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Internal exponential stabilization to a nonstationary solution for 1D
Burgers equations with piecewise constant controls

Axel Kroner and Sérgio S. Rodrigues

Abstract— The feedback stabilization of the Burgers system
to a nonstationary solution using a finite number of internal
piecewise constant controls is considered. Estimates for the
number of needed controls are derived. In the particular case
of no constraint on the support of the control a better estimate
is derived, so the possibility of getting an analogous estimate
for the general case is discussed. That possibility is suggested
by the results of some numerical simulations.

I. INTRODUCTION

Let L > 0 be a positive real number. We consider the
controlled Burgers equations in the interval {2 = (0, L) C R:

O + u0yu — VOyppu +h+ ¢ =0, ulp=0. (1)

Here w stands for the unknown velocity of the fluid, v > 0
is the viscosity, h is a fixed function, I' = 92 stands for the
boundary {0, L} of Q, and ( is a control taking values in
the space of square-integrable functions in €2, whose support,
in z, is contained in a given open subset O C (2. The Burgers
equation models gas dynamics and traffic flow.

Let us be given a positive constant A > 0, a continuous
Lipschitz function xy € W1°°(Q, R) with nonempty support
) # supp(x) € O C Q, and a time-dependent solution @ €
W of (1), with ¢ = 0, in a suitable Banach space V. Let
O = (I3, ls) € (0, L); in [11] it is shown the existence of an
integer M and a function n = 7(t, x), defined for ¢t > 0, = €
), such that the solution u = wu(t, ) of problem (1), with
¢ = xPum(nl|p), and supplemented with the initial condition

u(0, ) = u(x) 2)

is defined on [0, +00) and satisfies the relation |u(t) —
W(t) 720, p) < Ce M [u(0)—=(0)[72q g, provided [u(0)—
@(0)|z2(0,») < € for small enough e. Here M, C, and ¢
can be taken depending only on (|uly,, A), and Py is
the orthogonal projection in L?(O, R) onto the subspace
L2,(O,R) = span{sin (%) |ieN,1<i< Mp;.
That is, the internal control ¢ = xPu(n|,) stabilizes
exponentially, with rate % the Burgers system to the targeted
nonstationary reference trajectory @ = u(t).

In the case we take x(x) = 1 for all z € €, then it is
shown in [11, Section 3] that it is enough to take

M > Do(v=2|a)3, + v A2, 3)
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while in the general case our control is supported in a small
subset supp(x) C O, it is shown that it is “enough” to take

_ 1 _ 2 1A —2) .
M DleD2(1+(u )2+ 3 4o, v 2\u|$,v) @

where Dy, D1, and D, are constants depending on x and 2.
Since the estimates are of different nature some numerical
simulations have been presented in [11] suggesting that an
estimate like (3) should also hold in the general case of
localized controls.

In the derivation of the estimate (3) it is used explicitly the
fact that the controls sin(%), 1 <@ < M, are eigen-
functions of the Dirichlet Laplace operator in L?(O, R). In
applications the type of controls at our disposal may be not
of this type, so one question arises: can we derive similar
estimates for other type of controls? Here we show that this
is the case for piecewise constant controls; more precisely
if we consider a partition I; = pyp < p1 < p2 < -+ <
prv—1 < pym = Iz of O and at each instant of time we apply
a control that vanishes outside O and takes a constant value
Gi(t, z) = (;(¢) for all x € (pi—1, pi), i € {1, 2, ..., M}.
Notice that in this case we have M independent piecewise
constant controls at our disposal.

In the special case the partition is uniform we find es-
timates analogous to (3) and (4) for the cases the support
of the control is either the entire 2 or a strict subset of 2,
respectively. In the case of a not necessarily uniform partition
we find a sufficient condition for stabilization that is given
in terms of the maximum max{p;—1 —p; | 1 <i < M}.

We present also the results of some of the numerical sim-
ulations we have performed, that suggest that the possibility
of getting, also in the general case, an estimate analogous
to (3) is plausible.

