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Abstract: To improve the performance of a helicopter turboshaft engine requires optimising the energy yield of the 

different components, and more particularly controlling clearance between the tips of the high pressure turbine blades and the 

stator. Dimension-chain tools take into account the manufacturing dispersion of the parts and assembly defects. This ensures 

the interchangeability of the different components and guarantees that a turbine can carry out different service functions, as the 

turbine is modelled in infinitely rigid solids. However, this approach does not take thermomechanical effects into account. And 

yet, the different operating regimes of a helicopter engine make it indispensable that the effects caused by the thermodynamic 

cycle should be integrated. The aim of this article is to show how using dimension chain and thermomechanical tools can 

contribute to controlling clearances at the tip of a high pressure turbine blade. 

Key words: geometric tolerancing; thermomechanics 

1- Introduction 

Controlling the behaviour and the energy yield of helicopter engines for each of the different operating regimes is 

indispensable in order to guarantee that the desired power is produced. One way to improve the performance of these 

turboshaft engines is to optimize the energy yield of the different constituent parts, and in particular to control clearance 

between the tips of the high pressure turbine blades and the stator. 

To achieve this, a geometric tolerancing procedure has to be carried out during the design cycle of a turboshaft engine. 

The hypothesis on which the 3D dimension-chain simulation tools are commonly based is that the different parts are modelled 

as infinitely rigid solids. However, using this approach, it is not possible to take thermomechanical effects into account. 

To compensate for this shortcoming, this article proposes a method by which the strain of the parts subjected to thermal flux 

can be taken into account in the 3D dimension-chain calculations.  

Several studies have been carried out to manage compliant structure: [JC1], [SC1], [SL1] and [XW1]. These works take into 

account geometric variations induced by the assembly process and manufacturing dispersions. In this article, one hypothesis is 

that the assembly process deals with infinitely rigid solids. The geometric variations caused by the thermodynamic cycle are 

integrated in the different behaviours of a turboshaft engine. 

In the first part, the physical hypothesis associated with this study are stated to introduce two different behaviours of the 

system studied: a rigid behaviour situation where the parts are considered as infinitely rigid, and a thermomechanical 

behaviour situation, associated with a thermal flux which could potentially modify the contacts and distort the geometry of the 

parts. Changes in contacts from rigid behaviour to thermomechanical behaviour are taken into account and also the strain on 

the parts themselves. In the second part, an application of this work to a sub-unit in a high pressure turbine of a helicopter 

engine is demonstrated. In this paper, the used tolerance analysis tool is an application of deviation hulls and clearance hulls 

[F1], [GD1] and the used  thermomechanical calculation tool is Samcef. Lastly, after setting out the main conclusions, the 

future prospects for this work are presented. 
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2- Tolerancing analysis taking into account thermomechanical strains 

The geometric models used in 3D dimension-chains are generally based on the following hypotheses: no form default in real 

surfaces, no local strain in surfaces in contact and no deformable parts.  

 

Two different behaviours will be considered for every system studied:  

- rigid behaviour: all parts are at 20°C and are considered as being infinitely rigid. 

- thermomechanical behaviour: some parts are subjected to thermomechanical stresses. Thermomechanical strains on the parts 

are then taken into account in the 3D dimension chains. 

 

The problem was restricted to those systems where the topological structure of the contact graphs (or of the joints) in rigid 

behaviour and thermomechanical behaviour remain the same. This means that there is no supplementary joint and no 

suppression of a joint between the two behaviours. On the other hand, a joint defined by different parameters (minimal 

clearance, maximal clearance, nature of contact …) may change. 

2.1- Rigid behaviour: dimension-chain of infinitely rigid solids 

2.1.1 Modelling the geometrical defects in a part 

Real surfaces are modelled by substituted surfaces [BB1]. A substituted surface is an ideal surface (i.e. geometrically perfect) 

of the same type as the nominal surface of which it is a particular physical representation. This is described in figure 1, which 

illustrates the three different types of modelling used in tolerancing: the nominal model (CAD model), the skin model and the 

substituted surfaces model. 
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plane surfaces

Model by substituted surfaces

cylindrical surfaces

Skin model
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surfaces nominaly 
cylindrical
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Figure 1: Geometric modelling of a real surface. 

The nominal model is the one used in a geometric modeller: it is by definition geometrically perfect. The skin model provides 

a representation of the real surfaces of the part and acts as a graphic support for expressing geometric specifications [DB1]. 

The skin model of the shaft consists of three real surfaces: one is nominally plane and two are nominally cylindrical. Lastly, 

the substituted surface model consists of three surfaces: one plane and two cylindrical. The geometric defects of a real surface 

are defined by the relative position between a substituted surface and the corresponding nominal surface. Figure 2 illustrates 

the defaults of the relative position of the substituted surfaces designated by 1,1; 1,2 and 1,3 of the shaft 1. 

Each surface is designated by a pair of numbers: 1,2 refers to (substituted) surface 2 of part 1. Surfaces 1,1n; and 1,2n 1,3n 

refer respectively to the nominal surfaces corresponding to surfaces 1,1; 1,2 and 1,3. 
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Figure 2 : Relative position of two substitution surfaces of a part. 

