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Abstract. We consider the periodic Benjamin-Ono equation, regularized in the same manner the Benjamin-Bona-

Mahony equation is found from the Korteweg-de Vries one [3], namely the equation ut + ux + αuux + βH(uxt) = 0,

where H is the Hilbert transform, α the quotient between the characteristic waves amplitude and the depth of the waves

and β the quotient between this depth and the wavelength. We show that the solution, starting from an initial datum

of size ε, remains smaller than ε for a time scale of order
(
ε−1 β

α

)2
, whereas the local well-posedness gives only a time

of order ε−1 β
α

.
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Introduction

The small amplitude long waves moving inside a nonhomogeneous fluid (of infinite depth) are modelled
in 1−dimension by the Benjamin-Ono equation [2, 7, 13, 12]

ut + ux + αuux − βH(uxx) = 0,

where H denotes the Hilbert transform in the x−direction, α the quotient between the characteristic
waves amplitude and the depth of the waves and β the quotient between this depth and the wavelength.
We recall 0 < α, β ≤ 1. Since this equation is obtained correcting, at the second order, the transport
equation ut + ux = 0, we deduce the BO-BBM equation [3]

ut + ux + αuux + βH(uxt) = 0. (0.1)

First of all, we prove the global in time well-posedness of the Cauchy problem associated with the BO-
BBM equation (0.1) using the Brezis-Gallouët’s method.

Theorem 0.1
Let 0 < α, β ≤ 1 and s > 1/2. Let f ∈ Hs

0(T). Then there exists a unique global in time solution
u ∈ C(R, Hs

0(T)) of the Cauchy problem associated with (0.1) of initial datum f .

In particular, we deduce that the norm ||u(t)||1/2 is conserved by BO-BBM flow, i.e. for all t ∈ R,
||u(t)||1/2 = ||f ||1/2. We are then wondering how does the other norms Hs

0(T), for s > 1/2, behave? As

1



a consequence of the local in time well-posedness of the Cauchy problem associated with the BO-BBM
equation, for 0 < α, β ≤ 1 and s > 1/2, there exist two constants C1 > 0 and C2 > 0 such that, if

||f ||s ≤ ε, then for |t| ≤ C2 ε
−1 β

α
, the solution u satisfies

||u(t)||s ≤ C1ε. (0.2)

The goal of this work is to prove that the bound (0.2) can be true more long time. Our result reads as
follows.

Theorem 0.2

Let 0 < α, β ≤ 1 and s > 1/2. There exist 0 < ε0 <
β2

α
, C1 > 0 and C2 > 0 such that if f ∈ Hs

0(T) with

||f ||s ≤ ε, for ε ∈]0, ε0[, then the unique solution u of the periodic BO-BBM equation (0.1) with initial

datum f , satisfies for |t| ≤ C2

(
ε−1

β

α

)2

,

||u(t)||s ≤ C1ε. (0.3)

The principle of the proof consists in rewriting the BO-BBM equation in the normal form

vt + L(v) = F (v),

where L is the operator given by the linear BO-BBM evolution and F a multilinear operator of order
strictly higher than 2. The idea is to ameliorate the quadratic nature of the nonlinearity of the BO-BBM
equation. In our work, we are inspired by the method introduced by Tzvetkov [15], and F will be a
trilinear operator. In a more general way, this method is called Poincaré’s theory of normal forms [1].

The constraint of smallness on ε0 does not depend on α and β when
β2

α
≥ 1. We also notice that the

fact that ε0 is chosen in a such way ε <
β2

α
, with 0 < ε < ε0, implies that the extended time

(
ε−1

β

α

)2

is higher than the one found by the local existence ε−1
β

α
.

Let us fix α = 1. When β tends to zero, the persistence time of the bound (0.3) given by the theorem
0.2 also tends to zero. That is not surprising because the formal limit, when β tends to zero, of the
BO-BBM equation is the Burgers one

ut + ux + uux = 0.

The existence time of the Cauchy problem associated with this equation, for an initial datum of size ε,
is of order ε−1 and this time is maximum.

We mention that the model describes, in concrete terms, the small amplitude long waves moving at the
level of a thermocline. For example, in the strait of Gibraltar, the studied waves propagate at 200m deep
inside the Mediterranean sea (of total depth 900m), have an amplitude between 50m and 80m, for a wave-

length from 1 km to 2 km [10], in particular
1

4
=

50

200
≤ α ≤ 80

200
=

2

5
and

1

10
=

200

2000
≤ β ≤ 200

1000
=

1

5
.

We will use the following notations : T = R / (2πZ) is the one-dimensional torus, Z∗ the set of nonzero
integers. For s ∈ R, we denote Hs

0(T) the space of zero x-mean value functions equipped with the norm

||u(t)||s =

(∑
k∈Z∗

|k|2s|û(k)|2
)1/2

,
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where û denotes the Fourier transform defined by

û(k) =

∫
T

e−ikxu(x)dµ(x).

