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Abstract. We compare the solution of the generalized Boussinesq systems, for various values of a,b,c,d,

Nt + ux + 5((7]'“)1 + auzrs — bnzzt) = 0

ut + Ne + e(ute + Neze — dugzt) = 0.
These systems describe the two-way propagation of small amplitude long waves in shallow water. We prove,
using an energy method introduced by Bona, Pritchard and Scott [7], that respective solutions of Boussinesq
systems, starting from the same initial datum, remain close on a time interval inversely proportional to the wave

amplitude.
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Introduction

In this paper, we are interested in the two-way propagation of small amplitude long waves in
shallow water. This phenomenon is described by the amplitude 7 and the velocity u of the waves,
which satisfy the following generalized Boussinesq systems [4, 5], for (z,t) € R x R,

Tt + Ug + 5((7]/“):1: + AQUggzy — bnm:ct)
ug + Nz + e(uux + CNzxe — dumrt) =

Here 0 < € < 1 denotes the quotient between the amplitude and the depth of water, and ¢ is
assumed to be small. This coefficient is also proportional to the square of the quotient between
the depth of water and the wavelength.
If we focus on the one-way propagation, the Boussinesq systems are reduced to the Korteweg-de
Vries equation (KdV) [9]
Nt + Ne + 5(01777]1 + ﬁnxxm) = 0;

or the Benjamin-Bona-Mahony equation (BBM) [3]

Nz + N + (e — BNeat) = 0.



Recall that Bona, Pritchard and Scott [7] proved the following result.

Theorem 0.1 Let m >0 and f € H™"?(R). Let € > 0 and 1, ¢ respectively the unique solution
of KAV and BBM in C([0,00[; H™5(R)), starting from the same initial datum nl|i—o = C|i=0 = f.
Then, there exists a constant M; > 0 with 0 < i < m such that for |t| < sflT, we have

Ha;??(wt) - 8;(('7t)‘|L2(R) < Mi 52 |t|7

. — Crn+5
with T := g

Concerning the Boussinesq systems, our result reads as follows.

Theorem 0.2 Let m > 0 and (f,g) € H™5(R) x H™5(R). Let (n1,u1), (12, u2) be solution in
C([—e= 2T, e~ Y/2T]; H™*5(R))? of Boussinesq system with (a1, b1, c1,dy), respectively (as, ba, ca, ds),
starting from the same initial datum (f, g) with

Cm+5
T:=—7-"——.
1(f; D llm+s

Then, for all 0 < i < m, there exists a constant M; > 0, depending only on ||(f, g)||m+5, such that

for [t| < e /2T, we have
% 771(7t) _ai 772(at)
o () -2 ()

This result reflects the fact that the solutions of Boussinesq systems with various coefficients
are close with a maximum deviation of the order of /2. This is not as good as the order of
the neglected terms in the asymptotic expansion of the Euler equation. On the other hand, the
obtained time of comparison is of order e /2, although the effects of dispersion and the effects of
the nonlinearity have an order 1 influence. One can certainly hope that the solutions remain close
longer, and improve the result, for example by choosing a suitable velocity, or a good combination
of KdV solutions. In this way, Alazman et al. [1] recently obtained a similar result and showed
that the solution of the Boussinesq system with one-way propagation is well approximated by
the solution of the KdV or BBM. Related papers concern the comparison of the solution of two-
dimensional Euler systems with the solution of Boussinesq systems or KdV equation [6, 8, 10, 11].

Our paper is organised as follows. In the first section, the local well-posedness of the Boussinesq
systems is summed up. The second section deals with the comparison of the solution of the systems.
Finally, we present some numerical illustrations.

S Mi<€|t|.
L2

1 Summary of existence theory
We consider the initial value problem, for (z,t) € R x R,

Tt +ug +¢€ ((nu)x + QUgzy — bna::rt) = 0
U + Ny + € (Wuy + MNpge — dggr) = 0
n(z,0) = f(z), u(z,0) = g(z).

The coefficients a, b, ¢, d satisfy one of these two conditions:

A,.\
—_ =
[N
— —

eb>0,d>0,a<0,c<0
eb>0,d>0,a=c>0.

Recall that the Cauchy problem is locally well-posed [4, 5]. In this work, we only need smooth
data, and we refer to these papers for more precise assumptions on the regularity.



