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Abstract. We study the unique continuation property for the generalized Kadomtsev-Petviashvili equations and
its regularized version. We use Carleman estimates to prove that if the solution of the Kadomtsev-Petviashvili
equations vanishes in an open subset, then this solution is identically equal to zero in the horizontal component
of the open subset.
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Introduction

The small amplitude long waves in shallow water moving mainly in the x—direction are described by the
Kadomtsev-Petviashvili equations [10]

(U + Uy + YUgaa + Uy), + Uyy =0,

called KP-T if v = —1 and KP-II if v = 1, depending on whether the surface tension is negligible or not.
These equations are obtained by correcting the transport equation u; +u, = O(e) to second order. Thus,
by replacing the space-derivative of order 3, we obtain the following KP-BBM equations [3, 11]

(Ut + Ug — YUgar + Uly), + Uyy = 0.

It is noted that the equation is ill-posed in L?(R?) if v = —1 because (1 + 9?2) is not invertible in L?(R?).
The purpose of this work is to prove a unique continuation property. More precisely, we show that if
u = u(x,y,t) is solution of the equations and u vanishes on an open subset  of R? x R, then u vanishes
identically on the horizontal component Qj, := {(x,y,t) € R? x R; 3(x1,y1) with (z1,91,t) € Q} of Q.
Carleman estimates can be used. These estimates are based on estimates with exponential weight for
the solution of the equation. More precisely, if u is solution of Lu = Vu, with £ a linear operator, V a
well-defined potential, the Carleman estimates is written, for ¥ a convex function and 7 > 0 to choose,

[le™ @ul| < Olle™ ) Lu]].



Such a result was shown by Saut and Scheurer [15] for a general class of dispersive equations, including
the Korteweg-de Vries one.

An alternative approach was suggested by Bourgain [1]. The method here is based on an analytic con-
tinuation of the Fourier transform via the theorem of Paley-Wiener. Therefore Panthee proved a unique
continuation property of the solution of KP-IT [14]. The method of Bourgain is not suited to KP-I and
KP-BBM. Indeed, it depends on the relation dispersion o which has to satisfy V R > 0,3 max(|k|,|l]) > R

such that 5
o
h— > 1 1 = .
5% (k,1) > f(k,1) with ‘k‘lhr‘nﬁoo f(k,1) =400

In the case of the Kadomtsev-Petviashvili equations, we obtain for KP and KP-BBM-II respectively
Jdo

ok D) = k—k+2/k, So(k0) =1 =37k — PP/,
k+12/k 0o 1—k?)k? — I2(1 + 3K?

G(kvl) /2 ) 7( 7l):( )2 (2 )
1+k2° Ok k2(1 + k2)

Surprisingly and unexpectedly, one can prove a unique continuation property using only integrations by
parts. The simplicity of the proof is paid by a restrictive condition on the support of the solution [5, 12].
We propose here to prove a unique continuation property using a Carleman estimate. We are inspired
by a work of Davila and Menzala [6] who proved a unique continuation property of the one-dimensional
Benjamin-Bona-Mahony equation. The first section is devoted to the solution of KP-BBM-II equation.
We establish a Carleman estimate and then the unique continuation property. The second section deals
with the Carleman estimate corresponding to the solution of the KP equation.

1 Unique continuation property for the regularized KP equa-
tions

We consider the initial value problem, for (z,y) € R?,t € R, p > 1 an integer,

(ut + Uy — Ugqt + upu$)1 + Uyy = 0
U(l‘,y,O) - U0($,y).
We denote X*(R?) := {u € H*(R?);0;'u € H*(R?)} equipped with the norm |u|s = ||ul|s + |0, ulls,

where 9, ! is defined by the Fourier symbol 9z 'u(¢) = @(£)/(i€). The existence and uniqueness of local
in time solution reads as follows [11].

Theorem 1.1
Let ug € X*(R?),s > 2. There exist T = T(|ug|; ') > 0 and a unique solution u € C*([-T,T); X*(R?))
of the KP-BBM equation.

