N
N

N

HAL

open science

On the decay in time of solutions of some generalized
regularized long waves equations

Youcef Mammeri

» To cite this version:

Youcef Mammeri. On the decay in time of solutions of some generalized regularized long
waves equations. Communications on Pure and Applied Analysis, 2008, 7 (3), pp.5b13 - 532.

10.3934/cpaa.2008.7.513 . hal-01090394

HAL Id: hal-01090394
https://hal.science/hal-01090394v1
Submitted on 3 Dec 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01090394v1
https://hal.archives-ouvertes.fr

On the decay in time of solutions of some generalized

regularized long waves equations

Y. Mammeri
Laboratoire Paul Painlevé, CNRS UMR 8524,
Université des Sciences et Technologies de Lille,
59655 Villeneuve d’Ascq Cedex, France.

Email: youcef.mammeri@math.univ-lillel.fr

October 2007

Abstract. We consider the generalized Benjamin-Ono equation, regularized in the same manner that the Benjamin-
Bona-Mahony equation is found from the Korteweg-de Vries equation [3], namely the equation us +ug +uPuz+H (ugt) =
0, where H is the Hilbert transform. In a second time, we consider the generalized Kadomtsev-Petviashvili-II equation,
also regularized, namely the equation u¢ + ug + uPuz — Ugzt + a;luyy = 0. We are interested in dispersive properties
of these equations for small initial data. We will show that, if the power p of the nonlinearity is higher than 3, the

respective solution of these equations tends to zero when time rises with a decay rate of order close to %
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1 Introduction

The small amplitude long waves moving inside a nonhomogeneous fluid are modelled in dimension 1 by
the Benjamin-Ono equation [2, 4, 11]

Ug + Uy + utty — H(Uze) = 0,
where H indicates the Hilbert transform in the direction z. Since this equation is obtained correcting,
at the second order, the transport equation us + u, = 0, the BO-BBM equation is found [3]

up + Uy + vty + H(uge) = 0.
We consider here a generalization of this equation, namely the gBO-BBM equation

Ut + Uy + uluy + H(ugg) =0, (1.1)

where p is a nonnegative integer. We are interested here in the decay in time for small amplitude solution
of the equation (1.1).
For 1 < p < 2 and (mg,my) € R?, we denote X™0™1:P(R) = H™o(R) N W™P(R) the space of functions
f such that the norm

[[fllxmomie := || fllEmo + || f|[wmi»

is finite. Our result reads as follows.



Theorem 1.1

1 8 1 1 1
Letp>3. ForO0<d< - ——,wesetm=— —1. We choosel < p <2 andq > 2 such that — + - =1
3 9p 26 P q
d0<1<1 4
an — s
g 2 3p(1-30)

Then there exists € > 0 sufficiently small so that for all f € Xm+1’4_%’p(R) such that Hf||Xm+1,4,z.p <eg,
P

there exists an unique global in time solution u € C (R; Xm+1’4_%’p(]R)> of the gBO-BBM equation (1.1)
with initial datum f.

Moreover this solution verifies that there exists a constant C' > 0, depending only on m, p and € such
that for all time t € R, we have

1,368 2

()| pe + [Jue(®)]|e < CQ+ [t (T2 )O3,

We remark that if § approaches zero then the decay rate of the norm L9 of u(t), for g € [2, +00[, approaches

t7%(17%)7 but we need to impose more regularity on the initial datum. We notice that f%(l*%) is the
decay rate of the norm LY of the linear evolution.
We are inspired by the method described by Albert [1] for generalized Benjamin-Bona-Mahony equation

U + Uy + uPUL — Uy = 0.

In this paper, Albert shows that, for a power p strictly higher than 4, the solution of the preceding
equation decreases in time with a rate of order —, what is the same order as the rate of the decay in time

of the solution of the generalized Korteweg-de Vries equation [10, 14]
U + Uy + Uy + Ugze = 0.

In our work, we prove that the decay rate in time of the solution of the gBO-BBM equation is of order

1
close to 3 what is equal to the decay rate in time of the solution of generalized Benjamin-Ono equation
[6].
In a second time, we study the small amplitude long waves in shallow water moving mainly in the direction
x, which are modelled in dimension 2 by the Kadomtsev-Petviashvili equations [8]

-1
Ut + Uy + Uy + OUggy + Op Uy =0,

called KP-I if ¢ = —1 and KP-II if ¢ = 1, according to whether the surface tension is or isn’t neglected.
Since this equation is also obtained correcting, at the second order, the transport equation u; + u, = 0,
the KP-BBM equations are found [3]

-1
Ut + Uy + Uy — OUgge + Op Uyy =0,

called KP-BBM-I if 0 = —1 and KP-BBM-II if ¢ = 1. The KP-BBM-I is not well posed in L?(R?), and
so we study here only the KP-BBM-II equation.
We consider a generalization of this equation, namely the gKP-BBM-II equation

U + Uy + uPUy — Uggr + 8;1uyy =0, (1.2)
where p is a nonnegative integer. We prove a similar result as the theorem 1.1 for the equation (1.2).
Theorem 1.2

1 1
Let p > 3. FOTO<5<3—F, we setm:%—Q. We choose 1 < p < 2 and q > 2 such that
P



Ll mdo< it 1
—+—-=1an <=
poq g 2 3p(1—50)

Then there exists € > 0 sufficiently small so that for all f € X2m+1’77%’p(R2) such that ||fHX2m“’7’%"’ <eg,

there exists an unique global in time solution u € C (R; X2m+1’7_%’p(R2)> of the gKP-BBM-II equation

with initial datum f.
Moreover this solution verifies that there exists a constant C' > 0, depending only on m, p and € such
that for all time t € R, we have

[lu(®)||Le + |Jue(t)]|e < C(1+ |t|)(_%+575)(1—§).