The measure dµ(x) is chosen proportional to the Lebesgue one on T and normalized such that

u(x) =
∑
k∈Z∗

eikxû(k).

The Hilbert transform H in the x−direction is defined in such a way that Ĥ(u) (k) := −i sgn(k) û(k).

The paper is subdivided into three sections. In Section 1, we prove the existence and uniqueness
of solution for the BO-BBM equation. Section 2 deals with the main result, namely the proof of the
theorem 0.2. In Section 3, the result found by Tzvetkov [15], concerning the KP equation (2d-model of
long dispersive nonlinear waves propagation) is extended and we explain why the method no longer apply
to its regularized version.

1 Existence and Uniqueness of solution

We consider the Cauchy problem, for t ∈ R, and x ∈ T,

ut + ux + αuux + βH(uxt) = 0 (1.1)

u(x, 0) = f(x). (1.2)

The equation (1.1) is rewritten as

ut +
∂x

1 + β|∂x|
u = −α

2

∂x
1 + β|∂x|

u2,

where
∂x

1 + β|∂x|
is defined by the Fourier symbol σ(k) :=

ik

1 + β|k|
.

The existence and uniqueness of local in time solution are first of all proved.

Theorem 1.1
Let 0 < α, β ≤ 1 and s > 1/2. Let f ∈ Hs

0(T). There exists a constant C0 > 0, depending only on s,
such that for

T =
1

C0||f ||s
β

α
,

there exists a unique solution u ∈ C([−T, T ];Hs
0(T)) of the periodic Cauchy problem (1.1)-(1.2).

Moreover, for all M > 0 with ||f ||s ≤ M and ||g||s ≤ M , there exists C1 > 0 such that the solutions u

and v, with f and g as initial data respectively, satisfy for t ∈ [−T, T ], with T =
1

C0M

β

α
,

||u(t)− v(t)||s ≤ C1||f − g||s.

Proof. The proof is done for positive time.
It is enough to remark for u ∈ Hs

0(T)∣∣∣∣∣∣∣∣ ∂x
1 + β|∂x|

u

∣∣∣∣∣∣∣∣2
s

=
∑
k∈Z∗

|k|2s
(

k

1 + β|k|

)2

|û(k)|2,
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and since 1 + β|k| ≥ β|k|, for k ∈ Z∗, we deduce

α

∣∣∣∣∣∣∣∣ ∂x
1 + β|∂x|

u

∣∣∣∣∣∣∣∣
s

≤ α

β
||u||s. (1.3)

Let T > 0. The Duhamel formula implies that u is the solution of the Cauchy problem (1.1)-(1.2) if and
only if u is the solution of the following equation, for t ∈ [0, T ],

u(t) = Φu(t) := Stf −
α

2

∫ t

0

St−τ

(
∂x

1 + β|∂x|
u2
)

(τ) dτ, (1.4)

with Stf :=
∑
k∈Z∗

eikxe−it
k

1+β|k| f̂(k). We aim to apply the fixed point theorem. We deduce from the

preceding formula and the inequality (1.3) that, for t ∈ [0, T ],

||Φu(t)||s ≤ ||f ||s +
α

2

∫ t

0

∣∣∣∣∣∣∣∣ ∂x
1 + β|∂x|

u2
∣∣∣∣∣∣∣∣
s

(τ) dτ,

and since s > 1/2, the Sobolev injection implies that there exists a constant Cs > 0, depending only on
s, such that

||Φu(t)||s ≤ ||f ||s +
α

β
Cs

∫ t

0

||u||2s(τ) dτ

≤ ||f ||s +
α

β
Cs T

(
sup
t∈[0,T ]

||u(t)||s

)2

. (1.5)

Then there exists C0 > 0 such that for T =
1

C0||f ||s
β

α
, the closed ball

BT :=

{
u ∈ C([0, T ];Hs

0(T)) ; sup
t∈[0,T ]

||u(t)||s ≤ 2||f ||s

}

verifies Φ(BT ) ⊂ BT . Indeed, let u ∈ BT , the inequality (1.5) becomes

||Φu(t)||s ≤ ||f ||s +
4Cs||f ||s

C0
,

and ||f ||s +
4Cs||f ||s

C0
≤ 2||f ||s if C0 ≥ 4Cs.