We underline that our targeted trajectory 4(t) is nonsta-
tionary, and that in this case there are only a few works in the
mathematical literature concerning the feedback stabilization
to ¢ and the estimation on the dimension of the controller;
we refer to [4], [11]. This case is important when time
dependent external forces h = h(t) act on the system (1).
Since these problems arise in applications, methods to solve
these problems numerically have already been developed
(see, e.g., [7], [9], [10] and references therein). We refer also
the reader to [12] (in particular, see Section 4 concerning
trajectory tracking) and to [8] (in particular, see Section 7.1
concerning linear feedback control of Navier—Stokes flows).

Notice that, as mentioned in [4], [11], [14] the nonstation-
arity of the trajectory requires different tools than those used
in the stationary case, which has been studied along the last



decade; see for example [1]-[3], [5], [13].

The rest of the paper is organized as follows. In Section II
we recall some well-known results and set up our problem.
In Section III, for the linear Oseen—Burgers system, we
present a general sufficient condition for stabilization that the
family of controls has to satisfy; Section III-A deals with the
particular case where we impose no restriction on the support
of the control and Section III-B deals with the general case.
In Section IV we consider the case of piecewise constant
controls where the sufficient condition is given in terms of
the maximum length among the subintervals of the partition
of the control region. In Section V we give the local result
for the Burgers system. In Sections VI and VII we present
the results of some simulations we have performed for the
Oseen—Burgers system and Burgers system, respectively.

Notation. We write R and N for the sets of real numbers
and nonnegative integers, respectively, and we define R, :=
(r, +00), for r € R, and Ny := N\ {0}. Given an open
interval I C R and two Banach spaces X and Y, we write
W(I, X,Y) = {f € L*(I, X) | O.f € L*(I,Y)}, where
the derivative O, f is taken in the sense of distributions. This
space is endowed with the natural norm |f lwr, x,v) =

1
(Ifli21 x) +10cf 1721, yy) - In the case X =Y we write
HY(I, X) = W(I, X, X). The space of continuous linear
mappings from X into Y will be denoted by L(X — Y).
Also, C, C;, i € N, stand for generic positive constants.

II. PRELIMINARIES

Let & = (0, L), with L > 0. We will denote V' :=
HYQ, R), H = L*(Q, R), D(0y,) =V N H*(Q, R), and
V' == H=Y(Q, R). As usual the space H is taken as a pivot
space, H = H’, and V' is the dual of V. We also denote

W = L®(Ry, L*(Q, R)) (5)
and, for given Banach spaces X and Y,

Ly (RO,X)::{JC‘ f|(0}T)€L2((05 T)v X)’T > O}a

loc
WIOC(RO?X7Y)::{f‘ f|(0}T)€W((Ov T)a X7 Y)aT > 0}

Fix a function h € L2 (Ro, V') and suppose that i €

W N Wiee(Ro, V, V') solves the Burgers system (1), with
¢ = 0 and initial condition g = @(0) € H.

Let us be given A > 0, a function ug such that |uo—a(0)| g
is small enough, and an open interval O = (I, ls) C €.

Let C = {V¥; € L2(Q, R) | i€ {1,2,..., M}} be a
family of controls such that supp(¥;) C O. Let us denote
by Py the orthogonal projection in L2(£2, R) onto the linear
space S¢ = span( spanned by the functions in C.

Our goal is to find a control n € L?(Rq, H) such that the
solution of the problem (1)—(2), with ( = Ppn is defined
for all £ > 0 and converges exponentially to 4, that is, for
some positive constant C' > 0 independent of ug — g,

lu(t) — a(t)|% < Ce Mug —wl? fort>0. (6)

Seeking for the control 1 and considering the correspond-
ing solution u, we find that v = u—1, will solve the nonlinear

Oseen—Burgers-like system

OV — V0¥ + 00,0 + Oy (1) + ¢ =0, v(0) =g, (7)

with v|p = 0, { = Pyn and vy = u(0) — u(0). It is now
clear that to achieve (6) it suffices to consider the problem
of local exponential stabilization to zero for solutions of (7),
where “local” means that the property is to hold “provided
|vo| 7 is small enough”.

