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Pinning Model with Heavy Tailed Disorder

Niccolo Torri

ABSTRACT. We study the so-called pinning model, which describes the behavior of a Markov
chain interacting with a distinguished state. The interaction depends on an external source
of randomness, called disorder, which can attract or repel the Markov chain path, and is
tuned by a parameter §. Inspired by [AL11, [HMO0%7||, we focus on the case when the disorder
is heavy-tailed, with exponent « € (0,1), while the return times of the Markov chain have a
stretched-exponential distribution, with exponent y € (0,1). We prove that the set of times
at which the Markov chain visits the distinguished state, suitably rescaled, converges in
distribution to a limit set, which depends only on the disorder and on the interplay of the
parameters a,y,B. We also show that there exists a random threshold of § below which
the limit set is trivial. As a byproduct of our techniques, we improve and complete a result
of A.Auffinger and O.Louidor [AL11) Proposition 2.5] on the directed polymer in a random
environment with heavy tailed disorder.

1. Set-up and Results

The Pinning Model can be defined as a random perturbation of a random walk or, more
generally, of a Markov chain called S. In this model we modify the law of the Markov chain
by weighing randomly the probability of a given trajectory up to time N: each time S touches
a distinguished state, called 0, before IV, say at time n, we give a reward or a penalty to this
contact by assigning an exponential weight exp(fw, —h), where g e R, :=(0,00), h € R and
(w = (Wp)nen,P) is an independent random sequence called disorder. The precise definition
of the model is given below.

Since we regard the process S only on the set where it takes value 0, it is convenient
to work directly on this random set. For this purpose we consider a renewal process (7 =
(Tn)nen, P), that is an Np-valued random process such that 79 =0 and (7 —7j_1)jen is an
i.i.d. sequence. This type of random process can be thought of as a random subset of Ny, in
particular if S = 0, then by setting 7o =0 and 7; =inf{k > 7;_1: S} =0}, for j > 0, we recover
the set of zeros of the Markov chain S. From this viewpoint the notation {n € 7} means that
there exists j € N such that 7; = n. We refer to [Asm03), |Gia07] for more details on the
theory of the renewal processes.

Typically in the literature (e.g. [dHO07, [Gial0, [Gia07]) the law of 71, the inter-arrival
law of the renewal process, has a polynomial tail and the disorder has finite exponential
moments. In our paper we study the case in which the disorder has polynomial tails, in
analogy with the articles of A. Auffinger & O. Louidor [AL11]] and B. Hambly & J.B. Martin
[HMO7]. To get interesting results we work with a renewal process where the law of 71
is stretched-exponential (cf. Assumptions [1.2). Possible generalization will be discussed in
Section[7l
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2 NICCOLO TORRI

1.1. The Pinning Model. In this paper we are interested in the behavior of /N n
[0,1]1={7;/N :1; < N}, the rescaled renewal process up to time N.

We call Py the law of /N N[0, 1], which turns out to be a probability measure on the
space of all subsets of {0,1/N,---,1}. On this space for 8,k € R we define the Pinning Model
P‘E 5N 2S a probability measure defined by the following Radon-Nikodym derivative

dpP

BN 1 N-1
(1.1) Fioe )= Z(ghNexp n;(ﬁwn—h)ﬂ(n/NeI) W1el),

where Z‘l‘; Ak normalization constant, called Partition Function, that makes P‘g AN &
probability. Let us stress that the term 1(1 € I) constrains the last point of /N n[0,1] to be
always equal to 1. In such way the Pinning Model is a random probability measure on the

space X of the all closed subsets of [0,1] which contain both 0 and 1
(1.2) X={I<[0,1]:1 is closed and 0,1 € I}

with support given by XV, the set of the all subset of {0,1/N,---,1} which contain both 0
and 1.

The adjective random stresses that Pw,h,N is a probability measure indexed by w, an
independent random sequence (called disorder). Therefore in the Pinning Model we have
two source of the randomness: the renewal process (7,P) and the disorder (w, ). To complete
the definition we thus need to specify our assumptions on the disorder and on the renewal
process.

ASSUMPTION 1.1. We assume that the disorder w is an i.i.d. sequence of random vari-
ables whose tail is regularly varying with index a € (0,1), namely

(1.3) P(wy1 >t)~Lo(t)t™%, t— oo,

where a €(0,1) and Lo(-) is a slowly varying function, cf [BGT89I. Moreover we assume that
the law of w1 has no atom and it is supported in [0,00), i.e. w1 is a positive random variables.
The reference example to consider is given by the Pareto Distribution.

