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LIMIT BEHAVIOR OF SHORTFALL RISK IN INCOMPLETE MARKET
WITH AN UNTRADABLE ASSET

DELPHINE DAVID AND JULIEN GREPAT

ABSTRACT. In this paper we study the shortfall risk convergence for American options (more
generally for vanilla options). The financial market is provided with a non-traded asset, hence

it is incomplete. The geometric Brownian motions are approximated by binomial trees.

1. Introduction

Though continuous trading is a part of the standard paradigm of modern finance, in practice,
usually, portfolio revisions are done along a discrete—time greed. The links between discrete and
continuous-time models have to be studied and some paradoxes appear. For example, the basic
discrete approximation of a continuous asset price process may not lead to the convergence of
the option price. In [7], the complete multi-assets model driven by geometric Brownian motions
is approximated by binomial trees. In this context, the convergence of the shortfall risk for an
American option is stated.

We consider a three assets model (S°, S, 52). The bank account S is riskless. The risky assets
(S',8?) are driven by uncorrelated geometric Brownian motions. We assume that the asset S2
is untradable. Then, the market is incomplete. Hedging an American option in this market will
often lead to infinite initial endowment. It is then interesting to look at non perfect hedging and
to compute the expected shortfall risk associated with the initial position.

We approximate the diffusions by piecewise constant processes. That is the markets are not
active on intervals with length tending to zero. These models are in one-to-one correspondence with
discrete-time models driven by binomial trees. Using this approximation, the expected shortfall
risk for the vanilla options converges. This is the main result of the paper, see Theorem 3.1 below.

As in [7], we study the convergence of underlying processes (price processes, equivalent martin-
gale densities, etc.) in a weak sense, mainly the convergence of laws in the Skorohod topology. The
main technical novelty is the convergence of almost optimal strategies for the piecewise constant
models to an admissible strategy for the continuous model, see Lemma 4.12 below. The exten-
sion of the results in [7] in the framework of incomplete markets is a direct consequence of the

convergence of almost optimal strategies.
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The result is stated for markets with only two risky assets to alleviate notations. The general-
ization to models with more traded assets is barely difficult. The paper is organized as follows. In
the next section, notations are detailed. In Section 3, we introduce the framework and Theorem
3.1 gives the main result of this paper. The technical Section 4 states several convergence results,
and in particular the convergence of almost optimal strategies. Finally, in Sections 5 and 6, we use
the results of Section 4 to prove the main result.

2. Notations

We use the following notations:

e D(RY) is the Skorohod space of the cadlag functions x : [0,7] — R? while C(R?) denotes

the space of continuous functions taking values in R¢ with the uniform norm
|||l = sup [z4].
t<T

For a survey of the Skorohod topology, weak convergence in the Skorohod space and
corresponding notations we refer to [8].

e For a process H, we write in short
t
H-W,; ::/ H,dw,.
0

e For a semi-martingale L, the Doléans-Dade exponential Y (or stochastic exponential) is

the solution of the stochastic equation
Y=1+Y_-L.
The process Y is denoted by £(L). For more information about Doléans-Dade exponential,

see Jacod and Shiryaev [8], Section I.4.f.

e For a sequence of non-negative real valued random variables ("), cy dominated by a non-

negative sequence {b"}, ey with b” < Kn™¢

€ < 0(n™).

, we write

This notation allows to change the sequence {b"} and the constant K from line to
line without further mention. Similarly, C' may designate different constants which are
independent of any variable. We use the notation C,, when the constant C,, depends on

a parameter m. The constant C,,, may also change from line to line.
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3. Model and main result

