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Abstract. We study the behavior of small solutions depending on time of the generalized and regularized Benjamin-
Ono equation in both continuous and periodic context. In particular, we prove that these solutions remain small for
a time scale improving the natural time given by the local well-posedness. In the continuous case, the result becomes

global in time.
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Introduction

We study the behavior of small solutions depending on time of the generalized and regularized
Benjamin-Ono equation (grBO)

(1 +b(t)HOy)us + uy + a(t)ufuy =0,

where H denotes the Hilbert transform, p > 1 an integer and a(t), b(¢) real valued fonctions. This
model is deduced from the Benjamin-Ono equation using the BBM trick [2, 10, 3]

U + Uy — bHugy + aufu, = 0.

Here coefficients a and b represent respectively the ratio between amplitude and depth, and between
depth and wavelength. This equation models the long waves at the interface of two fluids with the
top layer of infinite depth and the bottom of finite depth.
Dispersive inequalities such as

u(®)l|ze < Ce(1+ [#) 7,

with y(¢) > 0, can be proved for a small initial datum using a method from Strauss [13]. This
decay time is obtained by studying the linearized equation around zero and Van der Corput’s
lemma. Concerning the model with time-dependent coefficients, our result reads as follows.



Theorem 0.1 Let p >3 and ¥Vt € R,a(t) > 0,b(t) > 0 be real valued bounded functions. Let

0<vy < 1/3-8/(9p),

1/p+1/q = 1with0<1/q<1/2—4/3p(1—3y)),
) 8
A = e g G e <" s 2/a)

Assume that a/B € L™(B), where B(t) := O‘tl b(7)/(1 4 b(7))3dr, more precisely

Too m 1/m
(/ <C~L(T) ) E(T)dT) < +o0.
0 B(7)

Then there exists € > 0 such that for ug € H* N W?3=2/PP(R), of norm smaller than e, there exists
a unique global in time solution u € C(R, H* N W3~2/PP(R)) of the grBO equation.
Moreover Vt € R,

()]s < C+ B(t) = (1=3),

This result follows the ones of Bisognin and Menzala [5, 6]. They proved such a result for the
time-dependent Korteweg-de Vries and the Benjamin-Bona-Mahony equations in the continuous
context.

As regards the periodic case, the decay of the solution thanks to the oscillatory integral is no longer
available. Based on a method of normal form [1, 14], one still manages to show that, starting from
a small initial datum, the solution remains small (but not necessarily decreasing to zero) for a finite
time interval. The method of normal form consists in finding a bijective map which combines the
solution u of the Benjamin-Ono equation with v solution of nonlinear partial differential equation
with high-order nonlinearity. The well-posedness of v then extends the one of .

In this paper, we prove the following result.

Theorem 0.2 Let p = 1 and ¥Vt € R,a(t) > 0,b(t) > 0 be real valued bounded functions. Then
there exists € > 0 such that for ug € H*(T), ug zero mean valued, with ||ug||s < € and the time-
derivative ||a || < €|la/blloo, there exists a unique solution uw € C([-T,T),H*(T)) of the grBO

equation. Here
1

T := .
C(|la/bllsol|uolls)?

Moreover ¥Vt € [-T,T],
lu(®)]]s < Ce.

We notice that the time given by this result is the square of the one given by the standard result
of local well-posedness. Such a result can be found for the time-dependent Korteweg-de Vries and
the Benjamin-Bona-Mahony equations with periodic conditions.

We use the following notations: for @ =R or T, and 1 < p < oo, we denote LP(2) the space of
p-power integrable functions equipped with the norm

fulls = ([ |u<x>|ﬂdu<x>)l/p,

where either the measure du(x) is the Lebesgue one on R such that

1

u(x) = o A

e* (k) dk, a(k) = / e~y (z) da,
R



or du(x) is chosen proportional to the Lebesgue one on T and normalized such that

= ethry U = e kT (0 ).
u(@) = 3 e*ea(k), a(k) / (2)dp(z)

keZx*

We denote L*°(£2) the functions space equipped with the norm
||u||oo = supess(u) := inf {c; |u(z)| < ¢ almost everywhere in Q},

and for 1 < p < oo, W*P(R) is the Sobolev space, and H*(R) := W*2(R). We also denote H(T)
the space of zero xz-mean value functions equipped with the norm

1/2
lulls = <Z kIQSIﬁ(k)F) ;

kezZ*

When there is no ambiguity, for any positive A and B, the notation A < B means that there exists
a constant C' > 0 such that A < C B.

The paper is organised the paper as follows. Section 1 is devoted to the continuous context,
we establish the dispersion properties of the solution. The periodic context is studied in Section 2
using a method of normal form.

