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Abstract. We consider the periodic Benjamin-Ono equation, regularized in the same manner the Benjamin-Bona-
Mahony equation is found from the Korteweg-de Vries one [3], namely the equation us + uz + auug + SH(ugzt) = 0,
where H is the Hilbert transform, a the quotient between the characteristic waves amplitude and the depth of the waves
and (8 the quotient between this depth and the wavelength. We show that the solution, starting from an initial datum
of size €, remains smaller than € for a time scale of order (8*1 g)g, whereas the local well-posedness gives only a time

of order e~12.
«@
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Introduction

The small amplitude long waves moving inside a nonhomogeneous fluid (of infinite depth) are modelled
in 1—dimension by the Benjamin-Ono equation [2, 7, 13, 12]

Ut + Uy + quuy, — BH (uzy) =0,

where H denotes the Hilbert transform in the x—direction, « the quotient between the characteristic
waves amplitude and the depth of the waves and 8 the quotient between this depth and the wavelength.
We recall 0 < «, 8 < 1. Since this equation is obtained correcting, at the second order, the transport
equation u; + u; = 0, we deduce the BO-BBM equation [3]

Ut + Uy + quty, + BH (uge) = 0. (0.1)

First of all, we prove the global in time well-posedness of the Cauchy problem associated with the BO-
BBM equation (0.1) using the Brezis-Gallouét’s method.

Theorem 0.1
Let 0 < a, 8 < 1 and s > 1/2. Let f € HS(T). Then there exists a unique global in time solution
u € C(R,H§(T)) of the Cauchy problem associated with (0.1) of initial datum f.

In particular, we deduce that the norm ||u(t)|[,/2 is conserved by BO-BBM flow, i.e. for all ¢ € R,
[lu(t)||1/2 = || fll1/2- We are then wondering how does the other norms Hg(T), for s > 1/2, behave? As



a consequence of the local in time well-posedness of the Cauchy problem associated with the BO-BBM
equation, for 0 < a,8 < 1 and s > 1/2, there exist two constants C; > 0 and Cy > 0 such that, if

1B . .
s =< = NS
[|flls < e, then for [t| < Cse the solution u satisfies
et

lu®)]ls < Cre. (0.2)

The goal of this work is to prove that the bound (0.2) can be true more long time. Our result reads as
follows.

Theorem 0.2 )

Let 0 < a,8 <1 and s > 1/2. There exist 0 < g < B—, Cy > 0 and Cy > 0 such that if f € H{(T) with
a

I flls < e, for e €]0,e0[, then the unique solution u of the periodic BO-BBM equation (0.1) with initial

2
datum f, satisfies for |t| < Cy <5—1B> ,
a

lu(®)]]s < Cre. (0.3)
The principle of the proof consists in rewriting the BO-BBM equation in the normal form
vy + L(v) = F(v),

where L is the operator given by the linear BO-BBM evolution and F' a multilinear operator of order
strictly higher than 2. The idea is to ameliorate the quadratic nature of the nonlinearity of the BO-BBM
equation. In our work, we are inspired by the method introduced by Tzvetkov [15], and F will be a

trilinear operator. In a more general way, this method is called Poincaré’s theory of normal forms [1].
2

The constraint of smallness on ¢g does not depend on « and 8 when B— > 1. We also notice that the
@

2 2
fact that €¢ is chosen in a such way € < ﬂ—, with 0 < € < ¢, implies that the extended time <515)
a o}

is higher than the one found by the local existence &~ * é

Let us fix @« = 1. When S tends to zero, the persister?ce time of the bound (0.3) given by the theorem
0.2 also tends to zero. That is not surprising because the formal limit, when 8 tends to zero, of the
BO-BBM equation is the Burgers one

U + Uy + uu, = 0.

The existence time of the Cauchy problem associated with this equation, for an initial datum of size ¢,
is of order e~! and this time is maximum.