Let u and v in BT . The Duhamel formula (1.4) gives, for t ∈ [0, T ],

||Φu(t)− Φv(t)||s ≤ α

2

∫ t

0

∣∣∣∣∣∣∣∣ ∂x
1 + β|∂x|

(u2 − v2)

∣∣∣∣∣∣∣∣
s

(τ) dτ,

and the Sobolev injection implies

||Φu(t)− Φv(t)||s ≤ 4α

β
Cs||f ||sT sup

t∈[−T,T ]

||u− v||s(t)

=
4Cs
C0

sup
t∈[0,T ]

||u− v||s(t).
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For C0 > 4Cs, the map Φ is a contraction on BT . Finally, according to the fixed point theorem, there
exists a unique solution u of Φu(t) = u(t) in BT .
It remains to prove the continuity with the initial datum. Let u and v solutions of the Cauchy problem
(1.1)-(1.2) with initial data f and g respectively, such that ||f ||s ≤ M and ||g||s ≤ M . The Duhamel

formula (1.4) gives for t ∈ [0, T ], with T =
1

C0M

β

α
,

||u(t)− v(t)||s ≤ ||f − g||s +
α

2

∫ t

0

∣∣∣∣∣∣∣∣ ∂x
1 + β|∂x|

(u2 − v2)

∣∣∣∣∣∣∣∣
s

(τ) dτ

≤ ||f − g||s +
2Cs
C0M

(||f ||s + ||g||s) sup
t∈[0,T ]

||u− v||s(t).

Since C0 > 4Cs, we find

||u(t)− v(t)||s ≤ ||f − g||s +
1

2
sup
t∈[0,T ]

||u− v||s(t),

thus
sup
t∈[0,T ]

||u− v||s ≤ 2||f − g||s.

�

Remark 1
The time of the local well-posedness could be higher, especially in the case where 0 < β ≤ α ≤ 1, but
we have to impose more regularity for the initial datum [8]. More precisely, let us suppose s > 3/2 and
f ∈ Hs

0(T). Then, there exists C0 > 0, depending only on s, such that for

T =
1

C0||f ||s
1

α
,

there exists a unique solution u ∈ C([−T, T ];Hs
0(T)) of the periodic Cauchy problem (1.1)-(1.2).

On the other hand, the choice of ε0 in the theorem 0.2 also implies that the extended time

(
ε−1

β

α

)2

is

higher than ε−1
1

α
, the one found by this local existence result.

Now, we prove the global well-posedness of the BO-BBM equation.

Proposition 1
Let s > 1/2 and f ∈ Hs

0(T). Then the solution u of the Cauchy problem (1.1)-(1.2) verifies for all
t ∈ [−T, T ],

||u(t)||1/2 = ||f ||1/2.

Proof. We multiply the equation (1.1) by u and integrate over the x−direction, according standard
regularization arguments. �

To prove the global well-posedness, the Brezis-Gallouët’s method [5] is used.

Lemma 1.2
Let s > 1/2 and u ∈ C([−T, T ];Hs

0(T)) the solution of the Cauchy problem (1.1)-(1.2). Then there exists
C1 > 0 such that

||u||L∞ ≤ C1

(
1 +

√
log(1 + ||u||s)

)
.
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Proof. Let R > 0, where R is to be chosen. We write

||u||L∞ ≤ ||û||L1 =
∑
k∈Z∗

|û(k)| =
∑
|k|<R

|û(k)|+
∑
|k|≥R

|û(k)|

=
∑

0<|k|<R

(
|k|
|k|

)1/2

|û(k)|+
∑
|k|≥R

(
|k|
|k|

)s
|û(k)|.

The Cauchy-Schwarz inequality gives

||u||L∞ ≤

 ∑
0<|k|<R

|k||û(k)|2
1/2 ∑

0<|k|<R

1

|k|

1/2

+

 ∑
|k|≥R

|k|2s|û(k)|2
1/2 ∑

|k|≥R

1

|k|2s

1/2

.

Since s > 1/2, there exists ε > 0 such that 2(s− ε) > 1. We deduce

||u||L∞ ≤ C ||u||1/2
√

log(R) +
||u||s
Rε

 ∑
|k|≥R

1

|k|2(s−ε)

1/2

≤ C ||u||1/2
√

log(R) + C
||u||s
Rε

.

We choose R = (1 + ||u||s)1/ε to get

||u||L∞ ≤ C ε−1/2||u||1/2
√

log(1 + ||u||s) + C
||u||s

1 + ||u||s
.

�

Theorem 1.3
Let 0 < α, β ≤ 1 and s > 1/2. Let f ∈ Hs

0(T). Then there exists a unique global in time solution
u ∈ C(R, Hs

0(T)) of the Cauchy problem (1.1)-(1.2).

Proof. The time of the local existence given by the theorem 1.1 is denoted T again. For t ∈ [−T, T ],
the Duhamel formula is written

u(t) = Stf −
α

2

∫ t

0

St−τ

(
∂x

1 + β|∂x|
u2
)

(τ) dτ,

with Stf :=
∑
k∈Z∗

eikxe−it
k

1+β|k| f̂(k). We get then

||u(t)||s ≤ ||f ||s +
α

2β

∫ t

0

||u(τ)||L∞ ||u(τ)||s dτ.

The preceding lemma 1.2 implies that there exists C1 > 0 such that

||u(t)||s ≤ ||f ||s +
α

2β
C1

∫ t

0

(
1 +

√
log(1 + ||u(τ)||s)

)
||u(τ)||s dτ =: Ψ(t).