We recall that, for the generalized KP equations, Hayashi, Naumkin and Saut [7] proved that for p > 3,
the decay rate of the solution of these equations is of order 1.

Whether it is for the gBO-BBM or the gKP-BBM-II, the Strauss method [14] will be used to prove the
decay in time. For T > 0, it consists of choosing a norm Np, which depends on time a priori, such that
for a solution of the gBO-BBM equation, all the derivatives act like a linear term and are included in
a Sobolev norm of sufficiently high order and such that the power p are linked with the decay in time.
More precisely, the Duhamel formula is written for the gBO-BBM equation (1.1) and for ¢ > 0

q)(t)_Sf_l/tS Lp-ﬁ-l ()d
B B A S R L A

x

———— denotes the operator defined b
1+ Dyl P Y

where (S;)¢>0 is the semi-group of the gBO-BBM evolution and

ik
the Fourier multiplicator o (k) := ﬁ The fractional Leibniz rule implies for m > 0 and 1 < p < 400,

there exists a constant C' > 0 such that for ¢ € [-T,T],
1D™ () [ (£) < ClD™ul [ o (2) ||l |5 (1)-

The first term of this inequality is a linear term and a Sobolev norm, and for the second one, we choose
6 > 0 such that
[|ulloo (£) < ONp(u)(L +1) 77

Then we show that for sufficiently small initial datum, this norm Np is bounded independently of time.

The principal difficulty here is that the operator is not bounded in L*(R) but only in LP(R) for

Dy
L+ | Dyl

1 < p < 4o0. In dimension 2, we have to be careful that the operator T is not bounded in L*(R?)

+ D2

but only in LP(R?) for 1 < p < +oo0.

We will use the following notations: for n = 1,2 and 1 < p < oo, we denote LP(R"™) the space of
p-power integrable functions equipped with the norm

1= ([ trras)

we denote L>°(R") the functions space equipped with the norm

[|f]loc =supess (f) :=inf{c;|f(x)| < c almost everywhere in R"}.
1 1
Let T' an operator from LP(R™) to L9(R™) with — + — = 1, we define the operator norm by
p g

[ T[e == sup ||Tf]|La-
[[fllzp=1



The Schwartz space is denoted by S(R™) and for 1 < p < oo, W™P(R") is the Sobolev space equipped
with the norm

[l o= [[(1 = a)m/2 .

In particular, we will note H™(R™) the Sobolev space W™ 2(R™).

We organise the paper as follows. In the first section, we will give estimates for the linear Cauchy
problem associated with the gBO-BBM equation (1.1), and in the second one, the existence and unique-
ness of global solution with the decay in time will be done. Finally, the decay in time for the gKP-BBM-II
equation (1.2) will be studied.

2 Estimates for the linear gBO-BBM equation

We consider the linear Cauchy problem
up + Uy + H(ugt) =05 u(z,0) = f(z).
Let us suppose that the initial datum f belongs to the Schwartz space S(R). Then the Fourier transform

in space implies

(14 |k]) + ikt =0; a(k,0) = f(k).
The solution u of this ordinary differential equation is given by, for all x € R and ¢t € R*,
1 [t .
u(w,t) = o / e~ tha(R) £(k) dk, (2.1)
™ —00

. k

We recall the Van der Corput lemma [13].

—ak and oo = —

Lemma 2.1
For alla < b, A > 0, t # 0 and for all function h € C*([a,b]) real valued satisfying for all k € [a,b],
|n" (k)| > A, we have

/beith(k) ael < 19 (2.2)
’ O ORE '
. . h(k)
Proof. 1In [13], the proof is done for A = 1. Here it is enough to set g(k) = - We have then
b b
/ o ith(k) . :/ e MA9k) g
with k € [a,b], |g" (k)| > 1. -

Now, the Van der Corput lemma is applied with the function h,.

Lemma 2.21
Let 0 <0 < 3 For all « € R and all time |t| > 1, we have

t1°—1
/ efitha(k) dk
el

358

< 10V2pt 27




Proof. @ We only consider the contribution for £ > 0, the contribution for £ < 0 being dealt with
similarly.
For k£ > 0, we have

1 -2

k
ha(k) = H—ikiak’ hg(k):m*a , ho(k) =

For k € [0, |t|° — 1], we have

-2
(1+k)3

2
— > 20t 7%,

G = | o

The lemma 2.1 is then applied to find

111
/ efitha(k) dk

0

10 ,l+ﬁ
< G S VAT

The oscillating integral (2.1) can be majorized.

