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On hyperbolicity of minimizers for 1D random
Lagrangian systems

Alexandre Boritchev I, Konstantin Khanin §

Abstract. We prove hyperbolicity of global minimizers for random Lagrangian
systems in dimension 1. The proof considerably simplifies a related result in [2].
The conditions for hyperbolicity are almost optimal: they are essentially the same
as conditions for uniqueness of a global minimizer in [3].

AMS classification scheme numbers: Primary 35Q53, Secondary 35R60, 35Q35, 37H10,
T6M35

Submitted to: Nonlinearity

1. Introduction

A large body of work on the random forced Burgers equation and Burgers turbulence
in the last 10 years (see [1] and further references therein) has motivated closely related
studies of random Lagrangian systems |2, 3|. The main object of analysis is a Lagrangian
system which depends smoothly on position z and velocity v, but quite irregularly on
time ¢:

L¥(xz,v,t) = Lo(x,v) + F¥(x,t), (1)

where F“(xz,t) is a stationary random process in t. The Lagrangian is defined on
the tangent bundle T'M to a connected d-dimensional Riemannian manifold M. Most
rigorous results available at the moment require that M be compact, which will also be
the standing assumption in this paper. Since the potential F*“(z,t) is smooth in x the
most natural continuous time model is given by

Fe(a ) = S WE () FH(a), 2)
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where F'*(z) are smooth non-random potentials on M, and W,g” (t) are independent white
noises. One can also consider “kicked” models:

+00
F9(x,t) = Z F9()(x)o(t — j), (3)
j=—00

where {F¥(j)(x), j € Z} is a stationary sequence of random potentials. We shall assume
that potentials F“(j) are picked independently for different j € Z according to a given
probability distribution g on C™(M), where n is big enough. The Lagrangian dynamics
corresponding to (3) can be described as follows. For non-integer times ¢ the system
evolves according to a non-random Lagrangian L, and at integer times ¢t = j € Z the

velocity changes discontinuously:

v(j +0) =v(j —0)+ VF(j)(x).

Although the two models (2) and (3) look rather different, the theory and results for
both cases are parallel.

Lagrangian systems (1) are related to random forced Hamilton-
Jacobi equations. One has to first define the Hamiltonian

H*(x,p,t) =max|[p-v— LY (z,v,t)] = Ho(x,p) — F¥(x,t),
and then to consider the corresponding Hamilton-Jacobi equation
¢+ H?(x, Vo, t) =0. (4)

One of the most studied cases corresponds to Ly = v?/2. In this case Hy = p?/2 and
the Hamilton-Jacobi equation (4) takes the form

1
¢t($,t) + §|v¢‘2 o Fw(x7t) =0.
Then for the velocity field v(x,t) = V¢(x,t) one gets the inviscid Burgers equation:
ve(z,t) + (v- V)v(x,t) — VF(x,t) = 0.

Although all the results of this paper hold for any Lagrangian Lo which is convex in v
and grows super-linearly as |v| — oo, below we only consider the case Ly = v?/2.

It is well-known that minimizers for the Lagrangian L“ generate the viscosity
solution of the Hamilton-Jacobi equation (4). This connection is especially useful and
important for the study of global solutions, that is solutions for ¢ € (—o0, 00). In order
to discuss a global solution one has to fix the value of the first integral

b:/MVqﬁ(x,t)dx. (5)

The theory developed in [3] states that under extremely mild conditions, with probability
1, for every value of the first integral b € RY, there exists a unique (up to an additive
constant) global solution to the Hamilton-Jacobi equation. This unique global solution
can be viewed as a stationary solution. It plays the role of a global attractor for
the dynamics corresponding to the Cauchy problem for the Hamilton-Jacobi equation.



On hyperbolicity of minimizers for 1D random Lagrangian systems 3

Under additional assumptions of non-degeneracy one can also prove that for every value
of b € R?, with probability 1, there exists a unique global minimizer for the Lagrangian
L¥ (see [3]). A global minimizer can be defined as a smooth curve v : (—o00,00) = M
such that for any compact perturbation 7 the difference between Lagrangian actions
corresponding to 4 and to v is non-negative. Namely, if ¥ — + is supported on [T7, T5],
then
T Ts
As03) = 480) = [T LG - b~ [ 1005 - bz 0
T T

It is expected that the global minimizer is a hyperbolic trajectory of the Lagrangian flow.
Unfortunately such a result is not available at present in the multi-dimensional case
d > 1. In our view hyperbolicity of the global minimizer is one of the most important
open problems in the theory of random Lagrangian systems on compact manifolds. In
the one-dimensional case hyperbolicity was established in [2]. However the proof in [2] is
unnecessarily complicated and conditions are too restrictive. In this paper we present a
new proof which is both elementary and conceptual. Here, conditions for hyperbolicity
are almost the same as the conditions for uniqueness of a global minimizer (see [3]).
This is another important advantage of the approach used in this article.

