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GELFAND-SHILOV SMOOTHING EFFECT
FOR THE CAUCHY PROBLEM
OF THE NON-CUTOFF SPATIALLY HOMOGENEOUS
BOLTZMANN EQUATION

L. GLANGETAS, H.-G. LI AND C.-J. XU

AssTRACT. In this work, we prove the Gelfand-Shilov smoothing effect of the Cauchy
problem for the spatially homogeneous non-cutoff Boltzamnn equation with Maxwellian
molecules. The smoothing properties is same as the Cauchy problem defined by the evolu-
tion equation associated to a fractional harmonic oscillator. We also construct the solution
of the Boltzmann equation by solving an infinite systems of ordinary differential equations.
The key tools is the spectral decomposition of linear and non-linear Boltzmann operators,
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1. INTRODUCTION

In this work, we consider the spatially homogeneous Boltzmann equation

{ o.f = Of, ).
f|t:0 = fO»

where f = f(t,v) is the density distribution function depends on the variables # > 0 and
v € R3. The Boltzmann bilinear collision operator is given by

0.0 = [ [ BO=v.00e010) - g oo

(1.1)

where for o € S?, the symbols v/, and v’ are abbreviations for the expressions,

v+ [v—v , VvEve v—vy
o, Vv, = - o
2 2 o 2 2 ’
which are obtained in such a way that collision preserves momentum and kinetic en-

ergy, namely

/

VoAV =v+v,, WP+ =P+
The non-negative cross section B(z, ) depends only on |z] and the scalar product é -o. For
physical models, it usually takes the form

B - v., o) = O(jv — v.))b(cos ), cos = ——

-0, 0<0<

NN

|V - V*l
In this paper, we consider only the Maxwellian molecules case which is corresponded
to ® = 1, and we focus our attention on the angular part b satisfying
(1.2) B(6) = 21tb(cos 20)| sin 26| ~ |67 7%, when § — 07,

for some 0 < s < 1, without loss of generality, we may assume that b(cos 6) is supported
on the set cosf > 0. See for example [11] for more explantations of B(-) and [22] for
general collision kernel.

We linearize the Boltzmann equation near the absolute Maxwellian distribution

2

u(v) = @y te T,

Let f(t,v) = u(v) + \u(v)g(t,v), we have
ag

a5t Ligl1=T(g. 8

with

1 1
L'(g,h) = WQ( Vug, Vuh), L(g) = _W[Q( Vug. 1) + Qs Vug)l-

Then the Cauchy problem (1.1) can be re-writed in the form
9,8 + L(g) =T(g.8),
{g|z:0 = £0.
The linear operator £ is nonnegative ([11, 12, 13]), with the null space

N = span{\/ﬁ, Vivi, Vuva, \uvs, \/ﬁlvlz}.

2
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In the present work, we study the smoothing effect for the Cauchy problem associated
to the spatially homogeneous non-cutoff Boltzmann equation with Maxwellian molecules.
It is well known that the non-cutoff spatially homogeneous Boltzmann equation enjoy an
#(R%)-regularizing effect for the weak solutions to the Cauchy problem (see [4, 16]).
Regarding the Gevrey regularity, Ukai showed in [21] that the Cauchy problem for the
Boltzmann equation has a unique local solution in Gevrey classes. Then, Desvillettes,
Furioli and Terraneo proved in [3] the propagation of Gevrey regularity for solutions of
the Boltzmann equation with Maxwellian molecules. For mild singularities, Morimoto
and Ukai proved in [15] the Gevrey regularity of smooth Maxwellian decay solutions to
the Cauchy problem of the spatially homogeneous Boltzmann equation with a modified
kinetic factor, see also [26] for non modifier case. On the other hand, Lekrine and Xu
proved in [10] the property of Gevrey smoothing effect for the weak solutions to the Cauchy
problem associated to the radially symmetric spatially homogeneous Boltzmann equation
with Maxwellian molecules for O < s < 1/2. This result was then completed by Glangetas
and Najeme who established in [6] the analytic smoothing effect in the case when 1/2 <
s < 1. In [11, 14], the linearized non-cutoff Boltzmann operator was shown to behave
essentially as a fractional harmonic oscillator H* , with 0 < s < 1 and H = —-A + %
([11] for radially symmetric case and [14] for general case). The solutions of the following
Cauchy problem

{r%g +L(g) =0,

glio = g0 € L%,

1/2s

112, (%) for any positive time and

belong to the symmetric Gelfand-Shilov spaces S

le™ gl < Cligollz,

where the Gelfand-Shilov spaces S (R?), with y, v > 0, + v > 1, is the spaces of smooth
functions f € C*°(R?) satisfying:
JA >0, C > 0, sup PP f(v)| < CAMBlI(a! (B, Va, B e N,
veR3

These Gelfand-Shilov spaces can be also characterized as the sub-space of Schwartz func-
tions f € . (R?) such that,

" 1
3C>0,e>0,|f() < Ce My eR? and If(&) < Ce V" | ¢ e R3.

The symmetric Gelfand-Shilov space SY(R?) with v > 1 can be also identity with
SYR3) = {f € C(R*);3r >0, [l fllp2 < +oo}.

See Appendix 7 for more properties of Gelfand-Shilov spaces.

From a historical point of view, the spectral analysis is a critical method of the linear
Boltzmann operator([2]). In [11], the linearized non-cutoff radially symmetric Boltzmann
operator is shown to be diagonal in the Hermite basis. The application of this diagonal-
isation is appeared in their continue work [13], which showed that the Cauchy problem
to the non-cutoff spatially homogeneous Boltzmann equation with the radial initial datum
go € L*(R?) has a unique global radial solution and belongs to the Gelfand-Shilov class

1

SZ(RY).
2s
In this paper, we use the spectral decomposition of linearize operator to study the

Cauchy problem (1.3) in general case. The main theorem is in the following.
3



Theorem 1.1. Assume that the Maxwellian collision cross-section b(-) is given in (1.2)
with 0 < s < 1, then there exists gy > 0 such that for any initial datum gy € L*(R®) N+

with ||g0||i2(R3) < &, the Cauchy problem (1.3) admits a solution belongs to the Gelfand-
1
Shilov spaces S E(R*%) for any t > 0. Moreover, there exists co > 0, such that, for any

t>0,

2s

Qs 7/12_0
(1.4) e ™ gDz < Ce™ ' lIgollrzea)s
where
/4
Ao = BO)(1 —sin* 6 — cos* 6)dd > 0.
-n/4

Remark 1.2. 1) The results of this Theorem is similar to that in [13], but we consider here
the non radial symmetric solution in 3-dimension.

2) We have proved that for the Cauchy problem (1.1), if the initial data is a small per-
turbation of Maxwellian in L?, then the global solution retourn to the equilibrium with
an exponential rate with respect to Gelfand-Shilov norm, that means with a exponential
weighted in both sides of Fourier transformation of solution (the results of (1.4)).

The rest of the paper is arranged as follows. In Section 2, we introduce the spec-
tral analysis of the linear and nonlinear Boltzmann operator, and transform the nonlinear
Cauchy Problem of Boltzmann equation to an infinite systems of ordinar differential equa-
tion which can be solved explicitly, then we get the formal solution of the Cauchy problem
for Boltzmann equation. In Section 3, we establish the upper bounded estimates of non-
linear operators with an exponential weighted, which is crucial to get the convergence of
formal solution in Gelfand-Shilov space. The proof of the main Theorem 1.1 will be pre-
sented in Section 4. Finally, the Section 5 and the Section 6 is devoted to the proof of 2
propositions used in Section 4. In the Section 5, we study the spectral representation of non
linear Boltzmann operators, and prove that it can be represented by an “inferior triangular
matrix” of infinite dimension with three index, so that the presentation and the computa-
tions are very complicate. This inferior triangular property is essential for the construction
of the formal solution by solving an infinite system of ordinary differential equations. In
Section 6, we consider the eigenvalues estimate of the triangular matrix obtained in the
Section 5, it is keys point to prove the convergence of the formal solution with respect to
Gelfand-Shilov norm.

2. THE SPECTRAL ANALYSIS OF THE BOLTZMANN OPERATORS

2.1. Diagonalisation of linear operators. We first recall the spectral decomposition of
linear Boltzmann operator. In the cutoff case, that is, when b(cos6)sinf € L([0,Z)), it
was shown in [23] that

L(‘pn,l,m) = /ln,l Pn,lm» nal € N7 me Z? |m| <l

This diagonalization of the linearized Boltzmann operator with Maxwellian molecules
holds as well in the non-cutoff case, (see [1, 2, 5, 11, 12]). Where

Aot = f BO)(1 + 8,.0810 — (sin )" P(sin 6) — (cos )" P(cos 6) )db,
lo1<7

the eigenfunctions are

n! 2o\ e v]? v
2.1 wim(V) = | ———8 - —TL<nZ+1/2>(_) Ym(_)’
@D Prin(?) (\Fzr(n+1+3/2)) (\/E) ¢ 2 )70\l

4



where I'( -) is the standard Gamma function, for any x > 0,

+00
[(x) = f e ~dx.
0
(@)

The ["*-Legendre polynomial P; and the Laguerre polynomial L,
(see [20]) read,

of order «, degree n

!
ﬁﬂ(xz - 1), where|x| < 1;

Lglw)(x) — Z(_])nfr F@+n+1) X

gy rin—=rla+n-r+1)

Pi(x) =

For any unit vector oo = (cos 8, sin 6 cos ¢, sin §sin ¢) with 6 € [0, 7] and ¢ € [0, 2x], the
orthonormal basis of spherical harmonics Y}"(0) is

Y'(0) = NP\ (cos 0)e™, |m| < 1,
where the normalisation factor is given by

2A+1 (I |m))!

Nin = —
' (L + ml)!

and P'lmI is the associated Legendre functions of the first kind of order / and degree |m| with

|m|
2.2) Pil(x) = (1 - )""'( ) Pi(x).

The family (Y;"((f))l20 el

do being the surface measure on S? (see [9], [19]). Noting that {¢,;.»(v)} consist an or-
thonormal basis of L2(R?) composed of eigenvectors of the harmonic oscillator (see[1],

[12])

constitutes an orthonormal basis of the space L*(S?, do-) with

3
W(‘pn,l,m) = (2’1 +1+ _) Pn,lm-

As a special case, {¢,00(v)} consist an orthonormal basis of L2 d(R3) the radially symmet-
ric function space (see [13]). We have that, for suitables functlons g,

where g,.1m = (8 Pnim)r2®3), and

H(g) = ii Z(2n+l+ 5) &nlm Pulm -

n=0 [=0

Using this spectral decomposition, the definition of L, H, eM' L’ is then classical.
2.2. Triangular effect of the non linear operators. We study now the algebra property

of the nonlinear terms
F(Qpn,l,m, <pﬁ’i’ﬁq)’
We have the following triangular effect for the nonlinear Boltzmann operators on the

basis {¢n.1m}-
5



Proposition 2.1. The following algebraic identities hold,
@) T(po00, Prim) = /1,11,[ Pi, Lin>
(12) F(‘pn,l,ma ‘;00,0,0) = i[ ©On,lms

i) T(@no0sPazi) = An Cusigiw forn 1,

(i) T(entm» i00) = /ln,;l,, Onsindms for 1215
min(Z,))

(lll) F( 5 _ m,i,m’
Pnlm> Prilim) = M ik Ptk +i-2km >
k=0 |m+in|<l+I-2k

for1>1,1>1.