Figure 2 shows part 1 (large circle) in diagram form and also shows surfaces 1,1; 1,2 and 1,3 (small circles). This acts as a 

graphic support to show the structure of a mechanism on which one can visualise the dimension-chains [BM1]. 

Observe 
1,1/1,2d    position deviations between surfaces 1,1 and 1,2. Position deviations between surfaces 1,2 and 2,2, which 

are still called simply geometric deviations, characterise the geometric defaults of surfaces 1,1 and 1,2. When modelling these 

deviations using substituted surfaces it is not possible to take into account the form defaults of surfaces 1,1 and 1,2. 

1,1/1,2d    can be formalised mathematically by a small displacement torsor [BB1], by a matrix [T1], etc. In this article, the 

small displacement torsor is used [CB1]. 

 

The following relations can be written:  

1,1/1,2 1,1/1,1n 1,1n /1,2n 1,2n /1,2d d d d                  (1) 

Given that by definition the nominal model of a part has no defect, (2) can be expresses as follows :  

1,1/1,2 1,2/1,2n 1,2n /1,2d d d             (2) 

 

2.1.2 Modelling 3D dimension-chains in a mechanism 

Let us consider figure 3 : two parts, 1 and 2, are in cylindrical pair type contact via their respective surfaces 1,2 and 2,2 and in 

ball and plane pair contact via their respective interfaces 1,3 and 2,3. In a diagram, this is represented by two edges linking 

respectively apexes 1,2 ; 2,2 and 1,3 ; 2,3. Let us suppose that a functional condition (FC) limiting the relative position of 

surfaces 1,1 and 2,1 must be respected.  

This is a condition of coaxiality such that, for every direction orthogonal to the x-axis, the displacement d of point A on the 

axis of surface 1,1 in relation to the axis of surface 2,1  respects the following equation (see figure 3): 

min maxd dd    (3) 

In the diagram, FC is within a rectangle on an edge linking apexes 1,1 and 2,1.  

 

The diagram describing the parts and surfaces of a system and also the joints and the functional condition is commonly called a 

joint graph or contact graph [BM1]. 

 

Here the specifications for coaxiality of 1,1 in relation to 1,2 and of 2,1 in relation to 2,2 on parts 1 and 2 respectively are 

specifications that impact on the FC. Similarly, diameter specifications for surfaces 1,2 and 2,2 also influence the FC.  



 

4 

 

x

y

z

1
1,2

1,3

1,1

2

2,2
2,3

2,1

A

x

y

z

x

y

z

1
1,2

1,3

1,1

2

2,2
2,3

2,1

A

1
1,2

1,3

1,1

2

2,2
2,3

2,1

A

Graph representationCAD representation

BPP : Ball and Plane Pair

CP : Cylindrical Pair

FC : Functional Condition

: influent cycle

BPP : Ball and Plane Pair

CP : Cylindrical Pair

FC : Functional Condition

A

D1,2

d1,2

t1,1 A

L1,1

t2,2 B

D22

d2,2

B

L2,2

A

D1,2

d1,2

t1,1 A

L1,1

A

D1,2

d1,2

t1,1 At1,1 A

L1,1

t2,2 B

D22

d2,2

B

L2,2

t2,2 B

D22

d2,2

Bt2,2 Bt2,2 B

D22

d2,2

B

L2,2

tra
n

sfe
r

tra
n

sfe
r

D2,2

D1,2

FC

1,2

1,1

1

2,1

2,2

2

1,3

2,3

CPBPP

D2,2

D1,2

FC

1,2

1,1

1

2,1

2,2

2

1,3

2,3

CPBPP

FC

1,2

1,1

1

2,1

2,2

2

1,3

2,3

BPP CP FC

1,2

1,1

1

2,1

2,2

2

1,3

2,3

BPP CP

x

y

z

1
1,2

1,3

1,1

2

2,2
2,3

2,1

A

x

y

z

x

y

z

1
1,2

1,3

1,1

2

2,2
2,3

2,1

A

1
1,2

1,3

1,1

2

2,2
2,3

2,1

A

Graph representationCAD representation

BPP : Ball and Plane Pair

CP : Cylindrical Pair

FC : Functional Condition

: influent cycle

BPP : Ball and Plane Pair

CP : Cylindrical Pair

FC : Functional Condition

A

D1,2

d1,2

t1,1 A

L1,1

t2,2 B

D22

d2,2

B

L2,2

A

D1,2

d1,2

t1,1 A

L1,1

A

D1,2

d1,2

t1,1 At1,1 A

L1,1

t2,2 B

D22

d2,2

B

L2,2

t2,2 B

D22

d2,2

Bt2,2 Bt2,2 B

D22

d2,2

B

L2,2

tra
n

sfe
r

tra
n

sfe
r

D2,2

D1,2

FC

1,2

1,1

1

2,1

2,2

2

1,3

2,3

CPBPP

D2,2

D1,2

FC

1,2

1,1

1

2,1

2,2

2

1,3

2,3

CPBPP

FC

1,2

1,1

1

2,1

2,2

2

1,3

2,3

BPP CP FC

1,2

1,1

1

2,1

2,2

2

1,3

2,3

BPP CP

 

Figure 3 : Transfer of FC. 

