

e The approximate species mass balance equations

divIy = Ry,

36
Ji-nfpn =0 (36)

are satisfied pointwisely. In (36) we denoted

Jp=- Z YiYiDy(9,Y)VYi/Y; = (e(@ + )Yk + A) VYi/ Y, (37)
=1

Ry, = wi(0,9, }7) + €0y, — Yo — div(Yiou) + ediv(Yy Vo) — Alog Y,

and Dy (9,Y) was defined in (31).
e The approximate internal energy balance

0, 0

—div (/157775:;V19> = — div(geu) — wdivu + 9 S, : Vu

n (38)
+0e(B0° 2 4 2)|Vo|* — div <19 > ckak> :
k=1
with the boundary condition
)
/@;jn%Vﬁ -njoq + (L + 6193_1)(19 —9)) +elogd + A\OT logd =0, (39)

is satisfied pointwisely and ¥ stands for a smooth, strictly positive approximation of .

10



Remark 5 Note that in fact we expect to have in (38) in the last term cpy instead of
Coks Which can be easily observed by setting A\ = ¢ = 6 = 0. However, since Y p_; Fj, =
> orq f‘k = 0, both ¢y and cpy lead after the limit passages to the same. Hence we prefer
to keep cy. in the approximate scheme.

In the above system kg, ty, vy are regularizations of functions «s, u, and v extended
by constants k5(0), ©(0) and v(0) to the negative half-line.
The existence of solutions is formulated in the following theorem

Theorem 3 Let §, €, A and n be positive numbers and N be a positive integer. Let
Q € C%. Then there exists a solution to system (33-36) such that o € W*4(Q), Vq < oo,
0>0inQ, [odr=M, ue Xy, Y € W'2(Q) with log¥}, € W>9(Q) Vg < 0o, Yy >0
a.e. in 2 and 9 € W24(), Vg < 0o, ¥ > C(N) > 0.

The strategy of the proof is the following:
1. we rewrite the system above for 7 =logd and Z; =log Y, k =1,2,...,n;

2. we fix u in the space X and use it to find a unique smooth solution to (33) ¢ = p(u);
here we may follow [23] verbatim;

3. we find a unique solution to a system of equations which is nothing but a linearization
of the above system (34)—(39) written in the new variables;

4. we apply a Schauder type of fixed point theorem for the momentum, the internal
energy and the species equations and we deduce the existence of u € X and logd €
W24(Q) log Yy € W24(9Q); this part follows similarly to [20] provided some a-priori
estimates are valid.

6 Existence of solutions for the full approximation
Step 1: We define the operator
S : Xy — W*P(Q),

1 <p< oo, S(u) = p, where p solves the approximate continuity equation (28) with the
Neumann boundary condition. We then claim

Lemma 4 Let assumptions of Theorem 8 be satisfied. Then the operator S is well defined
for all p < co. Moreover, if S(u) = o, then ¢ > 0 in Q and [0 dv = [0 dz = M.
Additionally, if ||u||xy < L, L >0, then

lollzp < Cle,p, 2, M)(1+ L), 1<p<oc. (40)

The above lemma is an analogue of Proposition 4.29 from [23], so we omit the proof.

Step 2: We consider the mapping;:
T Xy x Wheo(Q) x Wh(Q) = Xy x WHe(Q) x Whe(Q)
with (§ = (S1,...,8)" Z = (Z1,....Zy)")



where (we take always p = g(v) the unique solution to (33) with u replaced by v)

/—Sn(eT,Vu):Vde—/ <1Q(V®V):VW—1QV-VV-W> dz
Q q \2 2

(41)
+ / (W(g, %) +60° + 5Q2> divw dz +/ of - w dz,
Q Q
which is fulfilled for any w € Xy,
—div <Z ﬁkl(e", eg)es’feSlVZl + (E(Q + 1)eSk + )\)VZk) + AZy, (42)
=1
=wy, + €0 — £0e”F — div(ove™*) + ediv(e®*Vp), k=1,...,n
and
— div (k5(e7) (e +€7) V1) = —div (ge(g, e’ eg)v> — m(0,€%)divv
—8,(e%,Vv) : Vv + de 7 + 5e(80° 72 + 2)|Vo|?
+ Z cordiv (e" Z eSke Dy (e eg)VZl +e7 (e(o+ 1)e* + A) VZk> ,
k=1 1=1
with the boundary conditions
(Z ﬁkl(ea,eg)eskeSlVZl + (e(o+ l)eSk + A)VZk> ‘n|pn =0 (43)
1=1

Fops(€7) (€ +¢7) VT -1|oq + (L 4 6e7BV) (7 — 9]) + 7 + X7 = 0. (44)

The existence of a unique solution to (41-44) is a consequence of the Lax-Milgram
theorem. Since the r.h. sides and the boundary terms are of lower order and sufficiently
smooth, the operator 7 is compact. The continuity of T is straightforward.