The notations in the above Proposition is as following:

A= B(6)((cos )2 Py(cos 6) — 1)d6;

z
101<%

’li,z = f
o<

rad,1 (27T2(n+ﬁ)'r(n+ﬁ+l+§))%
~ VRN + T+ DT+ 3)

1 ~
]

BO)(sin0)*"' P(sin 6) — 50,,80,1)d0;

)

n,i,l

X B(6)(sin 6)*(cos )2 Py(cos 6)d;
lo1<%

rad,2 _
/ln,ﬁ,l -

(2n%(n+ﬁ)!r(n+ﬁ+1+ g))%
AlCG+ HnT(n+ 1+ 3)

X B(O)(sin 6)*" (cos 6)* Py(sin 6)d6,
lol<%

and

k2n%(n+ﬁ+k)!r(n+ﬁ+l+f—k+ N

AL + 1+ 3nT(n+ 1+ 3) )

|k = o|\2n+l |k + o \2+T
< JL L e (55T

— 0-|) rh( K+0-|)d ]le 2k(K)dK'

X Ym(

|k — |« + o

We also have the following orthogonal property,

Proposition 2.2. Forany integers0 < ki, k» < min(l,]), |m}| < I+1-2ky, |m))| < [+]-2k,
we have

23) PIDIAAHEDIDN "

[ml<1m<T Im|<m|<T

m,im,m; 2

n LIk, ’ 6k"k26m/l Iy -

Remark 2.3. 1) Similar to the radially symmetric case, the property (iii) of the Proposition
2.1 and the above Proposition 2.2 imply that we have also a “triangular effect” but with
a noise of order min(l, ). It is not very clary in the above presentation since we are in
3-dimension, we will understand well in the Subsection 2.3
2) We have also
Ang = _/lrll,l - /13,/'
6



It is trivial to obtain that ooy = A19 = Ao, = 0 and the others are strictly positive, since
when | # 0, and forn # 0, 1,

:
) f (1 —sin*" 6 — cos™ 6)B(0)dO = A, > 0.
0

Moreover, we referred from Theorem 2.2 in [12] (see also Theorem 2.3 in [14]) that, there
exists a constant 0 < c; < 1 dependent on s such that, for anyn,le Nandn +1> 2,

1
2.4) c[@n+1+ %)S + 123] Sy < —[Cn+1+ %)S + lzs].
Cl

We send the proof of this Proposition 2.1 to Section 5.

2.3. Formal and explicit solution of the Cauchy problem. Now we solve explicitly the
Cauchy problem associated to the non-cutoff spatially homogeneous Boltzmann equation
with Maxwellian molecules. Consider the solution to the Cauchy problem (1.3) in the form

+00 +00

g(t) = Z Z Z gn,l,m(t)‘pn,l,m,

n=0 [=1 |m|<l

with initial data

+00 +00

g0 =33 &0 puim € LR,

n=0 (=1 |m|<!
where

Gnim(t) = (€0 Putm) 2w » 82,1,m = (80> Pnim)2@e) -
In the following, we will use the short notation

n,lm n=0 [=1 |m|<l

It follows from Proposition 2.1 that, for convenable function g, we have

+00
T2, 8) = > 200008 1a (AL + 2))en 1
nlm

l
+00 +00 +00

B rad,1 rad,2 5
+ D 8n00 g O + D1
n=17=0 [=0 |m|<]
+00 400 +00 +00 min(,])
m,im,m+in 5
+ gﬂ,l,m(t)gﬁ,i,ﬁq(t)#n’ﬁ’llk Pk, 1+1-2k, m-+in>

and

+00
Lg = Z /ln,[ gn,l,m(t) Pnlm-

n,,m
7



Formally, we take inner product with @,= «,,~ on both sides of (1.3), we find that the
functions {g,~ jx »+(?)} satisfy the following infinite system of the differential equations

018n* 1% (1) + A x (1 + 80,0,0()) 8 1 > (1)

d,1 E d,2
(25) = /l;?ﬁyl*gn,0,0(t)gﬁ,l*,m* (t) + A;fll*’;lgn,l*,m* (t)gﬁ,0,0(t)
n+i=n* n+i=n*
n>1 ax>1,0*>1

+ Z Z Z ﬂz;ﬁf}j’: gn,l,m(t)gﬁ,i,ﬁz(t)

n+i+k=n* 1+1—_2Z¢=1* m+m=m*_
21,21 |Im|<Lml<]

with initial data,

(26) 8En* 1* m* 0) = gg*,l*,m*'

Theorem 2.4. For any initial data {g?l* o> WS €N, [m*| < I*} with
0 0 0 0 0

2.7 80,0,0 = 81,00 = 80,10 = 80,1,1 = 80,1,-1 = 0,

the system (2.5) admets a global solution {g,+ j« m+(t); n*,1* € N, |m*| < I*}.

Remark 2.5. Using the triangular effect property of Proposition 2.1, we solve explicitly
the infinite system of differential equation (2.5) with any initial data {g?l*yl*’m*; n*,I* e
N, [m*| < I*}, in particulary, we don’t ask it belong to €*. That means we can construct the
formal solution for any initial data gy € . (R3).

Proof. Formally, the system (2.5) is non linear of quadratic form, but the infinite matrix of
this quadratic form is in fact inferior triangular (see [13] for radially symmetric case with
the simple index). Since the sequence is defined by multi-index, we prove this property by
the following different case, and in each case by induction.

Induction on n* € N:

(1) the case : n* = 0. We prove now the existence of {go . (#); I* € N,|m*| < [I*} by
induction on /* € N. From the assumption (2.7), and Ao = Ao = 410 = 0, one get that

80.00() = £1.00(8) = g0,1,0() = 80,1,1(1) = 8o,1,-1() = 0.
Let now [* > 1, we put the following assumption of induction:
H-1): Foranyl < I* — 1, |m| < I, the functions gom(t) solve the equation (2.5) with
initial data (2.6).
We consider the following equation

0180,1% > () + Ao+ 80,15 > () = Z Z Hyo 110 80.Lm(D80 1 (D),
[+I=1* m+m=m*_
21,121 Im|<L|m|<]
0
8o+ m*(0) = 80,1 m*+
This differential equation can be solved since the functions go,,(f) on the right hand side
are only involving the functions {go.(f)};<x—1 Which have been already known by the
assumption of induction (H-1).
In particular, for any |m| < 2,

(28) g0,2,m(t) = ei/lO'Zth,Z,m(O),
where

oo = B(6) sin®  cos? 6d6 > 0.
o1<%
8



(2) the case : n* > 1. Now we put the following assumption of induction:
(H-2) : Foranyn < n* — 1, 1 € N and |m| < I, the functions {g,m(t)} solve the equation
(2.5) with initial data (2.6).

First, we want to solve the function g,x oo in (2.5). It can be written as
018n,0.0(t) + Apx 08n*,0,0(2)
d,1
= Z A5 08n.00(1g0,0()

n+i=n*
n>1,7i>1

+ Z Z Z /JZ;Z:(;qgn,l,m(t)gﬁj,ﬁq(t)‘

n+iitq=n* [+]-2g=0 m+m=0 _
I+i>1  ImIsLimlst

This equation can be also solved since the functions on the right hand side are only involv-

ing {gn.1.m(#)}n<n*—1, Which have been already given in the assumption of induction (H-2).
Finally, we can improve the assumption of induction as following:

H-3): Foranyn <n*—1,1€e N, |m| <[, and n = n*,l < [* — 1, |m| < I, the functions

{gn.1m(t)} solve the equation (2.5) with initial data (2.6).

We want to solve the functions g,» j= = (¢) for all [m*| < I* in (2.5) which is
atgn*,l*,m* (t) + An*,l*gn*,l*,m* (t)
d,1 d,2
= > A 00O D+ D A g e (D80.0(0)

n+ii=n* n+it=n*
n>1 ix1,0*>1

DD IR IO

nHA=N* 4 ]=1* m+m=m*_
1>1,1>1 [m|<L|m|<]

m,in,m*
+ Z Z Z ’un,r”l,l,l-,q gn’l’m(t)gﬁj”h(t)'

n+i+q=n* [+]-2g=1* m+m=m*_
g>1 1>1,>1 |m|<L|m|<I

This equation can be also solved since the functions on the right hand side are only involv-
ing {gn.1.m(O)}n<n—1.1en and {gn.1;m(#)}n=n* 1<x—1 Which is given by the improved assumption
of induction (H-3). O

Now the proof of Theorem 1.1 is reduced to prove the convergence of following series

+00

(29) g(t) = Z gn,l,m(t)‘pn,l,m

n,l,m

in the convenable function space.

3. THE UPPER BOUNDED ESTIMATE OF THE NON LINEAR OPERATORS

3.1. The estimate of the trilinear formula. To prove the convergence of the formal so-
lution obtained in the precedent section, we need to estimate the following trilinear terms

T 0). Wpgs . f.ghe SR)NN

Using the spectral representation of I'( -, -) given in Proposition 2.1, we need to estimate
theirs coefficients.



Proposition 3.1.
1) Forn > 1, ii,l € N, we have,

~ 5
WP < w0+ D2

2)Forallin>1,nleN, n+1>2, we have

~2s
n
|/lmd’2|2 <

P (it s+ D3
3) Forn, i, I € N, we have also

>y ZZ ”’” <CA,N*.

nitk=n*  [+[-2k=1*  ImI<l|m|<]
n+l>2 >1, l>1
0< kﬁmin(l,i)

The proof of this Proposition is technical, so we send it to the section 6.
We prove now the following trilinear estimates for the non linear Boltzmann operator.

Proposition 3.2. Forall f,g,h € .Z (R} NN*,

1 1
|TCf.8), W] < MA@ 1L gl 1 L2 Al -

Proof. Forany f,g,h € . (R*) N N*, we use the following spectral decomposition,

! ] ]
f: Z Z fn,l,m‘Pn,l,m, 8= Z Z EnlmPn,lm> h = Z Z hn,l,m‘pn,l,m-

n+>2 m=-1 n+>2 m=-1 n+l>2 m=-1

Using the orthogonality of basis {¢, ,,}, we deduce from Proposition 2.1 that,
(F(f» 9), h)LZ(]RS

i Z T g (> AL 00 gt

n*+1*=2 m*=~[* n+ii=n*
n>1
“+00
]’l Arad
+ n*l*m* nnl*ﬁtl"m* 81.,0,0
n* =2 m*=—I* n+ii=n*
n>1,n+1>2
—+00
RN NI VEDY
n*+*=2 m*=-I* k=0 fi+n+k=n* |+]-2k=I* m+m=m*_
nH22 ik mistliml<
mmm
ALk ﬁl lm g ]
=1+ 12 + 13.



For the term 7, we use Cauchy—Schwarz inequality,

+00
IS Z oD 1 0.0l Ignss e])

n*+1*=2 m*=-I*

n+n=n*
n>1
| rudl| .
2 ni,l 2
< Ml 123 gl Z Z R
Iin n=1 .l
1
i 2 d,112\]2
<ALzl D e se e P Z - u;“,, AR
n*,0*,m* n+i=n* "
nzl
We deduce from Proposition 3.1 and A; « 2 7° + ()% in (2.4) that,
|/lrad |2
3 s o 3 <oy
Ay —
n+i=n n+i=n*
n>1 n>1

Therefore,

1 1
L] < 1Nz 1L7 gl 1 L2 Al 2.

Similarly, for the term />, we use again Proposition 3.1 and 4; ¢ 2 (77)* in (2.4)

rad2 2 ~Dg
Z | n,i, l*| < Z I’le
~ . : 5
Pt A0 e A5+ 1)(n + [¥)2*S
n+l*>2 n+l*>2

*\ S & (I’l* _n)s *\§
< () +;Ts(n),
which give
L] < L2 gl 11L3 Al .
For the term I5, we could assume [ > 1, [ > 1,

min(Z,])

111 < Z Zunn 18 Z Z il D0 D Mneriizim

A+I>2 =-1 n+l>2m——l k=0 |m*|<I+1-2k
21

-4 mnm*
. 7) 2 LI
X (|

Applying the Cauchy-Schwarz inequality, we get

1< (0 > Aadgazal) (D) D]

i+1>2 i< T A+l>2 i|<

1 1
min(l,])

Z Z il Z Z Posisttst2km (A ) 2 m'h"fq*‘)z)

nn,l,l,k
n;rlTZ Im|<1 k=0 |m*|<i+I-2k
>

<IfllziLgle( Y

A2 ni2
>1 >1

XZZ| 20 2L Tkt )7 m""“?*f)%.

n n,LLk
Iml<l|m|j<] 0<k<min(L]) |m*|<I+I-2k

NI—

(S




More explicitly, we have

Z Z ' Z Z n+n+k 1+1-2k,m* (/1,1 1) mﬁq'nf* ?

n Lk
[ml<l|mj<] 0<k<min(Ll) |m*|<l+I-2k

min(l,]) min(l,])

PIDIDIEDIEDINPINCON

Iml<1|m<] ki=0 |m¥|<i+i-2k ko=0 |m*|<i+i-2k,
h—‘ m,ﬁq,m? B m,rh,m;
X iy T2k mt By 5, ik 4 T=2k0.my By G,

min(l,]) min(l,])

= Z Z Z Z P -2k m *hn+n+k2,l+l by

ki=0 |mf|<l+l=2ky ka=0 |m3|<l+I-2ky
1 m iy m T,y
X Z Z Az Fosiin il
Iml< 1)<
By using the formula (2.3) in Proposition 2.2, we obtain,