Generally speaking, the two location specifications and the two diameter specifications are the result of the transfer of FC to 

parts 1 and 2.  

 

Each one appears on an arc oriented to the circles of parts 1 and 2. The arrow indicates the toleranced element and the origin of 

the arc indicates the surface of reference. For the diameter specifications, these are specifications that are intrinsic to surfaces 

1,2 and 2,2. 

The influent specifications, the influent joint (CP) and the FC formalise an influent cycle (see figure 3). Equation (4), justified 

by the influent cycle, formalises at point A dependences between the FC, the location deviations of parts 1 and 2 and the 

cylindrical pair joint deviations (between surfaces 1,2 and 2,2) [TC1] :  

1,1/2,1 1,1/1,2 1,2/2,2 2,2/2,1d = d + d + d                (4) 

One result  here is that the ball and plane pair joint between 1,3 and 2,3 is non-influent on the FC. The deviations of surfaces 

1,3 and 2,3 are also non-influent on FC. This means that respect for the FC is independent of any geometrical defaults in 

surfaces 1,3 and 2,3 and of the ball and plane pair joint between 1,3 and 2,3. 

2.1.3 Formalisation of relations between functional condition, geometric specifications and contact 
specifications  

In this article, deviation hulls [GD1] to define the admissible limits for geometrical defaults in a part (defined by a 

specification) and clearance hulls to define the admissible limits for relative displacements between two surfaces in contact 

(defined by a clearance) [GS1] will be used. 
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Figure 4 : Definition of a geometric specification with substituted surfaces according to ISO 1101. 
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Note 
1,1/1,2d    the Small Displacement Torsor, characterising the relative position of 1,1 in relation to 1,2. In the base  , ,x y z  

at point A 
1,1/1,2d    is expressed as follows:  

 

1,1,/1,2

1,1/1,2 A
A,1,1,/1,2

d
 

     
 

ρ

ε
  (5) 

 

with 

1,1/1,2

1,1,/ 2,1 1,1/1,2

1,1/1,2

x

y

z







 
 
 
 
 

ρ : rotation vector and 

,1,1/1,2

A,1,1,/ 2,1 ,1,1/1,2

,1,1/1,2

A x

A y

A z







 
 
 
 
 

ε : translation vector at point A. 

The deviation hull 1,1/1,2D  characterising the coaxiality specification of 1,1 in relation to 1,2 can be written [GD1], [GS1]: 

   

   

2
2 2 1,1

A,1,1/1,2 A,1,1/1,2

1,1/1,2 2
2 2 1,1

B,1,1/1,2 B,1,1/1,2

. .
2

. .
2

t

t

  
   

   
  
   

    
  

ε y ε z

ε y ε z

D  (6) 

To simplify the writing of the hulls, the limits of admissible defects in 2D modelling will be studied in the plane  A,z . 

1,1/1,2D  can be written:: 

 

 

2
2 1,1

1,1 1,1
A,1,1/1,2

A,1,1/1,2

1,1/1,2 2
1,1 1,12 1,1

B,1,1/1,2
B,1,1/1,2

. .
2 2 2

..
2 22

t t t

t tt

                
    
              

  

ε y ε y

ε yε y

D
 (7) 

According to the property of the small displacement fields [CB1] (see figure 4) it is possible to deduce: 

B,1,1/1,2 A,1,1/1,2 1,1/1,2  ε ε BA ρ  with 

1,1

0

0

L 
 
 
  

BA  (8) 

Hence with (8) 1,1/1,2D  is written at point A:  

1,1 1,1
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A,1,1/1,2 1,1 1,1/1,2

2 2

.
2 2

y

y z
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L

 
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  
     
  

D



 

 (9) 

Figure 5 shows a graph of the deviation hull 1,1/1,2D  defined by (9). The translation deviation at point A following y  is 

projected on axis Ay  and the rotation deviation following z  is projected according to z . The interior of the hull (boundary 

included) represents the geometric deviation in conformity with the coaxiality specification (see figure 4) [TD1]. 
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Figure 5 : Deviation hull 1,1/1,2D  at point A (coaxiality of part 1). 

By the same reasoning, the deviation hull 2,2/2,1D  is determined at point A, which characterises the coaxiality specification for 

part 2, which is shown following axes Ay  and z  in figure 6. 

2,1

2,1

t

L


2,1

2,1

t

L


2,1 2,1

1,1

2,12

L t
L

L

 
   
 

2,1 2,1

1,1

2,12

L t
L

L

 
   
 

Ay

z

2,1

2,1

t

L


2,1

2,1

t

L


2,1 2,1

1,1

2,12

L t
L

L

 
   
 

2,1 2,1

1,1

2,12

L t
L

L

 
   
 

Ay

z

 

Figure 6 : Deviation hull of coaxiality of part 2 at point A. 

Moreover, using a similar method to that used for the deviation hulls, from figure 7, illustrating the clearance of the cylindrical 

pair joint between surfaces 1,2 and 2,2, the clearance hull 1,2/2,2D  is defined. The clearance hull 1,2/2,2D  expressed at point A is 

represented in figure 8, and given in equation (10). 
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Figure 7 : Definition of a joint with clearance by substituted surfaces  
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Figure 8 : Clearance hull 1,2/2,2D  of joint 1,2/2,2 at point A. 