1 The continuous context
We consider the following initial value problem

(1+b(t)HOy)us + up + a(t)ufuy, = 0,
u(z,0) = wo(x)

1.1 Local well-posedness

Theorem 1.1 Let Vt € R,a(t) > 0,b(t) > 0 be real valued bounded functions and s > 1/2. Let
ug € H*(R). There exists a constant C > 0, depending only on s, such that for

1
T=—
Clla/bllool|uoll5

there exists a unique solution u € C([-T,T); H*(R)) of the Cauchy problem.
Moreover, for all M > 0 with ||luolls < M and ||vg||s < M, there exists C1 > 0 such that
solutions u and v, with ug and vy as initial data respectively, satisfy for t € [T, T|, with T =
1/(CMPlla/blloo),

[u(t) = v(®)]]s < Calluo — vol|s-

Proof. The proof is done for positive time.
Let T > 0. According to Duhamel’s formula, u is the solution of the Cauchy problem if and only
if w is the solution of the following equation, for ¢ € [0, T,

1 t
u(t) = du(t) = Spup— ﬁ/ Si—r (a(r) X+ b(T)HO,) ' 0pul™) (1) dr
0
(I e ike—iB(k,t) 5 ! dr
= . 1kr—1 s k B :::k .
Sty om ) o(k) dk, B(k.1) /0 1+b(7) k|



The Sobolev embedding and lemma X.4 from [8] provide for s > 1/2

[u®)ll, < lfuolls + +1/H PO, 0w (7| (7
(t) p+1
a
< ||U0||s+CsSUP<>T sup [lu@lls |
teR b(t) te[0,T]
because
+oo ik |? YRy
-1 < 2 | a2 < — )
101+ b(r) ) axuns_(/m 0+ | Jah) dk) < s lal.

Then for T = (C||a/b||oo||uo||?) ™1, the closed ball

Br:= {u € C([0, T|; H3(T)) 5 sup |[lu(t)]]s < 2IIUolls}
t€[0,T]

verifies ®(Br) C By if C > 2°H1C,.

Let v and v in By. Duhamel’s formula gives, for ¢ € [0, 7], with /T — v/t = (u—v) 30_ w0,

|[Du(t) — Dou(t)]|s < +1/|} Y1+ b(7)HO,) "0, (w ™ — vt Y| (r) dr,

p S
2°p ( (t)>

< Csllu ”su T su u— vl|s(t

< Sy Cellwligsup (55 T sl el )
2°C,

< sup |lu — vl|s(t).
o s llu =il

For C > 2°Cy, the map ® is a contraction on Br. The fixed point theorem implies that the
existence and uniqueness of the solution u of ®u(t) = u(t) in Br.

It remains to prove the continuity with the initial datum. Let w and v solutions of the Cauchy
problem with initial data ug and vy respectively, such that [|ug||s < M and ||vg||s < M. Duhamel’s

formula gives for t € [0, 7], with T'=1/(CM? sup,cp (%))
1 ¢ —1 p+1 p+1
ut) = v®lls < o —volle = [ [la(r)(1 + b(r) HO) T D )| () ar
200, & , .
< lug — volls + =—— uol |27 |voll sup ||u — vl||s().
[lwo = wolls + =77 ;II ol |27 [Jvol| te[O)T]H |5 ()

Since Cy > 2°C, we find

1
Ju@®) —v@®)|ls < [luo — volls +2 sup ||u —v[s(t),
t€[0,T]
thus

sup ||u —v||s < 2[[uo — vol|s-
t€[0,T]



1.2 Estimates for the linear equation

We consider the linear initial-value problem, for (x,t) € R x R,

(14+b(t)HOp)ur +uy = 0
u(z,0) = wug(z).
Let ug € S(R). The Fourier transform in space provides the solution u of the ordinary differential
equation, for all x € R and ¢t € R*,

kdr

u(z,t) T

t
ethe=iBD oo (k) dk, with B(k,t) ;=/ (1.1)
0

2 Je
Let us recall Van der Corput’s lemma [12].

Lemma 1.2 Let n > 2. There exists C > 0 such that for all a < b, A > 0, and h € C*([a, b]) real
valued satisfying for all k € [a,b], |h™ (k)| > X, we have

b .
/ efzh(k) dk

The following dispersive inequality is obtained.

C
=< \/n’

(1.2)

Proposition 1.3 Let 0 <y < 1/3 and s =1/(2y) — 1. There exists a constant Cs > 0, depending
only on s, such that Yuy € L*(R) N H*(R), Vt € R, we have

)71/2+3'y/2

+m . . ~
[T emonmar) < cule + luala) (14 5 R

~ . Itl b(t)dr
By = [ 5

Proof. Letr>1,0<k<r and E(t) > 1, we define
b kdr , ¢ dr " b —2b(r)dr
(k) '_/0 Tror ke MR _/0 O _/0 1+ o(T)k)3

We deduce t b(7)d t b(t)d
, _ b(n)dr s [ _A\T)aT
(W (k)| = 2/0 A+ b)) = /O (L+b(r))3

Van der Corput’s lemma is then applied to find

" ika—i " ki [t okl tob(r)dr —1/2 ~
/ ethw—iB(k1) dk;‘ = / etk =iJo TicE dk’ <C (7«—3/ ) = CrP2B(t) 2,
0 0 o (1+5(r))?