Theorem 1.1 Let m > 3/2 and (f,g9) € H™(R) x H™(R). Then there exists Cy, > 0, depending

only on m, such that for

Cm
T =—— —
1(f, )l

there exists a unique solution (n,u) € C([—e=3/2T,e=3/2T]; H™(R))xC([—e~3/2T, e =3/2T]; H™(R))
of the Cauchy problem (1.1)-(1.2)-(1.3).

Moreover, let (f,g) € H™(R) x H™(R) be the initial datum of the unique solution (7,%) and M > 0
such that

1(f,9)llm < M and [|(F,§)llm < M.
Then there exists c,, > 0 such that for |t| < e=3/2C,, /M,
(-Gl
9 9/l

() - @], <o

Proof. The proof in [5] is actually done with & = 1. The change of variables

x=e 25 t =17, n=c¢ fu=c'tu

provides the following initial value problem

M7 + Uz + ()7 + alizzz — g = 0
Uy + Nz + Uz + Clzzzy — digzy = 0
7(@,0) = e/ (@), W(7,0) = eg(@).

2 Comparison of solutions

2.1 The linear case
We consider the linearized problem around (0, 0)
m + ug + 5(aumxm - bnxmt) = 0

Ut + N + e(CNaze — dtge) = 0
n(x,0) = f(z), u(z,0) = g(z).
Let us compare the solution of the KdV-KdV system (a = ¢ = 1,b = d = 0) and the solution of

the BBM-BBM system (a = c¢=0,b=d =1).
Assume that f, g € S(R). The solution of KdV-KdV is given by the Fourier transform in space

(1) ) = e (1 gy,

0 1 — ek?
Al(k): <l—ek2 0 )

And the solution of BBM-BBM is

() k) = e (1) o,

with



with .
nw=( 3 ).
Since Ay (k)Az(k) = Ax(k)A1(k), it provides
/i _ ¢ — —ikAq(k)t _ —ikAa(k)t (f)
<u) (k. 1) (9 (k, t) (e ¢ ) ) w

— mikAs(R)t (efik(Al(’f)*Aﬂk))t - 1) (g (k).
g

Thus

@) o)

kA ()t (e—ik(Al(k)—Ag(k))t B 1) (JA” (k:)‘
g

—ik(AL(k)—As(k))t f
(e 1) (9 (k)’ .

<

However |exp(iz) — 1| < |z|, and we find

‘@) (k,t) — <9 (k,t)‘ < ‘k(Al(k) — Ay(k)t (9 (k)‘,

Then, using 1 + ¢k? > 1,

@) 0= (6) o] < 55| 3) o] < w3 ]
and
Z (1) — f) (-,t) s% Z () — g GOl <Xt | IkP g (k)| dk.
Lo L R f

The result can be written as follows.

Theorem 2.1 Let f and g be real valued functions with 52? and @ integrables on R. Let (n,u)
and (,v) be solutions of the linear Cauchy problem associated with KdV-KdV and BBM-BBM
respectively, starting from the same initial datum

(L) = G - ()

Then there exists a constant C' > 0, depending only on (f,g), such that, for all time t € R,
77('7 t) _ C(a t)
u(-,t) v, t)

2.2 The main result

To simplify the reading, we only prove the result for the KdV-KdV and BBM-BBM system. The
proof of the theorem 0.2 can be done in a similar way.

We now consider the following nonlinear Cauchy problems. The first one associated with KdV-
KdV:

< ct.
LOC

nt + Uy + € ((nu)w + ua::rw)
U + N + E(uum + nxxx) -
n(z,0) = f(z), u(z,0) = g(x).

—~ o~
[N
~— ~—



And the second one is called BBM-BBM:
gt + Vg + 5((Cv)z - C:mct) = 0 (23)
v+ G+ (Vv —Vprt) = 0 (2.4)
((2,0) = f(z), v(z,0) = g(z).
We prove that the respective solutions remain close as follows.

