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SHARP REGULARITY PROPERTIES FOR THE NON-CUTOFF
SPATIALLY HOMOGENEOUS BOLTZMANN EQUATION

L. GLANGETAS, H.-G. LI AND C.-J. XU

ABsTRACT. In this work, we study the Cauchy problem for the spatially homogeneous non-
cutoff Boltzamnn equation with Maxwellian molecules. We prove that this Cauchy prob-
lem enjoys Gelfand-Shilov’s regularizing effect, meaning that the smoothing properties
are the same as the Cauchy problem defined by the evolution equation associated to a frac-
tional harmonic oscillator. The power of the fractional exponent is exactly the same as the
singular index of the non-cutoff collisional kernel of the Boltzmann equation. Therefore,
we get the sharp regularity of solutions in the Gevrey class and also the sharp decay of
solutions with an exponential weight. We also give a method to construct the solution of
the Boltzmann equation by solving an infinite system of ordinary differential equations.
The key tool is the spectral decomposition of linear and non-linear Boltzmann operators.
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1. INTRODUCTION

In this work, we consider the spatially homogeneous Boltzmann equation

{ o.f = Of, ).
f|z:0 = fO»

where f = f(¢,v) is the density distribution function depending on the variables > 0 and
v € R?. The Boltzmann bilinear collision operator is given by

0w )= [ [ B0 v o e0D10) =~ g fodv.dor

(1.1)

where for o € S?, the symbols v/, and v’ are abbreviations for the expressions,

v+ [v— , VvEve v—vy
o, v, = - o
2 2 o 2 2 ’
which are obtained in such a way that collision preserves momentum and kinetic en-

ergy, namely

/

VoAV =v+v,, WP+ =P+
The non-negative cross section B(z, o) depends only on |z] and the scalar product ﬂ -o. For
physical models, it usually takes the form

Z

V=V

B(v —v,,0) = O(lv — v,|)b(cos 0), cosf = -0, 0<0<

NN

|V - V*l
In this paper, we consider only the Maxwellian molecules case which corresponds to
the case @ = 1, and we focus our attention on the angular part b satisfying
(1.2) B(0) = 2rmb(cos 26)| sin 26| ~ |9|’1’2S, when § — 0%,

for some 0 < s < 1. Without loss of generality, we may assume that b(cos 0) is supported
on the set cos@ > 0. See for instance [11] for more details on S( -) and [22] for a general
collision kernel.

We linearize the Boltzmann equation near the absolute Maxwellian distribution

2
=

p(v) = 2m) i T
We introduce g(z, v) such that f(z,v) = u(v) + u(v)g(z,v) and obtain

og _
ot Llg]l=T(g, g
with

1 1
I'(g,h) = WQ( Vug, Vuh), L(g) = _W[Q( Vug. 1) + Qs Vug)l-

Therefore the Cauchy problem (1.1) can be re-writed in the form

o8+ L(g) =T, 8)
(1.3) { '
8li=0 = go-
The linear operator £ is nonnegative ([11, 12, 13]), with the null space
N = span { Vi, VIV, Ava, v, \/ﬁlvlz}.
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In the present work, we study the smoothing effect for the Cauchy problem associated
with the spatially homogeneous non-cutoff Boltzmann equation in the case of Maxwellian
molecules. Itis well known that the non-cutoff spatially homogeneous Boltzmann equation
enjoys an . (R%)-regularizing effect for the weak solutions to the Cauchy problem (see
[4, 16]). Regarding the Gevrey regularity, Ukai showed in [21] that the Cauchy problem for
the Boltzmann equation has a unique local solution in Gevrey classes. Then Desvillettes,
Furioli and Terraneo proved in [3] the propagation of Gevrey regularity for solutions of
the Boltzmann equation with Maxwellian molecules. For mild singularities, Morimoto
and Ukai proved in [15] the Gevrey regularity of smooth Maxwellian decay solutions to
the Cauchy problem of the spatially homogeneous Boltzmann equation with a modified
kinetic factor (see also [26] for the non-modified case). On the other hand, Lekrine and
Xu proved in [10] the property of Gevrey smoothing effect for the weak solutions to the
Cauchy problem associated to the radially symmetric spatially homogeneous Boltzmann
equation with Maxwellian molecules for 0 < s < 1/2. This result was then completed
by Glangetas and Najeme who established in [6] the analytic smoothing effect in the case
when 1/2 < s < 1. In [11], for the radially symmetric case, the linearized Boltzmann
operator was shown to behave, essentially as a fractional harmonic oscillator H*, with
H=—-1r+ % and 0 < s < 1. For the non-radial case, the linearized non-cutoff Boltzmann
operator behaves as

-L = Cl(?'{, Asz)-ﬂz
where Ag: is the Laplace-Beltrami operator on the sphere, £ is the linearized Landau
operator and a(H, Ag2) is an isomorphism on L*(R?). Here, the fractional power L7 is
defined through functional calculus. We can refer to [12]. The solutions of the following

Cauchy problem
{6lg + ‘E(g) = 09

glzo = go € L%,

1/2s

| /2S<R3) for any positive time and

belong to the symmetric Gelfand-Shilov space S

Vi>0, e gl < Cligollz,

where the Gelfand-Shilov space S%(R?), with i, v > 0, + v > 1, is the space of smooth
functions f € C**(R?) satisfying:
JA >0, C > 0, sup PP f(v)| < CA™Blaly (B, Va, B e N,
veR3
This Gelfand-Shilov space can also be characterized as the sub-space of Schwartz functions
f e Z(R3) such that,

AC>0,e>0, |f(V)] < Ce ™, veR? and |f(&)] < Ce ¥, ¢ e R,

The symmetric Gelfand-Shilov space SY(R?) with v > 1 can also be identified with
SY(RY) = {f € C(R*);3Ar > 0,1 fll;2 < +c>o}.

See Appendix 7 for more properties of Gelfand-Shilov spaces.

From a historical point of view, the spectral analysis is an important method to study
the linear Boltzmann operator (see [2]). In [11], the linearized non-cutoff radially symmet-
ric Boltzmann operator is shown to be diagonal in the Hermite basis. This property has
been used to prove in the continued work [13] that the Cauchy problem of the non-cutoft
spatially homogeneous Boltzmann equation with a radial initial datum g, € L>(R?), has a

unique global radial solution which belongs to the Gelfand-Shilov class § };;;(R%.
3



The main theorem of this paper is given in the following.

Theorem 1.1. Assume that the Maxwellian collision cross-section b(-) is given in (1.2)
with 0 < s < 1, then there exists gy > 0 such that for any initial datum gy € L*(R®) N+

with ||g0||i2(R3) < &, the Cauchy problem (1.3) admits a weak solution, which belongs to

the Gelfand-Shilov space S ig;(R3)f0r any t > 0. Moreover, there exists co > 0, such that,
foranyt >0,

s _h0
(1.4) e ™ (Dl 2@s) < Ce™ ™ lgoll 2.

where

/4
Ao = f BO)(1 —sin* 6 — cos* 6)do > 0.
-n/4

Remark 1.2. We have proved that for the Cauchy problem (1.1), if the initial data is a
small perturbation of Maxwellian in L?, then the global solution returns to the equilibrium
with an exponential rate with respect to Gelfand-Shilov norm, which is an exponentially
weighted norm of both the solution and the Fourier transformation of the solution.

The rest of the paper is arranged as follows: In Section 2, we introduce the spectral ana-
lysis of the linear and nonlinear Boltzmann operators, and transform the nonlinear Cauchy
problem of Boltzmann equation to an infinite system of ordinary differential equations
which can be solved explicitly. Then we derive the formal solution of the Cauchy problem
for Boltzmann equation. In Section 3, we establish an upper bounded estimates of some
nonlinear operators with an exponential weighted norm, which is crucial to obtain the con-
vergence of the formal solution in Gelfand-Shilov spaces. The proof of the main Theorem
1.1 will be presented in Section 4. Finally, Section 5 and Section 6 are devoted to the proof
of some propositions used in Section 4. In Section 5, we study the spectral representation
of the non linear Boltzmann operator, and prove that it can be represented by an “inferior
triangular matrix” of infinite dimension with three indices, so that the presentation and the
computations are very complicated. This inferior triangular property is essential for the
construction of the formal solution by solving an infinite system of ordinary differential
equations. In Section 6, we prove some estimates on the entries of the triangular matrix
obtained in Section 5, and this is a key point in proving the convergence of the formal
solution with respect to Gelfand-Shilov norms.

2. THE SPECTRAL ANALYSIS OF THE BOLTZMANN OPERATORS

2.1. Diagonalization of the linear operators. We first recall the spectral decomposi-
tion of the linear Boltzmann operator. In the cutoff case, that is, when b(cos8)sinf €
L'([0, Z1), it was shown in [23] that

L(‘pn,l,m) = /ln,l Pn,lm> nleN, meZ, |m| <L

This diagonalization of the linearized Boltzmann operator with Maxwellian molecules
holds as well in the non-cutoff case, (see [1, 2, 5, 11, 12]). The eigenvalues are
At = f ,8(9)(1 + 8,000 — (sin 0)*"' Py(sin 6) — (cos H)*"*' Py(cos 9))d0,
1<%

the eigenfunctions are

n! 20\ e v]? v
2.1 wim(V) = | ———8 - —TL<nZ+1/2>(_) Ym(_)’
@D brin(?) (\Fzr(n+1+3/2)) (\/E) ¢ 2 )70\l

4



where I'( -) is the standard Gamma function, for any x > 0,

+00
[(x) = f e~ dx.
0

The [I"*-Legendre polynomial P; and the Laguerre polynomial L of order a, degree n
read,

Pi(x) = ( — 1), where|x| < 1;

1
2011 dxd
r 1
Lgla)(x) — Z(_])n—r (a+n+1) T
r=0

rin—=rl(a+n-r+1)

We refer the properties of these special functions to the classical book [20] (see (7) of Sec.1
in Chap. IIT and (3;) of Sec. 1 in Chap. IV). For any unit vector

o = (cos @, sinfcos @, sin Gsin @)
with 6 € [0, 7] and ¢ € [0, 27], the orthonormal basis of spherical harmonics Y}" (o) is
Y"(0) = Nju Pl (cos 0)e™, m| < 1,
where the normalisation factor is given by

(I = |ml)!

Nipm = R
' (L + ml)!

and P'lmI is the associated Legendre functions of the first kind of order / and degree |m| with

[m|
2.2) Pl = (1- 2% (di) Pi(x).
X

The family (Y’”(o-)) constitutes an orthonormal basis of the space L*(S?, do-) with
! 120,lm|<1

do being the surface measure on S? (see (16) of Chap.1 in the book [9] ). Noting that
{@n.1m(v)} consist an orthonormal basis of L*(R*) composed of eigenvectors of the har-
monic oscillator (see[1], [12])

3
7-{(‘70n,l,m) = (211 + l + E) Pn,lm-

As a special case, {¢,0,0(v)} is an orthonormal basis of Lfa d(R3), the radially symmetric
function space (see [13]). We have that, for suitable functions g,

00

l
Z Z A1 ndom Pnlms

=0 m=—I[

s

Llg) =

Il
[=]

n

where g,.1m = (8> Pnim)r2g3), and

H(g) = ii Z<2n+l+ =) &nim Pnim -

n=0 [=0

CcHS

Using this spectral decomposition, the definition of H*, """, e“L is then classical.
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2.2. Triangular effect of the non linear operators. We now study the algebra property
of the nonlinear terms

F(‘pn,l,m’ ‘pﬁj,ﬁq)
We have the following triangular effect for the nonlinear Boltzmann operators on the basis
{‘pn,l,m}-
Proposition 2.1. The following algebraic identities hold,
) L0000 @ajm) = /1,;’7 Pii.Lin>
(i) T @t £000) = Ay Cutom’
rad 1

(@) T(no0, Cafm) = nn, Pl Jor nz 1
(i) T(pntm» r00) = m, * Ousiims forneN, [>1;

ko(L,Im, i)
@iy T(nim Prjm) = Z #anm,?q,: " Pk - 2kmein With
k=0
S (il +1—=m+m 2
(2.3) koL Lm i) = min | ————|.1.1

for1>1,1>1,|m <1, |m| <.

The notations in the above Proposition are as following:

7= B(6)((cos )>™Pi(cos 6) — 1)d6;
' lol<%
Any = .-  BO(sin 0" Pi(sin 6) = 60,000
rad,~1 — 1 (27T7(l1+l7l)!r(n+ﬁ+l+ 5))%
il A G+ T+ DniT(n + 3)

X f B(6)(sin 6)>"(cos )2 Py(cos 6)d;
61<5
ez _ | (2n%(n +A)T(n+7+ 1+ g))%
M NAg AT+ ST+ 1+ 3)

X B(6)(sin 6)*" (cos 6)*" Py(sin 6)dO
lol<%

and for [m*| < [ +1 - 2k,
2n%(n+ﬁ+k)!F(n+ﬁ+l+T—k+%))%
AL+ 1+ 2nT(n+ 1+ 3)

|k — o|\2n+l |k + o] \27i+]
< [ e 5T ()

X Ym(|K - ;) (|K + 0 ) ] Yffz 2k(K)dK‘

vanishes to 0 if m + /i = m*, so

lr/n/: = (_])k(

., mm

We remark thatp Lk

2.4 m,ﬁz,l:n* — m,in,m* -
2.4) M Tk ’unnllk(sm At

6



The coefficient y’" - 'ﬁ’ satisfies the following orthogonal property.

Proposition 2.2. For any integers 0 < k, k, < min(l, ]), lmy| < 1+1=2k;, lm3| < 1+1=2k,,
we have

m.f,my mmm7 Z Z
(25) Z Z nnllkl nnllkv

Iml<l|m|<] Iml<l|m|<]

m.m,my 2

n n,lj,kl

6/{. ko 6ml* ,m;‘ .

We prove Proposition 2.1, Proposition 2.2 and the claim (2.4) in Section 5.

Remark 2.3. 1) Similar to the radially symmetric case, the property (iii) of Proposition
2.1 and the above Proposition 2.2 imply that we have also a “triangular effect” but with a
noise of order ko(l, I m, im). In the 3-dimensional case, this effect is not easy to understand.
For more details, we refer to subsection 2.3.

2) We have also

(2.6) Aui = =A%, = A3,

It is trivial to obtain that Aop = A1 = Ado,1 = 0 and the others are strictly positive, since
when | # 0, and forn # 0, 1,

z
Apg =2 f (1 —sin*" 6 — cos™ 6)B(0)dO = A, > 0.
0

Moreover, from Theorem 2.2 in [12] (see also Theorem 2.3 in [14]), there exists a constant
0 < ¢ < 1 dependent on s such that, for any n,l e Nandn +1> 2,

1
(2.7) ci(@n+1+ %)S + 1) < Ay < E((Zn +1+ %)f + 7).

2.3. Formal and explicit solution of the Cauchy problem. Now we solve explicitly the
Cauchy problem associated to the non-cutoff spatially homogeneous Boltzmann equation
with Maxwellian molecules. Consider the solution of the Cauchy problem (1.3) in the form

+00 +00

g(t) = Z Z Z gn,l,m(t)‘pn,l,m,

n=0 1=0 |m|<l

with initial data

+00 +00

g0 =Y > > &) onim € PR,

n=0 I=0 |m|<!
where

8nim(t) = (g(t)» QDn,l,m)LZ(R3) s g?,,z,m = (gO» ‘Pn,l,m)LZ(R3) .
In the following, we will use the short notation

+00 +00

DENINE

n,lm n=0 =0 |m|<I

This summation is divided into three terms, which are

(2.8) iianlm f000+anoo+§§anZm
=0 1=0 |mi<l n=0 =1 pm<i

It follows from I'(¢o,0,0, ¥0,0,0) = I'(4/it, y) = 0, Proposition 2.1 and the above decompo-
sition (2.8)



that, for suitable function g,

400 +00

I'(g.8) = Z Z Z 2000081 O(A; + 2 )eaim

=0 J=0 |m|<]
+00 +00

+ ZgnOO(t)gnOO(t)/l 0‘;0n+n00

[

=

LR

+
5 M R
Mg

Z 80008 1OV G 1

@
1]

S
Il

=1 |m|<i
+00 +00
rad

+ Z 8n, lm(l‘)gfl,O,O(l‘)/l / ‘;Dn+n ILm

n=0 I=1 =1 |m|<l

+00 400 400 +00 ko(L,Im, i)

g, m+i

+ Z 8t D8 1w (DM, 5 1 Prsiiek, 1l-2k, msis

i
[=]
~
Il
—_
=
Il
[=]

=1 Imll <] k=0
where ko(l, I, m, i) was given in (2.3). Since for fixed /, leN,

{om, i k) € Z2 X N; Im| < 1, i <T,0 < k sko(z,i,m,m)}
= {(m, in, k) € Z2 x Ns || < LIl < 1,0 < k < min(l, D), m + il < 1+1 -2k},

we obtain by changing the order of the summation

29) USSP

ml<l|m|<] k= =0 |ml<Lm<]

where ». |, < 1S the double summation of m and 7 with constraints |m+7| < [+1-2k.
I+l <I+1-2k

Using the equality (2.6) (that is /lrll . ’léi = —4;7) and (2.9), (g, g) can be rewritten as

+00 +00

F(g g) _gOOO(t)ZZZgnlm(t)/lnl‘pnlm
+ Z Z 8n,0 O(t)gn 0, O(t)/l 0 ‘pn+n 0,0
n=1 n=1
+00
+2
+ Z gﬂ,/,m(t)gﬁ,i,ﬁz(t)/'ll,z;zll’;;m 90n+r"t+k,l+i—2k,m+ﬁr

For suitable function g, we also have

+00
Lg = Z /ln,[ gn,l,m(t) Pn.lm-

n,lm
8



Formally, taking the inner product with @, ;= ,» on both sides of (1.3), we find that the
functions {g,~ jx »+(?)} satisfy the following infinite system of the differential equations

018+ 1> () + Apr 1+ (1 + 80,0,0(8)) g 1+ (2)
=010 Z A 8n0.0(0)8700(1)

n+it=n*
nx1,7i>1

§ E rad,1 rad,2

+ 57,[* (/ln,r”l,l* + /1;1’”’1*) 8, l1* m* (t)gn,0,0(t)
n+ii=n* J>1
nx1,7i>0

m,i,m*

" Z i Sntm (D871 (0)

(7 LLkm i) EA, e e
with initial data
(2.10) oo (0) = g0 o
and where
At oo = {(n, i, 1,1 k,m,in) € N° x 7%
1>1,1>1,0<k<min(, D), |m| <, |m| <1
and n+fi+k=n* 1+1-2k=10" m+m=m*},
which is a subset of a hyperplane of dimension 4.