ASSUMPTION 1.2. Given a renewal process, we denote the law of its first point 11 by
K(n) := P(r1 = n), which characterizes completely the process. Through out this paper we
consider a non-terminating renewal process T, i.e. such that Y ,.nK(n) =1, satisfying the
following two assumptions

(1) subexponential: lim,_..K(n+k)K(n)=1 for any k>0 and lim,—.. K*@n)Kn) =
2 (see Appendix [A),

(2) stretched-exponential: lim,_..logK(n)/NY = =€, for a suitable constant € >0 and
y €(0,1).

Roughly speaking, up to local regularity assumptions (subexponentiality), we take K(n) =
e~ ®"" For instance (cf. Section@) these conditions are satisfied if

(1.4) K(n) ~nPL(n)e ", n— oo,
with p € R and L(-) a slowly varying function.

1.2. Main Results. The goal of this paper is to study the behavior of /N N[0, 1] under
the probability P‘g nn When N — oo. To see interesting things in this limit we need to fix

h > 0 (which is actually equivalent to setting 2 = 0 in (1.1) and to consider a terminating
renewal process, cf. Section [4.1) and to rescale § by sending it to 0 with N. If 8 goes to 0
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too slowly (or if it does not go to 0 at all), then /N N[0, 1] will always converge to the whole
[0,1], if it goes too fast, it will converge to {0, 1}. The interesting regime is the following:

(1.5) By ~BNY"6(N), N — oo,

with ¢ a particular slowly varying function depending of L in (1.3). Under this rescaling of
B and this choice of 2 > 0 we prove the existence of a random threshold fSc: if § < B then
/N n[0,1] converges to {0, 1}, while if § > . then its limit has at least three points.

To prove these facts we proceed by steps. In the first one we show that there exists a
random set around which 7/N n[0,1] is concentrated in the Hausdorff distance: given two
non-empty sets A,B c[0,1]

(1.6) dH(A,B)=max{supd(a,B),supd(b,A)},
acA beB
where d(z,C) =inf.cc |z — c| is the usual distance between a point and a set.
THEOREM 1.3. Let (Bn)N be as in Equation . Then for any N €N, f > 0 there exists

a random set Ig, N (i.e. a X-valued random variable) such that for any 6,h > 0 one has that
P‘EN AN (dH(I,IﬁN,N) > §) converges to 0 as N — oo in probability (with respect to the disorder

w). More precisely for any € > 0 there exists v = v(e,5) and N such that for all N > N
(L.7) PPy sy [ Ipen)>8) <™ ) >1-e.
The second step regards the convergence in law of Ig, .

THEOREM 1.4. Let (Bn)n be as in Equation . Then for any ,3 > 0 there exists a
random closed subset fﬁ,oo € X (i.e. a X-valued random variable), which depends of a suitable
continuum disorder (defined in section [2.1), such that

d A
(1.8) Ipy.N @i froo

on X,dg).

As a consequence of these Theorems if we look at P‘/’;N nn @s arandom probability on

X, i.e. as a random variable which takes values in .#7(X,df), the space of the probability
measures on X, then Theorems[1.3|and [I.4) imply that it converges in law to the §-measure
concentrated on the limit set / B0

THEOREM 1.5. Let (BN)nN as in Equation . Then for any h,,B € (0,00),

(1.9) Py hN 01,

on A1 (X,dyr) equipped with the weak topology.

This concludes the results on the convergence of the random set /N N[0, 1]. It turns out
that to say when /N n[0,1] has a trivial limit or not it is sufficient to study when the limit
set I f00 is given by {0, 1} or not. For this purpose we define the random threshold S as

(1.10) e =inflp:1;,,%10,1}).

Denoting by P the law of the continuum disorder, by a monotonicity argument (cf. Section
we have that

(1) If B < Bc then fﬁm =1{0,1}, P-a.s.

(2) If 5 > Bc then I[;,OO #1{0,1}, P-a.s.

Moreover the structure of S is described by the following theorem
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THEOREM 1.6. For any choice of a,y € (0,1) we have that Bc > 0 P-a.s., where « is the
disorder exponent in Assumption while y is the renewal exponent of Assumption

By using the same technique we complete the result [AL11, Prop. 2.5] about the struc-
ture of B., the random threshold defined for the directed polymer model in a random envi-
ronment with heavy tails (we recall the definition in section [6). Precisely

THEOREM 1.7. Let f. as in (6.5), then denoting by P the law of the continuum envi-
ronment

(1) For any a € (0, %), Be >0, Px-a.s.
(2) For any a € [%,2), Be =0, Py-a.s.

Let us stress that in the original paper [AL11[] the value of 8. was unknown for a €
(1/3,1/2).

1.3. Organization of the Paper. In rest of the paper we prove the results of this
section. Section[2|contains some preliminary definitions and tools that we use for our proofs.
Sections [3] contains the proof of Theorem [I.4) and Section [4] the proof of Theorems [1.3] and
In Section [5| we prove Theorem[I.6]and then in Section [6| we recall the definition of the
Directed Polymer Model, proving Theorem [1.7] Finally in Section[7|we discuss the choice of
the parameters a,y and the future perspectives.