Theorem 2.2 Let m > 5 and (f,g) € H™(R) x H™(R). Let (n,u) and (¢,v) be solution in
C([—e= 2T, e~ Y/2T]; H™(R)) xC([—e~ V2T, e~ /2T); H™(R)) of KdV-KdV and BBM-BBM respec-
tively, where

Cm
T:=—-——.
(£, 9)lm
Then there exists a constant M > 0, depending only on ||(f,9)|lm, such that for |t| < e~Y/2T, we
e (B (<1
n '7t C '7t ) <
— Melt|.
H (u(7t)> (U(7t) L2 B ‘ |
Proof. To simplify the writings, we denote the L?—norm as ||.||. We assume that ¢ > 0, negative
time being dealt with similarly. Let us define
A= n—¢
w o= u-—wv.
Then (A, w) satisfies:
)\t + We — 5)\zxt = —& ((Aw)w + ()\U’ + Cw)w + Ugzx + 77w:vt> (25)
wi + )\:v — EWggt = —€ (wwz + (Uw)z + Nzzx + u:rzt)
A(z,0) =0, w(z,0) = 0.
Equations (2.5) and (2.6) are multiplied by A and w respectively, and are integrated over space.
+oo —+o0
/ )\()\t + Wy — E)\axrt) + w(wt + )\w - €wzxt) dl‘ = _E/ )\(umww + nmwt) + w(nzww + uwwt)

+o00
- 5/ AMAw)z + Au+ (w),) + w(ww, + (vw),) de.

—o0
(2.7)
We first simplify the left-hand side of (2.7). Since \,w € H™(R), we know that, for 0 < i < m,
i\ and 9w go to zero at infinity. Thus

o0 +o00
/ (AMwg +wAy)de = / (Aw)y dx = [)\w]tz =0,

— 00 — 00
and an integration by parts gives
“+o0 1d +oo
/ A(At — edgat) + w(wy — eWgyy)dr = §£/ N w? +eX2 4 ew? da.

—c0 —o0

Integration by parts are applied to the right-hand side of (2.7), and it gets:

“+o0 +oo
/ AM(Aw)y + (Au+ Cw)z)de = —/ Ae(Aw + Au + Cw) do

—0 —o00

_ _/:o (A;) (w+u)dx—/:>o/\xgwd:s

+oo A2 +oo
= / —(wy + ug) dac—/ AzCw dz.

—o0 2 —o0



Similarly

+oo +oo +oo 2 +oo 2
/ w(vw), de = 7/ weow dr = 7/ (1;) vdx = / w?vx dz,
+o00 +o00 3 3
/ wwyde = / v dr = v =0.
oo oo 3 ), 3] o

Finally, the equality (2.7) becomes

and

+oo )\2 2

?(wa +ug) + %

1d

3q Vg + A Cwdx

— 00

“+oo
A2 +w? +eX? +ew?)de = —s/

+oo
- E/ )\u;ﬂwac + )‘nxwt + Wz zx + WUyt dx.

— 00

However A(x,0) = 0 and w(x,0) = 0, we deduce

+00 t ptoo A2
/ ()\2+w2+5)\i+5wi)dx§2€/ / ’2(w1+uw)
0 J—oo

—00

w?
+]

5 |+ |AzCw|

Vg

t +oo (2'8)
+2e / / Migzs| + [ Mazr| + [Wew| + [0y |drdT.
0 —0o0
According to theorem 1.1, we have for ¢ € [O,a_l/QT], h=mn,u,(, or v, and 0 <1i < m,
10511 < [[Bllm < Co = Co(f, 9);
moreover, for 0 <i <m — 1 and t € [0, /2T,
|0hloe < V2(I03A]105 1) < V2Co.

Let us find an upper bound of the inequality (2.8). On one hand, we have

“+ o0
1
/ / ‘ (wy + ug )| drdr 5 sup ([t () loo =+ llwe(T) o)
€[0,e—1/27)
1 b e
< 5 5w (2||Ux(T)Hoo+||vm(T)||oo)/ [AlI"dr
[0 e—1/27) 0
<

<220, [ e,

t \/i t
dudr swp oulr)lo [l < 520 [ fulPar,
0 0

1
2 T7€[0,e—1/2T]

o

and, using the Cauchy-Schwarz inequality,

t “+o00 t t
/ / Puuldadr < s Gl / e oldr < V2o / el
0 —00 0 0

T€[0,e~1/2T]

On the other hand, the Cauchy-Schwarz inequality provides

t —+o0 t t
// \)\umw\dxdﬂ'g/ ||A||Hum\|d7gco/ IA[[dr
0 —00 0 0
t “+o0 t t
[ twnededr < [ ullpeeslir < o [ udr
0 —00 0 0



However,
Neat = _82(%6 +e((nu)z + Uzzz))
thus, for t € [0,~1/2T],
Mzztll < Nuzeell + 3Nzl |tz oo + 3]0 lloo Uaz | + €llnllool|tzzzll + ellNzzalllulloo + ellUuzzzasl|
< (1+¢)Cy + e8V2C2.