The existence and uniqueness of global in time solution for p = 1 is due to Saut and Tzvetkov [16].

1.1 Carleman estimates

Let us start by recalling the Treves’ inequality [17].

Theorem 1.2
Let P = P(D) be a differential operator of order m with constant coefficients. Then for all € N™ £ € R™
and ® € C3°(R™),

9lal

- gQa/R |P(a)(D)<I>|2e‘I’(X’5)dXgC(m,a)/ |P(D)®%e¥ X9 dXx,
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with

” - su Tt if ol <m
\II(X7§):ZXJZ§?,|Q\ :Zaj,a!:all...an! and C(m,a) = |r+a‘p§m o - .
j=1 j=1

0 if ol >m
This inequality can be rewritten in two dimension.

Corollary 1.3
Let P = P(0y,0y,0;) be a differential operator of order m with constant coefficients. Then for all
a=(aj,a0,a3) €EN3.6>0,7> 0,0 € C(R3) and V(z,y,t) = (z — 6)%/2+ (y — §)?/2 + §%2,

2\a|+a37|a\62a3
| |P(D)®Pe’V dadydt < C(m, ) | |P(D)®[*e* ™" dwdydt.

(6% R3 R3
Proof. The Treves’ inequality is applied with X = (x — 8,y — 4,t),& = (\/7,/T,V270) and ¥(X, &) =
27((z — 8)2/2 + (y — 6)%/2 + 6%t2). O

Now we prove a Carleman estimate for the solution of KP-BBM.

Proposition 1.4
We define

L= 8xt - 8ma:xt + clazw + C2amwww + 636wy + c4awwwy + ayy + fl (J}, Y, t)aw + f2($7 Y, t)aww7

where ¢y, ca, c3,cq are constant in R, f1, fo € L®(R®). Let 6§ > 0 and Bs := {(x,y,t) € R3; 22 +y? +12 <
§2}. Then, there exists C > 0 such that for all ® € C$°(Bs), V(z,y,t) = (x — §)?/2+ (y — §)%/2 + §3¢2

and T > 0 with I ||2 I ||2
Nlls | f2lls 1 1
1+= )<=
7362 + 7262 +72 -4’

we have

7452/ |<I>|2e27q’dxdydt+7352/ |®, 2> dxdydt
B(s Bé

+Cr%5? / |02V dadydt < C | |LD|**™Vdadydt. (1.1)
Bs Bs

Proof. We define the differential operator
P := —(0pt — Opgat + €102z + 205000 + €302y + C40zz0y + Oyy).
The Fourier transform gives for (£1,&,7) € R3
P(&1,6,7) =67 + &7 + 16} — oofl + 3616 — sl + €3,

Lemma 1.5
For all ® € C§°(Bs), V(z,y,t) = (x — 8)?/2+ (y — 6)?/2 4+ 6*t? and 7 > 0, we have

(74— 72)82 / ®2e*™ drdydt + 7867 / |, [*e*™ dudydt
Bs B;s

+ 7262 / |® 0 |2®™Vdadydt < 3 / |P® 2> dadydt.
Bs B

)



Proof. With the same notations of Treves’ inequality, we have for a = (3,0, 1)

13‘ |(§1 52 ) @ = '
81,82, T) CEK,,J 6,P‘ |(I) = G(I),C 4, 37071 S ( a > .
f ( ( )) lr+al<4

Applying the Treves’ inequality with P and « gives

257_452

602> drdydt < / |P®|2e*™Y dxdydt,
R3 R3
what implies
462 [ |®e* Y dadydt < / |P®2e*™Y dxdydt.
R3 R3
In the same way, we obtain for o = (2,0, 1)

ﬁ‘al(é-hééa T)

= || B =
8{%67’ 6517P @ 62@170(37(27071)) 3,

and the Treves’ inequality provides
7362 / |®,|2e®™Y dedydt < / |P®|>e*™Y dadydt.
R3 R3