The existence and uniqueness of a weak solution v &€
Wioc(Ro, V, V') for system (7) can be proved by classical
arguments (cf. [11, Section 2.2]).

III. THE OSEEN-BURGERS SYSTEM.

Following [11, Section 3] we start by looking for a control
in the form ¢ = Py, with n € L?(Ry, H), that stabilizes
exponentially the linear Oseen—Burgers system

v(0) = vo, (8)

to zero, with a desired exponential rate % > (. System (8)
is well-posed (cf. [11]). Recall that P, is the orthogonal
projection onto S¢ = spanC and C = {¥; € L%(Q, R) | i €
{1, 2, ..., M}}; so the question is which conditions must
the family C satisfy in order to guarantee the existence of
such a function 7.

The results will follow for system (7), provided |vg|,; is
small enough, by a fixed point argument.

01—V +05 () +( =0, wv|p =0,

A. The particular case O = ().

In the case of O = ) we have no constraint in the support
of the controller.
Theorem 3.1: For given @ € W and A > 0, suppose that

(1= Pa)l 2y < s (v 2ally + 0707 9)

where e is the Napier’s constant. Then for any given vy €
H, there is a control n*%"(vy) € L2?(Rg, H) such that
the corresponding solution v of system (8), with {( =
XES PS) (™% ,), satisfies the inequality
()l < 2(1+ e%)e ol

t>0. (10)

Moreover, the mapping vy — n™%¥(vg) is well defined, is
linear, and satisfies for 0 < A < ), the estimate

1

2 e 12
(00)| 2 gy 1) < 355 (5 Tl + Nvol3;-

Proof: Let w solve

’e(S\/Q)tn)\,ﬁ,u

Ow = Vaww—aw(aw)—kgw, wlp =0, w(0)=mwvy. (11)

By standard arguments, following [11, Section 3.1], we find

Dl < 1 ol + My
1la2 2

|w|%°°((O,T),H) < e( 2v ‘Ulw"rk)T |UO‘H )

Setting (t) =1 — & € C'([0,T], R), 6 := pw solves

016 = V046 — 0y (06) + 36 — 2w, 6. =0, 6(0) = vy



with §(T") = 0. Let now d, be the solution of the system
3,551\4 = uémdM — 896(115]\4) + %5&[ — %PMUJ,
(5]\/[(0) = 0.
The difference d := 6 — s solves
Od = vOypd — 0, (0d) + 3d — (1 — P)w,
dlp =0, d(0)=0.

6M|1“ :Oa

Then, proceeding as in [11, Section 3.1] we can arrive to
AR TIN 2 2
|d|2L°°((O,T*),H) <5 (a4 |(X=Pag) |y [vol

with T, = . Now, recalling that 657(0) = wvg

1
2(v=al5y,+A)

and 0p(T,) = —d(g“*), we find that if (9) holds then
00 (T2) |7 < 1927 (0)]7- ,
Furthermore, [0 |70 (0, 7). 1y = 10 — Al (0,70, 1) <

S (0)] 5,

2 2
2Jowlpe o, ), ) + 210, m) < Ol
with

08 = 2e(FHWINT" L9 < 9(e3 4 1) = T,
Next, we may consider the system (11) in (7%, +00) x
with w(Ty) = dp(T%), and repeat the arguments. Recur-
sively, we conclude that in each interval J! = (iT, (i +
1)T.), i € No, we have |83, ((i+1)T%)|% < [6ar(iT%)[5; and
|6M‘i°°(J};,H) < 7Ts |(5M(z'T*)|§{. Hence, the concatenated
solution satisfy |5M|2L°°(RO,H) <75 |v0|fq.

