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On p-almost direct products and residual properties of pure braid
groups of nonorientable surfaces

Paolo Bellingeri and Sylvain Gervais

Abstract

We prove that the n'" pure braid group of a nonorientable surface (closed or with boundary, but
different from RP?) is residually 2-finite. Consequently, this group is residually nilpotent. The key
ingredient in the closed case is the notion of p-almost direct product, which is a generalization of the
notion of almost direct product. We prove therefore also some results on lower central series and
augmentation ideals of p-almost direct products.

1 Introduction

Let M be a surface (orientable or not, possibly with boundary) and F,, (M) = {(z1,...,z,) € M™ [ x; #
x; for i # j} its n'® configuration space. The fundamental group 71 (F,(M)) is called the n'® pure braid
group of M and shall be denoted by P, (M).

The mapping class group I'(M) of M is the group of isotopy classes of homeomorphisms h : M — M
which are identity on the boundary. Let X,, = {z1,...,2,} a set of n distinguished points in the interior
of M; the pure mapping class group PI'(M, X,,) relatively to X, is the group of the isotopy classes of
homeomorphisms h : M — M satisfying h(z;) = z; for all i: since this group does not depend on the
choice of the set X, but only on its cardinality we can write P,,I'(M) instead of PI'(M, X,,). Forgetting
the marked points, we get a morphism P,I'(M) — T'(M) whose kernel is known to be isomorphic to
P, (M) when M is not a sphere, a torus, a projective plane or a Klein bottle (see [Sc,GJ]).

Now, recall that if P is a group-theoretic property, then a group G is said to be residually P if, for all
g € G, g # 1, there exists a group homomorphism ¢ : G — H such that H is P and ¢(g) # 1. We are
interested in this paper to the following properties: nilpotence, being free and being a finite p-group for
a prime number p (mostly p = 2). Recall that, if for subgroups H and K of G, [H, K] is the subgroup
generated by {[h, k] / (h,k) € H x K} where [h, k] = h~'k~'hk, the lower central series of G, (I'yG)g>1,
is defined inductively by I'1G = G and T'y+1G = [G, T G]. Tt is well known that G is residually nilpotent

+oo
if, and only if, (| T'xG = {1}. From the lower central series of G one can define another filtration

D1(G) 2 D2(G) D ... setting D1(G) = G, and for ¢ > 2, defining D;(G) = {z € G|3In € N*, 2" € T;(G) }.
After Garoufalidis and Levine [GLe], this filtration is called rational lower central series of G and a group
G is residually torsion-free nilpotent if, and only if, (| D;(G) = {1}.
i=1
When M is an orientable surface of positive genus (possibly with boundary) or a disc with holes, it is
proved in [BGG] and [BB] that P, (M) is residually torsion-free nilpotent for all n > 1. The fact that a
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group is residually torsion-free nilpotent has several important consequences, notably that the group is
bi-orderable [MR] and residually p-finite [Gr]. The goal of this article is to study the nonorientable case
and, more precisely, to prove the following:

THEOREM 1 The n* pure braid group of a nonorientable surface different from RP? is residually 2-finite.

In the case of P,(RP?) we give some partial results at the end of Section 4. Since a finite 2-group is
nilpotent, a residually 2-finite group is residually nilpotent. Thus, we have

COROLLARY 1 The n'" pure braid group of a nonorientable surface different from RP? is residually
nilpotent.

Remark that in [Go] it was shown that the n'® pure braid group of a nonorientable surface is not
bi-orderable and therefore it is not residually torsion-free nilpotent. Let us notice also that if pure braid
groups of nonorientable surfaces with boundary are residually p for a prime p # 2 therefore pure braid
groups of nonorientable closed surfaces are also residually p (Remark 3); however since the technique
proposed in the nonorientable case applies only for p = 2, the question if pure braid groups of nonorientable
surfaces are residually p for p # 2 is still open (recall that there are groups residually p for infinitely many
primes p which are not residually torsion-free nilpotent, see [H]).

Remark that one can prove that finite type invariants separate classical braids using the fact that the
pure braid group P, is residually nilpotent without torsion (see [Pa]). Moreover using above residual
properties it is possible to construct algebraically a universal finite type invariant over Z on the classical
braid group B, (see [Pa]). Similar constructions were afterwards proposed for braids on orientable surfaces
(see [BF,GP]): in a further paper we will explore the relevance of Theorem 1 in the realm of finite type
invariants over Z/2Z for braids on non orientable surfaces.

From now on, M = N, is a nonorientable surface of genus g with b boundary components, simply
denoted by N, when b = 0. We will see N, as a sphere S? with g open discs removed and g Mébius strips
glued on each circle (see figure 2 where each crossed disc represents a Mdbius strip). The surface Ny is
obtained from N, by removing b open discs. The mapping class groups I'(Ny ;) and pure mapping class
group P,I'(Ng,p) will be denoted respectively I'g, and I'} ;.