The Fubini theorem provides

B a0k dr| < Cllualloar® B0
0

On the other hand, the Cauchy-Schwarz inequality gives, for s > 1/2,

/+OO eikx—iB(k,t)ﬂ (k‘) dkl < /+oo Iﬂ (k)| dk = /+OO M m (k)\ dk
. ' A T
+oo 1/2 +oo dk 1/2
< 25| 5 2
< (] Twemmra) ([ )
< Cylluoler= B2



It follows, choosing r = B(t)” and s = 1/(2v) — 1 > 1, that

+oo
‘/ e””"B(""”ﬁo(k)dk‘SC(IUoIL1+IIuoIIH<) (1)~ /22,

— 00

Since B(t) > 1, we have B(t) > (1 + B(t))/2, and the result is found.
If B(t) <1, the Cauchy-Schwarz inequality provides

/+OoeilmiB(k7t)a (k) dk' < /4_Oo o (k)| dk = /+Oo(1+k2)8/2 o(k)| dk < Cg|luol|
0 ’ Jo ’ o (k22 e

We conclude using B(t) <1 =1> (1+ B(t))/2.
The contribution for k < 0 is dealt with similar. O

Corollary 1.4 Let 0 <~y < 1/3 and s =1/(2v) — 1. There exists a constant Cs > 0 such that for
ug € LP(R) N H*(R), with 1 < p < 2, for all time t € R, we have

H/ ezkw—zB(k,t),&O(k) dk
—o0

1,1 _
whereg—i—g—l.

< Cy(lluollze + lluollms)(1 + B(#)) /23720720 (1.4
La

Proof. The proof is done via the Riesz-Thorin interpolation theorem. g

1.3 Existence and Uniqueness of global solution

We consider the following nonlinear initial value problem

(14+0(t)Hug)ur + uy + a(t)u’u, = 0 (1.5)
u(z,0) = wuo(x). (1.6)

We now prove the theorem 0.1. The proof is carried out for positive time. Let us denote 0 :=
(1/2 - 37/2) (1 - 2/q) > 0.

Thanks to Duhamel’s formula, u is the solution of (1.5)-(1.6) if and only if w is the solution of the
following equation, for ¢t > 0

u(t) = Pu(t) = stuo——/ Si—r (a(T)(1 +b(T)HO,) L O,uf*Y) (1) dr (1.7
Syu = LT gikeminea a(k) dk.
2

On the other hand, the Mikhlin-H6érmander theorem [12] provides, for 1 < p < 2, a constant Cp, > 0
depending only on p such that

(1 +b(t)HO,) ' Ozul|,, < Cpllul|Lr. (1.8)

Let T > 0, we define the norm Np by

Nr(w):= swp[|lu(r)llze(1+ Bm)° + lu(r)]

e+ () llwo-2rms | (1.9)

We prove a few technical lemmata first.



Lemma 1.5 There exists a constant C,, > 0 such that for all u and v in H*(R) N W3~2/PP(R)
[|Pu — Pv||rq(t) < Cs,p||a/§||LT(B (Z Ny ()P~ " Np(v)' ) (14 B(t)) "Ny (u —v), (1.10)

Proof. Let u and v two elements of H*(R) N W3~2/P(R), the Duhamel’s formula and Corollary

1.4 give
1 t _
[|Pu — Pv||pa < 7[)_’_ | a(T) HSt_T ((1 +b(t)HO,) Lo, (urt! — Up+1))||L‘1 T)dr
0
oo [t e s o ) ()

" Jo 1+ B(t—r))°

p
Since u?T — P = (4 —v) Z u~"v', thanks to the fractional Leibniz rule [8] and the Minkowski
=0
inequality we obtain

p P
la? ! =P g (1) S Ml = 0llme D 1?0 oo (7) + llu = vlloe Y [Ju?~ 0" ||z (7)
- =0
= I(r)+1I(7).

Lemma 1.6 [7, Chapter 1 - Theorem 9.3] Let 1 < p,q < +o0 and 0 < j < s, there exists a
constant C' > 0, depending on p,q,j and s, such that for all u € S(R), we have

(=0, ullzr < CJ (=82)"? ul| | ul| 157,

where 1/r = j+a(1/p—s)+(1—a)/q and j/s < a < 1, with the following exception: if s—j—1/p
is a non-negative integer, then the above inequality holds for j/s < a < 1.

The Sobolev inequality with 1/p+1/¢=1,7r =00, j =0, a=1/4 and s = 3 — 2/p provides

1/4 3/4
lolloe < o llal/4 w2 (1.11)
We deduce
£ 3/4;, | 1/4 r 3/4), 1 1/4 ‘
I(r) < ||uv|HsZ(||u||L ol ) (|v|| ol ) ()
1=0
i A+ Bor) T, A+ B\ "
14+ B(7 p—i 14+ B(7 i
< = olle 3 (Hallon SN, (o B i
et (1+ B(1)) w T (1+ B(1)) W

N

(ZNT )P~ Nip ))(1+§(T))—?’?1”NT(u—v).

For II(7), the Leibniz rule is applied again

p—1
I(r) S llu—2lle (IIUII@.’JllleHs+Z|u|§J’_1IUIIHS [}
=0

+ [l |5 ul e +Z Jul|& Ivlloollvlle> (7);

i=1



and the inequality (1.11) gives

3/4 1/4

3,

I(r) < =2l

~

[lu = of| x

2
P

p— p—1
3/4 1/4 3/4 1/4
KMMHHQQ me+QmVHHQJ -
- 3/4) 111/4 prit 3/4) /4 ‘
+ZQWIMI3W) nmmow ol J
1=0
p

p—1i i—1
4 4 4 4
+Zowﬁmmgm) @ﬂwwwhw)|Mmkﬂ

(ZNT )P~ Nip ))(1+1§(T))33”NT(uv).