Remark 2.4. The summation in the last term of the previous equation for 0,8, 1+ m(t) is
a bit complicated. For the sake of simplicity, it will be convenient to abuse the notation in
this summation and write

018 1 > () + Ayr 1+ (1 + £0,0,0(8)) g 1+ (1)
=010 Z X 20.0(1)8r0.0(0)

n+i=n*
n>1,7i>1

@.11) T TS (A ) g (Dgn00(8)

n+ii=n* J>1
nz1,iz0

N Z Z Z #:’:HmZT; Bnim (D& 1D

n+iitk=n* [4]-2k=1* m+m=m*_
n20720  p>17>1  |ml<i i<l
0<k<min(Z,l)

Here and after, we always use this notation.

Theorem 2.5. For any initial data {g° s n*, I* e N, m*| < I*} with

n*0x
0 0 0 0 0
(2.12) 000 = 8100 = 80,10 = 8011 = 80,11 = 0
the system (2.11) admits a global solution {g,» j» m(1); n*,I* € N, [m*| < I*}.

Remark 2.6. Using the triangular effect property of Proposition 2.1, we solve explicitly
the infinite system of differential equations (2.11) with any initial data {gg*’l*ym*; n*,I* e
N, |m*| < I*}. Note that the initial data doesn’t need to belong to £>. That means we can
construct the formal solution for any initial data gy € .7’ (R?).

9



Proof. Formally, the system (2.11) is non linear of quadratic form, but the infinite matrix
of this quadratic form is in fact inferior triangular (see [13] for the radially symmetric case
involving a simple index). Since the sequence is defined by multi-indices, we prove this
property by the following different case, and in each case by induction.

Induction on n* € N:
(1) the case : n* = 0. Now we prove the existence of {go s .+(1); [* € N,|m*| < [*} by

induction on /* € N. From the assumption (2.12), and g0 = 1o = 410 = 0, one gets that

£0,00(t) = £1,0,0() = g0,1,0(1) = go,1,1(1) = go,1,-1(1) = 0.

Let now [* > 1, we put the following induction assumption:
(H-1) : For any [ < [* — 1, |m| <[, the functions g¢,,(¢) solve the equation (2.11) with
initial data (2.10).

We consider the following equation

5 *
918017 m* (1) + Ao, 80,1 (1) = Z Z o170 80.Lm(D80 1 ()-
[+I=1* m+m=m*_
[>1,1>1 [mI<Lm|<]

This differential equation can be solved since the functions go,,(f) on the right hand side
are only involving the functions {g¢ s, (f)};<x—1 Which have been already known by induc-
tion assumption (H-1).

In particular, for any |m| < 2,

(2.13) 202m(t) = €02 go 5 ,(0)

and we compute easily from the identity P,(x) = %xz - %

=3 B(6) sin® O cos? 6d6 > 0.
|6|<

%

(2) the case : n* > 1. Now we put the following induction assumption:
(H-2) : Forany n <n* — 1, l € N and |m| < [, the functions {g,;,,(t)} solve the equation
(2.11) with initial data (2.10).

First, we want to solve the function g, oo in (2.11). Since I* = m* = 0, (2.11) can be
written as

0:8n+,0,0() + Apx 08n*,0,0(2)
= D A 000800

n+it=n*
n>1,n>1

+ Z Z Z /’l:’;zll:(l}’kgn,Z,m(t)giz,i,rh(t)‘

n+i+k=n*  [+]-2k=0 m+m=0 _
n20,a20 5171 Imi<lml<l

0<k<min(,])

In the last term, when k = 0, we have

1+ 1= 0 with constraints I > 1,1 > 1,
10



which is impossible. Therefore, the equation (2.11) is:
018n*0,0() + A 081+ ,0,0(2)
= Z A 8n0.0(0)8700(1)

n+it=n*
nx1,7i>1

D S S T

n+iitk=n*  [+]-2k=0 m+m=0 _
Osnpsn*~1  1>1]>1  |ml<Llm|<l
1<k<min(,])

This equation can be also solved since the functions on the right hand side are only in-
volving {g,.1.m(t)}n<n*-1,1e1v m<;» Which have been already given in the induction assumption
(H-2).

Finally, let [* > 1, we can improve the induction assumption as following:
(H-3): Foranyn <n* —1,leN, |m| <lorn =n*, [ <I* — 1, |m| <[, the functions {g,,1,,(?)}
solve the equation (2.11) with initial data (2.10).

We want to solve the functions g, j» = () for all [m*| < I* in (2.11), which is
6tgn*,l*,m*(t) + /ln*,l*gn*,l*,m* (t)
= (U ) e (080000

n+i=n*
nx1,7i20

D D ST T

n+i=n* J4l=I*  mAm=m*_
120,120 j>1 J>1 |m|<Llinl<]

IDINED I IR ROE

n+iivk=n* [+][-2k=[* m+m=m*_
n>0,71>0 1>1,>1  |ImI<l|m|<]
1<k<min(,])

Here the summation in the last two terms is understanding as Remark 2.4. This equa-
tion can be also solved since the functions on the right hand side are only involving
{gn1m(O}n<n—1.1en and {g,.1m(H)}n=n*1<—1 Which is given by the improved induction as-
sumption (H-3). O

Now the proof of Theorem 1.1 is reduced to prove the convergence of following series

+00
(2.14) 80 = " untm(OPnim

n,lm

in the suitable function space.

3. THE ESTIMATE OF THE NON LINEAR OPERATORS

3.1. The estimate of the trilinear term. To prove the convergence of the formal solution
obtained in the precedent section, we need to estimate the following trilinear terms

T 0). Wpgs, f.8he SR)NN

Using the spectral representation of I'( -, -) given in Proposition 2.1, we need to estimate
their coefficients.
11



Proposition 3.1.
1) Forn > 1, ii,l € N, we have,

|/1rad1|2 < ﬁv(n + l)v —:—2?

2)Forallin>1,nleN, n+1>2, we have

~2s
n
| Irad,2|2 <

P i DS D)3

3) For any n*,I* € N, |m*| < I*, we have also

Yooy oy oy et

n+itk=n*  [+[-2k=1* |mI<] |ml<]
nHZ20+022  [>1,0>1
n20,i20 << min(l,i)

The constraint of the above summation is

Ao = {7 L1 kom, i) € N° X Z2 n+ 122, i+ 122,
(3.1 1>1,1>1,Im <Ll <1,0 < k < min(l, ])

andn+ﬁ+k=n*,1+i—2k=1*}.

Following Remark 2.4, we will always write the complicated summation

2,

(it LIk m i)EN, «

in the simplified form :

PIEDIEDIDIN

ntiivk=n*  +1-2k=1*  |Iml<I|i|<]
n+i>2 :~1+l>2 1>1,7>1
nz0,120 o< k< min(/,i)

Since the proof of Proposition 3.1 is technical, we prove it in Section 6. Now we prove the
following trilinear estimates for the non linear Boltzmann operator.

Proposition 3.2. Forall f,g,h € (R NN,

|(CCf. ). B2y < Wl 1L2 gl 1L All ey -

Proof. For any f,g,h € .7 (R*) (" N*, we use the following spectral decomposition,

f Z Zﬁtlm‘pnlma 8= Z Zgnlm‘pnlm, Z Zhnlm‘pnlm

n+l>2 |m|<l n+l>2 |m|<l n+l>2 |m|<l
n>0,1>0 n>0,1>0 n>0,1>0

12



Using the orthogonality of basis {¢,;,,} and the formula (2.9), we deduce from Proposition
2.1 that,

T, 8)s h)Lz(R3)

rad,1
= Z Z By 1 | 01 0 Z A 50100 8700

n*>0,* >0 |m*|<I* n+ii=n*
n*+1*>2 n>2,i>2
rad,1
+ Z Z o 1 > Z 67,1*ﬂn,ﬁ,[*fn,o,ogﬁ,l*,m*
n*>0,* >0 |m*|<[* n+ii=n*1>1
n*+1*>2 n>2,720,7i+1>2
rad,2
+ Z Z s 15 Z 012 A,y 5 e St m* 87,00
n*>0,1* >0 |m*|<I* n+i=n*,[>1
n*+1*>2 n>0,1>2,n+1>2
min(l,])
m,m,m+m 5
DINDIRZTS IS YD VD SR
n*>0,0* >0 [m*|<I* 22 jil>2 k=0 |m<i|in|<]
N2 120,21 550 7> 1 m-+n|<I+1-2k

X 611*,n+ﬁ+k5[*,[+i72k5m*,m+ﬁz-

For brevity, using the formula (2.4), we have

I'(f, 8)s Mp2ws)

+00
rad,1
= Z hax 0,0 Z A, 5.0 1100 87,00

n*=4 n+n=n*
n>2,ii>2
rad,1
+ Z Z hn*,l*,m* Z An’ﬁ’l*f;t,o,ogﬁ,l*,m*
n*>0,1*>1 |m*|<I* n+in=n*
n*+1*>2 n>2,i>0,i>2-1*
rad,2
+ Z Z Py 1% Z Ay e Tt m* 85,00
n*>0,1*>1 |m*|<I* n+it=n*
n*+1*>2 n>0,i>2,n>2-1*

min(l,])

m,in,m* - -
+ Z Z ZZ Z Z Mo sk Jndm& Lk e i-2kme

120,121 >0, 1>1 Iml<l |im|<] k=0 |m*|<i+]-2k
nHz2 piTso

=[]+12+I3+[4.



For the term I}, since A,

o =~ n’in (2.7), we deduce from Cauchy-Schwarz inequality and
1) of Proposition 3.1 that,

d,1
1< > ool D 104 1 ool lgaool)
n*>4 n+it=n*
n>2,ii>2

+00 +00

rad 1|2 !
1 2 nnO 2
< IAIILE glee( ) D Ihnenool =2 )

n=2 n=2

<UL ] S Vool Z =)
n*=2

1 1
50 S L2 gl L2 All e
n2

n+i=n*
n>2.in>2

For the term I, we use Cauchy-Schwarz inequality,

IEY Z [ D D s

n*>0,*>1 m*==I

L o0l g me)
I* n+in=n*
n*+1*>2

n>2,i>max(0,2—1*)
d,1
D D ool g mt | Vs e
7i>0,*>1 [m*|<I* n>2
a+l*>2

IA

< ”L% /lradl h 2 %
8l e | 1 In,0.00 1P x|
OZ*>]|m*|<l* il
A+l >2
radl 2
,11 nn,*l 1
<ALzl (Y D D Vw22
20021 Im*[<i* n>2
PN

1 2 1 d,1 2 3
<UfllLiele] > D (D TP
n*>2,1%>1 [m*|<I* PP I

n>2,ii>max(0,2—1*)

Since 7 + I* > 2, we can deduce from the formula (2.7) that

e 2 (7 + 1) + (1),

It follows from 1) of Proposition 3.1 and the formula (2.7) that

| rad 1 |2
1 e 5 9
(3.2) Z —Zfl < Z A < (%) < Ao
+it=n* Ll +ii=n*
nZZ,ﬁgmnax?O,Z—l*) n>2 7t

n>2,1>0

Therefore,

1 1
[ < 1Al L2 gl (1 L2 All e
14



Similarly, for the term /3, by using Cauchy-Schwarz inequality, we obtain,

Bl< > D sl DL XS fute e ligno0])

n*>0,*>1 |m*|<I* n+it=n*
n*+01*>2 7i>2,n>max(0,2—1*)

d,2
S D D N ¥ st AP S [ ey

22 n>0,1*>1 [m*|<l*
n+l*>2

d,2
< IL¥gllra( Z | D0 D W e Ve

7,0 n>0,1*>1 [m*|<l*

2)%

n+l*>2
rad 2 |2 .
nn * 2\2
<ILglelfle( Y] ), Z e e )
722 n>0,*>1 |m*|<I* A0
n+l*>2

| rad2

*|2
' n,i,l
s||£zg||Lz||f||Lz( >y Ihnnznm*lz[ 2 ])

n* 22, 1*>1 |m*|<I* n+i=n*
>2,n>max(0,2—1*)

We use 2) of Proposition 3.1 and 4; ¢ = 72* in (2.7)

| rad2|2

y e n
Mt Ao L (1) 1*)3TS
>2,n>max(0,2—1*) n>2,n>max(0,2—1*)
*\ S
n
(3.3) s Yoy Y R ety <,
n+in=n* n+in=n*
n=0 n>2,n>1
which gives
1 1
1G] < 21 L2 gl 1L L2 Allg2
For the term I, we note that [ > 1, [ > 1,
< D D eagal Do D)l
7i>0,0>1 |im|<I n>0,1>1 |m|<l
fi+1>2 n+lz2
min(l,])
R —
X ﬂn 1Tk P ik T2kme |-

k=0 |m*|<l+I-2k



Applying the Cauchy-Schwarz inequality, we get

< (D0 > Auilgazal %[ D Z

—

i+l>2 |ml<l A+l>2 |ml<1
71>0,/>1 7>0,0>1
min(Z,]) 1
m,in,m* h - 2
| frtml Hoyii i ek e T2k m
n+>2 |ml<l k=0 |m*|<l+]1-2k
n=>0,/>1
1
< IL2gll2l £l
min(Z,7)

m Jim* n -
nﬁ,l,i,k n+i+k,+1-2k,m*

P RS ’”\m\<l\m\<z k=0 | |<I+1-2k
>0,>1 120,21

‘We observe the summation

min(l,]) 2

m,in,m* N
)ID I DINED I AT

[m<l|m<I' k=0 |m*|<l+I-2k
min(l,]) min(l,])

= Z Z Z Z sy 1 i-2, mt hn+r’t+k2,l+772kg,m2*

k=0 ¥ |<i+l-2k, ke=0 3| <i+l-2ky

Z Z mjin,my - m,n,my
#n,ﬁ,lj,klﬂn,ﬁ,lj,kz

Iml<1m|<T

By using the formula (2.5) in Proposition 2.2, we obtain

Z Z m.f,my mmm7 Z Z mmml 5
M arinManiin, Motk "lv"z mymy
Iml<l <] Im|< 1<
Therefore, the summation can be re-written as
min(l,]) 2

m,mn,m* N
DD DI IR AR

Im<lim<I' k=0 |m*|<l+I-2k
hn+n+k [+1-2k m* Z Z

k=0 |m*|<l+1-2k <! <]

min(l,])

mmm ‘

nnllk

=



It follows that

<Lzl ( Y, D > D,

fi+1>2 "+1>2 0< k<min(L]) [m*|<l+I-2k
D30
/l

720,1>1 120>
Al < < 1

2

n+r’z+k,l+i—2k,m*

1
m,in,m* 2) 2
Lk

+00 400

sufuynﬁgny[zz D e el

n*=0 =0 |m*|< I*
2
mm m

DD YD Y Y e i

)] :
n+itk=n*  +1-2k=1* Iml<l|m|<]
n+l>2rf+l>2 1>1,1>1
120,20 0< k< min(L,])

1

where the last summation is understanding as (3.1). Using 3) of Proposition 3.1, we have

S % NS s

n+iitk=n*  [+[-2k=1* ImI<1|m|<]
nHZ2A+>2  [>1,0>1
120,20 0< k< min(L])

mﬁqm"2
o < CAx j*.
nn,l,l,k‘ < Cle e

We get then
+00 +00 1
Ll S 1ALl D0 D0 DT A el o P
n*=01*=0 |m*|< [*
which ends the proof of Proposition 3.2. O

3.2. The estimate of the trilinear term with exponential weight. To prove the regularity
in Gelfand-Shilov spaces, we need an upper bound on non linear operators with exponential
weight.