Equation (4) is a relation between small displacement torsors. A similar equation (11) can be written for the hulls that 

correspond to point A. This gives: 

1,1/2,1 1,1/1,2 1,2/2,2 2,2/2,1= + +D D D D  (11) 

The sum of two hulls is a Minkowski sum [F1], [MD1], [RL1] and [Z1]. A representation of hull 1,1/2,1D  expressed at point A 

is shown in figure 9. 

In particular, from this is deduced expression (12) formalising respect for the FC in the worst case in rigid behaviour. 
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   

 (12) 
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Figure 9 : Minkowski sum illustrating equation (9). 

2.2- Thermomechanical behaviour: dimension-chain integrating thermomechanical strains 

2.2.1- Physical hypotheses  

Let us consider figure 10 showing a system with rigid behaviour and thermomechanical behaviour.  

The rigid behaviour of this system was studied in §2.1 where respect for the FC is characterised by (10). Henceforth, it must be 

ensured that the FC is respected under thermomechanical behaviour. The hypothesis  that part 2 remains undeformable is 

stated: only part 1 is subject to thermomechanical strain. 

 

An other hypothesis is stated: the topological structure of the joint graph in rigid behaviour and all thermomechanical 

behaviours remains the same. This means that there is no supplementary joint and no suppression of a joint between the two 

behaviours. The main consequence is that the joints that are influent on the FC remain the same for both behaviours. The 

influent cycle identified in figure 3 remains the same. 

On the other hand, the different parameters that characterise a joint (minimal clearance, maximal clearance and nature of 

contact) may change. As a result, the thermomechanical strains on the joints and the influent parts will modify the different 

tolerances which ensure that the FC is respected. By tolerances are more precisely the dimensions of the tolerance zones of 

coaxiality and the tolerance intervals of the diameters: see figure 11. 



 

9 

 

2

2,2
2,3

2,1

1
1,2

1,3

1,1

x

y

z

A

thermomechanical behaviour

x

y

z

A

1

1,2
1,3

1,1

2

2,2
2,3

2,1

rigid behaviour

2

2,2
2,3

2,1

1
1,2

1,3

1,1

x

y

z

A

2

2,2
2,3

2,1

1
1,2

1,3

1,1

x

y

z

x

y

z

A

thermomechanical behaviour

x

y

z

x

y

z

A

1

1,2
1,3

1,1

2

2,2
2,3

2,1

rigid behaviour

 

Figure 10 : System behaviour. 
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Figure 11 : Specifications for thermomechanical behaviour. 
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2.2.2- Integration of thermomechanical strains into the joints 

A joint can be defined as a set of parameters. Several studies have been carried out on this subject: [DE1], [W1], [SS1] and 

[DM1]. In this article the definition proposed in [DT1], which is a direct application of that proposed in [DM1] is used. 

Thus a joint can be defined by the following parameters: 

- type: planar pair, cylindrical pair, ball and cylinder pair, etc. 

- situation elements: plane, line, point 

- nature: fixed, sliding or floating 

- clearance: minimal and maximal clearance: Jmin, Jmax. 

- forced contact direction: optional 

 

The type of joint conforms to one of the types defined in [I2]. 

The situation elements position the joint in space, and hence define the axes of the degrees of freedom [CR1], [DT1]. 

The nature of the contact determines the behaviour of the joint [DM1]: 

- Fixed: no displacement is possible (the degrees of freedom are suppressed). 

- Sliding: displacements corresponding to the different degrees of freedom are possible, but the surfaces remain in 

permanent contact one with another. Clearance of the joint is null. 

- Floating: displacements corresponding to the different degrees of freedom are possible, and other displacements are 

limited by clearance. 

 

In the case of a turning pair, cylindrical pair, ball and cylinder pair, spherical pair, or prismatic pair joint clearance is defined as 

being the difference between the diameter of the hole and the diameter of the shaft. Clearance may be positive, null or 

negative. In the case of a ball and plane pair, cylinder and plane pair or planar pair, clearance is the distance between the two 

surfaces potentially in contact. Clearance can then be positive or null: negative clearance has no meaning in physical terms. 
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-Name : 1,2/2,2
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-Situation element : line (P, x) 

-Nature : floating contact

-Clearance : Jmax >Jmin 0 
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Figure 12 : Cylindrical pair joint in rigid behaviour. 
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Figure 13 : Cylindrical pair joint in thermomechanical behaviour 1. 
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-Situation element : line (P, x) 

-Nature : fixed contact
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- Forced contact direction : y  
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Figure 14 : Cylindrical pair joint in thermomechanical behaviour 2. 

A joint is defined in rigid behaviour by a set of parameters that act as reference parameters. Each thermomechanical behaviour 

will be characterised by a change in the reference parameters for the joint. Only those changes where the type of joint remains 

invariant are considered. 

 

Figure 12 shows rigid behaviour for the cylindrical pair joint used in figure 3. The situation element is the straight line (P, x). 

The hypothesis that minimal clearance is positive or null is stated. The cylindrical surface 1,2 (shaft) is free to occupy the 

clearance space in the cylindrical surface 2,2 (hole): the nature of the joint is therefore: floating. The corresponding clearance 

hull (in the shape of a lozenge at point P, centre of the joint) is also illustrated in figure 12.  