The following property is crucial for establishing hyperbolicity of the global
minimizer. Define first backward minimizers as minimizers on semi-infinite time
intervals (—oo,t] with one end point at t fixed. They can be defined in the same
way as global minimizers. Now consider all backward minimizers which originate at
time ¢, and denote by €2, the set of all points x which are reached by some backward
minimizer at time s < t. We prove that the diameter of (), ; tends to zero exponentially
as t — oo. This property implies hyperbolicity by the standard argument, which also
allows to construct corresponding stable and unstable manifolds. We shall not discuss
these issues in the present paper and refer the readers to [2]. Instead, here we shall only
deal with the key shrinking property formulated above.

We finish this section with several general remarks. First, we want to emphasize
the importance of hyperbolicity of the global minimizer. It immediately implies many
fundamental properties of the global solution to the Hamilton-Jacobi equation, such as
piecewise smoothness, exponential rate of convergence to the global solution, and many
others. It also allows to study the structure of singularities (shocks) (see [1]).

Our second remark is related to a general problem of hyperbolicity of minimizers
for generic non-random Lagrangian systems. This is one of the central problems of
the Aubry-Mather theory. Randomness is another way to introduce the notion of
genericity. In this setting generic stands for properties which hold for almost all systems
(with probability 1). Note however that in many respects, random and nonrandom
(autonomous, or depending on time periodically) Lagrangian systems are very different.
In particular, all number-theoretical aspects of the Aubry-Mather theory disappear in
the random case.
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Finally, we want to say a few words about the non-compact case. At present there
are almost no rigorous results in that setting. It is believed that if the system exhibits
any form of translation invariance, global minimizers do not exist. However, it is likely
that backward minimizers do exist, and the study of their asymptotic scaling properties
is an extremely interesting and important problem.

2. Hyperbolicity assumptions and main results

We begin by formulating the assumptions on potentials:

ASSUMPTION 2.1. In the “kicked” case, we assume the following.
(i) The kicks at integer times j are of the form

K
F2(j) =) (i) F",
k=1
where F* are smooth potentials on S* = R/Z. The random vectors
(% (5))1<r<r are independent identically distributed RX -valued random variables. Their
distribution on RX, denoted by 1, is assumed to be absolutely continuous with respect to
the Lebesgue measure.

(i) O belongs to Supp .
(iii) The mapping from S' to RE defined by

z v (Fl(z),..., F5(2))

1s an embedding.
REMARK 2.1. Let g be the function defined by

K

g<cla "'7CK) = ch‘Fk

k=1

We denote by v the corresponding push-forward measure

v =g.(1)
on a smooth Sobolev space. The assumption 0 € Supp i can then be replaced by the

slightly weaker assumption 0 € Supp v.

ASSUMPTION 2.2. In the case of the white force potential, we assume the following.
(i) The forcing has the form
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where F* are smooth potentials on S, and W,:" are independent white noises, i.e. weak
time derivatives of independent Wiener processes W (t).
(ii) The mapping from S* to RX defined by

z i (FY(x), ..., F¥(2))
15 an embedding.

We denote by G an antiderivative in time of the forcing:

G¥(w,t) = Y Wi(t)F* (),

k=1

where W¥(t) are independent standard Wiener processes with W (0) = 0. Since we
will only consider time differences of GG, the particular choice of antiderivative has no
importance.

In both cases, F'“ will be abbreviated as F, and in the white force case F'(-,t) will
be abbreviated as F'(t), and similarly for G.

REMARK 2.2. The embedding conditions are consistent with the condition for uniqueness
of the global minimizer (see [3]). In the “kicked” case, the condition for uniqueness in
[3] is slightly weaker: the map x — (FY(z), ..., FX(x)) is only required to be one-to-one.
However, we need to assume the embedding to prove hyperbolicity.

The following property, called the separation property, plays a crucial role in our
construction.

PROPERTY 2.1. There exist ag > 0, three pairwise disjoint open intervals J;, i = 1,2, 3,
and three potentials F;, ©» = 1,2,3 with the following properties.
1) In the “kicked” case, we have F; € Supp v for every i. In the white force case, each
F; is a linear combination of the F*.
2) Fach of the functions —F; reaches its minimum, denoted by m;, at a single point z;.
3) For every a, 0 < a < ay, there exist three open intervals I;(«), I; C J;, i = 1,2,3
such that
E(Sl —I;) C (—o0, —m; — al.