Proposition 3.3. For any f,g,h € .Z(R*) N\ N*, any N > 0, and for any ¢ > 0, we have

I(T(f, ), e Snh),2|

(3.4) cors
< Cllet ™ Sy_a fll2lles ™ L3Sy aglllles ™ L£3Syhll;2,

where C is a positive constant only dependent on s, and Sy is the orthogonal projector

such that,
Sxf = Z Z( I+ @nim)12 Putms

2n+I<N |m|<l
n>0,>0

s - (2 3ys
" SNf - Z Z ¢ @netrs) (f» ‘pn,l,m)Lz ©Onlm-

2n+I<N  |m|<l
n>0,1>0

Remark 3.4. 1) For h € Z(R?), we can’t use e h as test function, since we don’t know
if it belongs to .7 (R®). However, for any h € .7'(R?), we have e:""Syh € 7 (R?).
2) In the right hand side of (3.4), the projector of f and g with Sy_, shows more clearly
the triangular effect of T'(-, -)
17



Proof. Since f,g,h € .Z(R>) N N*, similarly to Proposition 3.2, we have
(T(f. ). ¢*'Syh)

LZ(R3)
[7]
2n*+= rad,1
Z D fe 00 Z A, 5.0 J1.0.0 87,00
n*=2 n+n=n*
n>2,i1>2
c(2n* +1F 42 radl
+ Z Z eC( Z) hn*,l*,m* Z nnl*anOgnl* m*
2n*+1*<N |m*|<l* n+in=n*
n*>0,I*>1,n* +1*>2 n>2,i>0,i>2—-1*
O R LN rad,2
R VD YL et I SR T PP
2n* +1* <N [m*|<I* n+ii=n*
n*>0,I*>1,n* +1*>2 n>0,i>2,n>2-1*

SLmén,lim

2n+2ii+1+I<N - ImI<l|m|<]
n+l>2,n+1>2
n>0,/>1,i>0,/>1

min(Z,])

m,in,m* h N
#nﬁ’l’zk Ntk 1+ 12k, m*

k=0 |m*|<1+1-2k
=J1+Hh+ I3+ J4

For the term J;, by using 4,0 = n* and Cauchy-Schwarz inequality, we obtain,

An+ity+3) | yrad,l
il < e Hm ) rade | £ o1187.0.0lns 0.0l
n,n,0

n+i<[§]
n>2,i>2
(4122 172
2
2i+3 2
< Z O 085,00l
=2
1
[51-2 | [¥1-7 )\?
—cQit+3) 2n+ii)+3)*| yrad,]
X e ey e LN 0.0l ool
) A0 n=2 w

CHs L G5
<lle2"" L>Sn-ogllr2lle>™ Sy 1l

[

(3121517 12 Arad 12
. S B3NS ) 35 3\ 0
X eZc (2n+2n+2) c(2n+2) L(2n+2) |hn+ﬁ,0,0| "/l’j
=2 n=2 7,0
Forany 0 < s < I,n,fn € N,
3 3 3
Cn+2i+=)<@i+=)+Q2n+ )"
2 2 2
Then
1
[¥1-2(%1-7 I rad l|2 2
cqs L - (2n+27i+32)S 2 " n,n,0
1l < llez”" £7 Sy agllp2llez” Sy o fllp2 Dl R

Ao



It follows by the same estimate as 1,

1=

5 s
cqqs 1 CG{s - (2n* ERY 2 n
il S 1les™ L2 8y agllizlles™ Syl | D e+ |hn*,0,0|( > %)
n*=4 ni=n* 1

¢

s pl s H pd
< ez L2Sy ol lle?™ Sy fllrzlle2”™ L2Swhllz.
For the term J5,

c ~ 7% 3\s5 c 3ys
[Jo| < Z Z T g i s Z 2| £ 60l

2f+I*<N-4  |m*|<I* n>2
71>0,1*>1,7+0*>2 2n+2i+1* <N

o ocnt3) c@i* 3y
(il 4 3y S dem Fe) rad,1
X ec( n+2i+1*+3) > 5 |/l h

n,ﬁ,l* n+7l,l*,m*|'

Since forany 0 < s < 1, n, 7, [* € N,
= * 3 s 3 s ~ * 3 N
QRn+2n+1 +§) s(2n+§) +Q2n+1 +§),

we can deduce from Cauchy-Schwarz inequality that,

o=

(07 3ys
1ol < Z Z LR PN TS

2i+*<N—-4  |m*|<I*
n>0,01* >1,a+1*>2

x( Z Z Nl Z 3@ £ 0

A
Gt <N—4 |z n>2
>0,*>1,ia+1*>2 2n+2i+1* <N

)

1=

% o5 (2n+2ﬁ+l*+%)“’|/lmd,1 h

-~ n J* *
i1 n+i,* ,m |

cqs pl cqs
< lle2™ L2Sy-ogllz2lle>™ Sy-2 fllz2

1=

|/lrad,l |2
cQn+2i+1*+3)* 2 i,
X § E E e 2) i ol T
7 J*
2a+l*<N—-4 |m*|<l*  n>2 .l
71>0,1*>1,i+1*>2 2n+2i+1* <N

cqs pL Cqs
< lle2™ L2Sy-ogllz2lle2™ Sy-2 fllz2

1=

cQn*+1*+3)* 2 § 1 rad,1 |2
X e ¢ 2) |hn*,l*,m*| ( 1 |/ln 7 l*l .
R/ X
4<on* +I* < N Im*|< 1* n+ii=n* il
n*>0,1*>1 n>2,i>max(0,2—1*)

Recall the estimate (3.2) that,

1
rad,1 2 *
— I, TS () S A,
A n,it,l

~ i l* v

n+i=n* "
n>2,i>max(0,2—1*)

we obtain,

1ol < lles7 £78 1S M L3Syh
2l S lle N-28llz2lle N-2fllr2lle 2SSyl
19



Similarly, for the third term J3,

N

Cdi+3)*
|J3] < Z €23 o ol Z

c * 43S
5Q2n+l*+3)
e? 2 fuge |
= n>0,*>1,n+1* =2 [m*|<I*
2n+2a+1* <N
Fe 308 * 3
27+ 2 Qnil*+3
x ec(2n+2ﬁ+l*+%)‘—#—% |/1rad,2h

= Al om* |-
7,1 n+i,* m |

By using Cauchy-Schwarz inequality and the inequality

3. 3. 3.,
(2n+2ﬁ+l*+§)°s(2ﬁ+§)°+(2n+l*+§)°,V0<s<1,

we obtain,

cqs plL Cqo{s
|3l < lle>™ L2Sn-agllz2lle>™ Sn-a fllr2

|/lmd,2|2 %
* x4 3y n,it,I*
Y e Ihn*,n,m*|2( D _)} .
4<2n* +1*< N [m*|< I*

n*>0,1*>1

A
n+it=n* 7,0
n>2,n>max(0,2—1*)

X

By using the estimate (3.3), one has,

cq(s pL Cqqs cqs L
13l < lle2™ L3Sy aglli2lle? Sy_a fllp2lle> ™ L2Syhll,2.

Consider the fourth term Jy4,

1 (‘(2ﬁ+i+%)y
Uil< ) Y ate T

cQn++3)8
2 |gﬁ,i,rh| Z Z e 2 |fn,l,m|
2n+I<N-2  |m|<] 2n+I<N-2  |m|<]
fitl22, i20,]>1 n+i>2, ZZanZO
U 2n+2fi+I+I<N
- Wi 3)S c@iirls3)S
% ec(2n+2ﬁ+l+l+%)‘—%—#
min(Z,])
m,in,m* A T2 A "
x , Haaan\ nebtk, I+ =2k m* |
k=0 |m*|<l+]-2k

Using the fact that forany 0 < s < 1, n,7,1,1 € N,

~ ' 3. - ,
(2n+l+2ﬁ+l+§)°s(2n+l+§)"+(2ﬁ+l+§)“,
20



we can deduce from Cauchy-Schwarz inequality that,

cqs plL Cqqs
[Jal < lle2” LSy ogllrzlle?™ Sn-a fllr

min(l,])

« [ Z Z Z o @n+20++1+3)*

4<2n+27+I+ISN - k=0 |m*|<I+]-2k
2<n+1,2<i+]
n>0,1>1,7>0,/>1

1=

m,in,m* |2
h 2 |/1nﬁll- |
X sk 472k e Z Z — ]
i

)< ImI<I

cqs plL Cqqs
< lle2™ L2Sn_agllr2llex™ Sn-a fllz2

. *  Jx 3ys
§ ec 2n*+1 +2) |hn*,l*,m*|2

420 +1* <N |+ |<I+1-2k

USSP

):| '
ntiitk=n*  Lil-ok=l* Iml<1 <] i
n+l>2rf+l>2 1>1,1>1

120,20 0< k< min(l,])

X

2
mm m*

nnllk

ol—

The last summation is understanding as (3.1). We use again 3) of Proposition 3.1,

2
m m m
LTk |
IIDINDIPIL NI
nwtikk=n*  1+I-2k=1*  Iml< <] i
n+i>2 r}+l>2 21,121
nz0,120 < k< min(l,i)
We can finish the proof exactly as that of Proposition 3.2. O

4. THE PROOF OF THE MAIN THEOREM
In this section, we study the convergence of the formal solutions obtained on Section 2

with small L? initial data and this ends the proof of Theorem 1.1.

4.1. The uniform estimate. Let {g,,(#)} be the solution of (2.11). For any N € N, set

@.1) Sxe®= > > gninPnin-

2n+i<N |ml<l
n>0,120

Then Syg(1), ™' Syg(t) € SR NN,
Multiplying /@7 +"+2)'g——=(#) on both sides of (2.11) and taking summation for
2n* +[* < N, then Proposition 2.1 and the orthogonality of the basis (¢, 1,m)n,i>0,m<; iMply

(9:(Sw) (D). e S5 (1) , o + (LS. "7 Sng()
= (T(Sng. Sng), e Syg(1)

L2(R3)

2R3

Since Syg(t) € Z(R3) (N N+, we have

(LSN)D. e Syg) , =l LESygD)l),

[2(RY)
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we then obtain that

ot

1d 5 o, Wlgrs s Qtgrs 1
5 gl T Sng g, = e HESyglip, + lle ™ L2Sng 07,

2 dt
= (T((Swe), (Sve)), ¢ Syg() ..
It follows from (2.7) and Proposition 3.3 that, for 0 < ¢y < cjandany N > 2,¢ >0,

1d <o 1 ety 1
4.2) 5 2l T Sug I, + Slle® 7 LESyll,

Ol qrs Ofgyrs 1 2
< ClleT ™ Sy_agllizlle > ™ L2 Syl

Proposition 4.1. There exist €y > 0 and ¢y > 0 such that for all 0 < € < €,0 < ¢y < &,
go € L> NN+ with ||goll,2 < €, then,

0l s 1 (7 args 1
™" SngOllizeo + 5 f lle™ " L2Sng@I7dT < lIgoll} g
0
foranyt>0,N > 0.

Proof. We prove the Proposition by induction on N.
1). For N < 2. we have [le? "' Sog|%, = [g0.0.0(1)> = 0,

Lar 2 2 2
lle> "SR, = Igon0® + > ¢'lgo1 (0 =0,

Iml<1
and _
le® ™ S8l = eV gy 0D + Y e Igg (1)
Iml<2
Recalling from (2.13) in Section 2.2 that for all # > 0
802m(®) = €2'g02,m(0),

we choose 0 < &, small such that ¢5(2 + 3/2)* — 219, < 0. Therefore
le*7S2817, < > 1202mO)F < lgolly, < €
Iml<2
forall 0 < ¢y < ¢p,0 <€ < g.
2). For N > 2. We want to prove that
Ol qrs
le= " Sy-1gll> < € < &
implies
lle® ™ Sygll2 < €.
Take now ¢ > O such that

1
O0<eg < —.
“=%c
Then we deduce from (4.2) that
1d, g s 1 atgs 2
- 2 S t 2 + - 2 2S 2
2dt”e vgDIl7» 2||€ L2Sngll7»
< Clle ¥ Sy_agllzlle T L3 Swgll,
1 awtgs 1
< e LiSygl.
Therefore
d | g ) I gy 1 2
(4.3) E”e T SngOll, + §||€ T L3Spgllr, <0,

22



and this ends the proof of the Proposition. O

4.2. Existence of the weak solution. Now we prove the convergence of the sequence

g(t) = Z Z gn,l,m(t)‘pn,l,m

nl>0 |m|<l

defined in (2.14).
Multiplying @+ s+ .+ (v) on both sides of (2.11) and taking the summation for 2n* + [* <
N, then for all N > 2, Syg(?) satisfies the following Cauchy problem

0,Sng + L(Sng) = SNI'(Sng, Sng),
4.4) Sve0 = > > Pnim

n>0,1>0 |m|<l
2n+I<N

By Proposition 4.1 with ¢y = 0, we have forall > 0, N € N,

1 M
ISveley + 5 [ IL1Sve(ORdr < Dol

The orthogonality of the basis (¢ 1m)n,i20,mj<; implies that

SNy = D0 D lgnim(O.

2n+I<N  |m|<]
n=0,1>0

By using the monotone convergence theorem, the sequence

g(t) = Z Z gn,l,m(t)‘pn,l,m

nl>0 |m|<l

is convergent, for any ¢ > 0,
Nln “ N8 g”L ([0,1];L2 (R3))

and

. 1
13520 1L (Sng = Dll2qon2@sy = 0.

For any ¢(t) € C'(R.,.7(R%)), we have

]

12(R3

[ (SuT(Swg. Sug) - T(z. ). 6(7)

= | fo (FSu. Sv8): Sx9(D) ., ~ (D88, 4(D) ., 7]

2R3

<| [ (0S5, 5101 8n60) - 60) e

+ | fof (T(Svg - g.Sn2). ¢(),, d‘r‘ .\ | fot (T Sue -5 ¢(T))L2d7|,

23



By Proposition 3.2, one can verify that

| f (SvT(Sng. Swe) - T'(g. ), 6(7))

L2(R3) |

< Cf IS8l £ Sngllr:

L3(Sne — ¢)

L? (]Rq

e f 1Swg — gll2 L Swgliz 1L loses dt
0

s
1 1
e f lell2 12 (Swg — )z 1L Bliaqes
0

Using Proposition 4.1 with ¢g = 0

| f SvT(Swg. Swg) - (g, ), 4(1))

L2(R3) ‘

< C||SNg||L°°([0,zJ;L2)||£3SNg||L2([o,t1;L2) L3(Své - ¢)

L2([01:L2 (RY))
+ ClISng — glli=qone2) 1L Sngllz o 1L Bll2qo.0.2)
+ C”g”LN([O,t];LZ)”-E%(SNg - g)”Lz([O,t];LZ)HL%¢||L2([O,t];L2)a
then

| [ (sursne 510~ Tis.00.000)
< V2Cligoll7,

L2(R3) '

LS - ¢)

L2([0,1:L2 (R3))

+ V2C|Syg - g||L°°([O,tJ;L2)||gO||L2”-E]z¢||L2([0,t];L2)

+ Cligollzz 1£7 (Sng = @)llzqopz 1L @llizqo a2
Letting N — +o0 in (4.4), we conclude that, for any ¢(¢) € C ! (R+, 5 (R3)),

(0.60) . s, ~ (80.0(0) - f(g(r) B(D) ., 20,07

=- fo (£L8().0()) .., dT + f (P(e(@). (). 6(0) ., .. .

which shows that g € L*(]0, +oo[; L*(R?)) is a global weak solution of the Cauchy problem
(1.3).
4.3. Regularity of the solution. For Syg defined in (4.1), since

g = o>0,Vn+12>2,

we deduce from the formulas (4.3) that
d | atgs 20 lgys
Jlle= 7 Sugl, + =lle™ " Swgllp.

< —||e TSI, + —||e FH L3Syl < 0.

We then have
d

(e e Sng ;) < 0,
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and we derive that forany # > 0, and N € N,

Q' gys _hot
lle>"" SneDllzwms) < €™ llgollzr3)-
The orthogonality of the basis (¢, 1,m)n,i>0,m|<: implies that

ol g s ) 2n+l+3)0 2
le S " SngOl ey = > > eV g, ()P,

2n+I<N |m|<]
n>0,1>0

Using the monotone convergence theorem, we conclude that

e P
lle gDllpmy < e llgollz2 sy

This ends the proof of Theorem 1.1.

5. THE SPECTRAL REPRESENTATION

This section is devoted to the proof of Proposition 2.1, Proposition 2.2 and some Propo-
sitions used in section 6.

5.1. Harmonic identities. We prepare some technical computation. In all this section, 7,
1, 1, [ will be fixed integers of N, m € Z,|m| < [ and we will use the following notation in
this section :
_ (= mD!
YT D!
For any unit vector
o = (01,02,03) = (cos 0,sinf cos ¢, sinfsin @) € s?

with 6 € [0, 7] and ¢ € [0, 2], the orthonormal basis of spherical harmonics Y;"(o) (Im| <
I) is (see the definition (2.2) of P}
20+ 1 (I = |m!

m]| img
I Uxmp T CosOE

2+ 1 (I —|ml)! (d"P, ‘ :
- 4 (I + |m])! ( dxhml )(O-]) (@2 + i sglm) o5)".

We recall the following properties (see (7 — 34) of Chapter 7 in the book [19], (VIII) of
Sec.19, Chap.IIl in the book [20] and Theorem 1 of Sec.4, Chap 1 in the book [17]):
- Addition theorem: For any integer [ > 0 and @, a5 in s2,

Y/'(o) =
(5.1)

4 i
(52) Piar - a2) = 5= 3 V@) ¥, "(@2).

m=—1

If we set the following coordinates
a;j = (cosB;,sinf;cos¢;,sinf;sin ¢ ;)
for j = 1,2, the previous addition theorem reads as follows

Pi(cos by cos B, + sin 0 sin B, cos(Pp; — ¢2))

/
A= 1mDY m mi im(g1~4)
5.3) = ————P"(cos ;) P;"(cos ) e™"" ),
n;l (L + |m))!
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- Integral form of the addition theorem: For any integer / > 0 and m, |m| < I, any o € S?,

N 2041 .
(5.4 Y/ (o) = P Pi(o-n) Y (i) dn.
T Srz;

- Funk-Hecke Formula: For any continuous function f € C([-1,1]), any o € S? and
integers [ > 0, |m| < [,

1
(5.5) fsz flo-m) Y (mdn= (27T f1 J(x) Pi(x) dX) Y (o).

For « € S? fixed, we can find 6, € [0, 7], ¢ € [0, 27]) such that
k = (cos 6y, sin by cos ¢y, sin Gy sin @).

Construct the orthogonal vectors with respect to «

(5.6) k' = (= sin 6y, cos Gy cos ¢g, cos by sin ¢y), K= (0, sin ¢, — cos ¢y),
and for ¢ e R
(5.7 k() = k' cos ¢ + k% sin .

Then «, ', k* constitute an orthonormal frame in R3. For any unit vector o, we can find
6 € [0, ] and ¢ € [0, 27] such that

(5.8) o = kcos + k' sinfcos ¢ + k* sin fsin ¢.

It is easy to verify

(5.9 KXo Q+' Q(lcos +2sin)
. |K+0_|—/<cos2 s1n2 K ¢+ K o),
- 6 6
(5.10) Ii—gl =K sini — Cos 5 (Kl cosq§+/<2 sin¢).