In what follows we will show that there exists a bound (independent of ) for all fixed
points to

tT(w,Z,7) = (0, Z,71) (45)

for ¢ € [0,1]. Thus, due to a well known version of the Schauder fixed point theorem
(see f.i. [7, Theorem 9.2.4]) we finish the proof of Theorem 3. In fact, we shall show that
these estimates are independent of N, n and A which will be used in the subsequent limit
passages.

6.1 Uniform estimates

We now denote 9 = €7, thus ¥ > 0, and we can in particular divide the energy equation
by ¥. Similarly we denote Y, = e%* and have also Y; > 0, but we do not know yet if
> p_q Y = 1. However, we denote

n
oy = Z Y.
k=1

12



and in what follows, we show certain estimates of oy — 1 (we get the norm small provided

A is small). Take ¢ € [0,1] and consider the fixed points as in (45), i.e. consider:

e the continuity equation

eo + div(pu) = eAp + €p,
VQ . n‘aQ = 07

e the momentum equation
1 1
/ =S, : Vw d:z::t/ (fg(u®u) : Vw—fgu-Vu-w) dz
Q o \2 2
+t/(7T+(5QB+5Q2)diVW d:c—f—t/ of -w dz,
Q Q

e the species mass balance equations

PN VY,
—div | Y YiDu VY + (e(o+ 1)Yi + X) = | + Aog Vi

=1 Y
= t(wk + &0y, — €0Yy, — div(ouYy) + €diV(kag)), k=1,...,n,

e the internal energy equation
9
— div (/ﬁgmg_gVﬁ>

= — tdiv(geu) — trdivu + tde(80° 72 +2)|Vo|® — 1S, : Vu + t%

~ oy A VY,
+ ; Cokdiv <?9; YD VY, +9(e(o+ 1)Yi + A) Ykk> ,

with the boundary conditions

. A VY,
(Z YeDuVYi+ (e + 1)Ye + A)Yk’“> ‘nlag =0
=1

e+

H’]’hé ,0

V0 - nlog + (L + 695 1) (0 — 91) + elog ¥ + M log ) = 0.

(46)

(47)

(48)

(50)

(51)

We first add up the equations for the species (48) for k = 1,...,n and test the obtained

sum by & € C°(Q)), we get

e/(g+ 1)Voy - V& da:+)\Z/V10ng-V£ dx+)\2/long§ dz
Q k=179 k=17

— t/ (e — e0oy — div(euoy) + ediv(oy Vo))¢ da.
Q

On the other hand, the continuity equation can be written as
5/ Qﬁdx—/ ou- V¢ dx:—a/V@VfdaH—s/gﬁ dx.
Q Q Q Q

13



Therefore, multiplying the latter by ¢ and subtracting the two equations above we may
write

t/ﬂ [e(oy — 1)0€ — o(oy — Du-VE+e(oy — 1)VoVE] da
Voy -VEdr = -\ VlegYy - VE dzr — A log Yi& dz.
+e [ (e 1)Voy - V¢ da ;/Q 08 Y - VE da kZ:l/Qogkfx

Now, taking £ = (oy — 1) we obtain

—1)2
6/(@—!—1)\V0y|2 dx—/gu-v(gy)d:c
0 0 2

+t/ﬂ (EQ(Uy—1)2+€(O'y—1)vg'V(O'y—l)) dx (52)

:—)\Z/Vlong-Vay dx—)\Z/long(Jy—l) dz.
k=1"9 k=1"9

(oy—1)
2

2
Multiplying the continuity equation by we obtain

(oy — 1)
2

(oy —1)? :gAQ(UY—l)2 _(oy — 1) (53)

€0 + div(ou) 5 e

thus, multiplying (53) by t, integrating it over {2 and subtracting from (52), we see that