IS IDY
nnllk. nnllkz

Iml<lim|<] Iml<1|m|<T

mmml

nnllk.‘ Ok ko Ot 3 -

It follows that

< Il iLiele( 5 >0 > D)

fi+122 n+122 0< k<min(L]) |m*|<I+1-2k

>1
X U™ Y |u

[ml<|m|<T

hn+ﬁ+k,1+1‘—2k,m*

1

m,fi,m* 2

nnllk

+00 400

<UL gl ( D) D D Vel

*=0 [*=0 [m*|<I*

1
mmm 2
> 2w Y Y el
niitk=n*  +]-2k=1* Imi<{ml<
n+l22,0+122  [>1,0>1
0< k< min(L,])
Using again Proposition 3.1, we have
1 -1 m,in,m* 2 Cl
s A< .
Z Z ( "»l) Z Z n,ﬁ,l,l,k| = St
n+iitk=n*  [+]-2k=I* Iml<l|m|<]
n+l22,n+1>22  [>1,1>1
0< k< min(Z,])
We get then
+00 400

ol—

LIS 1ARIL e[ D00 D A el o P

n*=01*=0 |m*|< I*
which ends the proof of the Proposition 3.2. O
3.2. The trilinear formula with exponential weighted. To prove the regularity in the
Gelfand-Shilov space, we need more the upper bounded of non linear operators with expo-
nential weighted.
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Proposition 3.3. For any f,g,h € S (R*) N, any N > 0, and for any ¢ > 0, we have

3.1) (TS, g) e Sy o]
< Clles™ Sy o fllp2lles? L£7Sy gl lles ™ L2 Syhll2,

where C is a positive constant only dependent on s, and Sy is the orthogonal projector
such that,

Swf = Z Z(f’ G lm)1? Pudms

2n+I<N |m|<l
n>0,120

LS 3\s
e H SNf = Z Z e @nti+2) (f7 Qon,l,m)L2 Pn,lm-

2n+I<N |ml<l
n>0,1>0

Remark 3.4. 1) For h € .7 (R?), we can’t use e5™h as test function, since it is not belong
to /(R3). However, for any h € " (R3), we have e2"’Syh € .Z(R3).

2) In the right hand side of (3.1), the projector of f and g with Sy—, show more clary
the triangular effect of T'(-, -).

Proof. Since f,g,h € 7R3> N N*, similarly to the Proposition 3.2, we have

(T(f. ), e Syh)

12(R?)
N I*
_ cRn AT rad,1
= Z Z e D' *,l*,m*( Z /lnn[*fn,o,ogfl,l*,m*)
2n* +1* =2 m*=—I* n+n=n*
n>1
N I*
(T L ) rad,2
+ Z Z e ( )h *,l*,m*( Z /lnn[*fn,l*,m* gfl,0,0)
2n*+1*=2 m*=—1* n+it=n*
n>1
N *
S Sy Y Yy
2n*+1*=2 m*=—I* k=0 fi+n+k=n* |+]-2k=I* m+m=m*_
nH22 g ek ImlsLil<]
mmm
Mg Snim 85l ]
=Ji+Jh+J5.

The estimate of terms J; and J; is more easy then J3, so that we consider only the term J3,
we have

1 <*(2fx+7+%)“' “2’”“’%)&
el D D ate T lgaial D, DL 7 il

2<27i+I<N=2 |in|<] 2<2n+I<N=2 |m|<l
(7,D#(1,0) 4<2n+20+I+I<N
1+ cn S Qi+ 3)S m’ﬁ“zq/
PSSR FENRE L !
X n+n+z+1/ T | T
A.7)2
=0 |m'|<l ( i) ?

Since forany 0 < s < 1,

(2n+l+2ﬁ+7+%)ss(2n+l+%)s+(2ﬁ+l~+%)s.

13



‘We deduce that
cq(s 1 cafs
5l < lle2™ £2Sy_agll2lle?™ Sy flIz2

% [ Z Z Z o€ @n+2ii+i+1+3)

4§2n+2ﬁ+l+i§N 0< k<min(l]) |m* |<I+1-2k
2<n+12<i+l

m m m
n 7L Lk |
X et oot Z Z
|m|<I Iml<l
We can now finish the proof exactly as that of Proposition 3.2. O

4. THE PROOF OF THE MAIN THEOREM

In this section, we study the convergence of the formal solutions obtained on Section 2
with small L? initial data which end the proof of Theorem 1.1.

4.1. The uniform estimate. Let {g,,,(f)} be the solution of (2.5), for any N € N, set

@.1) Sve® =" > > 2um®nim,

2<2n+I<N |m|<]
(n.D#(1,0)

then Syg(1), """ Syg(r) € SR NN+,
Multiplying e€0/@n" +*+2)"g (1) on both sides of (2.5), and take summation for 2n* +
I* < N, then Proposition 2.1 and the orthogonality of the basis (@, 1m)n.i>0,mi< IMmply

(9:Sw) (D). ™™ S5 (1) , ) + (LN, 7 Sngr)
= (T((Sng), (Sng)), e Sng(0))
Since Syg(t) € Z(R3) N+, we have

(LSwe)1), ™ Syg(n)

L2(R3)
2R3
ey = e 27 LESwg Ol
we then obtain that
%Ene FSyg I}, — Fle " HiSugl, + e LiSyg )2
= (r«sNg), (Sng)), e Sna(0)) ,

It follows from (2.4) and the Proposition 3.3 that, for 0 < ¢y < cjandany N > 2,¢ >0,

1d WOlgys 1
—Z e Syg (I, + —||e T L28vgll,

Ol gys Ogrs L1
(4.2) < Clle= "' Syaglizlle> " L2Syglly,

Proposition 4.1. There exists €y > 0 and ¢y > 0 such that for all 0 < € < €,0 < ¢y < €,
go € L> NN+ with ||goll,2 < €, then,
Qg s 1 (7 args 1
le™ " SngOllizeo + 5 fo lle™ " L2Sng@7:dr < lIgollfa ey

foranyt>0,N > 0.



Proof. We prove the Proposition by induction on N.
1). For N < 2. we have [le* 7' Sog|%, = Ig0.0.0(0) = 0,

Dges 2 2 2
le™ " S1gllz> = 20000 + " ¢lgoim(® =0,

Im|<1

and
Ol qrs 2 S 2 2+3/2)* 2
lle™ "' Sag12, = e gr00(F + > "D g0 (1)

|m|<2
Recall that for all # > 0 (see (2.8)),

—Agt

g0,2,m(t) =e g0,2,m(0),
we choose 0 < & small such that &y(2 + 3/2)* —24p, < 0, then
leF7S2817, < > 1202mO)F < lgoll}, < €
ml<2
forall 0 < ¢y < ¢p,0 < € < g.
2). For N > 2. We want to prove that
Ol qrs
le= " Sn1gll> < € < e,
imply
ol g s
lle> " Snell> < e.
Take now ¢, > 0 such that,
1
O0<eg < —.
©=73c
Then we deduce from (4.2) that
1d, gy 1 awrgn 1
5 ;e " Sug@l: + Slle " L2Sygll,
Ol qrs Olgys 1
< Clle= "' Sy agliplle> " L2Sygll,

< 21e¥7 LiSyglf,
therefore,
4.3) %||e”%‘”"sNg(r>n% + %ue%‘ﬁsNgn% <0,
this end the proof of the Proposition. O

4.2. Existence of the weak solution. We prove now the convergence of the sequence

g(t) = i Zgn,l,m(t)‘pn,l,m

2n+1=0 [m|<I
defined in (2.9).

Multiplying @, = .+ (v) on both sides of (2.5), and take summation for 2n* + I* < N,
then for all N > 2, Syg(?) satisfies the following Cauchy problem

0Sng + L(Sng) = SNI'(Sng, Sng).
N

(4.4) Sve@= > > & onim

2n+1=2 |m|<1
(n,h#(1,0)

15



By Proposition 4.1 with ¢y = 0, we have forall > 0, N € N,

|
ISve ey + 5 [ IL3Sve(ORdr < Dol

The orthogonality of the basis (¢ 1m)n,i20,mj<; implies that

N
SNy = D D lgnim®dI.

2n+1=1 |m|<l

By using the monotone convergence theorem, the sequence

+o00

g(t) = Z Zgn,l,m(t)‘pn,l,m

2n+1=0 [ml<l

is convergent, for any ¢ > 0,
1\171330 ISng = gllr=o.q.2@3) =0

and

. 1
I\Iflf.}o IL2(Sng — Olleqoq2 @y = 0.

For any ¢(¥) € Cl(R+, Y(R3)), we have

| [ (s Sus. 86 - 160,60, 1

L2RY)
<| fo ' (T(Swe. Sve). Svor) — 9(0),
+| fo (TS - & Svg).000) e | fo (s S - 1,060 ]
by Proposition 3.2,

d‘r'
LZ(RZ)

| fo (SN (S, Sn) ~ T(s. £.6(7)

f
<c f 1S gl 1L Swllz | £ Swo — 6)
0

dt
)

12 (R3

!
e f 1Swg — gll2 L Swgllz 12 lis s dt
0

!
e f lell2 12} (Swg — )iz 1L lisesd
0

using Proposition 4.1 with ¢y = 0

| fo t (SvT(Swg, Sve) - T(g,2),6(7)) . . d7|

12 (R3 )

1 1
< ClISnellr=qo.m:2) 1 L2 Sngll2qo. ) || L2 (Snd — @)

L2(0.1[:L2(R3))
1 1
+ C|ISnvg - g||L°°(Jo,z[;L2)||~£2SNg”LZ(Jo,z[;LZ)H-EZ¢||L2(]0,t[;L2)

1 1
+ Cligllz= o)1 L2 Sng — N izqo ) 1L2 B2 o2
16



then

| [ (sartsne.Sue) - 11z, 00.000)

2(R3) ‘

< Cligol% | £ (Sno - ¢)

L2(10,[;L2 (R?))
1
+ ClISng — gll=qo.m:)l1goll 2 1L2 @l 2 0,41:22)
1 1
+ Cllgoll2IL2 (Sng - g)”LZ(JO,t[;Lz)”-EZ¢”L2(]0,t[;L2)-

Let N — +o0 in (4.4), we conclude that, for any ¢(¢) € C' (R+, 5% (R3)),

(g0.00) , . —(2(0).4(0)

L2(R3) L2(R3)

-~ [ (£emom),. dr+ f (Ts(). (). ()

L’(R*
which shows that g € L(]0, +oo[; L*(R%)) is a global weak solution of the Cauchy problem
(1.3).
4.3. Regularity of the solution. For Syg defined in (4.1), since
Ang = Ao > 0,Vn+l>2,

we deduce from the formulas (4.3) that
d gy 20, gy
e Syg I + ==lle T Sugll,

< ;ue FHS I, + —||e FH £38vel2 < 0.

‘We have then
d Lot ﬂ(/.{? 2
(e e Sng ;) < 0,
it deduces that for any # > 0, and N € N,
ol qys _hot
lle>"" SneDllws) < €™ 2 llgollzr3)-

The orthogonal of the basis (¢ ;,m)n.150,m<; implies that

N
g 2 D n+i+dy 2
le® " SngIR, ey = Y D eF @ g, (02,
2n+l=1 |m|<l

By using the monotone convergence theorem, we conclude that

I Dops < -
e gOllzws) < €72 llgollz@ey.

This ends the proof of Theorem 1.1.

5. THE SPECTRAL REPRESENTATION

This section is devoted to the proof of the Proposition 2.1, the Proposition 2.2 and some
propositions used in section 6.
17



5.1. Harmonic identities. We prepare some technical computation. In all this section, n,
I, it, T will be fixed integers of N and we will use the following notation in this section :
_ (=lm!

L+ |mD!

Lm

For any unit vector
o = (01,02,03) = (cos b, sinH cos ¢, sin O sin ¢) € S*

with 6 € [0, 7] and ¢ € [0, 27], the orthonormal basis of spherical harmonics ¥;" (o) (Im| <
l) is (see the definition (2.2) of P'lk‘)
20+ 1 (I—|m)!

[m| im¢
ar Ul L1 cosOeE

2041 (L= |m])! (d"P, , m
(5.1) =\ ar Gr (dxm )(0’1)(0'2+l sgn(m) o3)"".