Finally, with oo = (1,0, 1), one gets

ﬁ|o“(£17§2’7)

=1 2 plolg = —30,,,C(4,(1,0,1)) =2
85187’ +3£17 3 70( 7( 70a )) )

237252
1
On the other hand, we have |® — 3®,,[? > —20% 4+ 602,. We deduce

|® — 30, |** ™V dedydt < 2/ |P®|2e*™Y dadydt.
R3 R3

7252/ (|<I>m|2—|<I>|2)e27‘1’dxdydt§/ |P®|?e®™Y dadydt,
Bs Bs

thus X
7262 / |® e |2e*™Y dadydt < (1 + 2) / |P®|?e®™Y dadydt.
Bs T Bs

Lemma 1.6
We have

2 2 1
Bs Bs

7352 72582 T2

x( / |L®|2e*™Y dadydt + / |f1 @, 2>V dadydt + / | f2 <I>M|2e27‘1’dxdydt).
Bs Bs Bs



Proof. We have thanks to the lemma 1.5

/ i, 0@, PV dadydt < |||l / 1B, 76> dudydt
Bs Bs

A2
T352

2|]./1]13
7362

<

/ |P®|2e*™Y dxdydt
Bs

/ (1L + 1 @uf* + | foPaol|?) 7" dudydt.
Bs
In the same manner, it gets

/ oz, y, t)Pys 2> Y dadydt < || f2||§o/ B0 |22 dadydt
Bs Bs
||f2||2 1 / 2 270
o (14— P22 dadydt
252 + = 5, |PD|%e xdy

2|| f2||? 1
< H.fQHOO <1 + T2)/(|£q)|2 + |f1 (pm‘Q 4 |f2 (I)xx‘2)627"1’dxdydt.

IN

7252 B,
O
To conclude, it is enough to choose 7 > 0 large enough with
2[|All% |, 2llfll3 1 1
7'3(52Oo * T252oo 1+ 72 = 2
O

Corollary 1.7
Let T > 0. If ® € C([-T,T); H*(R?)),®,; € C([-T,T); H*(R?)) and supp ® C Bs, then the inequality
(1.1) remains true.

Proof. The proof is done by regularization. U

1.2 Unique continuation property

The unique continuation property is now proven. The proof is similar to the one-dimensional case of the
paper of Davila and Menzala [6].

Lemma 1.8
LetT > 0,5 >4, f1, f2 € L®(R? x [-T,T)), c1,c2,c3,¢c4 € R. Let u € CH([-T,T]; H*(R?)) be the solution
of Lu = 0. Assume that u =0 when x < |t| and y < |t| in a neighborhood of (0,0,0). Then there exists
a neighborhood of (0,0,0) in which u = 0.
Remark 1.9 Ifu € CY([-T,T); H*(R?)) is solution of Lu =0, since

(1= 0 ugr = —(tga + (W) s + tyy),

then ugy € C([—T,T); H*=2(R?)). Therefore the Carleman estimate (1.1) holds if s > 4.



Proof. Let 0 < § < 1, choose x € C3°(Bs) such that x = 1 in a neighborhood O; of (0,0,0) and
define ® := yu. It follows that ® € C([-T,T]; H*(R?)),®,; € C([-T,T); H*~2(R?)) and supp ® C Bs.
We deduce thanks to the preceding corollary that there exists C' > 0 such that, for 7 > 0 large enough,

7_452/ |(I>|2e27‘pd:cdydt < C |£(I)|2e2‘rlpd$dydt. (1.2)
Bs Bs

The right hand side integral holds on Bs\O1, since L& = 0 in O;.
For (z,y,t) #0 in supp®, wehave 0 < [t| <2 <d < 1,0 < |t| <y < J <1 and

