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Abstract. We prove, that if the solution of the Cauchy problem for a regularized version of the Boussinesq systems,

has a compact support for all time, then this solution vanishes identically.
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1 Introduction

In this paper, we study the unique continuation property for a general family of Boussinesq systems of
the form [1, 2]

U + Nz + uu, + CNzxx — duza:t = 07 (12)

with a+b=1/2(%* —1/3) and c+d = 1/2(1 — 6?), for 6 € [0,1]. We wonder if there exists a solution of
the Boussinesq system (1.1)-(1.2), with a compact support on a time interval, other than the obvious one.
We propose here to use the Bourgain’s method [3] based on entire function estimates. According to the
Paley-Wiener theorem, the entire function is given by an analytic continuation of the Fourier transform
in space of the Duhamel formula. To adapt this method, we need to prove that for all R > 0, there exists
k € R, with |k| > R, such that

IL'(k)| = [f(k)], with  lim |f(k)| = + oo, (1.3)

|k|—o0

where L is the symbol of the linear evolution. In the context of the system (1.1)-(1.2), L is given by, for
(1 —ak?)(1 —ck?) >0,

B (1 —ak?)(1 — ck?)
Lik) = \/(1+bk2)(1+dk2)’

and the property (1.3) is satisfied only if b = d = 0 and ac # 0.
If we denote H®(R) the Sobolev space of order s, our result reads as follows.

Theorem 1.1
We set b = d = 0. Let us suppose ac # 0 and for all k € R, (1 — ak®)(1 — ck?) > 0. For s > 4,



(n,u) € C([-T,T); H*(R)) xC ([-T,T]; H*(R)) denotes the solution of the Boussinesq system (1.1)-(1.2).
Let us suppose that there exists 0 < B < 400 such that for all t € [-T,T]

supp (n(t),u(t)) € [-B, B] x [-B, B,

and for all £ € C

sup [7(&,t)] = sup [a(&,t)]-
te[—T,T] te[—T,T]

Then (n,u) vanishes identically.

We refer to [1, 2] for precise results of existence theory. Let us remain that the Boussinesq system describes
the surface () and the velocity (u) of the two-way propagation of small amplitude, long wavelength,
gravity waves in shallow water [1, 2, 4, 9].

The paper is organised as follows. Section 2 deals with some estimates for an entire function. In
Section 3, the Bourgain method is applied to the system (1.1)-(1.2).

2 Estimates for an entire function
In this section, we remain the fundamental estimates introduced by Bourgain [3].

Proposition 2.1 [3]
Let ® € Cg°(R) be a nonzero function. Then for all @ >0 and R > 0, there exists k € R, with |k| > R,
such that

(k)| > e M@ (2.1)

Lemma 2.2 [3/
Let ® : C — C be an entire function, bounded and integrable on the real axis, such that there exists C > 0
satisfying for all € € C

[@(§)] < CeP el

Then, for all £ = (k+im) € C, with
-1
ml < B 14 Jlog_swp [BlRI1] (2.2)
|ko|> K|
we have for ki and my € R; |mq| < |m]|
@' (k— ki +imy)| <CB| sup |®(ko)|+ sup |B(ko)| [1 +|log sup [ (ko) | ]
[ko| > K| [ko|>|k—kx1| [ko|>|k|
We can generalize the proposition 2.1 to entire functions.

Corollary 2.3 R

Let ® € C°(R) be a nonzero function with supp ® C [—B, B]. Let us suppose that, for allk € R, ®(k) >0
decreases when we increase k. Then for all Q@ > 0 and R > 0, there exists k € R, with |k| > R, such that
for all m € R, with |m| < B=[1 + |log |®(k)|| ],

~ 1 1
|B(k+im) > =®(k) > 5e*\’f\/Q. (2.3)



Proof. We denote Q and R the constants satisfying the proposition 2.1. R
Since ® has a compact support included in [—B, B], the Paley-Wiener theorem [8] implies that ® has an
analytic continuation satisfying for all (k 4+ im) € C,

|D(k +im)| < CePIml,
Let m € R, we write N R =R =N
|D(k+im)| = |®(k +im) — (k) + (k)|,

and the triangle inequality gives
|D(k +im)| > D(k) — |D(k +im) — D(k)|.

However, we have R R R
|®(k +im) — ®(k)| <|m| sup [®'(k+imo)l,
|mo|<|m/|
and it is enough to choose m € R satisfying the condition (2.2), or smaller, and to apply the lemma 2.2
with k1 = 0 to find .
[B(k+im)—®(k)| < = sup B(ko) = (k).
kol > 2

DN =

Finally, we have

B(k +im)| > =B(k),

N | =

and we conclude by applying the proposition 2.1. O

The Duhamel formula is used to prove the nonlinear case. We need estimates for an entire function
taking into account the convolution.

Proposition 2.4 [3]

Let ® € C°(R) be a nonzero function with supp ® C [—B, B]. Let us suppose that, for allk € R, a(k) >0
decreases when we increase k. Then there exists C' > 0 such that for all @ > 0 and R > 0, there exists
k € R, with |k| > R, satisfying

d(k) > C®x*d(k). (2.4)

Corollary 2.5 R
Let ® € C°(R) be a nonzero function with supp ® C [—B, B]. Let us suppose that, for allk € R, ®(k) >0
decreases when we increase k. Then there exists C > 0 such that for all Q@ > 0 and R > 0, there exists
k € R, with |k| > R, satisfying for all m € R, with |m| < B~1[1 + |log(|®(k)|)| ]!,

(k) > C|®*(k+im). (2.5)

Proof. Let m € R, the triangle inequality gives

o~

| % D(k +im)| < ® % D(k) + | % D(k +im) — D = D(k)|.