We recall the following properties (see [17] and [20]):
- Addition theorem: For any integer [ > 0 and @, a; in s2,

Y/'(o) =

4r

(5.2) Piay - an) = m

!
PR ACHEAICH)

m=—1

If we set the following coordinates
a; = (cos(8)), sin(8;) cos(¢;), sin(8;) sin(¢))
for j = 1,2, the previous addition theorem reads as follows
Pi(cos 8; cos 8, + sin 0 sin 6, cos(¢p; — ¢2))

!
_ A= 1mD! i I im(g1—¢2)
5.3) = __ZWPI (cos 61) P, (cos 6,) ™7 ™%,

- Integral form of the addition theorem: For any integer / > 0 and m, |m| < I, any o € 2,

N 20+1 .
(5.4 Y/ (o) = P Pi(o-n) Y () dn.
T S]Z]

- Funk-Hecke Formula: For any continuous function f € C([-1,1]), any o € S? and
integers [ > 0, |m| < [,

1
(5.5) fsz flo-m) Y (mdn= (27T f1 J () Pi(x) dX) Y (o).

For « € S? fixed, we can find 6, € [0, 7], ¢ € [0, 27[) such that
k = (cos 6y, sin By cos ¢y, sin Gy sin @p).
Construct the orthogonal vectors with respect to «
(5.6) K= (— sin 6y, cos By cos ¢g, cos by sin ¢y), K = (0, sin ¢, — cos ¢y),
and for ¢ e R

3.7 k(@) = k' cos ¢ + k° sin b
18



Then «, !, k? constitute an orthonormal frame in R3. For any unit vector o, we can find
6 € [0, ] and ¢ € [0, 27] such that

(5.8) o = kcos + k' sinfcos ¢ + k% sin §sin ¢.

It is easy to verify

K+o 0 .0/ 5 .
5.9 P —KCOSE +sm§ (K cos ¢ + K sm¢),

k—o .0 0/, 5 .
(5.10) ol =K sm2 cos > (K cos ¢ + K sm¢).

In the proof of the Proposition 2.1, we need the following lemma.

Lemma 5.1. For any function f in C([-1,1]) any k € S, | € Nand|m| < I, we have

(i) f flk-o) Y (&) do = (277 f " f(cos6) sin6 P, (cos g)da) Y7 (x),
Nd 0

(ii) f fk- ) Y (£2) do = (277 f " f(cos6) sin6 P, (sin g)da) Y7 ().
N 0

Proof. For k € S? fixed, we can find 6 € [0, 7], ¢o € [0, 27] such that
k = (cos 6y, sin Gy cos ¢y, sin Gy sin ¢g).

!, k?) constructed in (5.6), for any o € S? we have

In the orthonormal frame (k, «
o = kcos @ + k' sinfcos ¢ + k* sin Osin ¢
with 6 € [0, 7] and ¢ € [0, 2x]. Therefore, « - o = cos 6, and for any 1 € S? with
n=kcosb; + ! sin@; cos o1 + & sin 6 sin ¢y .

we deduce from (5.9)-(5.10)

- 0 0

(5.11) g - =sin = cos#; — cos = sin 6 cos(¢p — @),
|k — o 2 2
+ 0 0

(5.12) £Tg -1] = cos = cos @y + sin = sin 6y cos(¢ — ¢1).
|k + o 2 2

Proof of (i). Applying the formula (5.4) for ¥}" ( KT ), we have

I \|k+o]|
K+ 0o
o) Y™
\[S;,f(K )Y, (|K+0_|)d0'

21+1
=ff<x-a) 7
s2 4

= fg . Y/"(m) A(mdn

K+ o
f P2 ) vrapan o
2 \lk+0l

where
K+ O

A(n)=ff(K'(f)Pz( 'Tl)da
2 |k + o
Then, applying the addition theorem (5.3) and (5.12)

+ 6 6
P, Ko, 1| = Pi(cos = cos 8 + sin ) sin — cos(¢ — ¢1))
|« + o 2 2

l

(-m) . 0 o
= Z (l+m)'P[ (COS E)Pl (COSGl)g ($—¢ )’

m=—1[

19



direct calculation shows that
g 0
A(n) = (f f(cos6) (2 msin(h)) P; (cos z)d&) Pi(x - n).
0

Henceforth, we get that
f-o) Y (

K+O')

s2 |k + o

= . 6 o 20+ 1
:(ZHI:O f(cos ) s1n9P,(cos(§))d9)fS%Y, m P Pi(x - n)dn

and we conclude by formula (5.4).
The proof of (ii) is similar by using (5.11). m]

As a direct consequence of part (i) of the previous lemma, we have :

Corollary 5.2. For [,iin € N and || < I, we have for the cross section b satisfying (1.2),
fi,l,meN and|m| < I, we have

f b(k- o)
SZ

2i+]

(k+o\[(1+k-0\ .
YII" (—)( ) - YZ'”(K)] do

|k + o 2
(5.13) = { f B©O) ((cos 0> Py(cos ) — 1)d0] Y7(k).
lol<%
Lemma5.3. Letk € S? and the cross section b satisfies (1.2). Assume also thatn, [, i, IleN
withl > 1, |m| < [, |i| < I. Then there exists some constants cilmﬁm such that
1 0 3
K—0O = K+ o —K-O +k-0)\°?
b(k-o)Y" Yr d
fsz (e o)y (|K—0’|) l (|K+a|)( 2 ) ( 2 ) u
min(/,])
— k m+in
(.14) = Z Cotmin Voo (-
k=0

Proof. We consider the same frame (x, k', %) defined by (5.6) used in the proof of the
previous lemma and the transform (5.8)

o = kcosd + k' sinfcos ¢ + k* sin fsin ¢

with 6 € [0, 2] and ¢ € [0,27]. Sety = XL, we have

[k=0|?
K+0=2k=2(k-y)y, [k+0l=24/1-(xk-y)>

kro o _kn-&yh-m

IR N e

From the integral addition theorem (5.4) we have

Therefore,

(5.15)

[ K+ 0o 21+ 1 K+ 0o ~
5.16 Yr =— Pi|—— - n| Y (n)dn.
(5.16) 7 (|K+a|) i fgg ’(|/<+a| 77) 7 (mdn
We now consider the formula (see (43) in Chapter III in [20])
1 QUl-2¢9)+ D!
17 I'=—p P
.17 Y 7B 0+ @i=2g+ Diggn -aW

1<q
20



where

I1x3x5---(2l-1
B = I ( ), By =1.

We observe that, if ¢ # I, from the Funck-Hecke Formula (5.5) and the orthogonality of
the polynomials (Py);,

1
fg RECENAUE (2n f Py(x)Pi(x) dx) Y7'(y) =

7 1

and we plug the value of Pj(x) from (5.17) with x equal to the value of (5.15) into the
previous integral of (5.16). Expanding and using the previous orthogonality property, we
then derive

[ K+ 0 BZ i!(—K . ,y)lz f , o
Y = - (k-m)" (y - ) Y7 (mdn.
I (|K+0'|) ( J1 — (k- y)?)! l%}:l_ L) s2 ]

where

A~ 2l+11%x3x5---21-1)
B, = .
4 Al

We then remark that, from the addition Theorem (5.3), for0 < ¢; <[;,0< ¢ <,

iy iy
26]] +1 26]2 +1

fﬁqu(K'n) Py (y 1) Y7 () dip =
a1 a2

g U zYi'h (")Yq.’"'@Y2"’2<n>dn)Yiz’T'<K>Ym°<y>

mp=—=q| my=-q> n

Therefore, by formula (5.17), we replace (k-n)"" (y-n)" by a sums of Legendre polynomials,
and using the previous relation and the vanishing property (7.5), we obtain

th(’(+0‘) Z B (-
I \|k+ o L By By, ((T= (k)Y

(5.18) x Z Z [ f Y"“(n)Y‘""(n)Y_mz(n)dn) YWY (),

:*/| ny :*/2

Moreover we derive from (7.5) and (7.6)
Y)Y (y) = Yryryy | vy
rOYE) Z;(fs "y ,) )
YY) () = ZZ( f Yy )Y}ff”(x)

o om’

where I’ and [ are defined by I’ = [+, —2j,and " = 1" +1; —2j, with O < j; < min(/,[;)
and 0 < j, < min(/, ;). Indeed, we have

U =T+1-2(; + jo).
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It follows from (5.18) and part (ii) of lemma 5.1 that

2n+l

2+l

-\ . [k+oc\(l-k-0c\?* (l+k-0\ 2%

b Y’" yr d
oo =g (g ) (R e

1 I

_ =D B; I
- 2 T BB, Z 2 (fs 7Y, oY, <'7>dn)

L+l =1 ==l my=-1

X Z Z ( B(6)(sin )22 P, (sin )(cos a)Z"da]

<I
<3

([ el )

which is nonzero when

’’ ’ ~
m o =m —my=m-—mp —m; =m+ i,

and I = [+ 1 - 2(j) + jo) with 0 < j; + j» < min(/,]). This ends the proof of (5.14). O
5.2. The proof of the Proposition 2.1. The spectral representation will be based on

the Bobylev formula, which is the Fourier transform of the Boltzmann operator (in the
Maxwellian molecules):

F (O, HE) = f (é' )[g(§ A& - 20)f©)|do,
where
gt B, e frEe M,

with k = % Remark that
k-0 =cosB, [£]=I&sin(0/2)], [£7] = |£lcos(6/2).

Let ¢, be the functions defined in (2.1), then for n,/ € N, |m| < [, we have (see Lemma
7.2)

— gl el g €
(5.19) ntm(E) = Anil == e YM=>).
where
Ang = (=i 2m)? 1 %
nl = (D)'Cm) | ———1+|
l V2nIT(n + 1+ 3)
At the special case [ = 0, it is Hermit function,
(5.20) VEn00() = —|§|2" -5
V(2n + 1)!

We deduce from the Bobylev formula that, ¥ n, I, m, 7, I, i € N, with [m| < I, |[fin] < I,

F (VET@nim @nim) ©) = F QNS ims VELs 15))(E)
G2 = f (é' )[\/‘ enimE) NI 13 E) = NP 0) Vi 1O |dor

In the next propositions, we will compute the terms I'(¢y, .m, @77 ) and proposition 2.1 will
follows.
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Proposition 5.4. The following algebraic identities hold,

@ T(®0,00, Pr1m)
= ( f B(6) ((cos 0)™*TPy(cos ) - 1))d9] Crims
1<%
(”) F(‘pn,l,mv ‘;00,0,0)

(.

This is exactly (i;) and (i) of the Proposition 2.1.

B(6) ((sin 0"+ Py(sin 6) — o, 50,1))619) P

n
4

Proof. Since

VELn1m(0) = 8,061,
then when n = 0,/ = 0, by using (5.19) and (5.20), we have

F(O(VHP0.0.0s VU@ 17))(E)
= fg b [r; ‘ 0‘) [ V20006 ) V1567 = VE$0.00(0) VHgs 1(6)] o

) 27+] i 27+ i

|k + o 2
Apply now the identity (5.13) of the Corollary 5.2, one can find that,
F(Q(VHp0,0.0s VEP 1i))(E)

= LI ﬂ(e)[(cos 9)2ﬁ+ipi(005 0) - 1]d9 \/ﬁ/gp\ﬁ’lﬁl(é‘.‘).

T
)

do.

Hence by the inverse Fourier transform

1
L(po0.0, 0r7m) = WQ( VH$0,0.0> VHP; 7)

- ( f B(6)((cos )™ Py(cos ) - 1)d9) Pl
lol<%

The result of (i) follows. Similar arguments apply to the case (i), and this ends the proof
of Proposition 5.4. O

Proposition 5.5. The following algebraic identities hold,

@  T(eno0, ‘Pﬁj,ﬁq)

AyA "
= "’0( ﬁ(e)(sin9)2"(cos9)2"+’P;(cose)de]%mm, nx1;
Anent Joi<

@) T(onim» ©r00)
_ AnoAni Nt p s 20
= A—z e B(O)(sin 6)7" P (sin ) (cos )" dO | pn+iim, = 1.
n+, 7%
This is exactly (ii;) and (ii;) of the Proposition 2.1.
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Proof. Forn > 1, using (5.20), we remark that \//\—l/ﬁoyo(()) = 0, and using (5.19) for (5.21)
and get

2

. 2n+it)+1
F(Q(VHLn0.0, VU 1:))(E) = Aﬁ,iAn,Oe_|2 (%)

1—-«- n |k + |2ﬁiﬁ1 +
xfszb(x.a)( ; ‘T)(KZU) Wﬂﬁ)m

We then apply the identity (5.13) of corollary 5.2 and again (5.19) and derive

F(Q(VHPn0.0, VHP; 7 i))E)
A, A, . _
i ’0[ L ‘ ”ﬂ(@)((sinH)Z”(cos9)2””P;(cos9))d9] VED 1 (E)-

An+ﬁ,i,0

‘We obtain that by the inverse Fourier transform

1
L(©n,00: ) = i O(VH®n 0.0, Vs 1)
Ay A, -
= Zh ’0[ f B(6)((sin 6)*" (cos ) Py(cos 0))d6| 0y, 1,1
An+ﬁ,i,0 lol<%

Thus (i) follows. Analogously, (i7) holds true. This ends the proof of Proposition 5.5. O
Proposition 5.6. The following algebraic identities hold for | > 1, 1> 1 :
F(‘pn,l,ma ‘;Oﬁj,ﬁ,)

min(Z,7) 5
= _AniAnt G™™ (K)Y™. _ (k)d. ;
= © nid MY 1o VAR Pk 1412k 1>
K

=0 A ik T2k

mm
where Gnﬁ’ s defined by

n,n,l,l

(5.22) x 17 |Z - Zl)yiﬁ’( |Z : Zl)dm

62 0= [ bt =12 (x+ oi2)”"

This is exactly (ii7) of the Proposition 2.1.

