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RANDOM GROUPS AND NONARCHIMEDEAN LATTICES

SYLVAIN BARRÉ AND MIKAËL PICHOT

Abstract. We consider models of random groups in which the typical
group is of intermediate rank (in particular, it is not hyperbolic). These
models are parallel to M. Gromov’s well-known constructions and in-
clude for example a “density model” for groups of intermediate rank.
The main novelty is the higher rank nature of the random groups. They
are randomizations of certain families of lattices in algebraic groups (of
rank 2) over local fields.

This paper introduces models of random groups “of higher rank”. The
construction, basic properties, and applications are detailed in §1 to §7 be-
low, which we now summarize.

The construction (see §1) is rather general. If Γ′ is a group which acts
properly on a simply connected complex X ′ of dimension 2 with X ′/Γ′ com-
pact, and Γ′′ ⊂ Γ′ is a subgroup of “very large” finite index, then one can
choose at random a family of Γ′′-orbits of 2-cells Y ⊂ X ′ inside X ′. Then
let X denote the universal cover of X ′′ ∶= X ′ ∖ Y . The random group Γ is
the group of transformations of the Galois covering

X ↠X ′′/Γ′′.

This construction leads to several distinct models of random groups includ-
ing a “density model”, following M. Gromov. The initial structural data (Γ′,
X ′,...) for the model is called the deterministic data. The basic properties
of Γ depend on the deterministic data.

An idea of groups “of intermediate rank” was introduced in [2] in par-
ticular to address the following question, where X is CAT(0) and X/Γ is
compact:

R2 ↪X ⇒ Z2 ↪ Γ?

(This is the “periodic flat plane problem” which has been formulated in
many places, see [12] for an early reference.) Since the assumption R2 ↪ X
is equivalent to X being non hyperbolic, the new models are relevant to
the study of this question. We will see that in some cases (depending on
the deterministic data, the density parameter, etc.) the answer is positive
“generically”, but that the precise relation between the two conditions “R2 ↪
X” and “Z2 ↪ Γ” remains mysterious even for random groups associated
with lattices in PSL3.

Before turning to these models let us discuss briefly Gromov’s original
construction of random groups and the density model introduced in [14]
(see also [12, §6], [13] or [15]).
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Let Γ1 be a hyperbolic group in the sense of Gromov, and take successive
quotients Γ1 ↠ Γ2 ↠⋯, say

Γn+1 ∶= Γn/⟨⟨Rn⟩⟩

where Rn ⊂ Γn is a finite set of additional relations. As explained in [14] the
set Rn can “in general” be chosen so that:

(i) Γn+1 stays hyperbolic
(ii) Γn↠ Γn+1 is injective on larger and larger balls

Property (ii) ensures the existence of an infinite limit group Γ∞, while the
attribute “in general” accounts for the oversupply of choices in the con-
struction; its precise meaning depends on the size and the nature of Rn. For
example, if Γ1 is torsion free and the sets Rn consist of a single relation which
is a “higher and higher” power of the nth element in a list exhausting Γ1,
then the limit Γ∞ is a finitely generated infinite torsion group [14, §4.5.C].
Here (i) and (ii) become geometric assertions relying on K < 0, and the con-
struction offers almost total freedom. (Gromov’s construction is related to
the Burnside problem — the existence of infinite torsion groups was estab-
lished by Golod, and the existence of infinite groups of finite exponent by
Adian and Novikov, and by Olshanskii using the small cancellation theory.)

A prominent feature is the genericity of hyperbolic groups, as put forward
in [14] and illustrated by (i) above. M. Gromov has since invented several
models of random groups and constructed many exotic infinite groups using
them [15, 16, 17, 21, 11]. We are interested here in his so-called density
model, which studies “one-step” random quotients Γn ↠ Γn+1 for “very
large” random setsRn of “very long” relations. If one starts with a free group
Fr on r generators and let δ denote the density parameter, then the random
group in the density model is a quotient of the form Fr/⟨⟨Wp⟩⟩, where Wp

is a set of ≈ ∣Sp∣δ words chosen uniformly independently at random in the
sphere Sp of radius p in Fr. Gromov shows that if δ < 1/2, then the resulting
random group is hyperbolic with overwhelming probability as p→∞, while
if δ > 1/2 it is trivial (meaning 1 or ±) with overwhelming probability. In
this model, small cancellations occur for δ < 1/12. (One can also start here
with a non elementary hyperbolic group Γ and take random quotients by
elements in the spheres Sp ⊂ Γ, p→∞; the same phase transition “δ < 1/2⇒
hyperbolic” and “δ > 1/2⇒ 1/±” is then valid provided that Γ is torsion free
[22].) An earlier model of Gromov called the “few relator model” studies
the situation where ∣Wp∣ is bounded. We refer to [21] for a survey of these
groups.

The groups of intermediate rank constructed in [2] can be put on a “rank
interpolation line”:

1+
.........

1 27/4 1.94

???

(we emphasis again that this only has a schematic value: as discussed in
[2] already, the phenomenon of rank interpolation is not unidimensional.)
The two extreme cases in this picture are the hyperbolic groups (rank 1, or
more generally the groups with isolated flats, of rank 1+) and the lattices in
nonarchimedean groups (rank 2). The value 1.94 refers to the bowtie group
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Γ& introduced in [2] and further studied in [4]. The present paper constructs
many groups whose rank is arbitrarily close to 2: if the deterministic data
arises from a nonarchimedean Lie group of rank 2, then the “rank” of the
random group (for example, the local rank in the sense of [3, Definition 4.5])
is as close to 2 as desired.

We now formulate our main result in the special case of the density model
with deterministic data the Cartwright–Steger lattices in PGL3(Fq((y)))
and their congruence subgroups. The techniques and constructions involved
in the proof of this result apply in more general situations, and we will
state and establish more general statements along the text. In fact, most
of the assertions in Theorem 1, with the notable exception of the fact that
“δ < 5

8 ⇒ Z2 ↪ Γ”, will be proved under less restrictive assumptions.
The Cartwright–Steger lattices [7] are uniform lattices Γn < PGLn(Fq((y)))

associated with the ring R = Fq[y,1/y,1/(1+y)] ↪ Fq(y). Their congruence
subgroups Γn(I) correspond to ideals I◁R. The groups Γn act transitively
on the vertices of the Bruhat–Tits building Xn of PGLn(Fq((y))). Below
n = 3; the random groups discussed in Theorem 1 have as deterministic
data the lattices (X3,Γ3,{Γ3(Ip)}) associated with the Cartwright–Steger
lattices of rank 2.

Theorem 1. Let q be prime power. Fix two sequences (fp)p≥1 and (sp)p≥1

where fp ∈ Fq[y] is a monic irreducible polynomial prime to y and y + 1 and
sp ≥ 1 is an integer. If the density parameter δ satisfies

δ < 5

8

then the random group Γ in the density model of parameter δ with (Cartwright–
Steger) deterministic data (X3,Γ3,{Γ3(Ip)}) satisfies

Z2 ↪ Γ

with overwhelming probability, where the congruence subgroups Γ3(Ip)p≥1 are
associated with the ideal Ip = ⟨fspp ⟩ generated by f

sp
p in Fq[y,1/y,1/(1 + y)].

If in addition sp ≥ k for p large enough, then Z2 ↪ Γ with overwhelming
probability whenever

δ < 7k − 3

7k + 1

(which can be made as close to 1 as desired, independently of q). Further-
more, if

δ < q − 1

q − 2

(which can be made as close to 1 as desired, independently of k) then Γ acts
freely uniformly on a space X of dimension 2 with the geodesic extension
property, and if

δ < 1

2
and q ≥ 5

then Γ has Kazhdan’s property T with overwhelming probability. In addition,
if δ0 is an arbitrary real number < 1 given in advance, then there exists q0
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such that if q ≥ q0, then Γ has Kazhdan’s property T with overwhelming
probability for every δ < δ0. If on the other hand

δ > q

q − 1

then Γ doesn’t have property FA. Finally, if

δ < 1

2

(and q is arbitrary), then (X,Γ) has the extension rigidity property of [3]
(namely, it “remembers” the building X3 it comes from). Finally, if δ0 < 1
and ε > 0 are real numbers given in advance, then there exists q0 such that
if q ≥ q0, then (X,Γ) has local rank (in the sense of [3]) uniformly ≥ 2 − ε
with overwhelming probability for every δ < δ0.

The paper is structured as follows. An analog of Gromov’s few relator
model is studied in §3 in relation with the periodic flat plane problem. The
density model is studied from §4 onwards, where we introduce “critical den-
sities” for various properties of groups in this model. In our framework,
the density parameter δ regulates the size of the random subset Y ⊂ X ′.
For example, we have a critical density δT for Kazhdan’s property T, δFA
for property FA, etc., and most importantly the critical density δZ2 for the
property that Z2 ↪ Γ. The critical densities depends on the deterministic
data. In §5 we discuss various analogs of Gromov δ = 1/2 phase transi-
tion theorem in the density model, while §6 is devoted to estimating δZ2 for
nonarchimedean lattices (in positive characteristic). Finally §7 derives other
properties of the random group (for example property T) and its “intermedi-
ate rank” behavior. The reason why property T arises only “for sufficiently
large residue fields” is the same as in Garland’s paper [10], namely that the
spectral gap is large enough only for q large enough.

We conclude with a question, the issue of which seems hard to predict at
this stage:

Question 2. Is there (X,Γ) of local rank > r such that Z2 /↪ Γ for every
r < 2?

Here X is a CAT(0) of dimension 2 and Γ↷X freely with X/Γ compact
and the local rank is defined in [3]. The question can be considered both in
the general case, or when the order q is bounded. See [3, Question 0.2] for
a related question (some aspects of the “local to global problem” implicit in
Question 2 are also discussed in [3]) and also [4, Problem 3].