We mention that the model describes, in concrete terms, the small amplitude long waves moving at the
level of a thermocline. For example, in the strait of Gibraltar, the studied waves propagate at 200 m deep

inside the Mediterranean sea (of total depth 900 m), have an amplitude between 50 m and 80 m, for a wave-
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We will use the following notations : T = R /(27Z) is the one-dimensional torus, Z* the set of nonzero
integers. For s € R, we denote H§(T) the space of zero a-mean value functions equipped with the norm

1/2
lu(@®)l]s = (Z Ikl%ﬂ(kﬂz) ;

keZx*



where @ denotes the Fourier transform defined by
a(k) = /e*ikwu(x)du(x).
T
The measure du(x) is chosen proportional to the Lebesgue one on T and normalized such that

u(z) = Z e (k).

keZ*

—

The Hilbert transform H in the z—direction is defined in such a way that H(u) (k) := —isgn(k) u(k).

The paper is subdivided into three sections. In Section 1, we prove the existence and uniqueness
of solution for the BO-BBM equation. Section 2 deals with the main result, namely the proof of the
theorem 0.2. In Section 3, the result found by Tzvetkov [15], concerning the KP equation (2d-model of
long dispersive nonlinear waves propagation) is extended and we explain why the method no longer apply
to its regularized version.

1 Existence and Uniqueness of solution

We consider the Cauchy problem, for ¢t € R, and = € T,

ug + Uy + quuy + fH(ug) = 0 (1.1)
u(z,0) = f(x). (1.2)
The equation (1.1) is rewritten as
w + % o O o
T B0 214610,
here Oa is defined by the Fourier symbol o (k) ik
where ———— i n urier symbol o (k) := ———.
1+ B[0y| Y Y 1+ flk]

The existence and uniqueness of local in time solution are first of all proved.

Theorem 1.1
Let 0 < a,8 <1 and s > 1/2. Let f € H§(T). There exists a constant Cy > 0, depending only on s,
such that for

1 B

" Collflls @’

there exists a unique solution w € C([=T,T]; H§(T)) of the periodic Cauchy problem (1.1)-(1.2).
Moreover, for all M > 0 with ||f||s < M and ||g||s < M, there exists C1 > 0 such that the solutions u
L B

and v, with f and g as initial data respectively, satisfy for t € [=T,T), with T = o
0 «

lu(t) = v(®)[ls < CLllf —glls-

Proof. The proof is done for positive time.
It is enough to remark for v € H§(T)

%
1+ B0, |

=y ke () e

S keZ*




and since 1+ Blk| > Blk|, for k € Z*, we deduce

%
1+ 3|0,

ﬂ\ < Sl (1.3)

Let T' > 0. The Duhamel formula implies that w is the solution of the Cauchy problem (1.1)-(1.2) if and
only if u is the solution of the following equation, for ¢ € [0, T,

u(t) = ®ult) = 5,f ~ 5 /0 s . <1+(?§’|8$|“2> (r) dr, (1.4)

with S;f = Z eime_it“rg\k\f(k). We aim to apply the fixed point theorem. We deduce from the
kez~
preceding formula and the inequality (1.3) that, for ¢ € [0, 7],

8m 2

71+6|az‘u (1) dr,

S

a t
leull < Nl +5 [

and since s > 1/2, the Sobolev injection implies that there exists a constant Cs > 0, depending only on
s, such that

t
«a
leudlle < IWfll+ G0 [ llulBr)ar
0
2
«a
< Al + 5CST< sup IU(t)|s> : (1.5)
te[0,T]
Then there exists Cp > 0 such that for T' = 7§, the closed ball
Collfl]s

Br:= {u € C([0,T); H3(T)) ; sup [Ju(®)]]s < 2||f|s}

t€[0,7]
verifies ®(B7) C By. Indeed, let u € By, the inequality (1.5) becomes

AC|f]ls

Du(t)||s < s )
(o)l < 11l + =5

4C; .
an 111, + 2 < 911, i 0y > 4
Let u and v in By. The Duhamel formula (1.4) gives, for ¢ € [0, 7],
a [! 0
du(t) — dv(t)|ls < —/ — T (u? =P T)dT,
Iout) - ool < 5 [ ||t )| o)

and the Sobolev injection implies

da
[u(t) = @o®)|ls < — CsllfllsT sup |ju—v|]s(t)
ﬂ te[—T,T)
4C,
= —— sup ||lu—v||s(f).
o te[ml\ Ils(2)



For Cy > 4C,, the map @ is a contraction on Br. Finally, according to the fixed point theorem, there
exists a unique solution u of ®u(t) = u(t) in Br.