 

In the case of a cylindrical pair joint, all calculations of relative displacements between the two surfaces are carried out from a 

position of reference where the two surfaces are coaxial. 

 

Let us consider a thermal flux, characteristic of thermomechanical behaviour 1, which expands the diameter of surface 1,2: see 

figure 13. This expansion is such that maximal clearance is negative or null: surface 1,2 is therefore clamped to surface 2,2. 

The nature of the joint is therefore: fixed. Surface 1,2 is constrained to be coaxial to surface 2,2: the clearance hull is therefore 

reduced to a point centred on the origin. 

 

Let us consider a thermal flux, characteristic of thermomechanical behaviour 2, which fixes surface 1,2 by strain in a particular 

position on surface 2,2: see figure 14. This case defines a forced contact. The minimal clearance of the joint remains strictly 

positive but surface 1,2 occupies a fixed position in relation to surface 2,2: the two cylindrical surfaces are in contact according 

to their generatrices so that the greatest distance separating the two surfaces is equal to J following y-axis. y-axis characterises 

the direction of forced contact. In the case of a forced contact, a supplementary parameter is added to the description of the 

joint specifying the direction of the forced contact (y-axis in this case). The corresponding clearance hull illustrated in figure 

14 is therefore a point that corresponds to null rotation and to a translation of an amount J/2 following y-axis. 

 

The thermomechanical behaviour corresponding to figure 10 corresponds to thermomechanical behaviour 1 in figure 13. 

 

An example of the use of thermomechanical behaviour 2 will be shown in §3 in an industrial application. 

2.2.3- Integration of thermomechanical strains in the parts 

The surfaces that have undergone thermomechanical strain using substituted surfaces are modelled [PT1]. A thermomechanical 

simulation tool based on a technique for calculating by finite elements discretises the nominal model of a part into points and 

determines the displacement of each point. It is thus straightforward to describe a surface strained by a set of points. The 

substituted surface of a thermomechanically strained surface is a surface obtained by approximation using the least squares 

technique for this set of points. 

 

Thus the relative position of the thermomechanically strained substituted surface and its nominal model using a small 

displacements torsor is determined. 

 

From equation (1) and figure 2, equation (13) can be written as follows: 

1,1/1,2 1,1/1,1th 1,1th /1,1n 1,1n /1,2n

1,2n /1,2th 1,2th /1,2

d d d d

d d

                

       

 (13) 

 

Surfaces 1,1th and 2,2th are the substituted surfaces for the thermomechanically strained surfaces. Torsors 1,1th /1,1nd    and 

1,2th /1,2nd    characterise the deviations of the relative position of surfaces 1,1th and 2,2th respectively in relation to the 

nominal surfaces 1,1n and 1,2n. 

 

Given that the nominal model of a part is by definition without defect and without strain, (14) can be written as follows: 

1,1/1,2 1,1/1,1th 1,1th /1,1n

1,2n /1,2th 1,2th /1,2

d d d

d d

            

      

 (14) 

 (14) can be expressed as follows: 
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1,1/1,2 1,1/1,2 1,1/1,2ma th
d d d             (15) 

where: 

1,1/1,2 1,1/1,1th 1,2th /1,2ma
d d d             (16) 

1,1/1,2 1,1th /1,1n 1,2n /1,2thth
d d d             (17) 

Equation (16) characterises the geometric deviations of surface 1,1 in relation to surface 1,2 that derive from defects in 

manufacture. 

Equation (17) characterises the geometric deviations of surface 1,1 in relation to surface 1,2 that derive from 

thermomechanical strains. 

When considering equation (2)  the following hypothesis is stated: 

1,1/1,2 1,1/1,2ma
d d defined in rigid behaviour        (18) 

Let us suppose that: 

1,1,/1,2th

1,1/1,2 th,A
A,1,1,/1,2th

1,1/1,2th ,1,1/1,2th

1,1,/1,2th 1,1/1,2th 1,1,/1,2th ,1,1/1,2th

1,1/1,2th ,1,1/1,2th

d

with : 

and

x A x

y A y

z A z

 

 

 

 
     

 

   
   
   
   
   

ρ

ε

ρ 

 (19) 

According to the deviation hull defined at point A in §2.1.3 for rigid behaviour, the deviation hull 
1,1/1,2D  for 

thermodynamic behaviour described in figure 10 by the Minkowski sum (20) is defined as follows: 

1,1/1,2 1,1/1,2th 1,1/1,2ma

1,1/1,2ma 1,1/1,2

= +

with :

= defined in rigid behaviour

D D D

D D

 (20) 

 

1,1/1,2thD  is a hull reduced to a point corresponding to the thermomechanical strain defined in (17): see figure 15. 
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Figure 15 : Deviation hull integrating thermomechanical strains. 

2.2.4- Synthesis: formalisation of relations between functional condition, geometric specifications and 

contact specifications  
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Equation (11) characterises the dependency between the functional condition, the geometric specifications and the contact 

specifications by a Minkowski sum for hulls under rigid behaviour. This equation remains valid for thermomechanical 

behaviour, given the conservation hypothesis for the topological structure of the contact graph shown in §2.2.1. 
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Figure 16 : Minkowski sum illustrating equation (11) with thermomechanical behaviour in figure 10. 