Lemma 2.3

1 1
Let 0 < 0 < 3 and m = % 1. For all f € H™(R), o € R and all time [t| > 1, we have

Qm
2m — 1

2m 1,36
< m|t]72t% .
< /5ol

+oo . +oo m
< foolwle = [ e

and the Cauchy-Schwarz inequality gives

NS e 1/2 too dk 1/2
< </t|a_1“+’“) (k) dk) (/ﬂa_l(Hk)Qm) -

1 1
In one hand, since for 0 < 6 < 3 and m = % 1, the order m of the Sobolev space is strictly higher

< t|*%+375

171

H™ )

o0 R
/ efitha(k)f(k) dk
1151

and

— 00

—l .
‘ / e~ ®) f(k) dk

Proof. We have

+0o0 ) R
/ e~ tha®) f (k) dk
o151

“+o0
| / e~ e ®) f(k) dk
[t]5—1

1
than — and we have

- 1/2 B o\ 1/2
</|+ <1+dllz>m> - <[<2m—1)(11+k>2m—1ﬂ5_1>

1-2m) _ 1 |t|7%+%‘;_

1 s
1
\/2m—1|| 2m — 1



In the other hand, since for k € R, we have (1 + k)? < 2(1 + k?), the first integral becomes

+o0 N 1/2
( [ k)”"f(k)ﬁdk)

+o0 N 1/2
NeTd </|t (1 +k2)m|f(k)|2dk>

<
-1
< V27 f]lam.
Finally, we find
+oo
[ e k| <[ A
[t]°— 1

O

By abuse, when there is no ambiguity, we will write C' and C,, the different constants appearing in
the following results.

Proposition 1

1 1
Let 0 <6 < 3 and m = % 1. There exists a constant Cy, > 0, depending only on m, such that for all
function f € LY(R) N H™(R), o € R and all time t € R, we have

4o R 1435
[T e ) dn| < Conll + )0+ 1 (23)

— 00

1
Proof. Let0<é < 3 and |t| > 1, we write

+oo . [tP-1 A oo ; 2
/ e—ztha(k)f(k) dk  — / e—ztha(k)f(k) dk + / e—ztha(k)f(k) dk
o 0 [t[o—1

For the first integral, the Fubini theorem implies

[t°=1 . [t°=1 oo
[ e fmar = [T e ( [ e f(w’)d:c’> K
0 0 —o0

+o0 [t]°—1
B / / Zk:(ac w) 1+k dk f( )dx/
—00 0
We deduce from it that

[t]°—1 [t]°—1
/ e—itha(k)f(k) dk / e—itha(k) dk
0 0

The lemmas 2.2 and 2.3 are applied to give

oo ~ 1 33
/O ) dk‘ < max (10\f \V 2m ) (e + f ) o725

14t
2

IIZE

S ‘

oo

Since |¢| > 1, we have [t| > , thus we obtain finally

35

+oo . 1,
/O eitha(k)f(k)dk.’ < Co(Ifllr + 1 fllm) L+t 72T (2.4)




The contribution for & < 0 is dealt with similarly.
Let [t] < 1. We have directly

' / :oe“ha“@f(k)dk' < /j]f(k)ﬂdk -/ jmmk)\dk,

and the Cauchy-Schwarz inequality gives

400
‘/ omitha (k) (1) dk’ < Coll fllEm-

o0

14t
Since |¢| < 1, we have 1 > aal |7 thus we obtain finally
e —itha (k) § 1_38 —1438
e B f(k)dk| < 2272 Cp[fllam (L4 [E) 7272 (255)
The inequalities (2.4) and (2.5) give the result. O

We can deduce the following corollary.

Corollary 1

1 1
Let 0 < § < = and m = — — 1. There exists a constant Cp, > 0, depending only on m, such that for all
function f € LP(R) N H™(R), with 1 <p <2, for all « € R and all time t € R, we have

+o0 ) .
H / e~ ®) f(k) dk

— 00

< Con( 11w + |f am) (1 + e 2 E)O=3) (2.6)

La

1 1
where — + — = 1.
P 4q

1
Proof. Let 0 <{ < 3 and [t| > 1, we define the operator Iél) from L'(R) to L>=(R) by, for f € L}(R)
and x € R,

-
10 f(z) = / ot (®) f(1) dk.
0
The lemma 2.2 gives that there exists a constant C' > 0 such that
1436
17 flloe < ClIT2 % (1|11,

thus s
NIV < ClE72+Y (2.7)

The operator It(l) is rewritten
k

IV f(x) 12/ eF eI (k) Lyg,jyjs_1) dk,

— 00

thus )
NIV £l < (1122

and )
M2 < 1. (2.8)



1 1

The Riesz-Thorin interpolation theorem then implies that, for 1 < p < 2, and ]; + ; =1, the operator
It(l) is continuous from LP(R) to L?(R), and we have according to the inequalities (2.7) and (2.8)

2 lze < Ol 3 #)00),
We conclude that for f € LP(R),

110 A1z < CCF DD £l < C 4+ 1) DD £
1
Let m = % 1, we define now the operator It(Q) from H™(R) to L*(R) by, for f € H™(R) and

r €R,

2 foo 3

12 f(z) = / o=t ¥) f(k) dk.