Thanks to the Cauchy-Schwarz inequality, we obtain

t “+o00 t t
[ narldodr < [ llinaarliar < (4 2160 + esvacg) [ e
0 —00 0 0

In the same way, we find for ¢ € [0,6_1/2T],
Hu:th = H - 55(% + 5(7“% + nzzm))H
< (Inzza |l + 3elluall oo lluze | + llulloo |tzaell + ellNzaarell)
< (1+¢)Cy 4 €4V2C2,
and then

t —+oo t t
// \wumuxdrg/ ||w||\|umudrg((1+e)co+a4\/§c§)/ wlldr.
0 —00 0 0

The inequality (2.8) is finally rewritten

+oo 3 2 t 2 t t
/ (A +w? +eX2 + ew?) dr < 2 ({C’O/ IA||2dT + \2[00/ |w|?dr + \/iC'o/ ([ Az |Jw]|dr
0 0 0

— 00

t t
+ 2 (((2 +6)Co + 58\/503) / IA|dT + ((2 4 e)Co + 54\/503) / ||w|d7-> .
0 0
We define
T 1/2
A(t) == [/ (A2 Fw? +eX? + awi)dm} ,

—o0
thus
A+ lw]]* < A% and [[Ae]|® + [lw. [|* < e7' 4%

and the inequality (2.8) becomes, using 2ab < a? + b,

¢ t t ¢
A%(t) < 26’15/ A(r)dr + 0161/2/ A%(r)dr < 3015/ A(r)dr + Cl/ A3(1)dr
0 0 0 0

The following Gronwall’s lemma is used [2].

Lemma 2.3
Let o, > 0 and p > 1. Define

~ +oo
T := 5*1/90[(1*/))/#/ (1+ Zp)fldz
0

Then there ezists a constant C = C(p) > 0, independent of o« and B such that if A is a non-negative,
continuous function defined on [0,T] with A(0) =0 and for all t € [0,T

A%(t) < /0 aA(T) + BAP(7)drT,

then for all t € [0,T],
A(t) < Cat.



Even if we choose T smaller, we conclude that, for 0 <t < e~1/2T,
77('7 t) _ C(v t)
u(-,1) v(-1)

We can generalize this result to the space derivatives as follows.

Theorem 2.4 Let m > 0 and (f,g) € H™5(R) x H™5(R). Let (n,u) and (¢,v) be solution in
C([—e~ V2T, e~ Y2T]; H™5(R)) x C([—e~V/2T,e~Y/2T]; H™*5(R)) of KdV-KdV and BBM-BBM
respectively, where

< Cet.
L2

_ C7n+5
1(f> 9)llm+5

Then, for all 0 < i < m, there exists a constant M; > 0, depending only on ||(f, g)||m+5, such that

for [t| < e V2T, we have
o (i) - ()

Proof. The proof is done by induction on the derivative order. The preceding theorem gives
the first step ¢ = 0, and we assume that, for 0 < i <n—1and 0 <t < 6*1/2T, there exists
M; = M;([|(f, 9)lm+5)x (m+5)) > 0 such that

i () i (CG51)
8ac (u(,t)) 896 <v(~7t)
The result is now shown for the step n. Multiplying equations (2.5) and (2.6) by 92"\ and 92"w
respectively, and integrating over space:

T:

L2

< Mz et.