Note that for every i and a, the point z; where min(—F}) is reached belongs to I.

LEMMA 2.1. Assumptions 2.1 or 2.2 imply the separation property.

Proof of Lemma 2.1:
“Kicked” case: We start by showing that, for Lebesgue-a.e. vector (c;)i<j<k, the

Z ¢;F7(x)

maximum of
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is reached at a single point 2 € S*. This follows from a rather standard argument (see
[3, Corollary 5]). Indeed, the function

is Lipschitz and therefore differentiable a.e., with respect to the
Lebesgue measure jir.,. On the other hand, at a point of differentiability of ®,

VO (Tmaz) = (F*(Zmaz)s - - - F* (Zmaz))

for every point of maximum z,,,,. Hence the embedding assumption 2.1 (iii) implies
that the point of maximum is unique. Since p is absolutely continuous with respect to
[iLep, the maximum uniqueness set O; C R¥ has full y-measure.
Furthermore, by the Lebesgue points theorem [4, Theorem 7.7|, ¢ = (¢;); is a
Lebesgue point for the density
__dp
a dfirep
on a set O of full pye-measure, and thus of full y-measure.
Denote by Oy C O’ the set of Lebesgue points ¢ for ¢ such that g(¢) > 0. By
definition, they belong to Supp p, and Oy has full y-measure.

Now consider ¢! = (le) ; € O1NO;y. Denote by x; the point where the maximum of
= ZJ 1 }FJ( x) is reached: zy = argmaz F.
Denote by V' the set of vectors (¢;); such that

Denote by B, the open ball with radius 1/n centered at c¢!. We will also need

B, = B,N(c' 4+ V)N O;NO,. By the embedding assumption 2.1 (iii), B, N (¢! + V) is

just B, itself with a removed hyperplane. Thus, since p is continuous with respect to
firen, we have u(By) = pu(By).

Using [4, Theorem 7.7| one more time, we obtain that there exists a constant N

such that for n > Ny,

/ q(c')

w(B,) = u(Bn) = 5 fireb(Bn) > 0.

On the other hand, for small enough € > 0 there exists Ny (¢) such that for n > Ny,

if (¢;); € B,, then Zszl ¢;F7 reaches its (unique) maximum in a point of the e-

neighbourhood of x different from x itself. Considering a smaller neighbourhood at
each step, this argument can be repeated any finite number of times. It enables us to
construct any number of potentials contained in Supp v and attaining their respectlve
maxima at different points: three suffice for our purposes. Denote them by Fy, Fy, Fs.
Let J1, Jo, J3 be three non-intersecting open intervals around their respective points of



On hyperbolicity of minimizers for 1D random Lagrangian systems 7

maximum. Take as oy the minimum of max(FN’i) — HlaX(FH si_z;)- 1t is obvious that for
any a € (0, ap] we can construct the required intervals [;(«).

White force case: The proof follows the same lines, but is much simpler since
measure-theoretic arguments are trivialised. [J

DEFINITION 2.1. Consider a closed subset Z of S*. Let m(Z) denote the maximal length
of a connected component of S* — Z. We define the diameter of Z as

d(Z) =1 —m(Z).

The diameter of Z can be thought of as the minimal length of an interval on S*
containing Z.

In what follows we use the function ¢, either deterministic or random, as an initial
condition at time s. Everywhere below, the value of the first integral b (see (5)) is fixed.
For simplicity, we do not indicate dependence on b in our notation.

DEFINITION 2.2. For a given value of b € R, a curve v/} (1) is a minimizer if it

mainimaizes the action
t

A0 =5 [Gir) = v+ 3 (= P o)

s ne(s,t)

in the “kicked” case and the action
t

1

A0 = [ Gir) - var

s

. 30 (200 7) = S (). 1)) )
/( Ox ox

S

+ (GOs), ) = G((s),1)
in the white force case, respectively, over all absolutely continuous
curves with endpoints x at time t and y at time s.

DEFINITION 2.3. For any time interval [s,t] and any continuous function v : S* — R,
a curve v2, (1) : [s,t] = ST is a Y-manimizer if it minimizes A(y) + ¢ (v(s)) over all
absolutely continuous curves with endpoint x at time t.