[t]°-1
The lemma 2.3 implies that there exists a constant C,,, > 0, depending only on m, such that

12 flloo < Cunlt] ™+ % 1|12 (2.9)
Since the operator It(z) can be rewritten
@ py o [ ke it 7
It f(x) = € € f(k) 1[\t|5—1,+oo] dk,

we have

112 fllze < 11 f]]ze,
and since m > ok

122 fll2 < 11 Fllam. (2.10)
The Hoélder inequality then implies that, for 2 < ¢ < oo, according to the inequalities (2.9) and (2.10),
we have

1,38

1—2 2 _ 1,368 _2
NI fllze < 12 fllso NP fIlE < Con(1+ [t CEHE)IO=D] [ gm.

The contribution for k < 0 is dealt with similarly.
For |t| < 1, we define the operator It(S) from H™(R) to L*(R) by, for f € H™(R) and = € R,

1P f(x) = / " itha ) f (k) dk.

—00
As for the proposition 1, we have directly that there exists a constant C,, > 0, depending only on m,
such that

3 _1.36
122 Flloe < Conllfllim (14 [e) (72 %). (2.11)
Since the operator It(g) can be rewritten
3 Foo . . k A
It( )f(x) ::/ eikze—nﬁmf(k) 1[0,+oo[dk;
1
we have, because m > >
3
12 1z < (1l (2.12)

The Hélder inequality then implies that, for 2 < ¢ < oo, according to the inequalities (2.11) and (2.12),
we have

1-2 2 _1.388\(1_2
NI Fllze < TP flloe NI FIIEs < Conl| fllm (1 + ¢ (C2HE)O-2),



3 Preliminary results

We now quote some useful results for the proof of our principal result. We will need the Mikhlin-
Hormander theorem proved in [12, chapter 6 - proposition 4.4].

Theorem 3.1
Let o : R™\ {0} — C satisfying for all multi-index of length 0 < |a| < I, where [ is the smallest integer
with 1 > % and for all k € R™\ {0},

|0f 0 (k)| < Calk|~!.

Then, for all 1 < p < 400, there exists a constant C, > 0, depending only on p, such that for all
u € LP(R™), we have
H]:_l(m))

1o < Collull e

The fractional Leibniz rule will be also used [9, lemma X.4].
Theorem 3.2

For allm >0 and 1 < p < +o00, there exists a constant C,, , > 0, depending on m and p such that for
all w and v in S(R™), we have

wvllwmr < Crp ([[ul[wm.e|[v]]oo + [|ullo| [v]lwmr) -
We need the Sobolev inequality [5, chapter 1 - theorem 9.3].

Theorem 3.3
Let 1 < p,q < 400 and 0 < j < m, there exists a constant C' > 0, depending on p,q,j and m, such that
for all w € S(R™), we have

m
2

| (—A)% ]

1 j 1 1-— ]
where:]+a(—m>+ aandi§a<1.
) q m

Finally, we prove an integration’s lemma.

ullgollull 77,

1 < Cl[(=4)

Lemma 3.4
Let o > 1 and > 0. Then there exists 0 < f1 < 1 and C > 0 such that for all time t > 0

/t dr - C
o I+me(l+t—7)8 = (14+1¢)8°
with B1 = B if 0 < B < 1.

Proof. If ¢ =0, the result is obvious. Let ¢t > 0, we separate the time integral in two parts

¢ dr t/2 dr ¢ dr
/0 A1t i_1)p :/0 (1+T)a(1+t—7)ﬂ+/t/2 A1 +ti-1)p

For the first integral, we have

/”2 dr AN
o (d4+7neQ+t—7)8 — 2

IN
/N
—
+

| =~
~~
|
™
1
—
p—t
+
\]
S~—
|
Q
+
=
| I
I
¥



since —a + 1 < 0, we find

t/2 dr t\"? A
< z _ hd
/0 A+ +i—rF = C(Hz) 1 <1+2>

>

and it is enough to remark 1 + (1+1t) to obtain

DN | =+
DN | =

/t/2 dr c
< .
o (Q+mn)el+4+t—7)F — (1+1t)F

Let us suppose first of all that 0 < 8 < 1. For the second integral, we have

/t dr < t>_a/t dr
< 1+ = e
2 (L+T)o(1+t—7)8 2 2 (L+t—7)8

-« _ p)B1t
= <1 + t) |:_(1+t7—) .
2 —-B8+1 t/2

Since —f+1>0and —a+ 1 < 0, we have

t ar c (148 coary
< — < t .
/t/2 Arre(lrt—rp = ( +2) <C(1+1)

Let us suppose now § > 1. Then for 0 < 8; < 1, we have for all t > 0

/t dr </t dr
o M+mn)e(+t—7)8 — Jy A+7)e(1+t—7)8"

and the first part of the proof gives the result. O

4 Existence and Uniqueness of global solution of the gBO-BBM
equation

Let us return to the nonlinear problem. We consider the Cauchy problem

up + Uy + H(tgt) + vu, = 0 (4.1)
u(z,0) = f(x). (4.2)

We show from now the principal result of this paper.
Proof. [Proof of the theorem 1.1.] The proof is carried out for positive time. By abuse, we will write

Cp, and C,, ;, the different constants depending respectively on m, and on m and p.