The paper is organized as follows. In Section 2, we prove Theorem 1 for surfaces with boundary:
following what the authors did in the orientable case (see [BGG]), we embed P, (N, ;) in a Torelli group.
The difference here is that we must consider mod 2 Torelli groups. In Section 3 we introduce the notion of
p-almost direct product, which generalizes the notion of almost direct product (see Definition 1) and we
prove some results on lower central series and augmentations ideals of p-almost direct products (Theorems
4 and 5) that can be compared with similar results on almost direct products (Theorem 3.1 in [FR] and
Theorem 3.1 in [Pa]).

In Section 4, the existence of a split exact sequence

1> Py (Nya) — Pa(Ny) —>m1(Ny) —> 1

and results from Section 2 and 3 are used to prove Theorem 1 in the closed case (Theorem 7). The method
is similar to the one developed for orientable surface in [BB]: the difference will be that the semi-direct
product P,_1(Ny1) x m1(Ny) is a 2-almost-direct product (and not an almost-direct product as in the
case of closed oriented surfaces).

For proving the main result of the paper, we will also need a group presentation for P,,(Ng ;) when
b > 1. Although generators of this group seem to be known, we could not find a group presentation in the
literature. Thus, we give one in the Appendix (Theorem A).
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2 The case of non-empty boundary

In this section, N = N ; is a nonorientable surface of genus g > 1 with boundary (e b > 1). In this case,
one has P,,(N) = Ker(I'} , — I'g ) for all n > 1.

2.1 Notations

We will follow notations from [PS]. A simple closed curve in N is an embedding o : S* — N\ ON.
Such a curve is said two-sided (resp. one-sided) if it admits a regular neighborhood homeomorphic to an
annulus (resp. a Mobius strip). We shall consider the following elements in I'g 4.

e If o is a two-sided simple closed curve in N, 7, is a Dehn twist along a.

e Let 4 and a be two simple closed curves such that p is one-sided, « is two-sided and |aNpu| =1. A
regular neighborhood K (resp. M) of «Up (resp. p) is diffeomorphic to a Klein bottle with one hole (resp.
a Mobius strip). Pushing M once along «, we get a diffeomorphism of K fixing the boundary: it can be
extended via the identity to /N. Such a diffeomorphism is called a crosscap slide, and denoted by Y, .

e Consider a one-sided simple closed curve p containing exactly one marked point z;. Sliding z; once
along 1, we get a diffecomorphism S, of N which is identity outside a regular neighborhood of ni. Such a
diffeomorphism will be called puncture slide along p.

2.2 Blowup homomorphism

In this section, we recall the construction of the Blowup homomorphism Ngp : gy — Dgynp given

in [Sz1], [Sz2] and [PS]. g:b

Let U ={z € C/|z| <1} and, for i = 1,...,n, fix an embedding e; : U — N such that ¢;(0) = z;,
ei(U)Ne;j(U)=01if i # j and e;(U) N ON = ( for all 4. If we remove the interior of each e;(U) (thus
getting the surface Ny 41y ) and identify, for each z € U, e;(z) with e;(—z), we get a nonorientable surface
of genus g + n with b boundary components, that is to say a surface homeomorphic to Ny, . Let us
denote by v; = €;(S') the boundary of e;(U), and by p; its image in Ngi,, 5 : it is a one-sided simple
closed curve.

Now, let h be an element of L'y It can be represented by a homeomorphism Ny — Ny, still
denoted h, such that

(1) h(ei(2)) = ei(2) if h preserves local orientation at z;
(2) h(ei(z)) = e;i(2) if h reverses local orientation at z;.

Such a homeomorphism h commutes with the identification leading to Ng4,p and thus induces an
element 7(h) € Iyinp. It is proved in [Sz2] that the map ny, =n: 'y, — I'gypp which sends h to
n(h) is well defined for n = 1, but the proof also works for n > 1. This homomorphism is called blowup
homomorphism.

PROPOSITION 1 The blowup homomorphism ny,, : I — Tginp is injective if (g +n,b) # (2,0).



REMARK 1 This result is proved in [Sz1] for (g,b) = (0,1), but the proof can be adapted in our case as
follows.

Proof. Suppose that h : Ny — Ny is a homeomorphism satisfying h(z;) = 2z for all ¢ and
N(h) : Nggnp —> Nginyp is isotopic to identity. Then h is isotopic to a map equal to identity on
e;(U) for all i (otherwise, y; is isotopic to j; * since n(h)(u;) is isotopic to j;) and its restriction to
Ny p+n is an element of the kernel of the natural map I'y y4n — I'g1n,p induced by glueing a Mobius
strip on n boundary components. However, this kernel is generated by the Dehn twists along the curves
i (see [St, theorem 3.6]). Now, any +y; bounds a disc with one marked point in N, ;: the corresponding
Dehn twist is trivial in I'y ; and therefore h is isotopic to identity. O

2.3 Embedding Pn(Ng,b) in Fg+n+2(b—1),1

Gluing a one-holed torus onto b—1 boundary components of N, we get N p, as a subsurface of Ny o411
This inclusion induces a homomorphism x4 : I'yp, — I'g42(5—1),1 Which is injective (see [St]). Thus, the
composed map )\Z)b = Xg+n,b 0 Mgy L'gp = Tgnyap-1),1 I8 also injective.