- %

Similar computations yield

Loty < T P )L
[[uPtt — o (1) < flu—| [l |2 [[v]]5% ()
i=0

(ZNT )P~ N ( ))(1+J§(7))33”NT(u—v).

A

To sum up, we find

)P uU—1 t alr)dr
[|Pu — Dv||pa(t) < Csp <ZNT Nr( )>NT( )/0 (1—|—§( )) p(1+B(t_7))

However, the Holder inequality implies for 1/m + 1/n =1

m 1/m =1 1/n
t a(t)dr ' oa(T) B(rdr B® dr
/o(1+§(r))"’i"(1+§(t—7))0 = (/0 (E(ﬂ) B )d> (/0 (1+ 7)™ (14 B(t) _T)9n> '

Lemma 1.7 [11] Let a > 0,b > 1 and F(t) be continuous real-valued function with, for all t > 0,
F(t) > 0. Then there exists 0 < ¢ < 1, with c=a if 0 < a < 1, such that ¥Vt >0

F®) dr < 1
/0 (1+F(t)—7)e(1+7)> ~ (1+F(t)°
The lemma 1.7 is applied with b = 3nfp/4 > 1 and 0 < a =c=0n < 1 to give

|®u — o] 14 (t) < Csplla/Bl

Lm(B) <Z NT(“)”NT(UV> (1+B(t) ™" Nr(u —v).
=0

Here b > 1 and 0 < a < 1 translated in

8 2
sp(l—3y(1—2/q) =" = [A-3y(-2/q)
0<1/qg < 1/2-4/3p(1-3)),
0<y < 1/3-8/(9p),
p > 3



Lemma 1.8 There exists a constant Cs,, > 0 such that for all u and v in H*(R) N W3~2/P2(R),
we have

[|Pu — Do

12 (1) + | ®u = 0|lyys-2/05 (1) < Csplla/ B

Lm(B (ZNT )P N7 ( ))NT(U—U).

(1.12)

Proof. We have
[|Pu — ®v||yya—z/pw(t) < /Ot a(r) ||Si—r (L4 b(t)HO,) ' 0y (uw/th — v Th))| ’Wﬂ/p,p(f) dr
S [l =0 )i
As previously, the fractional Leibniz rule gives
a1 — o) (Z Np() ™ N (o) ) N = o)1 + B(r) =¥

thus, thanks to the Holder inequality implies

|| Bu — Dv|yps-s/mn(t) < (ZNT )P~ Np( ))NT(UU)/O a(r)(1 + B(r))~ "% dr

p
S (ZNT )P~ N (v)* ) Nr(u—v)
m 1/m = 1/n
¢ v B()
[ (22 Bear) ([ T

o \ B(7) o (147)" 2

S Cs,p”a/B”Lm(E) (Z NT(’LL)p_ZNT(U)1> NT(U — 'U).
=0
Same computations for ||®u — Pv||g- allow to conclude. O

Lemma 1.9 There exists a constant Csp, > 0 such that for all w and v in H*(R) N W3~2/PP(R),
we have

P
Np(Pu — dv) < Cs,p||a/B||Lm(§) (Z NT(u)PZNT(U)z> Nr(u —v), (1.13)
i=0
and B
Np(@u) < Csplla/Bl m gy (luoll = + [Juollws—2/.0 + N (u)*1). (1.14)

Proof. Inequalities (1.10) and (1.12) give (1.13) . Taking v = 0 provides the second inequality. O
Proof of theorem 0.1. Let M > 0, we consider the closed ball

Broar = {u € C([~T,T); H*(R) N W3~2/PP(R)):; Nyp(u) < M} .
We aim at showing that there exists a unique solution u of the equation (1.7) in this ball by using

Banach fixed point theorem.
First, there exists ¢ > 0 sufficiently small such that if ||ug||gs + [|[uo||ws-2/p0 < €, even if we take



Cs M instead of M, it is enough to take M > 0 satisfying € + M*T! < M so that the inequality
(1.14) implies that the image of the closed ball Br s by the map @ is included in itself. Here, the
crucial point is that ¢ is independent of T'. Secondly, we prove that the map & is a contraction on
this ball for M sufficiently small. Let u and v two elements of the closed ball Br js. The inequality
(1.13) gives

Nr(®u — ®v) < Csplla/Bll pm gy M Nr(u - ),

and it is enough to take M > 0 sufficiently small so that the quantity Cs, M” < 1. Then, Banach
fixed point theorem is applied and there exists a unique solution of the equation (1.7) in the closed
ball ET,M-

It remains to prove that this unique solution can be prolonged in time with all [0,+oo[. By
uniqueness of the solution, the inequality (1.14) is written

Nr(u) < Cyplla/B]

Lm(B) (||u0||HS + HUOHWS—Q/PJJ + NT(U)erl) . (115)

Since there exists € > 0 sufficiently small such that ||ug||gs + ||uo||lyws—2/0» < €, we can find M >0
such that
Ny (U) < M

Csp |a/§||m® (e+MPTY) <M.

