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Abstract

The aim of this text is to construct and to count self-dual #-cyclic and #-negacyclic
codes over IF,> where 0 is the Frobenius automorphism.

1 Introduction

Self-dual codes have been extensively studied for their practical and theoretical importance.
Cyclic, negacyclic and quasi-cyclic self-dual codes were investigated over finite fields in many
ways ([T, 6], [8, O] 11}, 12} 14]). There is no cyclic self-dual code over IF, when ¢ is odd, and
the number of self-dual cyclic codes over For is given in Theorem 3.6 of [12] (see also [11]).
For p prime number, negacyclic self-dual codes of dimension p*® over IF; are constructed and
counted in Corollary 3.3 of [6] when ¢ = p” and in Theorems 3 and 4 of [I] when ¢ is prime
to p.

The goal of this text is to construct and to count self-dual #-cyclic and #-negacyclic codes
over IF)2 of any dimension where p is a prime number and 6 is the Frobenius automorphism.

Over IF2, 6-cyclic codes form, up to equivalence, a subclass of the class of 2-quasi-cyclic
codes ([18]). The number of self-dual 2-quasi-cyclic codes of dimension prime to p over fields of
characteristic p is given in Proposition 6.2 of [14]. A construction (without counting formula)
of self-dual 2-quasi-cyclic codes of dimension not prime to p is given in Theorem 6.2 of [15].

Self-dual #-cyclic and #-negacyclic codes of dimension k are characterized by the equations
hfh = X%k —¢in IF,2[X; 6] where h is the skew check polynomial of the code and A% is the left
skew reciprocal polynomial of h. The solutions of this equation are constructed in [Proposition
28 of [4]] as least common right multiples of intermediate skew polynomials which satisfy
equations of the type hfh = f(X?)P" where f(Y) € IF,[Y] is a self-reciprocal polynomial
either irreducible or product of two distinct irreducible polynomials. In the particular case
when p = 2 and f(X?) = X2+1, these equations were solved for any s in [4] using factorization
properties of h. This led to the characterization of self-dual skew codes of dimension 2° over
F4. In the general case, up to now, these intermediate skew polynomials were determined
by solving the polynomial systems satisfied by their coefficients for fixed values of s. In this
text, one gives a new construction of these intermediate skew polynomials which enables to
obtain a counting formula for self-dual skew codes. The main ingredients to achieve this goal
are some factorization properties of skew polynomials in IF,2[X; 6] and Cauchy interpolations
in IF2[Z].

*IRMAR, CNRS, UMR 6625, Université de Rennes 1, Université européenne de Bretagne, Campus de
Beaulieu, F-35042 Rennes



The text is organized as follows. In section [2] some facts about self-dual skew codes
are recalled. In section |3| a strategy for constructing and counting self-dual #-cyclic and 6-
negacyclic codes over IF 2 for p prime number and ¢ the Frobenius automorphism is set up.
It is based on the resolution in R = IF,2[X; 0] of the equation h'h = X?* — ¢ where hf is the
left skew reciprocal polynomial of A. This equation can be reduced to intermediate equations
h%h = f(X?)P" where f(Y) € IF,[Y] (Proposition 28 of [4]) . The main idea is to split this
equation into a finite number of equations of the type h?h = f(X?)™ where h and f(X?) have
no common non constant factor in R N 1F,[X?]. In section |4} the equations hih = (X2 — €)™
are considered for p odd prime and this leads to a first counting formula, for self-dual -
cyclic and #-negacyclic codes over IF)» with dimension a power of p (Proposition [2)) . This
construction generalizes the construction for p = 2 given in [4]. Some experimental results
and a conjecture about the weight enumerators of these codes are also given. In section [5| the
equations hPh = f(X?2)™ for f of degree > 1 are then considered. For m = 1, this equation is
solved by Cauchy interpolation problems in IF,2[Z] whereas for m > 1 one uses factorization
properties of h. Lastly in section [6] the number of self-dual #-cyclic and §-negacyclic codes
with any dimension is obtained (Theorem (1)) and some perspectives are given.

2 Generalities on self-dual skew codes

For a finite field I, and 6 an automorphism of IF, we consider the ring R = IF;[X; 6] where
addition is defined to be the usual addition of polynomials and where multiplication is defined
by the basic rule X - a = 6(a) X (a € ;) and extended to all elements of R by associativity
and distributivity. The noncommutative ring R is called a skew polynomial ring or Ore ring
(cf. [I7]) and its elements are skew polynomials. It is a left and right Euclidean ring whose
left and right ideals are principal. Left and right ged and lem exist in R and can be computed
using the left and right Euclidean algorithm. The center of R is the commutative polynomial
ring Z(R) = IFg [X191) where ]Fz is the fixed field of # and |6| is the order of §. The bound
B(h) of h € R with a nonzero constant term is the monic skew polynomial f with a non zero
constant term belonging to ]FZ [X19] of minimal degree such that h divides f on the right in
R.

Definition 1 (definition 2 of [2] or definition 1 of [4] ) A module #-code (or module
skew code) C is a left R-submodule Rg/Rf C R/Rf in the basis 1,X,..., X" ! where g €
R =T,[X;0] and f is a left multiple of g in R of degree n. If there exists an a € Iy \ {0}
such that g divides X™ — a on the right, then the code C is (6,a)-constacyclic. If a =1, the
code is O-cyclic and if a = —1, it is 0-negacyclic. The skew polynomial g is called skew
generator polynomial of C.

If 6 is the identity then a #-cyclic (resp. #-negacyclic) code is a cyclic code (resp. nega-
cyclic) code.

The (Euclidean) dual of a linear code C of length n over IF, is defined with the Eu-
clidean scalar product < z,y >= > | 2;y; in [Fy as Ct={zrc Iy |Vy € C,< 2,y >= 0}.
A linear code C over IF, is Euclidean self-dual or self-dual if C' = C*. To characterize
self-dual module #-codes, the skew reciprocal polynomial of a skew polynomial (definition 3
of [4]) and also the left monic skew reciprocal polynomial will be useful.



Definition 2 ([4], Definition 2) The skew reciprocal polynomial of h = Z?:o h; X' €
R of degree d is h* = ZZ 0 Xd_i hi = ZZ 00" (ha—;) X*. The left monic skew reciprocal

polynomial of h is h? := -h*. The polynomial h is self-reciprocal if h = h.

Gd(h )

According to Corollary 1 of [4], a module §-code with skew generator polynomial g € R
monic of degree k is self-dual if and only if there exists h € R monic (called skew check
polynomial of the code) such that g = h? and

h*h = X% — ¢ withe € {—1,1}. (1)

In particular a self-dual #-code must be either #-cyclic or #-negacyclic.
Some properties of the skew reciprocal polynomial and the left skew reciprocal polynomial
will be useful (see also Lemma 24 of [4]).

Lemma 1 Consider R = IFy[X; 0] where q is a prime power, 8 an automorphism of I, and
© is the morphism defined on R by ©(> a; X*) = > 0(a;) X*.

1. For f,g € R, (fg)* = ©"(g*)f*, where k = deg(f).
2. For f e FOIXI, g € R, (f9)* = (9f)" = f*g* and (fg)* = f*g".

3. Consider h = hy---hy, € R where fori=1,...,m, h; is a monic skew polynomial of R
with degree d and constant coefficients \;. Then

1
; 1
h_ d(i—1 ko,
= 1L (g o)

i=m

with i = )\1 s ')\ifl and H1 = 1.
Proof. Point 1 is in Lemma 4 of [4] and Point 2. is deduced from it. Point 3. is
a generalization of Lemma 24 of [4]. For m = 1, the property is true. Consider m an
integer > 2 and assume that the property is true for m — 1. Consider h = hy--- h,, and
H=hy hp_.

1 1
W o= ————(Hhpy) = ——————0Mm=Dd (h¥ ). [I*
0md(/fm+1) ( ) emd(Nerl) ( )
— ——_.em=Dd(gdx YRE) . em=1d(, ). HE
gmdgumﬂ) ( (Am) ) (Hm)
— __—_.@m-Dd (p8 ). gm-1)d . HE
gy O () (1)

1
1 1
= @<m1>d< hEn m) [[ e ( h )
07 (m) 69(p;) "

i=m—1
1

_ H gdli-1) (

=m

To solve the equation , a first approach consists in solving the polynomial system whose
unknowns are the coefficients of h. If ¢ = p? and @ is the Frobenius automorphism, another
construction (Proposition 28 of [4]) is based on a lerm computation of skew polynomials whose



coefficients are also solutions to auxiliary polynomial systems coming from equations of the
type H'H = F(X?) where H € R and F(X?) € TF,[X?] is a self-reciprocal polynomial. The
aim of this text is to give a new way to solve these equations which enables to give a counting
formula.

