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December 11, 2014

Abstract

We consider here asymptotic models that describe the propagation of one-dimensional internal
waves at the interface between two layers of immiscible fluids of different densities, under the rigid
lid assumption and with uneven bottoms. The aim of this paper is to show that the full justification
result of the model obtained by Duchéne, Israwi and Talhouk [to appear in SIAM J. Math. Anal,
(arXiv:1304.4554v2)], in the sense that it is consistent, well-posed, and that its solutions remain close
to exact solutions of the full Euler system with corresponding initial data, can be improved in two
directions. The first direction is taking into account medium amplitude topography variations and
the second direction is allowing strong nonlinearity using a new pseudo-symmetrizer, thus canceling
out the smallness assumption of the Camassa-Holm regime for the existence and uniqueness results.

1 Introduction

1.1 Presentation of the problem

In this work, we are interested in the propagation of internal waves in a two-fluid system, which consists
in two layers of immiscible, homogeneous, ideal, incompressible fluids of different densities, under the
only influence of gravity. The domain of the two layers is infinite in the horizontal space variable
(assumed to be of dimension d = 1). We assume medium amplitude topography variations (non-flat
bottom) and that the surface is confined by a flat rigid lid.
The derivation of the governing equations of such a system is not new: see [2], [5] and [I6]. Under
the aforementioned configuration, the governing equations describing the evolution of the flow may be
reduced to a system of two coupled evolution equations located at the interface between the two layers
(see [121,82] for the water-wave configuration, and [5] for the bi-fluidic case), named full Euler system. In
particular, the well-posedness in Sobolev spaces of the Cauchy problem for bi-fluidic full Euler system
has been answered satisfactorily in the presence of a small amount of surface tension, see [22] (that
is, with an existence of solutions on a time scale consistent with physical observations). However, the
theoretical study of this system is extremely challenging.
Because of the complexity of these equations their solutions are very difficult to describe, this explains
why a great deal of interests has been drawn to asymptotic models, in order to predict accurately the
main behavior of the system, provided some parameters describing the domain and nature of the flow
are small. Parameters of interests include

i a ap dy P1 g(p2 — p)N?

= 19 € = 75 = 76:77 = 7BO:77
A2 o 7T T o o

where a(resp. ap) is the maximal vertical deformation of the interface(resp. bottom) with respect to its
rest position; A is a characteristic horizontal length; d; (resp. ds) is the depth of the upper (resp. lower)
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layer; and p; (resp. p2) is the density of the upper (resp. lower) layer, g the gravitational acceleration, o
the interfacial tension coefficient and Bo the classical Bond number, which measures the ratio of gravity
forces over capillary forces. In the following we use bo = pBo instead of the classical Bond number,
Bo. Mathematically speaking, ;1 and € measure respectively the amount of dispersion and nonlinearity
which will contribute to the evolution of internal waves. Let us introduce some earlier results directly
related to the present paper.

Bona, Lannes and Saut [5] followed a strategy initiated in [3| 4] in the water-wave setting (one layer
of fluid, with free surface) to derive a large class of models for different regimes, under the rigid-lid
assumption, neglecting surface tension effects and with flat bottom, (see also [2] where a topography
and surface tension is added to the system, and [I4] where the rigid-lid assumption is removed). Shallow
water (¢ < 1) asymptotic models for uni-dimensional internal waves have been derived and studied in
the pioneer works of [25] 26, [27]. More recently, weakly (e = O(u)) and strongly (e ~ 1) nonlinear models
in two-dimensions have been derived by Camassa and Choi in [9, [10]. They obtain bi-fluidic extensions
of the classical shallow water (or Saint-Venant [29]), Boussinesq [0} [7] and Green-Naghdi [19], 30] models.
Similar systems have been derived in [28] (with the additional assumption of v &~ 1) and in [I1] (using
a different approach, i.e. making use of the Hamiltonian structure of the full Euler equations). The
models derived in these papers are systematically justified by a consistency result: roughly speaking,
sufficiently smooth solutions of the full Euler system satisfy the equations of the asymptotic model, up
to a small remainder.

Contrarily to the water-wave case, large amplitude internal waves in a bi-fluidic system are known
to generate Kelvin-Helmholtz instabilities that appear at high frequencies , so that surface tension is
necessary in order to regularize the flow. However, when adding a small amount of surface tension,
Lannes [22] proved that, thanks to a stability criterion, the problem becomes well-posed with a time
of existence that does not vanish as the surface tension goes to zero and thus is consistent with the
observations. Therefore, adding a small amount of surface tension at the interface in the FEuler system
guarantees the well-posedness of the system and does not change our asymptotic models. The study of
Lannes focuses on the two-layer fluid system with a flat bottom (8 = 0). However, we believe that the
theory in the uneven bottom case does not differ much from the one in the flat bottom configuration.
In [20], the well-posedness and stability results have been proved for bi-fluidic shallow-water system , and
in [I5] for a class of Boussinesq-type systems, neglecting surface tension and under reasonable assump-
tions on the flow (typically, the shear velocity must be sufficiently small). However, the well-posedness
of the Green-Naghdi model in the bi-fluidic case is not clear, and similar systems have been proved to
be ill-posed in [24], which has led to various propositions in order to overcome this difficulty; see [8] [13]
and references therein. Green-Naghdi models consist in higher order extensions, which has since been
widely used in coastal oceanography, as it takes into account the dispersive effects neglected by the
shallow-water model, thus are consistent with precision O(u?) instead of O(u), and allows waves of
greater amplitude (whereas Boussinesq models are limited to the long wave regime: € = O(u)). Finally,
we mention the recent work of Xu [31], which studies and rigorously justify the so-called intermediate
long wave system, obtained in a regime similar to ours: e ~ /i1, but 6 ~ /1.

In this work, we present a Green-Naghdi type model in the Camassa-Holm (or medium amplitude)
regime € = O(\/it) and we assume medium amplitude topography variations. More precisely, we assume
that there exists Bmar < 00 such that

ﬁ = (’)(\/ﬂ) with B S [0; Bmaa:]~

We improve in this paper the existence and uniqueness results obtained in [I7] using a new pseudo-
symmetrizer, thus canceling out the smallness assumption € = O(/i) and we prove that our Green-
Naghdi model is fully justified as an asymptotic model for a set of dimensionless parameters limited to
the so-called Camassa-Holm regime, that we describe precisely below.
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We first consider the so-called shallow water regime for two layers of comparable depths:

Psw = {(‘u,e,(;,”y,ﬁ,bo): 0 < g < Hmax, 0 < € < 1, 0 € (6min, Omax),
0 <9 <1, 0= 85 fnas bomn bo<oo b, (L1)

-1

. . 1
with given 0 < pimax, 0,55 Omax, POy, Bmax < 00.

The two additional key restrictions for the validity of the model (3.9) are as follows:

14~5 1
= e<M <M _—— — > 1.2
7DCH {(M7€76a7765b0) S 73SVV €= \/Ha B = \/ﬁ and v 35(7+5) bo = o }a ( )

with given 0 < M, 1/0_1 < 00.
We denote for convenience
_ -1 -1 _ -1
MSW = max {,Umaxa 6mina 6max7 bominv ﬁmax}a MCH = Inax {MSW7 Ma Yy }

We prove that the full Euler system is consistent with our model, and that our system is well-posed
(in the sense of Hadamard) in Sobolev spaces, and stable with respect to perturbations of the equations.

1.2 Organization of the paper

We start by introducing in Section 2 the non-dimensionalized full Euler system and the Green-Naghdi
model.

In Section 3, we present our new model where the asymptotic model is precisely derived and motivated.
Sections 4 and 5 contain the necessary ingredients for the proof of our results.

In Section 6, we explain the full justification of asymptotic models and we state its main ingredients.

We conclude this section with an inventory of the notations used throughout the present paper.

Notations In the following, C; denotes any nonnegative constant whose exact expression is of no
importance.
The notation a < b means that a < Cy b and we write A = O(B) if A < Cy B.
We denote by C'(A1, A2,...) a nonnegative constant depending on the parameters A1, Ag,...and whose
dependence on the )\; is always assumed to be nondecreasing.
We use the condensed notation

As = Bs + (Cy)

§>s 7

to express that A; = B, if s <sand A; = B; +C, if s > s.
Let p be any constant with 1 < p < oo and denote LP = LP(R) the space of all Lebesgue-measurable
functions f with the standard norm

e = ([ 1@)lra)”” < .

The real inner product of any functions f; and f» in the Hilbert space L?(R) is denoted by

(f1>f2)=/Rf1(:c)f2(:c)dx.

The space L>® = L*°(R) consists of all essentially bounded, Lebesgue-measurable functions f with the
norm

|f|> = esssup |f(z)| < oc.
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Let k € N, we denote by W = Wh=(R) = {f € L, | flyr. < oo}, where | flyre = D [0 f|Le~.
aeN,a<lk

For any real constant s > 0, H®* = H*(R) denotes the Sobolev space of all tempered distributions f

with the norm |f|zs = |A®f|2 < 0o, where A is the pseudo-differential operator A = (1 — 92)'/2.