Hull 1,1/ 2,1D  at point A corresponding to the thermomechanical behaviour represented in figure 10 will be determined, taking 

into account the deviation hull 1,1/1,2D  and the clearance hull 1,2/2,2D  integrating the thermomechanical strains illustrated in 

figures 15 and 13 respectively and the deviation hull 2,2/2,1D  illustrated in figure 6, since part 2 is considered as being infinitely 

rigid in the hypotheses formulated in §2.2.1. 

The hull shown in figure 16 is obtained. 

 

In particular, it is possible to deduce the expression (21) formalising respect for the worst case FC with thermomechanical 

behaviour in figure 10. 

1,2 2,1 2,1

max ,1,1/1,2th 1,2

2,1
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2 2

2 2
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t L t
d L
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t L t
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        

   

  
        

   

 (21) 

3- Application to a high-pressure turbine  

3.1- Description of the turbine 

The turbine consists of two sub-units: a rotor 12 and a stator (made up of parts numbered 1, 2, 3, 4, and 7) in a turning pair 

joint along x by means of ball bearings, numbered 13 and a cylindrical roller bearing, numbered 14: see figure 17. Part 12 has a 

revolution shape where the largest diameter corresponds to the diameter of the heads of the blades. Clearance at the top of 

blade between part 12 and part 1 of the stator is characterised by the difference in diameter between part 1 and part 12: see 

figure 17. 

 

In order to maximise turbine power, this clearance should be minimised while ensuring that in all turbine operational phases 

part 12 does not touch part 1. 
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Figure 17 : Simplified geometric model of a high-pressure turbine. 

When the turbine is operational, a flux of hot gases (about 1000 °C) is created in the combustion chamber (not shown in 

figure 17) and the consequence of this is to transform parts 1, 4 and 12 into thermomechanically deformable parts: see 

figure 17. In this application, the study is limited to a sub-unit of the turbine made up of parts 1 and 2: see figure 18.  

 

The functional condition guaranteeing control of clearance C at the top of the blades between the rotor and the stator (see 

figure 17), corresponds to an FC for the alignment of the axes of surfaces 1,8 and 2,8: see figure 18. 

 

FC is defined by equation (22) where e  represents the distance between the axes of surfaces 1,8 and 2,8 following a direction 

orthogonal to the x-axis at point A: 

min maxe ee    (22) 

In this example, when the turbine is operational, only thermomechanical strains in part 1 will be taken into account. Part 2 is 

considered infinitely rigid and geometrically perfect: see figure 18. 

 

The specifications required to satisfy the FC with two different behaviours have to be studied. In a first phase the turbine is 

modelled under rigid behaviour where only manufacturing defects and clearances in the different contacts will be taken into 

account. Next, the thermomechanical behaviour is considered where strains due to the flux of hot gases from the combustion 

chamber are integrated, at a point where the turbine is in stationary operating regime. 
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Figure 18 : Sub-unit of high-pressure turbine. 

3.2- Rigid behaviour 

3.2.1 Modelling 3D dimension chains of the turbine 

Part 1 is placed in position by a support plane contact with part 2, via surfaces 1,7 and 2,7. Contacts between surfaces 

1,1/2,1; 1,2/2,2; 1,3/2,3; 1,4/2,4; 1,5/2,5 modelled by ball and cylinder pair joints, complete the positioning between these two 

parts. Five clamping screws ensure that parts 1 and 2 are held in position. The graph of the joints corresponding to the system 

described in figure 18 is shown in figure 19 with the parameters of the different joints according to the model shown in §2.2.2. 
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Figure 19 : Graph of joints. 

Note the deviations in position between surfaces 1,8 and 2,8 by a small displacement torsor
1,8/ 2,8d   . From the joint graph, the 

six relations that characterise the relative position of surfaces 1,8 and 2,8 are deduced:  

1,8 / 2,8 1,8 /1,7 1,7 / 2,7 2,7 / 2,8

1,8 / 2,8 1,8 /1,i 1,i / 2,i 2,i / 2,8

d d d d

d d d d with i [1;5]

                  
 
                   

 (23) 

Since part 2 is considered as infinitely rigid and without any geometric defect, torsors 
2,7/ 2,7d    

2,i / 2,8d i [1;7]     are null 

torsors. Equations (23) then become:  

1,8 / 2,8 1,8 /1,7 1,7 / 2,7

1,8 / 2,8 1,8 /1,i 1,i / 2,i

d d d

d d d with i [1;5]

             
 
              

 (24) 

In part 1 it is necessary to control the displacement of surface 1,8 simultaneously in relation to surfaces 1,1 to 1,7. To do this, a 

system of AB references according to ISO standards is defined [I4], [I1] and [I3]. 

The plane surface 1,7 designated A is taken as primary reference and the group of five cylindrical surfaces (1,1 to 1,5) 

designated B is taken as a secondary reference: see figure 20. AB designates the system of references that make up primary 

reference A and secondary reference B.  

 

As for part 1, the CD reference system is defined on part 2. The primary reference designated as C corresponds to surface 2,7. 