Proof. Now we consider the case when [ > 1 and/ > 1. Since \/ﬁ/ﬁz,m(O) = 0, we get
from (5.19)-(5.21)

|§| 2(n+i)+I+l
v

K—0O k+o \(|lk— o] 2l |k + o 20
b(k - )Y Y d
< J oo a)l(lk—rfl) ’(|K+o-|)( 2 ) ( 2 ) d

[€] \2n+i)+T+1 i
e G (k).
v

From the lemma 5.3, GZ’r’l"l Z(K) can be decomposed as a finite Laplace series

min(l,])

m,im m,in ’ m’

(k) = (k)Y Yyn. .

Gl Z Z ( LZ GOV K| Yy ()
k=0 |m’|<l+I-2k «

7T(Q( \/ﬁ‘pn,l,ma \//7<pﬁ,l-,rh))(§) = AﬁjAn,leig (

A, A -
= ~ 7, 2 -
7An 1€ ( ALl
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By using this expansion, we derive

F( QNP 1ms V5 1:))(E)

min(/,[) Aﬁ [An,l .
- Z Z , fsz G (K)le zk(K)dK 77( ‘/_90n+n+k 1+1-2k, m)

L Ak T2k nill

and we conclude by taking the inverse Fourier transform. This ends the proof of Proposi-
tion 5.6. O

5.3. The proof of the Proposition 2.2. We now prove the following identity of Proposi-

tion 2.2
> D = > 3
nnllk| nnllko

[ml<1m< Im|<1m|<T

m,i,m;

2
n LIk, ’ 6](],](2(5"1/1 My

We state it in the following proposition with the notations G:’nml &) given in (5.22) since,

mmm

from the Proposition 2.1, we have Myt Tk

2n3(n+ﬁ+k)!r(n+ﬁ+l+f—k+%)

%
AT+ 1+ DHnTn+1+3) )

mim’ (¢ 1\k
Mok = (( D

fS G *11(K)Y;Zz 2k(K)dK‘

Proposition 5.7. For GZZ"[ Z(K) given in (5.22) and any integers n,in > 0, |m| < I, |m’| < I',

Z( f G (Y] (K)dK)( f G (Y (K)dK)
-\Js?

ImI<I |m|<]

|m*| < I*, we have

2
Gmf"l z( )Y’"’ (k)dk

5!’,!* 6m’,m* .

imI<! <]
Proof. We recall the definition (5.22) of Gm~ml &)
G (k) = f b(k- ) (I = /27" (i + rl/2)™
n,i. 52
% Ym K— 0O th K+ 0 do
k—ol) ! \|k+ ol

and we consider the transform (5.6)-(5.8) for a unit vector o

o = kcos 6 + k' sinfcos ¢ + k* sin Osin ¢
= kcos @ + k*(¢) siné

with 6 € [0,Z2] and ¢ € [0,27n]. Therefore, using (5.9)-(5.10), the change of variable
6 = 2 6,, the odd-even parity of P}" and the definition (1.2) of 8 we find

nnll

G"™™ (k) = BO)(sin 0,)>* (cos 6, x
9 by

011<%
21 B d¢1
(5.23) f Y"(ksin 6, — k*(¢1) cos 01)Y7" (k cos 6 + k*(¢1) sin 01)2—d01
0 JT

25



and

f Gmm (K) (K)dK = B(6;)(sin 6, )2"”(003 0, )2ﬁ+i %
Sz

ni,lLl
K \9I\S§

27
(5.24) f (f Y/"(ksinfy — k*(¢1)cos ) X
0

Sk
Y- (kcos 0 + k*(¢1) sin 6;)Y7" (K)dk)ﬂdgl

Using equivalent notations of (5.6)-(5.8) for an another unit vector y
¥ =7ycosf+ vy sinfcos ¢ +y?sinfsin p
=ycosf+ 7y (¢)sinb,

we have also

- 2
f G Y ()dy = f B(02)(sin 02" (cos 62)" f f
sz e l6:1<2 2

V7i(ysind: — 7 (82) cos 0 Y7y cos s + @0 sin ) Vi )y L2,

The goal of this proposition is to compute the following term :

A= ( fS K ij’;l(K)Ym’(K)dK) ( f G Y (y)dy)

Iml<l |m|<T

From the addition theorem (5.2), we find

Z Y/ (ksin 6 — k*(¢1) cos 6 )Y_lm(y sinf, — y*(¢2) cos 6,)

[m|<l

21
= 4+ Pi((x'sin 6 — k*(¢1) cos 6)) - (sin 6y — 1 (¢2) cos 62)

and

Z Yi'h(/( sin 0, — k*(¢1) cos 91)Y_7’7’(y sin 6, — y*(¢2) cos 6>)
|m|<l

21+1

P,((K sin@; — k*(¢1) cosBy) - (y sin 6y — y*(¢h) cos 6,)).

We then plug the two previous identities into the expression of A and we directly derive

20+ 127+ 1 o
A=t lZte f (B(61)(sin 61> (cos 1))
A7 A 1611< %
(5.25) X f (ﬁ(@z)(sin92)2"+’(cos92)2'"”7)31(91,92)d91 do,
121<%

where

21
(5.26) B1(61,062) —f f f Ba(x, 7,91,92,(;52) a2 Y,’? (k )Y’"’(y)dkdy
Sz



and

21
B2(k, 7, 61,62, $2) = f Py ((ksin 6y — k*(¢1) cos ) - ")
0

d
X P; ((KCOS 61 + k- (¢1) sin ;) - y*) %
Vg

Here, ¥y and y~ are defined by (and depend on vy, 65, ¢,)
(5.27) ¥ =vycosb + vy (¢y)sinhr, ¥~ =ysinb — y(¢h) cosb,.

From the lemma 5.9 (proved after the proposition), we have

Ba(k,7,01,60,02) = D > bGPk Y )Pylk-¥")

0<q<l 0<g<I

where b;”lf}(&) is a continuous function dependent on 6.
Therefore from (5.26) we deduce

(5.28) Bi(01,0) = Y > b6 Bys(62)
0<qsl 0<g<l

where

2

21 d . —
(5.29) B, ;(6,) = js; jS; (jo‘ Py(k-y7 ) Py(k-y") ¢2) Y (0) Yy (y) didy.

We use again two times the addition theorem (5.3) and compute (recall that y* defined in
(5.27) depend on vy, 65, ¢2)

27 d
f Pk (62)Pyl -y (02 222 =
0

2
aquag1Py (k- y) Py (sin 62)(= D! Pk - y). Pyl (cos )

[k|<min(g,g)

Since PZ(‘(K . )/)Pg(l(K -y) is a continuous function of « - y,we apply the Funk-Hecke Formula
(5.5) and obtain

1
f Pk y)PE (k- )Y} (0)dk = (2;; f PH(x)P ()P (x)dx) Y (y).
s? -1
Combining the two previous relations into (5.29), we obtain

Bog(®h) = > aguaziPlisin6:)(~1)!Pi(cos )
|k|<min(q,§)

1 -
(5.30) x(27r f Pg‘(x)Pg‘(x)P,*(x)dx) f Y ()Y (y)dy.
~1 S;

Finely, if (I*,m*) # (I’,m’), the orthogonality of the spherical harmonics implies that
B, ; = Oforall g and g, and so on for By and A. This concludes the proof of the proposition
5.7. O
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Remark 5.8. From the previous proof, in the special case (I*,m*) = (I',m’), we have from
(5.25), (5.28) and (5.30)

2
DL G Y wdk| b
Iml<l |n|<] '~ P
20+120+1 il
= f (B(@)(sin ;)" (cos ,)*)
4 4 611<Z

X f (ﬂ(&g)(sin02)2””(00302)27”7) B,1,(61,6,)d6), ds
|62

z
<%

where B;;,(01,6,) is defined by
B (0,60 = > > b6 x

0<g<l0<g<i

1
Z agxazPM(sin 6;) (—1)’<Pg"(cos92)2n f PH(x) Pg"(x) Py (x)dx.
Ikl<min(q.) -1

We now prove the following lemma used in the previous proposition 5.7.

Lemma 5.9. For any I, I q, § € N, there exists a continuous function b;”zq(H) such that for
any real 6, ¢ and unit vectors xk, n*, n~ we have

21
f P, ((K sin @ — k*(¢) cos ) - rf)
0
d
x P; ((KCOSG + k(o) sin6) - rfr) d¢
2n
= > DL bHO) Pyl )Pk ")
0=g<l 0<g<I
where the coefficients by 5 = 0 if (q,§) # (I - 2q1, [ - 2q») for any integers q\, q».

Proof. We apply the addition theorem (5.3) in the frame («, k!, x) and the relation (5.1).

- d* p- .
P" 9 1 . 9 T — ~_})|_k| 9 ~l At ik jr
,((Kcos +k*(¢)sinf) - i ) %a,yk 7 (cos6) o (k-n")e™" UL,

Py ((ksin 6 — x*(¢) cos ) - 177) = Py ((ksin(6) + k* (¢ + ) cos(6)) - ")

d“p :
= Z az,kpllk‘(sin 0) ( k) (k-177) elk(¢+7r) Uk_

Ikl<I dx
where
Uf = (-7 = isgn0@ - 79)" L Uy = (- — isgn@e? )
We derive
2 . 1 - 1 . + de,
1= f P, ((KsmG — Kk (¢)cosh) -n ) P;((KCOSQ + k(@) sin6) - n ) —
0 2m

= > dOP Pk DU U
|k|<min(Z,])
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where
k(1) = ajpa; PY(sin el)P'l."‘(cos 01).
We then write

1= ) )P )PtV
0<k<min(.,])

where V = 1 and V} is defined for k > 1 by
k
Ve ={ [ o =i oDt =i )
1 =2 o1, a2 f
+[(—K 4k )k onT+ikT ey )] }
Vi is polynomial type : Vi = pi((k - 1) (k- 7)) where

k k
pi(x) = (x+iV1 —xz) +(x—i\'1 —x2)
k
=2 > (—1)"( )(x)"‘”(l -
0<2r<k r
Indeed, direct calculations show that
't =i )=« =ik )
= (- 7)c - ") + ik - (' sin gy =y cos o)),
(k- (' singy = * cos ¢2))* = 1 = (k-7 ) (k- "),
Expanding the polynomials P'/“(K- 7o) P'ik‘(K-n*) pi((k-17) (k-177)) in the basis (P,)4=0 (and

taking in account of the parity), one can verify that there exists a continuous coefficients
b;’;’(@) such that

I= > D 5 0) Prag (- n)PLyg, (k- ).

0<2q1<l 0<2g,<I

This conclude the proof of the lemma 5.9 and the Proposition 5.7. O

5.4. Reduction of the expression of the non-linear eigenvalue. We derive in the fol-
lowing propositions 5.10 and 5.12 some simplifications of the expression of the non-linear

m,in,m;

eigenvalue B which will be used in the next section 6.
S LK

Proposition 5.10. For G:l”r’l"l {K) given in (5.22) and any integers n,in > 0, |m| < [, |m’| < I,

we have
2 ~
N = 2A+12+1
>y f G (Y (K| = T =
L\ ) T nad 4r 4n
[mI<l |m|<] K
B(6:)(sin 6;*"(cos 6,7 B(6:)(sin 62)*"(cos 62)>
1611<% 16al< 7
1
(53]) x(27rf F,J(x,91,02)P1/(x)dx)d92d91
-1
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where

21 21
Fii(x,01,6,) = f f Pi(' (01, 41)J(x) - T' (02, $2))
0o Jo

do, d
(5.32) X Pir0n, 90)J(0) - 705, 620 5 52,

J(x) is the matrix function

x Vi-x2 0
Jx)=| —V1 -x2 X 0
0 0 1

and 1(6, ¢), T'(8, $) are the vectors

7(8, ¢) = (cos 6, sin § cos ¢, sin A sin @),
7! (0, ¢) = (sin 6, — cos O cos ¢, — cos Osin ).