D, ik

To simplify the writings, we denote the operator defined by the Fourier multiplicator o (k) :=

1+ |D,] 1+ k]’
and we denote also 0 < 0 = 1—3—6 1—g <1.
2 2 q 2
We remark that 30
2P (4.3)

4

10




Indeed we have

30p 3/1 36 2 2 8

since 1 — 36 > 0, we find
% 1l «<— 1 < 1 — 4
ke qg 2 3p(1-30)
which inequality is the assumption on gq.
The Duhamel formula implies that u is the solution of the gBO-BBM equation (4.1)-(4.2) if and only if
u is the solution of the following equation, for ¢ > 0

I D
t) = Qu(t) =8 f— —— | Si—r [ —=—uT d 4.4
utt) = ult) = 5if - 5 [ siee (et ) () (1.4
L[ etk &
where S; f := o e = f (k) dk.
™ — 00
We remark first of all that in one hand, we have for u € S(R)
1/2
D;c p+1 /+00 2 ( Zk )2 3 2
= = 14+ k5™ p+112 dk
|5, = (L e ()
+oo — 1/2
= (/ (1+ k2>m|uﬂ+1l2dk) = [Ju" . (4.5)
— 00
In the other hand, we have
for k>0, |o/(k)| = ——— and for k <0, |o"(k)] = —
T T (1+k)? = Tk

The Mikhlin-Hérmander theorem 3.1 is applied to give, for 1 < p < 2, there exists a constant C, > 0
depending only on p such that

D
x p+1
H1+ D"

< Cpl[u | o (4.6)
Lp

Let T > 0, we define the norm N7 by, for u € X"H'I’ZL_%*’(IR{)7

Nr(w) = sup_ | (fullzo(7) + el o (F) (47 + 0]l ira-z.0(7)] - (4.7)

0<r<T
We will proved separately some technical lemmas.

Lemma 4.1 )
There exists a constant Cy, , > 0 such that for all w and v in X™ 4~ #P(R), we have

[|Pu — Pv||La(t) < Chyp <Z NT(u)”_iNT(v)i> (1+1t)""Np(u—w), (4.8)
=0
and ,
[[(Pu — Pv)g|lra(t) < Cmp <Z NT(u)"_iNT(U)i> (1 + )Ny (u —v). (4.9)
i=0

11



Proof. Let u and v two elements of X4~ 57 (R), the Duhamel formula gives

D
z p+1 _ p+1

The corollary 1 implies that there exists a constant C,,, > 0, depending only on m, such that

1 t

du—P < —
|Pu — @v[ra < )

(1) dr.

La

_ Dy (pt1_ o p+1 _ Dy (pp+l_ ,p+1
H‘I)U_CI)UH <C /t (Hl-&-IDm\(up v )’ Lj_ ’1+\D2|(UP vP )HHm) (7‘) "
L1 > Um o (1 +t— 7-)0 s

and the inequalities (4.5) and (4.6) imply

(= 0 g+ = 0 ) (1)
(1+t—r1)°

[|Pu — Pv||pa < Cmm/ dr.
0

From now, when there is no ambiguity, we will use the following notation: for any positive A and B, the

notation A < B means that there exists a constant C > 0 such that A < C B.
P

Since utt — vt = (u—w Zu” v, we have according to the fractional Leibniz theorem 3.2 with

p = 2 and the Minkowski inequality

P P
[+ = 07 (7) S = vllzm Y a0 oo (1) + [lu = vlloe Y a0 ||z (7)
i—=0 =0

I(r)+1I (T)i

1 1 1 2
On the other hand, the Sobolev inequality 3.3 with — 4+ —=1,r=00,j=0,a = 1 and m = 3 — — gives
p q p

1/4 3/4
lullo < Cpllull2 , Jlull3". (4.10)

= 377}7

According to the definition (4.7) of the norm N7, we can see that the decay in time will be linked to the
norm L? and the power 3/4. We deduce from the inequality (4.10) that for I(7), we have

P p—i @
3/4 1/4 3/4 1/4
1) < flu—ollan 3 (||u|L/ lul /) (||v|L/ ol /) )

i=0
3(p—1i) 3i
P 0 1 ; AN )
(1+7) ) p—i < (1+7) ) i
< |lu—vllgm ul|lpe —— ull * V|| pe ——% v||*
SUREES DY (1% B e (% 34 RN CITW
< <§ N (u)? = Nop( ))(1+7)—3?’NT(u—v).

For II(7), the theorem 3.2 is again applied and we have

p 1
He) < flu ol (nv|f;;1||v|Hm+2||u|@.’:“|ulmmlvlléo
1=0

p
| e + IIUIQlIUII?.ZIIIUIIHm> (1),

=1

12



and the inequality (4.10) gives

p—1 p—1
3/4 1/4 3/4 1/4 3/4 1/4
1H(r) 5 flu = olf 3 — ol 5, [(nvn A /) ol +(||u| 4 /) full s

p—1 p—i—1 i
3/4 1/4 3/4 1/4
+Z(||u|| A /) lullzm (||v| 4] /)
1=0
. 8/4)1111/4 p 3/4), (11/4 !
+Z(IIUII ull!/ ) (|v| ol ) |v||Hm] (7)

(ZNT VP Np( ))(1+T)SZPNT(UU).

