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Abstract. A Carleman estimates is established to prove a unique continuation property of the solution of the
Boussinesq system. We can prove that if the solution of the Boussinesq systems vanishes in an open subset,

then this solution is identically equal to zero in the horizontal component of the open subset.
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1 Introduction

The two-way propagation of small amplitude, long wavelength, gravity waves in shallow water, described
by its surface n and its velocity u, was first derived by Boussinesq [5] as a system of the form

Nt +uz + (nu)e = 0

Ut + Ny + UUy — Ugqt = 0.

In this paper, we consider the following generalized regularized Boussinesq system, proposed in [2, 3], for
p > 1 an integer,

Tt + Uy + (npu)x + AUy e — bnxact
Ut + N + upua: + Npzz — duazwt =

The purpose of this work is to prove a unique continuation property. More precisely, we show that if
(n,u) = (n(x,t),u(x,t)) is solution of the system and (7, u) vanishes on an open subset 2 of R x R, then
u vanishes identically on the horizontal component 2, := {(z,t) € R x R; 3z with (x1,t) € Q} of Q.
Carleman estimates can be used. These estimates are based on exponential weight for the solution of the
equation. More precisely, if v is solution of Lv = Vv, with £ a linear operator, V' a well-defined potential,
the Carleman estimates is written for ¥ a convex function and 7 > 0 to choose

[e™@v]| < Cllem™ ) Lo].

Saut and Scheurer [12] proved such a result for a general class of dispersive equations, including the
Korteweg-de Vries one. An alternative approach was suggested by Bourgain [4]. The method here is



based on an analytic continuation of the Fourier transform using the theorem of Paley-Wiener. We
proved therefore a unique continuation property of the solution of the Boussinesq systems with b =d =0
[10]. The method of Bourgain depends on the dispersion relation o which has to satisfy the following
growth property: VR > 0,3 |k| > R such that

o'(k) > f(k) with |kl‘im f(k) = +o0.

In the case of the Boussinesq systems, we obtain

B (1 —ak?)(1 — ck?)
olk) = k\/(1+bk2)(1+dk2)’

and the property holds if b =d = 0.

We propose here to prove a unique continuation property using a Carleman estimate. We are inspired by a
work of Davila and Menzala [7] who proved a unique continuation property of the scalar one-dimensional
Benjamin-Bona-Mahony equation. The first section is devoted to the local well-posedness of solution of
the generalized Boussinesq system. We establish a Carleman estimates in the second section. The third
section deals with the unique continuation property.

2 Initial value problem
We consider the initial value problem, for z € R,;t € R, p > 1 an integer,

Tt + Uy + (npu)m + aUgyy — bnwwt = 0
U + Nz + upua: + CNyzx — dnzzt = 0
n(z,0) = no(x), u(z,0) = up(z).

If p = 1, it has been proved the existence and uniqueness of local in time solution [2, 3]. We denote
H*(R) the Sobolev space of order s equipped with the norm ||ul|s.

Theorem 2.1
Let a,b,c,d >0, s > 1/2 and (no,uo) € H*(R) x H*(R). There exists a constant Cy > 0, depending only
on s, such that for
Co

(Imolls + [luolls)?”
there exists a unique solution (n,u) € C([-T,T]; H*(R)) x C([-T,T]; H*(R)) of the Boussinesq system
with (no,wo) as initial datum.
Moreover, for all M > 0 with ||no||s + ||uol|s < M and ||pol|s + [|volls < M, there exists Cy > 0 such that
solutions (n,u) and (p,v), of initial data (1o, uo) and (po,vo) respectively, satisfy for t € [=T,T), with
T =Co/M?,

[In(8) = p@ls + [[u(t) = v®)]]s < Crllno = polls + lluo = volls)-

Proof. Let T > 0. The Duhamel’s formula implies that (n, ) is the solution of the initial value problem
if and only if (1, u) is the solution of the following equation, for ¢t € [0, T7,

t P4) Oy (uPtt
(1.20(0) = B0 (0) = S (mvo) ~ [ $p-r ($2 ST (ryar, g2

€T

with

+o0 ) 0 1—ak?
Si(n,u) = / e FARY () w)dk and A(k) = TR (2.2)