Remark 5.11. We remark that in the formula (5.31), the right hand side is independent of
m'. Therefore this implies

2 2
G™™ (K)Y™ (K)dk| = f G™™ (k)Y (x)dk
|mz|<:l|n~qz|<:j ﬁf n,it, 1 ! mzsll%;z s n,ii,l,1 !
2
(5.33) = > f G (k)Y(K)dk]|
lgl<min(,]) : o

since from (5.14) the integral vanishes if m + m # 0 .

Proof. We will prove that

1
27Tf F(x,01,6)Pp(x)dx = B;j, (61, 602)
-1

where B, (61, 6) is given in the Remark 5.8 and we will conclude.
We express the terms of F,j(x, 61, 62) given in (5.32). We note from (5.7)

ke = (x, V1 =x2,0), ki (¢) = (= VI — x2cos ¢, xcos ¢, — sin ).

We compute

sin 6; r x Vi-2 0
'O ¢)J(x) =| —cosbicos¢ | x| —VI-2Z x 0
— cos 6 sin ¢ 0 0 1

xsinf; — V1 — x2 cos 6y cos ¢,
=] —V1-x2sinf; — xcos b cos ¢;

—cos 6] sin ¢
= sin(6)) ky — cos(6)) Ky (¢1).

Similary we have

(61, $1)J (x) = cos(6;) K + sin(6)) k3 (P1).
30



From lemma 5.9, we deduce

21
fo Pi(7 (61,61 (x) - T (6, $2)) Pr(x(B1. 1) (x) - r(az,qsz))ﬂ
= D0 D B0 Pyl T (02, 92)Pylk - T(62, 62).

0<g<l O<q<l

Therefore using (5.32)

f Fi(x,01,60)Pr(x)dx = Z Z bq’iq(ﬁl)x

0=g<l 0<g<I
1 21 . d¢2
2n Py(K - 7 (62, $2)) Pk - (62, 2)) Pr ()= = dx.
-1Jo
We then apply the addition theorem (5.3)

Pq(Kx . T(027 ¢2)) = Z aq,kplgfl(-x) qukl(COS 02) e—i]:’qﬁZ,

kl<g
Py(ks - 702, $2)) = Y agiPi(x) P(sin 6,) (= 1)*
lkl<q
and we find
f Fii(x, 01, 0)Pr(0dx = " " b0 %
0<q<l 0<q<]

1
Z aqxaz Py (sin 62) (—1)*PL(cos 6,) 27 f Pll(x) PE(x) Pr(x) dx,
-1

[k|<min(q,q)
= sz,z/(gl ,02)

from the remark 5.8. This ends the proof of the formula (5.31). O

The fol]owmg proposmon will provide a convenient expression to estimate the nonlin-

m
ear eigenvalue ,u il /l in section 6.

Proposition 5.12. For Gnm:; [(K) given in (5.22), and any integersn, it > 0, m| <1, m'| <,

we have
2
> 3| [ et e
ImI<l |jm|<]
w0 - 5 [l ) [ e
lgl<min(L,])

where ey = (1,0,0) and

- 2+ 1\ (204 1\ (= Ig)!\? (= lgD!\F
o= ) o) (vtan) (i)

B(62)(sin 62)*"(cos 6>)*™ P! (sin 6,)(~ 1 )Py (cos 6,)d6,.

1021<%
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Proof. For 0 < k < min(/, D) and |m’| < ', we deduce from (5.31) that,

20+120+1
4 4

2
Z f G™™ ()Y ()dk| =
52 n,i,l,l

lml<l |m|<]

(5.35) f B(6)(sin 0,2 (cos 0, 1do,  x
161]<

x
4

B 1
B(6>)(sin 62)* (cos 6,)*™! (27r f F,i(x,61,6,) Py(x)dx|db,
-1

I=

e
162l<%

where Fj(x, 61, 6;) was defined in (5.32), such that

2 27
Fi(x,61,6,) = f f Pi(z (01, 1) (x) - T (62, $2))
0 0

deg, d
X Pi(t(01,61)J(x) - 7(62, ¢z>>% %

We apply the addition theorem (5.2)

l
PiT! (01, )T () - 7' (02, 42)) = 515 D VI 01,00 I(0) Y, (T (02, 2))
q=-1

]
Pi(a(01, 1)) 102, 62)) = 525 > YA (x(61.61)T(x)) ¥, (2(61. ).
k=-1

Since
1 1
(252 (48]
{15 ()
we find that
' | [ 1
Fix61,6,) = qK;a,i)(z;l:l)z (21”4: 1 )2 (Z; :Z:;:)z (Ejl :Z:;:)z -

P(sin 92)(—1)‘1P‘7q|(c0s 0,) X

> q .1 -q d¢l
fo Y (v (01, ¢1)J(x)Y; (7(91,¢1)J(X))2—ﬂ-

We plug the previous relation into (5.35) and we get

I= Z B(6:)(sin 62)*"(cos 62)*™* P (sin 92)P'l.‘1‘(cos 6,)d6»,

- Es
lgl<min( ) * 0213

(_1)4(2’ + 1)% (2i+ 1)% ((1 - |q|)!)% ((i— |q|)!)% .
4 4r (I +1ght) \ @+ 1g!
B(61)(sin 61> (cos )" x

e
<%

21 1 B d
o0 f YO 61, oI ()Y (261, )J(x))Pp(x)dx%d& .
0 -1
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On one hand, from (5.23)

G (e)) = B(62)(sin 62)>"(cos 6™ x

n,i,l,l 7
1621<%

2
- d
jo‘ Y/(e15in6, — ey (¢2) cos 62)Y; (1 cos 62 + €1 (¢2) sin 92)%%

1 1 1, - L

_ . 2n+l 27+ 20+1\2 (20412 (U=lgh!\2 [ (=IgD! >

= l(ﬂﬂ(Gz)(Sln%) (cos6,) (47r) (4n) ((IHqI)!) ((Z+|q\)!)
hl<f

P}\(sin 6,)(~1)? P! (cos 6,)ds,

On the other hand, from (5.24) and from (5.36) of the next lemma 5.13,

o 5 21
f G*1 (1) Y(k)dx = B(61)(sin 6)*"(cos 6" f f

52 n,i,ll l6)<Z 0 S

- — d
Y] (ksin6; — k*(¢1) cos 0)Y; U(kcos @ + k(1) sin 91)Y?(K)d’<2i;:d91
2+ 1) el
= ( ) B(6))(sin 6;)*" (cos 6;)* x
4n lol<2

21 1 B d
f 2 f Y@ 61,61 ()Y; (61, 61 )J(x))Pp(x)dx%dgl :
0 -1

Combining the three previous relations leads to (5.34), and this concludes the proof of the
Proposition. O

We now prove the following technical lemma.

Lemma 5.13. For any any integers I,1,I' > 0 and |q| < I, we have

f Y] (ksin6, — k*(¢1) cos 91)Yl__q(/<cos 6, + k- (¢y) sin 91)Y_l(,)(K)dK
%

1 _

(5.36) =27rf qu(‘r'(Ol,¢1)J(x))Ylfq(T(91,¢1)J(x))Ylo,(e1](x))dx.
-1

Proof. We consider

I= f Y]/ (ksin6; — k*(¢1) cos 6; )Ylfq(K cos 6 + k*(¢) sin 6, )Y_l(,)(K)dK.
SZ

K

From (5.1) we have

Y!(ksin6, — «* = @ (o5 +i )
; 1=K (¢1)cos01)—Nz,q(dxlq )(01)(02 +1 sgn(g) 03)7,
Y- Y(kcos @ + «* i =N _d‘ql N (o —i +1lql
; 1+ & (¢1) sin6y) N”q(dxlq )(0'1)(0'2 i sgn(g) o3)?,

where we have set
(07,05,0%) = ksin@; — k*(¢1) cos 6
(0f,05,0%) = kcos by + k*(¢1)sin 6.
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Noting « = kg4 = T(6, ¢), direct computations lead to
o5 +io)(oF —iot) = cos 6 sin6 (sin® 6 — cos® ¢ cos” 6 — sin® ¢
2 30y 3
+ (sin2 0, — cos’ 01) cos ¢ sinfcos + i sin ¢; sin 6,

which does not depend of ¢. Since o do not depend also on ¢, we get with the change of
variable x = cos 6

1= 27rf0 Y] (ko0 5in 6 — kyo(#1) cos 6;)

Y- (kg0 COS 61 + k(1) Sin 61)Y(ke0) sin 6

1 -
= 2nf qu(‘r' (61, ¢ )J(x))Ylfq(T(Hl , ¢1)J(x))YZO,(e1J(x))dx.
-1
This concludes the proof of the lemma 5.13 and proposition 5.12. O

6. ESTIMATES OF THE NON LINEAR EIGENVALUES

In this section, we prove the Proposition 3.1, we need the following fundamental result
of Gamma function. It is well known of the stirling’s formula (see 12.33 in [25], [18]) that,

I'x+1)= V2ﬂx(f)xe%, forx>1,
e

where 0 < v(x) < 1. Then we can introduce an estimate in the following.
Let a, b be two fixed constant, for any x > 0, with [b—a| < x+b,x+a > 1,x+b > 1,we
have

I'x+a+1) b
6.1 — < C, +a)",
©.1 TarbaD S Carr®a)
where C, is dependent only on a, b. We also recall the definition of the Beta function
1
_ - Ll (y)
6.2 B(x, =f N = = —22
: ! U YEEy

6.1. The estimate for the radially symmetric terms. We first give the estimate of M;";’; [?

and |22, which is 1), 2) in Proposition 3.1. Recall that

n,i,l

[l

A A il
el o Saitn0 n0 B(O)(sin 6)*" (cos 6)*™! Py(cos 6)d6,

nibl Aninl Jisz
rad,2\2 A’-LOA"J : 2n+l 27 :
|/lnﬁ,l |“ = T B(O)(sin §)~" " (cos B)~" P;(sin 6)db
n+i,l lo1<%
where 1
3
An = (=DQn) | ——— | .
! V2nT(n+ 1+ 2)
Lemma 6.1. Forn> 1,7,/ €N,
rad,1,2 S5~ | 8§, —2-2s
(6.3) Mn,ﬁjl si*(m+)’n"277,
Forallin>1,nleNn+1>2,
rad,22 >
(6.4) |/l,,y,~,’} I” <

(n+ Ds(n+ D3+
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Proof. We estimate I/l; “’;l’illz. Recalled from the definition of 3(6) that

B(O) ~ |sin6|”' 7>,
and Py(x) < 1, we have,

2

( f *(sin 0> 1725 (cos 9)2'"”7519) .
0

By using the Cauchy Schwarz inequality and the Beta Function (6.2), we derive that

el < (n+)\C(n+it+1+3)

all S s N T 3
L nall(n+3)IGE+ 1+ 5)

x 2 1
4 ) s 7 2 ) = 01 2
( f (sin 0)¥"' 25 (cos §)>"*! d9) = ( f 7151 = t)”+5_5dt)
0 0
1 1
2 - 2 ~ 7, 1
< f t}’l—]—S(‘l _ t)n+sdt X f t}’l—]—S(‘l _ t)n+l+5+sdt
0 0
_ T - PTG+ 1+ TG +1+ 3 +5)

~

(n+ i) T(n+ii+1+3)

Then,
e (m+)Tn+it+1+3)
w5 il + HEGE+ 1+ 3)
T - s)’TE+1+ TG +1+2+5)
X (n+W)ITn+ii+1+3)
65) § T(n—s)[(n— TG+ 1+ 0@ +1+3 + s)'

n\C(n+ HllGE + 1+ 32)
We deduce from the formula (6.1) with x = n,a = —s, b =0,
I'n—s+1) < 1

n! T (n—-s)s

By the recurrence formula for Gamma function that
ITn+1-s)=m—-9I'(n—s),
we obtain

Fn-s) 1 F(n+1—s)< 1 < 1
nl  (m—-s) Tm+1) = (n—s)* = plts’