We notice

Ψ′(t) =
α

2β
C1

(
1 +

√
log(1 + ||u(t)||s)

)
||u(t)||s

≤ α

2β
C1

(
1 +

√
log(1 + Ψ(t)

)
Ψ(t) ≤ α

2β
C1 (1 + log(1 + Ψ(t)) Ψ(t),
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in another way, there exists C0 > 0 such that

d

dt
log (1 + log(1 + Ψ(t)) ≤ C0.

We deduce that there exist C2 > 0 and C3 > 0 such that for all t ∈ [−T, T ], ||u(t)||s ≤ ec2e
c3t

. In
particular, ||u(t)||s remains bounded on every finite time interval and the solution can be extended in
time at all R.

�

2 Long time bounds for the periodic BO-BBM equation

Corollary 1
Let 0 < α, β ≤ 1, s > 1/2. Let ε > 0 and f ∈ Hs

0(T) with ||f ||s ≤ ε. Then there exist C0 > 0 and C1 > 0

such that the solution u of the Cauchy problem (1.1)-(1.2) verifies for |t| ≤ C0 ε
−1 β

α
,

||u(t)||s ≤ C1ε.

We ask if the solution remains small more long time. To respond, we use a method introduced by
Tzvetkov [15].

We first prove some useful results. We recall that, for k ∈ Z, σ(k) =
ik

1 + β|k|
.

Lemma 2.1
The Fourier symbol σ satisfies for all k and k1 in Z∗

|σ(k1) + σ(k − k1)− σ(k)| ≥ β2 |kk1(k − k1)|
(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)

.

Proof. Six cases have to be studied.
i. If k > 0, k1 > 0 and k − k1 > 0, we have

|σ(k1) + σ(k − k1)− σ(k)| = |β(2 + βk)k1(k − k1)|
(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)

.

ii. If k > 0, k1 > 0 and k − k1 < 0,

|σ(k1) + σ(k − k1)− σ(k)| = |βk(2 + βk1)(k − k1)|
(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)

.

iii. If k > 0 and k1 < 0,

|σ(k1) + σ(k − k1)− σ(k)| = |βkk1(2 + β(k − k1))|
(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)

.

iv. If k < 0 and k1 > 0,

|σ(k1) + σ(k − k1)− σ(k)| =
| − βkk1(2− β(k − k1))|

(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)

=
β|k|k1(2 + β|k − k1|)

(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)
.
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v. If k < 0, k1 < 0 and k − k1 > 0,

|σ(k1) + σ(k − k1)− σ(k)| =
| − βk(2− βk1)(k − k1)|

(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)

=
β|k|(2 + β|k1|)(k − k1)

(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)
.

vi. If k < 0, k1 < 0 and k − k1 < 0,

|σ(k1) + σ(k − k1)− σ(k)| =
|(2− βk)(−βk1)(k − k1)|

(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)

=
(2 + β|k|)β|k1|(k − k1)

(1 + β|k|)(1 + β|k1|)(1 + β|k − k1|)
.

�

Let D :=
{

(k, k1) ∈ Z2 ; k 6= 0, k1 6= 0, k 6= k1
}

and we define the bilinear operator

B(u, v) := −α
2

∑
D

eikx
ik

1 + β|k|
û(k1) v̂(k − k1)

σ(k1) + σ(k − k1)− σ(k)
.

Lemma 2.2
Let s > 1/2. There exists a constant C > 0 such that for all u and v in Hs

0(T)

||B(u, v)||s ≤ C
α

β2
||u||s||v||s.

Proof. By duality, to prove the lemma is equivalent to prove for all w ∈ C∞per(T)∣∣∣∣∣∑
D

B̂(u, v)(k)ŵ(k)

∣∣∣∣∣ ≤ C α

β2
(||u||s||v||s) ||w||−s. (2.1)

Indeed, we have

||B(u, v)||2s =
∑
k∈Z∗

|k|2s|B̂(u, v)(k)|2 =
∑
k∈Z∗

B̂(u, v)(k)
(
|k|2sB̂(u, v)(k)

)
.

We set then ŵ(k) = |k|2sB̂(u, v)(k). We write

||B(u, v)||2s =
∑
k∈Z∗

B̂(u, v)(k) ŵ(k),

and according to the inequality (2.1)

||B(u, v)||2s ≤ C
α

β2
(||u||s||v||s) ||w||−s.

However

||w||−s =

(∑
k∈Z∗

|k|−2s|k|4s|B̂(u, v)(k)|2
)1/2

=

(∑
k∈Z∗

|k|2s|B̂(u, v)(k)|2
)1/2

= ||B(u, v)||s.
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We define then
û1(k) = |k|sû(k) , v̂1(k) = |k|sv̂(k) and ŵ1(k) = |k|−sŵ(k).

In particular, this implies

||u1||L2 = ||u||s , ||v1||L2 = ||v||s and ||w1||L2 = ||w||−s.