DEFINITION 2.4. For —oo <r < s <t < 400 and for a fived function (-, r) : St — R,
let Q.51 be the set of points reached, at the time s, by -minimizers on [r,t]:

Qs = {1 (8), © €S}
REMARK 2.3. In what follows, the initial condition ¢ will always be fixed, while t will
increase to +o0o. It is important that we shall consider both deterministic and random
wnitial conditions 1. In the latter case, 1 should be measurable with respect to the past
o-algebra B, = B(_s ], which is defined in a standard way. It is important to take r
smaller then s. Everywhere below, we set r = s — 1. To simplify notation, (0s_1 1 will

be denoted by €.
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It is well-known that €2, is a closed set. Obviously, €2s;, D Q,4, for all s <ty <t,.
It follows that t — d(£2,) is a non-increasing function.

We are now able to formulate the main results of this paper which are the following
theorem and its corollary. Both results hold for a given value of b € R. However,
all constants are uniformly bounded if b stays bounded. It is easy to see that in the
“kicked” case, b is effectively defined modulo 1, since the action is invariant under the
transformation (b,v) +— (b + 1,7 +t). Thus in this case all constants are uniformly
bounded for all b.

THEOREM 2.1. Assume that the separation property holds. Then there exist constants
A, C > 0 such that if —oo < s <t < +o00, then

E(d(Qs,)) < Cexp(=A(t — s)),
where E(+) stands for the expectation with respect to the distribution of potentials.

COROLLARY 2.1. Assume that the separation property holds. Fix
s € R. Then, for a.e. w, there exists a random constant C'(s,w) > 0 such that

d(Qsy) < C(s,w) exp(=A(t —5)/2), t>s.
Here, X\ is the same as in Theorem 2.1.

As we have already pointed out in the introduction, Corollary 2.1 implies
hyperbolicity (see [2] for details). The following lemma, called the main lemma, is
proved in Section 3: the proof is quite involved, with additional technical difficulties in
the white force case.

MAIN LEMMA. Assume that the separation property holds. Fiz b € R. Then there exist
constants ¢,T" > 0 such that if —oo < s <t < 400, then the following inequality holds
a.s.:

Q
P(d(QS,HT) < ) Bt) >

We finish this section by deriving Theorem 2.1 and Corollary 2.1 from the main
lemma.

Proof of Theorem 2.1 : Consider the function
d(t) = E(d(s)) exp(A(t — s)),

where A is a fixed positive number, chosen later.
Since t — d(£2,) is non-increasing, the main lemma implies that
E(d(Qs,t))

B(d(Qursr) < ¢ —

+ (1 = )E(d(Qs4)).
Thus

d(t +T) < exp(AT) (1 - g)d(t).
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Now put
1 c
A=z (1= ).
T\ T3
It follows that d(t + 1) < d(t). But d(s) = 1. Therefore, for t € s + TN, we have
d(t) < 1. Consequently, since t — d(§2s,) is non-increasing, we have

E(d(Q)) < Cexp(—A(t — ), t>s,

with C' = exp(\T) = (1 — £)~'. This proves the theorem’s assertion. [J

Proof of Corollary 2.1 assuming Theorem 2.1: In the same way as in the
previous proof, it is enough to prove the statement for t € s+ TN. By Theorem 2.1 and
Chebyshev’s inequality, for every X > 0,

P<d(Qs,s+nT) Z XeXp(—/\TLT/Q)) S %eXp(_n)‘T/2)u n Z 0.

An application of the Borel-Cantelli lemma ends the proof. [J

3. Proof of the main lemma

For all s < t, let us define a map S? from S* to S!, which can be viewed as a coordinate
projection at time t of the generalized Lagrangian flow corresponding to the Burgers
equation. It certainly depends on the initial condition ¢ at time s — 1.

If, at time s, a point y belonging to S! is reached by a t-minimizer on [s — 1,]
starting in x at time ¢, then S%(y) is equal to the point . Note that such an x is unique,
since minimizers on the time interval [s —1,¢| cannot intersect outside of endpoints s —1
and t.

If a point y is not reached by such a ¥-minimizer, then it belongs to a closed interval
corresponding to a shock at time ¢. In this case S%(y) is equal to the corresponding shock
position. To define an interval at time s corresponding to a shock at time ¢, one has to
consider rightmost and leftmost minimizers originating at (x,t). Intersections of those
minimizers with S' x {s} generate a space interval of points absorbed by the shock
(x,t). Tt is easy to see that every point (y, s) is reached by a minimizer or belongs to a
shock interval generated by a uniquely defined shock.

Note that some points may correspond to both cases considered above. Namely,
points corresponding to minimizers which originate from the shock positions. However,
even in this case the map S’ is still uniquely defined.