Then for all T > 0, we have Nr(u) < M. Indeed, if not, by continuity, there exists a time 7' > 0
such that

NT(U) = M
> Coplla/Bllpm) (e + M)
> Cs,p”a/EHLm(E) (5 + NT(u)p+l) )

which contradicts the inequality (1.15). Finally, there exists a constant M > 0 such that for all
T > 0, Nyr(u) < M. In particular, we have for all time ¢ > 0

[u(®)]] La

IN

Coplla/Bll sy (luoll s + [[uollwa-2/0.0 + Nr(u)? ™) (14 B(t)) ™
Coplla/Bllpm s (e + M) 1+ B(1) . (1.16)

IA

O

Remark 1.10 Similar result including the Korteweg-de Vries and the Benjamin-Bona-Mahony
equations with time-dependent coefficients can be found in [5, 6].

Remark 1.11 Concerning the Benjamin-Ono equation
up + Uy — b(t) Hugy + a(t)ulu, =0,

we obtain in a similar way the global well-posedness with the following decay rate

[]
[[u(t)]|p < C|lu(t)]|z: (1 + B(t))"Y2, with B(t) := | b(r)dr.

2 The periodic context

In this section, we only consider the case p = 1. The local in time well-posedness can be obtained
in the same manner as for the continuous case.

10



We define, for k € Z, o(k) := ik/(1 + b(t)|k|). The Fourier symbol o satisfies for all k£ and k; in
Z* =7Z\{0}

|kk1(k — k1)
(L4 00|k (L + b@) k1) (L + b(E)[k — ka])®

Proof. Indeed, six cases have to be studied according to the sign of &k, k; and k — k.
i. If >0,k >0and k — k; >0, we have

o (k1) + o (k — k1) — o (k)| > b(t)?

[b(t)(2 + b(t)k) k1 (K — k1)
(40K (1 + b@) k1)1 + b(E)[k = ka])®

o(k1) + ok = k1) —o(k)| =

ii. f >0,k >0and k—Fk; <0,

[b(8)k(2 + b(t)k1) (K — k1)
(L4 00|k (1 + @)k )(1 + b(E)[k — ka])®

o(k1) + o(k — k1) —o(k)| =

iii. If &> 0 and k1 <0,

|b(t)kk1 (2 + b(t) (K — k1))

loth) + ok = k1) = oW = T g™ T+ o) i) (L T 600) [k — Fal)

iv. If k < 0 and k& > 0,

|~ b()kky (2 b(E) (k — k1))
lotk) otk =k) =Wl = gm0 (1 b0k — i)
) () kR (2 + B(1) ) |
1 Bk + b)) (5 6(0) [F— Fa])

v. If k <0,k <0and k — k1 >0,

| — bR = b(D)k1)(k — k1)
(L+0(@O)[EDL + b@) k1) (1 + b(E) |k — Kal)
b(t)[K[(2 + b(t)[F1|) (k = k1)
(L4 0|k (L + (@) k1 [)(1 + b(E)[k = ka])®

o (k1) + o (k — k1) — o (k)]

vi. Ik <0,k <0and k —k; <0,

B 12— B)R)(—b()ka) (k — k)

o) +o(k k)=o) = RN + o@D+ P =]
(2 4 (t) kD) [k | (k — k)

T bR + b )L+ 0@ F—Fa])

0

For § > 0, we set Us := {u € H5(T); |[ulls < 6}. Let D := {(k, k1) € Z? ; k #0,ky # 0,k # ky },
we define the operator A by Au :=u + K(u,u) for u € H3(T), with
AN ke TR (k1) o(k — k1)
K(u,v) =3 ZD:Q L1 o)k o(kr) + ok — k1) — o (k)

Introducing A is used to define v = Aw so that v is solution of the equation
(%7 + L(U) = F(u)v

with F trilinear whereas u is solution of a quadratic Boussinesq system. Thus the well-posedness of
v and the definition of K are used to estimate u with respect to v and to extend its well-posedness.
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Lemma 2.1 Let s > 1/2. There exists a constant C > 0 such that for all u and v in H§(T)
C
1K (u,0)]]s < WHUHsHUHs-

Proof. By duality, to prove the lemma is equivalent to proving for all w € C>°(T)

C
ZK u, v) (k) (k)| < OF (ellsllvlls) lwl]-s. (2.1)
Indeed, we have
1K o)? = 3 k2K o)®)P = Y K(u,v) (|k|2€K(u v)(k:))
kez* keZx*
We set w(k) = |k|2* K (u,v)(k) and we write
||K (u,0)])? = ZKUU w(k),
keZ*
and according to the inequality (2.1)
1K ()5 < 5 nE (ellsl1v]ls) lwl]—s.
However
1/2
lwl|-s = (Z k722 k| K (u, v)(k:)|2>
keZ*
1/2
= (EZMPwruv n) = 1K (u,0)] |-
keZ*
If we define

a1 (k) = |k[*a(k) , 01(k) = [k]°0(k) and (k) = [k|">d(k),

it is enough to prove

1 > ik k|1 (k1 )0 (k — Ky ) (k)