Continuous-time model

We consider a three assets financial market. One asset is the numéraire (bank account) while
the two others are risky. Their price processes are (independent) geometric Brownian motions
S = (81, 5?) defined on a filtered probability space (Q, F,F = (F;), P):

dS}/S; = mdt+o1dWy, (1)
dS?/S? = oodWE, (2)
where W = (W', W?) is a standard 2-dimensional Brownian motion and the o-algebra F; =

o{Ws,s < t}. We assume S? is untradable and, therefore, the market is incomplete. Our aim is

to price an American option with the pay-off function of the form
Yy =F(t,5),
where F : [0,7] x D(R?) — R, is continuous (in the product of usual topology on [0,7] and

the Skorohod topology on D(R?) ), non-anticipating (F(t,z) = F(t,y) if x5 = y, for s < t), and

satisfies the linear growth condition:

e there exists a constant C' > 0,

sup F(t,x) < Cl|z||z, Vo € D(R?). (3)
t<T

Note that this pay-off function characterizes a more general class of options, namely vanilla options.
A self-financing strategy is an adapted cadlag process 7 such that the portfolio value is given
by
V™t =g 4 qm_ - 8L,

where x is the initial capital; the strategy 7 is admissible if V™% > 0; the set of such strategies is
denoted by A,.

Let T the set of all stopping times 7 < T. We define shortfall risk for an admissible strategy T
by

R(m,x) := sup E(Y, — V*)T,
TET

and the shortfall risk for an initial capital x:

R(z) := inf R(m,z).

TEA,

Approximating models

In this paragraph, we consider continuous-time models which approximate the financial market

by means of piecewise constant price processes.
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For any n, let a double indexed sequence of i.i.d. random variables (51@);@21712 where ¢ takes
values in {—1,1} and P(¢} = 1) = 1/2. Set
r=kT/n.

To alleviate notations, we write t;, = ¢} when there is no ambiguity. We set the filtration F* = (F}*)
with F* = o{(&},€2), t7 <t} and a piecewise constant F™-adapted process S™ = (S, $2"),

K T T
St = mr:[1 <1+u1n Ty n"vf#) ot St <t (4)
sito= ﬁ (1 - \/T02§3n> s e ST <tppr (5)
n

m=1

In this model, the portfolio is revised only at times ¢, hence the pay-off process is
Y;":F(tk7sn)7 ty <t <tpy1,
and the self-financing portfolios with initial capital x
VTF'IL’_t =7 +7Tﬁ 3 Sln’

where

n—1

Ty = Z i T, 00 (F), my is Fi,-measurable.

=0

Let
Al = {ﬂ'" Ly > 0}.

We define the n-step shortfall risks by analogy with the previous section,

R*(n",x) = sup BE(Y" -V o)t
TET™
R" _ inf R"(r", ,
(x) Anf, (7", z)

where 7™ is the set of all stopping times with respect to F.

The main result of the note is the following:

Theorem 3.1. For any = > 0,

R"(z) — R(z), n — oo.

The claim follows from the inequalities liminf R"(x) > R(x) and limsup R"(z) < R(x). To
establish the first one, we extract a convergent subsequence of almost optimal strategies for R"(x)
and show that the limit is an admissible strategy for the initial model. We obtain the last inequality

by approximating an almost optimal strategy for the initial model by n-step admissible strategies.
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We shall develop several convergence results, on one hand, intrinsic to the traded asset price
process (convergence of martingale measure), and on the other hand, related to the filtration

(convergence of strategies).

4. Preliminary results

The approximating models give the convergence of laws .Z(S™) — Z(S) on (D(R?), || - ||I7), see
Lemma 4.5 below. However, this result does not lead neither to option prices convergence nor to
optimal strategy convergence. This section aims at studying more involved types of convergence.

We investigate the law convergence of cadlag processes on the Skorohod space. We first recall
the following results from [8]. Suppose that the limit law of a convergent sequence is the law
of a continuous process. Then, the usual Skorohod distance coincides with the uniform distance
on the Skorohod space. Moreover, if the sequence is vector—valued, the convergence on the space
(D(R4), ||-||7) (d is the dimension of the vector) is equivalent to the convergence of each coordinate

separately on the space (D(R), ||-|l7). To this end, we shall use this result without further mention.
Equivalent martingale measure