102 + 9l e = \
L2

—+oo +oo
/ 8§n)‘(>\t + Wy — EXggt) + ainw(wt + A — EWygy) d = _5/ ain)‘(“xm’ + Nawt) + 33"10(%” + Ugat)

+oo
- s/ PN (Mw)z + (Mu+ Cw) ) + 02" w(ww, + (vw),) de.
- (2.9)
Concerning the left-hand side of (2.9), integration by parts provides

+oo 400
/ (07" N wy + 07w Ay )da = (—1>”/ (PN w), da = 0,

—00 —00

and

+o0 _1\n +o0o
/ P AN —EX gt ) 02w (Wi —EW gy ) A = (=1) i/ (PN 2407 w) 2 +e (TN 2 e (0T w?) da.

The right-hand side of (2.9) is rewritten as follows.

“+oo

—(=1)"e PN (w4 Au + Cw) + 0%w 07 (ww,) + 07w 0P (vw) da
+oo
- (—1)"5/ OPNOMF 3y 4+ 9PN 020, 4 0w 0730 4 0w 07wy da.
Let us define oo
B2(t) = / (702 + (97w)? + (N2 + (07 w)? dar.



Since A(+,0) = 0 and w(+,0) = 0, the equation (2.9) becomes
t —+o0
B*(t) = - 26/ / AN w4+ Mu + Cw) + 02w O (ww,) + 9w 02 (vw) dedr
0 J—oo

t —+o0
- 25/ / ANy 4+ PN O, + 0" w 073 4+ 0w 07w, dadr.
0 J—oc0
Thanks to the Leibniz formula, we find
t ptoo t ptoo n+1 n+1 S
/ / AN () dzdT :/ / ax (> ( ; ) =Ny | dedr
0 J—oo 0 J—oo i=0

t 400
= / / AT A u+ (n + 1)(07N)updadr
0 —o0

t pdoontl
+ / / 3 (” N 1) O" N O 9 udadr.
0 oo 5\ 1

However

t t t
/ /8;‘)\82+1)\udxd7':/ /lax(agx\)zudxdrz—/ /1(8;1/\)2u$dxd7,
0o Jr 0 Jr?2 0 Jr?2

then we have

n+1

t t
/ / MNP A\u)dzdr = / /(n + 1)(a;;A)2 U + Y <" + 1) OmNOPTITINO u dadr.
o Jr ' o Jr 2 — \ ! '

In the same manner, it gets

n+1

t t
/ / 0w O (vw)dwdr = / /(n + 1)(3;110)2 vy + Z (n + 1) Olw 0P 9L v dadr,
o Jr 0o Jr 2 = N

and

t t n—1
/ / Ovw O (wwy,)dxdr = / /(Qn - 1)(8;%)2 Wy + Z " O w 0w 0P " dadr.
0 R 0 JR 2 i=2 ¢

Thus,

¢ 1 1 1
BQ(t) =— 25/ / [(n + 5)(8;‘)\)2 (we +uz) + (n+ 5)(8;%0)21)1; +(2n — 5)(8;11/)2 Wy
o Jr
n—1
+ PNOTECOMw 4 9PN O wdn ¢ + Z (1;) O w 0w 0P
i=2
ntd +1 . . B . . . .
+ Z (n ; > (OPXNOPMHTIN (98 w + 0 w) + 0" wd™ T T 9w + AT w 91C)
i=2
+02 NP+ OPNOL P, + 00w O + 00w O Pu, | dudr.

(2.10)
Recall that, for ¢ € [0,e~Y/2T], h = n,u,¢,v and 0 < i < m + 4, we have

102 h] 0 < V2([OLRI[|0ER])E < V2C.



We deduce

| [+ 3@ + )| dedr < e+ 5) [ 10NP (o + )i
0 JR 2 2 0

X . (2.20 — a)
<(n+ 5)Nico/ 103 N,
0
similarly

t t
/ / (n + L) (@rw)2v,| dedr < (n + 1)ﬁco/ om | 2dr, (2,20 — b)

0 JR 2 2 0
/ / (2n — 5)(8;%11)2101 dedr < (2n — 5)2\/500/ |0mw||?dr, (2.20—¢)

0 JR 0

and

t t t
| [lezxaricoruromner-tuordasar < vaca ( [ lozaiiozular + [ joallortular
0 JR 0 0