Usingx=n,a=—s,b = % in (6.1),
In+1-y) < l1 ,
T(n+3) ni+s

and recurrence formulalI'(n + 1 — s) = (n — s)['(n — ),
Fn-s) 1 F(n+1—s)< 1 < 1
Tn+3) n=s T+3) ~ (n-sni*t " i+

Usingx =7+ 1,a=s5,b=01in (6.1), we have

IF'G@+1+s) n+1 F(ﬁ+2+s)<~s
= sn.
! a+l+s ((@m+1)!
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. _ o~ d 1 _ _
Us1ngx—n+l+§,a— s,b=0,
F(ﬁ+7+%+s)< 1 -
Td+1+3)
Substitute these estimate into (6.5), we obtain
rad,1,2 ~S/~ NS —%—25‘
Mn,ﬁ,il s+ D)’n 277,

This is the formula of (6.3)

Analogously, for the term I/lr”d ,2|2
L T 2

(fg : 9)2n+z—1—2S( 0 2ﬁd9)
S COS
nlill(n + 1+ DHIG + 2) ¢ )

F(n+1—s)F(n+l—1—s)F(n+1+s)l"(n+ +s)

m+a+DnlT(n+1+ 2)n'l"(n + )

~

Applying the estimate (6.1) and recurrence formula for Gamma function
I'(x+1)=xI(x),

which gives

| rad, 2| ﬁl+2$ < ﬁzs
M T e S+ DI+ 1) (e DS+ DTS
This ends the proof of (6.4). O

6.2. The estimate for the general terms. In the proof of 3) in Proposition 3.1, we need
the following technical Lemma. Recall that

1

—(_nl 3 1 :
Ans = 5 C7) (\/En!r(n+z+g)) ’

and

G (k) = f bk - oIk - o] /2)2"”(|K + 0 /2)2ﬁ+7
.

m( K= O\ o/ K+0O
(DD o

Then recall the notation in Proposition 2.1, we have

,Umﬁl»m’ - —AﬁJAnJ ( f G™™ (k)Y™. (K)dK)
21Tk s
n,ii,lLk An+r”z+k,l+i—2k s2 i, [+1-2k

It follows that,

ST e ‘ﬂ'z
Iml< ! <1 Fuiic A sk +T-2k
2
mm m
(6.6) X Z j; i GM 3 l(K)YlH 2k(K)dK )
Iml<l|m|<T
In the next Lemma we estimate
2
mm m’
N f G (YT (k|

[ml<l |7m|<T
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Lemma 6.2. For0 < k < min(l, 0, |m’| < I + [ = 2k, we have

2
2 Gl::lzz( )Ym =I+]- 2k(K)dK
[mI<l |m|<]
~ P'e 2
Vi i g
(6.7) < —\[( f B(6)(sin 0)2”+Z(cosa)2”+ld0) )
I+1-2k+1\Jo

Proof. For 0 < k < min(/,]) and |m’| < I’ = I + [ — 2k, we deduce from the Proposition
5.12 that

2
G™™ (K)Y™. _ (K)dk

n,ii,ll 1+1-2k

2
iml< <7 1 S

(-1)7 [ QI+ DRI+ 1)
) Z 2(l+7—2k)+1Hqu Zn(fl(K)YlOH 2%

(dk,
lgl<min(Z,))

where

_ =lgD! d-lg)!
Hy = V T+gD! (T lq))!

We observe from (5.33) that, for any |m’| < [ + [-2k,

) D

Iml<l |m|<] |m|<min(Z,])

B(O)(sin 6)*"! (cos 9)2"+’qu‘(sm 9)P‘q|(cos 0)do.
lol<f

2

—m,m 0
LGnnzl(K)Y le(K)dK ’

jS; Gn i, ll(K)le 2k(K)dK

Then it follows from the Cauchy-Schwarz inequality that

2
(6.8) ZZ]G’“’"()Y"’, LK)k ’

o mill
[mI<l |m|<]

1 QI+ DRI+ 2
T Ano(l+1-2k) + 1 Z ()

|gl<min(L,])
By using the Cauchy-Schwarz inequality and the addition theorem (5.3), we have

Z (Hq)2 < ( f B(6)| sin 9|2"+’(cos9)2"+’d9]( f B(6)| sin 612"+
161<% 161<%

lgl<min(L])

27+l (- lgD! lql, - (l |C]|) lql 2
X (cos 6) [ Z T+l (Pl (sin )) Tl (Pi (cos@)) ]d@)

lgl<min(Z.])

= [ B(O)| sin " (cos 0)2”+’d0) ( B(O)] sin 61" (cos )2
161<%

1ol<7

X

21
f Pl((sm 6)* + (cos 0)* cos ¢)Pl((cos 0)* + (sin H)* cos ¢) ¢] d@)
0

From the formula (14) of Sec.10.3 in Chap.III in [20]

2
|\/Z\/41—xzpl(x)|s4\/:v—1 < x<1,
T
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and |Pj(x)| < 1, we derive that

21
L f Pl (sin6)? + (cos 6)* cos ¢)P;((cos ) + (sin 6)* cos ¢)d¢]
1

d¢

(sm 0)2 + (cos )% cos ¢)

«I”J |

d
\f [ cose)|2 J1 = (cos¢) ¢
\/7 \/lcosel2

Since |0] < Z, we have cos6 > ‘/— and it follows that,

<1
Z (Hq)2 < %( f Z B(6)(sin §)*(cos 9)2’”’}19)2.
0

lgl<min(Z.])

Substitute it into the formula (6.8), we conclude that, for / > 1,7 > 1 with 0 < k < min(/, ),

2
Z (\fS: Gnnll(K)Yllzl 2k(K)dK)
[ml<l |7a|<T «

2

—_— 2n+l 2+
STel-2k+1 (f AB)(sin6)™ (cos ) d9) :

This ends the proof of (6.7). O

Forl>1,1> 1 with 0 < k < min(l, ), we denote/lﬁr_m

/lk i\/- ( AﬁJAn,l )2
il T T— 2k + 1 A ik -2k
n 2
(6.9) X ( f B(O)(sin §)*"(cos G)Zﬁ”de) )
0

It follows from (6.6) and (6.7) that, for 0 < k < min(/, ), with |m’| < [ + [ — 2k,

IONT

[ml< Lmj< T

_ 2 x
o, <A
n,i,lLLk n,n,lLl

Then we obtain

in,m*
RS ol
n+n+k=n*  1+1-2k=1* \Im|< l|jm|< |

n+l>2n+1>2  1>1,0>1
0< k <min(l,])

k
<y oy
< P
ntntk=n*  +1-2k=r* Ol
nH22,iiH22 121021
0< k <min(Z,])
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The proof of 3) in Proposition 3.1 is reduced to prove
k

(6.10) > D % < Clpe .

nintk=n*  +l-2k=r 0l
n+22, 4122 1210121
0< k <min(/,])

Lemma 6.3. Forn, i, l e Nwithn+1>2andii+1> 2, let sy = min(1 — s, 5), we have

7 ~ 1 T\2s+So
6.11) 2 < Al @7
il I+1+1 7150(11 + So)]_SO(I’l + l)‘§+2s+so

In addition, for 1 < k < min(l, I), we have the following estimate

6.12) s ~1\f1 s + 1) _
PRI =2k+ 1 (n+ 1S+ [+ 1)27

Remark 6.4. We divided the estimate of AX _into two cases, k = 0 and k > 1. That is

n,n,l,l
because, when we estimate the formula (6.12), there exists a term

(m+i+ITn+n+l+1—k+3)

~ = 7.1
nm+a+ DT (n+a+l+1+53)
which is big term when k = 0 and | + 1> n + .

Proof. By using the Cauchy-Schwarz inequality and the Beta Function (6.2) we derive
that, forn + 1 > 2,

| f ! B(O)(sin ) (cos )1 do ~ | f
0 0

Tn+1 -G+ 1+s5)T+1—-1-TG+1+3 +5)
< =
= (n+i+1)! Tn+ii+1+1+1%)

1
2

tn+é*1*S(1 _ t)m%”dﬂz

Then, we can express

b Vi (m+i+Tn+n+l+1-k+3)
MR T-2k+ 1 nlT(n+ 1+ DAl + 1+ 2)
XF(n+1—s)F(ﬁ+1+s)F(n+l—1—S)r(ﬁ+i+%+s)
(n+a+1)! Tn+i+1+1+3)
RV m+ii+T+n+1+1—k+32)
Tt I-2k+1 (n+i+DITn+a+l+1+1)
><r(n+1—s)r(ﬁ+1+s)r(n+1—1—s)r(f1+l”+§+s)

n\C(n+ 1+ HALGE + 1+ 3)

We deduce from the formula (6.1) withx =n+1,a = —-s,b =0,

F(n+1—s+1)< 1
(n+ 1) T (41—
and the recurrence formulaI'(n + 1 — s) = ﬁf(n +2—y),
F(n+1—s)= n+1 F(n+1—s+1)< 1
n! n+1-y) n+1)! T (n+ 1)
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Usingx=n+l-1,a=-sb=3in(6.1),
Tntl=s) T+l-l1-s+1) _ 1
T+l+3) To+l-1+3+1) " (n+l-1)3i*

and recurrence formulaT'(n +1—1—s) = 1; thl::»
Fn+l-1-s) _ 1 Tntl-s) __ |
F(n+l+%) I’l+l—1—sr(n+l+%)N(n_i_l)%ﬂ"

Usingx =7+ 1,a=s5,b=01in (6.1), we have

Fa+1+s) A+l F(ﬁ+2+s)<~s
Al a+l+s G+ S

Usingx=ﬁ+l~+%,a=s,b=0in(6.1),andﬁ+i22,
CGE+1+3+s o1 .
(—93)3(;3+1+—+s)ss(ﬁ+1)~?.

F@+1+3) 2

Therefore, we obtain that, n + [ > 2, /i + 1 > 2

A < NZN\/Z @+ D
AT L T2k + 1 (n 4+ Ds(n + 1+ D3

(m+i+ITn+n+l+1-k+3)

(m+ii+DTn+ia+1+1+1)
Consider that, when k > 1

(m+i+Tn+n+l+1-k+3) .

bl

(m+ii+ DITm+a+1+1+73)

We obtain the formula (6.12).
For the estimate (6.11), we assume that n + [ > 2,and sop = min(l — s, 5). By using the
Cauchy-Schwarz inequality and the Beta Function (6.2), we obtain

| f ' B(O)(sin 6)>"(cos )™ d6P ~ | f
0 0

1
2

tn+%—l—5(1 _ t)fl+§i+%+sdt|2
1

1 1
< fz l‘n_1+S°(] _ t)ﬁ_'yodt > fz tn+l—2s—l—s0(] _ t)ﬁ+l-+%+2,y+s0dt
0 0

T(n+ so)CG + 1 — so) D(n+ 1 =25 = s)T(G + [+ 2 + 25 + 50)
< — ~
(n+n)! Tn+ii+1+1+3)

>

Therefore,

[ 7i % 7.3
PO l}/z (n+n)!r(n+n+l+l~+§)
mAEE L T 1 AT+ 1+ DG+ T+ 3)

F(n+so)r(ﬁ+1_so)l"(n+l—2s—s0)1"(ﬁ+l~+%+2s+s0)

(n+m)! Tn+ii+1+1+3)
INI T+ sol(f+1-s)l(n+1-2s— sl +1+ 3 + 25+ 50)
Tl+l+1 nlill(n+ 1+ H0GE + 1+ 3) ’

Applying the estimate (6.1) and recurrence formula for Gamma function

I'(x+1) =xI'(x),
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which gives

ORI (it + D>+

AL T4 1 750(n + s0)1=% (1 + l)%+2s+s0'
We end the proof of Lemma 6.3. O

The estimate in (6.12) is not enough in proof of 3) in the Proposition 3.1. To this end,
we provide a more optimal estimate of /l’r‘l 5 ”_in the following Lemma.

Lemma 6.5. Forany 0 < w < 1, and k > 1, we have the following estimates
Vi (i +
(i)/lk~”-$ _ Vi n*(in+ 1) _
P+ =2k + 1 (n+ 1)S(n + D2**
VI ii + 1)
i, s — W @D
PR I+ =2k + 1 (n+ D)2t
Vi (7 + D>
I+1=2k+1 (n+1)5+2

1< k< 20;

_Ljw l-w .
e whenn+1< k™%l andk > 20;

Gi A& -

n,i,l,l

1%\

whenn +1> k'"°l andk > 20.