We now focus on the sequence of unique equivalent martingale measures given by the complete
two assets model where the risky asset is driven by S™'. We denote by Z" the density process of
these equivalent martingale measures. One can verify that

n

Zi =]+ Aqk) = (g™
k=1

1
n p T
Ath = —; Ef%-

For the continuous-time model, we consider the following equivalent martingale measure. Set

where

1
dq = —aw.
g

The martingale Z = £(q) is the density of the unique equivalent martingale measure of the so-called
Black-Scholes model with one risky asset driven by S'. Note that these martingales correspond
to the densities of the minimal martingale measures in the incomplete markets. It can be checked
with the explicit formulae given by Ansel and Stricker in [3]. The following lemma states the

convergence in law of Z™.
Lemma 4.1. We have the convergence
R AVARES A

on (D(R), [ - [|7)-
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Proof. The Donsker theorem, see the discussion on the uniform topology in D(R) in [4], implies

that (Z \/7&) o

tr=0

By virtue of Cor 6.VI.29 in [8], we have convergence of the quadratic variation processes, namely

(z[sk, IS

tr=0

>—>.$W1[ .

Set ®(x) = In(1 + x) — 2 + %-. Note that

Since |A¢"||7 = O(n~1/?), we get the asymptotic
D d(Ag") =0(n'?).
Then we deduce the convergence of the laws
[4"], ) ®(Ag™) = Z(q,[d], 0).

We refer to the following Lemma 4.2 to ensure the convergence of stochastic exponential. The

proof is achieved. O
Lemma 4.2. Let X", X be scalar adapted processes where X s continuous and such that
2 (X7, [X"), 3 9(AX")) - £ (X, [X],0),

with ®(x) = In(1 + z) — z + ””2—2 Then we have the following convergence in law of stochastic
exponentials:

Z(E(X™)) = Z(E(X)).
Proof. The claim follows from

EX)=G (X, [X},Z(I)(AX)) ,

with
G(z,y,z) = exp (a:f % +z).

Since G is continuous on (D(R3),||.||7), we get the result. O
The next lemma provides explicit formulae for the consistent price processes Z"S™! and ZS?.

Lemma 4.3. The martingale ZS" is an Ité process. There exists a positive sequence 6™ € R,

such that Z™S™ = £(X™) where
" 1 T
AX =6/ Eg,i.
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Analogically, there exists G1 > 0 such that ZS' = £(X*') where
dx' =gtdw™.
Moreover 6™ — G1.

Proof. Note that
k
T [T ul T
n gnl _§ 1 1 1 1
IH(ZS )tk—l_01n<<1+,uz g'i_o' n§l><1_0'1 n§l>>

After a direct computation, we get
T T 4
—\/ =& |-
nVn

Znsnl Zln <1+0' \/76-11—\/76[

We obtain Z"S™ by taking the exponential. We identify
5l — gl pt ()T

ol ol n’

Let us compute ZS. We have

1 ' 1/ pt\?
T 1171 1 1,2 1
ZtSt = exp <O' Wt + (,LL — 5(0' ) ) t— ;Wt + 5 (0_1 t
1 1\ 2
P 1 1%
= exp<<0'101> Wt12(0'10’1> t)
With 6! = o! — pl/ol, we get the result. O

Remark 4.4. The processes X™ and X are the so-called stochastic logarithm of Z"S™ and ZS!.
Moreover, the piecewise constant processes X™ jumps only at dates t;, k > 1. Namely, we have:

AXZ;l (ZnSnl) 1 A(Znsnl) (Znsnl) 1 ((Znsnl)tk_(znsnl)tk,1)~

th—1 th—1
We get also
Xti=((z8YH )t zst

Finally, we state the joint convergence of the asset price processes together with the consistent

price systems.
Lemma 4.5. The following convergence holds
L(S™, 7", Z"S™) — £(S,Z,ZSh).

Proof. We use the same type of arguments than for the proof of Lemma 4.1. The stochastic
logarithms are given by formulae (1), (2), (4) and (5). The proof is then straightforward by means
of Lemma 4.3. O
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UT condition

The uniform tightness condition, UT condition in short, mainly stands to ensure convergence of
stochastic integrals. Usually, this condition is defined for processes with an infinite time horizon.
We can verify that our definition is consistent with the original one.