Next we notice that v := e~ 23y, solves (8), in Ry x €2,
with the concatenated control ¢ = Py(e™ 2 (=T w) =
—T*_le_%tPMw, where w|;; =t w; solves (11), in J? x §,
with w;(iT,) = w(iT,) = 6 (iT%); from the boundedness
of {|0r(iT%)|m | @ € N}, we can conclude that the family
{lwlp2(si, ary | © € N} is bounded; so we have that e2i¢
L2(Rg, H) for all A < \. Finally we observe that \v(t)ﬁl
e~ |6]\J|ioc(R0)H) < YTse~ M |vo|?{, and that for n™®V

MIA m

e~ 2t(—=T)w we have

2 .
:/ e(ANs—2 |w(s)|fq ds
L2(Ro, H)  Jg,

Ay A, G,v

ez'n

o (a2 2
< ST BT
15 102
< 5 @@ MaRy + X)%ez fvoly -
That is, [e2 !> @ ’ < 46—%(1/*1|ﬁ\2 + 22 o3
’ L2(Ro, H) — A=A w ol
which ends the proof. [ ]

B. The general case

In the case O # ) we have the following result, whose
proof follows by similar arguments as in [11, Section 3.2]
and in the previous Section III-A; thus we skip the details.

Theorem 3.2: Let us be given & € VW and A > 0. Then
there are constants Dy and Ds depending only in O and 2
with the following property: if

2
|1 = Par)lz v

L 2 o al;
7D2<1+(%)f +(2)8 + B 4 | ‘W>

v V2

< Dle

then for any given vy € H, there is a control n™%"(vy) €
L?(Ry, H) such that, taking ¢ = Pyn™%", the correspond-
ing solution v of system (8) satisfies, for ¢ > 0, the inequality

()3 < Kyoe Mool (13)

with K, o depending on Dy, D>, %, and %‘M Moreover,
the mapping v + MY (vg) is well defined, is linear, and

satisfies for 0 < A < A the inequality

A i 2
’e 3 tnA,u,U(UO) ’Lz(ROVH)

1 2 . -
LeDs (14822 +(2)3 43 laly+ Ky lally )

< vol% -
N 1 — A=V EEA+Haf) " ool

C. The gap between (9) and (12).

Comparing estimates (9) and (12), we see that there is
a big gap; the former being proportional to (- |’&|$,V +

1)) %, while the latter depends exponentially on both L |d|,,,
and (%)% For application purposes the latter is much less
convenient, so one question arises naturally: can we im-
prove (12)?

It seems that the idea used to derive (9) cannot (at least
not straightforwardly) be applied in the general case. On
the other side to derive (12) we start from an exact null
controllability result (from [6]) and carry the cost of the
respective control. This means that to improve (12) we will
probably need a different idea.

IV. EXAMPLE: PIECEWISE CONSTANT CONTROLS

We consider a partition
lhi=po<pr<p2<--<pum-1<pu =l

of the controlled region O = (I1, l3), and at each instant of
time we apply a control that vanishes outside O and takes
a constant value 7;(¢, ) = n;(t) for all = € (p;_1, pi),
1 €{1,2,..., M}, we suppose we can act independently
in each subinterval O; := (p;_1, p;). That is, we have M
independent piecewise constant controls at our disposal,
namely the functions in C = {¥; = Z;1q | 1 < i < M},
where 1o € L?(Q, R) is the constant function 1g(z) = 1
for all z € Q. and Z; : H*(Q, R) — L?(, R), denotes the
flx), ifxeO;

0, if 2 €Q\ 0.

A. An estimate for the dimension M of the controller

indicator operator, Z; f (z) ==

Let Py be the orthogonal projection in L?(£2, R) onto
Sc = spanC. Let also Pi;: L?(O, R) — RY; be the or-
thogonal projection onto the one dimensional space spanned
by ¥,;. Observe that Py, = Zf\il P}Q and that, for given
u € L*(Q, R) and v € V with ulghg = 0 and |v];, =1, we
have

—~

IN

(1= Pu)u, v)vr,vlg = [(u, (1 = Pu)v)mlg
’(U|o,

M
i=1

, (1= PJiVI)U|Oi)L2(Oi7R)‘]R

- Py) (14)

5

’“ 0:l12(0;,R) |((1 v)|0i|L2(Oi,R) :

=1



Notice that ((1— Pj,)v)|o, = (1 - Pj;)Ziv € L*(O;, R) is
zero averaged, which implies |((1 — P]Q)v)\oi

s al((A(l - P]\l)Iiv) Oi) L2(0;,R) - T ‘aﬂ?v‘Oi’Lg(ohR)’
where I; = p; — p;—1 is the length of ;. In particular,