In the proof of Proposition 2.1, we need the following lemma.

Lemma 5.1. For any function f in C([—-1,1]) any k € S, | € Nand|m| < I, we have

0) f fle- o) Y] (£2) do = (2n f " f(cos6) sin@ P, (cos g)de) Y (),
s2? 0

(ii) f fle- o) Y] (£2) do = (2n f " f(cos ) sin@ P (sin g)de) Y7().
s2? 0

Proof. For k € S? fixed, we can find 6 € [0, 7], ¢o € [0, 27] such that
k = (cos 6y, sin Gy cos ¢y, sin Gy sin ¢y).
In the orthonormal frame (k, «', ¥*) constructed in (5.6), for any o € S? we have
o = kcos @ + k' sinfcos ¢ + k* sin fsin ¢
with 6 € [0, ] and ¢ € [0, 2x]. Therefore, « - o = cos 6, and for any 1 € S? with
n=kKkcosb; + ' sin 01 cosdy + & sin 6 sin ¢y .

we deduce from (5.9)-(5.10)

- 0 0
(5.11) K79 = sin = cos#; — cos = sin#; cos(¢p — ¢y),
|k — o g 2 2
K+o 0 .0 .
(5.12) -1 = cos = cos ) + sin = sin 6 cos(¢ — ¢y).
n
|k + o 2 2
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Proof of (i). Applying the formula (5.4) for Y7" (”—”), we have

I\ |k+o]
K+0o
o) Y —— |d
fsgf(K 0)Y; (|K+U|) o

21+1 K+0o
o s [ n(ir s a) vroana
o Js2 g2 \lk+ol

20+ 1
) f Y/ () A(mpdn
T S%

where
K+0o
A(n) = f flk- o) Pi| —— 7| do.
52 |k + o
Then, applying the addition theorem (5.3) and (5.12)

K+ 0o % . )
P, -n| = Pj(cos = cos @ + sin 6 sin = cos(¢ — ¢1))
|« + ol 2 2

5 (- !

11 0 ml lm 5
= 0 |m|)'p\l \(cosi)p\l ‘(Cos&,)e @),
mzfl .

direct calculation shows that
g 0
A(p) = (27rf f(cos®) sinf P; (cos z)d&) Pi(k - n).
0

Henceforth, we get that

f(K-O')Ylm(K+O-)d0'
S5

|k + o

d 0 21+1
= (2 bis f f(cos6) sinf P, (cos = ) dO) hl f Y"(n) Pi(x - mdn
0 2 4 T Srz;

and we conclude by formula (5.4).
The proof of (ii) is similar by using (5.11). m|

As a direct consequence of part (i) of the previous lemma, we have :

Corollary 5.2. For [,/ € N and || < I, we have for the cross section b(cos 0) satisfying
(1.2) with cos6 >0,

f b(k- o)
Sz

2+l

Yl_ﬁq(K+0')(l +K-0')T —erh(K)]dO'

|k + o 2

(5.13)
- { f B(©)((cos 0> Py(cos ) — 1)d0] Y7(k).
lol<%

Lemma 5.3. Let k € S? and the cross section b(cos 0) satisfies (1.2) with cos @ > 0. Assume
also that n,l,n,l € Nwithl > 1,1 > 1, |m| < I, |m| < . Then there exist some constants

c’:llmﬁ - such that
1 e 5
K—0O K+ O —K-O +k-0)°?
bk-o)Y" Yr d
fsz (k- (|K—0‘|) l (|K+a|)( 2 ) ( 2 ) 7
(5.14)

ko(LLm,im

i)
—_ k m+m
= Z Cotmiin YisTo (-
=0
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Proof. Without loss of generality, we can assume that min(/, /) = I (the integral in (5.14) is
invariant if o is changed to —o and the integers (/, m) and (/, /) are exchanged).
- Step 1. We first claim that there exist some constants Cj, , such that

l—kor\ 2
Y@(Kﬂf): S ¢ &
T'\lk+ o b Loy

l+k-a
L+h=] (—)‘

x Z Z [ f Ym(n)Y‘""(n)Y_mz(n)dn) YZ“<K>YZZ(_|:Z|)

mi =—Z] mz=—l‘7

(5.15)

where, in all the sequel of the proof, /; and /; in the summation will be non-negative
integers.
Proof of (5.15) : From the integral addition theorem (5.4) we have

i K+ o _21~+1J‘P~ K+o Yi(md
I'\lk+o|] ™ 4rn 52 Nk + ol ) Ep e

From the formula (see (43) in Chapter III in [20]), there is some real constants Ciq such
that

(5.16) d= 3 e Py,

0<q<I/2

where

i
= #0
IxX3x5x---xQ2l-1)

Writing Pj(x) = (1 /cZO)xT— (1/¢10) 2Zi<g<ipa €14P1-24(%) in the previous integral, we obtain

Clo =

al KtO 2i+ 1 K+ o I B
5.17 Y" = . Y (n)dn + R
( ) I (|K+O’|) 47 ¢y \/S‘Z(|K+O'| 77) 1(77) n 1
o0 Js?
where
B 47Z'C Z Cqu - Zq(l ro )Yim(n)dr]
Lo 1<¢<I/2 S;

We observe that R; = 0. Indeed, for any ¢ # [ and y € S2, we have from the Funck-Hecke
Formula (5.5) and the orthogonality of the polynomials (P;);,

1
fz Py(y-n) Ylih(n)dn = (27r fl P,(x)P(x) dx) Yz'h(y) =0

Set y = =L Therefore we have

k=al"
K+0=2k=2(k-y)y, [K+o| =241 - (k-y)?

(K+o—. )’”:«K-n)—w-y)(y-n»’”
K+ ol (VI-G )

Expanding this identity thanks to the binomial formula and plugging it in (5.17), we get

A K+o 27+ 1 (—k-y)? f ! I i
1 Y; ! 1Y (md
(5.18) (| +(ﬂ) ey Z ll,lz ( —@ =5 J o o

and




Using the expansion (5.16) for x' and x, we express the previous integrals

f )iy YT () = > ChgCha f Piy2g, (k- )Pl,2g, (y - Y] (el
S’l S’l

0<q1<l /2
0<q2</2

From the addition Theorem (5.2) applied to both P;,_»,, (x - 7) and Py,_»4,(y - 17), we derive

_ 4 ar
P2y (k - 1)) Piyoag (y - 1) Y1) diy =
fs}, l-2q, (K - 1) Pi2g, (y - 1) Y7 () dp 2 —2g0 1 205 = 2q0) + 1
11-2q, hL-2q>

x Z ( fg R B Y, '"22q7(77)Ym(77)d77] iy (OY)2 0, ().
my=—(l1=2q1) my=—(l-2q>)
From (7.6), the integral ([,, ;™ ¥,"3 Y7 is equal to 0 when the parameters do not
satisfy

m=m +mand [ = () - 2q1) + (I = 2q) — 2j with 0 < j < min(l; — 2q1, > — 2q»)
consequently for (g1, g2) # (0,0) (recall that [} + [, = D). Therefore we obtain

= 47TC/ 0 47TC/ 0
. I3 . Zzyfn d — 15 25
fsz_]w DYy = S

X Z Z [ f ,T"“(n)Y,;"’z(n)Y?(n)dn) Y (Y ().

——11 mz=—l‘7

Plugging the previous identity into (5.18), we have for some constants Cy;

al Kto (—«k- 7)17
Y7 (|K+0’|) Z

N =

X Z Z [ f Y"’(n)Y‘""(n)Y_mz(n)dn) YY),

my=—l my=—1I,
Remembering that y =

= (598 VI- 9P = (59,
we conclude the proof of (5 15).
- Step 2. We now prove (5.14). We note

20+l
—_ 5 1- z 1 2
N=fb(K'0')Ylm K—0O yi K+o KO +K-0 do
@ k—ol) ! \|k+ ol 2

2
From step 1, we derive

N= Z Cri Z Z (f Yli;’YZ_]m‘Yl;mz)

Li+hL =1 my==l; my==l,
2n+l+ly 20
l-kx-0) 2 l+k-0)\2 K—0O K—0O
X b(k - Y Yy do | Y ().
{fsz « 0)( 2 ) ( 2 ) ’(IK—O‘I) b (IK—fTI) a] w0
Moreover we have from (7.5) and (7.6)

,
K—0O K—O — s K— O
Yln sz = Ym sz Yr/n/ Yl;ﬂ
’(IK—UI) g (|K_a|) ,Zmz,(fs o l) ’ (ix—ai)
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where [’ is defined by I’ = [+ [, — 2j; with 0 < j; < min(/, [). Therefore

N= Z Ci iy Z Zl(f Y7y, ’"'Y"“)Z Z (f ymy r:Ym)

U om'==l

Li+h= my==l my=—

1—K-O’w 1+K-O’7ﬁ w | K—O -
x[fszm.g)( =T ]w

2n+l+ly
( l_x )
2

R

We apply the part (ii) of lemma 5.1 with f(x) = b(x) (1—;‘) , the assumption

cos 8 > 0 and the notation B(8) = 2wb(cos 26) sin 26,

2n+l+ly 2

l-k-0c\ 2 (l+k-0\? _ , [k—0O

b(k - Yy d
Lreol=2) () (=)o

= (27 f b(cos O)(sin(6/2))*"* " (cos(8/2))*" Py (sin(6/2)) sin 8d6) Y, ()
0

i i ,
= (47r f b(cos 26) sin 26(sin )72 (cos )7 Py (sin 9)d9) Y (k)
0

I
7

= (2 ,8(9)(s1n 0)""*1"2 (cos 0)" Py (sin 6)d6) Y} (x).

Therefore,

N = Z Cri Z Z (f Y?y, "“Y""Z)Z Z (f Y’”Y’j“’ym)

L +h= my==l; my==l, rom =1
i dn+i+l 2 /
X ((2 f B(O)(sin 6)7" 2 (cos 6)7" Py (sin 9)d9) Yy (K)) YZ“ ().
0

We again derive from (7.5) and (7.6)

g
ACYRCEDIY) ( fs R Y;,’f”)Yﬁ?”(K)

U om ==l

where [ is defined by I = 1" + [} — 2, with 0 < j, < min(/, [;). We conclude to

N- 3 30 ([mnnn) 8 3 ([ )

Li+h= my==l my=-h
v
( f B(6)(sin §)*"1*%2(cos §)* Py (sin a)da) Z Z ( f Yy ) " (k)
l m//7 l//
which is nonzero from (7.6) when
m' =m' +m =m+my+m =m+ .
From the previous expressions of /" and /',
UV=1+1 +1 =20+ jo)=[+1-2(j; + j»)

and 0 < j; + jo» < min(l, ) + min(Z’, [;). From [} + [, = [ and the assumption <1, we get

min(, L) + min(Z, 1,) = L, + min(Z, ;) = min(, + I', 1) < L.
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We derive 0 < j; + jo < I= min(/, i) . For I, I, m, m fixed, we can define I = [ + [ — 2k
with 0 < k < min(/, 7). Then the coefficient of ¥}!" (k) is nonzero when

lm + | < 1+1-2k.

Therefore,
I[+1—|m+m
k< — .
- 2
In conclusion,
0 <k <ko(l,I,m, in)

where ko(1, I, m, i) was given in (2.3). This ends the proof of (5.14). O

5.2. The proof of Proposition 2.1. The spectral representation will be based on the Bobylev
formula, which is the Fourier transform of the Boltzmann operator in the Maxwellian
molecules case:

7. = [ 5[5 o)l - 20o i
where
e A e

with k = % Remark that
k-0 =cos6, || =Iéllsin(6/2)l, €] = ¢ cos(6/2).

Let ¢, be the functions defined in (2.1), then for n,/ € N, |m| < [, we have (see Lemma
7.2)

. il 2
(5.19) VP in(€) = An,z('i\/'z)2 Yot Y{”(é),
where
1
A = (~if @)} (;] |
V2n!T(n+ 1+ 3)
In the special case [ = 0, this is the Hermite function,
(5.20) Vinoo(®) = ———— e
V2n+ 1!

We deduce from the Bobylev formula that, ¥ n, I, m, 7, I, i € N, with [m| < [, || < I,
F (VETGnims @n1) ©) = F QNS 1ims VELs 15))(E)

(5.21) é e _ _
= \Ll b (l_é‘:| : 0—) [ \//7‘10n,l,m(§ ) \/EQDﬁ,l-,rh(er) - \/pQOn,l,m(O) W‘Pﬁj,rh(f)]do—~
In the next propositions, we will compute the terms I'(¢y,1.m, @77 ) and proposition 2.1 will
follows.
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Proposition 5.4. The following algebraic identities hold,
@ T(po0.0, 0ijm)

= ( f B() ((cos 0)*TPy(cos 6) — 1) dGJ L
lol<%

(@) T'(@nim» 0,0,0)
- [»[I;Is

This is exactly (i;) and (i») of Proposition 2.1.

B(6) ((sin 0)"*' P(sin ) - 5o, 50,) da) Pim-

T
4

Proof. Since

\//7/90\m1,m(0) = 05,0010,
then when n = 0,/ = 0, by using (5.19) and (5.20), recall that x = £/|£|, we have
F(O( V0,00, VHL; 1:))(E)
= fs b (é : a) [ V000 ) VELn 12" = VEiL0.00(0) Vi 1:(6)] dor

€1
ek i ko \(Ik+ ol i+ )
=A;e (%) jg; bk - o) |Y; (|K+ O_|)( 2 ) - Y/'(0)

Apply now the identity (5.13) of Corollary 5.2, one can find that,

F(Q(Np0.00, VEies 1))
= f | B(6)[(cos 6™ Pi(cos 6) — 1]d6 gy 1,().
6|<

T
ry

do.

Hence by the inverse Fourier transform

1
W O(Vueo.0.0, \//—19071,1,:71)

(.

The result of (i) follows. Similar arguments apply to the case (i), and this ends the proof
of Proposition 5.4. O

I'(@0,0,0, ¥77m) =
B(6)((cos 0)™*Py(cos ) - 1)d9] Da -

x
7

Proposition 5.5. The following algebraic identities hold,
@) T(@no0, Cajm)

= L Zuitu 6)(sin 6)"(cos )*™* Pi(cos )dB | g, n1e 1> 1
- \/4_7T A il \9|<”'8( )(sin 8)~"(cos 0) I(COS ) P Lm> N2 15
n+n,. =7
@) T(@ntms ¢2,00)
1 AnoA, ) ) }
= Vir A’O 1,1( ﬂ(g)(SIH9)2n+lpl(31n0)(0089)2nd0)90n+,~1’1’m, 1> 1.
T Snti, lol<%

This is exactly (ii;) and (ii») of Proposition 2.1.
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Proof. For n > 1, using (5.20), we obtain

VHien00(0) =0
By using (5.19) for (5.21), recall that x = £/€], Yg =1/ VA, one gets

) 2n+it)+1
F(Q(VHLn0,0, VHP;:))(E) = Ar"z,l-An,Oe_% (%)
—K- O')n(|l( + o'|)2r"z+i Fn( K+ 0 )

b
R 2

e

We then apply the identity (5.13) of corollary 5.2 and again (5.19) and derive
T(Q( \/_‘Pn 0,05 \/ﬁ‘pﬁj’ﬁq))(f)

| Ay N -
o - _70[ fe ldﬂ(@)((sin0)2"(cosO)Z"HPz(COSQ))dQ] VG i (©)-

We obtain that by the inverse Fourier transform

|k + o

1
L(00.00, €5 i) = —= O(VHLn00> VHP; 7 73)
L \//7 \/_ \/_ L

1 Afl ~An, P
o A” NO[ L ‘ ﬂ(@)((sine)z”(cos 0)>™ Py(cos 9))d9]<pﬁ+njﬁ,.
n+n,l <

Thus (i) follows. Analogously, (i7) holds true. This ends the proof of Proposition 5.5. O

s
)

Proposition 5.6. The following algebraic identities hold for1 > 1, 1> 1 :

F(‘pnlm: ‘pﬁ irh)

o (L Lm, i)

nZA"l Gmm Ym+m d 5

Arrorrtan e S {ARY ] RVAK | ik T2k s
k=0

where ko(l, I, m, i) is given in (2.3) and Gnm’:’”_ is defined by

G (k) = f bk - oIk - o] /2)2"”(|K + 0 /2)2ﬁ+7
SZ

m( K— O W K+ 0
xY(| _al)Y~(|K+al)do-

(5.22)

This is exactly (i) of Proposition 2.1.

Proof. Now we consider the case when [ > 1and/ > 1. Since \/ﬁ/go;,,,m(O) = 0, we get
from (5.19)-(5.21)

|§| 2n+it)+1+1
i

2n+l 27i+]
fb( Y K—0O i k+o0 \(|lk—0ol |k + o d
o N o) T kv o\ 2 2 v

m- [€] \2(n+i)+T+1
(%) Gt (0)-

7T(Q( \/ﬁ‘Pn,l,m, vﬁ¢ﬁ,i,m))(§) = Ag, lA" e (

- An lAﬂ/
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From Lemma 5.3, G™ ’"l {(k) can be decomposed as a finite Laplace series

ko(L,1m, i)
mm mm ln+m ln+m
Gnnll(K) kz(; (f Gnnll( KYT K )Yl+l 2 (05

where ko (1, I, m, i) was given in (2.3). By using this expansion, we derive

7T(Q( \/ﬁ‘Pn,l,m, vﬁ¢ﬁ,i,m))(§)

ko(1,1,m, i) .