3 Strategy

Consider, for F(Y) = Y a;Y* € F,[Y] the skew polynomial F(X?) = Y a;X* € R and
define the set Hp(x2) by

Hp(x2) = {h € R | h monic and h*h = F(X?)}. (2)

Following , for e € {—1,1}, the set Hy2r_. is the set of the skew check polynomials
of all the self-dual (6, €)-constacyclic codes of dimension k& over IF,2. The aim is therefore to
provide a construction of the set H y2r_, which enables to count its number of elements. The

starting point of this construction is given in Lemma [2] below and is based on Proposition 28
of [4] :

Lemma 2 Consider p prime number, 0 : x — xP Frobenius automorphism over Iz, k € IN¥,
e € {-1,1}, s = valy(k), t = k/p°. The number of self-dual (6, €)-constacyclic codes of
dimension k is

#Hyo_ o =Nex [ #Hpoep x ] #Hpep
FY)EFp,e f(Y)€Gk,

where Fy,. is the set of all monic factors f(Y) = fA(Y) in Fp[Y] of Y — € with degree
> 1 such that f(Y) is irreducible, Gy is the set of all monic factors f(Y) = fA(Y) in F,[Y]
of Yt — € with degree > 1 such that f(Y) = g(Y)g*"(Y) with g(Y) # ¢*(Y") monic irreducible
in Fp[Y]) and N, is defined below :

_ |1 df s=0
f‘””p_Q’Ne_{ 3 if s>0°
#H(X27€)ps lf k=1 (mod 2)
for p odd, N, = 1 if k=0 (mod 2), e=—1

#'H(X2,1)ps X #H(X2+l)ps lf k=0 (mod 2), e=1.

Proof. Consider t,s € N such that k = pSt with ¢ prime to p and Y!—e = f1(Y)--- £.(YV)
in IF,[Y] where f;(Y) are monic self-reciprocal polynomials which are either irreducible or
products of two monic irreducible polynomials. Then according to Proposition 28 of [4], if
h € Hxox_,, then h = lerm(hy,. .., h,) where for all 7 in {1,...,7}, hE = gerd(f;(X2)P°, hB)
and h; belongs to ‘H Fi(X2)p° Consider therefore the application

o4 Tl = Fpoepe X X Ay (e
' h = (h1,..., h,) where h? = gerd(fi(X2)P", hf).

Consider (hi,...,h,) € Hp(xzpps X 0 X Hy (x2)ps and b = lerm(hq,...,h;). According
to Proposition 28 of [4], the skew polynomial h belongs to Hy2r_.. Let us prove that
hE = gerd(f;(X2)P°,h%). As h belongs to Hy2_ ., h = lerm(Hy, ..., H,), where HE =
gerd(f;(X?)P°, h%) and H; belongs to Hy (x2yes - As hE divides f;(X?)?" and h; divides on

4



the left h, hE divides on the right h and f;(X?2)P", therefore h; divides on the right H;, fur-
thermore, h; and H; have the same degree because they both belong to Hfi(Xg)ps, so h; = H;

and hf- = gerd(f;(X2)P°, h). Therefore ¢ is bijective and one gets that

FHxoe o= [[#Hpxzpe =Nex [ #Hpoepe x [ #Hpep
i=1 J(Y)EFi,e F(Y)EG.e

where N, = Hf(Y):fh(Y)\Yt—e,deg(f):l #HM f(x2)ps. The irreducible self-reciprocal polynomials
of Fp[Y] of degree 1 are Y +1 and Y — 1. For p =2, Ne = #H x241y2s = 1if s =0,3if s > 0
according to Proposition 24 of [4]. If p is odd, then the set of self-reciprocal divisors of degree
1of Yt —¢is empty if e = —1 and k =0 (mod 2), {Y — ¢} if k=1 (mod 2); {Y —1,Y + 1}
if e=1and £ =0 (mod 2). The expression of N, follows. =

It remains now to determine the number of elements of each intermediate set H ¢ x2)ps.
These sets were computed in [4] for p = 2 and f(X?) = X2—e by using factorization properties
of the skew check polynomials.

The strategy here is based on a partition (Lemma ) of the sets H F(x2)ps into subsets

ﬁf( x2ym Who contains the elements of H(x2)» which are not divisible by the non constant
factors of f(X?) in IF,[X?].

Lemma 3 Consider R = F2[X;0] with p prime number, 0 : v +— 2P, s € N and f(Y) =
fAY) in Fp[Y]. For m € N, consider ﬁf(XZ)m the set of elements of Hy(x2ym which are
divisible by no non constant divisor in F,[X?] of f(X?).

1. If f(Y) = f(Y) is irreducible in TF,[Y] then

Hpxops = |_| |_|9(X2)i9u()p)j‘ﬁf(x2)psf<i+j>- (4)
i=0 j=0
Proof.

1. Consider M = L%SJ, h = h(X) in H(x2yps and i the biggest integer in {0,..., M}
such that f(X?)? divides h. Consider H = H(X) in R such that h = f(X?)" H and
f(X?) does not divide H. As f(X?)" is central, according to point 2. of Lemma
K% = f(X?)'H® and H'H = f(X?)P"~%. Conversely, if H'H = f(X?)?"~% and
f(X?) does not divide H, then f(X?2)"H belongs to Hyx2ps. Therefore Hypxoyps =

M

Uf(X2)iﬂf(X2)p5—2i- Furthermore consider i > ', H € H pps—2i(x2) and H' e prs,%/(x2)
i=0

such that f(X?2)'H = f(X?2)" H' then f(X2)"~" divides H', which is impossible as f(X?)
does not divide H’. Therefore, the sets f(X?2) 'ﬁf(XQ)psfﬁ and f(XQ)il 'ﬁf(XQ)psf?i’
are disjoints.



2. Consider h in H y(x2yp+ and 4, j such that h = g(X?)'g%(X?)) H where g(X?) and ¢g°(X?)
do not divide H. Then according to point 2. of Lemma [l hf = ¢%(X?)ig(X?)7HY,
therefore H'H = fP°~(+) and h € g(X?)'g! (X2)jﬂf(xg)ps_(i+j>. Conversely, if H'H =
fP°=+9)(X2) and f(X?) does not divide H, then g(X?)'¢"(X?)/H € Hyxzym. It
remains to prove that the sets are disjoint. Consider (i,7) # (¢,7) with ¢ > ' and
g(X)igh(X?)u = g(X?)"g?(X?)"u' where g(X?) and ¢%(X?) do not divide u and
u'. If j > j' then g(X?) divides v’ which is impossible. Assume that j < j’ and

denotes 8 = j' — j. Necessarily, g(X?) divides ¢%(X?)%u/. As g(X?) and ¢*(X?) both

divide g%(X2)Pu/', there lclm is also a divisor of ¢(X?)%u/. But g(X?) and ¢%(X?) are

right coprime and belongs to IF,[X?] therefore their lclm coincides with their lem i.e.

g(X?)g*(X?). So one gets that g(X?) divides ¢%(X?)?~1/. After repeating the same

argument one gets that g(X?) divides ¢%(X2)P~2u/, ... ¢*(X?)u’, therefore g(X?) divides

u’, contradiction.

The construction of the sets ﬁf( x2ym for m =1 will be reduced to Cauchy interpolation
problems in the ring I, [Z]. For m > 1 this construction will require factorization properties
given by Proposition 16 of [4] for f(Y') irreducible. These factorization properties are recalled
below in Proposition [If which is a generalization of Proposition 16 of [4] to the case when
f(Y) = g(Y)g*(Y) with g(Y) # ¢*(Y) irreducible in TF,[Y].

Remark 1 The unique factorization of h in Proposition[]] below is the unique representation
of h as the product of mazimal completely reducible factors as it is defined in [17] page 498.
If f(Y) is irreducible in Fp[Y] (and f(X?%) € R does not divide h), then this factorization
coincides with the factorization of h into irreducible monic skew polynomials.

Proposition 1 Consider R = F2[X;0] where p is a prime number and 0 : x — P the
Frobenius automorphism. Consider f(Y) in F,[Y] self-reciprocal with degree d either irre-
ducible in F,[Y] or product of two distinct irreducible polynomials in T,[Y]. Assume that
h = hy--hm is a product of monic skew polynomials of degree d bounded by f(X2). The
following assertions are equivalent :

(i) the above factorization of h is unique;
(i4) mo mon constant factor of f(X?) in F,[X?] divides h in R;

(i4) for all i in {1,...,m — 1}, no non constant factor of f(X?) in F,[X?] divides h;hi1
n R.