In the same manner, we have

p
™ = v |z (r) < fJu—ol|e Z [ullZe [ollee ()
< (ZNT = lNT ) > (1+T)_#NT(U—U).
Finally, we find
L ) - ¢ dr
[|Pu — Dv||pa(t) < C, Nr(u)P~*Np(v)' | Nr(u— v)/ ~ .
3 ; o (1+7)(1+t—7)0

0 1
Since % > 1 by the inequality (4.3) and 0 < 0 < ok the lemma 3.4 can be applied to give

P
| ®u — Bvl[La(t) < Crp <Z NT(u)”ZNT(v)Z> (1+ )" Np(u—v).
i=0
We have, for the space derivate,

(Bu — Do), (t) = / S (1+D|D|<uu - >) (r) dr,

the corollary 1 and the inequalities (4.5) and (4.6) imply

‘ Pug, — v P P, — v m
[(DPu — ®v) gL (t) gcm,p/ ([t — vvs||o + [[u s — vPva|lm) ()
0

(1+t—1)°
p . .
Since uft — vt = (u —v) Z u”~"v’, the fractional Leibniz rule gives
i=0
u sty = 070l (7) = (1= ) 3 50 s (7)
S Mu=ollgmes Y ™0 oo (1) + llu=lloo D [~ 0" | gmea (1) = L(7) + 11(7).
i=0 1=0

13



We deduce from the inequality (4.10) that for I(7), we have

p

p—1i i
3/4 1/4 3/4 1/4
1) < flu—oflgmn Y (||u|/ ull /) (||v| A /) )

i=0
(ZNT )/~ N >><1+T> % N (u — ).

For the second norm, the theorem 3.2 is again applied and we have

p—1
I(r) S llu—2lle <|v||§olIUIIHm+1+ZIIUI|§o”1||U|Hm+1||v||éo
i=0

i=1

p
- | g+ IIUIlﬁ.TzllvlélellemH) (7);

and the inequality (4.10) gives

p—1 p—1
3/4 1/4 3/4 1/4 3/4 1/4
() Sl olf =l 5, [(HUHL/ ol /) ollsmes + <||u||L/ all ) [ull s

377,11
3/4, 111/4 Pt 3/4) (11/4 ‘
+Z(||u| ol ) lallzzmss (||v|| ol )
p

o—i i—1
3/4 1/4 3/4 1/4
'y (||u|/ ull /) (||v|L/ 1ol /) ||v|Hm+1] ()
i=1

(Z NT(u)ﬂiNT(v)i> (1+7)""% Np(u —v).
=0

In the same manner,

[uPuy — vPvg|[re(T) S |[(u—v) ||LPZ||U| Il (7)

p—1
+ [Ju =l e <ZIUIIP " 1||uaa|\oo||v|\oo+leull lvlles 1||vz||oo> (7).

According to the inequality (4.10), ||uz|\oo<||uw||3/4\|uw||1/§_7yp S ||1/4 2 ,» we deduce

P p—i i
3/4 1/4 3/4 1/4
0ts— 0Puy|ir (7)< ||u—v||W1,pZ(||u|L/ ||u|/3_,p) (|v||/||v|/ . )<T>

1=0
p—1 p—i—1 / i
3/4 1/4 3/4 1/4 3/4 1/4
ST [Z (|u||L/ lul /) (||uT| 4 4,p)(|v||; ol /)
1=0

14 p—1i i—1
3/4 4 3/4 4 3/4 4
+z(||u| i |”3_,p) (||v|| A ||”3_,p) (||u$| A ||”4_,p)] ),

14



2
and since 4 — — > 1, we have
p

[Py = 00l (7) S <Z Nﬂu)ﬂl‘NT(v)i) (1+7) "% Np(u—v).

i=0
Thus we find
[(@u = Pv)y[[La(t) < Crm,p (i NT(U)’”NT(v)i> (1+8)7 Np(u—wv).
i=0
O
Lemma 4.2
There exists a constant Cp, , > 0 such that for all w and v in Xm+1’4_%’p(R), we have
[|Pu — <I>v|\Xm+1,4,%,p(t) < Chp <i NT(U)P—iNT(U)i> Nr(u—v). (4.11)
i=0

Proof. We now majorize the norm ||(®u — @v)xHXmHA_%J, (1),

1 t
||[®u — ®U||Xm+1,4—%,p(t) < m

‘Dz 1 1
S (e - ))HX L

the inequalities (4.5) and (4.6) imply

H<I>u—<I>v||Xm+114,%p < er1/ |[urtt — UP+1H m+1477p T)dr.

Since Xm+1’4_%’p(R) = H™YR)N W4_%’p(R) and vt — 0Pt = (u—wv Zup “v*, we have
=0

P 0] sz () = [0 = o s (1) 4 [ =0 (),

and as previously,
P
[Pt — 0P| s (1) < (Z NT(u)p—iNT(U)i> Nr(u—v)(1+ T)—%.
i=0

2
Since 4 — — > 0, the fractional Leibniz theorem 3.2 gives
p

P p
Hup“—vp“llwug‘p(ﬂ S I\U—UIIW4_%,pZIIuP’WHoo(T)+Hu—vllooZIIUP”leWAI_%,p(T)
i=0 i=0

= I(r)+1II(7).

We deduce from the inequality (4.10)

p p—i i
3/4 1/4 3/4 1/4
10 5 uollye g0 X (e, ) (I, ) @

=0

A

(ZNT )7~ Nop ))(1—}—7)‘3ZPNT(u—v).