For a given 1 > 0, we denote by H;!(R) the space H*"'(R) endowed with the norm

2 _ 2 2
| |H,i+1 = | [ ool e

For any function u = u(t, ) and v(¢,z) defined on [0,7T) x R with T > 0, we denote the inner product,

the LP-norm and especially the L?-norm, as well as the Sobolev norm, with respect to the spatial variable

xz, by (’LL,’U) = (U(t, ')7U(t7 ))a |U|LP = |u(ta ')|Lpa |u|L2 = |u(ta ')|L2 ) and |u‘H5 = |U(t, ')|H57 respectively.

We denote L>*([0,T); H*(R)) the space of functions such that u(¢,-) is controlled in H?®, uniformly for

tel0,T):

= esssup |u(t,)|g: < oo.

HUHLW([O,T)?HS(R)) te[0,T)

Finally, C*(R) denote the space of k-times continuously differentiable functions.

For any closed operator T defined on a Banach space X of functions, the commutator [T, f] is defined
by [T, flg=T(fg) — fT(g) with f, g and fg belonging to the domain of T. The same notation is used
for f an operator mapping the domain of T into itself.

2 Previously obtained models

2.1 The full Euler system

The equations governing the evolution of the aforedescribed system in the introduction read (using
non-dimensionalized variables and the Zakharov/Craig-Sulem formulation) [12} [32]:

0¢ — lG‘Lw = 0,
1
O (H"") = 10,0) + (v +0)0:C + 0. (IH* [ —1|0.12) (21)

_ 5 et 9a(kleymQ)
- /LanNu H bo 6\/}7 )

where we denote
(L6149 + (@O HP ) — y(LGHp + €(0:0) (01)))
2(1 + ,Uz|€axd2)

¢(t,x) represent the deformation of the interface between the two layers and b(x) represent the defor-
mation of the bottom, 1 is the trace of the velocity potential of the upper-fluid at the interface.

2

NS =

. _ 1 .
The function k(() = —0, (7\/m8zc ) denotes the mean curvature of the interface and o the surface

(or interfacial) tension coefficient.

We will refer to (2.1) as the full Fuler system, and solutions of this system will be exact solutions
of the problem.

Finally, G* and H**° are the so-called Dirichlet-Neumann operators, defined as follows:

Definition 2.2 (Dirichlet-Neumann operators) Let ( € H*TY(R), to > 1/2, such that there exists
ho >0 withhy = 1—e( > hg >0 andhy = 2+e(—Bb> hg >0, and let) € LY (R), 0,¢ € HY/?(R).
Then we define
G’LQ/) G“[edw =1+ ,U|€8x§|2(an¢1) |z=e§ = _He(axC)(axQzH) |z=s( + (82(251) |z=eC s
Hu76¢ = Hu76[€C7ﬁb]¢ = a:z: (¢2 |z:e( ) = (az¢2) ‘ZZEC + e(azC)(az(bQ) |z:e( y
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where ¢1 and ¢o are uniquely defined (up to a constant for ¢2) as the solutions in H*(R) of the Laplace’s
problems:

(pd2 + ) ¢1=0 inQ ={(z,2) €R? (z) <z<1},

0.1 =0 on Ty ={(z,2) e R?, 2z =1}, (2.3)
¢1 =1 onT ={(x,2) € R?, z=e(},
(pd2 + 02) ¢2=0 inQy={(z,2) €R? f%+[3b(:ﬂ)<z<e§},
8n¢52 = an¢1 on Pa (24)
Ontp2 =0 onTy ={(z,2) €R?, z=—1+ Bb(z)}.

The existence and uniqueness of a solution to (2.3))-(2.4), and therefore the well-posedness of the
Dirichlet-Neumann operators follow from classical arguments detailed, for example, in [23].

2.2 The Green-Naghdi model

The key ingredient for constructing shallow water asymptotic models lies in the expansion given in [14} [I§]
of the Dirichlet-Neumann operators, with respect to the shallowness parameter, ;. Thanks to such an
expansion, one is able to obtain the so-called Green-Naghdi model (for internal waves). This model has
been introduced in [I6] (with a flat bottom) and generalized in [Ig]. It is also convenient to introduce
a new velocity variable, namely the shear mean velocity v is equivalently defined as

V= Uy — YU (2.5)

where u; and wo are the horizontal velocities integrated across each layer:
1 (t,
ur(t,x) = ﬁfec(t,w) Opt1(t,x,2) dz and ug(t,x) = h (t = f5<1+2b(x Op2(t,x,2) dz, where ¢; and

@2 are the solutions to the Laplace’s problems 1)
The expansions of the Dirichlet-Neumann operators may be written in terms of the new variable v.

Plugging the expansions given in [I8, Proposition 7] into the full Euler system ([2.1), and withdraw-
ing all O(p?) terms yields ( in the unidimensional case d = 1),

¢ + am(mhiihj@v) — 0,

h? — yh} 02) _ (2.6)
(h1 +vh2)?

— )
Meaw (R[hla h2] ) + ML63C’

7 (U + MQ[hth]v) + (v+0)0.¢ + %(%(

where we denote hy =1 — e and hy = 6~ + € — 3b, as well as

_ B hiv —hav
Qlh1, ho]v = T[’bﬂﬂ(m) - VT[h170](m>7
L (e ) sl ()Y ) e
o 3ho Ou (h28$(h1 +’Yh2)> + 2h2ﬁ{ax (h2(8$b) hi +’Yh2) h2(8Zb)8z(hl + ’7h2)}
20,002 (—1Y ) [ g, (n3a, (— 120
B0 () g (e G|
_ 1 hyv hiv N2y —hav (N2
Riha, hav o 2( 20, (h1 +’Yh2)+5( )(h1 +’Yh2)> 2<hlaﬂ:(hl +7h2)>

hl’U —hQ'U —hQU

hl’U
_ h b h _
ooy Tl 8 }(hlﬂ@)ﬂ(,hﬂwm 1,01(h1+7h2),
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with,
TV = Z20.(0,V) + o2 [0.(R2(0.0)V) — h2(D,8)(D: V)] + (2,0)2V

If additionally, one assume medium amplitude topography variations, then the above system may be
simplified. More precisely, we assume that there exists (3,4, < oo such that

ﬁ = O(\/p,) Wlth ﬁ S [Oyﬁmaw]

Withdrawing again O(p?) in (2.6) terms, one obtains

hiha ) _ o0,

%) Op| ————
¢ + (hl +’yh2v

h% _’Yh% v2) _ (2.7)
(h1 + ’yh2)2

O <U + M(Q[hl,hzf]v+57’[h1,h2f]v)> + (Y +68)0:¢ + gaw(
e (Rlbs, hoglo + S hs, haglo) + 2o,

where we denote hay = §7 + €( (f corresponds to flat topography) with

Olhi, hoflv = T[th,O](ﬂ)—vT[hl, ](&)

hi + vhay hi + vhay
and
Plhi hoglv = 3h12ff9 ( (hag)?b0 ( h1+7h2f ) 3h2f (h2f) (M))
o (h1+7h2f)>
+ %ch{ﬁx((hw) (9:0) - +~yh f) 34 (9:0)0 (hlﬁl;}hw)}
= g (o (G )] - g (W0 )]
and

_ 1 _hv N2 _—hagv \\?
Rlhi, hoylv = 2(h2f8m(h1+’)’h2f)) Q(hlax(h1+7h2f>)

B (h1 T;)hgf)[_ :ahlgf‘9 ( 210 (hﬁyvhzf))}

+ (i) a2 (2 )




December 11, 2014 Samer Israwi, Ralph Lteif, Raafat Talhouk 7

and
Slhy,hoglv = thax(}%)[thaz(m)—baz(hlf;’hzf)]
= h2p(9:b) (h1 il;thf)ax(hl J}T;}hzf)
# (o2 e (G o) = e (o)
- }%[;am(hgfam((hlﬁﬁ;ﬁ )+ 3]112fam(3h§fbax(mf;’hw))
_ %b%faz(hgfbax(}%))}
- gl (h%,c(amb)hlfjh%) - h%f@mb)ax(,hf;’,m)]
S CE=rm bl C i)
< (i) oo (G - )

bk b h
+ 7((m 172];:)2 T +:h2f) {317181 (10 j{;;@f)ﬂ

Remark 2.8 The following approximation formally hold using that:
1
—— =1+ X+ X%+ O(X?) with X << 1,

1-X
1 B 1
h1 +~vha hi 4 yhay —vf3b
_ 1
B vBb
h h l1l-—
( Lty 2f)( h1 +’7h2f>

_ 1 (1 7B8b (78b)?
= ———(1+
(h1 + vhay) hi +~hay  (hy + vhay)?

+0(5Y).