Let H™ be the set of all simple F"-predictable processes bounded by 1, i.e. of the form

k
H;L = hg + Z h?ﬂ]sz',suﬂ(s)
=0

where hj is F['-measurable random variable with |h}'| < 1 and {sq,---,sx} is a partition of
[0,T]. We say that S™ satisfies UT condition if the set {H" - S, H" € H",n € N} is bounded in
probability.

Lemma 4.6. The sequences of processes (S™), (S™2) and (Z™S™) verify UT condition.

Proof. We shall prove the result for the sequence (S™!). With analogous argument, we can extend
the result to (S™?) and (Z™S"2), writing o3 or 6* instead of o1 and p1 = 0. Consider the following
canonical decompositions

Sln _ Mln + Bln

where the processes B™' and M™ are piecewise constant with the jumps

AMtlk- = golféstlk,17 A<]\41 >tk = EU%(Stlk,l)27
T
ABtlkn = n H1 Stl:— 1

Let H™ € H". Then
|H™-B"lr <Y | A B < i TS|
k=0
The sequence (S'") is tight since the sequence of law is convergent. Hence (||H™ - B'"||7) is
bounded in probability. Let us show that (H™ - M!™) is bounded in probability for any ¢ € [0, T].
By the Chebyshev inequality and Ito isometry, we have for any K > 0

P(lH" - M/ > K) < ﬁE|H MM < ﬁE<M1 )t < ﬁlTE(Stlk ).
k=0
It remains to observe that
k 2
n T T
E(Stlk ) = 1__[1E (1 + pa— +4/ na1§}n>

k

T T
= II (1+ <uf+a§+2u1)> <C

n n

The result follows. O
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Remark 4.7. Note that this last observation is similar for (S?"). Uniform integrability for the
family (S7")o<t<Tnen follows. It is also possible to deduce uniform integrability for the sequence of
random variables (||S™||7)nen. Since (S™) is tight, for any £ > 0, there exists a positive constant
k such that sup,, P(||S"||r > ) < ¢, we have

E|S™Ir1gsniirsny = ) EISE Iyspi=iisniiet Liisniir>sy < eEISH.
t<T

Convergence of filtrations and extended convergence

To ensure convergence of strategies or stopping times, we need convergence of conditional ex-
pectations, which will hold with convergence of filtrations and extended convergence. We remind
some basic results about these types of convergence following the survey of Coquet, Mémin and
Slominski [5]. By virtue of Skorohod Representation Theorem, we define a probability space on

which some subsequences of S™ converge to S almost surely under the Skorohod topology.

Definition 4.8. A sequence of filtrations F™ converges weakly to the filtration F if and only if
for any B € Fr, the sequence of cadlag martingales (Flp|F™) converges in probability to the
martingale (Elg|F.) on (D(R), || - ||l7)-

Lemma 4.9. Along the subsequences of (S™) which converge almost surely to S, the filtrations F™

converge weakly to the filtration F.

Proof. First, we remark that if S* 2> S on (D(R?), ||-||), we have also In S™ 2y S on (D(R?), ||-
l7), where In X = (In X',In X?). For any n € N, the process In S™ has independent increments.
As the filtrations F™ (resp. F) are also the natural filtrations of In S™ (resp. InS), according to
Proposition 2 in [5], F® converges weakly to F. O

The following was introduced as a characterization of extended convergence by Aldous in [1].

We shall use it as a definition.

Definition 4.10. Let us consider cadlag processes X™, X taking values in R? and their natural
filtrations F™, F. Then X" = X holds if and only if for any integer k and for any real valued
bounded functions 1)y, - - , 1y, continuous on D(R?) endowed with the Skorohod distance dg, we

have
L(X", E[py (X)) F, - Bl (X)) FT]) = Z(X, B[y (X)|F], -, Bl (X)]F])
on (D(RI*%) dyg).
Lemma 4.11. Along the subsequences of (S™) which converge almost surely to S,
S"= S

in probability.
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Proof. The sequence of filtrations F™ converges weakly to F. As S is continuous, the result is

immediate with remark 1 in [5]. O

Convergence of “almost optimal” portfolios

We end this section with a preliminary result concerning convergence of portfolios. The following
Lemma is the key step to prove the inequality R(x) < liminf R™(z). We point out the convergence

of a sequence of almost optimal strategies to an admissible strategy in the model driven by S.