It remains to prove the continuity with the initial datum. Let u and v solutions of the Cauchy problem
(1.1)-(1.2) with initial data f and g respectively, such that ||f||s < M and ||g||s < M. The Duhamel

formula (1.4) gives for t € [0, 7], with T =

CoM o’
a [t Oy 9 9
_ < _ e T _

) ~vlls < 1F =gl + G [ | o =0 | )
< f—glls + 2C- (If1ls + llglls) sup || I[5(t)
=~ - s s s up ||u — v||s(l)-

g CoM g t€[0,7]

Since Cy > 4C, we find
1
lu@®) =v@®)ls < Nf —glls +5 sup [fu—v[ls(),
te[0,T]

thus

sup |[u —v[|s <2[|f — glls.
t€[0,T)

Remark 1

The time of the local well-posedness could be higher, especially in the case where 0 < f < a < 1, but
we have to impose more regularity for the initial datum [8]. More precisely, let us suppose s > 3/2 and
f e H3(T). Then, there exists Cy > 0, depending only on s, such that for

1 1
T= s,
Collfls @

there exists a unique solution u € C([=T,T); HE(T)) of the periodic Cauchy problem (1.1)-(1.2).
2
On the other hand, the choice of ¢ in the theorem 0.2 also implies that the extended time <slﬂ> 18
@

1

1
higher than €~ —, the one found by this local existence result.
a

Now, we prove the global well-posedness of the BO-BBM equation.

Proposition 1
Let s > 1/2 and f € H{(T). Then the solution u of the Cauchy problem (1.1)-(1.2) verifies for all
tel[-T,T],

w12 = I1f]l1/2-
Proof. We multiply the equation (1.1) by w and integrate over the z—direction, according standard
regularization arguments. O

To prove the global well-posedness, the Brezis-Gallouét’s method [5] is used.

Lemma 1.2
Let s > 1/2 and u € C([-T,T); H§(T)) the solution of the Cauchy problem (1.1)-(1.2). Then there exists

C1 > 0 such that
fullz < €y (1+ VViog(L+ [ul],))



Proof. Let R > 0, where R is to be chosen. We write

Yolatk)l = D lak) + Y lalk)

[lullzee < l@][Ls

keZ* |k|<R |k|>R
RINY2 ]
= > (1) w3 (1) oo
0<|k|<R |k|>R
The Cauchy-Schwarz inequality gives
1/2 1/2 1/2
X 1 s
lull= < | > Ikllak))? > T + D kPlack e
0<|k|<R 0<|k|<R |k|>R \k\>R

Since s > 1/2, there exists € > 0 such that 2(s — &) > 1. We deduce

[lulls

Re ‘k|25 11 [2(s—e)
\k|>R

IN

[lul| L Clull1/2v/1og(R) +

[lulls

Re

IN

Cllull1/2v/1og(R) + C =

We choose R = (1 + [|ul|s)"/¢ to get

uls
ullze < €2 ulls 2/ Tog( + Tally] + € s

L+ [fulls”

Theorem 1.3
Let 0 < a, 8 <1 and s > 1/2. Let f € H§(T). Then there exists a unique global in time solution
u € C(R,H§(T)) of the Cauchy problem (1.1)-(1.2).

Proof. The time of the local existence given by the theorem 1.1 is denoted T again. For t € [-T,T],
the Duhamel formula is written

a [ Op
u(t) = Stf — 5/0 Stf-,- (]WUZ) (T) dT,

with Sy f := Z ethe o TR f(k) We get then

keZx

[lu@®lls < 1IF1ls + ;;/Of [u(m) |z~ fu(T)]s dr-

The preceding lemma 1.2 implies that there exists C; > 0 such that

ka®)lls < 141l + 55 o / (14 Viog(1+ [[u(r)]I0)) llu(r)ll, dr = w(2).