Proposition 2.9 (Consistency) For p = (u,¢,6,7,,bo) € Psw, let UP = (¢, 4*)T be a family of
solutions of the full Fuler system (2.1) such that there exists T > 0, s > so+ 1, so > 1/2 for which
(CP,0,0P) T and (9;CP, 0:0,4") T are bounded in L°°([0,T); H**N)2 (N sufficiently large), uniformly with
respect to p € Pgw. Moreover, assume that b € H5N and there exists ho1 > 0 such that
h1:1—€C:p > hor >0, hzle/(s—l-GCp > hor >0, h2:1/6+6Cp—ﬂbZh01 > 0.
Define v* as in [2.5). Then (CP,v*)T satisfies (2.7) up to a remainder term, R = (0,7)7, bounded by
7]l oo 0,7y 115) < BPC,

with C; = C(hall, Msw, |b] s+, ||(CP, (9$1/)p)THLoo([07T);Hs+N)2, (0P, 8ta$1/)p)T||Loo([07T);Hs+N)2), UNi-
formly with respect to p € Psw .

Proof.
This results has been proved in [I8, Proposition 8] for the system (2.6). So the proof is straightforwardly
adapted to the simplified system (2.7)), using in particular the following estimates, valid for s > 1/2:

1 1
|h1 +’7h2 hy +’Yh2f
1 1 v8b o
- - s < B2C (Wit 1CP s
|h1+7h2 hi+~hoy (M +7h2f)2|H < B*C(hoy » I€* 1)
see, for example, [23] Proposition B.4]. -

me < BC(hyt', |CP

H) b|Hs;

b2 |me;
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3 Construction of the new model

The present work is limited to the so-called Camassa-Holm regime, that is using additional assumption
€ = O(y/;t). In this section, we manipulate the Green-Naghdi system , systematically withdrawing
O(u?, ue?, ueB) terms, in order to recover our model.

One can check that the following approximations formally hold:

Olh1, haflv + BPlh1, haflv = —\02v — em ((0 — a)vd2¢ + (a + 20)9, (CO,v) — 6CO2v)
B%M ((% +0,)092b + (a1 + 2601)0, (bdyv) — 91ba§u)
0(6276/3)7

_ _ 1 1

R[h1, haflv + BS[h, haoylv = « <2((’“)ng)2 + 3v6§v) + O(e, B).

with )
1470 11—« (1+70)(0° =)
3(v+0) " “ T (v+o02 ™ S(y+0)3 (8-1)
and 5 )
1 1+~
= and g =" 3.2
R N CE 32

Plugging these expansions into system yields a simplified model, with the same order of preci-
sion of the original model (that is O(y?)) in the Camassa-Holm regime. However, we will use several
additional transformations, in order to produce an equivalent model (again, in the sense of consistency),
which possess a structure similar to symmetrizable quasilinear systems, and allows the study of the
subsequent sections.

Using the same techniques as in [I7, Section 4.2] but with a different symmetric operator T[eC, 8b]
defined below, we obtain the following equation:

TeC, Bb](0pv + esv0,v) — q1(€C, Bb)0; (U + 1(Q[h1, haflv + BPha, th]'U)>
(e, 800 2+ s (¢, 80)0, (Rl haglo + 5STh, b))

— ecqi(eC, Bb)viyv — ue%o‘am((axu)?) + 1Bw(D50)(92D) + O(u?, e, peB)  (3.3)

where we denote w = (v _g Ji (% + 91) and
TeC, BV = qu(eC, B0V — puvd, (qg(ec, Bb)(')IV), (3.4)

with ¢;(X,Y) =14+ kX +w;Y (i =1,2) and v, K1, K2, w1, wa, s are defined as follow:

_ 1 149 1

vo=A bo  35(y+6) bo’ (3:5)
1 ) 1
M=o = =20 -a), (A= o)Re = (v +0)0, (3:6)
1 +4 1 +34

A= podwn = =5, (A= poJws = _0 200, 420y, (3.7)

1 200 — 0 1 62—+«
A=po)s 3 bo (6 +7)2° (3:8)
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When plugging the estimate (3.3)) in (2.7), and after multiplying the second equation by g;(e(, 8b), we
obtain the following system of equations:

hihs
0¢¢ + 0y (hl—i—'yhgv> = 0,
. (3.9)
TeC, 5] (D -+ esv0s0) + (3 + )1 (€, B0 + 501 (€. 80), (Gl fof? — olof?)
= —M%Oﬁx((axv)Q) + 1w (0:¢)(92b),

Proposition 3.10 (Consistency) For p = (u,¢,6,7,3,bo) € Psw, let UP = (CP,yP)" be a family
of solutions of the full Euler system (2.1 such that there exists T > 0, s > so+ 1, so > 1/2 for
which (P, 0,9P) T and (0:CP,0;0,9") " are bounded in L>=([0,T); H**N)2 with sufficiently large N, and
uniformly with respect to p € Psw. Moreover assume that b € HTN and there exists hgy > 0 such that
h1:1764p2h01>0, hgf:1/5+€Cth01>O, h2:1/6+ecpfﬂb2h01>0. (Hl)

Define v* as in [2.5). Then (¢P,vP)T satisfies (3.9) up to a remainder term, R = (0,7)T, bounded

by
7]l o 0,7y 1) < (4 + pe® + peB)C,

with C = C(hgy', Msw, bl e+, [1(¢P, 0ut0P) T || Lo (o, rysmre+ 3 )2, [1(86CP, 0200t ) T | oo (0,5 11543)2)-
Proof.
Let U = ({,%)" satisfy the hypothesis above( withdrawing the explicit dependence with respect to

parameters p for the sake of readability). We know from Proposition [2.9|that (¢,v) T satisfies the system
[2-7) up to a remainder Ry = (0,79) " bounded by,

IrollLosjo,7):m5) < u2Ch,

with C1 = C(hgy', Msw, [0l g+, [[(CP, 829P) || oo (fo,1ys 110432 11(0eCP, 0:0u90P) T || Lo 0,1y 54+ ¥ 2 ), umii-

formly with respect to p € Psw.

The proof now consists in checking that all terms neglected in the above calculations can be rigorously

estimated in the same way. We do not develop each estimate, but rather provide the precise bound on

the various remainder terms. One has

v+
3

) ((% + 01)v02b + (01 + 201), (b9,v) — elbagv) ] ‘HS
< (€ +ef)C(s +3),

with 0(5 + 3) = C(Msw, halla |C|Hs+37 |atC|Hs+2a |U’H5+3’ |6tv|Hs+2? |b|H5+3)’ and

O (B — a)v02¢ + (a + 2B)05(COxv) — BCO2V)

9 (Qlh1, haoglv + BP[h1, haglv) — [ — AOZ0yv — €

v+90

+63

0u (Rl haglo + 881, haglo) = Bua(5(000)? + 300%0)]| < (e +8)C(s +3).
It follows that is valid up to a remainder R;, bounded by
[Rilme < (4° + pe® + peB)C(s + 3)
Finally, (¢, v) satisfies up to a remainder R, bounded by
|R|pe < |Rilms + |Rolms < (1 + pe® + peB)C.

where we use that
‘U’HS+3 + ‘8tU}HS+2 <C.

The estimate on v follows directly from the identity 8x(h1hjr’fjl2 v) = —iG“*WJ = 0;¢. The estimate

on Jyv can be proved, for example, following [T4, Prop. 2.12]. This concludes the proof of Proposition
. 10
|
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4 Preliminary results

In this section, we recall the operator T[eC, 3], defined in (3.4):

TeC, BV = qu(eC, BO)V — puvd, (qQ(eg, ﬁb)an). (4.1)
with v, k1, K9, w1,ws are constants and v = LMS — i > >0
s vl 2, W1, W2 - 35(’74’»5) bo = 0 .

The operator T[e(, Sb], has exactly the same structure as the one introduced in [I7]. In the following,
we seek sufficient conditions to ensure the strong ellipticity of the operator ¥ which will yield to the
well-posedness and continuity of the inverse 1.

As a matter of fact, this condition, namely (and similarly the classical non-zero depth condi-
tion, ) simply consists in assuming that the deformation of the interface is not too large as given
in [I7] but here we have to take into account the topographic variation that plays a role in and
in . For fixed ( € L*> and b € L, the restriction reduces to an estimate on emax’de + Brmax|b| L
With €max = min(M/fimax, 1), and — hold uniformly with respect to (u,€,d,v, 8,bo) € Pcn.

Let us shortly detail the argument. Recall the non-zero depth condition

d ho1 >0, suchthat inf Ay > hgy >0, inf hgf > hgr >0, inf hy > hg1 > 0. (Hl)
z€R z€R z€R

where hy =1 — € and hy = 1/0 + € — b are the depth of respectively the upper and the lower layer
of the fluid and hoy = 1/6 + €( the depth of the lower layer of the fluid when the bottom is flat.

It is straightforward to check that, since for all (u, €, d,~, 8,bo) € Pcy, the following condition

)

6maa:|C|L"° + ﬁmaax|b|L°° < min(la

67’7’7, ax

is sufficient to define hg; > 0 such that (H1)) is valid independently of (u, €, d,v, 8, bo) € Pcy.
In the same way, we introduce the condition

3 hgz > 0, such that lg%(l —+ €I€1< + ﬂwlb) > hoe > 0 12%(1 + €I€2< —+ ﬁWQb) > hga > 0.
(H2)
In what follows, we will always assume that (H1) and (H2) are satisfied. It is a consequence of our

work that such assumption may be imposed only on the initial data, and then is automatically satisfied
over the relevant time scale.