Lemma 4.12. For any x > 0, for any € > 0, there exists a sequence (1™)nen, " € A7,

R*(m") < R"(x)+1/n+¢
such that L(S™, 2", Z"V™" %) — L (S, Z, M) on the space (D(R*), |- |). Moreover, for the cadlig
process M, there exists an admissible strateqy m € A* such that M = ZV™*,

Proof. Let x > 0, for any n, there exists " € A7 such that

R"(y") < R™(x) + %

Choose € > 0. Since (||S™||7) is uniformly integrable, there exists a constant x > 0 such that
itégEHS"HTH{||S"||TZR/C} <e/C,
C' is the constant defined by (3). Define the stopping times
Tp = min{t : Vt'yn’x > K},
and set 7" the admissible strategy
7" = "jo,7,-

It follows that, for any n, any 7 € T,

B —VES)t < B(YP — VI ) 4 B — V) g iy ooy
E(Y = V2" + CE|IS |l sn| g2/} Lyam o)
E(Yr —v)" o)t 4e.

IN

IN

Hence, for any n, 7™ satisfies
R* (™) < R™(x)+1/n+e.
Note that we have constructed a sequence of portfolios such that sup,, ||[V™" |7 is bounded. Indeed,
we have
Tt oy 1
‘/;k«#l - ‘/tk + ﬂ-gc A Stl;r]:|»17

for any k, any n. Since Vt::nx < kK, the admissibility condition implies

0§/€+7T2€A51n

tht1”
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/T
0</€+7rtk51"< — + ot n§;+1>.

Recall that 73, is JF} -measurable. When & 11 =—1, we get

n < n K
mr <i/= .
g T Sin (O’l —pt T/n)

It follows that

When &}, = 1, we have

s /n K

t fell - — .
* TStl: (01 —I—/ﬂ\/T/n)
This leads to the inequality

|7TZ€| < \/> Sln’

for n large enough. Hence

T T
In
Imi, &S| < Civ/n ('uln +01\/:> < .

This inequality remains true for stopping times, proving that sup,, ||[V™" ||z is bounded. We remark

that we can deduce the following bounds for the strategy =":

. O1Sn1
| kafk1| = |ASn1 ‘ S C' (6)

tht1

Let us investigate the convergence of the cadlag F™-martingales M" = Z"V™" . We shall apply
Th. VI.4.13 and Prop. VI.3.26 of [8] to prove that the sequence M™ is C-tight (that is M™ is tight
and each cluster point is the law of a continuous process). The sequence of initial values M = x
is bounded. We need to prove that the sequence of processes (M™) is C-tight. First, the sequence
of processes (M™) is uniformly bounded in probability. Indeed, by the It6 Isometry and Remark

4.3, we have
E(M™)r|? = E/ w2 d[ 2" S, = Z L Zp Sph)2 (61T /n.
k=0
The inequality (6) implies that

E|(M™)r|* < C.

This ensures the boundedness in probability.
For a function « € D(R) we define the modulus of continuity w(c«, d), § > 0, by the formula

w(a, §) :=sup{|ogyn —au|: t €1[0,T — 6], h €[0,0]}.
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The next step to study the tightness of (M™) is to show that its modulus of continuity is arbitrarily
small when § — 0. Note that