We notice
VD) = 550 (14 Vios + TN ) et
< ?Cl (1+\/log(1+\11(t))\1'(t < 7301 (1 +log(1 + W(t)) W(t),



in another way, there exists Cy > 0 such that

%log (1+41log(1+ ¥ (¢)) < Co.

We deduce that there exist Cy > 0 and C5 > 0 such that for all t € [T, 7], |[u(t)|ls < e=2¢*". In
particular, ||u(t)||s remains bounded on every finite time interval and the solution can be extended in
time at all R.

O

2 Long time bounds for the periodic BO-BBM equation

Corollary 1
Let 0 < o, <1,5>1/2. Let e >0 and f € H(T) with ||f||s < e. Then there exist Cy >0 and C1 >0

such that the solution u of the Cauchy problem (1.1)-(1.2) verifies for |t| < Cy 5_1E,

lu(®)lls < Cre.

We ask if the solution remains small more long time. To respond, we use a method introduced by
Tzvetkov [15].
ik

We first prove some useful results. We recall that, for k € Z, o(k) = T3 Bl

Lemma 2.1
The Fourier symbol o satisfies for all k and ki in Z*

|kk1(k — k1)|

o (k1) + ok — k1) —o(k)| > B (1 + BIEN (L + Blk1]) (1 + Blk — Ka])

Proof. Six cases have to be studied.
i. If >0,k >0and k — k; >0, we have

|B(2 + Bk)k1(k — k1)
(1 + BIENA 4 BlE) (1 + BlE — K1)

lo(k1) + ok — k1) —o(k)| =

ii. If >0,k >0and k—k; <0,

|BE(2 + Bk1)(k — k1)
(14 BIED(L+ Blka)) (X + BlE — k)

lo(k1) + ok — k1) —o(k)| =

iii. If &> 0 and k1 <0,

|Bkk1(2 4 B(k — k1))
(1 + BIENA 4 BlE)(1 + Bk — K1)

o(k1) +o(k = k1) —o(k)| =

iv. If K <0 and k; > 0,

| — Bkk1(2 — B(k — k1))
(1+ BlE) (L + Blk|)(1 + Blk — k1)
Blklk1(2 + Blk — ki)
(14 BlED (L + Blka]) (1 + Blk — ki)

o(k1) +o(k = k1) —o(k)] =




v. If k<0, k <0and k—Fk; >0,

| — Bk(2 — Bk1)(k — k1)|

(14 BIE[) (1 + Blk1])(1 + Blk — k1)
BIE[(2 + Blk1])(k — k1)

(1 + BIE) (1 + BlkL)(1 + Bk — k1)

o(k1) +o(k = k1) —o(k)| =

vi. Ik <0,k <0and k —k; <0,

(2 = BR)(=BE) (k — k)
(L+ BIRD(L+ Blkal) (1 + Blk — K]}
(2+ BIK)Blkw|(k — k)

L+ BIR) (L + Bl )1+ Blk — Fa])

|o(k1) + ok = k1) — o (k)|

O
Let D := {(k7 ki) €Z?; k#0,ky # 0,k # kl} and we define the bilinear operator
ik k) ik — by)
B(u,v) — ikz .
(00) = = T R o) + otk F1) - o9
Lemma 2.2
Let s > 1/2. There exists a constant C > 0 such that for all u and v in HF(T)
a
1B(u,v)lls < C@llul\sﬂv\ls'
Proof. By duality, to prove the lemma is equivalent to prove for all w € Cpe,.(T)
ZB u, v)(k)w(k)| < 52 = (lallllolls) [l - (2.1)

Indeed, we have

IBew,o)l> = S I6*[Blw,o)(k)P = 3 Blu,v) <|k|23B(u v)(k))

kezZx* keZ*

We set then w(k) = k|2 B(u, v)(k). We write

1B, v)[2= 3" Blu,v)(k) d(k),

kez*
and according to the inequality (2.1)
1B(u, )7 < 052 (ells[lol]s) [few]| -
However 1/2
lwll-s = (Z k|72 k[ **] B(u, v)(k:)|2>
kez*

1/2
(}:uﬂﬂé@IMmF> — [|B(u, v)]].

kezx



We define then
1 (k) = |k[*a(k) , 01(k) = |k[*0(k) and @i (k) = |k|*0(k).