The eigenvalues of A(k) are

(1 —ak?) (1 —ck?)
k)=+
o(k) \/(1 Tok2) (1 + dk?2)’
and the matrix e~ *#4(®)* is uniformly bounded.
We aim at applying the fixed point theorem. We deduce, for ¢ € [0, 7],

! 9z(n°u) O (ut1)
< —_— .
w0l < Clmll+luall+c [ || FE5]| |35 @

For b > 0, the definition of the Sobolev norm provides
1/2
Ouf oo o] ik
_ s < .
[l (/W avy | hsgml ) < e,

Since s > 1/2, the Sobolev space being an algebra, the Sobolev embedding implies that there exists a
constant Cy > 0, depending only on s, such that

@@, w)@)lls < Clllmolls + lluolls) + Cs T (t sup ](IIUIISHWII’; + ||u(t)||§+1)> : (2.3)

)

Then there exists Cp > 0 such that for 7= Cy/(||n0||s + ||uo||s)?, the closed ball By defined by

sup |[n(t)|ls < 2C([|nolls + [[uol[s)
t€[0,T]

sup |[u(®)[[s < 2C(||nolls + [luolls)
t€[0,T)
satisfies ®(Br) C Br. Indeed, let (n,u) € Br, the inequality (2.3) becomes
12 (n,w)(t)l]s < (1nolls + [[uolls)C(1 + 2°72CPCCy),

and C(||nol[s + [[uolls)C(1 + 2°T2CPCCo) < 2C([Inolls + |uolls) if Co < 1/(2°T2CPC).
Let (n,u) and (u,v) be in Bp. The Duhamel’s formula (2.1) provides, for ¢ € [0, 7],

t
0 3)
[|P(n,u)(t) — P(u,v) ()]s < C’/O : —31382 (nPu — pPo)|| + Hl_tlaQ(uPH — P (1) dr.
We can note that
nu— o =nP(u—ov)+on—p) Y n" it and w = 0Pt = (u—0) Y wr T
i=0 =0

This provides, thanks to the Sobolev embedding,

@, w)(t) = (u, 0)Dls < 2°CPCST ([l s + [luolls)” (tE[SPTI}T](Iln—MIIS(tHIu—vlls(t))>

te[-T,T

2pCpCsCO< sup ](In—ulls(t)+llu—vlls(t))>~



For Cy < 1/(2°C*Cy), the map ® is a contraction on Br. Finally, according to the fixed point theorem,
there exists a unique solution (1, u) of ®(n,u)(t) = (n,u)(t) in Br.

It remains to prove the continuity with the initial datum. Let (n,u) and (u, v) be solutions of the initial
value problem with initial datum (no,uo) and (uo,vo) respectively, such that ||nol|s + [[uo||s < M and
[lto]ls + [volls < M. The Duhamel’s formula (2.1) gives for ¢ € [0,T], with T' = Cy/M?, with Cy < 1,

1, w)(#) = (o) DIls - < ||no—uo|\ + |luo = volls)
0a

7L G

(nu — pPv)

(r)dr

|

b82 s s

A

1
< C(Ilno—uols+IuO—vols)+2<sup ln = plls(t) + sup Iu—vlls(t)>,
te[0,T] t€[0,T

B

thus
sup ([|n — plls + [lu = v[ls) < 2C([|no — polls + |luwo — volls)-
t

)

3 Carleman estimates

The aim of this section is to find a Carleman estimates for the Boussinesq system. First we recall the
Treves’inequality [13].

Theorem 3.1
Let P = P(0,0:) be a differential operator of order m with constant coefficients. Then for all a =
(a1,a0) €EN2 5> 0,7 >0, € C§°(R?) and ¥(x,t) = (x — §)? + §2¢2,
22|a|,7_|a\52a2
———— [ [P(D))e* Vdwdt < C(m,a) | |P(D)®[*e*™" dxdt.
(e} R2 R2

with
r4+ o

n .
su if lal <m
|a\=2aj, al=aq!...an! and C(m,a) = Maﬁm( «a ) flol <
j 0 if la] > m
This inequality is used to prove Carleman estimates of the Boussinesq system.