2. Energy & Entropy

N

In this section we define the random set Iy, I f,00 and we motivate the choice of By in

(1.5).

To define the random set Iy we compare the Energy and the Entropy of a given con-
figuration: for a finite set I ={xg=0<x1 <--- <x¢ = 1} we define its Energy as

N-1
(2.1) on(I)= wp,W(n/N eI)
n=1
and its Entropy as
4
(2.2) E)= Z(xi -xi-1)".
k=1

By using these two ingredients we define

(2.3) Iy =argmax (Bon(I)-€NVE)),
IeX®

where y and ¢ are the same constants introduced in of Assumption and X is
defined as the space of the all possible subsets of {0,1/N,---,1} containing 0 and 1.

By using we can find the right rescaling for §: indeed it has to be chosen in such
way to make the Energy and the Entropy comparable. To make this, it is convenient to work
with a rescaled version of the disorder. For this purpose we consider (M EN ))ﬁ\i _11 the ordered
statistics of (w; )?i ‘11 — which means that M (lN )is the biggest value among w1, ,won—_1, M ;N )
is the second biggest one and so on — and (Yi(N ))?i _11 a random permutation of {JL\J’ -ee1— le}
independent of the ordered statistics. Therefore the sequence (M EN ),Yi(N ))Zi\i _11 recovers the

disorder (wi)]i\i ~1. The interesting point is that the asymptotic behavior of this sequence is
known. Let us recall the main results that we need to find the right rescaling for §.
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2.1. The Disorder. Let us start to note that for any fixed £ as N — oo
d
(2.4) V™) QO

where (Yi(m))ieN is an i.i.d. sequence of Uniform([0, 1]).

Moreover, coming to the ordered statistics, from classical extreme value theory (see e.g.
[Res87, Section 1.1]) we have that there exists a sequence (by)y such that for any fixed
k>0as N — o0

(2.5) MY = b ™)y, QD

S (M.
where M; (©0) — =T Ve wwith T; be a sum of i independent exponentlals of mean 1 and «a is the
exponent of the dlsorder introduced in Equation (1.3).
1
In particular b can be written as by ~ N« EO(N ), where £y(-) is a suitable slowly vary-
ing function depending of L(-) (cf. Equation (1.3)).

We can get a stronger result without much effort, which will be very useful in the sequel.
Let us take the sequences (M EN ))ﬁ\i _11 and (Y.(N ))J.\i -1 independently and consider

(M(N) Y(N)) i<N
2.6 N .= i ’
20 Wi {0, i=N,
2.7) w™ = (M, Y en,

12

We can look at w®™ = (wEN ))ieN and w® = (w(i ))ieN as random variables taking values in

(N) converges to % if

= x§°°). In such way . is a completely

= (R?)V. Let us equip . with the product topology: a sequence x
and only if for any fixed i € N one has th_,oox(N ) =
metrizable space and a #-valued random sequence (w®™))y converges in law to w® if

and only if for any fixed %, the truncated sequence (w(N ) w (N ),0,-++) converges in law to

(w(oo), w ;:o),O, -). Therefore Equations l) and ( .) 1mp1y that
(2.8) w®™ @ w©®)

N)

in .. Henceforth we refer to w®) as the Discrete Disorder of size N, and to w® as the

Continuum Disorder.
2.2, The Energy. Recalling (2.1) we define the rescaled discrete Energy function 6y :
X—R, as

UN(I) NZ“ (N)«I](Y(N) €,

(2.9 on() =

and Equation (2.3) becomes

(2.10) Ileﬁ)N =argmax (6 n()-CE)),

N TeX™)
Therefore we choose B such that

N by

(2.11) PN = mﬁN
converges to f € (0,00). This is equivalent to the relation (1.5). Since in the sequel we will
study the set I ol 05N it is convenient introduce the notation
(2.12) IﬁN INyﬁN

In particular fﬁN,N =IgyN.
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REMARK 2.1. Let us stress that the value of ¥ is quite inessential and it can be included
in the parameter § by a simple rescaling. Therefore from now on we assume ¢ = 1.

It is essential for the sequel to extend the definition of I g,N to the whole space X
equipped with the Hausdorff metric. This generalization leads us to define the same kind of
random set introduced in in which we use suitable continuum Energy and Entropy.

We define the continuum Energy Function 6, : X — R, as

o0
(2.13) boo() =Y MUY e,
i=1

where (M Eoo)ieN and (Yi(oo)iEN are the two independent random sequences introduced in 1i

and . Since a € (0,1) we have that 6,,(I) < co for all I € X, because the series ) ; M EOO)
converges a.s.