U(z,y,t) = (x—08)2/2+ (y—98)?/2+ 6 < (|t| — 0)* + 6*t? < 6% and ¥(0,0,0) = &2

Then for (z,y,t) € supp L& C Bs, there exists 0 < ¢ < 62 such that ¥(z,y,t) < 62 — . On the other
hand, we can choose O3 a neighborhood of (0,0,0) with ¥(z,y,t) > 62 —e. in Oz. The inequality (1.2)
is then written for all 7 > 0 large enough

7452e27(0% ) / |D|2dadydt < Ce>™ (5 ~2) / |LB[2dadydt.
02 Bé\ol

Tending 7 to infinity implies ® vanishes in O,. However u = ® in Oy C O and u =0 in Os. ]

Corollary 1.10
Let T > 0,5 >4,A,B € L®(R? x [-T,T)). Let u € C*([-T,T); H*(R?)) be solution of

Uyt — Ugzzt T A(.T, Y, t)umc + B(CC’ Y, t)uﬂf T Uyy = 0.

We consider the surface (z,y) = u(t) := (p1(t), p2(t)), u(0) = (0,0), 1 a continuously differential function
in a neighborhood of (0,0,0). Assume that u = 0 when © < u1(t) and y < ps(t) in a neighborhood of
(0,0,0). Then there exists a neighborhood of (0,0,0) in which u = 0.

Proof. We consider the change of variables (z,y,t) — (X,Y,T) with

X = z—m@)+|
Y = y—p(t)+ ¢
T = t

This change of variables provides U = U(X,Y,T) satisfying U = 0 when X < |T] and Y < |T| in a
neighborhood of (0,0,0) and LU = 0 with

L = Oxr+ (—p4(T) +sgn(T))Oxx + (—ps(T) +sgn(T))dxy — Oxxxr — (—p4(T) +sgn(T))Ox xxx
+ (_le(T) +sgn(T))0xxxy + A0xx + BOx + Oyy.

Theorem 1.11
Let T > 0,s >4 and u € CY([-T,T); H*(R?)) be solution of the KP-BBM equation. If u =0 in an open
subset Q C R? x [T, T, then u = 0 in the horizontal component of ).

Proof. The proof follows [13] or [6] applying the preceding corollary with A = (1 + v”) and B = u,.
Thanks to the Sobolev embedding with s > 2, A and B belong to L™ (R? x [T, T]). O



2 Unique continuation property for the KP equations
We consider the initial value problem, for (z,y) € R?,t € R,y = 4+1,p > 1 an integer,

(ut + Uy + VUgaa + upum)$ + Uyy = 0
u(z,y,0) = wup(z,y).
Theorem 2.1 [7]

Let ug € X°(R?),s > 2. There exist T = T(|up|3 ") and a unique solution u € C*([-T,T); X*(R?)) of the
KP equation.

The existence and uniqueness of global in time solution for p = 1 and v = 1 is due to Bourgain [2].

2.1 Carleman estimates

Proposition 2.2
We define
L:=0y+ ’Yawo:xm + ¢10gz + 02893_1/ + ayy + fl(xvyat)aa: + f2(33,y, t)aacacv
where c1,cy are constant in R, fi, fo € L®(R3). Let § > 0 and Bs := {(z,y,t) € R% 2?2 + ¢ + 2 < §?}.
Then, there exists C > 0 such that for all ® € C3°(Bs), ¥(z,y,t) = (x — 0)?/2 + (y — 6)?/2 + 6%t and

7> 0 with
A, It +c3/6%)
762 T2

1
< R
— 4
we have

7252/ \<I>|2627‘I’dxdydt+7'52/ |®,[2e*™Y dedydt
B§ B<S

+ 72 / @, 2e* ™ Vdadydt < C | |LD|**™Vdadydt. (2.1)
Bs B;s

Proof. We define the differential operator
P:= _(aa,t + Clawz + C261'y + 7811,11 + ayy)

The Fourier transform gives for (£1,&,7) € R3

P(£1,60,7) = E47 + 162 + cabrba — 7EF + €3

Lemma 2.3
For all ® € C3°(Bs), ¥(x,y,t) = (x —§)2/2+ (y — 0)?/2 + 6*t% and 7 > 0, we have