Proof. If f(Y) is irreducible, then the proof follows from Proposition 16 of [4] and
Theorem 21, 24 of [I0]. In the following, we assume that f(Y) = g(Y)g*(Y) with g(Y) #
g*(Y) with same degree 6. To simplify the notations we denote f = f(X?), g = g(X?) and
9" = g(X?).

The implication (i) = (ii7) is immediate. Let us prove that (i) = (i7). If g divides h,
then it divides h on the right and A has at least two distinct right factors v and v irreducible
bounded by g. As the factors h; of h are all bounded by f = gg¢”, necessarily, h has an
irreducible right factor w bounded by ¢°. Then lclm(u,w) and lclm(v, w) are two right
factors of h with degree d dividing f. According to Theorem 13 of [17], as u (resp. v) and



w are irreducible and do not have the same bound, the lclm-decompositions lelm(u, w) and
lelm(v, w) are unique. Furthermore, u and v are distinct, so the skew polynomials lelm (u, w)
and lclm (v, w) are distinct.

Let us prove by induction on m that if hy - - - hy, = g1 - - - g, are two distinct decompositions
of h into the product of monic skew polynomials of degree d dividing f, then there are two
consecutive factors whose product is divisible by g or g¢%.

Consider h = h1ho = g192 where g;, h; are skew polynomials of degree d bounded by f.
Assume that ¢ and ¢ do not divide h. Then gerd(h, g) is an irreducible skew polynomial of
degree § dividing ¢ which is also equal to gerd(hg, g) and gerd(gs, g). Similarly, gerd(hs, g%) =
gerd(ga, g7). Furthermore, according to Theorem 4.1 of [7], he = lclm(gerd(hs, g), gerd(ha, g%))
and g2 = lelm(gerd(gz, ), gerd (g2, ¢%)), therefore go = hy and (b1, ha) = (g1, g2).

Consider m > 2 and assume the property is true for m — 1. Consider two distinct de-
compositions of h into the product of monic skew polynomials of degree d bounded by f :
h = hi---hmn = g1+ gm- Therefore, h; and g; are products of two irreducible monic skew
polynomials of degree § dividing ¢ and ¢°.

If gerd(hm, gm) = 1 then lelm (b, gm) = Pm—_1hum divides hy - - hy, and hy,,_1 is a monic
skew polynomial of degree d dividing f which is the product of two irreducible monic skew
polynomials of degree § dividing g and ¢?. Consider H € R such that Hhy,—1 = hi - hpm_1.
If hy—1 = hum—1 then lelm (Ao, gm) = Rm—1hm has two factorizations into the product of two
monic skew polynomials of degree d dividing f, therefore, g or g7 divides hy,—1hym. Otherwise,
as hi,...,hm—1, hm—1 are the products of an irreducible polynomial dividing ¢ and an irre-
ducible polynomial dividing ¢%, H is the product of m—2 irreducible polynomials bounded by g
and m —2 skew polynomials bounded by ¢%. In particular, H divides gm*Q(g“)m*Q. According
to Theorem 4.1 of [7], H = lclm(G, G) where G = gerd(H, g™ 2) and G = gerd(H, (¢%)2).
As g(Y) (resp. g%(Y)) is irreducible in IF,[Y], the skew polynomial G (resp. G) is the product
of N (resp. N) monic irreducible skew polynomials bounded by g (resp. ¢?). Without loss
of generality, one can assume that N < N. Consider G = Gy ---Gn (resp. G=Gy-- GN)
the factorization of G as the product of N (resp. N) monic irreducible factors bounded by
g (resp. ¢%). As g (vesp. g%) does not divide G (resp G), these factorizations are unique.
Therefore, according to Theorem 14 of [17], H = H; --- Hy where H; = lclm(G;, éz) with
R/GiR and R/G;R (resp. R/G;R and R/G;R) isomorphic modules. As G; is bounded by
g, according to Corollary of Theorem 10 of [10], G; is also bounded by g. As G; and G; are
right coprime with same degree d/2, so are G; and G; therefore H; is a skew polynomial of
degree d which divides f. Lastly, as H has degree (m — 2)d one gets N = m — 2. Therefore,
H can be written as the product of m — 2 monic skew polynomials of degree d dividing f and
one can apply the induction hypothesis to Hh,,_1.

Assume that gerd(hp,, gm) = u # 1. Necessarily v is an irreducible monic skew polynomial
of degree § which divides g or ¢ let’s say g. Consider v such that lclm(gp,, ) = vh,, and
H € R such that hy---h,, = Hvhy, i.e hy---h;,1 = Hv. Necessarily v is an irreducible
monic skew polynomial of degree § dividing ¢* and H = i+ hym—ow where w is irreducible
dividing g, h; is a product of two irreducible monic skew polynomials of degree § dividing
g and ¢'. If hy,_1 = wo, then wlelm(gm, hym) = hm—1hm and one concludes that ¢ or g
divides hy—1hm. If A1 # wo then hy -+ b1 = hy--- Bm,z(wv) where wv is a monic skew
polynomial of degree d dividing f, and one concludes using the induction hypothesis. =



4 Construction of the sets H x2,

In [], it is proven that there are three self-dual skew codes of dimension 2° over F4 with
s # 0 (and one self-dual skew code if s = 0). The aim of this section is to construct and
count self-dual skew codes over IF,» with dimension a power of p when p is an odd prime
number. Following Lemma (3] for p odd prime, the set H(x2_cps 1s equal to the union of

p—1

2
pairwise disjoint sets |_| (X2 —¢)t 'ﬂ(XQ_e)p‘SfQi where g(X2_E)p572i is the set of elements
i=0
of Hx2_epps—2i which are not divisible by X2 — ¢. Lemma {4| below gives for odd number m,

a construction of the set ﬁ( Xx2—¢ym from which one easily deduces its number of elements.
Lemma (3| and [4] enable therefore to derive a formula for the number of (0, €)-constacyclic
codes of dimension a power of p over IF,2 for p odd prime (Proposition .

Lemma 4 Consider ¢ € {—1,1}, R = IF2[X; 0] with p odd prime number, 6 the Frobenius
automorphism, m odd number and M = mT_l Ife # (71)% then the set ﬁ(xz,e)m s empty,
otherwise it has 2p™ elements and it satisfies ﬁ(XQ_E)m =

M
{(X + ag)H(X +a)) (X +0(v)) | a3 = —1,af+1 =€,01 # €qp,qip1 F —ai} .

i=1
Proof. B
Form=1Hys—.=Hxr— ={X +ap|0()*+1=0,0(cp) = —eap} ={X +ap | o =
—1,ab™ =€}

e Consider m > 3. Assume that h'h = (X2 — €)™ and X2 — € does not divide h. As h
divides (X2 — €)™ and as X2 — ¢ is irreducible in IF,[X?], the bound of h is a power
of X? — ¢, therefore the skew polynomial & is the product of irreducible monic skew
polynomials bounded by X2 —e. Furthermore all irreducible skew polynomials bounded
by X2 — e are of degree 1 with a nonzero constant coefficient and the degree of h is equal
to m, therefore A is the product of m irreducible monic skew polynomials of degree 1 :

ho= (X+ A1) (X + ).

As X2 — € does not divide h, according to Proposition |1| (or Proposition 16 of [4]), this
factorization is unique and

Vie{l,...,m—1} (X +X)(X + X\ip1) # X% — €. (5)
Furthermore, according to Lemma
he = (X + ) (X 4 X)X + ) (6)

where (S\i)lgigm is defined by

< 0(p2;) < i1
A P = and A ‘ = —F— 7
2 g P 9 (usivn) @)




and (;)1<i<m is defined by
p1r =1, Vie{27'-'7m}7ui:A1"')\i—1- (8)

This factorization of A into the product of monic irreducible skew polynomials is unique
(otherwise the factorization of h would not be unique) therefore, according to Proposi-
tion [1) (or Proposition 16 of [4]),

Vie{l,...,m—1} (X + X)) (X + M) # X% —e (9)

As h%h = (X2 — €)™ and (X2 — €)™ does not have a unique factorization into the
product of monic linear polynomials, according to Proposition [1| (or Proposition 16 of
[4]), there must exist two irreducible consecutive monic factors in the decomposition of
h?h whose product is X2 —e. According to the relations and @, the only possibility
is (X + A\)(X 4+ A1) = X2 — € and by induction one gets

Vie {1,...,m}, (X + \M)(X +X\) = X% e (10)
Developping yields \; = —e/\; = —0(\;) therefore \0(\;) = )\fH = € and

; O(p2:) p2iv1 1
m > 3). The relation paies D07~ G0a)00rs)