We find then
B̂(u, v)(k) =

α

2

ik

1 + β|k|
∑

k1 ∈ Z∗
k1 6= k

û(k1)v̂(k − k1)

σ(k1) + σ(k − k1)− σ(k)

=
α

2

ik

1 + β|k|
∑

k1 ∈ Z∗
k1 6= k

|k|sû1(k1)v̂1(k − k1)

|k1|s|k − k1|s(σ(k1) + σ(k − k1)− σ(k))
.

Finally, it is enough to prove∣∣∣∣∣α2 ∑
D

ik

1 + β|k|
|k|sû1(k1)v̂1(k − k1)ŵ1(k)

|k1|s|k − k1|s(σ(k1) + σ(k − k1)− σ(k))

∣∣∣∣∣ ≤ C α

β2
(||u1||L2 ||v1||L2) ||w||L2 .

Lemma 2.3
We have for k and k1 in D ∣∣∣∣ ik

1 + β|k|
1

σ(k1) + σ(k − k1)− σ(k)

∣∣∣∣ ≤ 4

β2
.

Proof. According to the lemma 2.1, we have for k and k1 in D,∣∣∣∣ ik

1 + β|k|
1

σ(k1) + σ(k − k1)− σ(k)

∣∣∣∣ ≤ (1 + β|k1|)(1 + β|k − k1|)
β2|k1(k − k1)|

.

Since 0 < β ≤ 1 and k, k1 ∈ Z∗, we have 1 + β|k1| ≤ 2 |k1| and 1 + β|k − k1| ≤ 2 |k − k1|, thus∣∣∣∣ ik

1 + β|k|
1

σ(k1) + σ(k − k1)− σ(k)

∣∣∣∣ ≤ 4

β2
.

�

For s ≥ 0, the triangle inequality implies

|k|s

|k1|s|k − k1|s
≤ C

(
1

|k1|s
+

1

|k − k1|s

)
,

and thanks to the preceding lemma, it remains to bound

α

β2

∑
D

|û1(k1)| |v̂1(k − k1)||ŵ1(k)|
|k1|s

+
α

β2

∑
D

|û1(k1)| |v̂1(k − k1)||ŵ1(k)|
|k − k1|s

=: I + II.

The Cauchy-Schwarz inequality in k gives

I ≤ α

β2

∑
k∈Z∗

 ∑
k1 ∈ Z∗
k1 6= k

|û1(k1)| |v̂1(k − k1)|
|k1|s


2

1/2(∑
k∈Z∗

|ŵ1(k)|2
)1/2

,
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then the Cauchy-Schwarz inequality in k1 is applied again,

I ≤ α

β2

 ∑
k1 ∈ Z∗
k1 6= k

1

|k1|2s


1/2∑

k∈Z∗

∑
k1 ∈ Z∗
k1 6= k

|û1(k1)|2|v̂1(k − k1)|2


1/2(∑

k∈Z∗
|ŵ1(k)|2

)1/2

.

Since s > 1/2, there exists C > 0 such that

I ≤ C
α

β2
(||u1||L2 ||v1||L2) ||w1||L2 .

By symmetry, we find similar inequality for II. �

For δ > 0, we set Uδ := {u ∈ Hs
0(T); ||u||s < δ}. For u ∈ Hs

0(T), we define the operator Λ by,

Λu := u+B(u, u).

The differential of this operator is given by, for all ϕ ∈ C∞per(T)

〈dΛ(u) , ϕ〉 = ϕ+ 2B(u, ϕ),

the preceding lemma implies that dΛ is continuous from Hs
0(T) to itself. Since dΛ(0) is the identity, the

inverse function theorem is applied to give the following lemma.

Lemma 2.4

Let s > 1/2. Then there exist 0 < δ′ <
β2

α
, δ > 0, and C > 0 such that for all v ∈ Uδ, there exists a

unique u ∈ Uδ′ such that Λu = v. Moreover

||u||s ≤ C||v||s,

and the map Λ−1 is of class C1.

We aim to know which equation is satisfied by Λ, i.e. what is the normal form of the BO-BBM
equation.

Lemma 2.5
Let s > 1/2. There exists a trilinear operator

F : Hs
0(T)×Hs

0(T)×Hs
0(T) −→ Hs

0(T)

satisfying that there exists a constant C > 0 such that for all (u1, u2, u3) ∈ Hs
0(T)×Hs

0(T)×Hs
0(T)

||F (u1, u2, u3)||s ≤ C
α2

β2
||u1||s||u2||s||u3||s,

and, if u ∈ C([−T, T ];Hs
0(T)) is solution of the equation (1.1), then v defined by, for t ∈ [−T, T ]

v(t) := u(t) +B(u(t), u(t)),

is solution of

vt +
∂x

1 + β|∂x|
v = F (u, u, u).