N—

Using the Cauchy-Schwarz inequality, we obtain

t n+1 Tl+1 , ) n+1 n+ 1 t 4 4
LS () temars ot daar < 32 ("7 [Ciazaliortliotul
0 JR j—p = 0

and the inductive assumption provides, for 0 < t < e~ /2T,

bl n-+1 S e n-+1 t
/ /Z( ! )‘6;})\8;+11)\6;u|d$d7' < Z( . >Mn+1—i / eT||On Al|dT
0o JRi5 \ ¢ i N ! 0
n+1 n+ 1 t
< <Z< ; )Mn+1i51/2T1/2>/ [0 Alldr.
i=2 ! 0

Same computations give

t n+1
/ / > (” j 1) [(OPA P FITIN (0L w 4 0% w) 4 0P wd T §lv 4 PN T Hw 0L0))|
0 /R =3

e n+1 t
s3(2( ; )Mn+uel/2T1/2) [ 1ozl + ozl
0

=2

and
t n-l n—1 t
/ /Z <7Z> |0rwdlwd | dedT < (Z (’;) Miel/sz) / |02wl|dr,  (2.20 — f)
0 “Ri=2 i=2 0

On the other hand, from the Cauchy-Schwarz inequality, it gets

¢
//|6g)\82+3u|dxdr
ot R
Oy wdy™°n| daxdr
0o Jr

a;l+277t = _8;L+2(U'w + 5("7“);2 + auwz)

IN

t t
/ lamA[|om B ulldr < V2Ch / |on Al dr,
0 0

IA

¢ t
[ ezlioz ular < vacs [ ozular
0 0
Since
En+3
_ _(An+3 7 n+3—1 n—+5
= —(0; u—i—sZ( ; )83017830 u+edy ),

=0

10



it implies

t t n+3 t
| 1o asir < [ jozxiios+nlar < ((1 +ecu+vacgey (" 3)) | ozaar
0o Jr 0 o 0
In the same way, we have
t t nt2 n+2 t
/0 Aa|8§w8§+2ut|dxd7 < /0 el|0mwl|[| 07 2uy||dr < | (1 +¢)Co 4+ V2C2e Z ( i ) /0 |0z w| dr,
i=0
(2.20 — k)
because
O 2y = —0" T2 (0 + ety + ENpan)
n+2 + 2
(anJrSn_'_ Z (TL >a7, an+d zu+€an+5 )
For t € [0,e~'/2T], the function B(t) being such that

IOEAI* + |07 wl|* < B*(t), and [0 A + [0 w||* < €7 B(t),
the equation (2.10) finally becomes

t t t t
B2(t) < 2Cne | B(r)dr + Cpel? / BX(r)dr < 3Cne | B(rydr+C, | B3 ().

0 0 0 0
We conclude using the Gronwall’s lemma as for the initial step. O

Corollary 2.5 Let m > 1 and (f,g) € H™5(R) x H™5(R). Let (n,u) and (,v) be solution in
C([—e=Y2T,e=Y/2T); H™*>(R)) x C([—e~'/2T,e'/2T]; H"+5(R)) of KdV-KdV and BBM-BBM
respectively, where

C’erE)

1Cfs D) lmts
Then, for all 0 < i < m — 1, there exists a constant N; > 0, depending only on ||(f, g)|lm+s, such
that for |t| < e /2T, we have

o (i) - (i)

1951 = Ollo < V2([105(n = OO (n = OIN'?,
the preceding theorem is applied with 0 < i < m and |t| < e~ Y/2T, to give

105(n — O)llso < V2(Mielt| Miy1elt))? = /2M; My 1elt],
108 (u — v)]|oo < /2M;M;q1elt].

It is enough to choose N; = 2,/2M; M, 1. O

T .=

LOO

Proof. Using

and

Remark 2.6 Concerning the generalized Boussinesq systems, the difference between the respective
solutions can be written as follows:

/\t +wy, +¢€ (agwxm - b2>\3c9ct) = =€ ((/\’LU)gc + (/\u + Cw)x + ((11 — ag)uxm + (bg — bl)ngmt)
Wy + )\w +e (C2Amvm - d2wwwt) = € (www + (vw)z + (C2 - Cl)nwwm + (d2 - dl)uzazt)
Az,0) =0, w(z,0) =0,

where A =11 — N2, w = uy — uz. The rest of the proof is similar to the previous cases.
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3 Numerical comparison

The aim of this section is not to perform a complete numerical study, but rather to present some
relevant simulations and to explore if the result is optimal and if the time comparison is longer
than the theoretical one. Therefore we have an overview of the way in which solutions of each
system evolve and differ.