Before extending the definition of the Entropy to the whole space X, let us conclude
this section on the Energy function by proving that 6y, with N € NU {oo} is an upper semi-
continuous function. The proof of this fact for N finite is simple, while the continuum case
requires an argument of approximation. Thus it is useful to define for 2, N € N U {oco} the
k-truncated Energy function as

L (N-Dnk N -
(2.14) W) = Zl MMy N e,
1=

Let us stress that the support of 65(‘}) is the space of the all possible subsets of Y V¥ the set
of the positions of the first 2-maxima

(2.15) YR =y i=1,2,8,- (N-DARIU(0,1}.
Whenever & = N we write simply Y.

THEOREM 2.2. For any fixed k,N € NU{co} and for a.e. realization of the disorder w™),

the function &E\];) : X — Ry is upper semi-continuous (u.s.c.).

REMARK 2.3. For sake of clarity let us underline that in the Hausdorff metric (cf. (1.6)
dp(A,B) < ¢ if and only if for any x; € A there exists x9 € B such that |x; —x3] <€ and
vice-versa switching the role of A and B.

PROOF. Let us start to consider the case N Ak < oco. For a given Iy € X, let ¢ be the set
of all points of Y™V*) which are not in Io. Since YV® has a finite number of points there
exists 7 > 0 such that d(z,1y) > ) for any z € 1. Then if I € X is sufficiently close to Iy, namely
dp(1,1p) < n/2, then d(z,I) > n/2 > 0 for any z € 1. Therefore, among the first k-maxima, I
can at most hit only the points hit by Iy, namely OA'X;)(I ) < 6%)(1 0) and this concludes the
proof of this first part.

For the case N Ak = oo it is enough to observe that the difference between the truncated
Energy and the original one

o) k
(2.16)  sup|Gooll) - ag’g>(1)| =sup|Y MUY P eD-Y MUY eD|s Yy M,
IeX IeX |i=1 i=1 i>k

converges to 0 as £ — oo. Therefore the sequence of u.s.c. functions 65@ converges uniformly
to 6 and this implies the u.s.c. of the limit. O
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2.3. The Entropy. Let us define
(2.17) XE — (T e X : |1 < o0}

and stress that it is a countable dense subset of X with respect to the Hausdorff Metric.

For a given set I = {xg <x1 <--- <x,} € XV we define the Entropy as

4
(2.18) EI)= ) (x—xi-1)
k=1

THEOREM 2.4. The following hold

(1) The Entropy E(') is strictly increasing with respect to the inclusion of finite sets,
namely if I1,1s € X and I C Iy, then E(I) > E(Iy),
(2) The function E : X910 . R, is lower semi continuous (1.s.c.).

PROOF. To prove let us note that if Is = {0,a1,x,a2,1} and I3 = {0,a1,a9,1}, with
O<aij<x<ag<lthen E(I2)-E(I1)=(x—a1)"+(a2—x)Y —(ag—a1)’ >0 because y < 1, thus
a¥+bY > (a+b)! for any a,b > 0. The claim for the general case follows by a simple induction
argument.

To prove we fix Iy € X1V and we show that if (I,,),, is a sequence of finite set con-
verging (in the Hausdorff metric) to 1o, then it must be liminf,, .o, E(I,,) = E(I) and by the
arbitrariness of the sequence the proof will follow.

Let Iy € XiM pe fixed and let us observe that if we fix € > 0 small, namely smaller
than the half of the minimum of the distance between the points of I, then by Remark
any set I for which dg(l,1y) < € must have at least the same number of points of I, i.e.
[I| = |Ip|. In such way if (I,) is a sequence of finite sets converging to I, then for any n
large enough we can pick out a subset I, of I,, with the same number of points of Iy such
that (1)), still converges to Iy. Necessary the points of I, converge to the ones of Iy, so
that lim,, ..o E(I})) = E(Ip). By using Part (1) we have that for any n, E(I,) = E(I}), so that
liminf, .., E([,)=E(() and the proof follows. O

Now we are ready to define the Entropy of a generic set I € X. The goal is to obtain
an object for which the properties of the Entropy E on X™ still hold. This extension is
not trivial because E is strictly l.s.c., namely given I € X¥i it is always possible to find
two sequences (I%))N,(I%))N e X(fin) converging to I such that limNﬁooE(I%)) =E() and
limy oo E(I 5\2,)) = co. For instance let us consider the simplest case, when I = {0, 1}. Then we
may consider 5\1,) =1 for any N, so that E(/ 5\1,)) =E{0,1}),and I §\2,) the set made by 2N points
such that the first N are equispaced in a neighborhood of 0 of radius N ¢ and the others N
in a neighborhood of 1 always of radius N ¢, with € = e(y) small, then I 5\2,) — I as N —ocoand
EUIY)=2N-UNY1*9 1 (1-2/N€) = OV "1#9) — 0o as N — co if e < (1 - Y)ly.

In order to avoid this problem for I € X we define
(2.19) E(I)= liminf E(J).