Theorem 3.2
We define

,C — at - Claa::xzt + C2awzz + f1,1($7 t)ax aa{rmw + f1,2($a t)aa:
' cawww + f2,1($7 t)aw 875 - C3ax;ﬂt + C4axww + f2,2(m7 t)aw

where c1,c2,c3,c4 are constant in R, f;; € L®(R?),1 < 4,5 < 2. Let § > 0 and Bs := {(x,t) €
R%; 2% + 2 < 62}. Then, there exists C > 0 such that for all ® = (®1,P3) € C§°(Bs) x C® ( By),
U(z,t) = (z — )% + 6% and 7 > 0 with

112l _ 1 [1f22ll5 L[| fiella <L
17282 — 47 37282 _4’ 0272 _4’ a?7?

e

we have

T3/ (|<I>1\2+|<I>2\2)e27‘1'dfcdt+7252/ (|®1,2]2 + |®P2|?)e* Vdodt < C | |LD|?* Vdadt. (3.1)
Bs Bs Bs



Proof. We define the differential operator

P = 8t —C 81115 + 02895:1:30 aa:z:xz
o caa:a::v at - CSmet + C4awwz ’

The Fourier transform gives for (£1,&,7) € R3

5 | TH AT — e —ag?
P(S,T) =1 < 1—653 ? T+03§27-_ 6453 > .

Lemma 3.3
For all ® = (@1, ®3) € C5°(Bs) x C°(Bs), ¥(z,t) = (xz — 6)? + 6%t? and T > 0, we have

73(c2 + 02)/

Bs

+7(ch +a2)/

Bs

|1 |2e*™ Y dadt + 72 (c26% + ¢?) / |®1 . |2e* Y dadt
Bs

|®o|?e® ™V dadt + 72 (c26% + a?) /

|@27x|2€27—\1}dﬂjdt S / |P(I)|262T\Ildxdt'
Bs

Bs
Proof. With the same notations of Treves’inequality, we have for a = (3,0)

—— |

P o :

Pa (&7) _ —ibea, P, = —i6ea®1,C(3,(3,0) = sup [ ¥ ) =1
863 ’ [r4+al<3

Applying the preceding corollary with P; ; and « gives

267_3
6

/ | — i602¢>1|2e27‘1’d1:dt S / |P171‘I)1|2627\de$dt,
R2 R2
what implies
7305/ ‘(1)1‘2627—‘1}dl‘dt S / ‘P1,1¢1|262T‘Pd117dt.
R2 R2

In the same way, we obtain for « = (1,1)

Py (e r)

=3 lalgp, — _
oer 206 PN =201, 0(3,(11)) =2
and the Treves’inequality provides

94,252
1

/ 12¢1 @1 . |%e* ™V dadt < 2/ |Py 1@ |2e* Y dadt,
R3 R3

thus
T%%/ |<1>1,Z|2ewdxdtg/ |P1 1@y |2e* Y dadt.
R2 R2

On the other hand, we have for « = (3,0), respectively a = (2,0),

——la|
P o .

2’13525’7) — i6e, P @, = —i6iedy, C(3,(3,0) = 1
—— o

P.

2’18525’7) = —ibct, Py @1 = 6cy 4, C(3,(2,0)) = 1.



The Treves’inequality given by the preceding corollary with P> ; and «a gives
7'362/ |‘I>1|2e2‘rqjd$dt S / |P2,1(I31‘2627‘ljd$dt
R2 R2
T2C% / |(I)1,x|2€‘2T\de$dt S / |P271 @1 ‘ZGQTQdIdt.
R2 R2

We obtain similar inequalities for P; » and P» 2 in the same way.