In particular, this implies

luallze = [lulls , [lvillze = [lvlls and [lwi||z2 = |Jw]]-s.
We find then —— a ik w(k1)o(k — k1)
B(u,v)(k) = ————
(w, 0)(k) 21+ﬁ%|k%;*a%ﬁ+a%—kﬁ—o%)
k‘ll #k
_ o ik 3 k| "ty (k1) 01 (k — k1)
2T+ A 2 Tl o= Il (k) + ok — br) — o (k)
k1 # k
Finally, it is enough to prove
(0% ik |k/’|s121 (k‘l)f}l(kﬁ - k‘l)UA}l(k') (0%
— <C— (||lu v wl|pz.
2%;1+BMHMMk—hP@%Q+J@ka—U®D'_ gz (lunllzaflonllzz) flwl]..
Lemma 2.3
We have for k and ki in D
ik 1 < 4
1+ Blk| o(k1) +o(k — k1) —o(k)| — B2

Proof. According to the lemma 2.1, we have for k and k; in D,

‘ ik 1 ‘< (1+ Blki])(X + Blk — k1l)
14 BIR| o 0e1) + ok — 1) — o (R) Bk — k)

Since 0 < B <1 and k, k; € Z*, we have 1 4 Blk1| < 2k1| and 1 + S|k — k1| < 2|k — k1|, thus

‘ ik 1 ‘< 4
1+ Blkl o(k1) +o(k — k1) —o(k)| — B2

For s > 0, the triangle inequality implies

|k|5<0< 1 _|_1>
[kils|k —kals = 7 \|kal® |k =FKa* )’

and thanks to the preceding lemma, it remains to bound

|ty (k1) [01(k — k1) |1 (B |ty (k1) [01(k — k)| (K]
=: T+ 1II
7 Z 2L e Z & — " *

The Cauchy-Schwarz inequality in k gives
2. 1 /2

. . 1/2
I < % Z Z |U1(k1)|||]:11|£k_k1)| (Z |7i/1(k)|2> ,

kez* | k, cz* kez*
ki #k




then the Cauchy-Schwarz inequality in k; is applied again,

1/2 1/2

1/2
« 1 N . N
1<% > el Yoo > k) Ploa(k — k)P (Z |“’1("7)|2> :
ki €ezZ* 1 keZ* k, €7*
ki #k ki #k

Since s > 1/2, there exists C' > 0 such that

«
I < C 5 (llurllzz[lor][z2) [[wn ][ 2-

- B
By symmetry, we find similar inequality for II. O
For § > 0, we set Us := {u € H;(T); ||u||s < d}. For u € H§(T), we define the operator A by,
Au:=u+ B(u,u).

The differential of this operator is given by, for all p € C2.(T)

per

(dA(u), ») = ¢+ 2B(u, p),

the preceding lemma implies that dA is continuous from H§(T) to itself. Since dA(0) is the identity, the
inverse function theorem is applied to give the following lemma.

Lemma 2.4

2
Let s > 1/2. Then there exist 0 < §' < %, 6 > 0, and C > 0 such that for all v € Uy, there exists a

unique u € Us such that Au = v. Moreover
llulls < Cllvl]s,
and the map A~1 is of class C*.

We aim to know which equation is satisfied by A, i.e. what is the normal form of the BO-BBM
equation.