Acknowledgements. We are grateful to the referees for helpful comments
on the text.
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1. Description of the random group

Let Γ be a discrete group acting freely simplicially on a 2-complex X with
X/Γ compact, and Γ1,Γ2,⋯ be a family of finite index subgroups of Γ with
[Γ ∶ Γp] → ∞, p→∞. The random group defined below is a “randomization”
of the following (deterministic) sequence of covering maps:

X

Γ

��

Γ1 $$ Γ2 **Γ3 ,,
X/Γ1

{{

X/Γ2

uu

X/Γ3 ⋯

ss
X/Γ

associated with X and (Γp)p≥1. (The family may be nested Γ ≥ Γ1 ≥ Γ2⋯
and correspond to a tower X/Γ ← X/Γ1 ← X/Γ2 ← X/Γ3 ← ⋯ of compact
spaces.) The randomization is achieved by inserting a “random topological
noise” to the spaces X/Γp (where p is very large) which is detected by the
fundamental group.

Definition 3. We call (X,Γ,{Γp}) the deterministic data.

The topological perturbation is implemented as follows. For each p ≥ 1,
remove a family of 2-cells in X/Γp (equivalently, a family of Γp-orbits of 2-
cells in the fixed space X) at random (with respect to a probability scheme

for removing 2-cells, for example, Bernoulli). The universal cover X̃p of

the resulting (random) space Xp ⊂ X has a (random) group Γ̃p of deck
transformations:

X̃p

Γ̃p
��

X/Γp Xp/Γpoo
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as described in the following overall diagram:

X̃p

rr Γ̃p

��

⋯

X

Γ

��

Γ1 %%

Γp

**
X/Γ1 ⋯

yy

X/Γp

tt

Xp/Γpoo

rr

⋯

X/Γ

We study the properties of (X̃p, Γ̃p) when the order of approximation p is

very large. The construction provides a random group Γ̃p, a random space

X̃p, a random action Γ̃p ↷ X̃p, and a random compact space X̃p/Γ̃p.
At this stage, the model will be precisely defined as long as the random

scheme removing 2-cells is specified; several options are possible. We study
here analogs of M. Gromov’s well–known models for adding relators at ran-
dom to a finitely generated group (more precisely, analogs of the “few relator
model” and the “density model” of [14, 15]).

Fix a deterministic data (X,Γ,{Γp}) (different choices for the triples
(X,Γ,{Γp}) give rise to different models of random groups and lead to a
priori distinct random objects). The set

Cp ∶= {Γp-orbits of faces in X}
(whose element are called equivariant faces of X with respect to Γp, or some-
times equivariant chambers when we have in mind a Bruhat–Tits building)
is finite, and in many interesting cases it is rapidly growing. It plays the
role of the set

Wp ∶= all words (or reduced words) of length p (or at most p) in Γ

in Gromov’s models, from which the relations are picked up at random and
added to the given group Γ (e.g. the free group F2).

For a finite subset A = {C1, . . . ,Ck} of Cp, we set

● XA ∶=X −⋃kl=1

○
Cl

● KA ∶= π1(XA) and X̃A↠XA be the corresponding universal cover
● ΓA be the Galois group of the covering map

X̃A↠XA/Γp.
The random group is defined by:

Definition 4. Fix for every p ≥ 1 a process Pp for selecting random subsets of
elements in Cp. The random group of order p in the (X,Γ,{Γp},{Pp})-model
is the group ΓA associated by the construction above to the Pp-generic subset
A ⊂ Cp. We say that a property P occurs with overwhelming probability in
this model if the probability that the random group ΓA of order p satisfies
P converges to 1 as p→∞.

Remark 5. 1) In all cases considered below, the random process {Pp} is
universal in that it does not depend on the deterministic data (X,Γ,{Γp}).
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More precisely, a predetermined process P is chosen for selecting a random fi-
nite subset in an arbitrary finite set, and this process P is applied recursively
to the terms of the sequence (Cp)p.

2) Most of the results of the present paper extend easily to the case
of proper actions on cell complexes with compact quotient. We also note
that these models of random group only take into account the “profinite
information” contained in the deterministic data.

We study two special cases of Definition 4, the “bounded model” and
the “density model”. In the first model, a uniformly bounded number of
elements of Cp is chosen at random:

Definition 6 (The bounded model). Fix an integer parameter c ≥ 1. The
bounded model over (X,Γ,{Γp}) is the (X,Γ,{Γp},{Pp})-model associated
with the process

Pp ∶= “choose c chambers in Cp, uniformly and independently at random”.

This corresponds to Gromov’s “few-relator model”.
In the second model, the number of chosen chambers in Cp is unbounded

and rapidly growing.

Definition 7 (The density model). Fix a real parameter δ > 0 (the den-
sity). The density model over (X,Γ,{Γp}) is the (X,Γ,{Γp},{Pp})-model
associated with the process

Pp ∶= “choose ∣Cp∣δ chambers in Cp, uniformly and independently at
random”.

This corresponds to the Gromov “density model”. As in Gromov models,
the bounded model can be seen as a manifestation of the “density model
with δ = 0” (see also Section 4).

Remark 8. In a sense, the new models can be thought of as “mirror images”
of the Gromov models: rather than starting with a group with a large supply
of quotients, for example non abelian free groups, and gradually adding
relations at random, we typically start (see below) with lattices in some
algebraic group of rank 2, which have “as many relations as is conceivable”
for an infinite group (in particular they are just infinite up to centre), and
remove them at random. It is unclear how to randomize (say, residually
finite) discrete groups of higher cohomological dimension; for example, the
above construction provides a precise meaning for the expression “Γ is a
random extension of a lattice in PSLn(K)” for n = 3, where K is a local
field — what about n > 3?

2. Preliminary results

Let (X,Γ,{Γp}) be a deterministic data, and let p ≥ 1, A ⊂ Cp, XA, ΓA,
KA (following the notation of Section 1) be fixed throughout the section.

Observe that the sequence of covering spaces X̃A ↠ XA ↠ XA/Γp pro-
vides an exact sequence (non-split in general)

1→KA → ΓA → Γp → 1

of discrete groups.
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Lemma 9. If X is contractible, then:

(1) The homology groups Hi(XA,Z) vanish for i ≥ 2, and the covering

space X̃A is contractible.
(2) The group KA is a free group on countably many generators.
(3) The group ΓA is a finitely presented group of geometric dimension

2. If ∣A∣ ≠ 0, then ΓA is a strict extension of Γ.

Proof. The first part of the first assertion is clear and the second part clas-
sically follows from the first (X̃A is weakly homotopy equivalent to a point,
and therefore contractible). The universal coefficient theorem

0→ Ext(H1(XA,Z),Z) →H2(XA,Z) → Hom(H2(XA,Z)) → 0,

where the module H1(XA,Z) is free and thus projective, shows that the
second integral cohomology H2(XA,Z) vanishes. Thus, KA is a free group.
This follows from the Stallings–Swan theorem that a group of cohomological
dimension 1 is free. (Note that the group KA does not act “naturally” on
a tree in general.) Let us prove (3). Since Γ acts freely on X contractible,
X/Γ is an Eilenberg–MacLane space, K(Γ,1), and it follows from (1) that

X̃A/ΓA is a K(ΓA,1) and in particular ΓA is finitely presented of geometric
dimension 2. (If the action Γ ↷ X is only assumed to be proper, then the
groups ΓA are of proper (Bredon) geometric dimension 2.) Assume that
∣A∣ ≠ 0. Let γ be the boundary of an element of A. If ΓA → Γ is an
isomorphism, then γ is a boundary in XA, and therefore is an equator in a
2-sphere of X. This contradicts the fact that XA is aspherical, so KA ≠ 1,
and by equivariance, KA is infinitely generated. �

Remark 10. If Γ is of higher cohomological dimension, then KA is not
necessarily free. The density model is interesting to study in this situation,
and seems to be working properly only in “high density regimes” (this to
compensate, especially in the case of SLn, n ≥ 4, for the very strong ambient
rigidity properties of the deterministic data).

The following “flat plane correspondence” assertion is useful in connection
with Gromov’s periodic flat plane problem.

Lemma 11. Assume that X is a CAT(0) space and that Γ↷X is isometric.

For every flat Π ⊂ XA, there exists a flat Π̃ ⊂ X̃A such that the restriction
of π̃A ∶ X̃A → XA to Π̃ is an isometry onto Π. Furthermore, if there exists
a subgroup Λ ⊂ Γ, Λ ≃ Z2, such that Π/Λ is a compact torus, then there is a

corresponding a subgroup Λ̃ ⊂ ΓA, Λ̃ ≃ Z2, such that Π̃/Λ̃ is a compact torus,
and the following diagram commutes:

Λ̃ ⊂ ΓA

��
Z2 //

;;

Λ ⊂ Γp

Conversely, if Π̃ ⊂ X̃A is a flat in X̃A, then π̃A(Π̃) is a flat in XA. If in

addition there exists a subgroup Λ̃ ⊂ ΓA, Λ̃ ≃ Z2, such that Π̃/Λ̃ is a compact
torus, then its projection Λ in Γ is a subgroup isomorphic to Z2, such that
Π/Λ is a compact torus.
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Proof. Since πA ∶ X̃A → XA is a locally isometric covering map and R2 is
contractible, the map j ∶ R2 → Π ⊂ XA admits a unique isometric lifting j̃ ∶
R2 → Π̃ ⊂ X̃A through any point j̃(0) = x̃ ∈ X̃A such that πA(x̃) = j(0) =∶ x,
such that the following diagram commute:

X̃A

πA

��
R2

j
//

j̃
>>

XA

The map π̃A, being a local isometry, restricts to an isometry from Π̃ onto Π.
Let Λ ⊂ Γ be a subgroup isomorphic to Z2 such that Π/Λ is a compact torus.
Let s ∈ Λ, and let gs ∈ ΓA be any lift of s ∈ Λ. By equivariance of πA, we have
πA(gs(x̃)) = sx. Choose ks ∈ KA such that ksgsx̃ ∈ Π̃. Then (ksgs)−1(Π̃) is
an isometric lifting of Π which contains x̃. Uniqueness of liftings implies that
ksgs(Π̃) = Π̃. Let {a, b} be a generating set of Λ and let ã, b̃ ∈ ΓA be such that

ã(Π̃) = Π̃ and b̃(Π̃) = Π̃. Since πA(ãb̃x̃) = abπA(x̃) = baπA(x̃) = πA(b̃ãx̃) and

πA ∶ Π̃→ Π is isometric, the elements ã and b̃ of ΓA commute and therefore
generate an (infinite torsion-free) abelian group Λ̃ ⊂ ΓA. If Λ ≃ Z, let c̃
be a generator, and let c ∈ Γp be its image. Then c(Π) = Π and Λ ⊂ ⟨c⟩,
contradicting Λ ≃ Z2. Therefore Λ̃ ↷ Π̃ is conjugate to a discrete action of
Z2 on R2, hence Π̃/Λ̃ is compact.