—1)2 —1)2
ts/ plor =1 dx+te/g(‘”) dx+5/(g—|—l)|V(ay—1)]2 dz
Q 2 Q 2 Q

n n (54)
:—Az;/ngn,vmqm—AE;/bgmwy—ndx
k=19 k=179
Hence we get an estimate for Y, Yy
- 1
(tloy = 13+ IVov[3) < C@N Y (IVIogYil3 + ;llog Yil),  (5)

k=1

which will become very important in derivation of estimates following from the entropy
inequality.
Next, using w = u in (47) we obtain
—/ S, : Vudz = t/ ([W + (0" + 0%)|divu + of - u) dz. (56)

Q Q
Integrating (49) over © and using (51), we get that

/ (t(L +69871) (9 — 9) + elog ¥ + M2 log 19) s

oN

:—t/Sn:Vudm+t/679_1 da
Q Q

- t/ mdivu dz + t65/ IVol?(B0° 2 +2) da.
Q Q
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We add up these two expressions and use the renormalized continuity equation, to get

/ (t(L—i—(WB’l)(z?—i?o) +elogd + A9% logﬁ) s

90

+t55/ ilgﬁ+292) dx—(l—t)/ S, : Vu dSU—|—€/ logv dS (57)
- 0

—t/gf udx+t/dx+te§/ <561996 1+299) dx.

Moreover, dividing (49) by ¥ we derive

U 9) |[VI|?
—d1v</<c(;n 1;_2 Vﬁ) 5,]( e+9) Vo

%) 92
B Ve 7wVp s
——tgu<19 —ﬁg2>—tdlv(gu)<ﬁ+ 19>
+ Zn: Cppdiv Zn: YkﬁleY} + ((EQ + 1)Yk + )\) VY (58)
k=1 =1 Y
VY,
— Z cokYe D VY, - Vlog 9 — chk g+1)Yk+A)— V log ¥
k=1 k=1 Y
S, : Vu ) |Vg|2
— =1 t— +tde(BoP 2+ 2
3 + 5 + toe(Bo” ™ +2)——— 9

Now we multiply (48) by £ = log Yy, sum up with respect to k and integrate over €2

/DleYk VY[ dx
k=1

+Z/ ( ’ + AV log Y3 | + A(log ;)2 ) da (59)
=t Z/ [wk + 0, — €0Yy — div(puYy) + 5div(Yng)} log Yy, dx.
k=17

Next we multiply (48) on & = cyi log ¥ — ¢y, sum up with respect to k and integrate over
Q:

Z Cok / YDy VY - Vg9 dz
k=1

VY.
+ Co —i—lY—l—)\— Vlogd dx
Z k/ elo+1)Yi + ) Y. g

= Z )\/ log Y} [cpk — ¢y log 29} dz (60)
k=1 79

+ tz cvk/ [wk + €0), — €0Yy — div(puYy) + &tdiv(Yng)} log ¥ dx

— tz Cpk / wi + €0y, — oYy, — div(puYy) + 8d1V(kag)] dz.
k=1
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Now, take (57)— [(58)dz—(59)—(60):

/DleYk VY, d.’B—i—Z/ Q+ | —i—)\’VIOng’)
k=1

2 (e +9) [VI]?
—i—)\;/ﬂ(log}/k) dx+/ﬂ/@'5,n 3 52 dz

_ . 2
+t/ <S”'vu+5+5 (8072 +2)1 Ve > da
Q

0 Y2 0

—(1—t)/QS77:Vudx—ktsé/S)(ﬁﬂ_lQﬂvLQQZ) dz

n
+t/ (L + 60810 dS+t/ (L+615‘B‘1)19—0 ds
o9 09 v

+ / (5 log ¥ + A3 log ﬂ)dS
8N {¥>1}

— / (6log19 FaE! logz?)dS — RHS,
80N {v<1} Y

where

RHS = t/ (L + 592 1) dS + t/ (L4 69P71) ds
oN 0N

—/ <e+m§) 10g19d5+/ (519—1 + mgﬂ log 9 dS
oQN{9<1} oQNn{9>1}

+t/gf-udx+t/5dx+t£6/ﬁ ggﬁ_ldm+t5(5/2ggdx
Q oV aB—1 Q

Ve @Vp ) e T
+t/qu<19—ﬁQ2> d:r—l—t/lev(Qu) <19+Q19> dz

+1 Z/ [wk log Y, + €0y, log Yy, — oYy log Yy, — div(ouYy) log Yk] dz
k=1 (61)