Recall that the mod p Torelli group I,(Ng 1) is the subgroup of I'y ; defined as the kernel of the action
of I'y1 on Hy(Ng,1;Z/pZ). In the following we will consider in particular the case of the mod 2 Torelli
group I>(Ng,1).

PROPOSITION 2 Ifb>1, Agﬁb(Pn(N%b)) is a subgroup of the Torelli subgroup I2(Ngyini2p—1),1)-

Figure 1: Tmage of the generators of P,(Ny ) in I'yipiop—1)1

Proof. The image of the generators (see figures 2, 6 and theorem A) (B;;)i1<i<j<n, (Pki)1<p<n and
1<i<g
(Tut)i<u<n Of Po(Ngp) under A7 are respectively (see figure 1):

* Dehn twist along curves j3; ;, which bound a subsurface homeomorphic to N3 1;
* crosscap slides Y, o, 3

* the product 7¢, ,75, 1 of Dehn twists along the bounding curves &yt and Oy



According to [Sz2], all these elements are in the mod 2 Torelli subgroup I>(Nyint2(6-1),1)- O

REMARK 2 The embedding provided in Proposition 2 does not hold for I},(Ngyp42(5—1),1), when p # 2:
for exemple, the cross slide Y),, , , is not in the mod p Torelli subgroup since it sends py to u,:l.
2.4 Conclusion of the proof

We shall use the following result, which is a straightforward consequence of a similar result for mod p
Torelli groups of orientable surfaces due to L. Paris [P]:

THEOREM 2 Let g > 1. The mod p Torelli group I,(Ny 1) is residually p-finite.

Proof. We use Dehn-Nielsen-Baer Theorem (see for instance Theorem 5.15.3 of [CVZ]) which states
that I'g 1 embeds in Aut(m1(Ng,1)). Since m1(Ng,1) is free we can apply Theorem 1.4 in [P] which claims
that if G is a free group, its mod p Torelli group (i.e. the kernel of the canonical map from Aut(G) to
GL(H,(G,F))) is residually p-finite. Therefore I,,(IN, 1) is residually p-finite. O

THEOREM 3 Let g >1,b>0, n> 1. P,(Nyy) is residually 2-finite.

Proof. The group P,(Ng3) is a subgroup of I2(Nyipni2—1),1) by Proposition 2 and by injectivity of the
map Ay . Then by Theorem 2 it follows that P, (Ny ) is residually 2-finite. O

3 p-almost direct products

3.1 On residually p-finite groups

Let p be a prime number and G a group. If H is a subgroup of G, we denote by H? the subgroup
generated by {h? /h € H}. Following [P], we define the lower F,-linear central filtration (y2G),en- of
G by ¥YG = G and, for n > 1, 4% |G is the subgroup of G generated by [G,72G] U (vEG)P. Note that
the subgroups 72G are characteristic in G and that the quotient group G/45G is nothing but the first
homology group H;(G;F,). The followings are proved in [P]:

o form,n>1, %G, G]| C v, .,,G;

e a finitely generated group G is a finite p-group if, and only if, there exists some N > 1 such that
P
WG = {1};

+
e a finitely generated group G is residually p-finite if, and only if, r(f PG ={1};
n—=

and clearly, if f: G — G’ is a group homomorphism, then f(v?G) C 42G’ for all n > 1.

DEFINITION 1 Let 1 AC B-—2sC 1 be a split exact sequence.
g

e If the action of C induced on Hi(A;Z) is trivial (i.e. the action is trivial on AAY = A/[A, A]), we
say that B is an almost direct product of A and C.

e If the action of C induced on Hy(A;F,) is trivial (i.e. the action is trivial on A/v5A), we say that
B is a p-almost direct product of A and C.



Let us remark that, as in the case of almost direct products (Proposition 6.3 of [BGoGu]), the fact to
be a p-almost direct product does not depend on the choice of the section.

PROPOSITION 3 Let 1 AC B-—2sC 1 be a split exact sequence of groups. Let o, 0’ be
sections for A, and suppose that the induced action of C on A via o on H1(A;F,) is trivial. Then the
same 1is true for the section o’.

Proof. Let a € A and ¢ € C. By hypothesis, o(c)a(o(c))~! = amod 75 A. Let o/ be another section
for A. Then Ao o’(c) = Ao o(c), and so o’(c) (o(c))~* € Ker(\). Thus there exists a’ € A such that
o'(c) = a' o(c), and hence

d(c)a(d(c)F =d o(c)a(o(c) ™ d ™ =dad ™t = amod A} A.
Thus the induced action of C' on Hi(A;F,) via ¢’ is also trivial. O
The first goal of this section is to prove the following Theorem (see Theorem 3.1 in [FR] for an

analogous result for almost direct products).

THEOREM 4 Let 1 AC B-—2sC 1 be a split exact sequence where B is a p-almost
g

direct product of A and C'. Then, for alln > 1, one has a split exact sequence

1 ThAC V2B~ A2 C 1
On

where X\, and o, are restrictions of A and o.