3.1. Proof in the “kicked” case

Put
C=3 (max Hmclﬂ). (6)

i€1,2,3
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Then put

1
@ = min (ao, m) (7)

(see the separation property for the definition of ay.) We keep in mind that o < 1/30.
Consider integers

1 2 2 4
I .
Ve (g g Ve (Gmrl o) ®)
Denote by F; the event
|F(t+ k)| <a®, 0<EkE<N-—1. (9)

By Assumption 2.1 (i7) the zero potential belongs to Supp v. It follows that E; has
positive probability.

Put i = 1—d(Q,). IfQ,,; # S*, consider a connected component (yy, y2) of ST —Q,
which has maximal length [. Let y3 be the center of (y1,¥2), and let y, be the point
diametrically opposite to y3. If Q,, = S, let y3 and y4 be any pair of diametrically
opposite points in S*. Then consider z; = SﬁHN)yg and zy = S§t+N)y4. Since the J; (see
the separation property for their definition) are pairwise disjoint, one of the J; has an
empty intersection with one of [z1, 25| and [z, 21]. Without loss of generality, we may
suppose that [z1, 2] N J; = @.

Now consider the straight line defined by

Y(r)=xz4+b(r—t—N), T€[t+N,t+2N —1]

for some z € S?.
We claim that there exist (at least) N’ different integers 0 = ng < ... < ny_; <
N’ — 1 such that we have

N +nj) — N +ny)| < a'. 1
a4 NAng) =yt Nt ng)[ <a (10)

Indeed, by the pigeonhole principle, since N’ < o’ N, there exist integers 0 < np < ... <
ny—1 < N — 1 such that

t+ N+i;)—y(t+ N+ <o
j,j’erf(l)%vx’—l] Yt + N +n;) —yt+N+ny)| <a

Then it suffices to take, for every j, n; = n; — ny.
By definition of C' and «, (10) yields that

max }!ﬁl(’Y(t+N+nj)) — F(y(t+ N +ny))

4,4'€10,N'—1
< d"||Fi||er < a®/10. (11)
Now consider the event F5 defined by the system of inequalities:
|F(t+N+n;) = Fillee <a®, 0<j<N —1.
|F(t+ N+ k)|l < a®, (12)
kel0o,N—1]—{ng,...,nn—_1}.
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Since F; and 0 belong to Supp v, this event (independent from FEj) also has positive
probability.

It remains to prove that for w € Ey N Ey all minimizers on [t, 4+ 2N] pass through
I () at time ¢t + N, which follows from Lemma 3.1 and Lemma 3.2. Indeed, if this
statement holds, no such minimizers can pass through [z, 25| at t + N, since I («) C Ji.
Consequently all the points that are in [ys3, y4] at time s will not be reached by minimizers
originating at time t4+2N. In particular, it follows that [ys, 4] is contained in an interval
generated by some shock at time t+2N. Therefore (y1, y2)U[ys, va] = (y1, y4] is contained
in a connected component of S* — € ;,on. Thus

A(Qion) <1— 00 = Ld(0,)

with a positive conditional probability which equals at least P(F;)P(FE>). This proves
the lemma’s assertion. [l

LEMMA 3.1. Assume that w € Ey. Then for every minimizer y; on [t+ N, t+ 2N]| there
exists j, 1 < j < N'—1, such that

— ﬁ’l(vl(t+ N +n;)) <m + a?.

Proof: We argue by contradiction. Suppose that there exists a minimizer v; on
[t + N,t+ 2N] such that

—Fi(mt+N+n;)>mi+a® 1<j<N -1 (13)

Consider a curve v, with the same endpoints as 71, linear on intervals [t+ N +k, t+ N +
k + 1]. Moreover we suppose that v = x; +b(r —t —N) on [t+ N +ny,t + N +npyr_4]
(z; being the point where F| reaches its maximum), and that |, — b < 1/2n
and |y — b] < 1/2(N — nyr—1) on the extremal intervals [t + N,t + N + ny| and
[t + N + nxni_1,t + 2N], respectively.

From now on, for a curve v we denote ¥ — b by 4°. We recall that the “kicked” case
action A for v : [t1,t5] — ST equals

A0 =3 [GHPar— Y Fh)

t ne[tl,tg)

The first part of the right-hand side, corresponding to the kinetic energy, will be denoted
by A*. The remaining part, corresponding to the potential energy, will be denoted by
AP, We observe that

Ak(’ﬂ[h,ta]) = Ak(lyl[h,m]) + Ak(7|[t2,t3])7 (14>

and similarly for A?. We have

AR (y1) > 0; AF(y,) <

A~ =

On the other hand, using the inequalities (11-13), we get
AP(m1) > (N' = 1)(m1 + o® = ) = (N = N')a® = F(y(t + N)),
A(32) < (N = 1)(my + a%/10 + ) + (N — N')a®® — F(3(t + N)).
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Therefore, by (7-8), we get
A(m) — A(re) = A*(m) — A%(y2) + AP(11) — AP(72)

1

> -1+ (N'—1)(a® — a®/10) — 2(N — 1)a*
1 a?