10



Proof. First of all we remark that v ∈ C([−T, T ];Hs
0(T)) according to the lemma 2.2. We write

vt +
∂x

1 + β|∂x|
v = ut + ∂tB(u, u) +

∂x
1 + β|∂x|

u+
∂x

1 + β|∂x|
B(u, u)

= −α
2

∂x
1 + β|∂x|

u2 + ∂tB(u, u) +
∂x

1 + β|∂x|
B(u, u).

In one hand, we have

∂tB(u, u) = B(ut, u) +B(u, ut) = 2B(ut, u)

= −α
∑
D

eikx
ik

1 + β|k|
ût(k1)û(k − k1)

σ(k1) + σ(k − k1)− σ(k)
.

Since u is solution of the equation (1.1), we obtain

ût(k) = −α
2

ik

1 + β|k|
û2(k)− σ(k)û(k),

thus, by symmetry, we have

∂tB(u, u) = −α
2

2

∑
D

eikx
kk1

(1 + β|k|)(1 + β|k1|)
û2(k1)û(k − k1)

σ(k1) + σ(k − k1)− σ(k)

+
α

2

∑
D

eikx
ik

1 + β|k|
(σ(k1) + σ(k − k1))û(k1)û(k − k1)

σ(k1) + σ(k − k1)− σ(k)
.

In the other hand, we have

∂x
1 + β|∂x|

B(u, u) = −α
2

∑
D

eikx
ik

1 + β|k|
σ(k)û(k1)û(k − k1)

σ(k1) + σ(k − k1)− σ(k)
.

The last term gives

−α
2

∂x
1 + β|∂x|

u2 = −α
2

∑
D

eikx
ik

1 + β|k|
û(k1)û(k − k1).

Finally, we find

vt +
∂x

1 + β|∂x|
v = −α

2

2

∑
D

eikx
kk1

(1 + β|k|)(1 + β|k1|)
û2(k1)û(k − k1)

σ(k1) + σ(k − k1)− σ(k)
.

(2.2)

We consider then D1:={(k, k1, k2) ∈ Z3; k 6= 0, k1 6= 0, k2 6= 0, k 6= k1, k1 6= k2} and we deduce from (2.2)
that F is defined by

F (u1, u2, u3) := −α
2

2

∑
D1

eikx
kk1

(1 + β|k|)(1 + β|k1|)
û1(k2)û2(k1 − k2)û3(k − k1)

σ(k1) + σ(k − k1)− σ(k)
.

Lemma 2.6
We have for k, k1 and k2 in D1∣∣∣∣ kk1

(1 + β|k|)(1 + β|k1|)
1

σ(k1) + σ(k − k1)− σ(k)

∣∣∣∣ ≤ 2

β2
.
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Proof. According to the lemma 2.1, we have for k, k1 and k2 in D1,∣∣∣∣ kk1
(1 + β|k|)(1 + β|k1|)

1

σ(k1) + σ(k − k1)− σ(k)

∣∣∣∣ ≤ 1 + β|k − k1|
β2|k − k1|

,

and since 0 < β ≤ 1 and k, k1 ∈ Z∗, we have 1 + β|k − k1| ≤ 2 |k − k1|, thus∣∣∣∣ kk1
(1 + β|k|)(1 + β|k1|)

1

σ(k1) + σ(k − k1)− σ(k)

∣∣∣∣ ≤ 2

β2
.

�

In the same manner as lemma 2.2, by duality, it is enough to bound

I :=
α2

2β2

∑
D1

|k|s|û1(k2)| |û2(k1 − k2)| |û3(k − k1)| |û4(k)|
|k2|s|k1 − k2|s|k − k1|s

.

The Cauchy-Schwarz inequality is applied first in k to give

I ≤ α2

β2

∑
k∈Z∗

 ∑
(k1, k2) ∈ (Z∗)2
k1 6= k, k2 6= k1

|k|s|û1(k2)| |û2(k1 − k2)| |û3(k − k1)|
|k2|s|k1 − k2|s|k − k1|s


2

1/2

||u4||L2 ,

and then in (k2, k1),

I ≤ α2

β2

∑
k∈Z∗

∑
(k1, k2) ∈ (Z∗)2
k1 6= k, k2 6= k1

|û1(k2)|2 |û2(k1 − k2)|2 |û3(k − k1)|2

×
∑

(k1, k2) ∈ (Z∗)2
k1 6= k, k2 6= k1

|k|2s

|k2|2s|k1 − k2|2s|k − k1|2s


1/2

||u4||L2 ,

However, since s > 1/2 ≥ 0, the triangle inequality implies

|k|2s

|k2|2s|k1 − k2|2s|k − k1|2s
≤ C

(
1

|k2|2s|k1 − k2|2s
+

1

|k2|2s|k − k1|2s
+

1

|k1 − k2|2s|k − k1|2s

)
,

thus

sup
k∈Z∗

∑
(k1, k2) ∈ (Z∗)2
k1 6= k, k2 6= k1

|k|2s

|k2|2s|k1 − k2|2s|k − k1|2s
< +∞.