We shall need the following preliminary result.

LEMMA 1 Under the hypotheses of Theorem 4, one has, for all m,n > 1
(Y C" n Al C YA
where C" denotes o(C).

Proof. First, we prove by induction on n that [C',y? A] C 4%, A for all n > 1. The cas n = 1 corresponds
to the hypotheses: the action of C on H;(A;F,) = A/45 A is trivial if, and only if, [C’, A] C 5 A. Thus,
suppose that [C", 75 A] C 1 A for some n > 1 and let us prove that [C’,~h | A] C 7, ,A. In view of
the definition of 7, A, we have to prove that [C”,[A, 7R A]] C 7% ;A and [C”, (yRA)P] C 4, ,A. For the
first case, we use a classical result (see [MKS], theorem 5.2) which says

[C',[A, R A]] = [RA,[C", A]] [A, [v2A, C']].

We have just seen that [C’, A] C /5 A thus [v2A, [C", A]] C [/RA,75A] C 4%, ,A. Then, the induction
hypotheses says that [y2A,C"] C 45, A thus [A,[vEA,C"]] C [A,45,1A] C 47, ,A. The second case

works as follows: for ¢ € C" and x € 72 A, one has, using the fact that [u,vw] = [u, w][u, v][[u, v], w]
(see [MKS])
[c,2?] = [c,z][c,a” "|[[c,a? "], 2] = - = [¢,2]P [[e, 2], 2] [[c, 2°], 2] - - [[e, 2P 1], 2]

Since ¢ € C' and & € 2 A, one has [c,2'] € [C',/RA] C 7% A for all 4, 1 < i < p— 1, which leads to
[c,x]P € (/5,1 AP CE,,A and [[c, 2], z] € [vh, A, A] C 4, A.



Now, we suppose that [v2,C", 2 A] C % ,A for some m > 1 and all n > 1 and prove that
Vi1 C Al C A1 A As above, there are two cases which work on the same way:

(i) [[C"A5C9%RA] = [[WhA C'A5.C ] [[vhC' 15 AL C]
C [ ArhC A O]
C Vmgnsd

(7i) For ¢ € 42,C" and = € vP A, one has

[ a] = [c, [z, " Y] [PH alle,a] = -+ = [e, [2, 7)) -+ [e, [@, )] [e, 2]P
which is an element of 4, ;A by induction hypotheses. a

Proof of Theorem 4. Restrictions of A and o give rise to morphisms A, : vY2B — v2C' and 0,, : 72C — v2 B
satisfying A\, 00, = Id,» ¢, 0y, is onto and Ker(),,) = AN1% B. Thus, we need to prove that ANy,B =F A
for all n > 1. Clearly one has A C AN~?B. In order to prove the converse inclusion, we follow the
method developed in [FR] for almost semi-direct product and define 7: B — B by 7(b) = (U)\(b))_lb.

This map has the following properties:
(i) since Ao = Id¢, 7(B) C A;
(i) for x € B, 7(x) = z if, and only if, x € A;
(iii) for (by,by) € B2, 7(b1ba) = [oA(ba), 7(b1) " ]7(b1)7(b2);

(iv) for b € B, setting a = 7(b) and ¢ = oA(b), we get b = ca with ¢ € C' = ¢(C) and a € A, this
decomposition being unique.

We claim that 7(v2B) C 42 A for all n > 1. From this, we conclude easily the proof: if z € AN~2B, then
x=r71(x) €PA.

One has T('ny) C vP A. Suppose inductively that 7(v2B) C 42 A for some n > 1 and let us prove that
T(vn41B) C vh 1 A. Suppose first that x is an element of 4% B. Then using (i) we get:

T(2?) = [oA(@), (2" ) (2" (2)

= [oA@), 7@ ) HloA(@), 7(2P 7)o A(@), m(@) T ()P

Since oA(z) € ng’ and, by induction hypotheses, 7(2') € 2A for 1 < i < p — 1, we get
T(aP) € [Y2C',42A] - (WRA)P C 4%, A by lemma 1 : this prove that 7((74B)P) C 7, A. Next, let
be Bandx €t B Setting a = 7(b) € A, y = 7(x) € ¥2 A by induction hypotheses, ¢ = o A(b) € C’ and

z=o\x) € y2C’, we get

r(jba]) = (oA([b,x])) 'Ib, 2]
= [oA(D), oA(@)] b, 2]
= ¢, 2] ea, zy] = [z, cJa ey e cazy
= [z,c](ailcfly cya)(a Ly=lety~ 1czya)( *lyflzflazy)
[z,c](ail[c,y]a)(a y e, 2] ya) (a )(y Lo~ 1z*1azy)
= [zd(a e yla) (@ y e 2lya)a, ]( [a Z]y)
= [le.2] (07 [y, cJa) | (a7 (e wla) 2. ] (ay e 2lya) [, v (y [, 2]y)



= 4], (0 [y o) (o le ) [[e: 21 v, 0] (v 2l)-

Now, [¢,2] € [C",42C"] C AP C', [y, ] € [WEA,C'] C AP A (lemma 1) thus [[c, 2], (a7 [y, cJa)] € 47, | A.
Then, [[c,2],ya] € W2, ,C", Al C L A, [a,y] € [A,7BA] C AP A and [a,2] € [A,42C"] C 4L, | A. Thus,
7([b,2]) € 7y A and 7([B, AL B]) C 7540 A O
COROLLARY 2 Let 1 AC B-—2sC 1 be a split exact sequence such that B is a p-almost

direct product of A and C. If A and C are residually p-finite, then B is residually p-finite.