J—T,JeX(Ein
Let us stress that E is nothing but the l.s.c. extension of E to the whole space X, see e.g.
[Bou71], Prop. 5 TG IV.31].

THEOREM 2.5. The following hold:

(1) The function E(-) is increasing with respect to the inclusion of sets, namely if I1,I5 €
X with I < I then E(Ig) = E(Iq).
(2) The function E :X — R, is Ls.c. and E lxin = E.
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REMARK 2.6. To make more clear the definition we recall that

(2.20) E(I)= liminf E(J):=lim [inf{E(J) :J e By(1,06) mX(fin)\{I}}] ,
J—I,JeX(Ein 6—0

where Bg(I,5) denotes the disc of radius 6 centered on I in the Hausdorff Metric. If E(I) e R

the definition is equivalent to say

(a) For any € > 0 and for any & > 0 there exists J € Bg(5,I) nXHV\{I} such that E(I)+¢ >
E(J).

(b) For any € > 0 there exists §y > 0 such that for any J € By(8o,I) nXEV\{1}, E(J) >
E)-e.

PROOF. We have only to prove . Let I,J € X such that J c I. If E(I) = co there is
nothing to prove, therefore we can assume that E(I) € R. Then, by property @), for any
€,8 > 0 there exists I’ € XM guch that E(I)+¢ = E(I') and dg(I,I') < 8. Directly by the
definition of the Hausdorff metric, the family of discs of radius § indexed by I’ — (B(x,5))xer
— covers I and thus also ¢/, therefore if J' < I’ is the minimal cover of J coming from I’, i.e.
J :=min{L c I : J € UyerB(x,6)}, then it must be dg(J,J’) < 6. Moreover by Theorem [2.4
we have E(I') = E(J') and thus E(I)+¢ = E(J'). Let now 8o = 8o(e) > 0 as prescript in (b),
then as soon as & < § it must hold that E(J') = E(J) — e and this conclude the proof. O

From now on in order to simplify the notation we use E instead of E to indicate the
function E defined on all X.

COROLLARY 2.7. Let I € X and let us suppose that there exists x ¢ I and E(I) < oo, then
E(I u{x}) > E(). It follows that the function E is strictly increasing whenever it is finite: if
ICJand E(I) <oo, then E(I) < E(J).

PROOF. Let us recall that x ¢ I means that there exists § > 0 such that In(x—6,x+d) =@
because I is closed. Let a,b € I the two points of I closest to x respectively at its left and at
its right, then the proof will follow by proving that

(2.21) EJuiah-EDz(x-a) +(b-x) - (b-a),

because the r.h.s. is a quantity strictly bigger than 0. For this purpose we start by observing
that for any € small enough if A is a set of a e-neighborhood of I U{x}, then it can be written as
union of two disjoint sets D,C where D is in a e-neighborhood of I and C in a e-neighborhood
of {x}. namely By (I U{x},e) nXFW = {4 e X¥I0: A = DU C,D € By(,¢) and C € By({x},e)};
moreover we can partition any such D in two disjoint sets D = D' uD" where D' = D n[0,x)
and D" = (x,1].

For a fixed set S, let g be its smallest point bigger than 0 and rg its biggest point
smaller than 1. By using this notation it follows from the definition of the Entropy for a
finite set that for any such A € By(I U{x},e) nXE™ we can write

(2.22) E(A):E(DUC):E(D)—(lDu—rDr)Y+E(CUO,1)—l£—(1—rc)7+(lc—rDr)7+(lD~—rC)7’.
By Theorem we have that E(Cu0,1) = Z}C/, +(A-rc) +(re¢—1¢)?, from which follows

(2.23) E(A)=EMDuC)=
E(D)—(ZDH —r]_)r)y +(lc —I”Dr)y+(lprr —rc)7+(rc —lc)Y ZE(D)+€(€),

where e(e) =inf{(lc —rp) +Upr—rc) +(re—1c) —(Upr—rp)’}. This inf is taken among the
all possible D =D’ uD" € By(I,¢) and C € By ({x},€)}. Now the r.h.s. of (2.23) is independent
of C, so that infE(A) = infE(D) + e(e), where the inf is taken among the all possible A =
D uUC € By(I U{x},e) nXEW\{T U {x}}. We conclude the proof by taking the limit for € — 0,
because e(€) = (x—a)’ +(b—x)Y —(b—a)’ as e — 0. O
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PROPOSITION 2.8. For any 0 <a <b <1 we have that E(la,b]) = oo

PROOF. Let us consider the case where a = 0,b = 1, the other cases follow in a similar
way. By Theorem [2.4] we have that E([0,1]) = E({0,1/N,---,1}) = N'™7 1 co as N | oo because
y<1 O

2.4. The Energy-Entropy.

DEFINITION 2.9. For any N,k € NU{oo} and g € (0,00) we define, recalling (2.14) and
(2.19),

(2.24) U (D = oy (D - ED.