Lemma 2.5
Let s > 1/2. There exists a trilinear operator

F: H{(T) x Hi(T) x Hi(T) — HE(T)

satisfying that there exists a constant C' > 0 such that for all (u1,uz,us) € HS(T) x HE(T) x H5(T)

2
o
1 (w1, w2, us)lls < Cggllunllsfluzlls[lus]ls,

and, if u € C([-T,T); H5(T)) is solution of the equation (1.1), then v defined by, fort € [-T,T)
v(t) := u(t) + B(u(t), u(t)),
is solution of

Oy

vy + ————v = F(u,u,u).
e

10



Proof. First of all we remark that v € C([-T,T]; H§(T)) according to the lemma 2.2. We write
O _ O 0

_ B *_B
Ut+1+ﬁ|8m\v us + O (u7u)+1+5\31|u+1+5|8m\ (u, u)
« az 2 az
In one hand, we have
O B(u,u) = DB(ug,u)+ B(u,ur) = 2B(ug,u)
- ike__ Uk iy (ky)a(k — k)
- O‘ED:G 1+ Blk[o(k1) + ok — k1) — o (k)

Since w is solution of the equation (1.1), we obtain

a 1tk -

thus, by symmetry, we have
_ _&2 ikx kkl ;E(kl)ﬂ(k' — ]{11)
OB = = D RN T B o) T oh k) — o(8)

N ke tk (0(k1) + o(k — ky))a(ky)ak — k1)
*2%: 1+ 0k o) tolh—k)—olk)

In the other hand, we have

O o ke ik o(k)ya(ky)a(k — ki)
1+5|a$|B(“7“)_ 7" 11 Blk[o(k1) + ok — k1) —o(k)’

The last term gives

QL 2__% ikx 1k R R B
21+B|81|u - QXD:Q 1+ﬁ|k|u(k1)u(k k1).

Finally, we find

B, a? lk: w2(ky)a(k — ky)

_ ikx
W T T 2 T AR T Bl ol ok ) — o (R)’

(2.2)

We consider then Dy:={(k, ki, ko) € Z3;k # 0,ky # 0,ko # 0,k # k1, k1 # ko} and we deduce from (2.2)
that F is defined by

F(uy,ug,uz) = —

o? it ik dy (ko) o (ky — k)i (k — ky)
2 4 (1+BlED(A+ Blkrl) o(kr) +o(k—ki) —o(k)

Lemma 2.6
We have for k, k1 and ko in Dy

kk1 1 2

A1 BN+ Blka]) o (ka) + ok — k) —o(B)| = 8%

11



Proof. According to the lemma 2.1, we have for &, k1 and ks in Dy,

‘ kky 1 ‘<1+6|kk1
L+ BIRD(L + Blkal) o(kr) + ok — kr) — o(R)| = B2k —ka]

and since 0 < 8 <1 and k, k1 € Z*, we have 1 + S|k — k1| < 2|k — k|, thus

’ kky 1 ’< 2
(1+ Blk[)(X + Blk1]) o (k1) + o(k — k1) —o(k)| = B2
O
In the same manner as lemma 2.2, by duality, it is enough to bound
[ 20 g i)l Via(ky — k)l sk — ko)l ia(R)]
26% 4 |ka|*|ky — kal*[k — ka®
The Cauchy-Schwarz inequality is applied first in &k to give Lo
2
a? ka1 (k2)| 2 (k1 — ko) |ts(k — k1)
I < — u 2,
= 32 Z Z - ka|*|k1 — kal*|k — kq|® [|uallz
kez (k1,k2) € (Z7)
ki # K, ko # ka
and then in (ko, k1),
2
(6% N ~ N
<G| X X lmk)Plasth — k)P stk — k)P s
KEZ*  (k1,ko) € (Z%)? | |2
ky # k, ko # ky k|°®
X > [|ual[ 2,
k 2sk —k 25kik 2s
s ke @) k2||ky — ko |>] 1
ki # Ky ks # ka
However, since s > 1/2 > 0, the triangle inequality implies
k|2 ( 1 1 1 >
<cC + + :
k|25 |ky — ka2 [k — Ky |2* = k|25 |ky — ka2 [kal?|k — k1 |2* ' [ky — ko2 [k — k|2
thus
ap Y i < oo
. kQSk_k 2sk_k 2s .
KeZt 5T ey k2|25 k1 — ko[ i
k1 # k, k2 # k1
O

We now prove the main result of this paper.
Proof of the theorem 0.2. We suppose t > 0, the proof being similar for negative time. Let § and ¢’
the positive constants involved in the lemma 2.4.
According to the local well-posedness theorem 1.1, there exists €9 > 0 such that if f € U, for € €]0,e¢],
then for ¢ < Cy 6_1£,
@
u(t) + B(u, u)(t) € Us and u(t) € Us.