Now the preliminary results proved in [I7, Section 5] remain true for the operator T[eC, b]. Let us
recall these results,

Lemma 4.2 Let ( € L, b € L™ and emax = min(M \/limax, 1) be such that there exists hg > 0 with
max(|/€1|, |K’2|, 175max)5max|<|Lo@ + max(|w1|, |W2|7 5maac)/8max‘b|L°° < 1-hy <L
Then there exists ho1,hoz > 0 such that (H1|)-(H2) hold for any (u,¢, 0,7, 3,bo) € Pcu..

Before asserting the strong ellipticity of the operator ¥, let us first recall the quantity | - | ol which
is defined as

VoeH'(R), |vlip = vl + ulowlis,

and is equivalent to the H'(R)-norm but not uniformly with respect to u. We define by H(R) the
space H'(R) endowed with this norm.
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Lemma 4.3 Let (u,¢,0,7v,8,bo) € Pecu and ¢ € L®(R), b € L*®(R) such that (H2)) is satisfied. Then
the operator

TleC, Bb] : H,(R) — (H,(R))*
is uniformly continuous and coercive. More precisely, there exists cg > 0 such that
(Tuw) < colulmlvlm: (4.4)
1
(Tu,u) > —|ul?n (4.5)
Co H
with co = C(Mcn, hoy 1 €[C|, s Blb] )
Moreover, the following estimates hold:

(i) Let so > % and s > 0. If {,b € H**(R) N H*(R) and u € H**'(R) and v € H'(R), then:

[ (ArTleC. B v)| < Co (14 €l gan + BIbl o)l g + (el + B10]1.)

U‘H;0+1>s>50) ’v‘Hﬁ’ ’
(4.6)

(ii) Let so > 1 and s > 0. If (,b € H** N H*(R), u € H*(R) and v € H'(R), then:

’([AS,T[GC,BbHu, U)’ < Go ((€|C|Hso+1 +B‘b‘H50+1)‘u’Hﬁ + <(6’C|H5 +ﬁ’b‘H°‘) U‘HZ°+1>5>50+1) ‘U’H}L

< max(e, 8)Co ((’C’H50+1’ + ‘b|H50+1)|u’H5 + <(|<|H + |b’H5)

u’HZO+1>s>so+1> MH;

(4.7)
where Co = C(Mcw, hpy )-

The following lemma offers an important invertibility result on ¥.

Lemma 4.8 Let (u,€,0,7,8,b0) € Pcy and ¢ € L*°(R), b € L*°(R) such that (H2) is satisfied. Then
the operator

Tle¢, Bb] : H*(R) — L*(R)
is one-to-one and onto. Moreover, one has the following estimates:

(i) (Z[e¢, Bb])~" : L? — H,(R) is continuous. More precisely, one has
[ lL2@)—»m1(®) < co,
C‘Loo?ﬁ}b‘[/oc)'
(ii) Additionally, if (,b € H5°FTY(R) with sg > %, then one has for any 0 < s < 59 + 1,

with co = C(Mcp, hoy €

T e @mmpri ) < oot
< , L
(iii) If (,b € H*(R) with s > so + 1, sg > 5, then one has
H 571 ||Hs(R)_>HZ+1(R) < ¢

where cs = C(Mcu, hoy » €|C|ms, Blblas), thus uniform with respect to (u, €, 6,7, 3,bo) € Pcn.

Finally, let us introduce the following technical estimate, which is used several times in the subsequent
sections.

Corollary 4.9 Let (u,¢,0,7,8,bo) € Pcy and (,b € H*(R) with s > so+ 1, sg > %, such that (H2) is
satisfied. Assume moreover that u € H*~Y(R) and that v € H'(R). Then one has

|([A*, T eC, B]Ju , TleC, BbJv )] | C[A%TleC, SO T u s v )|
max(e, 3) C(Mca, hys |C|H57

IN

b‘Hs) U"Hs—l ‘U|H;(410)
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5 Linear analysis

Let us recall the system (3.9)).

hiha
O+ 0, | ——— = 0,
e <h1 + vha ”)

o (5.1)
T[eq, Bb] (Opv + €sv0,v) + (v + 6)q1(€C, B)DC + 5q1(€C, Bb)Os: (%'W - §|vl2)
= —/,[,6%0(81((8;E'U)2) + /.Lﬁ(u(aa;C)(a%b),

with hy =1—€(, ho =1/04+e( —6b, ¢;(X,Y) =1+ ;X +w;Y (i =1,2) , ki,w;, s defined in

’a, and
T[e¢, BO]V = qu(eC, Bb)V — pvdy (q2(€C, )0, V) .

In order to ease the reading, we define the function

_ (1-X)(~1+ X — Bb)
L X e X G T X~ Bb)

and
g:X—>(

(1-X) 2
1—X+7(5*1+X—ﬁb)> '

One can easily check that

hihy / hi —yh3 hi 2
= s = d -
fe) = e ) = gy and (0 = ()
Additionally, let us denote
2 2 1-—4 1, h2 —~h2
=Za=12 d - _
=30 5Gee M O3 R )

so that one can rewrite,

0iC + f(€0)0av + €0u(f'(€C)v — BIubg(eC)v = 0,

T (00 + 50:(6)) + (7 + 8)qu (€. 800 + equ (€€, B6) 0y (ga(€C)0?) = —pendly (D0)?) + pBeo(D:€)(920).

(5.2)
. —7€0:¢(h1 + ha)? + vB0:bh (hy + ho)
with 0, e)) = .
The equations can be written after applying T! to the second equation in (5.2)) as
oU + Ap|U0.U + A1[U)0,U + B[U] = 0, (5.3)

with

(el (<0) _ 0 0
001 = (51 Gyl ex e mid)) A= (e ioutec ) w)e O

] ( (et ) < B ) (55)
BlU| = _1 (Bq1 (€, 1(h1 + ho)v 5.5
€T 1( syt &cb)
where Qo (e, 8b), Q1(eC, Bb,v) are defined as

2
(h1 + h2) .2

Q0(6<7 Bb) = (’Y + 6)q1 (6C7 5b> - ,LLBCL)&ib, Q1(€Ca ﬁba U) = —7q1 (€C7 Bb)m
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and the operator Qle, b, v] defined by
QleC, Bb,v]f = 2qi(eC, Bb)gs(eQ)vf + pr0y(fOuv). (5.7)

Following the classical theory of quasilinear hyperbolic systems, the well-posedness of the initial
value problem of the above system will rely on a precise study of the properties, and in particular
energy estimates, for the linearized system around some reference state U = ((, )"

{ U + Ag[U)0.U + A1[U]0,U + B[U] = 0; (5.8)

U,._, = Up.
5.1 Energy space

Let us first remark that by construction, one has a pseudo-symmetrizer of the system that allows to cancel
the smallness assumption of the Cammassa-Holm regime € = O(,/x) for the existence and uniqueness

results, given by
Qo (e¢,Bb)+€°Q1 (¢, Bb,v) 0
Z[U) = f(e9) (5.9)
0 T[eC, Bb]

One should add an additional assumption in order to ensure that our pseudo-symmetrizer is defined and
positive which is:

3 hos > 0 such that Qo(e(, Bb) + €Q1 (e, Bb,v) > hoz > 0. (H3)

Let us now define our energy space.

Definition 5.10 For given s > 0 and p, T > 0, we denote by X*® the vector space H*(R) X HZ“(R)
endowed with the norm

VU= (Cv) € X°, U =[ClEs + vfis + uldsvlie,

while X3, stands for the space of U = (¢, v) such that U € C°([0
R), endowed with the canonical norm

X?) and 0,U € L>=([0 X

T } T }
> max(e,[)1? > max(e,3)

Wixs=  swp UL+ esssup QU ).
t€[0,7/ max(e,B)] t€[0,T/ max(e,B)],z€R
A natural energy for the initial value problem (j5.8)) is now given by:

Q0(6§7 Bb) + 62@1(6§7 Bbay)
f(Q)

In order to ensure the equivalency of X* with the energy of the pseudo-symmetrizer it requires to add
the additional assumption given in (H3)).

E3(U)? = (A°U, Z|UIAU) = (A°C,

A*C) + (A%, T[e¢, BHJA*Y) . (5.11)

Lemma 5.12 Let p = (u,¢,6,7,3,bo) € Pcu, s >0, U € L®(R) and b € W3>(R), satisfying (H1),
(H2), and (H3|). Then E*(U) is equivalent to the | - |xs-norm.
More precisely, there exists ¢co = C(Mcn, hall, ha;, hagl, €lU| Lo, B|bliyz.0) > 0 such that
1 S S
%E U) < |Ulg. € «E°(U).
Proof.
This is a straightforward application of Lemma and that for Qo(eC, 8b) + ele(eQ Bb,v) > ho3 >0
and f(e¢) > 0,

inf Qo(e¢, Bb) + €2Q1 (e, Bb, v)
zeR f(eC)

> int (Qo(eG, 6) + @Qu(e¢, 80,0)) (sup (e0))

z€R -
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Qo(e, Bb) + €2Q1(eC, Bb, v) . -1
sup o < sup (Qo(eC, ) + @ Qi(eC, b)) (inf ()

where we recall that if (HI) is satisfied then, hy = 1 —€(, hg = 1/0 + €{ — 3b satisfy
inf h1 > ho1, SU.p|h1‘§1—|—1/67 inf hy > ho1, sup\hg\gl—i—l/é.
rzeR— z€R TzeER— z€R
|

Lemma 5.13 Letp = (i,¢,6,7, 8,bo) € Pcr, and let U = (Cy,u)T € L™, b € W™ satisfies (H1)),([[2)
and (H3)). Then for any V,W € X°, one has

(20w, w) | < V] W g (5.14)
with C = C(Mcn, hoy' s hy s €|U| o BJ6] o) -
Moreover, if U € X5, b€ H**2 V € X571 with s > so + 1, sg > 1/2, then one has

]( (A%, Z[U]V , W )‘

IN

CV]on W] (5.15)

IN

‘( (A, Zz U]V, Z[U]W )‘ C Vs e | W] o (5.16)

with C = C(Mcn, ho; » hog > €|U| s BIb] fyeia) -

Proof.