_ Aﬁ,lA’l»Z Gm i Ym+m d 7: -

- Z A _ 52 n,ii,l, [(K) I+1— 2k(K) K ( \/ﬁ¢n+ﬁ+k,l+l—2k,m+ﬁz)
k=0 n+i+k,l+1-2k

and we conclude by taking the inverse Fourier transform. This ends the proof of Proposi-
tion 5.6. O

5.3. The proof of Proposition 2.2. We now prove the following identity of Proposition

2.2
> DL u = > 3
nnllk| nnllko

Iml< 1< Iml< 1)<

., m;

2
[ ,l,i,k,| Ok e O -

We state it in the following proposition with the notations Gmf”l I(K) given in (5.22), since

from Proposition 2.1, we have, for |m’| < [ + [-2k

it _ 1k(Zn%(n+ﬁ+k)!1"(n+ﬁ+l+T—k+%))%
Huatn = AR+ 1+ Dnll(n+ [+ 2)

L Gn 1,1, l(K) Ylnjrl 2k(K)dK'

K

Proposition 5.7. For G:ﬁf"l Z(K) givenin (5.22) and any integers n, it > 0, |m’| < I, |m*| < I*,

Z (f Gm_m”(K)Y’” (K)dK) (f Gm_m”(K)Yl'f*(K)dK)
\Js2

Iml<l |m|<]

we have

Gm’" (K )Y’" (K)dk

Al 5! l*6m m* -

ImI<l |m|<]
Proof. We recall the definition (5.22) of Gm~ml &)
G"" (k) = f bk - o) (k = /20" (k + o|/2)7™
SZ

n,i,l,l
<y K=0 i K+o do
k—ol) ! \|k+ ol

and we consider the transform (5.6)-(5.8) for an unit vector o

o = kcosf + k' sinfcos ¢ + k* sin Osin ¢
= kcos @+ k- (¢) sinf
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with 6 € [0,5] and ¢ € [0,2n]. Therefore, using (5.9)-(5.10), the change of variable
6 = 2 0;, the odd-even parity of P}" and the definition (1.2) of § we find

G ) = B(6))(sin 6 (cos 8, x

(523) - “9]‘5; d

f Y/'(ksin0) = k*(91) cos 6 Y} (k cos 01 + k*(g1) sin 91)%5191

' Py
and
f G (Y} (K
s2 n,,lLl
- 21

(5.24) = B(6:)(sin 6, )2n+l(COS 0, )2n+l % f

NS o

~ — d
( f Y} (ksin ) — k*(¢1) cos 0) Y7 (k cos 6 + &*(¢y) sin ;) V2! (K)dk)%del.
s2 T

K

Using equivalent notations of (5.6)-(5.8) for an unit vector o expanded in another orthonor-
mal frame (y, ', y%),

o =1vycos26; + y] sin 26, cos ¢y + 72 sin 26, sin ¢,

= yc0s26; + ¥y (¢h) sin 26,

with 6, € [0, /4], ¢, € [0,2x], we have also

[z ome oy
Y

5 21
[ posing " cos o) x f f
0o Js2

z
021<%

o — o d
Y} (y sin 6 — y*(¢2) cos 62)Y7(y cos 0 + Y (@) sin6,)Y}: (y)dyzi;:dez.

The goal of this proposition is to compute the following term :

A= Z Z ( ﬁ i Gnm,’r”zﬁ,qu(l()ﬁ(’()dk) ( L i GZZ‘IJ()/)Y,’?* (y)dy)

Iml<l |in|<] M >x

From the addition theorem (5.2), we find

Z Y/"(ksin 6y — k*(¢1) cos GI)Y_I’"()/ sin 6, — y*(¢2) cos 6>)

|m|<l

20+ 1
B 4+n_P (ksin 6y — i (¢1) cos by) - (y sin by —y*(¢2) cos 62))

and

Z Yi'h(/( cos 6 + k*(¢;) sin 91)Y_7’7’(y cos B +y*(¢2) sin6)
il <T
21+ 1 N ) N .
= 1 Pi((kcos 0y + k~(¢1)sin6) - (y cos 6 + y~(¢2) sin 6,)).
T
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We then plug the two previous identities into the expression of A and we directly derive

A 212 f (ﬁ(&l)(sin91)2””(00301)27”7)
1611<

dr 4r z
(5.25) *

X f (B(62)(sin 62)"(c0s 62)7"*T) By(61, 62)d b
[6a21<

x
3

where
o dpy —
(5.26) B1(61,602) = Ba(k, 7,01, 602, ¢2)— Y" ()Y (y)dkdy
sz Jsz Jo 2n
and

27
BZ(K,y,Gl,Gz,QSz):f Py ((ksin @) — k*(¢1)cos ) - y")
0

d¢,

X Pr((kcos 6y + k(g1 sin6h) ) .
T

Here, ™ and y~ are defined by (and depend on vy, 65, ¢»)

(5.27) ¥ =vycosb +y (¢y)sinby, ¥~ =ysinb — y(¢h)cosb,.

From lemma 5.9 (proved after the Proposition), we have

Ba(k,7,01,60,02) = D > BHODP,(k- Y )Pylk-¥")

0<g<l 0<g<I

where b;]’iq(el) is a continuous function dependent on 6.
Therefore from (5.26) we deduce

(5.28) Bi(01,6:) = ). > b6 Byg(62)

0<qsl 0<g<l

where

2

27 d — .
(5.29) B,;(6,) = L; L; (jo‘ Pyk-y ) Pyk-y") ¢2) Y'Y (y)ddy.

Since (y,y',9?) is an orthonormal basis in R?, then for any unit vector k, we can find
6 € [0, ] and ¢ € [0, 27] such that

K-y =cosb;k-y' =sinfcosg;k-y* = sinbsin¢.
Therefore (recall that y* defined in (5.27) depend on vy, 6, ¢,),
K-y~ =(k-y)sinb — k- y' cosb cos ¢ — k - y* cos 6, sin ¢,
= cos @sin @ + sin @ cos 6, cos(p — ¢y — 7);
K-y" = (k-y)cosbh + & -y sinb cos ¢y + k - y* sin 6, sin ¢

= cos 6cos B, + sin G sin G, cos(¢p — ¢»)
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We use again two times the addition theorem (5.3):
Pyk-y7) = Z aq,mP',;"'(cos G)Pll;“'(sin 0y)emé=92-
Iml<q
= Z aq,mplqml(’( . 7)PZ"'(sin 92)eim(¢_¢z_”)
|m|<q
Pylk-y") = Z aq,thghl(K . y)quﬁq‘(cos 6,)e™P=42)
|ml<g

where a ,, az» was defined in the beginning of this section. Then

21 B N d
[ Py @aps o 52

= D agagePc y)Psin )~} PL(k - y)PL(cos 6o).
[kl<min(q.9)

Since PZ‘ '(K-y)PZ“(K-y) is a continuous function of « -y, we apply the Funk-Hecke Formula
(5.5) and obtain

1
f PP Y ()dy = (Zn f ACLACLE (x)dx) Y (o).
s -1
Combining the two previous relations into (5.29), we obtain

Bg0)= . agaziPl(sin6)(-1)Pll(cos )
|k|<min(q,q)

1 —
(5.30) X(Zn f P(;'(x)P;l(X)P,*(x)dx) f YIT*(K)Y;,W(K)({K.
-1 s?

Finally, if (I*,m*) # (I',m’), the orthogonality of the spherical harmonics implies that
B,; = 0 for all g and g, and so on for By and A. This concludes the proof of Proposition
5.7. O

Remark 5.8. From the previous proof, in the special case (I*,m*) = (I',m’), we have from
(5.25), (5.28) and (5.30)
2

Z f G™™ ()Y (K)dk
52 n,i,ll

[ml<lm|<]

_20+12]+1

; 2n+l 27+1
T~ "4r  4an L”( (ﬂ(gl)(SmGO (cos 6y) )

T
ry

X f (ﬂ(&g)(sin92)2””(00592)27”7) By, (61,6,)d6) dos
16>

n
<%

where Bj,(01,6,) is defined by
Biip(01.6) = ) > bi@) x

0<q<l0<g<I
1
plkl g _1ykplkd Ikl Ikl
Z agxag P (sin 6) (=1 Pl(cos 6) (27r f P (x) PR(x) Py (x) dx).
Ikl<min(g.q) -1

We now prove the following lemma used in the previous proposition 5.7.
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Lemma 5.9. Foranyl, I, q, § € N, there exists a continuous function b;]’iq(ﬁ) such that for
any real 6, ¢ and unit vectors k, n*, 1=, (n*,n7) being orthogonal, we have

27
f P, ((K sin @ — k*(¢) cosb) - rf)
0

d
X Pj ((KCOSG + k*(¢) sin ) - rf) 2—¢
= >0 DL b Pyl )Pk 0"
O=qg=l 0<g<I
where the coefficients b;]’iq = 0if(q,.q) # (I —2qy,1— 2qy) for integers qi, g satisfying
0<2q1 <1 0<2q <.
Proof. We apply the addition theorem (5.3) in the frame («, k', x*) and the relation (5.1).
i Loy ciman ot __plil + ke prt
P; ((KCOS9 + k(@) sin6) - n ) = Za,kP (cos@)[ N ](K )e Uz,
Iki<I
Py ((ksin@ — k*(¢) cos) - i77) = Py ((ksin(6) + k* (¢ + 7) cos(6)) - ")
— Zalkpl ‘(sm 0)( T )(K . r]_)eik(¢+7r) Uk_

[kl<l

where
. Ikl _ . K
Ui = (" 0" = isgn()(& - nM)) . Uy = (&' -77) —isgn(o? - )
Since the integrals are zero when k# —k, we derive

2
M = f P, ((K sin @ — k*(¢) cos ) - ;7*) P; ((K cos @ + k*(¢) sin ) - 77*) dé
0 2

dkp dkip
= > C<9>(d|k|’)<K"7>(d|k|)<K’7>< DU Uy

|k|<min(L,])

where
k _ _ Ikl o [
c1(0) = ajraj_ P, (sin H)Pl~ (cos0).
We then write
d‘p d*p;

_ k ! - I

(5.31) M = Z ~Cl(9)(W)(K‘77 )(W)(K'Tfr)vk
0<k<min(L/)

where Vy = 1 and V} is defined for k > 1 by

Vi ={ [ =iy =ik ”_)]k
+ [t i (K ik ”_)]k}'

We claim that V; is polynomial type : Vi = pi((« - 17), (k- 7)) where

k
S RN (et I SN
= 1\ k=2r k2r _
—ZZ<1>(2) (1= 2 =Y.

0<2r<k

k
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Indeed, we observe that, there exist two real numbers A, B such that
& nt =it g« —ik* ) =A+iB,
&'t i )= +ik* ) =A—iB.
If we can show that
(5.32) A= (k- )k-n")
(5.33) B*=1-(k-n) = (k-1")?,
then it follows that
Vi = [A+iB]" + [A - iBJ

=2 Z (_])r (QI;‘)AI(—ZI’ B2r

0<2r<k

k
(5.34) =2 > (1) (ZF) () ) A = e = )Y

0<2r<k
Let us now prove (5.32), (5.33). There exist reals ¢*, ¢~, 6" and 6~ such that
nt = cos Ok + sin 6 cos p* k! + sin 67 sin ¢t k>
7~ =cosO k+sin cosd k' +sin6 sin ¢ k>
The orthogonality of " and 7~ implies that
(5.35) cos# cosf™ +sinf* sinf” cos(¢p™ —¢7) = 0.
‘We then have
't =i g (k" =ik )
= (sin@* cos¢* — i sin6* sing*) (—sinf” cos¢d™ —i sin 6 sin¢g™)
=A+iB.
- Computation of A:
A =—sinf" cos¢ sinf” cos¢™ —sinf" sing* sin 6 sin ™
= —sinf* sin @ cos(¢p™ — ¢7)
= cos 6" cos "~ (from (5.35))
=(k-n")(k-77).
- Computation of B:
B =—sinf" cos¢* sinf sin¢~+sinf* sing” sinf” cos ¢~
=sin@* sin 4~ sin(¢p™ — ¢").
Using again (5.35)
B? = sin® 0 sin® 0~ sin*(¢* — ¢")
= sin® 6" sin”> 0~ — sin® 6" sin® 0~ cos* (¢ — ¢7)
=(1-cos?8") (1 —cos’>#) —cos® 6" cos> 6~
= 1= = e
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This ends the proof of (5.32), (5.33).
From the expression of (5.34), V; can be re-written as

—\k—2 k-2
Ve D0 ainne ) e p)o
0<2r1,2r,<k

where ay,, , are constants dependent on k, ry, r,. Recall that P;(x) is a 1-order polynomial
of x in Sec. 1 of Chap. Il in [20],

[
1/(1\[2]l-2
= 2l
m=0

we obtain
dtp, _ e
TEk )= ) b G )
X
0<2m <l-k
dkPi + N\ I—k—=2my
o KT = Z b1k, (K- 177) %
0<2my<i-k

dkP/ dkP/‘

where by m,, bji ,, are constants. We plug the expression of Vi, T oF

k
M = Z c;(0) Z Ale,ry,ry
0<k<min(Z]) 0<2r1,2r<k

—\[-2r;—2m +\I=2r,—2m
X Z Z AT I G/ 1D S/ 1D B
0<2m; <l-k 0<2m,<I-k

into (5.31),

Exchanging the order of the summation of M, one can verify that

M= Z Z (K.n—)l—Zjl(K_n+)Z—2jz

0<2j1<l 0<2j,<]

Z Z Z Cllc(e)ak,n,rzbl,k,m, bi,k,mz .

0<k<min(L]) ritm=ji rtm=j
0<2r1<k,0<2m; <I-k 0<2r, <k,0<2m,<I—k

We use again the formula (5.16) for (x - 7)1, (k - n*)"22 that,

ENEY .
(k-m) ™= Z C1-2jip Preaji—2p (K- 17);
0<pi<d—ji
=22 _ _ - +
(k-m7) = Z Clajypy Pieajpp, (K1),
Ospzﬁész

anc_i exchange the order of the summation of M again, there exists a continuous coefficients
bf’;(e) such that

M= > 3 B0) Py (- )P, (k- ).

0<2q1<l 0<2g,<I

This conclude the proof of Lemma 5.9 and Proposition 5.7.
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5.4. Reduction of the expression of the non-linear eigenvalues. We derive in the fol-
lowing Propositions 5.10 and 5.12 some simplifications of the expression of the non-linear

eigenvalue ,u . l’lk , which will be used in the next Section 6.

Proposition 5.10. For G::l:ql Z(K) given in (5.22) and any integers n,in > 0, m| < [, jm’| < I,

we have
2 ~
i - 20+ 12041
] G _”(K)Y (K)dk| = P
[ml<l |im|<]
(5.36) BO)(sin 61" (cos )7 | B(B)(sin2)"(cos 67
S 6ol 2
I
X (Zﬂf F,j(x, 91,02)P1/(x)dx) d92d91
-1
where
21 21
1 1 r
Fy(x, 61, 6) = f f Pz (62, 2)J(x)(7' (61, 61)) )
(5.37) 0 Jo

s d,

X PZ(T(Gz, ¢2)J(x)(T(9] ’ ¢]))T) 2r 21’

J(x) is the matrix function

X -Vi-x2 0
Jx)=| V1=x2 X 0
0 0 1

and 7(6, ¢), 7, @) are the vectors
7(6, ¢) = (cos b, sin G cos ¢, sin 0 sin @),
7! (0, ¢) = (sin B, — cos O cos ¢, — cos B sin ¢),
the column vector X is the transposition of the row vector X = (x1, X2, X3).

Remark 5.11. We remark that in the formula (5.36), the right hand side is independent of
m’. Therefore this implies

[mI<l |fm|<] ImI<l |m|<]

lgl<min(.)

2

mem (K)Ym/(K)dK

n,il,l

f Gmf"l Z(K) (K)dk

(5.38) ,

b}

f G* ‘lfl(K)YO(K)dK
S n,n.

since from (5.14) the integral vanishes if m + m # 0 .

Proof. We will prove that

1
27Tf Fii(x,01,6:)Pr(x)dx = B, (61, 62)
-1

where B, (61, 6>) is given in the Remark 5.8 and then conclude.
We express the terms of F 11(x, 01, 02) given in (5.37). Constructing an orthonormal
frame in R? with respect to x (|x] < 1) such that

Kx:(-X, ']_-x2>0)9 KJIC:(_ '1_-x29x90)> K?[:(O’O»])’
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we note from (5.7)
ki (p) = K]l( cos¢ + KJZ( sing = (— V1 — x2cos ¢, xcos ¢, sin ¢).

One can verify that

T
J@)(7'01,91))

X -V1i-x2 0 sin 6,
= Vi-2 x 0 —cos 6 cos @

0 0 1 —cos 6 sin ¢

xsinf; + V1 — x2 cos 6 cos ¢
=| V1 - x2sinf; — xcos b cos ¢;

—cos 6 sin ¢

T
= sin 6 kI — cos 6 (Ki(fﬁl)) .

Similary, we have
T T
J@)(2(61.¢1)) = cos b k! +sin6 (k@) -

Therefore, we have
7! (02, 027 1. 01)) = (sinb sk, — cos 01 k-(91) - 7' (0, 62)

(5.39) ,
(02, $2)J(X)(7(61, 1)) = (cOs 01 Ky + sin 61 k- ($1)) - (62, 62).

From lemma 5.9 and the above equality (5.39) , we deduce

21 . . T T d¢l
fo Pt (02, 820707 61, 61)) )P((62. 620 ) (201, 61) )

= > D b0 Pyl - T (6, $2)) Pyl - (62, 62).

0<qsl 0<g<I

Therefore using (5.37)

l ~
2 f Fy1(x, 61, 62)Py (x)dx = Z Z b(61)x
-1 ’

0<g<l OSqSi
1 27 | d¢2
2 Pq(Kx -7 (6, ¢2))Pq(Kx - 7(6,, ¢2))P1/(X)de.
-1Jo
Applying the addition theorem (5.3)

Pyl - 702, 82)) = . agiPh(x) Pi(cos 62) e,
Iki<g

Pk, - 7! (62, ¢2)) = Py(xsin6, + V1 — x2 cos 6, cos(¢y + 7))

= > @y P(x) Pl(sin 6y) >
kl<q

= Z aq,kpl(f‘(x) Pl{f\(sin 6,) eik¢2(_1)k
kl<q
4



where we use ¢ = (cos + isin)¥ = (=1)* in the last equality, from the remark 5.8, we
find

f Fi(x,01,60)Pr(x)dx = Z Z bq’iq(el) X

0<g<l 0<q<l

1
agxazi(=1) P(sin 6;) Pg"(cosez)zn f PH(x) Pg“(x)P,,(x)dx,
Ikl<min(¢.q) -l
= B[J,[r(gl ,02).