Lemma 3.4

We have
2 2
/ |fia(z,t) @y [?® ™V dadt < % (/ |£171¢>1|2e27‘1’dxdt+/ |f171(:£,t)®171|2e27‘pdxdt>
Bs 1 Bs Bs
2 2
/ \fg,g(x,t)Qg,IPeQT\I’dm‘dt S ‘C|2f27’22€|5‘200 (/ |£272‘I)2|262T\Ild$dt +/ |f2’2($7t)q)g’m|2e27qld$dt)
Bs 3T B;s Bs
2 2
/ | for (2, 8)®1 2™V dadt < % (/ |Lo 1@ [2e*™Y dudt —|—/ |f271(x,t)‘l)l,x|2e2ﬂpdxdt)
Bs coT Bs Bs
2 2
/ \f172(x,t)f1)2,m|2627‘1’dxdt S % </ |£172q)1|2627q1d$dt +/ |f172(17,t)q)z,m|2€‘27‘pdf£dt)
Bs a“T Bs Bs

Proof. We have thanks to the above lemma

/ \f1,1(:c,t)<1>1,z|2e27‘1’dxdt < ||f171||go/ |@1’I|262T\yd$dt
Bs Bs
[ f1,1]2 / -
= Tarzge le 11D [%e x
AL (1L01®1 7 + |1 (2, ) @10 [%) 7V dadt
2,252 1,1%1 1,1(Z, 1,2 .
T Bs
In the same manner, it gets
/ |f2,1($7t)q)1,w|2e2‘r\1’dgjdt < HfQ:lHio/ l(wa‘QeQT\IIdxdt
Bs By
1 f21]|% -
< ?/ | Py 1 @1 %€ " dadt
c*T Bs
<M (|21 ®1]? B, 12) 2™V dd
B 272 2,1 1| +|f2’1($,t) 1,x| )e xdt.
c*T Bs

We obtain similar inequalities for f; o and f5 2 in the same way.

To conclude, it is enough to choose 7 > 0 large enough with

2Af1all3 o 1 2Mlfanllc _ 1 20f2nll3 _ 1 2llf10ll%
17262 T 27 37242 27 212 T 27 qa272

< <

1
5"



Corollary 3.5
Let T > 0. If ® € (Cl([—T,T];HB(R)))Q, o, € (Cl([—T,T};HQ(R)))2 and supp® C Bs x Bs, the
inequality (3.1) remains true.

Proof. The proof is done by regularization. U

4 Unique continuation property

The unique continuation property is now proven. The proof is similar to the scalar case of the paper of
Davila and Menzala [7]. Therefore we only write sketch of the proof for easy to read.

Lemma 4.1
Let s > 5,T > 0,f;; € LR x [-T,T]),1 < 4,5 < 2, and c1,¢2,¢3,¢4 be real constants. Let w €

(-1, 17 HS(]R)))2 be the solution of Lw = 0. Assume that w = 0 when x < |t| in a neighborhood of
(0,0). Then there exists a neighborhood of (0,0) in which w = 0.

Remark 4.2 If (n,u) € (CY([-T, T];H“"(IR)))2 is solution of L(n,u) =0, since

(1 - 6182)77t = _(aumxw + CoNzaa + f17177x + f1,2uz)
(]- - CSaQ)Ut = *(C"h:z:c + Ccalpge + f2,177r + f2,2u:c)7

then (ni,u) € (C([-T,T); H ()))2withrzsif(a:c:02:04:0),r:573ifb:d:0and
r =s— 1 if not. Therefore the Carleman estimate (3.1) holds if s > 2, s > 5 and s > 3 respectively.