(A2id2i+1)? = 1. Furthermore, according to and (10) , X + X\ip1 # X + A,
therefore \g;4q1 # o; = —% and as p is odd the relation (Ag;Ao;11)? = 1 implies that

therefore

A2iA2ir1 = O(A2;)0(N2i+1) (note that one can consider this product for i > 1 because
gives 5\21‘5\27;4_1 =

21
A2ip1] = /\LQZ = 6(A2;) (note that for p = 2, one gets an impossibility, see also Remark .
Assume furthermore that m is odd and consider M = ™1, Considering oy = A\; and

2
fori=1... M, a; = Ag;, one gets

h = (X +ao) [TV, (X + @) (X + 6(a;))

with Vi € {0,..., M}, a;f(a;) = afH — ¢. Furthermore, \; = 9(’”“12), Ao # A and

A2ita # Ao;11 therefore a% =—1, a1 # eag and ;41 # —q;.
Conversely consider

M
h=(X+a) |[[(X+a)(X +6(c:))
=1

where o} = —1,Vi € {0,..., M}, a;0(;) = af“ =e a1 e, Vie{l,..., M}, ;11 #

—q;. The expression of hY is given by ~@ with and where A\y; = «; and
A2i+1 = O(ay). The expressions of p; and A; can be simplified as follows: for i > 1,

H2i41 = M2
i—1

i—1
1—1
i = ag H a;f(aj) | =g H € = age
j=1 j=1



and

X — 9(040) _ 9(0&0)040 _ € )

)\22 T oaoca agai T —9(0[1)
i—1

N H2i4+1 o€’

A2iq1 = = — = —q;.

0(12i42) 0(ap)e’

Therefore the expression of h? in @ becomes

1
P = | T (X = ai)(X = 6ai))| (X = 8(ao)).
i=M

Furthermore (X — 0(ap))(X + ap) = X2 — apf(ag) = X2 —€e and for i = 1,..., M,
(X — i) (X = 0(0)) (X + ) (X +8(a1)) = (X — i) (X2 — ) (X +0(a)) = (X2~ )(X -
@) (X +0(o)) = (X2 — €)%, As X? — € is central one gets hih = (X% — €)1 T2M,
Lastly, to prove that X2 — ¢ does not divide h, according to Proposition (1}, it suffices
to prove that no product of two consecutive factors in the decomposition of h = (X +
a0) TIM (X +ai) (X +6(ey)) is equal to X2 —eie. (X+ap)(X+a1), (X +a;)(X +6(a;))
and (X + 0(;))(X + a;11) are distinct from X2 — €. The constant coefficients of these
polynomials are all distinct from —e; namely ooy # €ad = —e¢, a;f(q;) = € # —e
and a;+10(a;) # —a;0(a;) = —e, therefore no product of two consecutive factors in the
decomposition of h is equal to X? — e.

e We now count the number of elements of the set ﬁ( Xx2_¢m @ it is empty if and only
if there is not ap € IF,2 such that 040 = —1 and ap+1 =e. Over IF)2, —1 is always a
square, therefore 7—[( x2_¢ym is empty if and only if (— 1)@+t)/2 £ ¢ (ie. if and only if
p=1 (mod4) and e=1or p=3 (mod 4) and e = —1). If e = (—=1)®+t1/2 then there
are as many elements in Hy2_m as the number of (M + 1)-uplets (ag, a1, ..., an)

such that a2 = -1, of = =€, a1 # €qq, a;+1 # —a;. Therefore there are 2 choices for

ag and p choices for a1,...,00, SO H(XQ_E)m has 2p™ elements.

Remark 2 From the first part of the proof of the previous lemma, one deduces that for m > 3
and p = 2, the sets ”H(XLE)m are empty. Therefore according to Lemma@ for s € IN*,

Hixope = (X241 Hixerp X2+ D2 7 Hixaype.
Furthermore Hx2,12 = {(X + 1)(X +u) | u € {a,a®}} where Fy = Fy(a). Therefore
Hixaqy2e = {(X + DZYX +u) |ue{l,a,a®}} and one gets that Jor s >0 there are only
three self-dual skew codes of dimension 2° over Iy (see Corollary 26 of [{)]).

Proposition [2] below gives a formula for the number of self-dual #-cyclic and #-negacyclic
codes whose dimension is a power of p for p odd prime. It is deduced from Lemma [3| and

Proposition 2 Consider p an odd prime number , s € N, 0 : x — 2P defined over IFp2 and
e € {—1,1}. The number of self-dual (0, €)-constacyclic codes of dimension p° over I is

0 if e (- 1)”“
Hxrops = r+1)/2 _

p—1

10



Proof.
Consider s € IN* and M = psT—1. According to Lemma |3 Hyops_, = |_|Z-]\10(X2 -
= = +
1)"H x2_¢ps -2 and according to Lemma each set H x2_cps—2i is empty if € # (-1)=

M=i glements if € = (—l)pTH. Therefore, if € # (—1)p7+1, H xops _ is empty and

M $41)/2
otherwise it has Z opM—i — 2p]\2+_11_1 = 2p(p 72 -1 elements. m
i=0 p—1
To conclude this section, some experimental results about the weight enumerators of self-
dual skew codes with dimension p® and their links to the sets ﬁ( X2_¢ym are given below.
Over IF4 the best minimum distance reached by self-dual #-codes of dimension 2° does not
depend on s and is only 3 for s = 2 and 4 for s > 3 (Theorem 1 [3]). The following proposition
gives a family of self-dual #-codes of dimension p® whose minimal distance depends only on p
and does not grow with s either (which is quite bad ! ). The skew check polynomials of the

and has 2p

corresponding codes all belong to (X2 — e)pT_lﬁXz_e.
Proposition 3 Consider p odd prime, o € )2 such that a’4+1=0,¢= (—l)pTJrl and

0 : x +— xP. For each nonnegative integer s, the (¢, 0)-constacyclic code over ¥ 2 of dimension

P (X + ) is a self-dual code with minimum

p® generated by the skew polynomial (X? — ¢€)
+3

distance < pT

p-1
Proof. According to Lemma the skew polynomial h = (X2 —¢) 2 (X — a) belongs to

(X2 — e)pT_lﬁxz_E. Therefore, according to Lemma |3} it belongs to H,.»s _and g = Rt =

(X2~ G)L;(X + «) generates a self-dual §-code of dimension p®.

s—1
P 2(P+1) _ (X2ps—1

ptl . .
—€) 2 has % terms and it is also a right
p+1 psTlo1

multiple of degree < 2p® of the skew polynomial g as (XQPS?1 —€) 2 =(X%2—€¢) 2 (X+ea)g.
So the code has a word of weight #.

Table (1| shows that the weight enumerators of self-dual skew codes over IF» (in the third
column) with dimension p (first column) for p = 3,5, 7 can be classified in function of the sets
HO = (X2 - e)iﬂ(xz,e)p_zi where 0 < ¢ < % (second column). The computations were
made using MAGMA. From this table, on can notice two facts about self-dual skew codes of
dimension p over Iz that we cannot explain at the moment. First for p = 3,5,7, two codes

The skew polynomial (X2 —¢)

with skew check polynomials belonging to two distinct sets #(® and HU) cannot have the
same weight enumerator and we have the following conjecture :

Conjecture 1 Let us denote, for 0 < i < psg—_l, HO = (X2 — E)ZH(XQ_G)pS—Qi. Consider
1 #£ j € {0,...,”57_1}, h e HD and b’ € HY. The weight enumerators of the self-dual
(0, €)-constacyclic codes of dimension p* with skew check polynomials h and h' are distinct.

Secondly, for each p € {3,5,7}, the skew check polynomials of the self-dual #-codes of
dimension p who reach the best distances all belong to H(©) (they are not divisible by X2 — ¢
and have therefore a unique factorization into the product of monic skew polynomials of
degree 1). Here are some examples :

11



e There are 4 [6,3,4]g self-dual f-cyclic codes, one of them has check polynomial h =
(X+a®)(X+1)(X+1) = (X +a®)(X%2+2X +1) = X?+aX?+a’X +a? and generator
polynomial g = X3 + a"X? + a°X + a® where a® +2a +2 = 0.

e There are 32 [10, 5, 6]25 self-dual #-negacyclic codes, one of them has check polynomial
h = (X +2)[(X +a®)(X +a"][(X +a?)(X +a'%)] = (X +2)(X? + o' X + 4)(X* +
a®X +4) = X5+ a'"X* + X3+ 2X? + a"X + 2 and generator polynomial g = X° +
aX*+ X3 +3X2%2+a"X + 3 where a® +4a+2 = 0.

e There are 72 [14, 7, 8]49 self-dual #-cyclic codes and one of them has check polynomial

h = (X 4+ a®)[(X + a®)(X + a®)][(X + a®)(X + a®)][(X + a"*)(X +0¥)] = (X +
a36)(X2—|—a22X—i—1)(X2+a22X+1)(X2+a28X—|—1) — X7—|—CL47X6-|-CL38X5+CL36X4+
X3 +a'* X%+ a?X 4 430 and generator polynomial g = X7 4+ a7 X6 + a8 X? + 30 X4 +-
X34+ a%X2 4+ a®X + a3 where a® 4 6a + 3 = 0.