+t Z / ediv(YxVo)log Yy dz — tz Cok / [wk log ¥ + gy, log 19} dx
Q — Q

+t Z Cok / [5@Yk log ¥ + div(puYy)log ¥ — ediv(Y; Vo) log 19} dx
Q

+ Achk/ log Y, log ¥ dz — Achk/ log Y}, dz
k=1 Q k=1 Q
25

n
+ tchk/ [wk + €0, — ang} dz = ZIZ-.
k=1 @ i=1
Finally, from (56) and the renormalized continuity equation we see
lallf 2 + ted(llolls + IV 0™2(13) + ted(l|ell3 + IV ol13)

< t‘ /(7rdivu+ of -u) daz‘
Q
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and from the standard elliptic regularity for the continuity equation we also have
IVollg < Cle)(1 + [[elulllg), 1< g <oo.

Hence,
2 B 2112 2 2 2 2=
—2
[ull? o + ted(llells + IVeP2113) + tes([lall3 + I Vall3) < CH(1+ Hﬁ\l‘;zg), (62)

provided S > 2, and

65

1<q§76+2. (63)

_B_
Vel < C) (1 + 1915,

We can now estimate the terms on the r.h.s. of (61). First, note that we may easily
estimate the boundary integrals and the terms I5—Ig. In order to estimate terms Iy and
I1p, recall that we may write

1 - n
€ = ﬁg'y 1+19kZICUkYk = €c+ em.

We first estimate the part corresponding to e.. We have

Ve, WVQ) / . <ec 71')
t u ——— | dz+t [ divijouw) | —+ — ) dx
/QQ (ﬁ Ve N A
Vo : 1 ot ot
= —t gu-da:—l—t/dlvgu < +1+4 dz
/Q 0 Q (eu) vy—1 9 9
v oot
:t/ div(pu) <logg+ ) dx
Q -1 9

v 0!
:t/(sAg+sg—sg) 10gg+ dx
Q -1 9

_ [Vol? _
= —¢t dr — et olog odx + €t olog odx
Q @ {o>1} {e<1}
Y
—6t/ gloggdx—i—st/ olog odx — et CAN dx
{o<1} {e>1} oavy—1

=2 2 . 2071
ter / Vel g / Qw—lw dz + ti 0 4
Q 9 v—1Ja 0 v—1 9

Now, observe that the terms no. 1, 2, 3, 6, 7 from the r.h.s. of above are non-positive,
therefore they can be transferred to the Lh.s. of (61). The terms no. 4, 5, 8, 9 can be
then easily estimated by means of those terms and the rest of the terms from the 1.h.s. of
(61). This part of the proof is a repetition of arguments from [20] so we skip the details.
Next we take Ig(en,) + Iio(em) + 14 + I19 and get

tZ/ V(PeyiYy) + div(ou) (cor Yi) — div(gqu)long] dz

+ chk/ log ¥div(puYy) dx = t/ ou-Voy dz = —t/(sAg —e0+¢€0)oy du.
—1 Q Q Q
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Then, to handle the first term we use (55) and (62)

et‘/Vg-VUy dz| < et Volla||Voy |2
Q

n

B
< CEL+9155) Y A(IVIog Yill2 + 1/V1] log Yi|l2),
=2 k=1

»

which can be estimated by the Lh.s. of (61). The second term can be estimated similarly,
and the last term is non-positive.
Now, for I1; + Iis + I3, recalling that » ,_; wr = 0, we obtain

tZ/ wi(log Yy, — ¢y log ¥ + ¢pp) d
k=179

:tZ/wk(long—cvklogﬂ+cpk+logg) dx:t/zgkwkdxgo.
k=179 o v

Further, for I12 we use again (55) to write

n

I < tZ (/ €0y log Yidx +/ €0y, log kax)

k=1 Qn{y, <1} QN{Y;>1}
n

< tZ/ 0y Yidr < (1(1 +AD (VE|Viog Yill2 + | longH2)>
k=1 QN{Y;>1} k=1

and the terms on the r.h.s. of above can be now easily estimated by the L.h.s. of (61).
Next, I13 may be split into two parts, namely

n

I3 = —te Z (/ oYy log Yidx + / oYy log kaaj>
k=1 = /en{Yi>1} on{Yy<1}

< Cts/ odx < C(M).
Q

The term I;5 can be estimated similarly as Ig + I1¢ for e,,. The term I;7 can be easily
estimated by means of ¢ [, 2 da from the Lh.s. of (61).
For a > 0 small, we may write