> ——+a - ——8a"">0.

= 4+a 10 a >

Thus we have a contradiction with the fact that ~; is a minimizer. This proves the
lemma’s assertion. [J

LEMMA 3.2. Assume that w € FEy N Ey. For some j, 1 < j < N' — 1, consider a
minimizer y; on [t,t + N + n;] such that y = v (t + N +n;) satisfies:
— Fi(y) <mi+ o,
Then we have
mn(t+ N) € I(a).
Proof: We argue by contradiction, supposing that v, (t + N) ¢ I («). We may also
assume that
—Fi(mt+N+np)>mi+a?, 1<j <]

Indeed, otherwise we could consider a smaller value of j. In the same way as previously,
we want to prove that 7, cannot be a minimizer, and we consider a curve 7, with the
same endpoints as v;. Namely, we suppose that 7, satisfies 45 = 0 between t + N and
t + N 4 n;, 72 is linear between ¢ and ¢ + N, and moreover |45] < 1/2N. We have the
inequalities

Fly) > 0; AF () < —.
A (71) >0; A (72)_ SN

On the other hand, using the separation property, (9), (11), and (12), we get
AP(y) > —Na® + (my +a —a®) + (j — 1)(my +a® — ™)
— (nj — j)a®,
AP(y) < Na® + j(my + o® + a®/10 + a®) + (n; — j)a™.
Therefore, by (7-8), we obtain that

1
A(n) — Alye) 2 —sy e o? — N'a®/10 — 4Na*® > 0.

Again, we have a contradiction. This proves the lemma’s assertion. [J

3.2. Proof in the white force case

The scheme of the proof is very similar to the one in the “kicked” case. The major
differences are auxiliary lemmas which are technically more involved and the conditions
on the forcing, in some way much more restrictive.
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The constants C,a, N', N are the same as in the proof of the “kicked” case, with
the exception that now
) 1 1
@ = mm (O‘O’ 10C° 10(b + 1)2)’ (15)
and that the definitions of N’ and N change accordingly. Denote by E; the event
sp[[G(t) ~ Glto)er < o (16)

t1,t2€[t,t+N]

By classical properties of the Wiener process, F; has positive probability, uniformly in
t.

Now we proceed exactly in the same way as in the “kicked” case, supposing with
the same notation and without loss of generality that [z, 22] N J; = @.

We assume that for every j, j € [0, N — 1] (we take ny, = N), G satisfies:

( HG(t-'- N +nj+1) — G(t—l- N—I—nj) — Fchl S a40.
”G(t-'- N +nj+1) — G(t—l— N—I—nj —|—T>H01 S 0440,
7€ 0" nj —nyl. (17)
IGt+N+n;+7)—Gt+N+n;+7)|c

3, = C
\ S §|’F1H01 S E, T, 7'/ € [O,nj+1 — nj].

This event, denoted by FEs, has positive probability and is independent from Fj.
Finally, in the same way as in the “kicked” case, the lemma’s assertion follows from
Lemma 3.3 and Lemma 3.4. [J

LEMMA 3.3. Consider a minimizer v, on [t + N,t 4+ 2N|. Then, if w € Es, we have
—F’l(’yl(t—O—N—l—n])) §m1+042 (18)
for some j, 1 <j < N —1.

Proof: As previously, we argue by contradiction, considering a minimizer v; on
[t + N,t + 2N] such that (18) does not hold for any j, 1 < j < N’ — 1. We recall that
the action is given by:

to

+/ (’Y(T)(aa—i(V(T),T) — g—i(v(r),tg)»ch

+ (GO 10) = GGt 8).

The first term of the right-hand side, i.e. the kinetic energy, will be denoted by A'.
The second and the third terms, whose sum is the potential energy, will be denoted by
A? and A3, respectively. We observe that A as well as the quantities A' and A? + A3
satisfy a relation of the same type as (14). To see it for A% + A3, it suffices to write
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down this sum as a stochastic integral. A(7|(s) is denoted by A, (), and similarly for
A i=1,2,3.