Conversely, let Π be the image of Π̃ under πA. Since πA∣Π̃ is a locally

isometric covering map, Π is either a torus, a cylinder, or a flat plane. The
first two possibilities are incompatible with the fact that Π ⊂ XA ⊂ X,
where X is a CAT(0) space of dimension 2. In particular, we see that if

Λ̃ = ⟨ã, b̃⟩ is a subgroup isomorphic to Z2 acting on Π̃ with Π̃/Λ̃ compact,

then KA ∩ Λ̃ = {e}. But this implies that its image Λ in Γ is isomorphic to
Z2, acting freely on Π with Π/Λ compact. �

Lemma 12. Assume that X is a CAT(0) space and that Γ acts isometri-
cally. Assume that A ⊂ B ⊂ Cp.

(1) If ΓA is Gromov hyperbolic, then ΓB is Gromov hyperbolic.
(2) If ΓB contains a subgroup isomorphic to Z2, then ΓA contains a

subgroup isomorphic to Z2.

Proof. (1) By invariance under quasiisometry, it is enough to prove that X̃B

is hyperbolic. If it is not hyperbolic then, being a CAT(0) space, it contains

a flat plane Π ≃ R2 ↪ X̃B by the flat plane theorem. Since the image of Π
in XB under the covering map πB ∶ X̃B ↠ XB is a flat plane, the space XA

contains a flat plane, and therefore, X̃A contains a flat plane by Lemma 11.
Therefore, X̃A is not hyperbolic and ΓA is not a hyperbolic group, contrary
to assumption. Thus ΓB is hyperbolic.

(2) Since A ⊂ B, the map X̃B ↠XB ↪XA lifts to a map

X̃B → X̃A↠XA

Let Y = X̃A, ∆ = ΓA, and let C be the pull-back of B ∖A ⊂X in Y . Let also
Λ̃ ⊂ ΓB be a subgroup isomorphic to Z2, and let Π̃ ⊂ X̃B be the corresponding
periodic flat. We apply Lemma 11 to the isometric action ∆ ↷ Y , and the
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subset C of Y . Then YC coincide with the image of X̃B in Y and ỸC = X̃B,
∆C = ΓB. It follows that Π = π̃C(Π̃) is a flat in YC ⊂ Y = X̃A and that the

projection Λ of Λ̃ in ∆ is a subgroup isomorphic to Z2, such that Π/Λ is
compact. This shows that ΓA contains a copy of Z2. �

The same is true for the isolated flats property:

Lemma 13. Assume that X is a CAT(0) space and that Γ acts isometri-

cally. If X has the isolated flats property, then X̃A has the isolated flats
property.

3. Random periodic flat plane problems I

We consider the bounded model first.
Recall that a countable group Γ is called virtually indicable if some finite

index subgroup of Γ admits an infinite abelian quotient.
The main theorem in this section is a result that is significantly more

general than Theorem 1 but is restricted to the bounded model. It produces
groups which are infinitesimal perturbations of the deterministic data.

Lemma 14. Assume that the deterministic data (X,Γ,{Γp}) satisfies:

● X is a CAT(0) space and Γ acts isometrically
● Γp◁ Γ, and [Γ ∶ Γp] →p ∞
● Γ is not virtually indicable
● Z2 ↪ Γ

then the random group in the bounded (X,Γ,{Γp})-model contains a copy
of Z2 with overwhelming probability.

Proof. Let Λ be a subgroup of Γ isomorphic to Z2. Let Π ↪ X be a flat
plane on which Λ acts freely with X/Λ a compact torus (which exists by the
flat torus theorem). Consider the subgroup

Λp = Γp ∩Λ

and let Fp be the set of Λp-orbits of chambers in Π. Since

[Λ ∶ Λp] ≤ [Γ ∶ Γp]
the set Fp is finite. We denote by F ′

p ⊂ Cp the image of Fp into Cp under the
map which associates to a Λp-orbit in Π its corresponding Γp-orbit in X.

Let (ΓAp , X̃Ap) be the random group associated with a random subset
Ap ⊂ Cp in the bounded model (so ∣Ap∣ = c ≥ 1 is a fixed integer). We will
show that

P(Ap ∩Π ≠ ∅) ÐÐÐ→
p→∞

0.

Assume towards a constradiction that the limit is not zero. Then there
exist δ > 0 and a sequence p1 < p2 < p3 < . . . of integers such that, for all
i ≥ 1, the random set Api in Cpi contains, with probability at least δ > 0, an
equivariant chamber C such that C ∩Π ≠ ∅:

P(∃C ∈ Api ∣ C ∩Π ≠ ∅) ≥ δ.
A fortiori,

∑
C∈Api

P(C ∩Π ≠ ∅) ≥ δ.
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Thus, for all i ≥ 1,

∣{C ∈ Cpi ∣C ∩Π ≠ ∅}∣ ≥ δ
c
∣Cpi ∣.

Since the condition C ∩ Π ≠ ∅ is equivalent to the fact that C ∈ F ′
pi , we

obtain

∣Fpi ∣ ≥ ∣F ′
pi ∣ ≥ ∣{C ∈ Cpi ∣C ∩Π ≠ ∅}∣ ≥ δ

c
∣Cpi ∣.

Consider the groups Gp = Γ/Γp and Hp = Λ/Λp, which act freely on Cp and
Fp respectively.

It follows that there exists a constant κ, which depends only on δ, c, the
number of Γ-orbit of chambers in X and the number of Λ-orbits of chambers
in Π, such that

[Gpi ∶Hpi] ≤ κ.
Hence, for every i, the subgroup ΛΓpi of Γ is (by the isomorphism theorems)
of index

[Γ ∶ ΛΓpi] ≤ κ.
As Γ is finitely generated (for it acts freely on X with X/Γ compact), the
family F of subgroups of index at most κ is finite.

A finitely generated group Γ is not virtually indicable if and only if every
finite index subgroup Γ0 of Γ has finite abelianization Γ0/[Γ0,Γ0]. Since
ΛΓpi ∈ F we have

∣ΛΓpi/[ΛΓpi ,ΛΓpi]∣ < γ
for some fixed γ > 0, not depending on i. On the other hand, since Λ ≃ Z2,

Hpi ⊂ ΛΓpi/[ΛΓpi ,ΛΓpi]
and as

∣Hpi ∣ ÐÐÐÐÐ→∣Gpi ∣→∞
∞

we have
∣ΛΓpi/[ΛΓpi ,ΛΓpi]∣ ÐÐÐ→pi→∞

∞.

which gives the desired contradiction. Thus,

P(Ap ∩Π ≠ ∅) ÐÐÐ→
p→∞

0.

We now apply Lemma 11, whose assumptions are satisfied with overwhelm-
ing probability. This shows that Z2 ↪ ΓAp with overwhelming probabil-
ity. �

Theorem 16 below can be expressed by saying that “the periodic flat
plane problem is stable under randomization in the bounded model”, under
suitable assumptions. More precisely:

Definition 15. We say that a property P is stable under randomization
in the (X,Γ,{Γp},{Pp})-model if the random group has property P with
overwhelming probability provided that the deterministic data (X,Γ,{Γp})
has property P .

Theorem 16. Let (X,Γ,{Γp}) be a deterministic data, where Γ acts iso-
metrically on X CAT(0), and Γp◁Γ is a sequence of normal subgroups such
that [Γ ∶ Γp] → ∞. If Γ is not virtually indicable, then the periodic flat plane
alternative is stable under randomization in the bounded (X,Γ,{Γp})-model.
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Proof. Assume that Γ satisfies the periodic flat plane alternative and let us
prove that the random group does. If Γ contains Z2, then Lemma 14 shows
more: every copy of Z2 eventually survives in the random group. If Γ does
not contain Z2 then it is hyperbolic, and Lemma 12 shows that the random
group is hyperbolic as well. �

According to the “flat closing conjecture” (= the hypothesis that the pe-
riodic flat plane problem always has a positive answer), one expects that
virtual indicability doesn’t play a role regarding the existence of a peri-
odic flat plane in the bounded model. The conjecture implies that for an
arbitrary deterministic data (X,Γ,{Γp}), where X is CAT(0) and Γ acts
isometrically, the periodic flat plane alternative is stable under randomiza-
tion in the bounded (X,Γ,{Γp})-model. This can be checked easily in a few
situations, including spaces with isolated flats, using Lemma 13.

Let us conclude this section with a statement which (in the case of the
bounded model) weakens the assumption on the deterministic data for the
Z2 ↪ Γ assertion in Theorem 1.

Let k be a non-archimedean local field with discrete valuation, and G be
an algebraic group of rank 2 over k. Let X be the associated Bruhat-Tits
building, Γ be a uniform lattice in G acting freely on X, and {Γp}p be a
sequence of finite index normal subgroups, and let us take (X,Γ,{Γp}) as
deterministic data.

Corollary 17. If Γ is the random group in the bounded (X,Γ,{Γp})-model,
then Z2 ↪ Γ with overwhelming probability.

Note that such a determinitic data can be constructed. Indeed, let Γ′ be
any uniform lattice in G (see [19, Chap. IX.3]; if the characteristic of k
is zero, then all lattices are all uniform). Then, by a well-known result of
Selberg, Γ has a torsion-free subgroup of finite index Γ, and since G over k
is a linear group, Malcev’s theorem shows that Γ residually finite. Now Γp
may be taken to be any sequence of finite index subgroups of Γ, for example
a sequence of normal subgroups with trivial intersection.