n
Lig = €t/ QlogﬂchkYk dz
Q k=1

< Cst/ ol log¥|(oy — 1) da + C’ts/ o|log¥| dz
Q Q

\WIIE
< Cetllo||g(|loy — 1|2 + 1)(/8919}23 logd dS + /Q :‘igm(ﬁ)i‘ 192| dx

log 9 a
+ E/ it dS)
sonfv<1y U

A
(V105 Vil + [1og Yi[) + 5 [ 0% logaas
o0

+5/ s (8)| V9 da:—i—E/ log? 1.
4 Jqo 4 Joon{o<1y U
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To treat Isg, we will use the continuity equation to replace the highest order terms of the
density

Iy = —tschk/ div(YxVo)log ¢ dz

k=1
——tschk/ VY: - Vologd dx—tachk/YkAglogﬁ dz
k=1 k=1

VY2 N3 .
= Ctg(/ ZQ dﬂ?)QHUY - 1||22||VQH4||10g19||6
Qi Yy

— thvk/ Yi(eo — €0 + div(pu)) log ¥ dz

>/

n n )\ B
fZ (1V log Yill3 + [[log YilI3) + > [VV/Yill3 + 4/89?92 log 0 s
=1 k=1

1
/ Ogﬁdsﬁg/ 9B dS+€/ K| V0|2 da,
oon{o<1y Y 4 Joa 4 Ja

S

+
A~ o,

and

- ) — A
Iy = )\Z/ cor log Yy log ¥ da < ZZ | log Yz |5 + 4/ 97 log9dS
— /0 1 o0

+5/ g ()| V0)2 dx+€/ log? 1,
4 Jo 4 Joon{o<1y U

so, I18, Isg, I21 may be estimated by the Lh.s. of (61).

The terms Isg, I24 and Io5 are easy or can be estimated as above. Now we may employ
the standard elliptic theory (cf. [20]) to show that we can estimate log? and logY} in
W24(Q) for any q < oo, i.e. in particular, in W1°°(Q) independently of ¢. The proof of
Theorem 3 is finished. O

7 Proof of Theorem 2

7.1 Limit passage N — oo

Recall that in the previous section, we proved the following estimates (see (61) with ¢ = 1).
Note that the constant on the r.h.s. is independent of N, n and A\, however, may depend
on ¢ and §:

VAP s +ZHW'“' [+ 19051+ |52,

(64)
log ¥
1072+ Wlzoe+ | 25| |+ lells < C.
Moreover, (62) and (63) together with (33) imply
IV20ll2 + llufl12 + [ Vells < C. (65)
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Hence, we easily pass with N — oo in the continuity equation (33), in the weak formulation
of the momentum equation (34) and the weak formulation of the species mass balance
balance equations (36).

However, we cannot pass to the limit so easily in the internal balance equation due to
the presence of the term S, (¢, Vu) : Vu which is bounded only in L!(£2). Nonetheless,
we may proceed as in [20]: we may use as test function in the limit momentum balance
the function u to show that

lim S,(¥n,Vuy) : Vuy do = / S,(¥,Vu) : Vu dx
N—oo Jo Q

which yields the strong convergence of the velocity gradient in L?(Q2) and the passage to
the limit in the weak formulation of the internal energy balance (38) can be performed.
Let us stress that this is the only limit passage for which the strong convergence of the
velocity gradient can be shown. It is caused by the fact that the momentum equation may
be tested by the solution u only when n > 0.

7.2 Limit passage n — 07"

Hence, before the next limit passage n — 0T we must replace the internal energy balance
by the total energy balance. Note that at this level, they are still equivalent — we may test
the momentum equation by u — but this might not be true after the limit passage n — 0T.
To this aim, we use in the momentum equation as a test function uy with ¢ € C*°(Q) and
sum it with the weak formulation of the internal energy balance with the test function .