The proof of the Lemma is the same as in [I7, Lemma 6.4] adapted to our pseudo-symmetrizer. OJ
5.2 Energy estimates

Our aim is to establish a priori energy estimates concerning our linear system. In order to be able to
use the linear analysis to both the well-posedness and stability of the nonlinear system, we consider the
following modified system

{ U + Ao[U]0.U + A, [U]0,U + BlU] = F; (5.17)

U,_o, = Uo.

where we added a right-hand-side F', whose properties will be precised in the following Lemmas.
We begin by asserting a basic X° energy estimate, that we extend to X* space (s > 3/2) later on.

In the analysis below, the additional assumption ¢ < M,/p in p € Pcp is not used anymore (apart
from the simplifications it offers when constructing system (5.1))).

Lemma 5.18 (X" energy estimate) Set (u,¢,d,7,3,bo) € Pcu. Let T > 0 and U € L>([0,7/ max(e, 8)]; X°)
and U,0,U € L>=([0, T/ max(e, B)] x R) and b € W3 such that 9,U € L>([0,T/max(e, 3)] x R) and
U, b satisfies (H1)),(H2)), and (H3) and U,U satisfy system (5.17), with a right hand side, F, such that

(F.ZUJU) < Cp max(e, B)|Uxs + £(t) U] 4o,

with Cg a constant and f a positive integrable function on [0,T/ max(e, 8)].
Then there exists \,Cq = C(H@QHLW QHL007 aTQHLOO, 16l 3.0, Cr) such that

T t /
vt e [0 I, EOU)(t) < emx©PA RO () 4 / emax(é’ﬁ”(t_t)(f(t’)—|—max(e, B)Cl>dt’,

" max(e, 3) 0
(5.19)

The constants X and Cy are independent of p = (u, €,0,7, 8,bo) € Pcu, but depend on Mcy, h6117 hazl,
and hgy .
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Proof.
Let us take the inner product of (5.17) by Z[U]U:

(0U, ZIUWU) + (AolU)0,U, Z[UIU) + (A1[U)O,U, Z[UJU) + (B[U],Z[UJU) = (F,Z[UJU) ,
From the symmetry property of Z[U], and using the definition of E*(U), one deduces
77E0(U)2 = %(Uv [8t’ Z[QH U) - (Z[Q]AO [Q}ava U) - (Z[Q]Al[g]ax(]a U)
— (B[U], Z[UJU) + (F, Z[UJU). (5.20)
Let us first estimate (B[U], Z[U]U). One has

QO (€£7 /Bb) + 62@1 (Gg, 6ba Q)

(BlU), ZIUJU) = (- g(eQ)vBIyb, D ¢)
1B (eC, BBy (hy + ho)u?yb
+ ez DESN ). Sle¢, B0]o)
= A1 + AQ.

[Ar] < BO([T] s bllw22) U] -

In order to control As, using the symmetry property of ¥[e(], we write

.y 1Ba (G, B0 (s + ha)u*0,b 780 (, B0)n (b + ha)u*d,b
(ex( (71 +7ha)? )¢, Bl ) = (71 + 7ha)? )

Using the Cauchy-Schwartz inequality, one deduces

[Aa| < BC(U] s Iollwr.o2) [U] o

Altogether, one has

(BIU], Z[UJU) < BC1|U| o < max(e, B)C1|U] 4o- (5.21)
Now we have,
21 AL = (6Qo(eCaBb)-}-igl(ECvaw) f’(ﬁg)ﬂ QO(EQ Bb) + €2Q1(6£’ b, v))
QO(Gga ﬂb) eQ [GQ Bbv Q]
and
Z|UJA U] = 0 0
DA =\ gy (e¢, 6,v)  ecTlec, Bbl(2) )
One has,
B (Qo(e¢, Bb) + €2Q1(e¢, Bb,v)) ,
(ZWA U)o, 0) = (e e 1(eQ),¢, )
+ (Qole¢, B)2.0,¢) + (€Qu (G, Bb,1)0,0,C)
+ (Qole¢, 8)0:¢,v) + (eleC, b, v]0v, )
and

(Z[U]A1[U)0,U,U) = (62Q1(6£, Bb,y)@xc,v) + eg(‘f[eg, Bb](y@wv),v).
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So that,
€ b) €2 € b,v
(A AL0.0.0) + (Zmamov.y) — (LEPZEIEIY o, )
+ (Qole¢, B1)2.v,C) + (€Qu(eC, Bb,1)0,v,C)
+ (Qo e, Bb)dxC, ) (ea[eg, ﬁb,g]@xv,v)
+ <€2Q1 €¢, b, )0:(, ) +eg(‘I[e§, Bb](gag;v),v).
One deduces that,
eC, Bb €2 € b
(Z[U) Ao[U)0,U, U) + (Z[U) Ay [U)0,U, U) = —2( m(Q”( Sl );(6521( SELE) f’(e@g)g,g)

= (2:(Qole6, B0)¢,v) = (02 (Qu(eC, Bb,0) ¢, )
+ (EQ[€£7 ﬁb,y]amv,v) + 6<(S[e§, ﬁb](yamv)w).

One can easily remark that we didn’t use the smallness assumption of the Camassa-Holm regime
€ = O(y/i) since we do not have anymore 0, v in the third term of the above identity.

One make use of the identity below,

(T[e¢, BB (00, V), V) = (qi(eC, Bb)vO,V — pwdy(go(€, Bb)Dy (00 V) , V')
= —3( ax(ql(eg,ﬁb)y) V) F o ( ga(eC, Bb)0R (00, V) , 0,V
= —3(%(a (<, BV, V) + uu(qg(eg b)(a@a V,0,V)

(€
Using the same techniques as in [I7, Lemma 6.5] we obtains,

(211 40[L)0.U,U) + (21U} A1 [U]0,U,U) | < max(e, AYC(||L] o + 0L + [y ) [0 o

(5.22)
The last term to estimate is (U, [0;, Z[U]]|U).
One has
_ QO(Ega Bb) + 62@1(€§a /Bba Q)
(U7 [al‘n Z[QHU) = (U’ [aﬁg} U) + (C {6157 f(EQ }C)
= (v (O (e, 86))v) = (0, 0. ((Drga(eC, 5)(9:v))
QO(EQ /Bb) + €2Ql(ega /Bbv Q)
e () )<)-
From Cauchy-Schwarz inequality and since ¢ and b satisfies , one deduces
1
| 3@ [0 2UNJU) | < eC( H@UHLW Ul o)V 50
< max(e. ACYAL] - U], )00
(5.23)

One can now conclude with the proof of the X" energy estimate. Plugging (5.21)), (5.22) and (5.23) into
(5.20), and making use of the assumption of the Lemma on F. This yields
1d

S ZE'(U)? < max(e,8) CLE°(U)? + (f(t)+max(e, 5)01)E0(U),
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where C = C(|}atg||m, HQHLOO, ||3zQ||LQQ, ||b||W3,m,C’F). Consequently

d
ZE(U) < max(e, 8)CLE"(U) + ( () +max(e, )C1 ).
Making use of the usual trick, we compute for any A € R,

d
e (NG (em mEINEN(U) = — max(e, HAE(U) + = E°(U).

Thanks to the above inequality, one can choose A = C1, so that for all ¢ € [0, m], one deduces

d
a(ei max(e,ﬁ))\tEO(U)) < (f(t) + max(e, ﬂ)01)€7 max(e,ﬁ))\t.

Integrating this differential inequality yields

t
vt € [0, m : EO(U)(t) < emaX(e,B)AtEO(UO) +/ emax(e,f)A(t—t )(f(t/) +max(e,ﬂ)01)dt’.
) 0
(5.24)
This proves the energy estimate ([5.19). O

Let us now turn to the a priori energy estimate in “large” X* norm.

Lemma 5.25 ( X® energy estimate) Set (u,¢€,9,7,0,b0) € Pey, and s > so+1, so > 1/2. Let U =
(¢,v)T and U = (¢, v) " be such that U,U € L>([0,T/max(e, B)]; X*), oU € L>([0,T/max(e, B)] x R),
b € H2 and U satisfies ,, and uniformly on [0,T/max(e,B)], and such that sys-
tem holds with a right hand side, F', with

(NFZWIND) < Cr max(e AU, + £0) |0

XS7

where Cg is a constant and f is an integrable function on [0,T/ max(e, §)].