Note that Ug?v is u.s.c. on (X,dg), a compact metric space, then its maximizer
(2.25) tg = max U (D).

is well defined.

Whenever £ = N we will omit the superscript (%) from the notation.

THEOREM 2.10. For any N,k € NU{oo}, 8> 0 and for a.e. realization of the disorder w™),

the maximum u%"’}v is achieved in only one set, i.e. the solution at

(2.26) I, = argmaxUg (D)
IeX
is given by only one set. Moreover for any N € N we have that I %kgv e XM,
PROOF. We claim that if I is a solution of Equation (2.26), then by using Corollary
(2.27) IcYW™R  if NAE<oo,
(2.28) I=InY® ifNAk=oco.

Indeed if N Ak < oo and - fails, then there exists x € I such that x ¢ Y% and this
implies O'(k)(I )= (k)(I {x}), but E(I —{x}) <E() by Corollaryn Therefore U(k) I —{x}) >

U(k) )= A(k) , a contradiction. The case N A k = oo follows in an analogous way always by

us1ng Corollarymbecause the set in the r.h.s. of (2.28), which is a subset of I, has the same
Energy as I but smaller Entropy. Now we are able to conclude the uniqueness (following the
same ideas used in [HMO7, Proposition 4.1] or [ALI1], Lemma 4.1]): let I'*, I? be two subsets
achieving the maximum. By using (|2.27I) and (12.28[) if I' # I?, then there would exist Y;N )

such that Y;N el 1 and Y;N V¢ 1 2, so that

(2.29) max U\ ()= max U\
ry®er P IY™Mer
J J
and this leads to
(2.30) MY = g6 (k)(Y‘N’)_ max U(k) (I)— max B Y MN-ED;.
J IY 34 k;tJY(N)eI

Let us stress that the r.h.s. is independent of M;N ), which is in the Lh.s. Then, by condi-

tioning on the values of (M EN ))ieN,# j and (Yi(N ))ieN we have that the L.h.s. has a continuous
distribution, while the r.h.s. is a constant, so that the event in which the r.h.s. is equal to
the Lh.s. has zero probability. By countable sub-additivity of the probability we have that
a.s. I1=1s. O
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3. Convergence

The aim of this section is to discuss the convergence of I; and i, under the
Bn.N Bn,.N

assumption that limy_.., By = B € (0,00). See respectively (2.26), (2.25) and (2.11).

For technical convenience let us start to build a coupling between the discrete disorder
and the continuum one. We recall that by Equation (2.8) w®") converges in distribution to
w® on &, a completely metrizable space. Therefore by using Skorokhod’s representation
theorem (see [Bil99, Theorem 6.7]) we can define w®™) and w® on a common probability
space in order to assume that their convergence holds almost surely.

LEMMA 3.1. There is a coupling, which with a slight abuse of notation we still call P, of
the continuum model and the discrete one, under which

K7z
3.1 w™ = (MEN),YL-(N))L'EN — w™ = (MEOO),Yi(oo))ieN, as N — oco.
In particular for any fixed €,6 >0 and k € N there exists N < oo such that for all N > N
(N-1)AE
(3.2) Pl Y IMY-Mjl<e|>1-6,
j=1
(N-1)AE
(3.3) Pl Y 1YV -Yjl<e|>1-0,
j=1

3.1. Convergence Results. Let us rewrite an equivalent, but more handy definition

of I ;;kz)v and a(ﬁk}\,: for a given £ € N let

(3.4) 6L ={A:Ac{l,--- Rk}

and for any k € N, N e NU{oo} and A < {1,-++,k} let YV = {YM};c4 U{0, 1}, which is well
defined also for A = @. Therefore by Theorem we can write

3.5 1k = MM —Ea)|,
(3.5) uw»%%ﬁg ; (Ya)
(3.6) f(k) :Y(N) ,

BN T E 4

for a suitable random index set Afﬁk ) (which can be empty or not). We have our first conver-

N
gence result.

PROPOSITION 3.2. Assume that fx — B as N — co. Then for any fixed § >0 and k € N
there exists N}, such that for any N > Ny,

3.7 P(A(Bk; N :A(ﬁk;) >1-6.

PROOF. To prove the claim by using the sub-additivity of the probability, it is enough to
prove that for any re {1,--- ,k}

(k) (k)

(3.8) P(reAﬁN,N’rEAﬁ,m) -0, N — oo,
(k) (k)

(3.9) [P’(rEAﬁN,N,reEAﬁ,OO) -0, N —oo.