Paradoxically, as proved below, the set H(®) also provides skew codes with very bad
distance (2) for any s : consider @ € IF)2 such that o = —1, the skew polynomial XP' 4+«
generates a self-dual 6-code of minimum distance 2. One can notice that it factorizes uniquely
as the product of monic skew polynomials of degree 1 :

e ifp=1 (mod4), X" +a= (X +a)”
eifp=3 (mod4), X +a=(X+a)(X -a)(X +a) (X —a)(X +a).

Namely, as X?° + « divides on the right (X2 + 1)P°, its factors are X + u with u? = —1. As
the bound of X?° + «a is (X2 + 1)?°, the factorization is unique and is necessarily the one
above.

The self-dual 6-cyclic codes [18,9]9 are not optimal, as the best distance they reach is
8 which is less than the best known distance (9) for these codes. Conjecture (1| is however
satisfied for these codes (i.e. for p = 3 and s = 2). Some of the [54, 27]g self-dual §-cyclic codes
reach the best known distance, 18. Their skew check polynomials belong to (2 (divisible
exactly by (X2 —1)2), (U (divisible exactly by (X2 — 1)) or #(? (not divisible by X2 — 1),
but none of them is divisible by (X2 —1)3. As there are 4782968 self-dual #-cyclic codes with
dimension 27, it remains quite long to compute all the minimal distances. A good strategy
would be to exploit the factorization of the skew check polynomial more deeply to keep the
best codes.

5 Construction of the sets H x2s for f of degree > 1

For f(Y) = f%(Y) of degree d > 1 such that f(Y) is irreducible in IF,[Y] (resp. such that
FY) = g(Y)gi(Y) with g(Y) # g*(Y) irreducible in F,[Y]), the set H s x2)p+ will be con-
structed by using the partition (resp. ) given in Lemma It requires the computation
of the sets ﬁf( x2)m whose elements will be constructed (Lemma [8) using products of ele-
ments of ﬂf( x2)- In the following subsection, the sets Hy(x2) are constructed via Cauchy
interpolations in IF 2 [Z].

12



p 7 ‘Weight enumerators nbe

codes p 1 Weight enumerators nge
T ) codes

3 [ 1 | 14 16Y2 + 72Y 4+ 288Y°6+ 352Y 0 2 710 [ 1133672 5 . 3
0 | 1+24vZ+192Y% 1512y 4

1+ 120Y% + 240Y5 + 368Y° 4 Lssey e 36

1+ 336Y6 +2688Y7 + - - 36

5 | 2 | 14240Y% +1008Y° + - .- 2 1+ 336Y% +3360Y7 + - - - 12

1+240YT +48Y° ... 2 1+336Y6 4+ 134477 4 ... 24

1+48Y5 4. 8 1+336Y% 4+ 2016Y7 + - 60

0| 1+120YZ+. .. 2 1+336Y° 4 4032y 7 + ... 12

1+120Y* +240Y5 4 - - 8 1+672Y°% 4+ 336077 + - - 12

1412074 +480Y° + - - 8 14 672Y° 4 4704Y7 + - .- 24

1+5040Y° 4 ... 32 1+ 1008Y6 + 40327 + ... 24

7 3 1+ 2016Y° + - - - B} 14 IOOSYg +4704Y7 + ... 12

2 | 14+672Y% + 54727 + - - 12 1416802 + - 12

1 +3024Y6 + 8160Y7 4 - - - 2 L4672V " 4 - 84

T 1+ 1008y 7 + .. 5 L+ 1344y T 24

14 336Y6 4 211277 4 - - 12 L+2016Y7 4 72

1+ 336Y6 +4800Y7 + - - - 12 1426887 - 84

14 336Y6 4+ 412877 4 - . 12 1+3360Y7 4 36

1+ 672y + 4800Y7 + - - - 12 144032V - 4

14 96Y7 4+ 1434728 + ... 12 144704 - 16

142784y 7 + 124656Y8 + - - - 12 146048Y" + - 28

1+4128Y7 4 115248Y8 + . .. 24 1+144144Y" + - -~ 72

Table 1: Weight enumerators of self-dual skew codes over IF')> with dimension p for p = 3,5,7
in function of 7 = p%l, ..., 1,0 where i is the biggest integer such that (X2 — €)? divides the
skew check polynomial of the codes

5.1 Construction of the sets Hy x2).

Consider f(Y) € TFp[Y] with degree d > 1 such that f(Y) = f%Y) and f(Y) irreducible.
According to [16], page 6 (or Lemma 1.4.11 of [5] with e = 2), the skew polynomial f(X?) € R
has ((p?)? —1)/(p? — 1) = p? + 1 irreducible monic right factors of degree d. The set Hy(x2)
is a subset of this set of factors. Its construction is mainly based on Cauchy interpolations
(Lemma [6]). The following Lemma (see also exercise 3.14 page 141 of [13]) will be useful next

Lemma 5 Consider f(Y) € Fp[Y] with degree d > 1 such that f(Y) = f8(Y) and f(Y)
irreducible in IF,[Y]. Consider a € Fpa such that f(a) = 0. Then d is necessarily even and
ot =aP where 26 = d.
Proof. Consider f(Y) € IF,[Y] irreducible with degree d > 1 and such that f(Y) = f%(Y).
Consider o € IFa such that f(a) = 0 and j the order of a. As fAY) = f(Y), a ! is a root
of f(Y), so there exists k € {0,...d — 1} such that a~! = aP". Therefore p* = —1 (mod j)
and p?* = (mod j). Furthermore, d is the order of p modulo j, so d divides 2k. If d was
odd then it would divide k, which is impossible as p* = —1 (mod j). Consider ¢ such that
d =26, it divides k € {0,...,d — 1} therefore k =6 and o' = o, =

The construction of H y(x2) below is given for f(Y") self-reciprocal irreducible in IF[Y] or
product of two distinct irreducible polynomials.

Lemma 6 Consider R = T 2[X;0] with p prime number, 0 : x — 2P, m € N* and f(Y)
in F,[Y] with degree d = 25 > 1 in'Y such that f(Y) = f4(Y) with f(Y) irreducible or
product of two irreducible polynomials with degree 6. The set Hy(x2) has 1 +p9 elements if f
is irreducible and 3 + p° elements if f is reducible.

Proof. Assume that f(Y) is irreducible, as its degree is even (Lemma [5)) f(Z) factorizes
in IF2[Z] as the product of two irreducible polynomials f(Z) and O(f)(z). If h € RNTF2[X?]
then the equation hih = f(X?) in R is equivalent to the equation A(X2)A%(X?) = f(X?)
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in Fj2[X?]. If § is even then f = f!, so there is no solution; if § is odd, then f = ©(f)
therefore f(X?2) and O(f)(X?2) are solutions. Consider now a € P, such that f(a) = 0.
If h € R\ F,2[X?, then writing h(X) = A(X?) + XB(X?), with B # 0, one gets that
hfh = f(X?) is equivalent to

A*(XHA(X?) + B*(X?)B(X?)X? = M(X?Y)eER
{ A*(X?)O(B)(X?) + B*(X%)©(4)(X?) = 0€R.

The skew polynomials which appear in the equations belong to IF,2[X?; 0] = IF,2[X?] there-
fore, replacing X? with Z one gets the equivalent system in IF2[Z] :

{ A*(Z2)A(Z) + B*(Z)B(2)Z — M(2) € F,2[Z] a1
AX(Z)O(B)(Z) + B*(Z)0(A)(Z) = 0€F,[Z]

where the expressions above belong now to the commutative ring IF)2[Z] and the morphism
of Fi2[Z] + Y a;Z" — Y al'Z" is again denoted ©. As A(Z) and B(Z) are polynomials of
degree 6 and < 0 — 1 whereas f(Z) has degree 26, these two last equalities can be replaced
with relations of divisibility :

(12 | £@aD s B OB 1)

f(2) | A*(2)8(B)(Z) + B*(2)0(A)(Z).

As the degree of B(Z) is < 0 — 1 and as f(Z) factors over IF )2 into the product of two
irreducible polynomials of degree ¢, B and f are coprime ie. B(a) # 0 and B(a?) # 0.
Evaluating right hand sides of at o and o and replacing o~ with o’ (cf Lemma ,
one gets h(X) = A(X?) + XB(X?) € M (xz) with B # 0

A(a”)A(a) + B(o?")B(a) 0
L ) Al *5 )A(a?) + B(aP *5)3(0/9) = 0
aA(a? 2(91(B)(a) + B(a? )@gAl)(a) =0
a? Ao O(B)(a?) + B(a?’ T )O(A)(e?) = 0.