Proof. Being an algebraic group of rank 2, G satisfies Kazhdan’s property
T (see [5, Chap. 1, Theorem 1.6.1]) and so does the lattice Γ. A fortiori, Γ
is not virtually indicable and therefore Lemma 14 applies. �

4. Critical densities, factors and lifts

The present section defines two relevant critical densities for studying the
periodic flat plane problem in the density model: δR2 (the critical density
for being hyperbolic) and δZ2 (the critical density for containing Z2). Exis-
tence follows from the “lift/quotient stability in the density model” of the
corresponding group property (compare Proposition 23).

We call a group property P lift stable (resp. factor stable or quotient
stable), if for every surjective morphism Γ ↠ Γ′ where Γ′ (resp. Γ) has
property P , then Γ (resp. Γ′) has property P. It is clear that

● P lift stable ⇔ ¬P factor stable
● P lift stable & P factor stable ⇒ P trivial. (In this respect factor

and lift stable properties are “half-trivial” properties.)
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The following result explains the origin, for lift/factor stable group prop-
erties, of transition thresholds observed in the density models.

Proposition 18. Let P be a lift stable (resp. P ′ be a factor stable) group
property and let (Γ,X,{Γp}) be a deterministic data. There exists a crit-
ical parameter δP = δP (Γ,X,{Γp}) (resp. δP ′ = δP ′(Γ,X,{Γp})) such that
the random group Γ in the density model of parameter δ over (Γ,X,{Γp})
satisfies the following:

● Γ has property P if δ > δP (resp. Γ has property P ′ if δ < δP ′)
● Γ doesn’t have property P if δ < δP (resp. Γ doesn’t have property
P ′ if δ > δ′P )

(with overwhelming probability). In particular, δ¬P ≤ δP and δP ′ ≤ δ¬P ′
respectively — leading to a “threshold”:

0 δ
P ′ δ¬P ′

“Half-trivial” properties have one threshold

It seems that in known cases δP = δ¬P . For P such that δP > δ¬P it could
be informative to determine the true behaviour of the probabilities on the
interval between δ¬P and δP .

Example 19. The proposition shows the existence of critical densities for

● Kazhdan’s property T (factor stable), say δT ,
● Serre’s property FA (factor stable), say δFA
● largeness, which is the existence of a finite index subgroup of Γ

surjecting to a non abelian free group (lift stable), say δvirt
↠F2

● virtual indicability (lift stable), say δvirt
↠Z

where

δT ≤ δFA ≤ δvirt
↠F2

≤ δvirt
↠Z

Observe that if P ⇒ P ′ where both P,P ′ are factor stable/both are lift
stable or if P ⇒ ¬P ′ where P is factor stable and P ′ is lift stable, then
δP ≤ δP ′ .

The proof of Proposition 18 will follow from an assertion that “the random
group at density δ′ is a quotient of the random group at a higher density
δ > δ′”, which we make precise in Lemma 21. The existence of transition
thresholds does not generalize to properties which are not lift stable or factor

stable. For example, a property like T∨ virt↠ Z admits a priori two thresholds.
In general, the above result can be extended to any finite conjunction of
properties which are lift stable or factor stable, resulting in a finite number
of phase transitions.

We prove Lemma 21 in a more general model, called the “α-model”, which
extends both the bounded model (where α is bounded) and the density
model of parameter δ for any δ > 0 (where αp = ∣Cp∣δ):

Definition 20. Let (X,Γ,{Γp}) be a deterministic data and α ∶ N→ N be an
increasing sequence. The α-model over (X,Γ,{Γp}) is the (X,Γ,{Γp},{Pp})-
model of random groups in which Pp selects αp chambers in Cp, uniformly
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and independently at random. Given α,β ∶ N→ N, we say that the α-model
is dominated by the β-model if αp ≤ βp for every n sufficiently large.

Zero density models, in which say αp ∶= o(∣Cp∣δ) for every δ > 0 (this
includes the bounded model), can be used to provide variations on the model
density δ > 0, for example: αp ∶= ∣Cp∣δ + o(∣Cp∣δ).

The bounded model is dominated by the density model of parameter δ,
which is dominated by the density model of parameter δ′ > δ. Lemma 21
makes explicit the fact that if α dominates β, then “the random group in the
α-density model is a quotient of the random group in the β-density model”.
We prove the case of lift stable properties only, since the corresponding
statement for factor stable properties is analogous.

Lemma 21. Let P be a lift stable group property and (Γ,X,{Γp}) be a de-
terministic data. If the α-model on (Γ,X,{Γp}) is dominated by the β-model
on (Γ,X,{Γp}), then the probability that the random group has property P
in the α-model is dominated by the probability that the random group has
property P in the β-model.

In particular, if P occurs with overwhelming probability in the α-model,
then it does so in the β-model, establishing Prop. 18.

Proof. If P is lift stable, then

∣{c1, . . . , cαp ∈ Cp ∣ Γ{c1,...,cαp} has property P}∣

=
∣{c1, . . . , cβp ∈ Cp ∣ Γ{c1,...,cαp} has property P}∣

∣Cp∣βp−αp

≤
∣{c1, . . . , cβp ∈ Cp ∣ Γ{c1,...,cβp} has property P}∣

∣Cp∣βp−αp

Therefore if Aα denote the random subset of Cp in the α-model and Aβ
denote the random subset of Cp in the β-model, then:

P(ΓAα has property P) ≤ P(ΓAβ has property P).
This proves the assertion. �

However, a property like “hyperbolicity” is not factor stable nor lift stable,
even though Gromov establishes sharp phase transition in his density model.

The following weakening of lift/factor-stability is consistent with the den-
sity model and allows for more general properties.

Definition 22. A group property P is said to be lift stable (resp. factor
stable or quotient stable) in the density model if the random group at density
δ satisfies property P with overwhelming probability whenever the random
group at density δ′ < δ (resp. δ′ > δ) satisfies property P with overwhelming
probability.

Thus, we have (tautologically) a critical density δP (Γ,X,{Γp}) for every
lift stable property P in the density model, and similarly for factor stable
properties. Furthermore

δ¬P (Γ,X,{Γp}) ≤ δP (Γ,X,{Γp})
if P is lift stable and ¬P factor stable.
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Proposition 23. Let (Γ,X,{Γp}) be a deterministic data, where X is a
CAT(0) space and Γ acts isometrically. Then:

(1) Gromov-hyperbolicity is lift stable in the density model over (Γ,X,{Γp}).
Therefore, there exists a critical density, denoted δHyp(Γ,X,{Γp}),
for the random group in the density model to be hyperbolic, and a
critical density, denoted δR2(Γ,X,{Γp}), for the random universal
cover to contain R2.

(2) The existence of subgroups isomorphic to Z2 is factor stable in the
density model. Therefore, there exists a critical density, denoted
δZ2(Γ,X,{Γp}), for the random group in the density model to con-
tain a subgroup isomorphic to Z2, and a critical density, denoted
δ¬Z2(Γ,X,{Γp}), for the random group to contain no subgroup iso-
morphic to Z2.

By the periodic flat plane theorem,

δR2(Γ,X,{Γp}) ≥ δZ2(Γ,X,{Γp}).

Problem 24. Given a deterministic data (Γ,X,{Γp}) where X is a CAT(0)
space and Γ acts properly uniformly isometrically, is it true that

δR2(Γ,X,{Γp}) = δZ2(Γ,X,{Γp})?

The flat closing conjecture implies that the answer is positive.

Proof of Proposition 23. (1) By Lemma 12 (a), we have:

∣{c1, . . . , cαp ∈ Cp ∣ Γ{c1,...,cαp} is hyperbolic}∣

=
∣{c1, . . . , cβp ∈ Cp ∣ Γ{c1,...,cαp} is hyperbolic}∣

∣Cp∣βp−αp

≤
∣{c1, . . . , cβp ∈ Cp ∣ Γ{c1,...,cβp} is hyperbolic}∣

∣Cp∣βp−αp

This shows that the random group in the β-model is hyperbolic provided
that the random in the α-model is hyperbolic, for any β dominating α, which
applies in particular to the density model. This shows the existence of δHyp

and similarly of δR2 .
(2) The same proof applies (using now Lemma 12 (b)), with a reverse

inequality. Namely we have:

∣{c1, . . . , cαp ∈ Cp ∣ Γ{c1,...,cαp} contains Z2}∣

=
∣{c1, . . . , cβp ∈ Cp ∣ Γ{c1,...,cαp} contains Z2}∣

∣Cp∣βp−αp

≥
∣{c1, . . . , cβp ∈ Cp ∣ Γ{c1,...,cβp} contains Z2}∣

∣Cp∣βp−αp

This shows that the random group in the α-model contains Z2 provided that
the random in the β-model contains Z2, for any β dominating α. This shows
the existence of δZ2 and similarly of δ¬Z2 . �
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Remark 25. The above discussion of “lift stable” and “factor stable” prop-
erties also applies to the classical Gromov models and shows the existence
of critical densities, for example in the density model. Recall that there
exist morphisms between the random group of different models at the same
density, for example when comparing the usual model with the triangular
model, see [21, I.3.g]. The above results are of a different nature in that
they concern morphisms between random groups at distinct density regimes
in a given model.

5. General facts on the random group at positive density

The random group Γ in Gromov’s density model exhibits the following
well-known phase transition at density δ = 1

2 (see [15] and Theorem 11 in
[21]):

(1) If δ < 1/2, then with overwhelming probability Γ is infinite hyper-
bolic, torsion free and of geometric dimension 2.

(2) If δ > 1/2, then with overwhelming probability Γ is trivial (either {e}
or Z/2Z).

In other words, δHyp = δtriv = δ¬Hyp = δ¬triv = 1/2.
The analogous result in our setting takes the following form. The proof,

as in Gromov’s case, is an illustration of the box principle.