Then there exists \,Cy = C(HQHXS , CF) such that the following energy estimate holds:
T

bl

Hs+2»
t

ES(U)(t) < emax(©AN Bs (1)) —l—/ emax(ef)A(t—t) (f(') + max(e, B)Ca)dt’, (5.26)
0

The constants A and Cy are independent of p = (u, €, 0,7, 8,bo) € Pcn, but depend on Mcy, h0—117 h6217
and hgy .

Remark 5.27 In this Lemma, and in the proof below, the norm HQHX is to be understood as essential
T
sup:

||UHX% = esssup |U(t,)|xs + esssup |0 U(¢,x)|.
te[0,T/¢€] tel0,T/€],xeR

Proof.
Let us multiply the system (5.17) on the right by A*Z[U]A®*U, and integrate by parts. One obtains

(A*0,U, ZIUIAU) + (A*Ao[U)0,U, Z[UIAU) + (A°A[U)8,U, ZIUIAU) + (A°B[U), Z[UJAU)
= (NF,Z[UIAU) , (5.28)

from which we deduce, using the symmetry property of Z[U], as well as the definition of E*(U):

5 (AU, [0, ZUAU) = (2[U] A0 [U)0, AU, A°U)

— (ZIUJAL[U)0. AU, AU ) — ([A%, Ao[U] + A [U)]0,U, Z[UJA*U)
— (A*BIUL ZIWIA*U) + (A°F, Z[UJA°U).  (5.29)
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We now estimate each of the different components of the r.h.s of the above identity.
e Estimate of (A*B[U], Z[U]A®U),

QO(EQ /Bb) + 62Q1 (€§7 Bb7 Q)
f(eQ)
’Yﬂ(h(egv ﬂb)hl(hl + hg)y2 s
(h1 +7hs)? 0.), TleC, BUA0).

(A*BIU), Z[UIAD) = (A%( - g(e)u50,0), A%C)

+€ (Asgfl (
Using Cauchy-Schwartz inequality, Lemma (4.3)) and Lemma (4.8) one has,

|(A*B[UJ, Z[UIA®U) | < ﬁC’(HQHX%, (1] pre+1) |U| x = < max(e, B)Ca|U|x-.
(5.30)

e Estimate of (Z[Q]AO[Q]C%DASU7 ASU) + (Z[Q]Al[Q]amASU7 ASU).
Thanks to Sobolev embedding, one has for s > sg+ 1,59 > 1/2

C(|U = + 18.U]|) < C(||U]

X;IS—')’
One can use the L? estimate derived in (5.22)), applied to A*U. One deduces

|(Z1U) A6 [U)0, AU, A°U) + (2[U) A1 L]0, AU, A°U) | < max(e, 3)C (||

2
sy Il ) [0 - 5:30)
e Estimate of ([A*, A[U]]9,U, Z[UJA*U), where A[U] = Ao[U]+ A,[U]. Using the definition of A[] and
Z[] in (5.4) and (5.9), one has

QeC. Bbv)
g M)

+<[AS,§_1(Q(6§, Bb,))]0C , gAsv) n e([As,g—la[eg, 5b,y]+§y]6wv,§/\sv>.

([A%, A))0,U, ZIWAV) = ([A% ef (0 + [A, F(eOouv

Here and in the following, we denote T = T[e¢, 8b] and Q(e¢, 8b, v) = Qo(e¢, Bb) + €2Q1 (e, Bb, v).

Using the same techniques as in [I7, Lemma 6.6 | and since ¢ and b satisfies (H1)), we proved

(A%, Awo.0, 2iav)| < max(e, AC (U], + [[bl e ) U
(5.32)
e Estimate of (A*U, [0y, Z[U]|A®U).
One has
s s _ s s s Qo(e¢, Bb) + €2Q1 (¢, Bb,v)q
(AU, [0r, ZU)AT) = (A'w, [at,g}/\ V) + (A%, [at, D ]A 0)

(Asv7 (O (€€, Bb))Asv) — pv (Asv, 9 ((Org2 (€€, ﬁb))(awAsv)))

QO(EQ Bb) + 62@1(69 b, v) s
70 )3¢)

S (Asv, (8t§)Asv) + pvers (Asamu ((%QAS&EU)

QO(Ega Bb) + 62@1(69 Bba Q) s
1) Jve)

+(ASC, at(

+(A34,at(
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From Cauchy-Schwarz inequality and since ¢ and b satisfies (H1J), one deduces

| 50 o,z A) | < OHMHLW Ul )T
< max(e, )OO . U] ) UK.
and continuous Sobolev embedding yields,
L. [0, 2 AV | < maxte HC(JU] )| (533

One can now conclude the proof of the X*® energy estimate. Plugging (5.30), (5.31)), (5.32) and (5.33)
into (5.29), and making use of the assumption of the Lemma on F.

SO < max(e, HCE (V) + BYU)(f(1) + max(e, H)C),

with C = C((|U]] .,

bHHs+27CF)7 and consequently

d
&ES(U) < max(e, B)C2E*(U) + (f(t) + max(e, 8)Cs).
Making use of the usual trick, we compute for any A € R,
. . d
emdx(e,ﬁ)ktat(e— max(e,B)/\tEs(U)) - max(e, /B)AES(U) + )7 Es(U)
Thus with A = Cq, one has for all ¢ € [0, m],
%(e— max(e,ﬁ))xtEs(U)) < (f( ) + max( 5)02) — max(e,B) At

Integrating this differential inequality yields,

t
ES(U)(t) Semax(s,B)AtEs(U0)+/ emax(e,,@)k(t—t/)(f( )+max( 6)02)
0

5.3 Well-posedness of the linear system

Proposition 5.34 Let p = ,u,e 8,7,8,bo) € Pcu and s > sg + 1 with so > 1/2, and let U =
(e v)T € X3 (see Definition , b€ H52 be such that . ., and are satisfied for t €

[0, T/ max( ﬂ)}, uniformly wzth respect top € Pcu. For any Uy € X?, there e:msts a unique solution
to , UP € C°([0, T/ max(e, B)]; X*) N CL([0, T/ max(e, B)]; X*~1) C X%,
with )\T7C’0 = C’(HQH T, Mcwu, hyi's hos s hos > bl g=+2), independent of p € Pcw, such that one has

the energy estimates

s
XT

T ¢ /
VO<t< ES(UP <e max(e, ﬁ)ATtEs U, C / max(e,B) A (t—t )dt/
St S B (UP)(t) (Uo) + max(e, 8)Co €

t
and  E*~H(0,UP) < Coe™™ PP ES(Ug) + max(e, B)CG / emex(eMA (=) gt/ 1 max(e, 3)Co.
0

Proof.
Existence and uniqueness of a solution to the initial value problem (5.8)) follows, by standard techniques,

from the estimate ([5.26]) in Lemma

ES(U)(t) < emax(e,ﬁ)/\TtEs<U ) +max( B)CO/ max(e,,@’))\rp(t_t’)dt/7 (5.35)
0
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(since F' = 0, and omitting the index p for the sake of simplicity).
First, let us notice that using the system of equation (5.8]), one can deduce an energy estimate on the
time-derivative of the solution. Indeed, one has

0U|.cn = | = A0[U]0:U — AW[UJO,U — BIU]| ...,
’ - 6f/(€§)yawC - f(eg)awv + 5awbg(€§)Q‘Hsfl
[l 867 (Qo (€€, )0 + eQeC, Bb, 1]y + E2Qu (€€, Bb, 1)
G’Yﬂch(GQ Bb)hy(hy 4 ho)v?0,b
(h1 + vh2)?
C(lU]xs, bl grs+1)|U|x+ + BCo
CoE*(U)(t) + BCq

IN

) + ecvd, | e
"

IN A

IA

t
Coemax(e’B)ATtES(Uo) + max(e, B)C3 / emax(©B)AT(t=t") gyt 4 max(e, 5)Cy.
0
(5.36)

The completion of the proof is as follows. In order to construct a solution to , we use a sequence
of Friedrichs mollifiers, defined by J, = (1 — v92)~'/2 (v > 0), in order to reduce our system to or-
dinary differential equation systems on X?® which are solved uniquely by Cauchy-Lipschitz theorem.
Estimates , hold for each U, € C°([0, T/ max(e, 3)]; X*), uniformly in v > 0. One deduces
that a subsequence converges towards U € L?([0,7/max(e, 8)]; X*), a (weak) solution of the Cauchy
problem (5.8). By regularizing the initial data as well, one can show that the system induces a smooth-
ing effect in time, and that the solution U € C°([0,7/ max(e, 8)]; X*) N C*([0, T/ max(e, B)]; X*~1) is
actually a strong solution. The uniqueness is a straightforward consequence of (with Uy = 0)
applied to the difference of two solutions. |

5.4 Priori estimate
In this subsection, we control the difference of two solutions of the nonlinear system, with different initial

data and right-hand sides.