(7262 — ¢17?) / |2V dadydt + 762 / |®,|2e®™Y dedydt
Bg Bé

+ 72 / |®po|?® ™ Vdadydt < 3 / |P® > dxdydt.
Bs Bs
Proof. With the same notations of Treves’ inequality, we have for a = (1,0, 1)

Plel(¢;, &,7) r+a
— by, plele =@, C(4,(1,0,1)) = < >:2,
96,07 4,@01)= sw |,



Applying the Treves’ inequality with P and « gives

93,252
1

|®2e* ™Y dadydt < 2 / |P®|2e*™Y dadydt,
R3 R3

what implies

262 | |®e* Y dxdydt < / |P®2e*™Y dadydt.
R3 R3

In the same way, we obtain for a = (0,0,1)

ﬁla‘(£17£2a7)

5 =&, Plle = —id,,C(4,(0,0,1)) = 4,
.

762 / |®,|2e®™Y dedydt < / |P®|2e*™Y dadydt.
R3 R3

Finally, with o = (2,0,0), it gets

ﬁ‘a|(€17€277—)

2 «
o€ = 2¢; — 12962, PIo1® = 2¢,® — 127D, C(4, (2,0,0)) = 3,

247_2
2
On the other hand, we have |2¢;® — 12y®,,|? > —140c2®? + 143%2 . We deduce

/ 2¢1® — 127®,,|*e* ™V dadydt < 3 / |P®|2e®™Y dxdydt.
R3 R3

72 / (| @ |? — 2|®|)e*™Y dadydt < / |P®|%e?™Y dadydt,
B(; Bzi

thus
2

7_2/ |(sz|2627-\1/d$dydt < (1 + C;) / |P(I)|2e2‘r\11dwdydt
Bs 6 Bs

Lemma 2.4
We have

2 2 2 /52
/ |f1 @x‘QQQT‘ydl'dydt—F/ ‘fQ(I)xx‘QeQ'r‘lldxdydtS 2Hf1|‘oo + 2||f2||oo(1+cl/5 )
Bs Bs ’7—52

T2

X ( / |L®|2e*™Y dadydt + / |f1 @, 2>V dadydt + / | fo q>m|2ewdxdydt> .
Bs Bs Bs
Proof. We have thanks to the lemma 2.3

/ oy, B, 2V dadydt < |12 / 1@, P> dudyd
Bs B;s

A2
752

2[| f11]2,
762

< / |P®2e*™Y dadydt
Bs

/ (ILDP + [ 1 @ul? + | f2Pra|?) €7 ddyd.
Bs



In the same manner, it gets

/ o,y ) Bup P2 dudydt < || fall2 / 1,026 dudydt
Bs Bs
2 1 2 62
< ||f2||oo( ;61/ )/ |Pq)|2e27'\1/dxdydt
T Bs
2 2 (1 2 /52
< MEEUEGIT (20 411y 0,2 4113 00al?)e dodyat.
Bs
O
To conclude, it is enough to choose 7 > 0 large enough with
211115, 2lfll5( +c1/6%) 1
762 T2 2
O

Corollary 2.5
Let T > 0. If ® € C([-T,T); HY(R?)), ®,; € C([-T,T); L3(R?)) and supp® C Bs, then the inequality
(2.1) remains true.

2.2 Unique continuation property

Theorem 2.6
Let T > 0,8 > 4 and u € C([-T,T); H*(R?)) solution of the KP equation. If u = 0 in an open subset
Q CR? x [-T,T), then u= 0 in the horizontal component of .

Remark 2.7 Ifu € CY([-T,T]; H*(R?)) is solution of the KP equation, since
Uyt = *(umm + YUzazx + (uum)m + uyy)a

then ugzy € C([~T,T); H*~*(R?)). Therefore the Carleman estimate (1.1) holds if s > 4.
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