Proposition 26. Let (Γ,X,{Γp}) be a deterministic data, and r ∈ N≥2 be
fixed. Then the random space XA in the density model over (X,Γ,{Γp})
exhibits a phase transition with overwhelming probability:

(1) If δ < 1/2, then the random set A ⊂ X is r-separated (that is, the
simplicial distance between any two elements of A is at least r).

(2) If δ > 1/2, then there exists at least r pairs of adjacent elements of
A.

Proof. (1) Let Y1, Y2, Y3, . . . be a sequence of independent uniformly dis-
tributed random variables with values in Cp and for m ≤ i ≤ ∣Cp∣ denote by

E
(i)
p (m) the event

E(i)
p (m) = {diam(Yk1 , . . . , Ykm) ≥ r ∣ ∀ 1 ≤ k1 < ⋯ < km ≤ i} .

We have

P(E(i)
p (m)) =

∑
(c1,...,ci−1)∈C i−1p

P(E(i)
p (m) ∣ {Y1 = c1, . . . , Yi−1 = ci−1} ∩E(i−1)

p (m))⋅

P({Y1 = c1, . . . , Yi−1 = ci−1} ∩E(i−1)
p (m)).

Given the event {Y1 = c1, . . . , Yi−1 = ci−1}∩E(i−1)
p (m), namely, that the faces

c1, . . . ci−1 have been chosen and any m of them have diameter at least r,
we obtain, letting Np(c1, . . . , ci−1) be the number of faces in X whose union
with m − 1 of the faces c1, . . . , ci−1 form a set of diameter at most r,

P(E(i)
p (m) ∣ {Y1 = c1, . . . , Yi−1 = ci−1} ∩E(i−1)

p (m)) = 1 −
Np(c1, . . . , ci−1)

∣Cp∣
.
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Let Np be the the number of faces in the r neighbourhood of a single chamber
of X (this doesn’t depend on the given chamber). Then

Np(c1, . . . , ci−1) ≤ Np⋅∣{(k1, . . . , km−1) ∣ 1 ≤ k1 < ⋯ < km−1 ≤ i−1}∣ ≤ Np⋅(i−1)m−1

so that

P(E(i)
p (m)) ≥ ∑

(c1,...,ci−1)∈C i−1p

(1 −
Np ⋅ (i − 1)m−1

∣Cp∣
) ⋅

P({Y1 = c1, . . . , Yi−1 = ci−1} ∩E(i−1)
p (m))

= (1 −
Np ⋅ (i − 1)m−1

∣Cp∣
)P(E(i−1)

p (m)).

Using e−2x ≤ 1 − x for all x < 0.79, we get

P(E(i)
n ) ≥ e−2∑ij=1

Np ⋅(j−1)m−1
∣Cp ∣ ≥ e−2Np

i(i−1)
∣Cp ∣ .

Therefore if i = ∣Cp∣δ, where δ < 1/2, then P(En) is arbitrarily close to 1.
This concludes the proof of (1). The proof of (2) is of a similar nature. �

Then the density model exhibits several extra phase transitions as the
parameter δ increases. The transitions depend on the local structure of the
initial space X:

Proposition 27. Let (Γ,X,{Γp}) be a deterministic data, and r ∈ N≥2,
k, ` ∈ N≥1 be fixed. Then the random space XA in the density model over
(Γ,X,{Γp}) admits a phase transition at density δ = k

k+1 . Namely, the
following holds with overwhelming probability:

(1) If δ < k
k+1 , every ball B of radius r in X2 contains to at most k

elements of A.
(2) If δ > k−1

k , there exists an r-separated set E ⊂ X(1) of cardinal at
least `, such that every edge e ∈ E is included in exactly min(k, qe+1)
elements of A.

Proof. (1) Let Y1, Y2, Y3, . . . be a sequence of independent uniformly dis-

tributed random variables with values in Cp. For a ball B ⊂ X(2) of radius
r, we write Yi ∼B Yj to mean that both Yi and Yj are included in B.

Let B ⊂X(2) be a ball of radius r and fix 1 ≤m1 < ⋯ <mk ≤ i. Since

P(Ym1 ∼B Ym2 ∼B ⋯ ∼B Ymk) ≤ ( b∗

∣Cp∣
)
k

where b∗ ∶= maxB⊂X(2) ∣Br ∣ (which is finite as X/Γ is compact), we obtain

P(∃ 1 ≤m1 < ⋯ <mk ≤ i, ∃ B, Ym1 ∼B Ym2 ∼B ⋯ ∼B Ymk)
≤ ∑

1≤m1<⋯<mk≤i
∑
f∈Cp

P(Ym1 ∼Bf Ym2 ∼Bf ⋯ ∼Bf Ymk)

≤ ∣{(m1, . . . ,mk) ∣ 1 ≤m1 < ⋯ <mk ≤ i}∣ ⋅ ∣Cp∣ ⋅ (
b∗

∣Cp∣
)
k

≤ O ( ik

∣Cp∣k−1
)
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Therefore if i = ∣Cp∣δ, where δ < k/(k−1), then with overwhelming probability

every ball in X(2) of radius at most r contains at most k elements of the
random subset A of Cp, at density δ.

(2) Let Y1, Y2, Y3, . . . be a sequence of independent uniformly distributed
random variables with values in Cp. Let Fp,k be the set of all k-tuples of
elements of Cp whose faces are mutually adjacent to a same edge. For every
ψ ∈ Fp,k we write Ei,k(ψ) for the event

Ei,k(ψ) = {∃ 1 ≤m1,⋯,mk ≤ i (∀r ≠ s, mr ≠ms) ∣ Ym1 = ψ1, . . . , Ymk = ψk}
and let χi,k(ψ) be the characteristic function of Ei,k(ψ). We will estimate
the expectation of the random variable

Zp,k ∶= ∑
ψ∈Fp,k

χ∣Cp∣δ,k(ψ)

whenever δ ∈ [k−1
k , k

k+1
]. Fix k and ψ ∈ Fp,k. Write

P(Ei,k(ψ)) = P(
i

⋃
m1,...,mk=1∣∀r≠s,mr≠ms

Ym1 = ψ1, . . . , Ymk = ψk).

We have

P(Ei,k(ψ)) ≥
i

∑
m1,...,mk=1∣∀r≠s,mr≠ms

P(Ym1 = ψ1, . . . , Ymk = ψk)

−
i

∑
m1,...,mk=1∣∀r≠s,mr≠ms

i

∑
m′

1,...,m
′
k
=1∣∀r≠s,m′

r≠m′
s

P(Ym1 = ψ1, . . . , Ymk = ψk, Ym′
1
= ψ1, . . . , Ym′

k
= ψk)

by inclusion-exclusion, where

P(Ym1 = ψ1, . . . , Ymk = ψk) =
1

∣Cp∣k

and

P(Ym1 = ψ1, . . . , Ymk = ψk, Ym′
1
= ψ1, . . . , Ym′

k
= ψk) ≤

1

∣Cp∣2k
.

Therefore,

P(Ei,k(ψ)) ≥
i(i − 1)⋯(i − k − 1)

∣Cp∣k
− (i(i − 1)⋯(i − k − 1))2

∣Cp∣2k
.

Substituting ∣Cp∣δ for i we deduce

E(Zp,k) = ∑
ψ∈Fp,k

E(χ∣Cp∣δ,k(ψ))

≥ ∣Fp,k∣(
∣Cp∣δ(∣Cp∣δ − 1)⋯(∣Cp∣δ − k − 1)

∣Cp∣k

−
∣Cp∣2d(∣Cp∣δ − 1)2⋯(∣Cp∣δ − k − 1)2

∣Cp∣2k
)

Since for p large enough,
∣Cp∣δ − j

∣Cp∣
< 1

2
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whenever δ < 1 and j ≤ k + 1 we have

∣Cp∣2d(∣Cp∣δ − 1)2⋯(∣Cp∣δ − k − 1)2

∣Cp∣2k
<

∣Cp∣δ(∣Cp∣δ − 1)⋯(∣Cp∣δ − k − 1)
2k∣Cp∣k

and therefore,

E(Zp,k) ≥ ∣Fp,k∣(1 − 1

2k
)(

∣Cp∣δ(∣Cp∣δ − 1)⋯(∣Cp∣δ − k − 1)
∣Cp∣k

)

≥ ∣Fp,k∣(1 − 1

2k
)(

(∣Cp∣δ − k − 1)k

∣Cp∣k
)

Now,

∣Fp,k∣ ≥
3∣Cp∣

(q∗ + 1)
so

E(Zp,k) ≥
3

(q∗ + 1)
(1 − 1

2k
)(

(∣Cp∣δ − k − 1)k

∣Cp∣k−1
).

showing that
E(Zp,k) → ∞

whenever δ > k−1
k . Since is X uniformly locally bounded, this shows that

we can find at least ` edges e1, . . . , e` in X (for any ` fixed in advance),
having at least k chambers adjacent to ej removed. In addition, since the
number of such edges grows to infinity, we may suppose that the pairwise
distance between these edges is at least r from each other in X (for any
r fixed in advance), and since the chambers are chosen independently at
random, we may also suppose that exactly min(k, qej +1) distinct chambers
will be removed on e1, . . . , e`. �

Proposition 28. Let (Γ,X,{Γp}) be a deterministic data and let ` ∈ N≥2.
Then the random group ΓA in the density model over (X,Γ,{Γp}) satisfies
the following with overwhelming probability:

(1) If δ < q∗(X)
q∗(X)+1 , then ΓA acts freely on a simply connected space X

without boundary with X/ΓA compact.

(2) If δ > q∗(X)
q∗(X)+1 , then ΓA splits off a free factor isomorphic to a free

group F` on ` generators:

ΓA ≃ ∆ ∗ F`
where ∆ is a finitely presented group, and q∗(X) ∶= mine∈X(1) qe.

In particular,

δFA((Γ,X,{Γp})) ≤
q∗(X)

q∗(X) + 1
< 1

where δFA is the critical density for Serre’s property FA (existence of fixed
point for actions on trees).