�

We now prove the main result of this paper.
Proof of the theorem 0.2. We suppose t > 0, the proof being similar for negative time. Let δ and δ′

the positive constants involved in the lemma 2.4.
According to the local well-posedness theorem 1.1, there exists ε0 > 0 such that if f ∈ Uε, for ε ∈]0, ε0[,

then for t ≤ C2 ε
−1 β

α
,

u(t) +B(u, u)(t) ∈ Uδ and u(t) ∈ Uδ′ .
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Thus u(t) = Λ−1v(t) for t ≤ C2 ε
−1 β

α
=: T .

The Duhamel formula gives for t ∈ [0, T ]

v(t) = St (f +B(f, f)) +

∫ t

0

St−τ (F (u, u, u)) (τ) dτ, (2.3)

with Stf :=
∑
k∈Z∗

eikxe−it
k

1+β|k| f̂(k). Thanks to the lemma 2.2, there exists C1 > 0 such that we have

||St (f +B(f, f))||s ≤ ||f ||s + ||B(f, f)||s

≤ ||f ||s + C
α

β2
||f ||2s ≤ C1ε

(
1 + ε

α

β2

)
.

Even if we take ε0 > 0 smaller, we have ε <
β2

α
and 1 <

(
1 + ε

α

β2

)
< 2, and we deduce

||St (f +B(f, f))||s ≤ 2C1ε. (2.4)

The lemmas 2.4 and 2.5 imply that there exists C3 > 0 such that if v(t) ∈ Uδ′ for t ∈ [0, T ], then∣∣∣∣∣∣∣∣∫ t

0

St−τ
(
F (Λ−1v,Λ−1v,Λ−1v)

)
(τ) dτ

∣∣∣∣∣∣∣∣
L∞([0,T ];Hs0 (T))

≤ C3
α2

β2
T ||v||3L∞([0,T ];Hs0 (T))

.

(2.5)

Even if we take ε0 > 0 smaller, we impose 2C1ε0 < δ. We set C0 =
1

54C2
1C3

and T0 = C0

(
ε−1

β

α

)2

. It

follows then
||v||L∞([0,T0];Hs0 (T)) ≤ 3C1ε. (2.6)

Let us suppose that the inequality (2.6) fails. Since

||v(0)||s = ||f +B(f, f)||s ≤ C1ε

(
1 + ε

α

β2

)
< 3C1ε,

by continuity with time, there exists τ ∈ [0, T0] such that for t ∈ [0, τ ]

||v(t)||s ≤ 3C1ε and ||v(τ)||s = 3C1ε.

Let C the positive constant involved in the lemma 2.4, we also impose 3C1Cε0 < δ′. We know that
u(t) ∈ Uδ′ for |t| ≤ T , and with this choice of ε, it follows that u(t) ∈ Uδ′ for t ∈ [0, τ ]. Indeed, if there
exists τ1 ∈ [0, τ ] such that for t ∈ [0, τ1]

||u(t)||s < δ′ and ||u(τ1)||s = δ′,

then by continuity with time and according to the lemma 2.4, we have

δ′ = ||u(τ1)||s = lim
t→τ1

||u(t)||s ≤ sup
0≤t<τ1

||u(t)||s

≤ sup
0≤t<τ1

C||v(t)||s ≤ 3C1Cε < δ′,

which is a contradiction.
Finally, we find from the Duhamel formula (2.3) and inequalities (2.4) and (2.5)

||v||L∞([0,τ ];Hs0 (T)) ≤ 2C1ε+ C3
α2

β2
τ ||v||3L∞([0,τ ];Hs0 (T))

,
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or equivalently

3C1ε ≤ 2C1ε+ C3
α2

β2
τ (3C1ε)

3
,

which gives

τ ≥ 2C0

(
ε−1

β

α

)2

= 2T0.

This is a contradiction with the fact τ ∈ [0, T0]. Then the inequality (2.6) is true and using the lemma
2.4, it get for t ∈ [0, T0]

||u(t)||s ≤ C||v(t)||s ≤ 3C1Cε.

�

Remark 2 Nothing says, in this proof, that the bound in time

(
ε−1

β

α

)2

is optimal.

Remark 3 In the continuous case (x ∈ R), we can use the dispersive properties of the linear evolution
via the Van der Corput’s lemma, these properties being false in the periodic case. More precisely, we
already proved [11] that, for a initial datum of size ε, for 2 < q < +∞, there exists C > 0 such that for
all t ∈ R

||u(t)||Lq ≤ Cε.

The proof requires to impose a nonlinearity of type uρux with ρ ≥ 3.

3 Remarks about the KP equations

In this section, we slightly improve the result found by Tzvetkov [15] by considering the KP-II equation
rewritten under the form

ut + ux + αuux + βuxxx + γ∂−1x uyy = 0.