-1

<Mn>tk+z - <Mn>tk = Z(W&+i)2A<ZnSnl>tk+i+1' (7>
=0

We deduce from Burkholder-Davis—Gundy inequality, Remark 4.3 and (6) that

-1
2 ~
Ekiupl (MM, = (MM, | < B (nfe Z5E . SpL )N (T/n)? < k(1/n)?,
=n= i=0

We deduce that there is a constant C' > 0 such that for any § > 0 we have, for all sufficiently large
n, the inequality
Elw((M™),8)> < C(6+T/n)?.
By virtue of Th. 15.5 in [4] the sequence (M™) is C-tight. Th. VI.4.13 and Prop. VI1.3.26 of [§]
give the C-tightness of M™.
Consider a cluster point .Z (M) of the sequence .Z(M™). We show that it follows the same law
as ZV™2 where T € A®. Set X"? = (S"2)~1. 872, Note that, thanks to characterization (7), there

exists a sequence (m"™),en of non-negative uniformly bounded predictable processes such that

A((M™, X"2/5%)),, = (mg’“ ?) %

The martingale (M™, X"?/G?) converges in law to the process (M, W?) (maybe along a subse-
quence). Since we have the convergence of the sequence of quadratic characteristics, we deduce
that

d((M, W2)), = (Z‘ 2) d,

with m a non-negative uniformly bounded predictable process. According to [9], Th. 3.4.2, there
is a filtered probability space (2, F,F, R) with a standard Brownian motion B = (B, B?) and the

matrix-valued process g such that R-a.s. we have
M = gll'B1+g12'B2
W2 _ 921 . Bl +922 . BQ.
with
t
1w, = [ ggids.
0

Note that the process ((g'*- B! +g¢'2- B2)/\/m, W?) is a standard Brownian motion. Finally, there
exists a process m such that M and = + /m - W! have the same law. According to Remark 4.4,
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we get

r+yvm-wt = Y. x!

|
N
A~
3
N
“,
T
w0,
S~

Set the predictable process

51
o
It remains to check that 7 is an admissible strategy to get the result. Fix ¢ € [0,T]. Since Z", Z

are strictly positive martingales, we have
P(Z"V7 " > 0) = 1.
According to Portmanteau Theorem, see [4], since L(Z"V]" ) — L(ZV"), we have
limsup P(Z"V;" % > 0) < P(ZV™* > 0).

It follows that V™ > 0 almost everywhere. The proof is achieved. O

5. Proof of the inequality R(z) < liminf R"(x)

Choose = > 0, € > 0. We implicitly consider a subsequence such that R"™(x) — liminf R™(z).

According to Lemma 4.12, for any n, there exists a sequence (7"),en, 7" € A7,
R*(r") < R™(z)+1/n+¢/3

and a probability space such that (Y™, Z" Z"V™"*) “3 (Y, Z, ZV™) on the space (D(R?), || - || 1),

for some admissible strategy m. There exists 7. € 7 such that
R(m) < g + E(Y, - Vo)t

For any k, there exists a finite set Iy C [0,T], T € I, such that [0, 7] is a subset of (J,c;, It —
1/k,t+ 1/k[. Set
Tk = min{t eI, t> TE}.

Note that 7, € T and |7, —7| < 2/k. Hence 7, \, 7 a.s. when k — oco. The process ¢; = (Y;—V;"")*
is uniformly integrable because of assumption (3) on F. It follows that, choosing k large enough,
there exists a stopping time 7 := 7, in 7 admitting only a finite number of values {t1,- -+ ,tm} C Ii

such that

2
R(r) < 35 + E(Y, — VEo)t,
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Set 7, (w) = min{t; € Iy, : E[l{—,y|F{] > 1/2}. Observe that

{Tn #* T} C U {|E[H{T:t7~,} ]:gz] — H{‘r:ti}| > 1/2}.
=1

Because of convergence of filtrations and Lemma 4.9, we have P{r, # 7} — 0. Hence, the
sequence converges to T almost surely. Furthermore 7,, € 7™ takes values in {t1,--- ,tn}, as well

as 7. Recalling that

2
R(z) <R(r) < =+ B(Y,-Vre)t

3

2¢ (va,z)T +

S tE\Yr———
= 37 < Z; )

we deduce that

From Fatou’s Lemma, we get

2e .. n +
R(z) < —+lminfE(Y} -V~
3 n—o00 " n
2 . .
< — +liminf R*(7") < e + liminf R"(x).
3 n—00 n—00

As ¢ is arbitrary, it follows that R(x) < liminf R"(z).