Consider a curve ¥, with the same endpoints as 7;, defined exactly in the same way
as in the proof of Lemma 3.1. Namely, v = x1+b(1—t—N) on [t+N+nq,t+N+npy_1],
and 7y, is linear on [t + N,t + N +ny] and on [t + N + nyr_y,t + 2N] with |33 < 1/2n,
and 45| < 1/2(N — nyr_y), respectively.

Now, for every j € [0, N’ — 1], consider a straight line 3 connecting v, (t + N +n;)
and vy, (t+N+n;41) with constant velocity vs, 3| < 1/2(njt1—n;) (we take nyr = N).
Denote by R the quantity

A2
R = At+N+n]-,t+N+nj+1(71)-

/ a(7)b(r)dr > —20(;20 / (@)Zm— 2320 / b(t)?dr,

Since

then we have
t+N+nj+1

2020 () + by
> — LN 7
R / ( 2 )dT
t+N+n;
C t+N+n]~+1 aG aG
2
_ 2@20 / (%(71(7%7) - %(71(7’),1‘:"—]\7—}—7’%4’_1)) d7‘
t+N+n;
2020 B2(nsy — s
Z O (A%+N+nj,t+N+nj+1(71) + %)
t+N+n;+at0 e .
C 2
920 ( / (%(71(7'% T) — %(71(7—)7t + N + nj+1)) dr
t+N+n,;
t+N+nj+1 8G 8G
2
b [ (e - e N ) ).
t4+N+4n;+ai0

The first term of the right-hand side can be estimated by observing that the restriction
of v to [t+ N +mn;, t+ N +njqq] is still a minimizer, and that A§+N+nj,t+1v+nj+1v which
only depends on the endpoint of the curve at ¢t + N 4+ n;, is the same for v; and ~s.

On the other hand, the second and the third terms of the right-hand side can be
estimated by using (17). Thus we obtain that

20(20
R Z - C ( - R + A%—I—N—l—n]-,t—ﬁ—N—ﬁ—nj_;,_l (’}/3) + At2+N+nj,t+N+nj+1 (73)

>N > C <a4002
2 2020 4
20520

C

+ (M1 —n5 — 0é40)0480>
1

> -
- 8(nj41 — ny)

(-r+
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t+N+nj+1 a a
. G G
b [ (G 0a7) = GEa(r) N ) )ar
t+N4n;
b*N 20 3
+ T) —a”C".
Consequently,
2&20 a20
> _
Rz C h 4C
2 T o oG
2ce 1
e rz) [ 5 - Gt N i
t+N+n;
bZNa2O 20
- 3.
C
Using (6), (15), (8), and (17), we get
2@20 a20 1 b2N0420
> - — Z 20 7 AY 2013
R> =R - (v+3)Na o —a®C
S 20420R B Nag()(b 4 1)2 B <CS + i>a20
- C 4C
2020 409 227 2020 a?
> - > -
- C h 10 108 — C h 2
Consequently,
2020\ ~1af
>—(1-— —>-a
Bz (1 C ) 2 = ¢

By (11), it follows that for j € [1, N’ — 2| we have

Api Nt i+ Nny 0 (V2) — A Nt 14 Ny (71)

= (A%+N+nj,t+N+nj+1(72) - Ai+N+nj,t+N+nj+1(71))
+ (A§+N+nj,t+N+nj+1('72) - A?+N+n‘j,t+N+nj+1('71))
+ (A?+N+n]-,t+N+nj+1(72) - A§+N+nj,t+N+nj+1(71))
<(0-0)+ <b(0a40 /2 + Na) — (—a9)>

+ <(m1 +a®/10 + a®) — (my + a® — a40)> < —%2- (19)

Here, the estimate of A7y, 1\ nin,,,(72) follows from (17).

. . . 3 o 3
Similarly, since A7, i nin, (72) = Afynis v, (71), We have

At { N+ Nt (72) — Ay Nt N+m (71)
1
< S + A?+N,t+N+m(72> + o’ < L, (20)
and

At+N+nN,,1,t+2N(72) - At+N+nN,,1,t+2N(71)

1
< ] + A§+N+nN/71,t+2N(’y2) +a’+C <20, (21)
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Here, we get

A?—i—N,t-&-N—&-nl(’y?)?A?+N+nN/71,t+2N(72) < (b+1/2)(Ca™/2 4+ Na™)

in the same way as for the estimate of A7, y b4 N-ny s (72) above.
It remains to add together the inequalities (19-21). Using (15) and (8) we get

At+N,t+2N(72) - At+N,t+2N('71)
o? 1
<20+1—(N'-2)—<2C+1—-—<0.
- ( ) 2 = 2x
This inequality is in contradiction with the fact that +; is a minimizer. This proves the
lemma’s assertion. [J

LEMMA 3.4. Forw € EyNEy, if for some minimizer v on [t,t+N+n;], 1 <j < N'—1,
y=m(t+ N +n;) satisfies:

- F1(y) <m; + 062,
then we have
’yl(t+N> - Il(Oé).