3.2 Augmentation ideals

Given a group G and K = Z or F2 we will denote by K[G] the group ring of G over K and by K[G] the
augmentation ideal of G. The group ring K[G] is filtered by the powers K[G] of K[G] and we can define

the associated graded algebra gr(K[G]) = eK[G] /K[G ]J+

The following theorem provides a decomposition formula for the augmentation ideal of a 2—almost
direct product (see Theorem 3.1 in [Pa] for an analogous in the case of almost direct products).
Let A x C be a semi-direct product between two groups A and C. It is a classical result that the map
a ® ¢ — ac induces a K-isomorphism from K[A] ® K[C] to K[A x C]. Identifying these two K-modules, we
have the following:

THEOREM 5 If A x C is a 2—almost direct product then :

FBMAxC] = Y A o0 foralk.
i+h=k

Proof. We sketch the proof which is almost verbatim the same as the proof of Theorem 3.1 in [Pa]. Let
Ry = Z ]FQ ®IE‘2 ] Ry, is a descending filtration on Fy[A]®F3[C], and with the above identification,

1+h=k
k
——k
we get that R C Fo[A x C] . To verify the other inclusion we have to check that H(ajcj —1) € Ry
j=1

k
for every ay,...,ax in A and c¢q,...,cx in C. Actually it is enough to verify that e = H(ej —1) € Ry

j=1
either e; € A or e; € C' (see Theorem 3.1 in [Pa] for a proof of this fact): we call e a special element. We
associate to a special element e an element in {0, 1}*: let type(e) = (§(e1), ..., d(ex)) where d(e;) = 0 if

ej € Aand d(e;) =1if e; € C. We will say that the special element e is standard if
i h
——
type(e) = (0,...,0,1,...,1)

' h
In this case e € Fy [A}Z ®F3[C] C Ry and we are done. We claim that we can reduce all special
elements to linear combinations of standard elements. If e is not standard, then it must be of the form

e:H(aifl)H(cifl)cfl Y(a—1) H
=1




where a1,...,a,,a € A, ¢1,...,c5,cE A, €= Hle(ei — 1) is special and r + s + ¢ + 2 = k. Therefore

/—/TR/—/SH
type(e) = (0,...,0,1,...,1,1,0,d(e1),...,d(es)) -

Now we can use the assumption that A x C is a 2—almost direct product to claim that one has
commutation relations in Z[A x C] expressing the difference (¢ —1)(a — 1) — (e — 1)(c — 1) as a linear
combination of terms of the form

(@ —1)(a”" —1)e  withad,a" €A
for any a € A and ¢ € C. In fact,
(c=1D(a—1)=(a—1)(c—1) =ca—ac= (cac”'a ™ — 1)ac = (f — 1)ac

where f = [c!,a71] € [C, A] C v3(A) by lemma 1. We can decompose f as f = hiky - - - hy,ky, where, for
j=1,...,m, h; belongs to [A, A] and k; = (k:;)2 for some &% € A. One knows (see for instance [Ch] p
194) that for j =1,...,m (h; — 1) is a linear combination of terms of the form

(b = 1)(h] — 1)ay with A, b, a; € A.

VERAE
On the other hand for j = 1,...,m we have also that
(kj —1) = (k; = 1)(k; —1)  withkj; € A since the coefficients are Fy.

Then, recalling that (hk — 1) = (h — 1)k + (k — 1) for any h,k € A, we can conclude that f — 1 can be
rewritten as a linear combination of terms of the form

(f =" = Da with f/, f",a € A
and that (¢ —1)(a—1) — (a — 1)(¢ — 1) is a linear combination of terms of the form
(f' =D(f" = Dac  with f', ", a € A.

Rewriting (f” — 1)a as (f”"a — 1) — (a — 1) we obtain that the difference (¢ —1)(a —1) — (a = 1)(¢ — 1)
can be seen as a linear combination of terms of the form

(@ —1)(a”" —1)c  withd,a" € A.

Therefore e can be rewritten as a sum whose first term is the special element

T S t
e':H(ai—l)H(ci—l)a—l c—lH
i=1 j=1 =1
and whose second term is a linear combination of elements of the form e’ ¢ where
r S t
e”:H(aifl)H(cifl)(a’fl a’ —1) H ceic”
i=1 j=1 =1

Using the lexicographic order from the left, one has type(e) >type(e’) and type(e) >type(e”).
By induction on the lexicographic order we infer that ¢’ and e’ belong to Ry: since Ry - ¢ C Ry, for
any ¢ € C it follows that e belongs to Ry and we are done. a



4 The closed case

4.1 A presentation of P,(IN,) and induced identities

We recall a group presentation of P,(N,) given in [GG3]: the geometric interpretation of generators is

provided in Figure 2.