Proof. Let 0 < 0 < 1, choose x € C§°(Bs) x C5°(Bs) such that x = 1 in O; a neighborhood of (0, 0)
and define ® := yw. It follows that ® € C([-T,T]; H*(R)) x C([-T,T); H*(R)) and supp ® C B;s X Bs.
We deduce thanks to the preceding corollary, for 7 > 0 large enough,

73/ (|<I>1\2+|<I>2\2)e2“1’da:dt+7'252/
Bs

(|<I>1,m|2+Iéz,xIQ)ezT‘dedtgc/ L2V dzdt.  (4.1)
Bs

Bs
The right hand side integral holds on Bs\Oj, since L® = 0 in O;.
For (z,t) # 0 in supp ®, we have

U(x,t) = (v—0)*+0%* <% and ¥(0,0) = 6%

Then for (x,t) € supp L& C B; X Bs, there exists 0 < & < 62 such that ¥(z,t) < §2 — . On the other
hand, we can choose Oy a neighborhood of (0,0) with ¥(x,t) > 62 — . in Oy. The inequality (4.1) is
then written for all 7 > 0

Cr3e2m (8% =) / D12 + | By |2dadt < 27079 / |L®2dadt.
02 BJ\OI

Tending 7 to infinity implies ® vanishes in Oy. However w = ® in O C O and w =0 in Os. ]

Corollary 4.3
Let s > 5,T > 0,A,B,C € L*(R x [-T,T]), and ¢1,ca,c3,c4 be real constants. Let w = (n,u) €

(cH([-T, T];HS(R)))2 be the solution of

Oy — b0yt + A(2,1)0y  Opzw + Oy + Blz, )0, 0
Caa:xz + ax at - dazxt + C(.’ﬂ, t)az w=>r



We consider the curve © = pu(t), u(0) = 0,u a continuously differential function in a meighborhood of
(0,0). Assume that w = 0 when x < p(t) in a neighborhood of (0,0). Then there exists a neighborhood
of (0,0) in which w = 0.

Proof. We consider the change of variables (x,t) — (X, T) with

X = o—plt)+11
T = t.

This change of variables provides W = W (X, T) satisfying W = 0 when X < |T| in a neighborhood of
(0,0) and LW = 0 with

o= Oor + (—M/(T) + 1)8)( —bOxx1T — b(—,u’(T) + 1)8XXX + Adx
' cOxxx + Ox

adxxx + O0x + BOx )
8T + (—MI(T> + 1)8X — dGXXT — d(—ul(T) + 1)6XXX + C@X ’
O

Theorem 4.4

Let s > 5 and T > 0 and (n,u) € C([-T,T]; H*(R)) x C(|-T,T]; H*(R)) solution of the Boussinesq
system. If (n,u) = 0 in an open subset Q C (R x [=T,T])?, then (n,u) = 0 in the horizontal component
of Q.

Proof. The proof follows [11, 9] or [7] applying the preceding corollary with A = pn?~tu, B = n°
and C' = w”. Since s > 1/2, the functions A, B,C belong to L>®(R x [-T,T]) thanks to the Sobolev
embedding. O

Remark 4.5 These results can be generalized to higher dimensionnal Boussinesq systems:

ne + V.U + V.(p°u) + aAV.U —bAnp, = 0
1
U +Vn+ ——=V|U|P™ + cAVy — dAU; = 0,
p+1
where n = n(x1,...,xn,t), U= (U1,...,Up)(x1, ..., Tp, t). We obtain the following Carleman estimates.
Theorem 4.6
We define
ro— O — c1 AOy + caAV. + fl,l(x, t)V aAV. + fLQ(.Z‘,t)V.
’ cAV + f271(l’, t)V Oy — c3AO; + c4,AV. + f272(33, t)V

where c1,c2,c3,¢q4 are constant in R, fi; € L°R"™),1 < i,j < 2. Let § > 0 and Bs = {(z,t) €

R% S a? + 2 < 62}, Then, there exists C > 0 such that for all ® = (®1,...,®,11) € (C*(Bs))" ™,

U(z,t) =31 (x; —6)*/n+ 622 and T > 0 with

|1.f3,
p

112
%“"«Uorlgi,jgz,

we have

n+1 n+1
73/3 (Z |q>i2> ™V dxdt + 72/3 (Z V.<I>i|2> 2Vdzdt < C [ |LP|22 ™ dxdt.
5 5

i=1 i=1 Bs
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