We get the weak formulation of the approximate total energy balance

1
— / |:Q€ + §g|u]2 + (7 +80° + 5@2)} u- Vi dz
Q

/ (Snu-qu)+629_ld)) dx+/m5n€+19Vz9.V¢ dz
Q o U

+ / (L + 69571 (9 — 9]) + elog ¥ + A2 log 9]y dS
o0
+ i Cvk/ [ﬂi ka)kNYl -V + 19(6(9 + 1)Yk + )\)md)} dx
k=1 Q" 5 i

= / of -uy dx + 5/ {SIVle(ﬂQﬁfz +2)+ (o° + Qz)divu}w dz.
Q Q
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Therefore, using the renormalized continuity equation we deduce

1
—/ [Qe—k§Q\U|2+(W+5Q5+5Q2)}u-v¢ dz
Q
—/ (Snu-vw—}—éﬁ_lqb) dx+//<;5n€+19V19-V1/1 dz
Q o U
—i—/ [(L+5193*1)(19—198)+€10g19+)\19§10g19}1/1dS
o9

+Y e [ﬁZYkaNYl VY + Ie(o+ DY + Nt vyl da
k Q- o Y

_ / of upp da 4 / (e836° 0 + oPu- Vo — eBoP) da
Q B—1Jq

+ 5/ (2e00¢ + 0*u - Vip — 2e0°¢) da
Q
for all ¢ € C*°(Q). Hence we may now use (64)-(65) to justify the limit passage n — 0%
and hence to verify the validity of (28)—(32). Theorem 2 is proved. O

8 Proof of Theorem 1

To finish the proof of the main theorem we subsequently pass with A — 0%, ¢ — 0" and
§—0t.

8.1 Limit passage A\ — 07

The first limit passage in this section is still based on estimates (64)—(65). Note, however,
that we cannot dispose with the estimate of ¥ in W'2(Q) anymore. On the other hand,
we still have from (55)

loy —1ll6 < C(A), (66)

with C(\) — 0 when A — 0. Therefore, combining estimate (66) with the second term
on the Lh.s. of (64) we get
IVl <C, (67

with C independent of X. Therefore, using (64), (65), (66) and (67) we may pass with
A — 0" and get
e the approximate continuity equation

ep + div(pu) = eAp + €p,

(68)
Vo -nlgo =0
e the weak formulation of the approximate momentum equation
1 1
/ (gu-Vu-¢— —o(u®u): Vg —S :V¢> dx
o \2 2 (69)

—/(7T+5Qﬁ+5g2)div¢ dx:/gf'¢dx,
Q Q

21



satisfied for each ¢ € C°(Q)
e the weak formulation of the approximate species balance equations

6/ Y00 dx — / Yiou - Vo dx +/ ZYkﬁleYl -Vy dx
Q Q Q5 (70)

- / [wkw — 20VYy - Vi + ediv(Yp Vo)t — eVY), - Vi + eppib| da,
Q

satisfied for any ¢ € C*°(Q) (k=1,2,...,n)
e the weak formulation of the approximate total energy equation

1
— / [Qe + 5Q|u]2 + (m+60° + 5@2)]u -V dx
Q

—/ (su.wwﬁ—lw) dx—i—/n(;g—i_ﬁVﬂ-Vw dz
Q Q 9

+/ [(L+ 6977 1)(9 — o) + elog¥]y dS
o0

+ / |:19 Z Ckakﬁle}/l -V + 1926(@ + 1)CkaYk -Vy| do
Q5 pi=1 k=1

_ / of upp da 4 0 / (830" + oPu- Vo — eBoPy) da
Q B—1Jq

+4 / (2e00Y + o*u - Vb — 2e0%) dz
Q
satisfied for any v € C°°(Q).

8.2 Limit passage ¢ — 07"

At this step we loose all the control of the density, except for the L'-bound due to the
given mass. On the other hand, due to (66), we know now that oy = 1 which leads to the
bounds (recall Y}, > 0)

0<Y, <1, Vke{l,2,...,n}

Unlike the situation before, we may also deduce from the first term on the lhs of (61)
additional bound on VY. Employing again oy = 1, we have

/ > DuVY VY dz > C|VY |3
Q=1

Further, due to the Korn inequality and the form of the viscous tensor, we control the
Wh2-norm of the velocity. We can therefore estimate most of the terms on the r.h.s. of
(61) and get (cf. [20])

— — B
¥ Iz + 1V lloo + V92 [l2 + 19l 5002 + [9]l3m + 1971

(72)
107 o + e < 0(1+ [ of ).
Q

However, due to lack of sufficient density estimate, the boundedness of the r.h.s. of
(72) has to be verified. Note that the momentum equation is in fact the same as in the
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case of the compressible Navier—-Stokes—Fourier system studied in [20], so, we may apply
the same technique to obtain the so called Bogovskii-type of estimates. Following [20], we
use as test function in (69) the function ¢, solution to

. 2 1 2
dive = 037 — A 037 dz,  ¢lan =0.