L2(0;,R) S

|((1 - PJZ\/[),U)l(’), L2(Oi’R) < % ’U|‘i = l;l
Therefore, setting ! = max{l; | 1 < i < M},
from (14) it follows that |[((1 — Py )u, v)v v]g < L |uly,

and |(1 — Pa)gogvn < 5
In the case O = (2, from Theorem 3.1 it is enough to take
a partition of € such that
[<m(z2)2 (v 2af}y +v'A)77, (15)
3el
because L < M. Thus we need to take at least M controls
with M satisfying

which implies that L < M (53)2 (v=2af3, + v™'\) "2,

h

M > Z(35)2 (v2]af2, + v A)3. (16)
T
This number of controls is also sgfﬁcignt ifL=M i, that is,
if the partition of € is uniform: I; =1, i € {1, 2, ..., M}.
In the general case we obtain, from Theorem 3.2, that it
is enough to take a partition of O such that
Dy AL M2 Ay, | lald,
1 (G (9)E + S+ 3
Die

< . (7

which leads to the estimate on the number of needed controls

\a|2m>

% (1)t + (4 e 1 1

[ 1
M > —D, ®e , (18)
T
where | = s — [; is the length of O; this number is also
sufficient if the partition is uniform.

B. The gap between (16) and (18).

The gap between (9) and (12) give rise to a big gap
between (16) and (18). In Section VI, in order to understand
if it is possible to improve (18), say that we also have an
estimate like (16) in the general case, we consider the case
of a uniform partition of O, where (16) and (18) give also a
sufficient number of controls. We present results of some
numerical simulations comparing the number of controls
M = Meeq, that we need to stabilize the system (8) to
zero, with the following reference real numbers

Mo == £ (172 \ﬁﬁ,\, FUINZ; My = LeMeer - (19)
The value M, is motivated by (16), and the value Mcy,
by (18); notice that LeMf is (roughly speaking, up to the
constants Dy and D-) a lower bound for the right hand side
of (18); we take % instead of % in front of e™rf in order to
avoid giving the wrong idea that (18) goes to 0 with [ (indeed
the constants D; and D, will increase as [ goes to 0).

In an uniform partition, we want to understand if a number
of controls of the order of M, ~ % is also sufficient to

stabilize the system (8) to zero, with rate %

C. Feedback control and Riccati equation
By the dynamic programming principle, and the arguments
in [4, Section 3.2], we can derive the following result.

Theorem 4.1: The controls ¢ given in Theorems 3.1
and 3.2 can be taken in feedback form

¢=eMPyQs (20)

for a suitable family of operators ij/\: H— H, t>0,

with ‘QZ’A’ ) < Ce* for a suitable constant C.
L(H—H

Further, QQ = in X satisfies the differential Riccati equation
Q- QA—A"Q-QByBy;Q+L=0

Where L = _Vektawlv’ A = A(t) = —Z/a(lj(l? + B(ﬂ(t)),
B(a)v := d,(aw), and B}, = By = e~ 21 Py

1)

V. THE NONLINEAR OSEEN-BURGERS-LIKE SYSTEM.

The next result is a corollary of Theorem 4.1. We omit
the proof that follows by a stardard fixed point argument,
following similar arguments as in [4, Section 4].

Theorem 5.1: Let M be the integer in Theorem 4.1 (i.e.,
as in either (3) or (4)). Then there are positive constants ©
and € = €(O) depending only on A, ||y, and v such that
for |vg|g < € the solution v of system (7), with ¢ as in (20),
is well defined for all ¢ > 0 and satisfies the inequality

lo(t)|% < @e M |uo|3, for t > 0.

Notice that the feedback rule is found to globally sta-
bilize to zero the linear Oseen—Burgers system (8). Then,
Theorem 5.1 says that the same feedback rule also locally
stabilizes to zero the bilinear system (7).