THEOREM 6 ( [GG3]) For g >2 and n > 1, P,(Ny) has the following presentation:

generators: (B, j)i<i<j<n and (pk1)1<p<n-
1<i1<g

relations : (a) foralll1<i<j<nand1<r<s<n,
Bi,;

211
B; j B, ;Bi ;B ;Bi;
B, ;BijBs,;

211 11
B, B, ;Bs;B:;Bi;B, B, ;Br;Bs,;

—1
Br,sBi,jBT’s

(b) foralll<i<j<mnandl1<k,l<yg,

—1
PikPjL0; ks = pj,lfBz‘,ijj,k ) .
PiBi; PikBi i piaBiip; Bijpik

(c) for all1 <i<wmn, p?,---p;, =T; where T; =

1,9

fi<r<s<jorr<s<i<}j
ifr<i=s<j
fi=r<s<j
fr<i<s<yj

ifk <l
ifk=1
ifk>1

Bii---Bi—1,iBiit+1---Bin

(d) foralll1<i<j<n, 1<k<n, k#jandl1l<I<y,

Blf 1
PkJBi,ijJ = Pj,lei,ij],z ) )
P By jpii By ;Bi i Br,jp; Br,jpi

ifk<iorj<k
ifk=1
ifi<k<j

Figure 2: Generators of P, (NN)

For 1 < k < g, let us consider the element ay, in P,(N,) given by ay = pg,g—1pk,g and set U = ay, - - -

LEMMA 2 The following relations holds in P,(Ny):

10

as.



e)

(1) [Pz,k,p;i]:Bi_’jl for1<i<j<nandl<k<g;

(
(2) U commutes with py; for 1 <1< g—2; (f1)
(3) [prg-1,U =17 (f2)
(4) araja;' commutes with By, for 1 <i<j <k <n; ()
(5) anGn_1---a1 commutes with Bjy, for 1 <j <k <m; (h)
(6) U commutes with B; ; for 2 <i < j < n; (1)
(7) anan—1---a1 commutes with Ty; ()
(8) Ti commutes with By, for2 <j <k <mn; (k)

Proof. Some of these identities can easily be verified drawing corresponding braids. This is the case for
example for the first, the fourth and the eighth ones (see figure 3, 4 and 5). Let us give an algebraic proof
for the others.

-1 —1
Pi kP kPik Bm‘ Pj,k

Figure 3: identity (e)

Figure 4: identity (g)

(2) This is a direct consequence of the definitions of the a;’s and U, and relations (by).

11



Figure 5: identity (k)

(3) By relation (b1), p1,4—1 commutes with p; , for 2 < j <n. Thus, using relation (e), we get:

Pro-1UpLg1 = prg_10n- - a2p14 1
- pi;fl(pnvg—lpn,g) - (p2,g—1P2,9)P1,9-1
= (Birlzp"vgflpn,g) o (Biéngflng)
= B]:’}LB;,’IIlfl e Bi%(ﬂn,g—lpn,g) -+ (p2,g—1p2,9) by (d1)
= T7'U.

(5) Let j and k be integers such that 1 < j < k <n. By (d1), a1,...,a;—1 commute with B, ;. Then,
one has

-1 — . . . -1 -1
aij,kaj = PJ,g—lpJ,gBJ,kPj,ng,gq

= Pjg-1PrgBinprgpj g1 Dby (da)
= PrgPia-1BiiPig-1Pkg DY (b1)
= PI;;PIZ,;ABLkpk,g—lPk,g by (dz2)
= a,;lBjJﬁak

and we get

1

-1 -1 —1 -1 -1 -1 —1
a’n"'a‘lBj,ka‘l v = an"'ak‘-‘rlaka’k—lu'aj-‘rlak Bj7kakaj+l.'.ak—1ak) ak+1...a

n
= an-app1Biraly c-a,t by (g)
= Bj’k by (dl)

(6) By (d1), a1 = p1,g—1p1,g commutes with B; ; for 2 < i < j < n. Thus, relation (i) is a direct
consequence of (h).

(7) A direct consequence of (h) since T3 = By 2 - B p.

O
4.2 The pure braid group P, (IN,) is residually 2-finite
Following [GG1], one has, for g > 2, a split exact sequence
1> Pooa(Ng1) = Pu(Ny) = Pi(Ng) = m (Ny) — 1 (1)

12



where A is induced by the map which forgets all strands except the first one, and u is defined by capping the
boundary component by a disc with one marked point (the first strand in P, (Ny)). According to the defin-
ition of 4 and to Theorem A, Im(y) is generated by {p;x, 2<i<n, 1 <k < g} U{Bi;, 2<i<j<n}

The section given in [GGI] is geometric, 4.e. it is induced by a crossed section at the level of fibrations.
In order to study the action of m1(Ny) on P,_1(Ny,1), we need an algebraic one. Recall that m1(Ny) has
a group presentation with generators py,...,p, and the single relation p3 - ~p3 = 1. We define the set
map o : m1(Ng) — Pn(Ny) by setting

P1,i for1 <i<g-—3,

o(ps) = p1,g—2Ut fori=g—2,
! Ul)1,g—1 fori:g—l,

plﬁng_l for i = g.
PROPOSITION 4 The map o is a well defined homomorphism satisfying Ao o = Idm(Ng).