If § is even, then A(apé) = A(a)pé and B(ozpé) = B(oz)pg, therefore one gets the equivalent
system
W'ttt = 1
Al = ux B(a) (13)
A(0(a)) = 0(3) x B(0(a))

u

Consider for u € IF )25 satisfying w1 = —1 the unique polynomial P, of IF2[Z] with
degree < 2§ — 1 defined by P,(a) = v and P,(0(«)) = 6(a/u). The relation is equivalent
to

W't = 1
A P,x B (mod f)
A P, x B (mod O(f)).
Therefore h(X) = A(X?) + XB(X?) € Hy(x2y with B # 0 is equivalent to the following

Cauchy interpolations problems
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RIp, : ged(B(Z2),f(Z)) =1
A(2)

B2 = P,(Z) (mod f(2))

sy

for u such that u?’+! = —1.

As there is a unique solution (A, B) to RIp, with A monic (section 5.8 of [19]) for each u
such that u?’+! = —1, and as two distinct u provide two distinct solutions, the set H x2) \
IF,2[X?] has p° + 1 elements.

If § is odd, using the relations A(a?’) = A(a?)?" "' and B(a?’) = B(a?)?’ ™", one gets the

equivalent system
w1 = —1/a
Ale) = 2 xB(a)

AB(@) = 6(u) x B(6(a))

which is equivalent to the interpolation problem RIp where P is the unique polynomial
of TF,2[Z] with degree < 2§ — 1 defined by P(a) = ¢ and P(f(a)) = 8(u) for u”’ ' = —1/a.
The number of elements of H is therefore p? + 1 + 0 if § is even and (p° — 1) +2 = p® + 1 if
0 is odd.

When f(Y) is reducible, the relation still holds. If § is even then ¢g(Z) is the product of
two irreducible polynomials §(Z) and ©(g)(Z) belonging to IF,2[Z] and the set Hy () F,2[X?]
is {g(X?),¢%(X?),5(X?)0(5%)(X?),5°(X?)O0(5)(X?)}. If § is odd, then g(Z) is irreducible in
IF,2[Z] and the set H ;N IF,2[X?] is {g(X?),¢"(X?)}. Consider 3 in IF,s such that g(8) = 0.
Then, for § even, if h(X) = A(X?) + XB(X?), with B # 0 is such that h%h = f(X?) then
f(Z) and B(Z) are coprime i.e. B(3),B(1/8),B(p?), B(1/8P) # 0. Indeed if B(f) = 0 then
B(p?),B(1/3),B(1/6P) # 0 otherwise the condition on the degree of B would give B = 0.
Furthermore according to the second relation of (12)), B*(87)©(A)(8?) =0, so A(8) =0 and
A*(1/B) = 0. According to (12)), B*(1/8)©(A)(1/8) = 0, s0 ©(A)(1/8) = 0 and A(1/8P) = 0.
Then first part of gives B*(1/4P)B(1/4P) = 0 which is impossible. In the same way, one
gets that B(1/8), B(5P), B(1/6P) # 0. Therefore

hMX)=A(X?) + XB(X?) € Hyxz2), B£0&

sy, 8 (e o

A(1/8P) + P\B(1/53P - 0 o
SO(B)(HA(/5) +OAABA/G) = 0 Eﬁﬂ I
1/50(B)(1/8)AB) + O (1/NBE) =0 T\ S8~ wX T
FOB)(5)A(L/7) + B(A)P)BO/) = 0 oien = 8w x BEE)
1/80(B)(1/37) A(B) + 0(A)(1/gnB(r) = o AU = —0E)x B0G)

which is equivalent to RIp where P is the unique polynomial of IF 2 [Z] with degree < 261
defined by P(5) = u,P(%) = —%,P(Q(ﬂ)) = 0(5) and P(G(%)) = —9(%) for u?’~ 1 =1. If §
is odd, then g is irreducible over IF> and ¢ is irreducible over IF > with root 1/8, therefore
for B 75 0 with degree deg(B) < § — 1, B(8),B(1/8) # 0 and h( ) = A(X?) + XB(X?) €

ub’(u) = B
{ "
A(

) = uxB@)
) = —ixB()

E\HQ’—\



which is equivalent to RIp where P(5) = u, P(%) = —% for w?’*1 = B. The number of
elements of H is therefore p° —1+4 = p? + 3 if § is even and (p° + 1) +2 = p° + 3 if § is odd.

Example 1 Consider Fy = Fa(a), 0 Frobenius automorphism, R = F4[X,0] and f(Y) =
Y2 +Y +1 € Fo[Y] irreducible and self-reciprocal. The polynomial f(Z) factorizes in F4[Z]
as f(Z) = (Z+a)(Z +a?) where a®>+a+1=0. As§ = deg(f(Y))/2 = 1 is odd, the equation
hfh = f(X?) has two solutions in R(\F4[X?] namely X?> 4 a and X%+ a®. Consider a € Fy
such that f(a) = 0 and u such that w2’ 1 = —1/a i.e. « =a and u = a®. The polynomial
P € F4[Z] of degree < 1 such that P(a) = a/u and P(a?) = u? i.e. P(a) = a® and P(a?) = a
is P(Z) = Z+1 and the unique solution (A, B) in F4[Z]xF4[Z] of 4 = Z+1 (mod Z>+Z+1)
is (A,B) = (Z +1,1). Therefore, the equation h*h = f(X?) has one solution in R\ F4[X?]
namely (X2 +1) + X x 1. The set Hy is {X? +a, X2 +a?, X?+ X + 1} and has 2° +1=3
elements.

Example 2 Consider Fy = Fa(a), 0 Frobenius automorphism, R = F4[X,0] and f(Y) =
(Y3+Y +1)(Y3+Y2+1) € Fao[Y] self-reciprocal and product of two irreducible polynomials.
As 6 = deg(f(Y))/2 = 1 is odd, the equation h®h = f(X?) has two solutions in R(F4[X?]
namely X6+ X2 +1 and X%+ X*+1. Consider B € Fg such that 32+ > +1 =0 and u such
that u2*+1 = B for ezample u = v3 where v® +v* +v3 4+ v+ 1= 0. The polynomial P € F4[Z]
monic of degree < 3 such that P(3) = u and P(1/B) = —1/u is P(Z) = aZ*+ Z3 + Z? + 1
and the unique solution (A, B) in F4[Z] x F4[Z] of % = P(Z) (mod f(Z)) with A monic
is (A, B) = (23 + a,aZ? + a®Z + 1). Therefore, h(X) = X® +a + X(aX* +a?X2 + 1) =
X0+a2X°+aX3+ X +a is solution to the equation h*h = f(X?%) in R\TF4[X2]. The set H; is
{X04+ X241, X0+ X441, X0+ X5 +aX3+a’ X +a, X0 +a? X+ X4+ X2+ aX +1, X +a X+
X X2+ a? X+ 1, X0+ X0+ XA+ X34+ X2+ X+ 1, X0+ aX 4+ aX3+ X2 +a, X0+ a2 X4 +
a?X34 X% 402 X0 +aX?+a? X34 X +a?, X0+ X°+a? X34 aX +a?, XO+a?X°+a X34+ X +a}.
It has 2° + 3 = 11 elements.

Remark 3 If f(Y) is irreducible then Hyx2y = Hyx2y) and if f(Y) = g(Y)g*(Y) with

g(Y) # ¢X(Y) irreducible, then Hyxzy = Hpxy \ {9(X?),6%(X?)}. In both cases, H; has
p® + 1 elements.

The proposition below gives a formula for the number of self-dual 6-cyclic and #-negacyclic
codes whose dimension is prime to p. It is deduced from Lemmal6] Lemma[2] and Proposition

2l

Proposition 4 Consider p prime number, 6 : Fp2 — 2, x — P the Frobenius automor-
phism, k € IN* not divisible by p. For e € {—1,1}, consider Fj, . and Gy defined in Lemma
[4 For f(Y) in Fre\UGre, denote § = deg(f(Y))/2 and for p=2, N. = 1; for p odd,

p+1

0 if k=1 (mod2)ande# (—=1)=2 ork=0 (mod 2)ande=1
Ne=< 1 if k=0 (mod 2)ande=—1
2 if k=1 (mod 2)ande=(—1)

ptl
2
The number of self-dual (0, €)-constacyclic codes with dimension k defined over IF )2 is

Nex ] @®+vx J] @ +3).