VI. NUMERICAL EXAMPLES: THE LINEAR SYSTEM

We present some results of the numerical simulations we
have performed concerning the stabilization of the Oseen—
Burgers system (8) to zero. Below, v, stands for the solution
of the uncontrolled system (i.e., { = 0), and v (or v)) stands
for the solution of the system under the action of a feedback
controller { = e_)‘tPMQ%’ v as in (20). The rule Q= Q;’ A
is found by solving (21).

For the discretization we use finite elements in the space
variable and a Crank-Nicolson scheme for the time variable.
For further details we refer the reader to [11, Section 5].

We follow a “trying and checking” procedure, (i): we fix
M, (ii): we (try to) compute the corresponding feedback
control (the differential Riccati equation (21) has a solution
only if M is big enough), and (iii): we check the results of
the simulations.

A. A family of targeted nonstationary solutions

Wesetv=,T=30Q=(0,m),0=(335),M=4,
A = 4, and the initial condition vy (z) = 2sin(z)—3sin(2z).

Then we set the family of targeted solutions
49 = Cye(sin(—t) sin(iz) — cos(3t) sin(jz))

where the constant Cj, is chosen such that |i|y, = 1.
Figure 1 shows, for different reference trajectories, that



the system is not stable with rate 2 = % and that the

feedback control is able to stabilize it with rate 2. Notice that,
accordingly Matlab, M,¢r ~ 11.83 and My, ~ 137610.

4t + log(|v(t)[F; / [vol)

. .
0 1 i 2 3
time ¢

(a) Without feedback control.
a4t + log(o(B)% / [uf)

_ L L
0 1 2

time ¢

(b) With control.

Fig. 1. Stabilization for different reference solutions.

B. An unstable situation

Now we take v = 5, T =1, Q=0 = (0,7), M = 4,
A =4, v(x) = sin(x), and & = —sin(5z). In Figure 2
we see that the system is unstable. Figure 3 shows that one
control is not enough to stabilize the system. We see that
the optimal cost (Q(t)v(t),v(t))y = [ (Lv, v)yr,v +
|B%;Qul|% dr, is not strictly decreasing, which contradicts
the dynamic programming principle. This could explain the
cuspy-like behavior of the norm of the control n = B},Qv.
In Figure 4 we see that two controls are enough to stabilize

Lo [uu 1)/ o)

time ¢

Fig. 2. Without feedback control.

the system with rate 2. For M = 12 > M,y > 140 =~
11.83 we also observe that the behavior of the norms on
time is more uniform. Finally the magnitude of the controls
are shown in Figure 5, we see that with one control the
magnitude is much bigger, which could rely on the fact that
one control is not enough. For other simulations concerning
this problem we refer to [11].

— 4t + log(Jv(®)[%/[vol ;)
— log(|n(t)l7/Ivol7;) A

time ¢

(a) The solution and control.

log((Q(t)v(t), v(t))n)

9. T T T T

. 0.6
time ¢

(b) The optimal cost.

Fig. 3. The case M = 1.

VII. NUMERICAL EXAMPLES: THE BURGERS SYSTEM

It remains to confirm that the feedback control sta-
bilizes system (1)-(2) to a given reference trajectory u,
provided |ug — @(0)|% is “small”. We set the data as
in Section VI-A, with (¢, j) = (3,3). Let § € R and
let u solve (1)-(2) with ug = @(0) + dvg and with the
feedback control ¢, as in (20), computed to stabilize the
linear system (8) to zero. We denote d = w — 4 and
observe that, for dy := d(0) = dvg, the local maxima of

. Ad)|? . . .
the function %, in Figure 6(a), do not increase for
H

|6] < 0.1, while they do for || > 0.5. That is, for small |J]
the feedback control is working and for big |d] it is not.

VIII. FINAL REMARKS

We have presented a sufficient condition for stabilization
to a nonstationary solution for the Burgers system by means
of a finite dimensional controller. In the case of no constraint
on the support of the control the condition leads to a much
better estimate on the number of piecewise constant controls
we need to stabilize the system; the results of numerical
simulations we present suggest that a similar estimate should
hold in the general constrained case.
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