Proof. Since A(p1,;) = p; for all 1 <i < g and A(U) = A(T1) = 1, one has clearly A\o = Id., (v, if 0 is a
group homomorpism. Thus, we have just to prove that o(p1)?---o(pg)? = 1:

o(p1)®-0(pg)? = (P11 pTy 3)(prg—2U ") Up1g-1)(p1,4Ty ')
= pii Py aprg—2U " prg2prg1UaiTy o1 07"
| I |

= pli Py apty 2 U ' prg—1UarTy ' p1 T by (f1)
| I—— |

= pi1 p?,g—Spig72pl,gflU_1T1 Ua Ty p1 T by (f2)
1

P21 P2 g 3Pt g a1 U T Warpy oI by ()
P%,l e pig_Spig_Qpl,g—1a1P1,gT1_1
2 2 2 2 1,0t
Pr1- p17g_3p17g_2p17g—1p1,gT1
= 1 by (o).

a

So, the exact sequence (1) splits. In order to apply Theorem 4, we have to prove that the action of
m1(Ng) on Pp_1(Ng,1) is trivial on Hq(P,—1(Ng,1);F2). This is the claim of the following proposition.

PROPOSITION 5 For all z € Im(c) and a € Im(p), one has [x71,a7 ] = zaz™ta™t € v3(Im(p)).
Proof. It is enough to prove the result for a € {Bjr, 2<j <k <n}U{p;;, 2<j<nandl<I<g}
and z € {o(p1),...,0(py)}, respectively sets of generators of Im(x) and Im(o). Suppose first that
2 < j <k <n. One has:
o [o(pi) ™", Bjxl = lpri, Byl =1 for 1 <i < g =3 by (dv);
o [0(pg—2)" B k] [UP1 - 27B;1i] =1 by (di) and (i);
* [of
(

Py— >lBjk] [pry 1U™Y, B; ] =1 by (di) and (i);

o [0(pg) ™" Byl = [Tip1 4, Byl = 1 by (dy) and (k).

Now, let j and [ be integers such that 2 < j < nand 1 <[ < g and let us first prove that
(075571 ] € 43 (Im(p)) for all 4, 1 <i < n:

13



e this is clear for i < by (b1);

e for i = [, the relation (by) gives [pfll,p;ll} = pjfllBi;pj’l. But

Byj =By Bj-1;Bjjr1- Bjnp;, - pj;  (relation (c))

is an element of v2(Im(u)) by (e), thus we get [pill, pj_ll] € v3(Im(p)).

o If 1 < i then [py;, p;;] = [Bu;p;i Bjpsi py;) by (b3) so [pr,pj;] € va(Im(p)) since pj, pji
and By ; are elements of Im(u).

From this, we deduce the following facts.
(1) [o(pi)~" pj1] € 73 (Im(p)) for i < g — 3 since o (p;) = prs-
J;l

(2) [o(pg—2)"" 0511 = [Upi g5 ] = prg—2lU, pjalprgolpi g2 P51 ) But U and p; | are ele-
ments of Im(u) thus [U, p;ll] € I'o(Im(p)) C v3(Im(u)). Consequently, p1,4—2[U, pj],i]pi;f2 € v3(Im(u))

since v3(Im(p)) is a caracteristic subgroup of Im(x) and Im(u) is normal in P,(Ny). Thus, we get

[o(pg,g)_l,p;ll] € v3(Im(p)). In the same way, one has

[0(pg—1)" 001 = lpre U 051 = Ulpy g1, 051U U, pi ] € 73 (TIm(p)).
(4) At last,
[0(pg) ™Y, 0501 = [T1p1.g 0501 = PrglT1s 051 107 g[P1.95 071 ] € 73 (Im (1))
since T1, pj; € Im(p) and [pl,g;p;ll] € v2(Im(p)).

We are now ready to prove the main result of this section

THEOREM 7 For all g > 2 and n > 1, the pure braid group P,(Ng) is residually 2-finite.
Proof. Proposition 4 says that the sequence

I — Pn—l(Nq,l) — Pu(N,

g) —>=m(Ng) —=1

splits. Now P,_1(Ng,1) is residually 2-finite (Theorem 3). It is proved in [B1] and [B2] that m;(Ny) is
residually free for g > 4, so it is residually 2-finite. This result is proved in [LM] (lemma 8.9) for g = 3.
When g = 2, m1(N2) has presentation (a,b|aba™! = b~1) so is a 2-almost direct product of Z by Z. Since
Z is residually 2-finite, 71 (N2) is residually 2-finite by corollary 2. So, using Proposition 5 and Corollary 2,
we can conclude that P,(N,) is residually 2-finite. O

REMARK 3 It follows from the proof of Theorem 7 that, when g > 2, if P,,(Ny 1) is residually p-finite for
some p # 2 then the pure braid group P,(V,) is also residually p-finite.