This ends the proof of the formula (5.36). O

The following Proposition will provide a convenient expression to estimate the nonlin-

m,in,n’, .
ear eigenvalue u ' in Section 6.

il Lk,

Proposition 5.12. For Gmm (k) givenin (5.22), and any integers n,ii > 0, |m| < [, |m’| < I,

nill
we have
2
Gm_m”(K) "(k)dk
[m|<l || <]
(5.40) |
dr \?
= ) [(21/+1) Zn?z(el))(f Gq~3z(K)YO(K)d’<)
lgl<min(L,])

where ey = (1,0,0) and

qu@o—<n{”+1)
71'

o=

(ﬂ+1f(a—mnf(d—mmf

Ll 4n I+1gh!) \ (T +1g)!

X BO)(sin )" (cos 6> P (sin 0)P!(cos 6)de.
lol<%

Proof. For 0 < k < min(/,]) and |m’| < I, we deduce from (5.36) that,

2 ~
s - 20+ 120+ 1
I—ZZ fG Y] (K)d’ =
Iml<l |m|<]
(5.41) B6)(sin 6 (cos ) x

n
1611<%

5 1
B(6)(sin 62)**(cos 6,)*"*! (2n f Fl’l-(x,al,az)P,/(x)dx)dﬁzdﬁl,
-1

n
621<%

where Fj(x, 01, 6>) was defined in (5.37), such that

2 21 T
Fi(x,61,6,) = fo fo P! (62,6207 (0)(7' 01, ¢1)) )

s d,

X PZ(T(Gz, ¢2)J(x)(T(91 91 ))T) 2r 2n’

43



We inherit the notation in Proposition 5.10, apply the formula (5.39) and the addition
theorem (5.2), then

!
P 02,000 (7 01.01) ) = 712 D ¥i(sin 6, &, - cos by k(@) ¥; (' (0. 62))
g=—1

i
P62, 6207061, 0)' ) = 725 > ¥i(cos b k, + sin by kH(61) ¥, (62, 62).

k=-1
Since
-q,_1 _ (21 : (l_|9|)!% lal o —ig(ds+)
Y ' (r (92,(152))—( yp i) P/\(sin6,)e
. (2D (A=l o
Yzq(7(92,¢2))—( e ) ((Z+|q|)!) qu(cosez)e ¢
we find that
F1(x,01,62)
_ an \E(am (A=l (A=l
"ql<§(m(21+1) (2Z+1) ((l+|q|)!) ((i+|q|)!) Fr(siné2)(=1)

dé

27
x P (cos 6) f Y{(sin 6 Kk, — cos ) k3 (¢1))Y; /(cos 0 k, + sin 0y K;(qs,))z—.
0 T

We plug the previous relation into (5.41) and we get

= > B(62)(sin 62)"*!(cos 62)™ P (sin 6,) P (cos ;)6

~ s
lgl<min(,h ¥ 215

24 1\ (204 1\ (L= IgD!\? (= lgh!\?
—1\¢
X 1)( i ) ( i ) (<l+|q|>!) (<i+|q|>z)

~ 2 1
X B(6))(sin 6))*" (cos 67 x f 27 f
0 -1

[611<

s
)

_ d
Y] (sin 6 k. — cos 6 Ki(qﬁ]))Yi 7(cos 0 ky + sin 6, Kj(q&]))Pl/(x)dx%dH].
T

On one hand, from (5.23)

G (e)) = B(62)(sin 62)>"(cos 62" x

n,i,ll 6y)<

27
_ d
f Y] (ey sin6, — e (¢2) cos )Y, (1 cos 6 + ey (¢) sin Gz)%dﬁz
0 ps

L, 1 1y 1
- o)’ ()’ () ()

X B(62)(sin 62)*"(cos 6>)*™ P (sin 62)Pi(cos 6,)d6.

x
1621<%
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On the other hand, from (5.24) and from (5.42) of the next lemma 5.13,

— ~ 21
[ atwitedc= [ ponsinocosay™ [
2 "M 011<3 0 Js
do

Y] (ksin6; — k*(¢1) cos 6 )Ylfq(K cos 6 + k= (¢;) sin 6, )Y_l(,)(K)dKz—dQ]
JT

B (21' + 1)%f
am o<

_ d
Y] (sin 0 k. — cos 6 Kj(qﬁl))Yi 9(cos 0 ky + sin b, Kj(q&]))Pp(x)dx%dH].
JT

5 21 1
B(6))(sin 6;)*" (cos )7+ x f 27 f
0 -1

Combining the three previous relations leads to (5.40), and this concludes the proof of the
Proposition. O

We now prove the following technical lemma.
Lemma 5.13. For any integers I, Ll >0and lgl < I, we have

4r
20 + 1

( ) f Y{(ksin 6y — k*(¢1) cos )Y, “(k cos by + k*(¢1) sin )Y (K)dlk
(5.42) | Js

= 27rf Y/ (sin 6, k; — cos 6; Ki(qﬁl))Ylfq(cos 6 Ky + sin 6y k5 (¢1))Pr(x)dx.
1
Proof. We consider

1= f Y/ (ksin @, — k*(¢1) cos Gl)Ylfq(K cos O + k*(¢1) sin QI)Y_I(,)(K)dK.
S

From (5.1) we have

) dip o B
Y] (ksin6; — k*(¢1) cos 1) = Nig (qu) (07) (05 +i sgn(q) o3),
- d\‘ﬂPl-
Y (kcos by + kH(¢1)sin ) = Ny, (d—lq) (07) (o} — i sgn(q) o),
’ X

where
o~ = ksin, — k*(¢1) cos by = (07, 05,07)
ot =kcosb + Kk (p1)sinb, = (o], 05, 07).
Noting k = (cos 6, sin 6 cos ¢, sin 6 sin ¢) with 6 € [0, 7] and ¢ € [0.27], and
K= (—sin@, cos 8cos ¢, cos @sin ¢), K= (0, sin ¢, — cos @),
and using the definition (5.7) of k*(¢;), we have

o =cosfsiné; + sinfcos ) cos ¢y,
0, =sinfcos ¢ sinf; — cos fcos ¢ cos B cos ¢ — sin ¢ cos O; sin ¢y,

05 =sin@sin ¢ sinf; — cos dsin ¢ cos f; cos ¢ + cos ¢ cos b sin ¢y,
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and
O'T =cosfcosf; — sinfsin b cos ¢y,
o5 =sinfcos ¢ cos b + cosfcos ¢ sin by cos @y + sin @ sin by sin ¢y,

o-}r =sin @ sin ¢ cos 8 + cos @sin ¢ sin G; cos @; — cos ¢ sin G sin @ .

Therefore
(o0, +ioy)
= (sinfcos ¢ sin G — cos 8 cos ¢ cos ) cos ¢; — sin ¢ cos O; sin @)
+ i(sin @ sin ¢ sin ) — cos @ sin ¢ cos B cos @1 + cos ¢ cos O sin @)
= (sinf#sinf; — cosfcos b; cos ¢1)ei¢ +icos 6 sin ¢1ei¢
= (sin@sinf; — cos B cos O cos ¢ + i cos b sin ¢ )ei"’;
(o5 —io3)

= (sinfcos ¢ cos O + cos 6 cos ¢ sin 6 cos ¢ + sin ¢ sin G sin @)
— i(sin @ sin ¢ cos B; + cos O sin ¢ sin G cos ¢p; — cos ¢ sin ) sin @)
= (sinfcos B + cosPsin b cos ¢y + isin b sin ¢, )e""”.
Direct computations lead to
(0 +io3) (o3 —i03) = (sinfsin ) — cos @ cos b cos ¢y + icos b, sin ;)
X (sin @ cos @ + cosfsin ) cos ¢y + i sin O sin @),

which does not depend of ¢. Since o} do not depend also on ¢, we get with the change of
variable x = cos 6

T
I= 272'](; Y] (kg sin 6 — Kg"o((ﬁl) cos6)

Y;q(Kg’() cos 01 + K3 o(¢1) sin01) Y (kg,0) sin 0 do

1 _
= 27rf Y/ (sin 6, k; — cos 6, K;'((ﬁl))yqu(COS 61 Ky + sin 0 k3 (¢1))Y ) (k)dx
1

1

20 +1\2 (! _

= 27r( 1 ) f Y] (sin 6 k, — cos 6 Ki(qﬁl))Yl. U(cos 0y ky + sin Oy k1 (¢1)) Py (x)dx.
T -1

This concludes the proof of Lemma 5.13 and Proposition 5.12. O

6. THE ESTIMATES OF THE NON LINEAR EIGENVALUES

In this section, we prove Proposition 3.1, we need the following fundamental result of
Gamma function. It is well known of the stirling’s formula (see 12.33 of Chap. XII in [25],
[18]) that,

I'x+1)= V2ﬂx(f)xe%, forx > 1,
e
where 0 < v(x) < 1. Therefore we derive directly the following useful estimate.

Let a, b be two fixed constant, for any x > 0, with [b—a| < x+b,x+a > 1,x+b > 1, we

have

I'x+a+1) b
- 7 1~ < Cﬁl + “ 9
Tatbil) = Corldta
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where C,; is dependent only on a, b. We also recall the definition of the Beta function

(I (y)
I(x+y)

1
(6.2) B(x,y) = f A1 =y lde =
0

rad,1 |2

6.1. The estimate for the radially symmetric terms. We first give the estimate of I/ln :

and |/l:l”f‘l”12|2, which is 1), 2) in Proposition 3.1. Recall that

s

/lrad,l _ 1 AflJA"’O
nil \ag Apai Jess
rad2 1 AnoAni

~ l -
T N Anent Jass

B(O)(sin 6)*"(cos )2 Py(cos )d,
B(6)(sin 6)*"*(cos 6)*" P,(sin 6)d6

where

1

—(_nl 3 1
Ant = (-1 Q1) (\/En!r(n+1+g))

Lemma 6.1. Forn>1,i,l €N,
(6.3) WP < 7+ D

Forallin>1,nleN,n+1>2,

ﬁZS

(64) |/lrud,2|2 < _
(n+ 15+ 13+

n,il

Proof. We estimate I/l”’fl‘i1 |>. From the assumption on 3(6)

BO) ~ |sinf ',

and the inequality |Py(x)| < 1 for any |x| < 1, we have,

2

( f " (sin )12 (cos 9)2“7419) .
0

(n+)Cn+it+1+3)
<

| radLI |2
il Al (n + DG + T+ 3)
Using the Cauchy-Schwarz inequality and the Beta Function (6.2), we derive that

n 2 |

! i+l 1 2 P 2

( f " (sin )12 (cos )T de) = —( f P )
0 4\ J,

1 : _ 7 .
=7 [ f 1 —t)””dt]x ( f s —t)"”—'—sd;]
4 \Jo 0
1( (2 ) , ! o
< - [f t,ﬂ—]—S(l _ t)n+sdt) X 25+25 [f l}’l—l—S(l _ t)n+l+5+sdt]
41 Jo 0

5 T - )T+ 1+ 9T +1+2+s)

~

(n+W)C(n+it+1+3)
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Then,

i 5L 7.3
IR < (”+n)!r(n+n+l~+ 3)
wil T AT+ DG+ 1+ 3)
T —s)’T@E+ 1+ TG +1+3 +5)
X ~
(n+)\C(n+ 7+ 1+ 2)
B T(n—$T(n— TG+ 1+ )G +1+ 3 +s).

n\C(n+ DG+ 1+ 3)

(6.5)

We deduce from the formula (6.1) with x = n,a = —-s, b =0,

F(n—s+1)< 1

n! T (n—-s)s

From the following recurrence formula for the Gamma function
IFIn+1-s)=mn—-9I'(n—-s),

we obtain

In—ys) I Tn+1-y3%) 1 - 1
nl (m—-s) Tm+1) = (n—s)* = plts’

Usingx=n,a=-s5,b=1in(6.1),

F(n+1—s)< 1

T(n+3) 7 pits

k]

and the recurrence formulaI'(n + 1 — s) = (n — s)I'(n — s),

Fn—s) 1 F(n+l—s)< 1 1
Tn+3) n=s T+3) = (n-smi* ~ it

Usingx =7+ 1,a=s5b=0in(6.1), we have

IF'@+1+s) n+1 F(ﬁ+2+s)<~s
= sn.
! a+l+s (@m+1)!

Usingx=ii+1+3,a=s0b=0,

Td+1+3+5) o1 -

— 5 S@+Il+=+5) <@+
F@+1+3) 2

Substitute the previous estimates into (6.5), we obtain

.~ _5_9¢
WAL < G+ D2

This is the formula of (6.3)
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:l”_d’lz|2, we use the Cauchy-Schwarz inequality

Analogously, for the term |1 .

(n+ )T +7i+1+3) 2

nlill(n + 1+ DHIG + 2)

1 m+)T(n+a+1+32 5 i

_ 1+ MUK - 23) fz IS (1 — gy
4nlilC(n+ 1+ HG + HJo
(m+W)Tn+i+1+3)

<

T nlAll(n+ 1+ )G+ 3)

% [fz tn+l—2—s(1 _ t)ﬁ+%+sdt] % (fz tn—s(] _ l‘);H—sdt]
0 0

. (m+M)Tn+i+1+3)

T nlAll(n+ 1+ )G+ 3)
X(r(n+1—1—s)r(ﬁ+§+s)]x(r(n+1—s)r(ﬁ+1+s))
T(n+it+1+3) L(ii+n+2)

F(n+1—s)l"(n+l—1—s)l"(ﬁ+1+s)l"(f1+%+s)

(n+ii+ Dnll(n+ 1+ HALGE + 3)

rad2\2
|/ln,r"t,l| ~

( f " (sin )22 cos G)Zﬁda)
0

2

We deduce from the formula (6.1) withx =n+1>2,a=—s5,b =0,
I'n+2-y) 1 1
< < .
(n+ 1! nm+1-=s5)y" (n+1)°

This inequality is also right for n = 0 (indeed, F(('r‘:rz];!s) [»=0< 1). By using the recurrence

formulalI’'(n+2—-5s)=m+1—-s)['(n+ 1 —s), we conclude that
I“(n+1—s)= n+1 I“(n+2—s)< 1
n! n+l—-s (m+D! T (m+1)
Consideg the assumption that n,/ € N,n+ 1 > 2, using the formula (6.1) with x =n+1/,a =
-s,b =3,

Fn+l+1-5) _ 1
Tn+l+3) = (n+1-s5)+

By using the recurrence formula

ITn+l+1-s)=mn+l-s)(n+l-1-s5)I'(n+1-1-15),

we obtain,
In+1-1-5) 1 Fm+l+1—s)< 1
IYn+l+%) S+ l-s5)n+l—1-5) Hﬁ+[+%) T it

Finally, under the assumption of 7 > 1, we use again (6.1) with x = i,a = 5,b = 0, then
Ira+1+ ' '
M < (fl+S)A SﬁA-
!

Using the formula (6.1) with x = i,a = 2 + 5,b =

3 we obtain,

1

2

IG+2+s 3

(~—23) s (ﬁ+ Z 4 s)1+S $ ﬁ1+s’
TG+ 2) 2
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Therefore, under the assumption of 2 > 1, n,l € N, n + [ > 2, we conclude

| rad 2|2 ﬁl+2s - ﬁZS
" (n+ DX+ D3+ i+ 1) (n+ )5+ D3
This ends the proof of (6.4). -

6.2. The estimate for the general terms. In the proof of 3) in Proposition 3.1, we need
the following technical Lemma. Recall that

EPEIYPIeY S S
An = (1 (2m) (x/in!r(n+1+g)] ’

and

)2ﬁ+i

2n+l
G (k) = fs bl (k= ol/2) (I + /2

X Y’”(

K — o-l) ’;‘(K+O_)do-.

|k — |k + o

Then recalling the notation in Proposition 2.1, we have

,“msﬁq»m' _ AﬁJAnJ (f Gmm (Y™, (K)dk)
~ 7 - - E)
n,LLk An+iz+k,l+i—2k 52 n,,ll 1+1-2k

It follows that,

> Sl =l d

nill k| ' A
|m|< 1 |ﬁl\§i n+i+k, Z+l—2k
(6.6) 2

X Z Z f G:Ln:q/z('()ymz 2k(K)dK ’

Iml<1|m|<]

In the next Lemma we estimate

22 f G OV |

[mI<l |7m|<T

Lemma 6.2. For0 < k < min(Z, 1), |m’| < I + [ = 2k, we have

2
G’"_ml l(K)Y’“ (K)dk
©6.7) i<l gl 1 5%
_— 6)(sin 6)*"*(cos 6 2"*’(19) .
l+l—2k+1(f AX o )
Proof. For 0 < k < min(l, ) and |m’| < [ + [ — 2k, we deduce from Proposition 5.12 that
2
G (K)Y’" («)dk
2 l%i js: AL I+ I=2k
1
4r 2
= — | G" (e Gqfl KYO de),
Iql<§(li)((2(l+l_2k)+ 1) Gl 1)] (fs TS EAC)
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where e; = (1,0, 0) and

G (e1) = (- ])q(21+1) (21+1)
4r 4r

n,i,ll

=

((1 - la! ) ((i— |q|)!)%
(I+1gh!) \(d+1qD!