Proof. The first assertion follows directly from Lemma 27 by contracting the
free faces, so we prove (2). Since X/Γ is compact, there exists a constant
γ > 0 such that, if q∗(X) denotes the lowest order of an edge in X, then

Ep ∶= {e ∈ C (1)
p ∣ qe = q∗(X)}
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satisfies
∣Ep∣ ≥ γ∣C (1)

p ∣
for every p > 0. Let k = q∗(X) and let F̃p,k be the set of all k-tuples of
elements of Cp whose faces are mutually adjacent to a same edge e ∈ Ep.
The proof of Lemma 27, with the same notation except for F̃p,k replacing
Fp,k, shows that

E(Zp,k) ≥ ∣F̃p,k∣(1 − 1

2k
)(

(∣Cp∣δ − k − 1)k

∣Cp∣k
)

and since now

∣F̃p,k∣ ≥
3γ∣Cp∣
(q∗ + 1)

,

we obtain E(Zp,k) → ∞. Therefore there exists, with overwhelming proba-
bility, an r-separated set E ⊂ Ep of cardinal `, such that every edge e ∈ E
is included in exactly q∗(X) + 1 elements of A ⊂ Cp. Let Vp be the quo-
tient space X/Γp, and let Tp be a maximal tree of the 1-skeleton of Vp, and
choose a root sp ∈ Tp. Let V ′

p be the topological space obtained from Vp by
collapsing Tp to sp, which is homotopy equivalent to Vp. The elements of
E/Γ, being face free edges in

VA ∶=XA/Γp ⊂ Vp,
form a wedge sum B` of ` edges in the collapse V ′

A of VA in V ′
p , and V ′

A is the

wedge sum of B` and a compact complex V ′′
A . The van Kampen theorem

shows that ΓA ≃ π1(V ′
A) splits as

π1(V ′
A) = π1(V ′′

A ) ∗ π1(B`)
where π1(B`) ≃ F` and π1(V ′′

A ) is finitely presented.
In particular we have

δ¬FA((Γ,X,{Γp})) ≤
q∗(X)

q∗(X) + 1

proving the proposition. �

6. Random periodic flat plane problems II

We now prove the implication

δ < 5

8
⇒ Z2 ↪ Γ

in Theorem 1 and similar assertions over local rings.
In Theorem 1 the fixed global field (denoted k) is Fq(y) and the uniform

lattice Γ in the deterministic data (X,Γ,{Γp}) is the Cartwright–Steger lat-

tice [7] which is of type Ã2 over Fq((y)). The presentation of Γ by Lubotzky,
Samuels and Vishne in [18] is especially useful, where the congruence sub-
groups {Γp} are described explicitly to illustrate the Ramanujan property
of their quotients. We first review briefly the construction for notational
purposes, referring to [18] for complete details.

Let D be the central simple algebra of degree 3 over k defined by

D =
2

⊕
i,j=0

kξiz
j
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with relations zξi = φ(ξi)z and z3 = 1+y, where φ is a generator of Gal(Fq3/Fq)
and ξi = φi(ξ0) is a basis for Fq3 over Fq. Associated with D are algebraic

groups over k defined by G̃ = D× and G = D×/k×. For a valuation ν on k
we let Dν =D ⊗k kν and say that Dν splits whenever Dν ≃ M3(kν).

Let T = {ν1/y, ν1+y} consisting of the degree valuation ν1/y on k, and the

valuation ν1+y associated with the prime 1+ y, namely, ν1+y((1+ y)if/g) = i
where the polynomials f, g are prime to (1+y). Then by [18, Prop. 3.1] the
algebra Dν splits for all valuations ν ∉ T on k, while it is a division algebra
for ν ∈ T .

Let ν0 = νy ∉ T and R0 = {x ∈ k ∣ ν(x) ≥ 0, ∀ν ≠ ν0} = Fq[1/y]. Since Dν0

splits, we have G(kν0) ≃ PGL3(Fq((y))), so G(R0) embeds as a discrete
subgroup of PGL3(Fq((y))). Since T ≠ ∅ and G(kν) is compact for ν ∈
T , then Strong Approximation (cf. [18, Section 4]) shows that G(R0) is a
cocompact lattice in PGL3(Fq((y))).

The Cartwright–Steger lattice [7, Section 2] is the subgroup Γ of G(R0)
defined as follows. We note that, as stated above, the lattice G(R0) is well
defined only up to commensurability. A strict definition of G(R0) depends
upon fixing a embedding G into a linear group over k, which is chosen here
to be GL9(k) (see [18, Prop. 3.3]), so that G(R0) ∶= G(k) ∩M9(R0). Then
Γ consists of matrices of G(R0) whose reduction modulo 1/y are upper
triangular with 3 × 3 identity blocks on the diagonal.

Another description of Γ from [18, Section 4] is as follows. Let R be
the subring of k given by R = Fq[y,1/y,1/(1 + y)], and A(R) be the R-
algebra A(R) = ⊕2

i,j=0Rξiz
j having the same defining relations as D, so

that D appears as the algebra of central fractions of A(R), namely, D =
(R/{0})−1A(R). We have A×(R)/R× = G(R0) ([18, Prop. 4.9]). Let

b = 1 − z−1 ∈ A×(R)

and for u ∈ F×
q3 ⊂ A

×(R), set bu = ubu−1 ∈ A×(R). Let Γ̃ be the subgroup of

A×(R) generated by the elements bu. Then Γ is the quotient of Γ̃ modulo
R×.

Write X for the Bruhat–Tits building associated to PGL3(Fq((y))). The
vertices of X are Fq[[y]]-lattices in Fq((y))3 and incidence is given by flags.
The action of G(R0) on X (via its embedding in PGL3(Fq((y)))) is tran-
sitive on vertices. The group Γ is a normal subgroup of G(R0) of finite
index (see [7, Theorem 2.6]) which also acts transitively on the vertices of
X (in fact, the reduced norm of b is y/(1 + y), which coincide with y up
to the invertible element 1 + y of Fq[[y]]). The congruence subgroups of Γ
are defined as follows. Let I be an ideal in R. The quotient map R → R/I
induces an epimorphism A(R) → A(R/I), which itself induces a group mor-
phism A×(R) → A×(R/I). Denote the kernel by A×(R, I) and its quotient
modulo R× by (A×/R×)(R, I). Then we set Γ(I) = Γ ∩ (A×/R×)(R, I), and
let ΓI = Γ/Γ(I) be the quotient group.

Let fp ∈ Fq[y] be a monic irreducible polynomial prime to y and y + 1,
sp ≥ 1 be an integer, and Ip = ⟨f spp ⟩. The deterministic data for Theorem 1
is (X,Γ,{Γ(Ip)}) where:

● X is the Bruhat-Tits building of PGL3(Fq((y)))
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● Γ is the Cartwright-Steger lattice in PGL3(Fq((y)))
● {Γ(Ip)} are the arithmetic lattices associated with Ip.

We suppose deg(fspp ) → ∞.
The assertion that Z2 ↪ Γ for these random groups is related to the

elementary algebraic structure of PGL3 and PSL3 over fields and local rings.
As usual for a local ring L, GL3(L) is the group of units of M3(L), SL3(L)
is the subgroup of GL3(L) of matrices with determinant 1, and PGL3(L),
PSL3(L) are the projective versions.

We start with a lemma. Let (L,m) be a finite local principal ring of prime
characteristic with residue field Fq = L/m, uniformizer π and length s (the
smallest integer s > 0 such that ms = 0).

Lemma 29. The order of the group ⟨γ, γ′⟩ generated by two commuting
elements γ, γ′ ∈ PGL3(L) is at most

3q2⌈logq s⌉(q3 − 1)
where logq is the logarithm relative to q, and ⌈⋅⌉ is the upper integer value.

Proof. In the reduction modulo m

PGL3(L) ∋ γ ↦ γ̄ ∈ PGL3(Fq),
an element γ ∈ PGL3(L) such that γ̄ = 1 has a representative of the form

λ(1 + πkγ0) ∈ GL3(L)
for some λ ∈ L×, γ0 ∈ M3(L) and k ≥ 1. The Frobenius map gives

(1 + πkγ0)q
⌈logq s⌉ = 1

therefore γq
⌈logq s⌉ = 1.

Thus, if γ and γ′ are two commuting elements in PGL3(L), then the
kernel K in the exact sequence

1→K → ⟨γ, γ′⟩ → ⟨γ̄, γ̄′⟩ → 1

is an abelian group of order at most q2⌈logq s⌉.
We now estimate ∣⟨γ̄, γ̄′⟩∣. Assume without loss of generality that L = Fq.

Let γ, γ′ be representatives of γ, γ′ in GL3(L), and let f ∈ L[X] be the
characteristic polynomial of γ.