The secondary reference designated as D corresponds to the group of 5 surfaces 2,1 to 2,5. 
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Figure 20 : Drawing showing definition of part 1. 

The clearance hull characterising the displacement limits of surface 1,8 in relation to surface 2,8 is expressed by the following 

Minkowski sum: 
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1,8/2,8 1,8/AB AB/CD D D D  (25) 

1,8/ ABD  represents the deviation hull characterised by the location of surface 1,8 in relation to the reference system AB. 

AB/CDD  represents the clearance hull defined by the support plane joint (1,7/2,7) and the five ball and cylinder pair joints 

(1,i/2,i). Hull AB/CDD  is formalised by the intersection of the clearance hulls of the joint between surfaces 1,7/2,7 and the five 

joints 1,i/2,i: 

 
AB/ CD 1,7 / 2,7

1,1/ 2,1 1,2 / 2,2 1,3/ 2,3 1,4 / 2,4 1,5/ 2,5

 

   

D D

D D D D D
 (26) 

3.2.2 Expression of the clearance hull between parts 1 and 2 

For each slug the clearance is maximal: it corresponds to the difference between the maximum diameter of the hole and the 

minimum diameter of the shaft (cf. §2.1.1). Then the hull 1,i / 2,iD  at point iN according to (27) is defined: see figure 21. This 

clearance is open in accordance with the four projections , , et .
ix y z N x     corresponding to the four degrees of freedom of a 

ball and cylinder pair joint. 

   
2

2 2
max

1, /2, Ni,1, /2, Ni,1, /2,. .
2

with 1 5

i i i i i i

J

i

   
    

   

 

ε y ε zD
 (27) 

Equation (28) deduces from (27) hull 1,i / 2,iD  expressed at point C by considering (29). 

2

C,1, / 2, 1, / 2,

1, / 2, 22

max
C,1, / 2, 1, / 2,

sin .
2

cos .
2 2

with 1 5

i iy i i ix

i i

i iz i i ix

D

JD

i

  
     

  
  

   
       

    

 

D




 (28) 
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 (29) 
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Figure 21 : Clearance hull 1,i / 2,iD . 

The intersection of the five hulls 1,i / 2,iD  at point C is shown in figure 22. This hull is open according to projections in 
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, et .y z C x   [GD1], [TD1] and [MD1]. 
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Figure 22 : Projected intersection according to , ,Cy Cz x    for the 5 hulls 1,i / 2,iD . 

By projecting this hull according to y  and C z  for 0x   the hull described in figure 23 is obtained. 

It can be seen that this hull remains invariant in relation to any translation orthogonal to the straight line  A, x . It is 

axisymmetrical. 
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Figure 23 : Projected intersection according to ,Cz z  for the 5 hulls 1,i / 2,iD . 

The planar pair between surfaces 1,7/2,7 suppresses rotations along y-axis and leaves translations along z-axis free.  

Clearance in this joint is null.  

Hull 1,7/2,7D  projected according to ,Cz z  is shown in figure 24. 
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Figure 24 : Clearance hull of support plane joint. 

The clearance hull AB/CDD  defined by equation (26) is calculated and shown in figure 25. This is the intersection of clearance 

hull 1,7/2,7D  with the intersection of the 5 hulls 1,i / 2,iD  at point C projected according to ,Cz z  . 

As y  is null, the consequence is Az C z  . The representation in figure 25 is also valid at point A. 
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Figure 25 : Clearance hull. 

3.2.3 Modelling the location of surface 1,8 

By the same method as that presented in §2.1.3, the deviation hull 1,8/ABD  is defined at point A. This hull characterising the 

location specification (see figure 20) is shown in figure 26. 
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Figure 26 : Deviation hull of location of surface 1,8. 

This hull remains invariant in relation to any translation orthogonal to the straight line  A, x  given that the tolerance zone for 

the location specification is a cylinder [I1]. It is axisymmetrical.  

3.2.4 Relations between functional condition, geometric specifications and contact specifications  

The Minkowski sum defined by equation (25) is represented by figure 27.  

In particular, expression (30) formalising respect for the worst case FC in rigid behaviour can be deduced. 

1,8 max
max

1,8 max
min

2 2

2 2

t J
e

t J
e


   


  


  (30) 
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Figure 27 : Hull defining displacement limits of surface 1,8 in relation to surface 2,8 at point A. 

3.3- Thermomechanical behaviour  

The influence of the thermomechanical strains caused by a flux of gases from the combustion chamber will be modelled: see 

figure 17. 

3.3.1 Integration of thermomechanical strains into the joints 

As was described in §2.2.2, the nature of the contacts and the clearances can change under thermomechanical behaviour. 

Similarly, a contact may become a forced contact. 

A preliminary thermomechanical study was carried out to determine changes in contacts. Thermal marginal conditions were 

provided by expert engineers working in the energy domain. They consisted of two fluxes: one convection flux due to hot gas 

from the combustion chamber, situated on the internal face of part 1 ; and convective cooling flux on the external face of part 1 

: see figure 28. 
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Figure 28 : Thermal marginal conditions. 

As mechanical marginal conditions only contact conditions of the planar pair 1,7/2,7 are taken into account. This will enable 

first to analyse the behaviour of surfaces 1,1 to 1,5. 