However, we have

o~ ~ ~ o~ +OQ/\ ~ ~
B4 Bk +im) — BxB(k)| — ’/_ (B(k +im — k1) — Bk — k) D(kr) diy

IA

o0 N N
|m|/ sup B (k — Ky +ima)| (k) dks,

oo [ma|<|m]



and it is enough to choose m € R satisfying the condition (2.2), or smaller, and to apply the lemma 2.2
to find

~ +OO ~ ~ ~
miB(1 -+ log () ) [ @(0) + Bk~ k) B(ky) by

— 00

D« B(k +im) — & * D(k)|

IN

< CO(k)+ C (k) * (k).

Finally, we have o R R R
|©* P(k+im)| < CP(k)+ (14 C)P(k) « k),

and we conclude by applying the proposition 2.4. O

We consider the following Cauchy problem, for (z,t) € R?,

Ut + 779: + UUg + anzm
(77(55,0)7“(%0)) = (770(1’)&0(96))

Corollary 2.6
Let s > 4 and (n,u) € C([-T,T]; H*(R))xC ([T, T]; H*(R)) be a nonzero solution of the Cauchy problem
(2.6)-(2.7)-(2.8) with for allt € [T, T)

supp (1(t),u(t)) C [-B, B] x [-B, BJ.

Then there exists t1 € [—T,T] such that for all Q@ > 0 and R > 0, there exists k € R, with |k| > R,
satisfying

[k, t)| + [a(k, t)] = sup  sup (|9(ko, t)| + |(ko,t)])
|ko|=|k| te[—T,T1]

and for all m € R, with |m| < B7Y1 + |log(|a(k, t1)| + |a(k,t1)]) | ]71,
R . N , 1. X 1 _
[k +im, t1)] + [ak +im, )] > S (lak, t)| + [ak, t)]) > ge H7Q (2.9)

Cllnl*|al(k +im, t1) + [a] « [a](k +im, t1)) < [9(k, t2)] + [@(k, t1)]. (2.10)
Proof. Corollaries 2.3 and 2.5 are applied with the function ® defined by, for k € R

~

®(k) = sup  sup (|7(k, )|+ |a(k,1)]).
[Ko|>[k] tE[~T.T]

3 Proof of the main result

Let s > 4 and (no,up) € H*(R) x H*(R). We suppose for all t € [-T,T], the solution (n,u)(t) of the
Boussinesq system has a compact support included in [—B, B] x [-B, B]. The Paley-Wiener theorem
implies that (7(¢),4(t)) has an analytic continuation satisfying there exists C' > 0 such that for all
(k+im)eCandte|[-T,T],

[k +im, )| + |a(k +im,t)] < CePIml, (3.1)

Let to € [-T,T], with to > ¢;. The Duhamel formula is written, for 6t := t5 — t1, £ := k+ i¢m and
VI — a@)(1 - €] = K +iM,




B cos((K +iM)dot)  —isin((K +iM)dt)
>(5’t2) = ( Cisin((K +iM)5t)  cos((K +iM)ot) ) (

_Z§/tt< cos((K +iM) (ty — 7)) —isin((K + iM) (ty — 7)) ) ( i >(§’T) N

= D

7N
[SS=

>(§7t1)

—isin((K +iM) (ts — 7)) cos((K +iM) (t2 — 7)) u2/2
=1 - L.
We notice
K+iM = (k+im)((1+ (a+c¢)m® — (a+ c)k* — 6ack®m® + acm* + ack*)?

+ (—2(a + c)km — dackm® + dack®m)?) e (3.2)

On the other hand, if constants  and R are large enough, then there exists k € R, with |k| > R, and
t; € [-T,T) satisfying

[kl > B(1+[log(|(k, t1)| + |a(k, t1)]) ])-

Indeed, the inequality (2.9) can be rewritten, for all Q > 0 and R > 0, there exists k € R satisfying

K> 5 (R~ Qlog(i(k, )| + la(k, 1))

and it is enough to take R and @ > 2B, according to the decrease of the Fourier transform. Even if we
take @ and R larger, we can choose m such that

-1
1 R N
iy < Il < B8+ og(lath, )| + fatk, )| |
Lemma 3.1
Let us suppose, for all £ € C, |n(&,t1)| = |a(£,t1)|. Then

(L] = M ik, t1)]

k| 4+ |m - .
C| ‘ | |(eM6t_e k[ét)m(k,tl”.

|I,] < %

Proof. We have for I

7§ t2)| + |a(€, t2)] (&, )] |cos((K +iM) 6t) — isin((K +iM) 6t)|

(&, ta)|[e™ FFIN] = (e, 1) M

For I5, the triangle inequality implies

[3 t 2 <|ﬁﬂ(§,7—) + |u2(2,7)|> (|eos((K 4+ iM)(ta — 7))| + [sin((K + iM)(t2 — 7))|)

IN

12|

A

to
C(Ik[ + |ml) (7] = [al(&, t1) + [l « [u|(€, 1)) / e Mt2=T) 4 M=) g7
ty

oMst _ o—Mst

M

IN

C(Ik + [ml]) (In] = [ul (€, t1) + [ul « [ul(£, 1))

The inequality (2.10) gives the result.



Finally, it remains

. . k| + _ k| + .
et + e, )] > (P ooy ooy - oILEIR ) ey,

Even if we take @ and R larger again, we can choose m, with mdt > 0, such that M > C(|k| + |m|). It
gets then

7(E, )| + (€, t2)| > CeClPHIM |h(k, 11)).

We deduce from inequalities (2.9) and (3.1) that there exist C > 0 and k € R, depending on Q and R

such that
elFI(C18t-1/Q) < 57

which is impossible if we take @ > 1/(C|dt|) and R large. The contribution ¢2 < ¢; is dealt with similarly.
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