Assume that f doesn’t have a root in L. Then f is irreducible over L
(since a factorization would split off a degree one factor) and therefore equal
to its minimal polynomial. It follows that the rational canonical form of γ
has only one block associated with f , and γ has a cyclic vector ξ. Given

γ′ ∈ PGL3(L), there exists P ∈ L[X] such that

γ′ξ = P (γ)ξ.
If

γ γ′ = λγ′γ
for some λ ∈ L×, then

γkγ′ = λkγ′γk

so
γ′γkξ = λ−kγkP (γ)ξ = λ−kP (γ)γkξ.
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Thus,

γ′ = P (γ) (
1 0 0
0 λ−1 0
0 0 λ−2

)

in the basis (ξ, γξ, γ2ξ). Taking determinants the equality γ γ′ = λγ′γ shows

that λ is a cube root of 1. Thus every element of ⟨γ, γ′⟩ belong to the
subspace

{P (γ) ∣ P ∈ L[X]}
of M3(L), possibly after multiplying by an element of the form

(
1 0 0
0 λ 0
0 0 λ2

)

λ ∈ L× a cube root of 1. Since the dimension of {P (γ) ∣ P ∈ L[X]} over L is

3, the order of ⟨γ, γ′⟩ is at most 3(q3 − 1).
A similar argument works more generally if f equals the minimal polyno-

mial. Otherwise, f has a root a in L and we may assume up to conjugacy
that γ has the form ( a 0

0 α ) where a ∈ L× and α ∈ GL2(L). Write

γ′ = ( b mn β ) ,

b ∈ L×, mt, n ∈ L2, and β ∈ GL2(L). Since

γγ′ = λγ′γ
for some λ ∈ L×, we have ab = λba so

λ = 1

and thus mα = am, αn = an and

αβ = βα.
If m = n = 0, then the argument of the previous § shows that the order of
⟨α,β⟩ is at most q2 −1, so the order of ⟨γ, γ′⟩ is at most q3 −1. Otherwise, a
is an eigenvalue of α and it is easy to see that the order of ⟨γ, γ′⟩ is at most
q3 − 1 in this case too, which proves the lemma. �

Proof of the assertion that Z2 ↪ Γ in Theorem 1. The local ring

R/Ip ≃ Fq[y]/⟨fp(y)sp⟩
has residue field

Fqp = R/⟨fp⟩ ≃ Fq[y]/⟨fp(y)⟩.
By Theorem 6.6 in [18]

PSL3(R/Ip) ⊂ ΓIp ⊂ PGL3(R/Ip).

Let Λ be any subgroup of Γ isomorphic to Z2. Lemma 29 shows that the
order of the image of Λ in ΓIp is at most

3q
2⌈logqp s⌉
p (q3

p − 1)

where qp is the order of the residue field. Denote by Π ≃ R2 the flat associated
to Λ in X and let Cp be the set of Γ(Ip)-orbits of chambers in X. The set
Fp of Λ ∩ Γ(Ip) orbits of chambers in Π is finite, and there is a constant C
(namely, C = 3×the number of Λ orbits of chambers in Π) such that

∣Fp∣ ≤ Cq
2⌈logqp sp⌉+3
p .
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Let F ′
p be the image of Fp in Cp.

Consider a sequence Y1, Y2, Y3, . . . of independent identically distributed
random variable with values in Cp. The probability P(En) of the event:

En = {Yi ∉ F ′
p, ∀i ≤ ∣Cp∣δ}

can be estimated below by

P(En) ≥ (1 −
∣F ′
p∣

∣Cp∣
)
∣Cp∣δ

therefore

P(En) ≥ e−2∣Cp∣δ−1∣F ′p∣.

Since ΓIp acts freely on Cp with Cp/ΓIp fixed,

∣Cp∣ ≥D∣ΓIp ∣

for some constant D > 0. Let us compute ∣ΓIp ∣. The reduction map

R/Ip → R/⟨fp⟩ = Fqp

induces a surjective map

π ∶ GL3(R/Ip) → GL3(Fqp)

since det∶GL3(R/Ip) → (R/Ip)× commutes with reduction modulo ⟨fp⟩, and
since an element is invertible in R/Ip if and only if its image in Fqp is
nonzero (as R/Ip is local). Therefore any pull-back of a matrix of GL3(Fqp)
in M3(R/Ip) is a matrix in GL3(R/Ip). The kernel of π consists of matrices of
the form Id+γ0 where all coefficient of γ0 belong to the ideal ⟨fp⟩. Therefore

∣GL3(R/Ip)∣ = q
9(sp−1)
p ∣GL3(Fqp)∣ = q

9sp−6
p (q3

p − 1)(q2
p − 1)(qp − 1)

As det is surjective and a ∈ (R/Ip)× if and only if a is not a multiple of fp,
we have that

∣SL3(R/Ip)∣ =
1

∣(R/Ip)×∣
∣GL3(R/Ip)∣

= 1

q
sp−1
p (qp − 1)

q
9sp−6
p (q3

p − 1)(q2
p − 1)(qp − 1)

= q8sp−5
p (q3

p − 1)(q2
p − 1).

This gives

∣ΓIp ∣ ≥ ∣PSL3(R/Ip)∣ = µ−1
p ∣SL3(R/Ip)∣ = µ−1

p q
8sp−5
p (q3

p − 1)(q2
p − 1)

where µp = ∣{a ∈ (R/Ip)× ∣ a3 = 1}∣. Therefore,

∣Cn∣δ−1∣F ′
p∣ ≤ CDδ−1µ1−δ

p q
2⌈logqp sp⌉+3
p q

8sp(δ−1)
p

= CDδ−1µ1−δ
p q

2⌈logqp sp⌉+8sp(δ−1)+3
p .

Thus, since
⌈logqp sp⌉

sp
Ð→n→∞ 0 when deg f

sp
p →∞, we obtain:
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(i) If sp = 1 for large n, then (R/Ip)× is cyclic, µp ≤ 3 (for large n) and
thus P(En) → 1 if

8(δ − 1) + 3 < 0

that is,

δ < 5

8

(ii) if sp ≥ k ≥ 2 for large n, then (R/Ip)× is not cyclic in general, but

using the rough estimate µp ≤ q
sp−1
p (or µp ≤ qp−1 if the order satisfy

q ≠ 3`, ` = 1,2,3, . . .), we have that P(En) → 1 if

(1 − δ)(sp − 1) + 8sp(δ − 1) + 3 < 0

that is

δ < 7k − 2

7k + 1

(iii) if (fspp ) doesn’t satisfy (i) or (ii), we separate the cases sp ≥ 2 and

sp = 1 and obtain the desired conclusion when δ < 5
8 as 7k−2

7k+1 > 5
8 for

k ≥ 2.

This shows that P(En) → 1. Therefore, Lemma 11 applies with over-
whelming probability and we have that Z2 ↪ Γ with overwhelming proba-
bility. �

Remark 30. We have proved the stronger result that every embedding Z2 ↪
Γ3 eventually lifts to an embedding Z2 ↪ Γ with overwhelming probability.
Recall that according to Mostow and Prasad, the set of embeddings Z2 ↪ Γ3

is dense [20].

Question 31. Are these random groups residually finite? (For comparison,
note that there exist non residually finite [8] central extensions of the form

1→ Z→ ̃Sp(2n,Z) → Sp(2n,Z) → 1.)

Question 32. What is the value of δZ2(X3,Γ3,{Γ3(Ip)})? What is the
value of δR2(X3,Γ3,{Γ3(Ip)})?

Question 33 (“Perforated buildings”). If X is a Bruhat–Tits building of
rank 2 (possibly exotic) and Y ⊂ X is an R-separated subset of chambers,
does R2 ↪X ∖ Y for R large enough?

Remark 34. It is proved in [18] that the congruence quotients of X3 by
Γ3(Ip) are Ramanujan complexes. This fact, whose proof relies on the
“Jacquet-Langlands correspondence” (in positive characteristic), is not used
in the present paper. (Nevertheless, the random quotients X/Γ as in Theo-
rem 1 are Ramanujan complexes “up to ε”, at least if the density is not too
large.) The main input from algebraic groups used in the proof is Strong
Approximation, and so it is most likely that results in the spirit of Theorem
1 can also be established for other algebraic groups (e.g. Sp) and over other
fields (e.g. characteristic 0), the first step being to construct explicit families
of lattices. We also note that the case of positive characteristic is easier to
handle from an algorithmic perspective (the construction of fp can be done
in polynomial time using the Shoup algorithm).
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7. Further properties of the random group

The critical density δT (X,Γ,{Gp}) for Kazhdan’s property T can be es-
timated using the so-called “spectral criterion for property T”, which is
local. This is done by expliciting (spectral) bounds on the local geometric
perturbations, following [10, §6] and [9].

We recall (see [5] for more details) that the “spectral criterion” refers to
the following well–known result of Garland [10, Theorem 5.9]:

Theorem 35 (Garland). Let V be finite simplicial complex of dimension
` in which every simplex belongs to an `-cell, and let r ≤ `. Assume that
for every vertex v ∈ V (0), the r-th reduced cohomology group H̃r(Lk v,R)
[i.e. H̃r = Hr if r ≥ 1 and H̃0 = coker(H0(⋆) → H0)] of the link Lk v of V
vanishes, and denote by λr(Lk v) the smallest nonzero eigenvalue of ∆+ = d∂
acting on Cr(Lk v). Set λr ∶= minv λr(Lk v). If

λr−1 ≥
` − r
r + 1

then Hr(V, ρ) = 0 for every finite dimensional unitary representation ρ of
π1(V ).

(If ` = 2, r = 1, this says

λ0 > 1/2⇒H1(V, ρ) = 0

for any ρ.)

The statement in [10] deals only with those V whose universal cover-
ings are Bruhat-Tits buildings, but Borel points out [6, Theorem 1.5] that
Garland’s argument is general. (While we are mostly interested in Bruhat-
Tits buildings here, it is the general case that is useful for us.) Borel also
notes in §2.2 that the assumption that V is finite can be replaced by “uni-
formly locally finite”, provided that the conclusion refers to the vanishing of
L2Hr(V, ρ) (L2-summable cochains). It was later shown that the family of
admissible ρ with vanishing Hr could be substantially enlarged, in particu-
lar, the linearity assumption on ρ can be disposed of (in the smooth category
[28]), as can the finite dimensionality assumption on ρ (see [23, 29, 1]). The
latter leads to the conclusion that Hr(V, ρ) = 0 for every unitary representa-
tion ρ of π1(V ) which, in the case r = 1, is equivalent to Γ having Kazhdan’s
property T by a well–known result of Delorme and Guichardet (see [5]).
Garland studies in particular the 2-dimensional case, exploiting the compu-
tation of the exact value of λ0 for Tits buildings (associated with BN-pairs,
the computation appears in [9] and [10, Proposition 7.10]) to derive the van-
ishing of H1 “when the order is large enough”. (As Garland observes, his
cohomology vanishing results for lattices – with finite dimensional unitary
targets – were in fact already known in degree 1 as they were covered by
Kazhdan’s work.)