Remark 6.6. The coefficient 20 in Lemma 6.5 can be replaced by any big positive constant,
this coefficient make the estimate available.

Proof. The estimate (i) is a direct consequence of the estimate (6.12).
Now we estimate for k > 20. Recall that
o Vi (n+a+)T+i+1+1—k+3)

BT 4 T2k + 1 a4+ DallGE+ 1+ )

X (j(;z s - t)ﬁ+%dt)2‘

By using the Beta Function (6.2) and the Cauchy -Schwarz inequality,

(

1
2

ol—

tn+%—l—5(] _ t)fl+%dt)2 < 2%+25(
0 0

o, D+ 5@+ 5 + 1)
ITn+n+k+1)
Tn+1-%-290G+1-5%+3+25)

Tn+ii+l+1-k+3)

t}’l+%—1—S(‘l _ t)r"z+%+%+sdt)2

23

IA

b}

we obtain

o Vi (m+i+ITn+i+l+1-k+3)
MR 4 T-2k+ 1 nlT(n+ 1+ DHalTGE + 1+ 3)
Tn+5HTG+5+ DTm+1-5 -29TG+1- % + 32 +25)
I(n+i+k+1) Tn+ii+l+1-k+3)
VI + 5T+ 5 + DE+ 1= § =290 +1- 5 + 3 +25)
(I +1-2k+ DnT(n+ 1+ HallGi+ [+ 2) ’
Consider that, [ > k, and k > 20,

k k
[—-==-1>=-12>09,
n+ 5 25 >
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Letx=n+l—§— a=-2s,b= —1nformula(6 1), we have

r(n+1—§—2s) 1 1

< .
r(n+l_/§ 2) (l’l+l—§—l —2S)%+2$ (n+l)%+2s
I-

‘When we choose x = 71 + § %, a =2s,b =0in formula (6.1), then

Ti+1-%+32+25)

Ta+1-%+3) S@+D,
Therefore, we can verify that
. Nl @+D» T+ HMm+1-5+3)
L+1=2k+1 (n+0)3+2 nC(n+1+3)
F(n+ + 1)F(n+l——+ 2)
Al + 1 + 2)
Because
F(n+ + 1)F(n+l——+ 2)
AT+ 1+ 3) '
we have
o Vi (it + D> F(n+§)F(n+l—§+§).

[+1=2k+1 (n+1)3+2 nC(n+1+3)
‘We consider the formula
Tn+5HTm+1-%+2)
nT(n+1+1)

Remind that k < min(/, ), without loss of generality, set k = 2g and [ = [; +2¢ with [; > 0,
using the elementary induction,

k
I'(n+ z):(n+q—1)!,
we have

T+ 5T+1-5+2) (n+qg-Dn+1+q+1)
nC(n+1+ 1) - nl(n+1, +2q)!

B nm+g-Dn+qg-2)x---xm+1)

S A2+ D+ L +2g— D)X x(n+l +q+2)

ntq 5 L+
S(n+2q+l]) _(n+§)z_(1_§1+l)
[0S s e

where we use the elementary inequality

k
(1-=)"< e*, whenk > —n.
n

k
2

ForO < w < 1,if
k'@l

n+l
4

El



then
Tn+5HTm+1-%5+2)
<
AT+ +1) s

,%kw )
This implies that, when n + [ < k'~

<
PR A T= 2k + 1 (n + )32

* VI (7 + D =y

This is the result of the estimate (ii). If n + [ > k'~“I, since when k > 20,

T(n+HTm+1-%+2) .
n'n+1+1)

Therefore, the estimate (iii) follows. This ends the proof of Lemma 6.5. O
6.3. The proof of 3) in the Proposition 3.1.

Proof. For /lzn 1 defined in (6.9), by the analysis in (6.10), we have only need to prove

>y T” < Clype e

nintk=n*  +l-2k=r 0l
n+l22,+122 121121
0< k <min(/,])

By using Lemma (6.3) with sy = min(s, I — s), Lemma 6.5 with w = {, and 2;; 2 7* + I

40
in (2.4), we can divided the above summation into four terms

Ak

DI Y v

A+

ntntk=n*  +1-2k=r Ol
n+l>2,n+0>2  [>1,1>1 B
0<k<min(ll)

— Z Z n(a+ 0%
[+ l +1 @7+ 1)%o(n + 50)1 so(n + l)2+25+30

n+n=n*  I+l=I*
n+l22,i+122 121,11
min(19,n*) P
DI DY
k=1 pti=n*—k /+11*+2kl+l_2k+1(”+1)(”+l) o

nHZ2 A2 [> kI k

Vi @A+D* it
+Z 2. 2 l+l—2k+1(n+1)2+2364k4

k=20 n+ntk=n*  [+]=I*+2k
n+l<kd Li+lz2 1z2kzk

Vi @+
+Z Z Z l+l—2k+1(n+l)z+2s

k=20 n+n+k n*  I+l= I*+2k
ez kd LiTe2 2 hI2k

=K1+K2+K3+K4.
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The estimate of Kj:

Vi (7 + )%
K, = Z Z \ ( ) :
n+n=n*  I+I=I* I+1+1 (ﬁ + 1)S0(n + 50)17%(” + l)§+25+S0
n+l22,i+1>2 121,121
Iyo
=)

N

Z Z (I’l + SO)I—sOr(ln + l)l+2s+s0 (1 +

ni=n* [y=[*
12121

Consider that 0 < sp = min(1 — s, s) < 1, using the elementary inequality,

(3" <1 ()"

S

we have
*-1 1
1—s *\§ *\ S *\ S8
Ky < ()"~ [0+ 09t ™] ) o
-1

; lllJrs

e 1
oo S L
n=1
< @+ @y ety
We need only consider sy < s, by using the Young inequality,

S )+ (1M,
S =350 S0

(l*)SO (n*)sfs() S

Then,
K; s (™) + (%)

The estimate of the second term K3,
=8

Vi i’

min(19,n*)
K> = Z Z Z [+1=2k+1 (n+ 1)s(n + D3+

n+ii=n*—k [+I=1*+2k

k=1
n+I>2.0+1>2 [> k> k
19 n*—kI*+k
‘ (I* +2k - 1) 1
< (n*)’
S Z Z Z * (n+ 1)S(n + D2+
k=1 n=0 I=k
19 n*—k 2k _ l)( 1 1 )
m+k)*s  (n+k+*)l+s

oty 3

k=1 n=0

19
1
SO Y 5 s
k=1
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@+
e

Now we consider k > 20, for the third term K3
Vi

Z Z I+1=2k+1 (n+1)5+2

Ks= ),
ntntk=n*  [+]=1* +2k

k=20
3 ~
n+l<kd Li+l>2 12kl=k
n*—k I*+k '
(I* + k) (n* +I*)*
e

s Z Z Z l* (l’l + l)2+2S
(n+ 1+ ) — (n+ )2\ (1 + k)
l*

k=20 n=0 I=k
n* *—k
(11 + k)l+2s(n +* + k)l+2s

< (n* + l*)SZe_%k% Z (
n=0

s —lk%
) e Z (n+ k)1+2s

n=0

1,1
_Zk4

Now we estimate the remaining term Ky4. Consider the condition that
3
n+l> k#l,

1

31

1 .
m+0)> Kk

910

we obtain
Vi 7@+

I+1-2k+1(n+1)3+%

K4 can be rewritten as
o

)
k=20 n+n4;k:n* [+i:[’:+2k
n+lz ki Li+l>2 Zhizk
< (o RE\ 1 F+k' SIS 1 r+k
) Y 2
~ B * 1+2s *
i=20 k3 ! n=0 I=k (n+ D=l
n* n*—k
s 1 1
S(H*Jrl*)ZTZ k)l+s
Sk 1 nth
o
s 1
< (n* + l*) 5
izt k¥ °°

Combine with the estimate of Ky, K3, K3 and Ky, using (2.4) again that
A e 2 () + (1),

/lk
n,i,ll
R < C

we have
2 =
I+1=2k=1* il

n+n+k=n* k
n+l>2.a+0>2  [>1,1>1 B
0< k <min(/,])

This ends the proof of 3) in Proposition 3.1.
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7. APPENDIX

The important known results but really needed for this paper are presented in this sec-
tion. For the self-content of paper, we will present some proof of those properties.

7.1. Gelfand-Shilov space. The symmetric Gelfand-Shilov space S*(R?) can be charac-
terized through the decomposition into the Hermite basis H, and the harmonic oscillator

v

H = —a + -, for more details, see Theorem 2.1 in [7],

feSXR) & feC R, 1> 0, fll2 < +oo;

1
& fe @), >0, (¢ (f, How), |, < +eo:
2
& 3C>0,4>0, -+ ")l < ACKY, ke
where
Hy(v) = Hm (VI)HQZ(Vg)HQ3(V3), a € N3,
and for x € R,
(_l)n 2 d" —x2 1 d \n 2
Hy(x) = e ()= x——) (e 7).
V2rple  dx" V2”n!7r( dx)

For the harmonic oscillator H = —A + % of 3-dimension and s > 0, we have

3
* 1
H H, = (1) Hyy A, = Z(aj +-), keN, @ e N3,
= 2

7.2. Fourier Transform of special functions. For the eigenvector ¢, ;,, given in (2.1),
Lerner, Morimoto, Pravda-Starov and Xu in [13] shows in Lemma 3.2 the Fourier trans-
form of /i, 0,0. Following this work, we provide the Fourier transform of /i, 1.

Lemma 7.1. Let @, k € S2andr > 0, then

(7.1 f Y (k)dk = Q)i (1)% J 1 (DY (@),
S2 r 2

K

where k - a denote the scalar product and J/+% is the Bessel function of | + % order.

Proof. Since for any real r and |z| < 1,(cf. Section 11.5 of [24])
(7.2) V2re' = ﬁZ(Zk + D1 (NG P().

k=0 )
Substituting z = « - @ into (7.2),

ek — /% kz:(;(Zk + 1)Jk+%(r)ikpk(l< - ).

Now since |Pi(k - @)| < 1 and for every r > 0,

) N

1 00 00 k 2
\/jZ(zm D<) (k, eT <et*F,
"o i k=0 "

ST

=%

[T

we obtain that

(7.3) fs : e UYM (K)dk = \/g ;(21( + DI () fs : Py - @) Y] (K)dk.

46



Consider the addition theorem of spherical harmonics (7 — 34) in Chapter 7 of [19] that

4 k
Pilk-@) = 52— 3" IR (0) V(@)
m=—k

where [Y}"(k)]" is the conjugate of ¥}"(x). Then

m 47T m
fs; Pk - @)Y ()dk = ﬁYl ()0 -

Substitute this addition formula into (7.3), the formula (7.1) follows.

Lemma 7.1 is the basis for calculating the Fourier transform of /iy, in.

Lemma 7.2. Let @, 1, be the functions defined in (2.1), then for n,l € N, [m| < I, we have

_— PPN 1 N R —
14 VHnn(© = (=) (2m) (—vzn!r<n+z+g)) ( \5) e Y’(|§|)'

L\ - (£ ~
Proof. Define H(&) = (ﬁ) e Y;"(E), and by Lemma 7.1 with r
compute the inverse Fourier transform of H,

_ 1,3 v |§| 2n+l _ g m
F I(H)(v)z(ﬂ) f?e {2y £y,

[VI|€], we can

£
B v (i)

2 TN o VA 2V2NE [ ol
GGG S )

2
e 2 JZ+%(|v|p)dp.
By using the standard formula, see (6.2.15) in [8],

l+%
X

I+1 e’x
Ly =

+oo l+%
' f 17,1 2 Vxnedr,
n. 0 2

we have

Jen b TR e 2

O = VI [T e .
Therefore,

B Los g w2 VN ey
FH)) = () nliles (—2)

W\ o V
ot (W

Recall the expression of (2.1), one can verify

VE@nim(v) = (=)' (

- %7-"1(H)(v.
V2n!T(n + 1 + %)) )
Henceforth, (7.4) yields.

O
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7.3. Spherical Harmonics. The following results with respect to the spherical harmonics
is significant. For [, [ e N, |m| < [, || < [,

(7.5) Yy = Z Z ( fS 2 Y,’"(K)Y;”(K)Y,m’(K)dK) o
r m

where |m’| < I’ and [ -1 < I’ < [+ . More explicitly, in order to have a non-vanishing
integral, the parameters m’, I’ satisfy

(7.6) m =m+m, I' =1+1—-2j with 0 < j < min(l, ]).
For more details, See (86) in Chap. 3 in [9], [17].
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