X B(6)(sin 0)*"*(cos 9)2"”P‘ql(sm G)qu‘(cos 0)do.
lol<%

It follows from the Cauchy-Schwarz inequality that

2
Gmn (K)Ym

ZZ f n,ii,ll 1+1-2k

[mI<l |fm|<T

4r
S( Z 2(+1-2k)+1

lgl<min(.0)

(k)dk

=

G 1)|2)E( > f GH 1Y, 2k<x)dk|2).

lgl<min(,]) Se

We observe from (5.38) that, for any |m’| < [ + [-2k,

2 2
m,im v _ q.—4q
Z Z f Gnnll(K)YlH 2k(K)dK - Z Gnnll(K)Yg-l 2k(K)dK >
<l < 1Y ¥ lgl<min(LD)
then
2
Z Z fz qunmzz )sz 2k(K)dK
[mI<l |jm|<]
D —ic T 2
7_ n 7,1l
gl 200+ 1-2k)+ 1

@1+ DRI+ 1) Z (1= lgh! (T = Ig))!

CAn[2(+1-2k) + 1] gty (F D! (d+1ql)!

2
X ( BO)(sin )" (cos 6> P (sin 0)P(cos a)da]
161<%

Using the Cauchy-Schwarz inequality, we have

Z (= lgh! 7 = IqD!

2
(l + |q|)' (l i+ |q|)' ( o ,3(9)(8111 0)2’”[(008 0)2n+lp\q|(31n g)qu‘(COS 0)(19)

:

“qu(sm 9)’ 'qu‘(cos 9)’ ]d@)

lgl<min(,])

(l—|Q|)'(i—|Q|)'f 2+l 2+]
2, <l+|q|>'(z+|q|)'( J‘“@)(Sl“@) (cos6)

|gl<min(Z, Ty

X ( f |,8(9)(sm 0)*"*!(cos 9)2””

=4 ( f ' B(6)(sin )*""! (cos 9)2'“7519) X ( f ) B(6)(sin 6)*(cos )2
0 0

(- 1gh! - Iql)! Pl 2|l 2
x[ D (l+|q|)'(l+|q|)" (sin o) [P ccos o) ]d@)

|gl<min(L,])
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For 6 € [0, 7], by using the addition theorem (5.3) twice times,

Py((sin6)” + (cos 6)° cos ¢) = Ei;—:ZBiP‘lql(sin 0)P"(sin 6)¢'*?;
lql<t

Pi((cos ) + (sin B)* cos ¢) = ({_ @): P‘Zf}'(cos 9)P‘;7|(cos 0)e'??,
LT +1a)!

we obtain that,

27
f Py((sin ) + (cos §)* cos #)Pj((cos ) + (sin0)* cos qﬁ);i—i
0

_ Z (= lgh! 7 - IqD!

N [+ ! 7 !
Iq\smin(l,/)( lgD! (7 + Iq1)

'P‘ql(sin 9)'2|P‘~ql(cos 9)|2
l 1 .

It follows that

2

m,m m'
P Gn,ﬁ,l,i(K)YlJri—Zk(K)dK

[mI<T |m|<T ' =K

QI+ DRI+ 1)
T a2 +1-2k) + 1]

X ( f " B(O)(sin ) (cos 9)2“7419) X ( f * B(O)(sin )" (cos 0™
0 0

21
(6.8) X f Py((sin B)* + (cos H)* cos ¢)P;((cos B)* + (sin 6)° cos qﬁ)i—f] d9).
0

From the formula (14) of Sec.10.3 in Chap.III in [20]

s— 2
T
then for [ > 1, we have

1

P,((sin 6)* + (cos H)* cos ¢)| <4 \/Zl .
g i/l — ((sin )2 + (cos §)? cos ¢)

Since
1 — ((sin 6)* + (cos H)* cos ¢)2
= (1 + (sin 0)? + (cos )” cos ¢)(1 — ((sin 6)% + (cos 6)* cos q)))

> ((cos 9)2(1 + cos ¢))((cos 9)2(1 —cos ¢))
= (cos 0)*(1 = (cos $)°),

we can estimate

o ) 2 | 1
'P,((sm 0)” + (cos 6)” cos ¢)' <4 \/;l 7 e e ¢)2.
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Recall that |P;(x)| < 1 for |x| < 1, we can derive

27
f Pl((sin ) + (cos 0)* cos ¢)P;((cos 0)% + (sin 0)* cos ¢)d—¢
0 2n
11 2 1
S — d¢
Vilcostl Jo 1= (cos¢)?
1 1
I 1cosf|

For 0 < 6 < %, we have cos 6 > g, substitute the above result into the formula (6.8), we
conclude that, for / > 1,/ > 1 with0 < k < min(/, f),

Z Z f GZ”;"”( )le Zk(K)dK

Iml<I |im|<T

QI+ DRI+ 1)
[2(l+l—2k)+ 1 Vi

2

2

( f B(6)(sin 0)*"*(cos 9)2"+’d9)
2

m (f :8(9)(8111 9)2n+l(COS 9)2n+ld0) '
This ends the proof of (6.7). D

Forl>1,1> 1 with 0 < k < min(/, ]), we denote /lzﬁ”

/lk _ i\/z ( AﬁJAn,l )2

WAL ] 4 T = 2k + 1\ Ak T2k

(6.9) ,

X ( f Zﬂ(é))(sin 0)2*!(cos a)z'mda) .
0

It follows from (6.6) and (6.7) that, for 0 < k < min(/, [), with |’ < [ + [-2k,

2.2,

Iml< 1)< T

mmm|
nnllk ~ nnll

Then we obtain

mmm |2
22 {Z 3, el ]
n+itk=n*  1+1=2k=1* \Im|< l|m|< T

n+>20a+0>2  [>1,01>1
n20,i20  0<k <min(l,])

¢y oy he
A

ntiitk=n*  +1-2k=r* 0l
n+l>2,n+0>2  [>1,1>1 B
nz0,a=0  0< k <min(/,l)

The proof of 3) in Proposition 3.1 is reduced to prove

k

(6.10) D D Aﬂ” < Clpe .

nfitk=n*  1+l-2k=I* .l
n+22,a+1>22 1210121
120,20 0<k <min(,])
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Lemma 6.3. Forn,ii,l,l € Nwithn+1>2and i+ 1> 2, let so = min(1 — s, 5), we have

6.11) FOPAY (3 + D2

AL e T+ 1 (i + D%(n + 1)1—30(’1 + 1)%+2,Y+SO :

In addition, for 1 < k < min(l, i), we have the following estimate

6.12) o ~1\f1 s + 1) _
P I+ =2k + 1 (n+ DS(n+ 1+ 1)28

Remark 6.4. We divide the proof of the estimate of/l’:l - into two cases: k = 0and k > 1.

I
The reason is that, when we estimate A* _ i in case k > 1, there is a term
n,n,L,

m+ii+IT+a+1+1—k+32) .

b}

(m+i+DTn+a+1+1+1)

when k =0 and 1+ 1> n+ 7, by using the recurrence formula T'(x + 1) = xT'(x), this term

satisfies
n+a+k)Tn+a+l+1—k+2) n+i+l+1+1
2 = 2> 1.
n+na+1

(m+ii+DITn+i+1+1+1) |

Proof. Firstly, we consider the case k > 1. By using the Cauchy-Schwarz inequality and
the Beta Function (6.2) we derive that, forn + [ > 2,

3 o ! -
| f ,8(9)(Sln 9)2n+l(cos 0)2n+ld9|2 ~ | f tn+%*1*S(1 _ t)nJr%JrsdtlZ
0 0

Tn+1-sIGi+1+s)T+1-1-9TGE+1+32+5)
< - = .
(n+n+1)! Tn+ii+1+1+7%)

Then, we can express

< NI  (+a+Tm+ii+l+1-k+3)
MR 4 T-2k+ 1 nlT(n+ 1+ Hall@+ 1+ 2)
Xr(”+1_S)r(fl+l+s)r(n+l—1—s)r(ﬁ+i+%+s)
(n+n+1)! Tn+i+1+1+73)
iVi (+i+bTa+a+l+1-k+3)
TI+l-2k+1 (nan+ DITG+a+i+1+1)
Xr(n+1—s)r(ﬁ+1+s)r(n+1—1—s)r(ﬁ+i+g+s)

n\C(n+ 1+ HALGE + 1+ 3)

We deduce from the formula (6.1) withx=n+1,a = —-s,b =0,
I'n+1-s+1) - 1

(n+1)! T (n+1-s)8’
and the recurrence formulaT'(n + 1 - 5) = ——T(n+2 - s),
Fn+1-s5)  n+l F(n+l—s+l)< 1
n! T m+l-s)  (m+ D! Y+ 1)
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USingx=n+l—],a:—s,b:%in(ﬁ])’
1“(”*'Z_S)_1"(I1+l—1—s+1)< 1
r(l’t+l+%) r(”l+l—1+%+l)w(n+l_1)%+s’

and the recurrence formulaI’'(n + (-1 —s) = —fo;’:v),
Fn+l-1-s) _ 1 Tn+l-s) _ 1
T(n+1+3) nAl=1=sTn+1+3) " (n+l+1)3

Usingx =7+ 1,a=s5>b=0in(6.1), we have
Ir@+2+s)
@+ 1)!

By using the recurrence formula I'(x + 1) = xI'(x),

<@+ 1+ ).

IF'G+1+s) n+1 F(ﬁ+2+s)<~s
= sn.
! a+l+s @+ 1)

a=s,b=0in(6.1),and i + [ > 2,

Using x =7+ 1+ 1,
F@+l+2+s) 1 o
—————— s @+l+s+9 @+’
F@+1+3) 2

Therefore, we obtain that, n + [ > 2, i+ 1> 2

b IV 7S+ 1)
AT e T2k + 1 (n 4 D)s(n+ [+ 1)3+

(n+i+ICn+i+l+1—-k+3)

(m+i+DTn+ia+1+1+1)
When k£ = 1, we observe that,

(n+i+ T +i+l+1-k+3)

(m+ii+ DITm+a+1+1+73)
Now consider the case k > 2, we use again the recurrence formula I'(x + 1) = xI'(x),

m+a+Tn+ia+l+1-k+3)

(m+i+DITn+a+1+1+1)
m+i+kn+n+k—1)X---X(n+n+2)

- m+i+l+I1-Dn+i+l+I1-Hx-xm+i+l+]1-k+3)

k L
_l_[ n+n+j
j:2n+fz+l+l~—k+j—%'

Since 2 < k < min(l, 1), one has,

- 1 1_3
I+l-k-=2>2k—=2>=.
i 2757272
This shows that, for any 2 < j <k,
+i+j +i+j
n+i+ PR ALY

n+it+l+l—k+j-1 n+n+j+3
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Therefore, we conclude, for k > 1,

n+a+) T +i+l+1—k+3)

(m+ii+ DITm+a+1+1+73)

We obtain the formula (6.12).
For the estimate (6.11), we assume thatn+ [ > 2,72+ [ > 2and sop = min(l — s, s). By
using the Cauchy-Schwarz inequality and the Beta Function (6.2), we obtain

i . > o
|f ﬂ(@)(sln 9)2n+l(COS 9)211+ld9|2 ~ |f l,l1+%717S(1 _ t)n+%+z+sdt|2
0 0

1 I
2 —1+s —s 2 +1-2s—1-35 i+l L+ 25+s
< T =)' dE x PIHTETITS0(] — p)tHaTESTS gy
0 0

T(n+ so)CG + 1 — so) D+ 1= 25 = so)TG + [+ 2 + 25 + 50)
< — - .
(n+n)! Tn+ii+1+1+3)

Therefore,
20 IVi i+ Tn+ia+l+1+3)
AL T4 AT+ L+ DTG+ T+ 2)

T(n+ so)0(G + 1 — so) D(n+ 1 =25 = s)LG + [+ 2 + 25 + 50)

(n +7)! Tn+ii+1+1+3)
INI T+ sol(@+1—s))l(n+1-2s— sl +1+ 32 + 25+ s50)
Tl+l+1 nliall(n + 1+ LG+ 1+ 2) '

Applying the estimate (6.1) withx =n+1,a=50—-1,b =0,

I'(n+ 1+ sp) < 1
(n+ 1! 7 (n+sg)t’

by using the recurrence formula I'(x + 1) = xI'(x),

F(n+so)_n+lr(n+1+s0)<n+l 1 < 1
n! Tn+so m+ D! Tn+so(m+sg) T (n+ 1)’

Applying the estimate (6.1) withx =71+ 1,a = —s09,b = 0,

I'{@+2-sp) < 1
@+1)! T @@+ 1= sp)%’
by using the recurrence formula I'(x + 1) = xI'(x),

T+ 1 - s0) vl T(+2-s0) 1 1

< .
il itl—sy Gi+1D! ~(i+1-s9)% "~ (fi+1)%

Since so = min(s, 1 — 5), we have 25 + 5o < 1 — s+ 25 = 1 + 5 < 2. Using the estimate
G6.Hwithx=n+lLa=-2s—s0+1,b= %, considering that n + [ > 2, then x + a > 1,
x+ b > 1, we can derive that,

F(n+l+2—2s—s0)< 1

1H(’1"‘l+%) - n+l1+1 —2s—s0)2”30’%'
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By using the recurrence formula I'(x + 1) = xI'(x) that

I'(n+1-2s—s9)
3

IFn+1+3)
B 1 IFn+1+2-2s—sp)
T m+l-2s—so)(n+1+1—-25—s0) T(n+1+3)

1 1

S - 3 =

(m+1+1=25—50)>+0%3  (n+ [)>5+5*3

Finally, applying the estimate (6.1) with x = 7i + [ + %, a=2s+s50,b=0

L@ +1+ 3 + 25+ s50)

T{d+1+3)

S (’71 + '[)2.&‘+S().

Combining the above four estimates together, we derive

FORPIAL (it + D>+
il "~ [+ Z’+ 1 (7 + 1)%(n + 1)17‘%(1’[ + l)%+2s+s0.

This concludes the proof of Lemma 6.3. O

The estimate in (6.12) is not enough accurate in proof of 3) in Proposition 3.1. To this

end, we provide a more optimal estimate of /l’:l . for large k in the following Lemma.

Lemma 6.5. Forany 0 < w < 1 and k > 20, we have the following estimates

Vi ii + )% ”
(i) /lk-lis ~ Vi (+D - e 5 whenn+1< kKL
PR I+ =2k + 1 (n+ 1+ 1)3+%s
Vi i+ )2
i) X s vi @D whenn +1> K1

I+1-2k+1(n+1+1)3+%

Proof. Recall from (6.9) that

o Vi (m+ii+Tn+i+1+1-k+3)
WAL T2k + 1 I+ 1+ DAl + T+ 3)

: 12
x (f P - ™ )
0
By using the Beta Function (6.2) and the Cauchy -Schwarz inequality,
(fi l,l1+%flﬁv(1 _ t)flJr%dt)z < 2%+2‘Y( fi l,l1+%flﬁv(1 _ t)flJr%Jr%erdt)z
0 0
Tn+5TGE+5+1) Th+1-%-29TG@+1-4+32+25)

Fn+a+k+1) Tn+ii+l+1-k+3)
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we obtain

~ ~ ~ 7 3
¥« leﬂ (n+n+k)!I“(n+n+l+l~—k+5)
PR 4 T2k + 1 T+ 1+ DTG+ 1+ 3)
Tn+5TG+4+ DT(+1-4 -29TG+1-4+ 2 +25)
Fn+a+k+1) Tn+ii+l+1-k+3)
:<ﬁﬁm+§ﬁm+§+1ﬁm+l—§—mﬁm+i—§+g+zg
(L+1-2k+ Dn!T(n+ 1+ )il + 1+ 3) )

In case k > 20, remind that [ > min(l,]) > k, we have,
k k
+[/-==-1>=-12>09,
n 5 25 >
Letx=n+[-%—1,a=-2sb=3informula(6.1), we then derive
Tn+1-%-2y) 1 1
<

2
< — < -
Tn+l-5+3) " n+l-5-1-29)3 7 (n+ 1+ 1)i+>

When we choose x =7t + [ — & + 1,a = 25,b = 0in formula (6.1), then

Ti+1-%+32+25)

_ < (A + D,
Fa+1-%+3) (
Therefore, we can verify that for k > 20
w1V @+D» T+ HTn+1-5+3)
ML A T =2k + 1 (n + 1+ 1)3+2 nC(n+1+3)

F@E+ 5+ DI@E+1-4%+3)
X .
T L T3
all(@+1+3)
We claim that, for k > 20,
F@+5+DI@E+1-4%+3)

AT+ 1+ 2)

(6.13) <1

Indeed, if k is even, by using the recurrence formula I'(x + 1) = xI'(x) and I'(72 + % +1) =
(n+ %)!, one has,
Fd+5+DI@+1-4%+32)
o
all@+1+ 3)

(f+5F+E5-1D)x-x(@{+1)

A+T+DA+T-Dx-x@+1-5+3)
k
2

Forany 1 < j < [%], recall that [ > k > £, we obtain,

-k .
i+5+1-
~%—3J.S].
7’l+l+5—]
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Then the formula (6.13) holds. If k is odd, by using the recurrence formulaI'(x+1) = xI'(x)
andTG+1-5+H=@@+1-5+ D),
FGE+ 5+ DIG+1-5+3)

e
all(@+1+3)

A+l-5+DH@AE+1-5-Hx- - x@+1)
@l DaEA - DX x @+ b
e L R
LD oa+l+s—
We can observe directly that
n+ Z_ k + 3 _
n 272 <1,
n+l+ % -J
Therefore, we conclude that the formula (6.13) holds for all £ > 20. Thus, we derive
(6.14) PP A (A+D* T+ HT+1-5+3)
' WAL 4 T— 2k + 1 (n+ 1+ 1)3+2 nlCn+1+3)

Now consider the formula
Tn+5HTm+1-5+3)

n''(n+1+ %)

bl

we claim that, for k > 20,

T+ 5HTm+1-5+32) g

6.15 e B+ |
(6-15) nC(n+1+3)