For more information on the Bogovskii operator, we refer the reader to [23], Lemma 3.17
and to [6]. In consequence of this testing we may obtain the additional bound on g, namely

5, < C
lellgs < ©

Thus we may pass to the limit in (68)—(71) and get
e the weak formulation of the continuity equation

/Qu-Vzpdx:O,
Q

for all ¢ € C*°(92)

e the weak formulation of the approximate momentum equation

—/Q(‘Q(u®u):V¢—|—S:V¢) dz

—/ (Q19 + 07+ 6(0% + 92))div¢ dz = / of - ¢ dux,
Q Q

for all ¢ € C5°(2)
e the weak formulation of the approximate species balance equations

—/ Yiou- Vo do + / Y} ZDkl(ﬂ,?)VY} -V dx = / wit dux,
Q Q = Q

forallp e C*(Q), k=1=2,...,n
e the weak formulation of the approximate total energy equation

- 1
- / [QﬂZcukYk + §@|u12 + (00 + 5 : 707+ (0% + @2))}11 Vi dz
L k=1 N
—/ (su-wwﬂ*lzp) dx—i—/ kYO - Vi da
Q Q

—|—/ (L+ 5’[9B_1)(19 — o) dS + / 9 Z ok Ye D VY, - Vi dx
0 Q 2o

:/QQf-u@Zde—HS/Q(51_1Q6+Q2>U'V1/’) dz

satisfied for any ¢ € C*°(92).
Now, and in the sequel, the bar denotes the weak limit of the corresponding term, for

instance o7 = lim._,o+ o in the sense of the weak convergence in L% (€2). Recall that since
0 € L?(2), we also have (see e.g. [9]) the continuity equation satisfied in the renormalized
sense (cf. Definition (2)).

Next, we should also show the strong convergence of the density. Since this can be
shown exactly as in [20] and we meet similar problems in the next subsection when passing
with 6 — 07, we skip here all details. Hence we may remove the bars in (73) and (74).
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8.3 Limit passage 0 — 07

Last subsection is devoted to the limit passage § — 0T, i.e. to the final step of the proof
of Theorem 1. Similarly as in the previous section, we may use the entropy inequality to
deduce a-priori estimates independent of . However, in this case, we must proceed more
carefully.

The main idea is that unlike the previous limit passage, we subtract the total energy
balance tested by a constant function from our entropy estimate and deduce estimate of
the type

IVY )3+ V02 13 + ullf 5 + 107|100
B 1
(VO[5 + V723 + [0l + 97 2[l.00) < CA+ 8197 [1,00). (75)

Recall that as oy = 1, we also have
¥ ]l < C.

From the total energy balance tested by a constant function we deduce

19

1o+ 81900 < C(1+] [ on-£ de]+6197"]1). (76)

To get rid of the §-dependent terms we use once more the Bogovskii-type of estimates, i.e.
we test the momentum equation by ¢ — a solution to

M
divgp = 0 — ——

) 4"89 =0.
€2

This allows us to get a bound

+1
Sllellfty <

which can be employed to get rid of the §-dependent terms in (75) and (76). It yields

IVY 3+ 1V oo + IV9% 13 + [[ullf 2 + 97 11,00 -
B _1 _ _
+ (VO3 + [VOT2 )3 + 0721 + 197?100 < C

and
[9ll3m < C(1+[ells)- (78)

The details can be again found in [20].

Thus we need now additional §-independent estimates of the density. To this aim, we
employ again the Bogovskii-type estimates i.e. we test the momentum equation by ¢ — a
solution to

. o 1 o
divg = o —Q/Q dz, ®laa = 0.
Q[ Ja
‘We obtain
/ (w(0,9) + 6(0” + 0%)) 0™ dw = _/ o(u®u): Vo dz
Q Q

- / (S(¥,Vu) : Vo — of - ¢) dz + 1 (p(o,9) + 5(0° + 92)) da:/ 0% dz
Q Q[ Jo Q
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and we show the estimates of the most restrictive terms. The convective term yields

| [ etw ) Ve da] < Clelhalulfllol i

(v+a)—3

which leads to the restriction 0 < o < 2y —3 for v > % The stress tensor can be estimated

| /Q S(9, V) : V4 da| < C(1 + [[9]am)|

< mo
Jom < O(1+lolfo)llolf ma

which leads to restriction 0 < o < 3m +27, m > 3

Thanks to this we get, in addltlon to (77) and (78)