2 2 T (O] Toa Ik — Fal*(o(ke) + 0k — k) — o)) | = by (1l llenlle) el oz

On one hand, we have for k£ and ky in D

‘ ik 1 ‘< 1
1+ 0()|k| o(ky) + o (k — k1) — o(k) | ~ b(t)2”

Indeed, since b(t) is a non-negative real valued bounded funtion, and k, k; € Z*, it gets

’ ik 1 ‘< (1+ b)) + b(t) |k — ku)
L+ (0K o (k1) + ok — k) — o (k)| = DOkt (h— k1)

On the other hand, for s > 0, the triangle inequality implies

It << | 1 )
|k |5k — k| |k1ls |k = Kal*

12




and it remains to bound

|ty (k1) [01(k — k)| (K) |1 (k1)| |01 (K — ko) [w01 (K)| 1
=: I+ 10).
Z B Z ke — k" OER

The Cauchy-Schwarz inequality in k, then in k;, provides

2 1/2

1/2
| (k1) [01(k — K1) () [2
I < wy (k
< Z > Il Z*| 1(k)|
keZ k€ 7* kez
ky # k
1/2 1/2
1 1/2
< > e oD lak)Plen(k = k)P (Z |@1(k)|2> :
k€ 2 KEZ k€ 27 e
ki # k ki # k

Since s > 1/2, there exists C' > 0 such that

I < C (llullz2llvrl[z2) [Jwr]| 2

A similar inequality for II is found by symmetry. U

Proposition 2.2 Let s > 1/2. Then there exist 0 < §' < min{b(t)?/a(t),t € R}, >0, and C > 0
such that for all v € Us, there exists a unique u € Us: such that Au = v. Moreover

[lulls < Cllls,
and the map A~1 is of class C*.
Proof. For u € H{(T),The differential of this operator is given by, for all ¢ € C*>°(T)
(dA(u), @) = ¢ + 2K (u, ),

the preceding lemma implies that dA is continuous from H(T) to itself. Since dA(0) is the identity,
the inverse function theorem is applied to give the following lemma. O

Proposition 2.3 Let s > 1/2. There exists a trilinear operator
Ko+ H(T) x H3(T) x H3(T) — H3(T)
such that, if u € C([-T,T); H§(T)) is solution of
(14 b(t)Hug)us + uy + a(t)u’u, =0,

then v defined by
v(t) == u(t) + a(t) K (u(t), u(t)), fort € [-T,T],

is solution of
v+ (1 4+ b(t)HO,) v, = o' (1) K (u,u) + a(t)? K (u, u, u).

Moreover, there exists a constant C' > 0 such that for all (uq,us,us) € H(T) x H3(T) x Hy(T)

[ (w1, ugs ug)l|s < Crmss [Jual[slug||s][us]s,

b(t)2

13



Proof. We write

v 4+ (14 b(t)HO,) v, ug + a' () K (u,u) + a(t)0 K (u, u) + (1 + b(t) HO,)  tu,

+ a(t)(1 4 b(t)HO,) 0, K (u, u)

_ _@(1 () HO,) " 02 + o (1) K (u, u) + a(t)O K (u, u)

+a(t)(1+b(t)H,) " 9, K (u, u).

On one hand, we have by symmetry and for u solution of (1.5),

WK (u,u) = K(ug,u)+ K(u,up) = 2K (ug, u)
_ Z Qi ik Uy (k1) a(k — k1)
G L+bk[o(k) + ok — k) = o(k)
_a) ks 2 (ky )ik — ki)

eik:w
2 ED: L+ 0Ok +b(t)[k1]) o (k1) + o (k — k1) — (k)

1 ik ik (O'(kl) + O'(k‘ — k‘l))ﬁ(kl)ﬁ(k — k?l)
+ 5%:ek 1+ b(t)|k| (k1) +o(k— ki) —o(k) '

On the other hand, we have
e o)ilk)alk k)
2 45 1+0b(t)|k| o(k1) +o(k — ki) —o(k)
ik . .
T ooy R0

(14 b(t)HO,) 0, K (u,u)

(L+b(t)HO,) ' 0pu® = ) e
D

k— ky).

Finally, we find
v+ (1 +b(t)HO,) vy = o' (1)K (u,u) + a(t)* Ky (u, u, u).

where Kl is deﬁned, for Dliz{(k,kl,kg) € ZS; k # O,kl 75 O,kQ 7& O,k # kl, kl # kz}

_ 1 oika kky Gy (ko) o (k1 — k2)us(k — ky)
Rz ) = 2%: TR0 T S@TRD ol) + ok~ k) — oh)

However, we have for k, k1 and ko in D,

’ kk: 1 < 1
(L4+D0()[k)A + b(t)|k1]) o(k1) + o (k — k1) —o(k) |~ b(t)*

In the same manner as lemma 2.1, it is enough to bound

- 1 3 |k[*d1 (ko) |2 (k1 — ko) | (k — k)| [da(F)]|
C26(1)? 4 (ko[ (k1 — ko|*|k — K1 ® '