15



For II(7), the theorem 3.2 is again applied and we have

p—1
I(r) S lu=2lle <|Ivll&lllvllw4g,p + ZO [l 155l -2 ol 0llE
i=

p
+ g Ml a2+ ||U|$Z|U||§1|U||W4g,p> (1),

i=1
and the inequality (4.10) gives

p

I(r) < <Z NT(u)PiNT(v)’) (14 7)" % Np(u — v).

i=0

Finally we find

. . 36p
[l = 0P| a2, (7) NT(U)”_WT(U)Z> Nr(u—wv)(1+7)" T,

A
VR
M-

thus ,
¢
[|[@u — V|| yraz,(t) S (Z NT(u)piNT(v)’) Nr(u — v)/ (1+7)" % dr,
X ’ i=0 0
and thanks to the inequality (4.3),
p . .
||Pu — (I)UHXerlA—%,p(t) < Cmp <z; NT(u)p_ZNT(v)l> Nr(u—v).
1=
U
Lemma 4.3 )
There exists a constant Cy, , > 0 such that for all w and v in X" T4~ 2P(R), we have
p . .
Np(®u — ®v) < Cpop (Z NT(u)P—ZNT(vy) Nr(u—v), (4.12)
=0
and
Nr(@) < Cougy (1] ovinacz. + Nr(w) ). (4.13)

Proof. The inequalities (4.8), (4.9) and (4.11) give the inequality (4.12). For the second inequality, it
is enough to take v = 0. g

Let M > 0, we consider the closed ball
Bras = {“ € C([-T,T); X" 7P (R)); Np(u) < M } -

We would like to show that there exists an unique solution u of the equation (4.4) in this ball by using
the fixed point theorem.

First, there exists € > 0 sufficiently small such that if || f|| _.1.4-2, <€, even if we take C, ,M instead
X P’ ’

P

of M, it is enough to take M > 0 satisfying ¢ + M**T! < M so that the inequality (4.13) implies that

16



the image of the closed ball ET, M by the map @ is include in itself. Here, the crucial point is that e
is independent of T'. Secondly, we prove that the map ® is a contraction on this ball for M sufficiently
small. Let w and v two elements of the closed ball By ar. The inequality (4.12) gives

Np(®u — ®v) < Cpyp MPNp(u —v),

and it is enough to take M > 0 sufficiently small so that the quantity C,, , M? < 1. Then, the fixed point
theorem is applied and there exists an unique solution of the equation (4.4) in the closed ball FT, M-

It remains to prove that this unique solution can be prolonged in time with all [0, 4+o00[. By uniqueness
of the solution, the inequality (4.13) is written

Nr() < Cop (/1] oo 2.0 + Nr(w)) (4.14)

Since there exists € > 0 sufficiently small such that ||f||X’"“’ <, we can find M > 0 such that

2
42
2P

No(u) < M
Crnp (e+MPTY) < M.

Then for all T > 0, we have Np(u) < M. Indeed, if not by continuity, there exists a time 7' > 0 such
that

NT(’U,) = M
Crmp (5 + M”H)

>
> Cpmp (5 + NT(u)”+1) ,

what contradicts the inequality (4.14). Finally, there exists a constant M > 0 such that for all T > 0,
Nr(u) < M. In particular, we have for all time ¢t > 0

u®llzs + e @llze < Cong (11l gsra 30 + Nr(@) ) (14677
< Cpp (e+MPTY) (1467 (4.15)

We reason in a similar manner for negative times. U

5 Decay in time of the gKP-BBM-II equation

We consider the linear Cauchy problem
Ut+uz*uzmt+a;1uyy = Oa u(l’,y,O) :f(l',y)
Let us suppose that the initial datum f belongs to the Schwartz space S(R?). Then the Fourier transform

in space implies

at(1+k2)+i<k+i>a = 0; a(k,1,0) = f(k,1).

The solution u of this ordinary differential equation is given by, for all (z,y) € R? and t € R*,

1 ) R
u(w,y,t) = 5 /R e~ Mhas (0D £ 1y dk dl, (5.1)

(2m)

17



2
k+ 5%

with ho (k1) = 75

function of time.

—ak—pl, a=— and 8= 7. We have to majorize this oscillating integral in

Lemma 5.11
Let 0 <4 < 5 For all (o, B) € R?, and all time |t| > 1, we have

[t° ptoo
/ / e~ thes (kD gp gk,
_‘tlé —00

Proof. We adapt the Haysahi-Naumkin-Saut method [7] to the generalized KP-BBM-II equation. It
consists of transforming the oscillating double integral (5.1) in a simple one. For t € R*, we do the change

[FI(1+ R2)
2|

[t° 4o
/ / e ithes (D) gl qg
7|t‘6 — 00

< 3y/mft| "2t

of variables [ =1’ to obtain

[t pdoo . .o, 2 _. /
/" R O LI[CR g

—1#)5 It]

|¢]° il’ |k\(1+k2 2
- |t1/2/ VIR A2 e ihe =it 5 (/ &Y —il"sgn(}) dl’) dkc.

) <y2 vy |k|<1|J k2>>

2
oy R+ E)Y | yPR(L 4K
) (l 5 i +1 i .