This first thermomechanical study shows that the radial displacement of the slugs is much greater than the maximal clearance 

present in each BCP type joint. A consequence is that the nature of the contact of the five ball and cylinder pair joints changes 

from floating to fixed. 

Moreover, the strain on part 1 adds a forced contact to each BCP type joint according to direction iv : see figure 29. 
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Figure 29 : Radial displacement of the slugs. 

The clearance hull for each slug is therefore a point that corresponds to a null rotation and to a radial translation of J/2 in 

quantity (cf. §2.2.2 and figure 14). 

The clearance hull 
/AB 2,8D  is a point centred on the origin given that slug distribution is angularly equidistant: see figure 30. 
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Figure 30 : Clearance hull of complete joint in two dimensions. 

3.3.2 Integrating thermomechanical strains into the parts 

A thermomechanical analysis of part 1 was carried out with the thermal marginal conditions defined in figure 28 and with 

mechanical marginal conditions that conformed to the parameters of the different joints under thermomechanical behaviour. 

Next, the geometry of surface 1,8 which was deformed by thermomechanical stresses has been studied. After analysing the 

deformed cylindrical surface the results for figures 31 and 32 using Samcef software have been obtained. 

The deviations that derive from the thermomechanical stress on part 1 (see figure 31) give result (31) : 

1,8,/ 2,8th

1,8 / 2,8 th,A
A,1,8,/ 2,8th

1,8,/ 2,8th ,1,8,/ 2,8th

d

with : and

 
     

 

 

ρ

ε

ρ 0 ε 0A

 (31) 
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Figure 31 : Thermomechanical strain in part 1. 

 

Nominal circle

Thermomechanical circle

Least square circle

A

y

z

1,8D

1,8 ( )thdev 

1,8 1,8D thd 



Nominal circle

Thermomechanical circle

Least square circle

Nominal circleNominal circle

Thermomechanical circleThermomechanical circle

Least square circleLeast square circle

A

y

z

1,8D

1,8 ( )thdev 

1,8 1,8D thd 



 
Figure 32 : Thermomechanical strain of surface 1,8 in plane  A, x  

The three following results in particular on the strain in plane  A, x  have to be considered see figure 32: 

- the translation deviation at point A in the centre of the least square circle in relation to the centre of the nominal circle: 

A,1,8/ 2,8th ε 0  

- the diameter of the least square circle of the section with the strain: 1,8 1,8 1,8 th thD D d  

- the form deviation of the section with the strain: 1,8 ( )thdev   

Figure 31 shows that the thermomechanical strain on surface 1,8 is not axisymmetrical. 

 

Figure 33 shows hull 1,8/2,8thD  at point A in a process similar to that used in §2.2.3. 
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Figure 33 : Hull strain in surface 1,8 in relation to the nominal surface. 

3.3.3 Synthesis: formalisation of relations between functional condition, geometric specifications and contact 

specifications 

Using a similar method to that described in §2.2.4, based on relation (25), the Minkowski sum of hull 1,8/2,8D  characterising 

the displacement limits for surface 1,8 in relation to surface 2,8 in relation to thermomechanical behaviour for the high 

pressure turbine can be calculated: see figure 34. 

The strain on surface 1,8/2,8 is not axisymmetrical. 
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Figure 34 : Minkowski sum illustrating relation (25) with thermomechanical behaviour in figure 28. 

In particular, from this expression (32) formalising respect for the worst case FC with thermomechanical behaviour is deduced. 
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  (32) 

It is also possible to determine the translation deviation 1,8 ( )b  from a point on the cylindrical surface 1,8 in relation to its 

nominal position. 

For rigid behaviour, equation (33) characterizes the translation deviation 1,8 ( )b   and the limits of ,1,8 / 2,8A z  are given by the 

hull shown in figure 27. 

For thermomechanical behaviour, equation (34) characterizes the translation deviation 1,8 ( )b  and the limits of ,1,8 / 2,8A z  are 

given by the hull in figure 34. 
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D
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A z

d
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    (33) 
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1,8 1,8 1,8

1,8 ,1,8 / 2,8 1,8

D
( )

2

th

A z th

d d
b dev

 
      (34) 

The diameter deviation of cylindrical surface 1,8 defined by 1,8d  (see figure 20, equations (33) and (34)) remains the same in 

rigid behaviour and thermomechanical behaviour. 
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4- Conclusions and future studies 

This article shows how deviation hulls and clearance hulls can take thermomechanical strains into account in 3D dimension 

chains.  

This paper demonstrated an application using a high pressure turbine from a helicopter engine. 

For specific thermomechanical behaviour, thermomechanical strains are taken into account from a reference definition of the 

variability of geometrical defects corresponding to rigid behaviour. 

Future work is centred on studying the distribution of geometrical defects arising from manufacturing dispersions and 

thermomechanical strains, for all behaviour modes of a turboshaft engine. As well as rigid behaviour, several different 

thermomechanical behaviours should be considered to represent the true operational cycle of a helicopter engine. 

One of the main objectives of this study will be the possibility of proposing qualification criteria for the technical solutions 

envisaged in the design cycle of a high pressure turbine for helicopter engines assisted by geometric specifications. 
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