12



Thus u(t) = A~ o(t) for t < Cy 5_1§ =T.
The Duhamel formula gives for ¢t € [0, T]
t
ot) =S+ BUS) + [ Seee (Pluuw) () dr (23)
0

with S f = Z ethT e TTATHT f(k). Thanks to the lemma 2.2, there exists C} > 0 such that we have
kezZ*

15 (f +BU I < (Iflls + B DI

11l + C G112 < Cue <1+5;;) |

IN

32
1S (f + B(f, /)l <2Che. (2.4)
The lemmas 2.4 and 2.5 imply that there exists C's > 0 such that if v(¢) € U for t € [0,T], then

2
Even if we take €9 > 0 smaller, we have € < B— and 1 < <1 + €a> < 2, and we deduce
e

a2 3
< Osﬁ T ||U||Loo([0,T];H3(T))'

t
/ Si—r (F(A™ 0, A" 0, A7) (1) dr
0 Le=([0,T];H (T))

(2.5)
1 B\?
Even if we take 9 > 0 smaller, we impose 2C1e9 < 6. We set Cyp = ——5~- and Ty = Cp e ) It
5401 03 «
follows then
[[v]| Lo (j0,70); 5 (7)) < 3 C1e. (2.6)
Let us suppose that the inequality (2.6) fails. Since
o
ol = I + BN < Cre (1425 ) <30

by continuity with time, there exists 7 € [0, Tp] such that for ¢ € [0, 7]
[lo()]]s < 3Cie and |jv(7)||s = 3 C1e.

Let C the positive constant involved in the lemma 2.4, we also impose 3C1Cesy < §’'. We know that
u(t) € Us: for || < T, and with this choice of ¢, it follows that u(t) € Us for ¢t € [0,7]. Indeed, if there
exists 71 € [0, 7] such that for ¢ € [0, 1]

lu(®)lls < 0" and [Ju(r)[|s =&,

then by continuity with time and according to the lemma 2.4, we have

o' = lu(r)lls = Jim [Ju(®)l[s < sup [lu(®)]ls
71 0<t<m
< sup Cllo(t)]]s < 3C1Ce < &,
0<t<m1

which is a contradiction.
Finally, we find from the Duhamel formula (2.3) and inequalities (2.4) and (2.5)

2
(6]
|[v]| oo (0,71; 15 (T)) < 2Che + 03@ T||U|\%oo([o;];Hg(1r))7
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or equivalently
2

(6%
3016 S 2018 + 03@7' (3 016)3 s

which gives

B 2
T>2C) (€_1> = 2Tp.
(6%

This is a contradiction with the fact 7 € [0,Tp]. Then the inequality (2.6) is true and using the lemma
2.4, it get for t € [0, Tp]
lu(®)[ls < Cllo(®)]ls < 3C1Ce.

2
Remark 2 Nothing says, in this proof, that the bound in time (5_1ﬂ> is optimal.
e

Remark 3 In the continuous case (x € R), we can use the dispersive properties of the linear evolution
via the Van der Corput’s lemma, these properties being false in the periodic case. More precisely, we
already proved [11] that, for a initial datum of size e, for 2 < q¢ < 400, there exists C' > 0 such that for
allt e R

[u(t)]|ze < Ce.

The proof requires to impose a nonlinearity of type uPu, with p > 3.

3 Remarks about the KP equations

In this section, we slightly improve the result found by Tzvetkov [15] by considering the KP-II equation
rewritten under the form
U + Uy + QUUL + BUpry + ’yc?{luyy =0.

u(k)

Here, 9! denotes the anti-derivative, defined such that 95 L (k) :== ——=, « the quotient between the

characteristic waves amplitude and the depth of the fluid, 8 the square of the quotient between this
depth and the wavelength in the z—direction and  the square of the quotient between the wavelengths
in the two directions of the surface. This equation results from the modelling of the small amplitude
long waves in shallow water moving mainly in the z—direction. In concrete terms, if we consider such
waves propagating on the Pacific ocean, i.e. for an average depth of 4000 metres, the studied waves

