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Recently, underactuated bipeds with pointed feet have been studied to achieve dynamic and energy eff cient robot walking patterns. However, these studies usually simplify a robot torso as one link, which is different from a human torsos containing 33 vertebrae. In this paper, therefore, we study the optimal walking of a 6-link planar biped with a segmented torso derived from its 5-link counterpart while ensuring that two models are equivalent when the additional torso joint is locked. For the walking, we suppose that each step is composed of a single support phase and an instantaneous double support phase, and two phases are connected by a plastic impact mapping. In addition, the controlled outputs named symmetry outputs capable of generating exponentially stable orbits using hybrid zero dynamics, are adopted to improve physical interpretation. The desired outputs are parameterized by Bézier functions, with 5-link robot having 16 parameters to optimize and 6-link robot having 19 parameters. According to our energy criterion, the segmented torso structure may reduce energy consumption up to 8% in bipedal walking, and the maximum energy saving is achieved at high walking speeds, while leaving the criteria at low walking speeds remain similar for both robots.

INTRODUCTION

One of the fundamental tasks in designing biped robots is to f nd robot structures and control strategies capable of providing energy-eff cient and stable walking motions. As indicated in Figure 1, many researchers have tried to study the energy saving benef ts of bionic robot designs by adopting certain human resembling parts such as curved feet [START_REF] Martin | The effects of curved foot design parameters on planar biped walking[END_REF], rolling knees [START_REF] Hobon | Gait optimization of a rolling knee biped at low walking speeds[END_REF], locked knees [START_REF] Sinnet | A human-inspired hybrid control approach to bipedal robotic walking[END_REF], swinging arms [START_REF] Kaddar | Arms swing effects on a walking planar biped[END_REF] or springs (Bauer et al., 2014). Nevertheless, the theoretical advantages of a human-like robot torso are still rarely studied among the vast literature on humanoid robots, despite the studies on realizing human-like biped torsos from a practical point of view [START_REF] Mizuuchi | Development of musculoskeletal humanoid kotaro[END_REF].

Unveiling the theoretical advantages of humanlike robot structures requires numerical optimization. By far, the most common method is through designing reference trajectories with a limited number of parameters, whether the trajectories are functions of time or functions of robot state, and then optimizing these parameters using a certain cost function. Many researchers have used optimization in the analysis
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Compliant torso and design of biped walking motions with trajectories def ned as functions of time [START_REF] Cabodevila | Quasi optimal gait for a biped robot using genetic algorithm[END_REF][START_REF] Chevallereau | Optimal reference trajectories for walking and running of a biped robot[END_REF]Beletskii et al., 1982), and these early studies usually adopted the zero moment point (ZMP) principle to ensure the feasibility of various walking motions. However, a periodic and feasible walking motion might not be stable because biped robots are hybrid systems with impacts during each step, which might serve as a discrete positive feedback of error. Some researchers also attempted to eliminate the impact completely and thus creating walking motions that consume no mechanical energy, but these studies are only valid for passive biped robots walking in a highly controlled environment [START_REF] Rouhollah | Energy-conserving gaits for point-foot planar bipeds: A f ve-dof case study[END_REF]. For activated robots with motors, it's practically impossible to eliminate the energy consumption caused by Joule heating.

Recently, with more and more researchers striving to achieve more dynamic biped walking patterns, a planar biped robot with pointed feet and the name "RABBIT" was created, which witnessed the birth of the concept called "virtual constraints" [START_REF] Chevallereau | Rabit: A testbed for advanced control theory[END_REF]. By using a monotonic scalar quantity representing the progression of a step, [START_REF] Westervelt | Design of asymptotically stable walking for a 5-link planar biped walker via optimization[END_REF] proposed a method to def ne trajectory functions with a closed-form stability indicator. Armed with this method, Ames (2012) proposed human outputs to relate the walking motions of biped robots to the human walking data collected in a laboratory.

The work presented here is inspired by both the previously studied human-like parts and the optimization methods with provable stability. Our intention is to analyze the energy-saving potentials of the segmented torso. The optimal walking of a 5-link robot and a 6-link robot with underactuated pointed feet is studied to quantify the difference between these two robot conf gurations. The segmented torso of the 6-link robot is assumed to be straight at the beginning and the end of each step. Based on the stability analysis proposed by [START_REF] Westervelt | Design of asymptotically stable walking for a 5-link planar biped walker via optimization[END_REF], we def ne symmetry outputs to observe the mirror-like behavior of a virtual stance leg and a virtual swing leg. This interpretation of bipedal walking motions is related to a previous research on asymptotic stable walking with simplif ed posture control and swing leg advancement strategies [START_REF] Grizzle | Asymptotically stable walking for biped robots: Analysis via systems with impulse effects[END_REF]. By running optimization with symmetry outputs at different walking speeds, we have found obvious energy eff ciency improvement of the 6-link robot compared with its 5-link rival, especially at high walking speeds.

The paper is structured as follows. Section 2 delineates the biped models of both 5-link and 6-link robots. Section 3 introduces the symmetry outputs together with the feedback design using optimized HZD. Section 4 deals with the optimization problem using Bézier trajectories with provable stability. Section 5 presents the optimized walking motions of the two biped robots at different speeds. Finally, Section 6 concludes this paper by discussing the advantage of the additional torso joints and possible subsequent studies.

ROBOT MODELS

Robot Parameters

Both 5-link robot and 6-link robot have pointed feet which are not actuated during each step, and the rotor inertias are the same for all the actuators. As shown in Figure 2, the 5-link robot analyzed here comprises one torso, two femurs and two tibiae. We assume that all links are considered rigid and the motion is constrained to the sagittal plane. The 6-link robot, depicted in in Figure 3, is derived from the 5-link robot, and the only difference is that the additional torso joint divides the torso into an upper torso and a lower torso. In order to compare the performance of both robots, the 6-link robot should be equivalent to its 5-link counterpart once the additional joint is locked. This is realized by the following equations
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where the notations used above is explained in Table 1. For the actuators of the femurs and tibiae, the rotor inertias equal 0.83 kgm 2 , and the motor rotor inertia of the additional torso joint is 0.2 kgm 2 .

Dynamic Models

The generalized coordinate vector describing both biped robots in the sagittal plane is def ned as q e = [x, y, q 1 , q 2 , ..., q n ] ′ where n = 5 or 6 equaling the number of links. It contains two coordinates (x and y) describing the position of pelvis and n angles q = [q 1 , q 2 , ..., q n ] ′ for the orientation of legs and torsos. We assume that the positive angles are anticlockwise. 
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 1 Figure 1:Possible methods for reducing energy consumption.
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 2 Figure 2: 5-link planar biped robot.