14



4.3 The case P,(RP?)

The main reason to exclude Ny = RP? in Theorem 7 is that the exact sequence (1) doesn’t exist in this
case, but forgetting at most n — 2 strands we get the following exact sequence (1 < m <mn — 2 ; see [VB])

11— Py(Nip—m) — P,(RP?) ——= P, _,,(N,) —=1.
This sequence splits if, and only if n = 3 and m = 1 (see [GG2]). Thus, what we know is the following;:
e P (RP?) = 1 (RP?) = Z/27Z: P;(RP?) is a 2-group.
o P»(RP?) = Qs, the quaternion group (see [VB]): Py(RP?) is a 2-group.
e One has the exact sequence
1] —— Pl(NLQ) —_— Pg(RP2) e P2(RP2) —1
where Py(Nj2) = m1(Ni2) is a free group of rank 2, thus is residually 2-finite. Since P»(RP?) is 2-finite,
we can conclude that P3(RP?) is residually 2-finite using lemma 1.5 of [Gr].
Appendix: a group presentation for P,,(Ny;)
Here we apply classical method (see [B, GG3]) to give a presentation of the n'® pure braid group of a

nonorientable surface with boundary. Since b > 1, we’ll see Ny as a disc D? with g + b — 1 open discs
removed and g Mobius strips glued on g boundary components so obtained (see figure 6).

Figure 6: Generators xy ; for P,(Ngp), b>1

THEOREM A For g>1,b>1 andn > 1, P,(Ny) has the following presentation:

1<i<g 1<t<b—1

generators: (B, j)i<i<j<n, (Pk1)1<k<n @0 (Tut)1<u<n

15



relations : (a) forall1<i<j<nand1<r<s<n,

Bi, ifi<r<s<jorr<s<i<j (a)

S Lo :
B B Bl B; iBT’j B; ;B B Zfr <t=s <17. (a2)
nenne B, Bi;iBs; ffi=r<s<j (as)
B, B, BB, Bi;B, B 1B B ifr<i<s<j (a4)

(b) foralll<i<j<mnandl<k,l<g,

ij lfk < l (bl)
pikpiipin = S PiaBiiPk ifk=1 (b2)
p;Bi, PikBi; 1By Bigpie ik > (bs)
(d) foralll<i<j<n, 1<k<n, k#jand1<I[<g,
Bi,j ’Lfk <iorjy< k (dl)
praBijpi, = P Biipi ifk=1 (dz2)
P51 By ip3By B iBrjpyi Bripj ifi<k<j (ds)
() foralll<i<j<n, 1<u<n, u#jandl <t<b-1,
B, ; ifu<iorj<u (1)
xu,tBi,jm;; = .Z;tlBi’jﬂS‘j’t qu =7 (12)
2 Bu By B jBuja; By sy ifi<u<j (13)

(m) foralll<ku<n, k#u, 1<I<gandl<t<b-1,

Lot Pk l%ﬁ = { plill -1 —1p—1 Z:fk s (ml)

RS, T 1 Bu ki By ki Bu gty By Tkt fu<k (mg)
(n) foralll1<i<j<mnandl<st<b—1,

T ift<s (m)

xi,tmj,sm;tl = $;§Bi7j$j,tB;j1xj’t ’ift =38 (ng)

x;gBi,jxj,tBilewj,sBi,jxjitlBitjlxj,t ZfS <t (Ilg)

Proof. The proof works by induction and generalizes those of [GG3] (closed non orientable case) and [B]
(orientable case, possibly with boundary components). It uses the following short exact sequence obtained
by forgetting the last strand (see [FN]):

a B
l—— Wl(Nq,b \ {217 EER ZTL}) zn+1) - n+1(Nl]7b) - PTL(N‘]ab) — 1L

The presentation is correct for n = 1: P, (Ng,b) = 7T1(Ng,b) is free on the p;;’sand z1’sfor 1 <1 <g
and 1 <t < b— 1. Suppose inductively that P,(N, ;) has the given presentation. Then, observe that
{Bint1/1<i<n}U{ppt1,/1 <1< gtU{xny14/1 <t <b—1}is a free generators set of Im(c)
and (B j)i<i<j<ns (Pk1)1<p<n a0d (Tyt)1<u<n are coset representative for the considered generators of
1<i<g 1<t<b—1
P,(Ngp). There are three types of relations for P,41(Ngp). The first one comes from the relations in
Im(a): there are none here, since this group is free. The second type comes from the relations in P, (N p):
they lift to the same relations in P,11(Ng ). Finally, the third type arrives by studying the action of
P,(Ngyy) on Im(cr) by conjugation. We leave to the reader to verify that this action corresponds to the
given relations. a

REMARK 4 What precedes proves that P,11(Ngp) is a semidirect product of the free group
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T1(Ngp \ {#1,- -5 2n}, 2ny1) by Pao(Ngp). Therefore, by recurrence, we get that P,11(Ngy) is an it-
erated semidirect product of (finitely generated) free groups.
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