Proposition 5.37 Let (u,¢€,9,7,8,bo) € Pecu and s > so + 1, so > 1/2, and assume that there exists
U; for i € {1,2}, such that U; = (¢,v;)" € X35, Uy € L*([0,T/ max(e, B)]; X*t1), b € H*T2, Uy
satisfy (H1),(H2) and (H3) on [0,T/max(e, 3)], with ho1, ho2, hos > 0, and U; satisfy

oUn + AolUh]0,Ur + Ai[Uh)0,Un + B[UW] = F,
0:Us + Ag[Us)0,Us + Ai[Us]0,Us + BlUs] = Fy,

with F; € LY([0,T/max(e, B)]; X*).

Then there exists constants Co = C(Mcn, hall, hazl, hggl, max(e,ﬁ)’UﬂXs,max(e,,é’)’UQIXS,
and A\p = (CO x C(|Uz| L ([0,7/ max(e,8);x++1)) + C’o) such that for all t € [0, ﬁ],

b

Hs+2)

t
ES(Ul . UQ)(t) < emax(e,ﬁ)/\TtEs(Ul ‘t:O . U2 |t:0) + CO/ emax(e,ﬁ))\T(tft’)Es(Fl _ Fg)(t/)dt/.
0

Proof.
When multiplying the equations satisfied by U; on the left by Z[U;], one obtains

Z[U]]atUl + Zo[Ul]amUl + El[UﬂaxUl + Z[UﬂB[Ul] = Z[Ul]Fl
Z[UQ]BtUQ + EO[UQ]amUQ + El[Ug}ang + Z[UQ}B[UQ] = Z[UQ]FQ;
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with 3o[U] = Z[U]Ap[U] and X,[U] = Z[U]A1[U]. Subtracting the two equations above, and defining

V =U, —U; = (¢,v)" one obtains

Z[U1]opV + Eo[U1]0:V + 54 [U7h]0:V + (Z[Uh] B[UL] — Z[Us] B[Uz]) =
Z[Ul](Fl — FQ) — (Zo[Uﬂ + 21[U1] — EO[UQ] — El[Ug])&CUQ

= (Z[h] = Z[Ua])(0Us — F).

We then apply Z~1[U;] and deduce the following system satisfied by V:

{ OV + Ao[U1]0.V + A [U1)0,V + Z 7 U] (Z[U1|B[UL] — Z[Ua] BlUs]) = F

V(0) = (U1 — Us) |¢=o ,

where, F = F; —Fy

Zfl[Ul](Zo[Ul] + 34[U1] = Lo[Us] — El[UQ])axUQ
Z7U1](Z[h] — Z[Us)) (0,Uz — F).

We wish to use the energy estimate of Lemma to the linear system .

The additional term now is Z~![U3](Z[U1] B[U:] — Z[U2] B[Us)).
So we have to control,

(A*Z7HUh](Z[U4) B[U1] — Z[Us)B[US)), Z[U:|A®V) = B.
One has,

(5.38)

(5.39)

B = (M (ZI1]BIU) = Z[U2]BIUR]), A°V) + ([A%, 27 U] Z[U BIU] = Z[Ua] BIU:), Z[HAV)

B = B, + Bs.

Now we have to estimate the terms (B;) and (Bs).

B s —Q(eCr, Bb,v1)B0bg(eCr)vr  Q(eCz, Bb, v2)B0,bg(ela)v2
) = (& Fea) * 7o)

) A%)
n <As(€75fh(€§17ﬁb)h1(h1 + ha)vi0.b _ evBai(eCa, Bb)ha (h1 + ha)v30,b

(h1 + ~vhs)? (h1 + vhs)3
With Q(e¢;, 8b,v;) = Qo(eCi, Bb) + €2Q1(e¢;, b, v;) for i =1,2.

In order to control (B;) we use the following decompositions,

( —Qo(eC1, /Bb)ﬁazbg(€C1)U1 Qo (€Cz, D) B0, bg(eCz)va )

),Asv)

7€) " 7(eG2)
[ —Qo(eC1, Bb)g(eCr) | QoleCa, Bb)g(eCa) .
=(Teay T )@
— B(v1 —v2)
. —e2Q1(€C1, Bb,v1)0:bg(eCi)v1 €2Q1(eCa, Bb, v2)0pbg(ela)va
o 7ley) * 7(eC2) )
_(—€Qu(eC1, Bb,v1)g(eCt) | €Q1(eCa, Bb,v2)g(eC2)
= 7(ecr) * e )P

- ﬁ(vl - Uz)

Qo(€Ca, Bb)g(eC2)0:b
f(e¢2) '

€2Q1(eCa, b, Uz)g(ﬁ@)azb.

f(e2)
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(675Q1(6C1,ﬂb)h1(h1 + h2)videb  eyBai(eCa, Bb)ha(ha + hQ)U%amb>

(k1 +7he)® (h1 +vh2)?
. €v17q1(€C1, Bb)hi(h1 + he) _ €v17q1 (eC2, Bb)h1(hy + ha)
ey (eCz, Bb)h (b + ho)dsby o 5
i ( (h1 4 vh2)? )B(Ul ~ v2)-

Using the fact that, €2Q1 (e¢;, 8b,v;) = Q1(e(;, Bb, €v;) is a polynomial, one deduces,

CU|HS

|Bi| < C(Bluilas, |blg+2)elCi — Colms|Col s + Ce|Calms, |0 ga+z) Blvr — va| s
+  C(Blorlms, |blgs+1)elCt — Colas[Col s + C(elCalms, €lv2

ey |0 prs+1) Blor — va| g |Co| s

+ C(Blvilms,€lvi|ms, |blgs+1)€elC1 — Colms|v|ms + Ce|lCalms, €lvi|ms, €|lva|ms, |bl ge+1) Blvr — va| s |v|ms.
S maX(G,ﬁ)OoES(Ul — U2)ES(V)
< max(e, B)CoE* (V)2
with Co = C(Mcu, h™", by, max(e, B)|Ut] ., max(e, B)|Us| .., [blsrs+2).

The contribution of (Bs) is immediately bounded using Lemma

Bl = ([A%Z7H U (Z[UW]BUY] = Z[Us)B[Us]) , ZIUWA®V )
< CIZIABI - ZI0aBIU e sz [V
—Q(eC1, Bb,v1)B0,bg(eCr)vy | Q(eCa, Bb, v2)B0,bg(eCa)vo
= C(‘ f(e€r) * f(ec2) He=t
n ‘6’75(]1(€C1, Bb)hi(ha + ha)v18:b  evBai(€Ca, Bb)ha (ha + ho)v30yb )|V|Xs
(h1 +7h2)? (h1 +vh2)? Het
< max(e, B)CoE*(Uy — U) E*(V).
< max(e, B)CoE*(V)?.

So we have,
|B| < Comax(e, B)E*(V)2.

Now one needs to control accordingly the right hand side F.
In order to do so, we take advantage of the following Lemma.

Lemma 5.40 Let (u,¢,0,7,3,bo) € Pcy and s > so > 1/2. Let V = ((,v) ", W = ((u,w) " € X°
and Uy = (C1,v1) T, Uy = (Co,v0) T € X5, b € H*F! such that there exists h > 0 with

1
)

1

1—e(; >h>0, 1—elo>h>0, 5

+e(1—pBb>h >0, +eCo—pBb>h>0.

Then one has

IN

€ C Uy —Usl .|V

Xs W|X0

‘ ( A (Z[h] - Z[Ua))V , W ) ’
(A (ZWAA) - ZWJA)Y , W) < eC Ui — Uy,

Vlx.

Wl

with C' = C(MCH7h7176|U1‘Xs’6|U2|X5’

bls+2), and denoting A[-] = Ao[-] + A1[].

Proof.
We prove the Lemma using the same techniques as in the Proof of [I7, Lemma 7.2], adapted to our
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pseudo-symmetrizer as €2Q1(e(;, b, v;) = Q1(€(;, Bb, ev;) is a polynomial. a
Let us continue the proof of Proposition by estimating F' defined in (5.39).

More precisely we want to estimate
(AF, ZIWAV ) = (AR -NF, Z[UAV)
— (N (o] + £1 7] - Zo[U] — £1[U2])0Us , A°V)
— ( [AS7Z_1[U1]](EO[U1] + 341 [Uh] = So[Uz] — 21[Us))0,Us , Z[U1)A°V )
— (A*(Z[Uh] - Z[Us)) (8,Us — F») , A°V)
- ([A*, 27 ]](Z[0h] - Z[Us))(0,Us — Fa) , Z[UWA®V ).
We adapt the proof given in [I7, Proposition 7.1] to our pseudo-symmetrizer, we deduce that,
(N ZIUAV)| < €C x (10.Uslxe + 10U — Falxo)E*(V)? + CE* (V) E*(Fy — F)
< max(e, B)C x (|0,Us|xs + |0:Us — Fa|xs)E5(V)? + CE*(V)E*(F} — F3).
with C' = C(Mcu, b=, by, €|U1| .., €|Us|

X X b|HS+2)'

Then one has
[(A°F, Z[U1JA°V)| < max(e, 8)Co X (|0:Uz|xs + |0:Uz — F2|XS)ES(V)2 + CoE*(V)E®(Fy — Fy).