To simulate the system, a Crank-Nicolson scheme is used to discretize the time-derivative, and
the fast Fourier transform is applied for the space derivatives. The obtained non-linear problem is
solved using fixed point iterations.

We consider a bounded domain [—L, L], L > 0 a large fixed value. We denote N, > 0 the number
of Fourier modes, At > 0 the time step, and for n € N, 7),,, resp. 1, is the approximation of 7,
resp. U, at time nAt .

Algorithm: By denoting by m > 1 a maximal number of the Picard iterations, the algorithm is
described as follows:
e Set ﬁO,m = ... = ﬁO,l = 7/7\070 = 7y and I/L\O’m = ... = 17,0,1 = ﬂ070 = Ug.
e Forn=0,1, ..., compute:

e Forr=0,1,....m—1

)

(1 5ae) () = (-3a0) () o
ie{ At ﬁ(ﬁnﬂ,r + nn/)@L+l7r + up)

B ( ey (s )’ ) |

where, fzk%,—Nz <k<Ne_q

(PO a0, T
I<O 1)’A(§)Z§<1—6(3§2 0 .

1+ed€?

The iterations are stopped in one of the two following cases:

3 s - 2 u N —Uu 2 .
e when (H""“”;J’il Z\TIH;MHZ + I "“”';“H OI"“;“HL ) <7, with 7 > 0 a fixed tolerance.
n+1,0]; n+1,0ll;

e or when r = m — 1. We mention that the step At can be reduced in this case, in order
to improve the previous relative error.

We then set 741 1= Dp+1,r+1 a0d Upt1 1= Upg1,r41-
Remark 3.1 We choose a suitable step At > 0 as follows:

Ax
At < me(2 4 e(a+ ¢)(m/Az)2) ([|nnlice + ||tn i) (3-2)

Indeed, from (3.1),

At m, -,
I 714 An+1 An+1,r+1
( + 2 (£)> ( Un+1 — Un4+1,r+1

1eEAt ﬁ ((nm—l + ) (Unt1 + Un) = (Mng1,r + M) (Ung1,r)

4 2(1+15d7§2) ((Un+1 +un)? = (U1, + un)2)

12



The nonlinear term can be written as

—
—n, + . + - — .
( (77n+1 77n+1,r)2(un+1 un+1,7) + (77n+1 77n+1,r)2(un+1 un+1,7) + un(lran,»l _ {r]'n,J,»l,'r) + nn(unJ,»l _ unJ,»]’r) >

(U1 = 1) (U1 + 2t + Unr)
and a linearization, near (My, Un), in the right-hand side of this relation leads to the approzimation:
(] + AtA(g)) ( ﬁn+1 —§n+1,r+1 ) ~ _@ ﬁ (un(nnﬂ - 77n+1,7-)/£77\n(un+1 - un+1,r))
2 Un+41 = Un+41,r41 4 Errr] (Un(un—i-l - un+1,r))
The matrix (I + %A({)) is invertible if, for all &,

2(1 + eb€?)(1 + dg?)
(1 — eag?)(1 — ecg?)|”

and it follows according to the Parseval’s formula,

At <

Mns1,r11 = Maatllez + Jungr 1 — Ungalle

elé| At 1 |1 — ect?|
< T 169 1 T 3¢9 m[[1>° mn T —IIn n||l°° n T - Un
STy T ae + 1T de (lunllislmnt1,m41 = s lliz + mnllice |tng1,m i1 — wngalliz)
1 1 — ca?|
+ e (1 ) (uali=lonsarin = wnsale)

However £ = kT, with —% <k< % —1, and N, = %7 it follows

emAt
1Mnt1,r+1 = D1 lliz + | Untird1 — Ungalliz S 1Az (2+e(a+ c)(w/Aw)Q) (I lliee + |Jten o)

(ns1,r = Maalliz + [uns1re1 — Ungrlliz)-

Remark 3.2 When b,d > 0 and since |£|/(1 4 £?) < 1, a better choice for the time step At > 0

can be done as follows:
1

(Imnlliss + [lunll)”