Proof: In the same way as in the proof of Lemma 3.2, we consider a “bad” minimizer
~v1. Without loss of generality, we assume that

—ﬁl[’yl(t‘i‘ N+nj/)] > my +Oé2, 1< j/ < j (22)

We define v9 with the same endpoints as v; in the same way as in the proof of Lemma
3.2, i.e. such that 7'21’ = 0 between ¢t + N and t + N + n;, linear between ¢t and ¢ + IV,
and satisfying |7, < 55 We get

A?,t+N(72) = A?,HN(%)-

N O[10
A%,t+N(’Y2) - At t+N(71) =3N2 0< 16
t+N
2 oG 29
At,t+N(’Y2) > b+— ‘ax Yo (T a—x(%(T),t—l—N) dr < «

The last inequality follows from (15), (8), and (16).
To estimate the quantity

R = Ait-&-N (71)7

we proceed in the same way as for A?, v, iy, (71) in Lemma 3.3. Namely, we
consider a straight line 3 with the same endpoints as v1 |y .1 satisfying [¥5°| < 1/2N.

We have
t+N

R > —20 / (@)2&

t
1 o oG oG 2
g | (G0 = G+ V) ar
t
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HN 2 2
> —20% / —(PY1<T)2) 0 dr
t
v ea oG 2
— 55 | (G = S u(r), e+ N)) dr.

t
Since a restriction of v; is still a minimizer, we get

b:N
R > =20™ (A}, x(08) + Aoy (35) = R+ = )

2
L s » 2
_m/(%(71(7)77)—%(%(7),75%—]\7)) dr
t
N 1
920 AV 1
> —2a <8N2 + <b+ ZN)

t+N

< [ 520007 = S (utr) 4 N ar

BNy N
) - S

2

10 2 60
20 90 [ O 0 . 2b Nao

> 20°°R — 2« (1—6+(b+1)NOé +m>— 7

9
> 2a2R — (502 + 1)a'® > 2R — %

Therefore

A?,t-s—N(Vl) > —a.
On the other hand, we have

Atl-i-N,t-‘rN—‘rnj (72) — A%+N,t+N+nj (M) <0.

By definition, the action difference

U= At,t+N+nj (72) — At7t+N+"j ()

satisfies
U= (Az,t-s-N (72) — Atl,t+N('71)) + (A%+N,t+N+n]- (72) — A%—l—N,t—f—N—f—nj (71))
+ (AtQ,tJrN(%) - Ait+N (71)) + (A?,HN (72> - A?,t+N(71))
+ (At2+N,t+N+n]- (72) + A§+N,t+N+nj (72)
- A?+N,t+N+nj (71) - A?+N,t+N+nj (71))‘
Consequently,

10

(0]
U< 16 +0+ (a29 +a9> + 0+ (A7 Ninn; (02) + AL s N, (02)

- A?—i—N,t-i—N—i—nj (1) — A?+N,t+N+nj (71))
<2a” + (A?-i—N,t—l—N—l—nj (72) — A?—i—N,t—&-N—‘rnj (1)

+ A?—l—N,t—l—N—i—nj (72) — A?—‘,—N,t—i—N—l—n]- ()] (23)
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In the same way as previously, we get
40

A§+N,t+1v+nj (12) < bj( + NO/m) < 50N’ < .

The estimates of A7, y1 ) ihnin (1), 0<j" <j in Lemma 3.3 still hold in our case.
77 J
Therefore

A§+N,t+N+nj (m) > —N'a” > —2a°.
By (11) and (22), for 1 < 7' < j — 1 we get
A§+N+n]-/,t+N+nj/+l (72) — A§+N+n]-/,t+N+nj/+1 (1)
6
< (m1+a2+%+a40)—(m1+a2—a40) < af.
Finally, since we have supposed that v, (t + N) ¢ I;(«), we have

A?+N,t+N+m (72) — A?+N,t+N+m (71)
6
< (my +ao® + (1)[—0 + o) — (my + a — a®) < —a/2.
Combining all these inequalities with (23) we get

U<2a’+a®+2a°+ (N —1)a® —a/2 <0.

We have a contradiction with the fact that v, is a minimizer. This proves the lemma’s
assertion. [J
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