We can now conclude by Lemma [5.25] and the proof of Proposition [5.37]is complete. ]

6 Full justification of the asymptotic model

A model is said to be fully justified (using the terminology of [23]) if the Cauchy problem for both the
full Euler system and the asymptotic model is well-posed for a given class of initial data, and over the
relevant time scale; and if the solutions with corresponding initial data remain close. We conclude our
work by stating all the ingredients for the full justification of our model.

Theorem 6.1 (Existence and uniqueness) Let p = (u,€,6,7,58,bo) € Pcu ~\ (¢ < M/i) and
s> sg+1, 59 > 1/2, and assume Uy = (Co,v0)" € X%, b € H*F! satisfies ,, and .
Then there exists a maximal time Tiax > 0, uniformly bounded from below with respect to p € Pcu,
such that the system of equations admits a unique strong solution U = (¢,v)T € C°([0, Tinax); X*)N
CL([0, Trax); X*71) with the initial value (¢,v) |10 = (Co,v0), and preserving the conditions ,
and (with different lower bounds) for any t € [0, Tinax)-

Moreover, there exists \,Cy = C’(hall, ha;, h0_31, Mcy, T, UO’st |b
that Timax > T/ max(e, 8), and one has the energy estimates

ms+2), independent of p € Pcu, such

T
Voﬁtﬁmf

t
Ut ). + |0UE)] o < Coe™™ PN 4 max(e, B)CF /0 emax(EAAE=) qt” 4 max(e, 8)Ch

If Thhax < 00, one has
U, )| xs —> 00 as t — Thax,

or one of the conditions (H1|),(H2), (H3|) ceases to be true ast — Tax.-

Proof.
We construct a sequence of approximate solution (U™ = ({™,v™))n>0 through the induction relation

U™ + A[U™O, U™ + B[U"] = 0;
urtt = p,.

[t=0

U=U,, and VYneN, { (6.2)
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T, , T, , :
By Proposition [5.34] there exists U™ € C°([0, W:ﬂ)}; X*)n (o, Wﬂﬂ)]; X*~1) unique so-
Ty

XN O, s X © X and satisfies (), (T2)

lution to (6.2)) if U™ € C°([0
and (H3|).

Ezistence and uniform control of the sequence U™.

The ex1stence of T > 0 such that the sequence U™ is uniquely defined, controlled in X¥%,, and sat-
isfies , and ( ., uniformly with respect to n € N, is obtained by induction, as follows.
Proposition yields

Es(Un-i-l)( ) < max(e,,@)/\ tEs(UO) —|—max C / max(e,B) \p (t—t' )dt

|0, U™ (¢, )| < CLES (U™ (t) + max(e, 8)C,

Xs—1

< O™ (@Bt B3 (170) + max(e, B)C2 / max(&,6)2n (=) i’ 4 max(e, B)Ch,
0

with Cn,)\ = C’(MCH,ha1 n,ha2n, . HU HX b rs+2), provided U™ € X7, satisfies and

with positive constants ho1 .y, hoz,n, and h03 , on [0,7T,/max(e, B)].

It is a consequence of the work [I7, Theorem 7.3] and by taking into account the topographic variation
that the assumptions (H1)) and (H2)) may be imposed only on the initial data and then is automatically
satisfied over the relevant time scale. Let us prove it now for (H3),

Since U™ = (¢",v™) " satisfies (6.2]), one has
DCTHY = = FeCM) BT — ef (e 0G4 B (e "

and
Ot = —‘Z[e(”]_1<Q0(6C" 8b)0,C" ! + eQ[eC™, Bb, v"|00" T + €Q1 (eC™, Bb,v™) D¢
75Q1(€Cn Bb)ha(hy + ha)v™ 8,b o omg . ntl
+ OETIOE ) esv" O, 0" .

Using continuous Sobolev embedding of H*~! into L (s—1 > 1/2), and since U™ satisfies (H1)),(H2))
with ho1 p, ho2,n on [0, T,/ max(e, 3)], one deduces that

|at<n+1|L°C < O(MCH; hal{na h0_217na ﬂ|b|H5)

}U”||X%n, (6.3)

and
‘atvn+1|L°° S C(MCH7h’all,rwh621,n7ﬂ|b‘H5+1)||Un||X% . (64)

Let g"+! = a1 (eC™!, Bb) + a(e¢™ 1, Bb)e* (v )2,

where (ar(eC™ 1, 8b),az(e™ 1, 86)) = (7 + 8)ar (¢, Bb) — B0, —1a1 ¢+, Bb)
One has,

(h1 + ha)? )
(h1 + vhs)?

t

gn+1 — n+1|70+/ 8ta1 Cn+1,ﬂb ata2 <n+17ﬂb)( n+1) +2€ / ag( Cn+1 5()) n+1a vn+1
0

t t
gn+1 |t:0 + (’)/ +5)6K31/ 8t<n+1 —|-€3/ aé(ecn+1’Bb)atg-n-&-l(vn-i-l)Q + 262/ a2(ecn+17ﬁb)vn+latvn+l
0 0 0
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so that (6.3]) and (6.4]) yields

‘gn—i—l - gn+1 |t=0 ’Loo < C(Mcn, h(;ll,nv h(;Zl,nv ‘blH”z) HU”HX%H .

Now, one has ¢g"*! lt=o = q° lt=0 > hos,0 > 0, independent of n. Thus one can easily prove (by
induction) that it is possible to chose 77 > 0 such that g"™ > «/2 holds on [0,7”/ max(e, 3)], and the
above energy estimates hold uniformly with respect to n, on [0, 7"/ max(e, 3)].

h
More precisely, one has that U™ satisfies (H3|) with % > 0 and the estimates

t
ES(Un)(t) < emax(e,ﬁ))\tEs(UO) +max(e,B)C’o/ 6max(e,5))\(1§7t’)dt/
0

yatUn(t7 ) ‘Xs—l

IN

CoE*(U™)(t) + max(e, 8)Co

IN

t
Coemax(e"g)’\tEs(Uo) + max(e, B)Cg / emax(©B)A(E—t") gy | max(e, 5)Cy.
0
(6.5)

on [0,T"/ max(e, 8)], where Cy, A = C(Mcm, ho_ll, h521, ho_317 T, ‘UO‘XS, |b|g7s+2) are uniform with respect
to n.

For the completion of the proof (Convergence of U™ towards a solution of the nonlinear problem) we use
the same techniques as in the proof of [I7, Theorem 7.3] |

Theorem 6.6 (Stability) Let p = (u,€,6,7,8,b0) € Peu and s > so + 1 with so > 1/2, and assume
U071 = (C071,1}071)T e X°, Uo,g = (<0727'U0,2)T S Xs+1, and b € H5+?2 satisﬁes ,, and .
Denote U; the solution to with Uj |t=0 = Uy ;.

Then there exists T, A, Co = C(Mcwu, hoi' s hog > hog » |U071|X5,

Up,2|xs+1, |blgs+2) such that Vit € [0, @];

|(Uy — Ua)(t < Coe™ X DM |17 o — Uzl .-

I .) |Xs
Proof.

The existence and uniform control of the solution Uy (resp. Uz) in L°°(]0,T/max(e, 8)]; X*) (resp.
L ([0, T/ max(e, 3)]; X**1)) is provided by Theorem m The proposition is then a direct consequence
of the a priori estimate of Proposition [5.37, with F; = F» = 0, and Lemma [5.12] O

Theorem 6.7 (Convergence) Letp = (u,¢€,6,7,3,bo) € Pcu(see ([1.2)) and s > so+1 with sg > 1/2,
and let U° = (0,907 € HTNV(R)2, b € H*™N with N sufficiently large, (satisfy the hypotheses of
Theorem 5 in [22] adapted to non flat topography) as well as ,, and . Then there exists
C,T > 0, independent of p, such that

e There exists a unique solution U = (¢,)" to the full Euler system (2.1)), defined on [0,T] and
with initial data (¢°,9°)T (provided by Theorem 5 in [22] adapted to non flat topogmph;

e There erists a unique solution U, = (Cq,va) ' to our new model (3.9), defined on [0,T] and with
initial data (¢°,v°)T (provided by Theorem |6.1));

e With v, defined as in (2.5)),one has

|(C,’U) - (<a7va)|Loc([07T];Xs) <C N2 t.

IThe study of Lannes focuses on the two-layer fluid system with a flat bottom (8 = 0). However, we believe that the
theory in the uneven bottom case does not differ much from the one in the flat bottom configuration.
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Proof.

As stated above, the existence of U is provided by Theorem 5 in [22], and the existence of U, is given by
our Theorem [6.1] (we choose T as the minimum of the existence time of both solutions; it is bounded from
below, independently of p € Pcy). If N is large enough, then U = ((,1) " satisfies the assumptions of
our consistency result, Proposition and therefore (¢,v) " solves up to a residual R = (r,72) ",

with |R|L°°( 0,7 H*) < C(Mcu, hgy , bl pre+w, {UO|HS+N)(,LI‘2 + pe?). The result follows from the stability
Proposition [5.37, with Fy = (r1, T[] tre) " and Fy = 0. O
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