We detail the first one, the second one follows in an analogous way. On the event {r ¢

A(ﬁk) 7€ Age) } we consider
N ,00

~ (k)
<o

BY M;—E(Y,)
i€A

(3.10) U= max
A€6),,reA
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because r € A(;lo by our assumption and by uniqueness of the set that achieves the maxi-

5

mum. Now

(8.11)  max By Y MN —E(Ya)

€6y,ré icA
™), 53 13N _
< max ZM —EY0)| +1pn - ﬁ|ZM ZM
A€e6),reA icA =1 =1

k
=0 + PN - ﬁIZM(N)+ﬁZIM(N) M;|
= i=1

and in the same way, always on the event {r ¢ A%k) 7€ A%klo},

>

3.12) max

A€e6),reA

Py Y MY -EYn)| 2 ~1py- ﬁ|zM<N> ,BZ|M(N) M.

i€A

Therefore by using the assumption that r ¢ A(k ) N e have that the 1.h.s. of (3.11) is smaller
than that of (3.12), thus u(ﬁ lo ~lpy <2pXk |M(N) - M;|1+2|By - BITh . Summarizing

a simple inclusion of events gives

k k
(3.13) P(reiAkaIj’N,reAg") )<|P(O<u(k) —ﬁ<r>s2ﬁ21|M§N)—Mi|+2|ﬁN—ﬂIZM§N)
1=

00 .
’ i=1

B

and the proof follows by observing that the r.h.s. converges to 0 as N — coby Lemma[3.1] O

The following Proposition contains mainly the convergence results on the truncated

quantities u(ﬁk) and [ %k) . To make such computation we need to compare the maximum
N > NN >

on the all space X with the one achieved out of a neighborhood of radius § of I (k)

DEFINITION 3.3. For any § >0, 8 €(0,00) we define

(3.14) 2@ = max  USD).
IeXdH(II(k) =6

PROPOSITION 3.4. Assume that fy — p as N — co. The following hold
(1) For every fixed 8 >0, B € (0,00) P (liminfk_,oo(a(k) o (6)> o) -1

(2) For any €,0 >0 and for any fixed k there exists Ny such that P (Iuge;’ AZ":) | < e) >
1-90, for any N > Nj,.

(3) Forany €,0 >0 and for any fixed k there exists Ny such that P (dH(IAg;:,N’IA,(B}ZO) < e) >
1-9, for any N > Nj,.

(4) For any €,6 > 0, there exist n,K > 0, (Np)p>g such that IP( ,(:]\)r,N(e) < A(;A)r —17) >
1-6, forany k> K and N > Ny,

PROOF. Part (1). By observing that U (k) is an u.s.c. function on a compact set, we use
the same outline o [AL11 Part (3,4) of Proof of lemma 4.1]. Indeed by contradiction if there
exists 6 > 0 such that hmlnfk_,oo( A(k) - A(k ) (0)) =0, then we may find a sequence Ij; such

that limsup;_., ék )(Ik )= hmlnfjaoo (k )(I(k )) and dH(I / o 1k;) > 6. By compactness of

the space X we can suppose that there ex1sts I 0 € X such that limj_.o I; = Io, therefore by



12 NICCOLO TORRI

using the u.s.c. property of U;jk])v we get, recalling that for any fixed 2 €N, Ug oo(I) = Ugec))o(l )
and U) (D) 1 Upoo(D) as k 1 0o,

(3.15) Uﬁoo(Io)>11msupUﬁoo(Ik )>11msupU k) k)=

Jj—oo J—o0

(k)(I(k)

= liminfU
Jj—oo

)>11m1nfU( (£ 00) = Up .ol p.00) = 2 s

that is Up o(l0) = @l g,oc and by uniqueness of the maximizer we obtain that Iy = I B,00- Thus
if we show that limj_. I (k())o =7 00, then we obtain the desired contradiction, because the

two sequences (I1;); and (f (kj ) .)j are at distance at least 6 and cannot converge to the same

limit. By compactness of X we can assume that [ %k) converges to I;. Therefore by u.s.c. of

Up,oo We get
(3.16)
Upoo(l1) = hm sup Ug, OO(I(k) )= hm sup k) (I(k) )= hmsup Ugf;o(lﬁ,oo) =Up 0ol g,00)-

The uniqueness of the maximizer forces to have I 0o = I1 and this concludes the proof. O
To prove Part (2) we observe that

k k
“k) D BN =By M+ By ) 1M - MY,
i=1 i=1

3.17) 4% =max

Boo  Ae, PLMi-EXy)| <

€A

3.18) 4% —max

MM -E(,
PN N Ace, 'BNZ (Ya)| =

A(k) +|ﬁN ﬁle(N)J’-ﬁZ |M M(N)|

i€A =1 i=1
and the proof follows by Lemma and the assumption on ,3 N- O
Part (3) is a consequence of Proposition [3.2]and Lemma O

Part (4) is a direct consequence of the previous Parts (1)), (2) and (3). First of all let us
prove an intermediate statement: for all §,e,7 > 0 and & € N there exists N, < oo such that
for all N > Ny,

~ (k) ~ (k) _
(3.19) p (uﬁN’N(e) <ay) (cl)+ n/4) >1-6/2.