At <
g

Simulations are performed with such a time step At, and with L = 100, N, = 2'°. Similar results
were obtained with smaller space steps. We start from the initial datum:

no(@) = % (f2 + cosh(3\/275x)) sech? <\/%x> ,uo(z) = 3wsech? (\/%z> ,

with w = +5/2. This initial datum provides a solitary wave solution of the BBM-BBM system
with e = 1,a = ¢ = 0,b = d = 1/6, given by n(z,t) = no(x — wt) and u(x,t) = up(z — wt). To
ensure the convergence of the scheme, the following conservation law is tested : Vt € R,

+o0 +oo
/ 0 (x, t)+u? (2, 1) +ebdyn® (x, t) +eddpu® (2, t)de = / N (@) +ud (x)+ebdpni (x)+edd,ud (x)dz.

— 00 —0o0

Figure 1 shows the evolution over time of the solution, the L>°—norm, the conservation law above,
and the error between the approximate solution and the solitary wave.

13



n
[}

u
--u(t

1 g 6 i =10)
i u(t=50)
0 '
: a
IS
ol
-2r
: —n(t=0) 0
-3 -1 (t=10)
= 14 00 -50 0 50 100 Zfoo -50 0 50 100
X X
70 0.1

80y ] 08— — T~ |

50r

1 0.06f

—H - 1
a0 norm (x 100) |

“L”-norm 0.04k
301 q
201 ] 0.02+
1GO 2 4 6 8 10 G0 2 4 6 8 10

time time

Figure 1: Result for e = 1,a = ¢ = 0,b = d = 1. On the top left, the approximated amplitude 7
at time ¢t = 0,10,50. On the top right, the approximated velocity u at time ¢ = 0,10,50. On the
bottom left, the H! and L>®°—norms. On the bottom right, the error between the approximated
solution and the solitary wave.

Based on these results, the numerical scheme appears to be relevant for the simulations. The ap-
proximate solution remains close to the exact soliton, and the conservation laws are well preserved.

We represent in Figure 2 the evolution of the solution starting from a localized wave defined as
follows

no(z) = uo(x) = aexp(fx2/22).
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Figure 2: Result for ¢ = 0.1, = 1. On the top, the approximated amplitude n at time ¢ =
1/4/2,1/e,1/e%. At the center, the approximated velocity u at time t = 1/4/¢,1/¢,1/e%2. On the
bottom left, the conservation laws. On the bottom right, the difference between the approximated
solution of the Boussinesq system (o = b= c¢=d = 1), the KIV-KdV system (a = c=1,b=d = 0)
and the BBM-BBM system (a =c¢=0,b=d=1).
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The solution of the KAV-KdV system disperses faster, the solution of the BBM-BBM system being
the slowest. The difference between the solutions increases rapidly, the slowdown is due to the
decay of solutions. Between t = 1/4/¢, and ¢ = 1/e, the difference has doubled. We also noticed
that conservation laws are well preserved.

We inspect in Figure 3 the influence of the parameter € and of the amplitude of initial data.

15 40 w
—o=1
—e=0.01 e “0=2
--e=0.1 ) 307 0=3
100 ¢=05 ! ]
20
5,
10
0_2 F(;- 2 4 Gl Il Il Il Il Il Il Il
10 0 10 10 0 05 1 15 2 25 3 35 4
time (in log) time

Figure 3: Difference between the approximated solution of the Boussinesq system (a =b=c=d =
1), the KAV-KdV system (¢« = ¢ = 1,b = d = 0) and the BBM-BBM system (¢ =c¢=0,b=d = 1).
At left, result for e = 0.5,0.1,0.01 and o = 1. At right, result for ¢ = 0.1 and o = 1,2, 3.

We find that the difference between solution increases with . Nevertheless, the growth is quickly
done during the first iterations. On the other hand, the constants depending on the norm of the
initial data, it appears that the difference between the solutions is even greater than the amplitude
of the solution is great and the dispersion is slow.

To sum up, when « and ¢ are sufficiently small, the solutions behave like the linear case. It is
due to the dispersion, and thus the smallness of the solutions. Then the solutions remain close and
the result can be improved. If o and € become large, the solutions differ quickly. Nevertheless, it is
possible to improve the result by selecting special solutions, e.g. by choosing one-way propagation
solution [1, 7].
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