Here, ∂−1x denotes the anti-derivative, defined such that ∂̂−1x u (k) :=
û(k)

i k
, α the quotient between the

characteristic waves amplitude and the depth of the fluid, β the square of the quotient between this
depth and the wavelength in the x−direction and γ the square of the quotient between the wavelengths
in the two directions of the surface. This equation results from the modelling of the small amplitude
long waves in shallow water moving mainly in the x−direction. In concrete terms, if we consider such
waves propagating on the Pacific ocean, i.e. for an average depth of 4000 metres, the studied waves

have an amplitude around 1m, for a wavelength 213 km [6], in particular α =
1

4000
= 2.5× 10−4 and

β =

(
4000

213000

)2

' 3.5× 10−4.

The global in time well-posedness of the KP-II equation is proved by Bourgain [4] for all initial data
f ∈ Hs

0(T2), with s ≥ 0. In particular, the mass

||u(t)||L2 = ||f ||L2

is conserved for all time t ∈ R. The local in time well-posedness [9] implies that, for s > 2, there exist

C1 > 0 and C2 > 0, depending only on s, such that, if ||f ||s ≤ ε, then for |t| ≤ C2 ε
−1 1

α
,

||u(t)||s ≤ C1 ε. (3.1)
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The dispersive relation σ, defined for (k, l) ∈ Z2, by σ(k, l) := i

(
k − βk3 + γ

l2

k

)
, verifies for (k, l) and

(k1, l1) in Z2, with k 6= 0, k1 6= 0 and k 6= k1,

|σ(k1, l1) + σ(k − k1, l − l1)− σ(k, l)| ≥ 3β|kk1(k − k1)|.

Let D :=
{

(k, l, k1, l1) ∈ Z4 ; k 6= 0, k1 6= 0, k 6= k1
}

, we define the bilinear operator

B(u, v) := −α
2

∑
D

eikx+ily
ik û(k1, l1) v̂(k − k1, l − l1)

σ(k1, l1) + σ(k − k1, l − l1)− σ(k, l)
.

We can prove similar lemmas as 2.2, 2.4 and 2.5.

Lemma 3.1
Let s > 1. There exists C > 0 such that for all u and v in Hs

0(T2)

||B(u, v)||s ≤ C
α

β
||u||s||v||s.

There exists a trilinear operator

F : Hs
0(T2)×Hs

0(T2)×Hs
0(T2) −→ Hs

0(T2)

satisfying that there exists C > 0 such that for all (u1, u2, u3) ∈ Hs
0(T2)×Hs

0(T2)×Hs
0(T2)

||F (u1, u2, u3)||s ≤ C
α2

β
||u1||s||u2||s||u3||s.

Moreover, if u ∈ C([−T, T ];Hs
0(T2)) is solution of the equation of the KP-II equation, then v defined by,

for t ∈ [−T, T ]
v(t) := u(t) +B(u(t), u(t)),

is solution of
vt + vx + βvxxx + γ∂−1x vyy = F (u, u, u).

In the same way as for the theorem 0.2, for s > 1, there exist 0 < ε0 <
β

α
and C1 > 0 such that if

||f ||s ≤ ε, the bound (3.1) can be extended until the time

T = C1

(
ε−1
√
β

α

)2

.

Here again, the constraint of smallness on ε0 does not depend on α and β when
β

α
≥ 1, and the fact that

ε0 is chosen in a such way ε <
β

α
, with 0 < ε < ε0, implies that

(
ε−1
√
β

α

)2

≥ ε−1 1

α
. If α = β = γ = 1,

we find the result proved by Tzvetkov [15] again. We notice that the transverse y−direction, given by γ,
has no effect on the bound in time.

Let us consider now the KP-BBM-II equation (regularized version of KP-II)

vt + vx + αvvx − βvxxt + γ∂−1x vyy = 0.
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We can also prove the global well-posedness of the Cauchy problem [14] and the norm ||u(t)||1 is conserved
for all time t ∈ R. As a consequence of the local in time well-posedness of the Cauchy problem, for s > 1,

there exist C1 > 0 and C2 > 0 such that if ||f ||s ≤ ε, then for |t| ≤ C2 ε
−1 β

α
, the solution v satisfies

||v(t)||s ≤ C1ε. (3.2)

But this bound (3.2) can not be extended more long time by using the normal form method. Indeed, if

we denote for (k, l) ∈ Z2, σ(k, l) := i
k + γ l

2

k

1 + βk2
, then for (k, l) and (k1, l1) in Z2, with k 6= 0, k1 6= 0 and

k 6= k1, the dispersive relation σ verifies

|σ(k1, l1) + σ(k − k1, l − l1)− σ(k, l)| =
∣∣β(3 + β(k21 − kk1 + k2)) +R

∣∣ (3.3)

× |kk1(k − k1)|
(1 + βk2)(1 + βk21)(1 + β(k − k1)2)

,

where R = R(k, k1, l, l1, γ, β) can be negative, then the equality (3.3) can vanish. The first term in (3.3)
can be used to find similar long time bounds for the BBM equation.
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