3m — 2 }

llolly4a < C, where 0 < a < min {27 -3, s

with v > % and m > % Using these bounds we may pass to the limit in our system to get
the weak formulation of the continuity equation

/ ou-Vy dz =0,
Q
for all ¢» € C*°(Q), and in the weak formulation of the approximate momentum equation
—/ (o(u®u): Vo +S:Ve) dx—/ (Qﬁ—l—ﬁ)divqb dx :/ of - ¢ dz,
Q Q Q

for all ¢ € C§°(Q2). Note that here we used that g5 converges weakly to g in L7T(Q), J
converges strongly to 9 in L(Q) for any ¢ < 3m. Again, o7 stands for the weak limit of

“+a
0, in L (€2). Note also that all the §-dependent terms tend strongly in L'(Q) to zero.
It is also not so difficult to pass to the limit in the species balance equations to get

/Ykgu Vi dm—i—/YkZDleY Vi dx—/wkw dz,
Q Q

=1

forallp € C®°(Q), k=1,2,...,n, under the assumptions that the growth in the Dj; term
with respect to temperature is belovv . Anyway, we get a stronger restriction below.
We get the weak formulation of the total energy balance in the form

/[QﬁchkYk+ Q|u|2+gi9+ 1Q7}u Vi dx—/Su-Vw dx
Q Q

—i—/ﬂfsVﬁ-Vz/de—i—/BQL(ﬂ—ﬁOWdS

+/ 9 ek YD VYi - Vi da = / of -uy dz
Q Q

k=1

satisfied for any 1 € C*°(Q), under several additional restrictions. First of all, we must
assume that Dy (¥,-) < C(149?) for a < 222, In order to pass to the limit in the term
o0s|us|*us we must require that the density is bounded in LP(f2) for some p > 2 and to
pass to the limit in the term with the stress tensor we must require that ¥s — ¥ strongly
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in L9(Q) for ¢ > 3. This leads to the restrictions m > 1 and v+ a > 2, i.e. v > g and
m > 1. In order to finish the proof, we have to remove the bars over certain nonlinear
quantities which requires that gs — o strongly in L(€).

The last step of the proof of main theorem is hence to show the strong convergence of
the density. Here we follow the ideas due to P.-L. Lions [14] developed for the isentropic
flows, used in the context of the heat conducting fluid in [16] for constant viscosities
and in [22] for temperature dependent viscosities. Due to the uniform L? bounds of the
density, we can directly employ the renormalized solution to the continuity equation and
no truncations in the test functions are needed.

We first verify the validity of the effective viscous flux identity in the form

(09 + 7)o — (u(¥) + v(9))e*diva = 0 + 07 0% — (u(V) + v(¥))e*divu,

with @ > 0 from the estimates above. It can be shown exactly as in Lemma 8 in [21]
(with « instead of ©). It is based on testing the momentum equation before and after
limit passage by &(x)VA™!(1q0§) and by £(z)VA~!(100%), respectively, and on proving
certain limit passages via compensated compactness technique. Next we may verify (note
that both ¢ and ps belong to L?(2)) that the following versions of the renormalized
continuity equation hold true
div(g§us) + (o — 1)p§divus = 0

and

div(o®us) + (o — 1) p*divu = 0,

both in the sense of distributions in R3. Hence (see [23, Lemma 4.39])
l1-a

diV((Qa)éu) = (Qo‘)éfl(gadivu — o%divu).
Therefore
(%) l—a 1 (00 +07)0% — o+ 07 o°
d Q) o — = —_— Q) o 1 79
iv(((e®)« — 0)u) — (%) 0) T (D) , (79)

again in the sense of distributions in R3. Testing (79) by v = 1 reads
—1o1(ed + 07)e — oV + 07 o*
0%) dx = 0.
L@ w(0) + (0)

It is easy to verify that g5 — 0 in L*({0® = 0}). Thus the monotonicity of ¢ + #7 and the
strong convergence of the temperature yield

Q1Y + ot = o7 o + Voo™
As ¥ > 0 a.e. in Q, we obtain p® = p® which implies
olta = plte a.e. in Q.

Whence the strong convergence of the density. The proof of Theorem 1 is now complete.
O
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