However,

FIO+82) o

iyl
Y ]

o~ | =

k .
sgn(;) = —isgn(

o~ | =

—isgn(

A last change of variable gives

+oo . [kl +k2) 2 k 2, +oo
ayl' | o —dl’ e sgn (£ 7/ k(1+k 2
/ WY T e o — / oEil? g
—0o0

y2k(1+k2)

= meTim/te T
Finally, we find

[¢[° p+oo +ir/a  plt)°
/ / efzthn,ﬁ(k,l) dl dk = \/Tte|1/2 |k‘ 1 + k2 irk4—it 1+k2 +4t2 (k+k3) dk. (52)

‘tlé —
[t]° ptoo
/ / e~ thas (Bl g df;
7‘t|5 —c0

We deduce then
[t]°

= /7 |t|7Y/? VIkI(1 + Ek2) dk
7|t‘5

3V [t 73T E.

IN

The oscillating integral (5.1) can be majorized.
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Lemma 5.2 1
Let 0 < §d < = and m = 2% 2. There exists a constant C,, > 0, depending only on m, such that for all

f e H>™(R?), (o, B) € R? and all time |t| > 1, we have

+o00 +o0 . »
/ / e—ztha,g(k’l)f(k,l) dl dk
e o

[t1° 400
/ / e thas (B0 £k 1) di dk

14 568
|72t2

< Cnllf | gzm |t

)

and

1,56
< Con|fl]rem|t| 727

Proof. We have

+o0 .
| / e—ith(,,ﬁ(ksl)f(k 1) dl dk
[¢]®

/,”5 /;OO ’f(k,l)‘ dl dk,

. /+00(1H2)m/2/:0 (1+k;: ]f(kyl)‘ ke dl,

the Fubini theorem implies

+oo
—itha s(kD) £(1 1) dl dk
‘ ER / ¢ fk.0) —eo (L 12)m/2 (L+k

and the Cauchy-Schwarz inequality, first in & and secondly in [, gives the result. O

Proposition 2

1
Let 0 < § < 3 and m = 5% 2. There exists a constant Cy, > 0, depending only on m, such that for all
function f € L*(R?) N H?>™(R?), (o, B) € R? and all time t € R, we have

56

/Rz e ithe s D fke 1) dl dk| < Con(||Fllpr + (| fl[ sz )1+ [¢]) 72 F% (5:3)

Proof. It is enough to separate only the integral in direction k and to take again the proof of the
proposition 1. (
We can deduce in the same way as the corollary 1 the following result.

Corollary 2

1 1
Let 0 < § < E and m = — — 2. There exists a constant C,, > 0, depending only on m, such that for all
function f € LP(R?) N H?*™(R?), with 1 < p < 2, for all (a, B) € R? and all time t € R, we have

1 1
where — + — = 1.
p q

< Con[ 11w + [f ||z ) (1 + [ 3 HF)O=3) (5.4)

/ e_itha,g(/’ml)f(]g7 1) dl dk
R2

La

Let us return to the nonlinear problem. We consider the Cauchy problem

U + Uy + uPuy —uzzt—i—@;luyy =0 5.5)
u(z,y,0) = f(z,y).
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The existence and uniqueness of global solution, given by the theorem 1.2, is proved.

x

Proof. [Proof of the theorem 1.2] To simplify the writings, we denote T the operator defined by

+ D2
ik
the Fourier multiplicator o(k,1) := 117]{:2, and we denote also
1 54 2 1
b=|=-——]1-= =,
1<0=(3-3)(1-3) <3
We remark that 30
Tp >1. (5.7)

The Duhamel formula implies that u is the solution of the gKP-BBM-II equation (5.5)-(5.6) if and only
if u is the solution of the following equation, for ¢ > 0

I D
= = _—_— z P"Fl
u(t) = du(t) := S, f 1) Si—r (1 n D%u ) (1) dr, (5.8)

1 ihatily—it B2/ o
where S, f := (%)2/ IR £k, 1) di dk.
R2

We remark first of all that in one hand, we have for u € S(R?)

1/2
k 2 —
= </ (1+k2+z2)m(1ik2) |uP+1|2dl~cdl>
Hm™ R?

< (/ (1+k2+12)muﬂ+1|2dkdl) = [l | gm. (5.9)
]R2

p+1

D,
1+ D2

In the other hand, the Mikhlin-H6rmander theorem 3.1 is applied with o, defined above, to give, for
1 < p <2, there exists a constant C}, > 0 depending only on p such that

Man

D,
1+ D2

< Cpllu? ™| 1o (5.10)

Lr

Let T > 0, we define the norm Np by, for u € X2m+1’77%’p(R2),

Nr(u) = S [(Hullm (7) + el (P A+ 1)+ [full amirr s (T)} : (5.11)

From now, the end of the proof is similar to that of the theorem 1.1 by remarking that the Sobolev
4

1 1 1
inequality 3.3 in dimension 2 with —+ - =1,r =00, j=0,a = 1 and m =6 — — gives
p q D

1/4 3/4
lulloe < Cpllull/3_ Il 2" (5.12)
According to the definition (5.11) of the norm N7, we can see that the decay in time will be linked to

the norm L7 and the power 3/4. O

Remark 1 If we compare the generalized Korteweg-de Vries equation and his BBM version, we remark
that the decay rate in time is of the same order. In dimension 2, Haysahi, Naumkin and Saut [7] found,
for the generalized KP equation, a decay rate in time of order 1. However, nothing says that our result is
optimal and we wonder if we can find a decay rate in time better than 1/2, and approach 1 for the BBM
version. We plan to study this issue in a future work.
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