F(Y)EFk,e f(Y)€EGy,e
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Proof. According to Lemma

#HXQk—E = J\fe X H #Hf(X2) X H #Hf(Xz)
F(Y)EFk,e F(Y)EGk,e

The expression of N, is deduced from Proposition [2| for p odd prime number and Remark
for p = 2. The expressions of the two products Hf(Y)eFk  #Hp(x2) and Hf(Y)egk  H#Hp(x2)
come from Lemmal[6l = ‘ ’

Remark 4 According to Proposition 6.2 of [14], the number of self-dual 2-quasi-cyclic codes
of dimension k over IF,,r with k prime to p depends on the factorization of Y*—1 over F,-[Y] :

NIJ@”+D)][@”+3)

feF feg

where 28 is the degree of f; F (resp. G) is the set of all monic factors f(Y) = fi(Y) in
F,r[Y] of Y* — 1 with degree > 1 such that f(Y) is irreducible (resp. f(Y) = g(Y)g*(Y)
with g(Y) # ¢*(Y)) monic irreducible in Fpr[Y]); N = 1 if p = 2; N = 2 if p is odd and
k=1 (mod 2); N=4 ifpis odd and k =0 (mod 2). Therefore, for k odd number, p =2 or
p =3 (mod 4), the number of self-dual 8-cyclic codes over IF 2 with dimension k is equal to
the number of self-dual 2-quasi-cyclic codes over ), with dimension k.

In next subsection, the construction of the sets H s x2)m is considered.

5.2 Construction of the sets H s x2y s for s >0

The following technical Lemma will be useful in the proof of Lemma [§] It can be deduced
from the construction given in Lemma [6]

Lemma 7 Consider R = IF2[X; 0] with p prime number, 0 : x — 2P, m € N and f(Y) in
IF,[Y] with degree d = 26 > 1 such that f(Y) = f4(Y) with f(Y) irreducible or product of two
irreducible polynomials with degree 5. The constant coefficients of the elements of Hy(x2y are
squares in 2.

Proof.

Consider h € Hy(x2) \ Fj2[X?] and A(X?), B(X?) € R with B # 0 such that h(X) =
A(X?) + XB(X?). According to , one gets O(A)(Z) x (A*(Z)A(Z) + B*(Z)B(2)Z) —
(A*(Z)O(B)(Z) + B*(Z2)0(A)(Z)) = ©(A)(Z)\f(Z) where A is the constant coefficient of h.
As B#0, f(Z) and A(Z) have no common factor, therefore, f(Z) divides A(Z)O(A)(Z) —
ZB(Z)O(B)(Z). These two polynomials are monic with the same degree, therefore, they are
equal and A* = AO(A). One deduces that A’T! = 1 and therefore, \ is a square in IF)..

The elements of Hy(x2) [ [X?] are given in proof of Lemma @ Namely, if f(Y) is
irreducible,

2 0 if =1 (mod 2)

Hyeen NFRIXT] = { (F.0(7)} it §=0 (mod 2).

Denote A the constant coefficient of f As the constant coefficient of f is equal to 1
(because f(Y) = f#(Y) and f is monic), one has 1 = AP, therefore A is a square in IF 2.

If (V) = g(Y)g*(Y) then

{9,9°,39(3%),3°0()} if ¢
5

(mod 2)
My N [X?] = (9.9} it

1
0 (mod 2).
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As g(Y) and g*(Y) belong to IF,[Y] their constant coefficients are squares in IF,2. Denotes
1 the constant coefficient of §, then the constant coefficient of §O(§?) is Me(u) which
is a square in [F2. =

up‘l

Lemma [8] generalizes Lemma 4] and uses the same type of arguments linked to the factor-
ization of skew polynomials.

Lemma 8 Consider R = IF2[X; 0] with p prime number, 0 : x — 2P, m € N* and f(Y) in
IF,[Y] with degree d =25 > 1 in'Y such that f(Y) = f3(Y) with f(Y) irreducible or product
of two irreducible polynomials with degree §. The set ﬂf(xz)m has (1 —I—pé)p‘s(m_l) elements
and is equal to

(m,,%)(hmﬁ) TLwi | Vi €y v = (hy)o hy # vy

Proof.
To simplify the presentation, the following notations will be used in this proof : h = h(X),

f=f(X?), g=g(X?) and ¢* = ¢*(X?).

1. Assume that f(Y) is irreducible in IF,,[Y].

Consider h € R such that h*h = f™ and f fh. As f is irreducible in IF,[X?] and central,
all the irreducible factors of h are bounded by f with the same degree d (Lemma 13 (2)
of [4] or [16] page 6) :

m
h = [ [ Hi, Hi monic, deg(H,) = d, B(H;) = f.
i=1
Furthermore, f does not divide h, therefore according to Proposition [1| (or Proposition
16 of {]), for all j € {1...m —1}, HjHj 1 # f.

According to Lemmal5], d is even therefore the order of # divides d and part 3. of Lemma
[ enables to conclude that )
1
ht = H EHE 14i
=m

where p; = (Hy--- Hi—1)p. Furthermore, this factorization (into the product of irre-
ducible monic polynomials of same degree d dividing f) is unique (because the factor-
ization of h is unique).

As the factorization of f™ into the product of irreducible factors is not unique (because
each factorization of f commutes), according to Proposition (1| (or Proposition 16 of
[]), f™ = h'h must have two consecutive irreducible monic factors whose product is
f. As h and h? do not possess two consecutive factors whose product is f, necessarily,
iHE w1 H1 = f and proceeding by induction, one gets

;H“u] = and Hypi # H e (14)

Conversely, if h = Hy -- - H,, with Hu,uj = f,Hj 75 H HUNCES (Hi---Hj—1)o
, then h%h = f™ and H, JHi # f Furthermore, the skew polynomials H; are all
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irreducible because they are nontrivial factors of f and f(Y) € F,[Y] is irreducible,
therefore according to Proposition [1] (or Proposition 16 of [4]), the skew polynomial &
is not divisible by f and it belongs to H(x2ym.

The set ﬁfm is therefore equal to the set
{H1 < Hp, | ﬁHfquz =fopi=Hi-Hi—1)o, Hit1 # ﬁHfuz}
The conclusion follows by observing that h = H; - - - H,,, with %jH]q,ujH = fand Hj 1 #
m
A Hp; is equivalent to b = (L) - (hygk ) TT vy with Bihy = f and by # vyhE L
j=1

where hj = (v - ”I/j)Hjﬁ
to IF,2 (according to Lemma 7).

and v; is such that 1/]2 = (Hj)o = (hj)o and v; belongs

. Assume that f(Y) = g(Y)g*(Y) with g(Y) # ¢*(Y) irreducible in F,[Y]. Like in the
previous case it suffices to prove that ﬁfm = {Hl < Hp, | in,qul = f,

Consider h = h(X) € R such that h%h = f™ and g,¢" do not divide h. Let us prove
that h can be written as the product of m monic skew polynomials of degree d bounded
by f. As h divides f™, according to Theorem 4.1 of [7], h = lelm(G,G) where G =
gerd(h, g™) and G = gerd(h, (¢%)™). As g(Y) (resp. g*(Y)) is irreducible in TF,[Y], the
skew polynomial G (resp. G) is the product of N (resp. N) monic irreducible skew
polynomials bounded by ¢ (resp. gu). Without loss of generality, one can assume that
N < N. Consider G = G;---Gy (resp. G=Gy -Gy &) the factorization of G as the
product of N (resp. N) monic irreducible factors bounded by g (resp. ¢%). According to
Pr0p081t10nl as g (resp. ¢) does not divide G (resp G) these factorizations are unique.
Therefore, according to Theorem 14 of [I7], h = H;--- Hy where H; = lclm(Gl,Gl)
with R/G;R and R/G;R (resp. R/G;R and R/G;R) isomorphic modules. As G; is
bounded by g, according to Corollary of Theorem 10 of [10], G; is also bounded by g.
As G; and G, are right coprime with same degree d/2, so are G; and G; therefore H;

is a skew polynomial of degree d which divides f. Lastly, as h has degree md one gets
N = m. Therefore

h = [[ Hi, Himonic, deg(H;) = d, B(H;) = f.
i=1
By hypothesis h'h = f™ = Hl m ul Hh,uz [1:%, H; is the product of 2m monic factors

of degree d bounded by f and as the decomposition of f™ (as the product of monic
factors of degree d dividing f) is not unique, according to Proposition [l there exists
two consecutive factors in h?h whose product is divisible by g or ¢g%. Such a prod-

uct can be of three types : M%HHEH,U,,,H Huul, H;H; 1 or—HE,ulHl However g
and ¢% do not divide H;H;, 1, otherwise, they would divide h, and they do not divide
ﬁﬂfﬂuiﬂ iﬂfuz = i(HiHHl)*,ui either. Therefore ¢ or ¢* divides inulHl. Us-

ing Lemma one gets that ¢ and g% divide ngule therefore f divides iHE,ulHl
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and as these two skew polynomials are monic with the same degree they are equal. By
induction, one gets