The Cauchy-Schwarz inequality is applied first in & to give ,
1/2

[|uallL2,

1< |y 3 k[ (k2)| |2 (ky = k)| |@3(k = k)|
ERLOR et Kzl [y — Ral* [k — ka|®
FEERL Ky ko) € (27)?

ki #k ko # Ky
and then in (ko, k1),

14



1 -~ -~ ~
L< ) ity (o) |2 [ (it — o) 2 s (K — Fo)|2
FEET (ks ko) € (27)?
k1 # k, ko # ki

1/2

. Ly sl 2,
ke g 2 el
1y 2

kl #k7k27ékl

The triangle inequality implies

k|25 B c< 1 . 1 . 1 >
ko |25 (k1 — ko|25|k — k|25 — k|25 (k1 — kol [ko|25k — k1|2 [ky — ko|25|k — ke|25 )
thus
5 Ll < 400
su .
e ko Py — Rl [k =

(k1,k2) € (Z%)?
ki # k,ky # k1
O

Proof of the theorem 0.2. We suppose ¢t > 0, the proof being similar for negative time. Let us
denote X := L*°([0,T]; H5(T)). Let ¢ and ¢’ the positive constants involved in Lemma 2.2.
According to the local well-posedness theorem, there exists g > 0 such that if vy € U, for
£ €]0, o[, then for t < Cy (esupyer a(t)/b(t)) ™t =T,

u(t) + a(t) K (u,u)(t) € Us,u(t) € Us: and u(t) = A o(t).

Duhamel’s formula gives for ¢ € [0, 7]

v(t) = St (uo+ alt)K(ug,ug)) + /O Si_r (a’(T)K(u, u) + a(q—)QKl(u, u, u)) (r)dr (2.2)
Sw o=y ek iBED (), (2.3)
keZ*

Thanks to Lemma 2.1, and for ¢ > 0 sufficiently small, we have

1St (uo + a(t) K (uo, uo))ll, < [luolls + [[K (uo, uo)lls
< |u0||s+c;((t’;)2||u0||2gclg(1+ag‘((t’;)2>
< 2C%e. (2.4)

The preceding lemmas yield for ¢ € [0, 7]

' 2 -1 -1 -1 a(t) ’ 3
H/o Si—r (a(r)’ K1 (A o, A™ o, A1) (1) dr . < C’gtesE%%] (b(t)) Tlv|lx  (2.5)
‘ Si—r (@' (T)K(A 0, A7) (1) dr < Oz sup (a'()T|v||%- (2.6)
0 X t€[0,T]

Even if we take 9 > 0 smaller, we assume 2C1gy < 6. We set Cp = (18C2C3(1 + 3Cs))~! and
Ty = Co(esupyeg a(t)/b(t)) 2. It follows then

[[0]| oo (0,70): g (1)) < 3 Cae. (2.7)
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Let us suppose that the inequality (2.7) fails. Since

a(t)
b(t)?

[lv(0)|]s = |Juo + a(t) K (ug, ug)||s < Cae (1 +€ ) < 3Cye,

by continuity with time, there exists 7 € [0, Tp] such that for ¢ € [0, 7]
lo(@®)||ls < 3C and |v(7)||s = 3 Cae.

Let C the positive constant involved in Lemma 2.2, we also impose 3 C;Cey < 6'. We know that
u(t) € Uy for [t| < T, and with this choice of ¢, it follows that u(t) € Uy for ¢t € [0,7]. Indeed, if
there exists 71 € [0, 7] such that for ¢ € [0, 1]

lu(®)lls < &" and [Ju(r)l|s = 0",

then by continuity with time and according to Lemma 2.2, we have

O = lu(r)lls = lim [lu(®)|ls < sup |[lu(®)]]s
—T1 0<t<Ts
< sup Clu(t)||s <3CeCe < &,
0<t<m

which is a contradiction.
Finally, we deduce from Duhamel’s formula and inequalities (2.4), (2.5) and (2.6)

2
t
[[v]|x <202 + C5 sup (a( )> [ol[% + Cs sup (a'(1)) 7 |[v]|%-
tefo,7] \ b(t) t€[0,7]

Since sup,¢g -1(a’(t)) < supyeqo (a(t)/b(t))* e, we find

-2
a(t)
7>2CH | e sup () = 2Tp.
< refo.r) \b(t) ) ’

This is in contradiction with the fact 7 € [0, Tp]. Then the inequality (2.7) is true and using Lemma
2.2, it get for t € [0, Tp]
llu(®)lls < Cllv(®)l]s < 3C2Ce.

Remark 2.4 This method does not apply to the Benjamin-Ono equation
up + Uy — b(t) Hugy + a(t)ulu, = 0.
Indeed, here o(k) = |k|k and for k, k1 in D

kky
o(k1) +o(k—k1)—o(k)

is not bounded from above.

3 Numerical simulations
We propose to present in this section some numerical illustrations showing the dispersive properties

for some (not exhaustive) choices of functions a(t), b(t). The aim of this section is not to perform
a complete numerical study, but rather to present some relevant simulations. We use a relaxation
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scheme proposed in [4]. This method allows us to replace the solution of a nonlinear problem and
thus provides a time saving. We rewrite the grBO equation

a(t) _

d = urt!