Firstly, we assume k is even. Reminding that k& < min(/, D), wecanset! = I, +k with /; > 0.
Using the recurrence formula I'(x + 1) = xI'(x) for x > 0 and

k k
l"(n+§)=(n+§—l)'

we obtain
T+ 5rm+1-%+2)
2 2 2
3
nl(n+1+3)

_ m+5-DIT+5L+5+3)

nC(n+1 +k+3)

m+E-Dm+5-2)x- - xn+1)

vkt h k=X x @b+ E+ D)

I

n+j

k3.
n+lhi+5+35+j

j=

. . . . k
Applying the elementary inequality, forany 1 < j < 5 -1,

. k k
n+j I’l+§ I’l+§

<
k 3 . 3 -
n+h+5+5+j n+h+k+5 n+h+k
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and

k k
— —1> - for k > 20,
2 4
we get
5-1 . k k ,
2 n+j < (I’l+ E)%*l <( _ Lllft _ eflog(lf%)
inth s34 tntl n+l '
Using the inequality,

log(l +x) <x,Vx>-1,
and recalling that [ = [} + k with [; > 0,

l k
ES11+E<1SH+L
we have .
5+1 L+5
E]Og(l—z 1 S—kl ZS— kl .
4 n+l 4 n+l 8(m+1)
It follows that
5-1 .
[[— 2 bt ¢ ety

inth s e3 )

Therefore, the formula (6.15) follows when & is even.
Analogously, when k is odd, we set [ = [; + k with [; > 0. Using the recurrence formula
I'(x+1)=xI'(x) for x> 0and
k 5 kK 3 kK 3
r -——+-)= -+ )= =+ -)!
n+1 2+2) (n+1 2+2) (n+1 +2+2)
we obtain
Tn+HTn+1-%+3)
nC(n+1+3)
T+ 5+ +5+2)!
T+ L +k+3)

m+h+8+Hn+Lh+5+Hx - x@m+1)

btk Dl k=X x @+ b

L+4+3 .
. n+j
- 1_[ n+ k145
j=1 B J
; : . ; ko3
Since k > 20, we have the elementary inequality : forany 1 < j <1 + 3 + 3,
n+j n+lhi+5+3 n+lh+ 3
< .
n+&—1+j n+hi+k+i " n+h+k
Therefore
Li+4+3 . 3k . s k L s
1—[ ntj . (””1 3 )’1+3+z < (1 __a )’1+3+7 = itk log(-zky)
S SR G QR n+l +k n+l
Jj=1 2

Using the inequality,
log(l+x)<x, Vx> -1,
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and recalling that / = [} + k with [} > 0, k > 20

[ k 3
ESZ|+§+§<lSn+l,
we have
k 3 k k k 3 kl
I+ =+ =) log(1 - <- h+-+2)<——.
vy Pleld =) = "2+ T2 72 = "3ty

Therefore, the formula (6.15) holds true for &k is odd. This ends the proof of the formula
(6.15). For0 < w < 1, if

k']
n+l

k]

then

Tn+ HTn+1-%+3)
<

ei%kw
3 .
nl(n+1+3)

This implies that, when n + [ < kel

< ~ixﬁ 7+ D% e
PR T =2k + 1 (n+ 1+ 1)3+%

This is the result of the estimate (7).
If n+ 1> k'l we deduce from the same estimate as (6.13) that,

Tn+5HTm+1-%+3) §

1.
3 <
nl(n+1+3)

The estimate (i7) follows from the estimate (6.14). This ends the proof of Lemma 6.5. O
6.3. The proof of 3) in Proposition 3.1.

Proof. For /lz . defined in (6.9), by the analysis in (6.10), we only need to prove

k

Yoy e,

niitk=n*  l+l-2k=rr
n+l>2.n+0>2  [>1,0>1 B
n20,i20  0< k <min(l,))

The constraint of the above summation is
Apse = A LLK) €N n+ii+ k=n* 1+]-2k=1",
I1>1,1>1,0<k<min,]), n+1>2, i +1> 2},

which is a subset of a hyperplane of dimension 3. By using Lemma 6.5 with w = i, we

divide the sets into four parts,

1 2 3 4
An*,l* = An*’[* U An*,[* U An*,l* U An*,l*
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with the sets

v =S LLK) eN n+fi=n*, 1+]=1 k=0
121021, n+122,a+122};
ALy ={ i LK) €N+ it k=n* [ +1-2k=1",

121,02 1,1<k<min(19. LD, n+122, i+122}

>
I w
*

=

|
—_—
—
S
=t
\:\4
k!

YeN n+ii+k=n*1+1-2k=1n+l<k

I>1,121,20<k<min(, D, n+122,n+1>2

>
S &
*

>

I
—_——
—~
-
=
Nl
=~

YENS n+i+k=n* +]-2k=1"n+1>kil,

~

21,02 1,20 <k <min(LD), n+122, i +12 2}
Then the summation can be divided into four terms corresponding to the sets.
/lk

Z nill
A

LA s o

0 /1k /1k /1k

il il nil n,i,ll
SR SR - SO )
An /lﬁ,i /lﬁ,i 4

mathed!, . M alioen, ALIKENS, maLlient, .

n

=K1+K2+K3+K4.

By using (6.11) in Lemma 6.3 with sop = min(s, 1 — s), one can estimate K; as follows,

K < Z Z i\/i (n+ Z)Z'H'S“

I 7 s 1-3 342545 n
e G DT LG+ Do+ DI0(n+ D3P0,
n+>2,a+1>2 [>1,1>1
n>0,1>0

We claim that, for (7i,]) e N2, i + [ > 2,
(6.16) i+ D)* <23+ D)@ + ).

Indeed, the formula (6.16) holds for 7 = 0 or [ = 0 under the assumption of 7 + [ > 2. Now
we assume /i > 1 and [ > 1. In fact, for 0 < s < 1,

7+ D> <2 + %) <2+ 1)@ + 7).

This ends the proof of the formula (6.16). By using the inequality 4;; > 7 + P in (2.7)
and (6.16), we have

i+ D*»
il

<SGi+1).
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Then

Vi G+ DS + D
Kl S Z Z 1 Z 1 (s S 1—s 3 +25+s0
il LTET 7@+ )o(n+ 1)!=%(n+ )2
n+l>2,a+1>2 [>1,1>1
n>0,71>0

(n+1)° 50
& Z Z (n + D=so(pn + [)1+2s+s0 (1 + 7+ ])

n+ii=n* [+]=I*
n>0,71>0 >1,>1

G+ 1) I\
DI (n+1)1”(n+l)1”(1+f1+1) '

n+ii=n* [+]=1*
n>0,1>0 I>1,1>1

Considering 0 < s9 = min(1 — s, s) < 1 and using the elementary inequality,

[ \s [ s
(1+m)°sl+(m)°,

we have

@i+ 1)° [y
K; < Z Z (n+ 1)1”(n+l)1”(1 +(I7l+ 1) )

n+ii=n* [+]=1*
n>0,71>0 >1,>1

Recall that sp = min(s, 1 — s), if 59 = s, one gets
= s i So ~ K NS,
i+ 1) (1+(m) ):(n+1) +0
if 5o < s, from Young’s inequality,

~ S — S
oG+ 1) < 0

(7 + 1)+ 2F

S
Z B
S

we conclude that,

(7 + 1)S(1 +( )°) =+ 1)+ G+ 170 < i+ 1) + T

n+1

Therefore,

@A+ 1)+ P
Kis ), ) (n+ DI+ s

1 1
Z* (n+ D+ ZZ (n+l)'+5]

n+i=n 4 I=1*

n>0,71>0 I>1,>1
1 1
* *\ S
$(l/l +l) :: I+s :: 1+s
Z (n+1) — ]
n+i=n* I+1=1*
n=0,>0 I>1,>1

The set {(n, 71) € N2, n + /i = n*} is a subset of hyperplane of dimension 1,

*

1 < 1 |
——— =) ———— < Y — < +4o0.
’Hﬁz::n* (I’l + 1)1+s HZ(; (I’l + 1)1+s ; n1+s ©
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Similarly,

Therefore,
K; < (n* + ).

The estimate of the second term K :
By using (6.12) in Lemma 6.3, we have

min(19,n*) 75 (7 s
n+l
s
rer e S 2k+1(n+1)(n+l+1) SAng
nHZ2 A2 [> k> k

n=0,7>0

Applying the inequality (2.7) that 4;; 2 (72 + I)*, one can re-estimated Kj as

min(19,7*) ~5

7’
Kes ) ) 2
+S‘
k=1 n+i=n*—k [+]= /*+2k 2k+1(n+1) (n+l+])
n+1>2,7+1>2 1> k> k

n=>0,71>0

19 n*—kI*+k
I*+2k—1 1
< *\ S
<) ZZZ Frl et lypmels12s

19 n*—k I*+k

<(*)szzzl*+]9 1
> Frl (nt D+ i+ )2

k=1 n=0 I=k

Since
2+s
i (n+ 1+ D>

I +k

! 1 [ +k 1
< —_dx= S
lzl;f,l nrx+ e fk,l nrx+ e

1 1 1 1
= - <
1 +s((n+k)1” (n+k+l*+1)1“)~ (n+ ks’

we can estimate that

19 n*—k

Ks() ) Y —— (n+k)m

k=1 n=0

1
< *\S < * S'
< (n*) ;—W o 5 )
Now we consider k > 20. In this case, we assume n* > 20. Or else,

3 4 —
A =oAL L = 0.
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For the third term K3, by using (i) of Lemma 6.5 with w = L we have

49
~ 7\2s
n+1 1,1
K, < Z Z 5 @D
— +2s
(30 ok i Z*+2kl+l 2k+1(n+1+1) A
D<n+l<kd Liwl>2 12hIzk
n>0,71>0

Applying the inequality (2.7) that 4;; 2 (72 + 1), we estimate that,

D Y S et rarey il

+25
k=20 medimptk =42k 2k+ 1 (n+1+1)3
denti<kd Lisls2 2hIzk
n>0,1>0

n* n*—kI*+k

F+k (m*+0% 1,4
: ZZZZ*+1(n+l+1)2+2S6 ’

k=20 n=0 I=k
n* n*—k I*+k
e
5 *+1 (n+l+1)2+2°
Use the estimate
C(n+ 1+ D>

I +k I* +k 1

< S S
;;fl, (n+x+1)2+2s fk_, (n+x+ Dt

1 1 1
C1+2s ((n +OS (k41 1)'+2°')
1 (4 k+ P+ D2 — (4 )2
1+2s (n+ k)2 (m+k+1*+ 1)+ 7

and the mean value theorem for f(x) = x'*%9,

M+k++ D"+ )" =1 +2)n+k+7(* + D)** +1), 0O<7T<1),

we obtain,

n* n*—k
K; < (n* + 1*)Sze—gk% r+1 Ltk
S v & (n + k)1+2s(n + 1+ k) *+1
n* i n* 1
< (n* + 1) e—%w _
= 1+2s
= oy (n+ D+

< (n* + 1)

Finally, we estimate the remaining term Ky4. By using (ii) of Lemma 6.5 with w = %, we
have

K<Y YN L

+25
k=20 nizn®—k R 2k+1(”+l+1)2 A
ntlzkd Litlz2 kK
n>0,i>0
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Applying the inequality (2.7) that A;7 > (71 + I)*, we estimate that
VI @+

Ks < .
4 Z Z [+T=2k+1 (n+1+1)3+2s

I+I=1*+2k

k=20 n+n=n*-k
ntlzkd Lile2 2kIzk
n>0,71>0
Considering the condition
n+l> kil
we obtain
1 1
(n+D3> KB
Then K4 can be rewritten as
i+ 1)
K<Y Y X ;
K20 ninomt ok el lt+2kl+l_ 2k +1 (n+ l)1+2°k813
ntlz k3 Lisle2 2kIzk
n>0,1>0
n* n*—k I*+k
] 1 1 *+k
< (n* + 1%
(v ) kz;ok% ZE(HZ)M\H*H
1 n*—k I* +k n*—k I* +k k
+ l* — +
s(w kzzlo 2 %;(nu)moz nz(;lzk:(n+l)1+2°ll*+1]
It is obviously that, for k > 1
n*—k I*+k *+k 1
< < +00.
nz(; ;; (l’l + l)1+2sl Z (n + 1)1+S ;; ll+s
At the same time,
n*—k I* +k 1 k < n*—k 1 ek
1+2 = 1+2:
“ l:k(n+l)+fll*+1 no(n+1)+Y l*+1
n*—k 1
< +00.
(I’l + 1)l+25

=0

n*

Ky (nt+0) ) L)
8

Substitute these two estimates into the above mequallty of K4, we have
N
k=20

Combining the estimates of Ky, K;, K3 and K4, using again (2.7)
(* + 1) + (") S Ao e

/lk
Ll
< Clype .

we derive
> X
niitk=n*  +l-2k=r 0
n+l=2.a+1>2  1>1,0>1 B
n20,i20  0< k <min(l,])

This ends the proof of 3) in Proposition 3.1
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7. APPENDIX

The important known results but really needed for this paper are presented in this sec-
tion. For the self-content of paper, we will present some proof of those properties.

7.1. Gelfand-Shilov spaces. The symmetric Gelfand-Shilov space SY(R*) can be char-
acterized through the decomposition into the Hermite basis {H,},e¢ and the harmonic

oscillator H = —A + %. For more details, see Theorem 2.1 in the book [7]

1
FESURY) & feC R, At >0, fllp < +oo;

o fe 2R3, e >0, H(ef‘”"'zlv(f, Ho)2) < +00;

|2

aeN3 || 2
lv

© AC>0,A>0, ||[(-A+ 1

) fllage) < ACHKY', keN
where
Ho(4) = Hoy () o (v2)Ho (v3). @ € 1,
and for x € R,
-1y 2 1 dy -2
S (x= =) (™).
N2 dxt V2inln dx

For the harmonic oscillator H = —A + % of 3-dimension and s > 0, we have

H,(x) =

3
1
HEHy = (1) Hyy Ay = Z(a, +2), keN, aeN°.
=1 2
7.2. Fourier Transform of special functions. For the eigenvector ¢, ;,, given in (2.1),
Lerner, Morimoto, Pravda-Starov and Xu in [13] shows in Lemma 3.2 the Fourier trans-
form of /g, 00. Following this work, we provide the Fourier transform of /s, in.

Lemma 7.1. Let o, k € S?andr > 0, then

(7.1 f Y (W)dk = )i (l)% 1 (DY (@),
SZ r 2

K

where & - @ denote the scalar productand J), 1 is the Bessel function of | + % order:

Proof. Since for any real r and |z] < 1,

(7.2) V2re' = \/EZ(ZIC + 1)Jk+%(r)(i)kPk(z) (cf. (1) of Section 11.5 in [24]).
k=0
Substituting z = « - @ into (7.2),

eirmt - \/;kz:;(zk + 1)Jk+%(r)ikpk(K . a).

By using the definition of the Bessel function Jk+% (r), see (8) of Sec. 3.1, Chap.IIl in [24],

e (_l)m(r/2)2m+k+%
J1(r) = —_—
k() n;) mIT(m + k +3)
Then
(Irl/2)*"
L4 mlk!
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Now since |Pi(k - @)| < 1 and for every r > 0,

1 SR RN
- E 2k + D1 (0] < E o et <e ,
"= ) k=0

ST
=%

[T

IA

we obtain that

(7.3) fs Y W)k = \/g ;(Zk + DI (0 fs % Pi(k - @)Y (K)dk.

K

Consider the addition theorem of spherical harmonics (7 — 34) in Chapter 7 of [19] that
dr k
Pulk-a) = 5— > [V (W]'Y}
(k- @) 1 m}k[ © O] Y (),

where [Y}"(«)]" is the conjugate of ¥ («). Then

4
21+ 1
Substitute this addition formula into (7.3), the formula (7.1) follows. O

f Pk - @)Y]" (k)dk = Y] (@)by.
SZ

K

Lemma 7.1 is the basis for calculating the Fourier transform of /. i n.

Lemma 7.2. Let ¢, be the functions defined in (2.1), then for n,l € N, [m| < [, we have

T4 Npn© = () eni( ) (LY Sy (L),

2n!T(n + 1 + %) V2 E
2n+l 2
Proof. Define H(¢) = (1) “e Ty (£), and by Lemma7.1 withr = . @ = 2.k = £,

we can compute the inverse Fourier transform of H,

_ 1,3 V- |l \2n+l _i m ¢
T =(5) [ e (e S ap(ae

3 1 0 P \2n+l+2 _p? ilv|ok-a yym
g Jy G femrna

K

) GG [ o

By using the standard formula, see (6.2.15) in [8],

l+%

1+ e x 2 (T ket _
L7 = f T (2 Nxne
A !

n!
we have
b, T e :
(CEIP L N 2 P on+ied -5
LA = et [T e
Therefore,
_ 1oy w2 N aedy VP v
1 _ =5 (L Py —
F (H)(v)_(zn)zn!le (\/E) L, (2 )Yl (|V|)'
Recall the expression of (2.1), one can verify
3 1 3
VE@nim(¥) = (=) 21 (—=—————-) F ' (H)W).
( V2n!T(n + 1 + %))
Henceforth, (7.4) yields. 0O
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7.3. Spherical Harmonics. The following results with respect to the spherical harmonics
is significant. For [, [ e N, |m| < [, |m| < [,

(7.5) Y)y? = Z Z ( fS 2 Y;"(K)Yirh(K)Y,m/(K)dK) s

1z m’

where |m’| < I’ and [~ 1 < I’ < [+ 1. More explicitly, in order to have a non-vanishing
integral, the parameters m’, I’ satisfy

(7.6) m =m+m, ' =1+1-2j with 0 < j < min(/,]).
For more details, see (86) in Chap. 3 in [9] or Theorem 2.1 of Sec.2, Chap.IV in [17].
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