1 1
— HwiH; = f,Hip1 # —Hipi, g, g".
i Hi

m
1
Conversely, consider h = | |Hi, with —Hfquz =f, Hix1 # inui,g,gh. Accord-
i ‘

=1

1
1
ing to Lemma |l Rt = H —Hfui, therefore h'h = f™. Tt remains to prove that
o M
=m
g and ¢* do not divide h. Assume that g divides h, all the factors H; in the de-
composition of h are monic, with degree d, divide f and are distinct of g, ¢", there-
fore, according to Proposition |1} there exists ¢ such that g divides H;H;;,. Consider
u € R such that H;H;11 = gu. As both H; and H;1; are bounded by f, they are
the products of two irreducible polynomials bounded by ¢ and g%, therefore the skew
polynomial u is the product of two irreducible skew polynomials bounded by ¢% and
u divides (¢%)2. The relation (H;H;y1)* = (g%u)* gives Hfﬂ)\iHE = M\ulg? where
i := (H;)o. Multiplying on the left by mHHiHM%H and on the right by Hszi yields
2= (A%.MiHHiH ui1+1>‘iuhgh“i)(Hii)' As f? is central, the two terms of the product
commute and f? = Hz’(ii#iﬂ)HiH(M:ﬂ)\i)uhguﬂi = HiHiHiuughMi = Quiuhghm
therefore (uiuu,ui)gh = g(¢")? = uvg, where v € R is such that uv = (¢7)2. One gets the

relation iuu,uigh = vg. The skew polynomials g and g% divide vg and deg(vg) = deg(f),
therefore f = vg, v = g% and u = g% which is impossible because H; H;;1 # f.

3. The number of elements of ﬁf( x2ym follows from the fact that ﬁf( x2) has 14+p? elements.

Example 3 . Consider Fy = Fa(a), 0 : 2 — 22 and f(Y) =Y2+Y +1 € Fo[Y]. According
to Example the set Hy(x2) is (X2 4+ X +1,X?+a,X?+a?}. The 6= (1+2') x 2! skew
polynomials ofﬁf(xz)z are :

X+ X3+ a?X2 +a?X +a=(X?+ X + 1)(1/1)(X* + a)(1/a*)a?,

X'+ X3+ aX?+aX +a? = (X2 + X +1)(1/1)(X% 4+ a®)(1/a)a,
Xt4a?=(X?+0a)(X?+a)=(X?+a)(1/a*)(X? +a)(1/a*)a,

X 4+ a?X3 4’ X2+ X 4a=(X?+a)(X?2+a?X +1) = (X2 + a)(1/a®) (X2 + X +1)(1/1)d?,
X' 4a=(X2+ad®)(X?2+a?) = (X2 +a*)(1/a) (X% +a®)(1/a)a?,

X 4+ aX?+aX?+ X +a>=(X?+a®)(X?+aX +1) = (X2 +ad*)(1/a)(X*+ X +1)(1/1)a.

Example 4 . Consider Fy = Fa(a), 0 : x+— 22 and f(Y) = (Y3 +Y +1)(Y3+Y2+1) €
F2[Y]. There are 72 = (1+23) x23 skew polynomials in H y(x2y2. Hereis one of these elements
fh=X2+aX" +a?X 0+ @’ X7+ a2 X0+ X5+ a’ X2+ aX +a = (hiy) X (hags) X (1v2)
where hy = X0+ X% +aX3+a?X 4a,hy = X4+ X+ X4+ X34+ X2+ X +1 are two elements
of ﬁf (constructed in example @, v1 = a® is the square root of the constant coefficient of hq
and vy =1 .

Proposition 5 Consider R = IF2[X; 0] with p prime number, 0 : x +— 2P, s € N and f(Y)
in T, [Y] with degree d = 26 > 1 in'Y such that f(Y) = f3(Y).
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S(p°+1) _

pJ_

o If f(Y) is irreducible, the set Hy(x2yps has d elements.

o If f(}/) = g(Y)g*(Y) with g(Y) # ¢*(Y) irreducible in F,[Y], the set Hy(xzys has
(PP@*+D —2p° —3) (1+p°) + 4p* + 4
(= 1)°

elements.

Proof. .
L5
Assume that f(Y) is irreducible in IF)[Y]. According to Lemmal3} H r(y2)ps = |_| FF H y(xzype—2i
i=0
and according to Lemma Hy(x2ym has (1 +p)(p®)™ 1 if m # 0 and 1 element if m = 0.
Therefore H (y2)ps has Zifo*l)ﬂ(l +p0) (p?)P° =21 elements if p is odd and 1+ 2386171(1 +

20)(20)2°~2=1 elements otherwise. In both cases one gets H#Hp(x2ys = % Assume

that f(Y) = g(Y)g*(Y) with g(Y) # ¢°(Y) irreducible in TF,,[Y], then according to Lemma

|p_| p|__|1 (X2)i gk X2) 'ﬁf(xz)psﬂ;j . Furthermore, the set ﬂf(X?)m

has (p‘s + l)p‘s(m*l) Zif(;rz 20 1 and 1 element if m = 0. Therefore the number of elements of the

set Hp(xaye 18 i psil(l +p)" )T 1| = (7D — 2t (;53) (11)2+ P) vy bd
i=0 [ j=0 o

Example 5 Consider f(Y) = Y2 +Y + 1 defined in Evample @ The skew polynomials h
satisfying h'h = f2 are f = X*+ X2+ 1 € fl x ﬁfo (whose factorization is not unique
=X+ X+ D)(XP4+ X +1) = (X2 +a)(X?+a?) = (X2 +a®)(X?+a)) and the
siz skew polynomials, who have a unique factorization into the product of irreducible monic
polynomials and who describe fO x ﬁf(Xz)z given in Example @

Example 6 Consider f(Y) = (Y3+Y2+1)(Y3+Y +1) with degree d = 6 defined in Ezample
. There are 93 skew polynomials h satisfying h%h = (X0 + X4 +1)2(XC+ X2 +1)2. The only
one which is divisible by X%+ X*+1 and X%+ X241 is (XO+ X1 +1)(X®+X2+1). There are
10 polynomials which are divisible by X% 4+ X* + 1 without being divisible by X% + X2 4+1; 10
other skew polynomials which are divisible by X%+ X241 without being divisible by X4 X441
and T2 skew polynomials which are not divisible by X%+ X% +1 or X6 + X4 +1.

6 Conclusion and perspectives

The following theorem gives the number of self-dual 6-cyclic and #-negacyclic codes of any
dimension over IF)2 for § Frobenius automorphism.

Theorem 1 Consider p prime number, 0 : x — xP Frobenius automorphism, k € IN* and
s,t € IN such that k = p°t with t not divisible by p. For e € {—1,1}, consider Fj . and
Gr,e defined in Lemma[3 For f(Y) in Fi\UGre, denote § = deg(f(Y))/2 and for p = 2,
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1 af s=0
Ne—{ 3 if 5>0 ; for p odd,
0
Ne: 1
p(ps+1)/2_1
2
p—1

k=1 (mod 2)ande # (1)%1
k=0 (mod 2)and6—1
k=0 (mod 2)ande=—
k=1 (mod2)ande = (— 1)%

The number of self-dual (0, €)-constacyclic codes of dimension k over IF 2 is

pzS(pSJrl) -1

Nex I == 1l

p° —1

F(Y)EFk,e F(Y)EGk

Proof. According to Lemma

#HX2k—e = Ne X

The expression of N, is deduced from Proposition 2| for p odd prime number and Remarkl
for p = 2. The expressions of the two products Hf Y)EFr.. #H p(x2)ps and Hf(Y E€Gr.c #H p(x2)p

come from Proposition[5] =

Remark 5 Proposition[3 is a particular case of Theorem[]] for t = 1 while Proposition []) is

a particular case for s = 0.

To conclude, this formula should be generalized for self-dual (6, €)-codes defined over Iy
with 6 automorphism of order 2. A future work would consist in studying the case when 0 is

an automorphism of order > 2.

Lastly, one can hope that these constructions help for the study of the minimal distances
of self-dual skew codes. Some experimental results and observations in dimension a power of

0™+ — 2p% —3) (1 +p°) +4p° + 4

(p* —1)°

I[I #Hioee x II #Hioeow

f(Y)Egk,e

p were made and need to be examined in more details.
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