We consider a bounded domain [~L, L], L > 0 (large fixed value). We denote NN, > 0 the number
of Fourier modes, At > 0 the time step, and for n € N, 4, resp. P t1/2 s the approximation of
w(nAt), resp. ®((n+ 1/2)At).

Algorithm:

—

_Set ug and ‘iLl/g = uftt

_Forn=0,1,..., compute:
(I)n+1/2(§);_q)n71/2(£) _ u/ﬁﬁ(f)
(1 e (PO ) e (2RO g8 00) = 0
T N, N,
{=hp,—5 Sk<—r -1

Simulations are performed with L = 3000, N, = 2'4, At = 0.02 and start from the initial datum:

@ 4d
Uuo\xr) = ———————= -
T4 ()

This initial datum provides, in the case p = 1,a(t) = b(t) = 1, a solitary wave solution of the
regularized Benjamin-Ono equation, given by u(z,t) = ug(z — ct). We can notice, for p = 1, a(t) =
b(t) = 1, the H'/?—norm is conserved, i.e. Vt € R, |[u(t)||g1/2 = ||uo||g1/2. Figure 1 shows
the evolution with time of the solution, the H'/? and L°°—norms, and the error between the
approximate solution and the solitary wave.

p=t,al)=bif =1 p=1,al)=bif =1 o p=t,af)=bi=1
04 , ‘ : : 1 —_— b R

ut=0)

|
055 | - uft=500)
i —u(t=2000)

025 !
Il

— [l

0 7Huappmx- uexamHLZ

005 i [ e ]
it L] 1

005 I I 1 1 I 10! I I I I 1 1 I I I I I I I I 1 I I 1
01‘5’00 0 500 1000 1500 2000 2500 0 0 200 400 600 800 1000 1200 1400 1600 1800 2000 T 40 600 800 1000 1200 1400 1600 1800 2000
time time

015 i } |

Figure 1: Result for p = 1,a(t) = b(t) = 1. On the left, the solution at time ¢t = 0,500,2000. In
the center, the H'/2 and L —norms. On the right, the error between the approximate solution
and the solitary wave.
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We notice that the approximate solution remains close to the soliton. The norms are well preserved
and the error remains small. The numerical scheme appears to be relevant for the simulations.
We represent in Figure 2 the evolution of the solution starting from a solitary wave with p =
3,a(t) =b(t) = 1.

p=3,at)=b(t)=1 p=3at)=b(t)=1
0.4 . ‘ ‘ 7 ‘ ‘ ‘
i u(t="0)
-~ -u(t=500) o
03 — u(t=2000)|
; 5 —Ilull,- (1+B®) ™ |
0.2- N 7 113
i y
b i - (sB)™ ||
01F o 1
‘ Wﬁfb%wm i
; : -
I} P
-0t ; ] s
i ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
500 0 500 1000 1500 2000 2500 0 200 400 600 800 1000 1200 1400 1600 1800 2000

time

Figure 2: Result for p = 3,a(t) = b(t) = 1. On the left, the solution at time ¢ = 0,500, 2000. On
the right, the L°°—norm.

We observe that the solution decreases and the decay rate is close to (1 +t)~*/2. We also note
that the Fourier modes of the wave split.
The test with p = 3,a(t) = b(t) = 1/(1 + log(1 + t)) is illustrated in Figure 3.

p=3,a(t) = b(t) = 1/log(1+1) p=3,a(t) = bt) = 1/log(1+t)

0.4 T T T T 8 T T T
u(t=0)

\ ---uft=500) 7+
0.3r ; —u(t = 2000) 7

" 2

i m o —lull - (14B0) ™ |
02r N ,

w ‘H 5 - (48" | |
ot N ‘ 1 o

o “

R i
o i A A VA :

v |} o
-0 1 .

1f
~500 0 500 1000 1500 2000 2500 0 200 400 600 800 1000 1200 1400 1600 1800 2000
time

Figure 3: Result for p = 3,a(t) = b(¢t) = 1/(1 4+ log(1 4+ ¢)). On the left, the solution at time
t = 0,500,2000. On the right, the L>°—norm.

The solution decreases slowly and the Fourier modes also disperse more slowly.

In contrast, when p = 3,a(t) = b(t) = log(1 + t), the solution given by Figure 4, decreases rapidly
as well as its Fourier modes.
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p=3,a(t) = b(t) = log(1+) p =3, a(t) = bt) = log(1+1)
: : 1.1 : : :

0.4 T T

u(t=0) 1k
0.3 ---u(t=500) |
—u(t = 2000) o9h

__lull(1+B(0) "

__ lull (480"

0.2-
0.8

011 0.7~

0.6F
0 [
05F

-0.11
041

0. I I I I I I I I I | I I I
=500 0 500 1000 1500 2000 2500 0 200 400 600 800 1000 1200 1400 1600 1800 2000
time

Figure 4: Result for p = 3, a(t) = b(t) = log(1+4t). On the left, the solution at time ¢ = 0, 500, 2000.
On the right, the L°°—norm.
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