1
have an amplitude around 1m, for a wavelength 213 km [6], in particular o = 1000 — 2.5 x 10~* and
4000 \?
= ~ 3. 1074
p (213000 3510

The global in time well-posedness of the KP-II equation is proved by Bourgain [4] for all initial data
f € H§(T?), with s > 0. In particular, the mass

lu(®)llz2 = [If]2

is conserved for all time ¢t € R. The local in time well-posedness [9] implies that, for s > 2, there exist

1
C; > 0 and Cy > 0, depending only on s, such that, if ||f||s < &, then for [t| < Coe™ =,
a

lu@®)lls < Cre. (3.1)
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l2
The dispersive relation o, defined for (k,1) € Z2, by o(k,l) :=i (k: — B3 + 71@)’ verifies for (k,1) and
(klvll) in Z2, with & 7& 0, ]Cl 7é 0 and k # k‘l,

‘O’(lﬁ,ll) + O'(k - l{il,l - l1) - U(/{,l)‘ Z 35|kk1(l€ — k1)|
Let D := {(k,l, ki,l1) €Z%; k# 0,k # 0,k # k:l}, we define the bilinear operator

« ; : Zk’&(kl ll)’lA)(]f—kl l—ll)
B PO ikx+ily ’ ) .
(wv) 22;6 ok, 1) + o(k — k1l —b) — o (k1)

We can prove similar lemmas as 2.2, 2.4 and 2.5.

Lemma 3.1
Let s > 1. There exists C > 0 such that for all u and v in H(T?)

|1B(u,v)]|s < C%

[ulls|o]ls-
There exists a trilinear operator
F: H§(T?) x H3(T?) x H§(T?) — H(T?)

satisfying that there exists C > 0 such that for all (uy,us,us) € H§(T?) x H§(T?) x Hg(T?)
o2
(1w, uz, us)lls < O fluafslluallslfuslls

Moreover, if u € C([=T,T); H§(T?)) is solution of the equation of the KP-II equation, then v defined by,
fort e [-T,T]
o(t) == u(t) + Blu(t), u(t)),

is solution of
v + Vg + BUzza + vaglvyy = F(u,u,u).

In the same way as for the theorem 0.2, for s > 1, there exist 0 < gg < é and C7 > 0 such that if
e
[|f]ls < e, the bound (3.1) can be extended until the time

T=C (sl‘f)g.

Here again, the constraint of smallness on €9 does not depend on « and § when é > 1, and the fact that
@

3 : ﬁ . . . 1\/B 2 11
€o is chosen in a such way ¢ < —, with 0 < ¢ < g¢, implies that (™ — | >e " —. Ifa=8=vy=1,
a o o

we find the result proved by Tzvetkov [15] again. We notice that the transverse y—direction, given by -,
has no effect on the bound in time.

Let us consider now the KP-BBM-II equation (regularized version of KP-II)

Uy 4 Vg + 00Uy — BUgar + Y0, vy = 0.
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We can also prove the global well-posedness of the Cauchy problem [14] and the norm ||u(t)]|]1 is conserved
for all time ¢ € R. As a consequence of the local in time well-posedness of the Cauchy problem, for s > 1,

there exist C; > 0 and Cy > 0 such that if || f||s < €, then for [t] < Cy sflé, the solution v satisfies
o

lo(®)]]s < Cie. (3.2)

But this bound (3.2) can not be extended more long time by using the normal form method. Indeed, if

k 2
we denote for (k,1) € Z2, o(k,1) := z% then for (k,1) and (k1,01 in Z2, with k # 0, ky # 0 and
k # ki1, the dispersive relation o verifies
lo(k1, ) + o(k — ki, =) —o(k,1)| = | B(3+ B(k — kki + k*)) + R| (3.3)
|kky(k — k1)

“0+BR2) (1 + B2 (1 + Bk — k1)2)’

where R = R(k, k1,1,11,7, 3) can be negative, then the equality (3.3) can vanish. The first term in (3.3)
can be used to find similar long time bounds for the BBM equation.
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