We now explain why property T holds for random groups “when the order
is large enough” (in particular when q ≥ 5 if δ < 1/2, and the deterministic

data is of type Ã2, and for q ≫ 1 if δ is only assumed to be bounded away
from 1).
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The idea is that λ0 is controlled if the number of chambers removed
is significantly smaller than the order (defined as the minimal number of
chambers on an edge minus 1) of V :

Lemma 36. For every δ > 0 and every integer n ≥ 0, there exists a constant
δ′ > 0 such that if G is a graph of order q ≥ 5n/δ with λ0(G) > 1 − δ′, and

G′ ⊂ G is a subgraph with ∣G′(1)∣ ≥ ∣G(1)∣ − n, then λ0(G′) ≥ 1 − δ.

Indeed, by the Cheeger inequality (for graphs), it is enough to prove the
corresponding statement for the Cheeger constant, then the numerator of
the two isoperimetric ratios differ by a constant that is washed out as q →∞.

More explicitly:

Proof. For a subset A ⊂ V , let hG(A) ∶= ∣∂GA∣
min(∣A∣G,∣X−A∣G) , where ∣∂GA∣ is

the number of edges with extremities belonging to both A and X −A, and
∣A∣G ∶= ∑x∈A valG(x). The Cheeger constant of G is h(G) ∶= minA⊂G hG(A).
Let A be a subset of V ′ such that h(G′) = h(A). By the Cheeger inequality,

λ0(G) ≤ 2h(G) ≤ 2∣∂GA∣
min(∣A∣G, ∣X −A∣G)

≤ 2∣∂G′A∣ + 2n

min(∣A∣G′ , ∣X −A∣G′)
= 2h(G′) + 2n

min(∣A∣G′ , ∣X −A∣G′)
Since q ≥ 5n/δ, we obtain λ0(G) ≤ 2h(G′) + δ/2. Thus

λ0(G) ≤ 2
√

2λ0(G′) + δ/2
using again the Cheeger inequality. �

Let X be a thick irreducible Euclidean building of rank 2. The links of
X are spherical buildings and there exist integers q∗ ≥ q∗ ≥ 2 such that the
degree of an edge in X is either q∗ + 1 or q∗ + 1. We call q∗ the order of X.
In the Ã2 case, q∗ = q∗.

Theorem 37 (Generic property T). For every δ0 < 1, there exists q0 such
that if δ < δ0 and if in the deterministic data (X,Γ,{Γp}), the space X is
a thick classical (i.e. associated with an algebraic group over a local field)
irreducible Bruhat–Tits building of rank 2 and order q∗ ≥ q0, then the ran-
dom group at density δ with deterministic data (X,Γ,{Γp}) has Kazhdan’s
property T with overwhelming probability. Thus

δT (X,Γ,{Γp}) → 1

as q∗(X) → ∞.

Remark 38. The groups appearing in the above result (and in Corollary
17) are buildings with chambers missing in the sense of [3]. Some (weak)
buildings with chambers missing have the “opposite” Haagerup property,
see [3]. We also note that random groups in the density model admit an
infinite quotient with property T, independently of the order, as soon as we
are given a deterministic data with property T.

Proof. Let k be large enough so that δ0 < k
k+1 . Let 0 < ε < 1/2 be given. By

Lemma 36, we can find ε′ > 0 such that if λ0(G) > 1 − ε′ then λ0(G − k) >
1 − ε > 1/2. Feit–Higman [9] and Garland [10] show that if Gq is a spherical
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building of order q, then λ0(Gq) converges to 1 as q → ∞. Let q0 be larger
than 10k and be such that λ0(Gq) > 1 − ε′ for any spherical building G1

of order q ≥ q0. If in the deterministic data (X,Γ,{Γp}), the space X
is a thick classical irreducible building of rank 2 such that q∗(X) ≥ q0,
and if δ < δ0, then by Proposition 27, the links of X contain at most k
chambers missing at every vertex, with overwhelming probability. Therefore,
the random perforated building X ∖ ΓA at density δ satisfies λ0(X ∖ ΓA) ≥
1−ε > 1/2 with overwhelming probability. Since the random universal cover

X̃ ∖ ΓA is locally isomorphic to X ∖ ΓA, Theorem 35 applies. Thus the
random group has property T (and the spectral gap is arbitrarily close to
1) with overwhelming probability. �

It is natural to wonder if the bound on the order can be estimated. It
seems difficult to give a general answer, but we can do it at least when the
density is < 1/2 (or in the model with few chambers missing). In fact, one
can compute the exact value of λ0(X), in the spirit of Feit and Higman’s
paper [9].

More precisely:

Theorem 39. If (X,Γ,{Γp}) is of type Ã2, then both in the bounded model
and in the density model of parameter δ < 1/2, the random group has property
T (with overwhelming probability) when q ≥ 5.

This follows from:

Proposition 40. Let G be a spherical building of type A2 and order q with
a single chamber missing. Then

λ0(G) = 1 −
√
q + 1/4 + 1/2
q + 1

.

In particular, λ0(G) > 1/2 whenever q ≥ 5.

We recall (see e.g. [5]) that the value computed by Feit and Higman in
the A2 case is

λ0(G) = 1 −
√
q

q + 1

so in particular, λ0(G) > 1/2 whenever q ≥ 2.

Proof. Let G ↝ G′ be an extension into an A2 building of order q (see
[3]) and let P be the projective plane corresponding to G′. We choose the
following basis for the space of functions on the vertex set of G:

(δp1 , δp2 , . . . δpq2+q+1 , δl1 , δl2 , . . . , δlq2+q+1)

where p1 ∈ G (resp. l1 ∈ G) corresponds to the point p (resp. the line l) of
P associated to the missing chamber, while p2, . . . , pq+1 (resp. l2, . . . , lq+1)
correspond to an enumeration of the points of l distinct from p (resp. the
lines adjacent to p distinct from l) in P .

The Laplace operator ∆ is of the form

∆ = Id − ( 0 A
At 0

) ,
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where A is the normalized adjacency matrix, namely A = D
−1/2
q A0D

−1/2
q ,

where A0 is the usual (bipartite) adjacency matrix (we recall that (A0)i,j = 1
when li is adjacent to pj), and Dq is the diagonal matrix having q + 1 down

the diagonal, except on the first entry which is q. Denote q̃ =
√
q(q + 1). A

computation shows that

AAt = AtA =
⎛
⎜
⎝

qq̃−2 0q (q + 1)−1q̃−111×q2
0q Bq (q + 1)−21q×q2

(q + 1)−1q̃−11q2×1 (q + 1)−21q2×q Cq2

⎞
⎟
⎠

where Bq is the q × q matrix with

q

(q + 1)2
+ 1

q(q + 1)

on the diagonal, and q−1
q(q+1) elsewhere, while Cq2 is the q2 × q2 matrix with

(q + 1)−1 on the diagonal and (q + 1)−2 elsewhere. Set

γq = (q + 1)q̃−1 =
√

1 + 1

q
.

We have

(q + 1)2AtA − qId =
⎛
⎜
⎝

1 0q γq11×q2
0q γ2

q1q×q 1q×q2
γq1q2×1 1q2×q 1q2×q2

⎞
⎟
⎠

whose kernel is of codimension 3. Consider the vectors

v1 =
⎛
⎜
⎝

1
0q

γq1q2×1

⎞
⎟
⎠

v2 =
⎛
⎜
⎝

0
γ2
q1q×1

1q2×1

⎞
⎟
⎠

v3 = ( γq
1q2+q×1

) .

A direct computation shows that

(q + 1)2AtAv1 = (q + 1)v1 + q2γqv3

(q + 1)2AtAv2 = (q + qγ2
q )v2 + q2v3

(q + 1)2AtAv3 = γqv1 + qv2 + (q2 + q)v3

Thus the problem reduces to computing the spectrum of the 3 × 3 matrix

⎛
⎜
⎝

q + 1 0 γq
0 2q + 1 q

q2γq q2 q2 + q

⎞
⎟
⎠

The characteristic polynomial is

−x3 + (q2 + 4q + 2)x2 − (2q3 + 6q2 + 4q + 1)x + q2(q + 1)2

where (q + 1)2 is an obvious root. The two other roots are

x = (2q + 1 −
√

4q + 1)/2

and

x = (2q + 1 +
√

4q + 1)/2.
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Therefore, the eigenvalue of ( 0 A
At 0

) we are interested in is

1

q + 1

¿
ÁÁÀ

q + 1

2
+
√
q + 1

4
=

1
2 +

√
q + 1

4

q + 1
.

�

A similar computation can be worked out when two chambers are miss-
ing (arguing according to the respective positions of the chambers in an
apartment) but the value of

λ0,k(G) ∶= inf
E⊂G(1), ∣E∣=k

λ0(G ∖E)

when G is a spherical building (of dimension 1) might be more challenging
to find. It would also be interesting to make similar estimates with more
general (e.g. smooth) targets λ0,k(G,Y ) and deduce the corresponding fixed
points theorem for the random groups following [28, 17].

The results in [3] on buildings with chambers missing and [2] on property

RD can be applied to our random groups in the Ã2 case. This shows in
particular that the random group is rigid in the sense that it remembers the
building that it comes from (see [3, Section 5]). Furthermore, by Corollary
6 in [2], the random group satisfies the Baum–Connes conjecture without
coefficients.

Theorem 41. If the deterministic data is of type Ã2, then

(1) the random group (Γ,X) at density δ < 1
2 admits unique extension

(Γ,X) ↝ (Γ′,X ′) (in the sense of [3, Section 1]) into a Euclidean
building.

(2) the random group Γ at arbitrary density satisfy the Baum–Connes
conjecture without coefficients.

The first assertion is a consequence of Proposition 26 and [3, Theorem
5.11]. It is unknown if Γ satisfies the Baum–Connes conjecture with coef-
ficients. The conjecture without coefficients is also unknown for the other
Coxeter types (in the irreducible case) but would follow from the “inter-
polation of property RD to intermediate rank situations” (see [2]), that is,
between hyperbolic groups and (uniform) higher rank lattices of the corre-
sponding type, provided that the latter groups satisfy property RD (which
is conjectured by A. Valette).
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