6. Proof of the inequality R(x) > limsup R"(x)

Choose x > 0. The sequence is implicitly reindexed such that the whole sequence tends to
limsup R"(x). By virtue of Skorohod Representation Theorem, one can suppose that S™, S are

defined on a same probability space such that
s 58, on (DR),] - [Ir)-
Choose € > 0. There exists 7, an admissible strategy such that

R(z) + & > sup B(Y, — V%),
TET
The process V™% is continuous. We can build some n-step portfolios converging to V™*. More
precisely, we approximate the strategy m. Fix € > 0. There exist ig and Borelian functions g; on

D(R) SuCh 1ha,1:
T
/
0

see Th. 4.41 in [2]. The notation S* stands for the stopped process, i.e. S* = Sljy 5] + S, 15, 17-
According to Th. 4.33 in [2], each g; is (everywhere) the pointwise limit of bounded continuous

2
%0
Ts — Zgi(ssi)ﬂ[si,si+l[(8) ds <eg,
0
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functions on D(R) (endowed with Skorohod distance). It follows that there exists some bounded
continuous functions ; such that,

T
E/
0

2
Zd}l [917974-1 (S) ds < 2e.

Set the strategy

Ty = Z 1/%(5& )H[Si,5i+1 [(t)

According to Burkholder-Davis—Gundy inequality, observe that

Elx-S' -7 8", <Ce.
Then, we have
E|V™* — V™| < Ce. (8)
Define
t"(s) = max{ty : t} < s}, i(s) = max{i: s; < s}.

Set for large n
T =FE [%(t) ((Sn)tn(s“”))‘fﬂ :
By virtue of extended convergence (Lemma 4.11),
(8", 7") £ (8,7)
n (D(R3), || - ||r). According to convergence of stochastic integrals, Th. VI.6.22 in [8], involving
UT Condition for S™, we get
(57, vy Ly (8, V)
n (D(R3), || - 7). For any n, there exists a stopping time 7,, satisfying
R™(7") —1/n < E(Y! — VE")*T.
The sequence (S™, V™", 7,) is tight on the space (D(R3),| - ||z7) x [0,T]. Thus, there exists a
subsequence, a random variable ¥ < T and a probability space given by Skorohod Representation
Theorem, such that
YV ) B (v v )
on the space (D(R?), || - ||7) x [0, T]. There exists some sequences &,,&, 0,
={IY" =Yz + V" = V™l <8}, E|S"|Irlag < en-

The following inequalities hold for all » € N. In one hand

Y=V, = (Y =V VYT YY) T,
< (Y = V2 L VT T Ly Y|P,
< (Y =V Ly, + [VO7 V0L, + Y = VL,
< (Y =VEI L, + 6p;
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on the other hand, by virtue of (3),
Y™ = V™) e < S| rLac -

Then we have

(V" = V) < (Y = VR 45, e (9)
We claim that for the uniformly integrable cadlag process defined by ®; = (V; — Vf’w)"‘7
E®, <sup E®,. (10)
TET

The proof could be found in [1], chapter 5, or more concisely in Lemma 3.3 in [6]. It is now possible

to obtain the following inequalities

limsup R"(z) < limsup R"(7")

n— oo n—oo

< limsup E(Y]" — VTt

T
n—00

With help of reverse Fatou’s Lemma, we have

limsup R"(z) < Elimsup(Y,” 7Tn’w)'~'.

- Tn
n
n— oo n—oo

According to inequality (9), we get
limsup R"(z) < Elimsup(Y;, — V/2™)* + limsup(8, + Cey).

n— oo n—oo n—oo

Finally, with (10) and (8), we obtain
limsup R"(z) < sup BE(Y, — V")t + Ce < R(z) + (C + 1)e.

n—o0 TeT

Which achieve the proof since € is arbitrary.
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