For this purpose let us fix §,¢ > 0. By Part (3) for any fixed % € N there exists N, > 0 such

that for all N > N, dH(I(ﬁk) N IZ") )< £ w.p. 1-0/4. Let I be a set achieving u(ﬁ ) (e), so that

by definition dg (1, I j) ) > ¢. It is not difficult to see that I <« Y™ (points outside Y V-#)
does not contribute to the Energy, but increase the Entropy). We claim that for any 1 > 0
w.p. at least 1—6/4 there exists I' ¢ Y©®) ¢ X0 gych that dg(I’,I) < /2 and U(k) (I) <
U(k) (I")+n/4. If it is true then @ uﬁ (e) = ﬁ([;e) (€/4) +n/4 because dg (I, I(k) ) >¢€/4. To prove

the existence of I' we observe that I = {0, Y(N ) .. ,Yl.(jv ), 1}, for a sultable ch01ce of indexes
{i1,---,ip} < {1,---,k} so that by using Lemma it is not difficult to show that we can
choose I' ={0, Y(OO) . ,Yi(jo), 1}, possibly enlarging N.

To conclude the proof by Part (1) for any € > 0 there exists 7> 0 and K > 0 such that for all
R>K, i A(ﬁk) (e/)<u A(;) —n w.p. 1-0/4 . Then by using Part (2) together with Equation (3.19

for any £ > K we can find N;, such that for all N > N},

~ (k) k) _
(3.20) p (uBN NOELYN n/4) >1-6.
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Let us note that for any fixed N € N we have that I’ (k) N= I fu.N 38 k> N. In the following

N >
Proposition we show that this convergence holds uniformly on N.

PROPOSITION 3.5. The following hold
(1) For any N,k € NU {oo} we define

(3.21) p =

p|oN(D)- sPw|= Y M.
i>k

Then for any €,6 > 0 there exists K > 0 such that P(pg\};) >¢)< 0 for all k > K, uni-
formly on N € N.

s fR) _ 7 _
2 P kh_,lgolﬁ,oo = Iﬁ’oo) =
(3) For any €,6 > 0 there exists K such that P (dH(IA(Ak) oy N) < e) >1-6forallk>K
B, N’ BN,
and uniformly on N > k.

PROOF. Part (1) is like [HMO7, Proposition 3.3]. m]
Part (2) has been already proven in the proof of Part (1) of Proposition O
To prove Part let €,6 > 0 be fixed and let us fix £ € N and n > 0 to have that Part
4) of Proposition [3.4 holds for any N > N},. Moreover possibly enlarging £ we can suppose
that [P’(p(k) <n/2) >1-0 uniformly on N. Then we claim that dg(/ (ﬁ}j\: N ;;;\)7 ) < € with high

probability for any ¢ >k and N > Nj,. Otherwise if dg(/ (ﬁk ) N’ v }(6[) ) =€ for some ¢ >k, then
N7

it must hold that @ A(ﬁg) <a® (e+ ,BNp(k). Therefore w.p. greater than 1—2§ it must be
N

BN
20 < N0)
by NS85 N n/2 and this is a contradiction because ¢ uﬁN,N
thus u([;) NZ ﬁ(ﬁk) . The restriction on N > £ is obtained by observing that we only left
N > N,
a finite number of N, namely all those in the set {k + 1,---N3}. For any of such N there
exists ky such that / ;kN])v =1 py.n (@ctually we can choose any &y > N). Therefore by setting
N

K =max{k,kr.1,"-- ,kN,} we extend the result at any £ > K and N > k. O

is non-decreasing and

3.2. Proof of Theorem[1.4} The proofis a consequence of [Bil99, Theorem 3.2], which
can be written as follows

THEOREM 3.6. Let us suppose that the r.v’s Xﬁ),X(k),XN,X they take values in a sepa-

rable metric space (#,d ») and Xﬁ),X N are defined on the same probability space. Then if
the following diagram holds

X(k) X(k)
N N—>oo
in probability, uniformly in leaoo (d)tkaoo

XN X

then Xy @Dy . The expression in probability, uniformly in N means

(3.22) lim limsupfP (d P X Xy)= e] 0,

k—oo N-ooo

for any fixed € > 0.

In our case we have X(k) f;k) , X = I(ﬁk) Xy = Iﬁ N and X = Iﬁ and by Proposi-
tions [3.4] and [3.5| the diagram above holds.
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REMARK 3.7. Let us stress that under the coupling introduced in Lemma we have
that in Theorem the convergence of [ pu.N O 1 fr00 holds in probability, namely for any

€,0 >0 one has P (dH(IAﬁN)N,IAﬁ,OO) < e) > 1- for all N large enough. This follows by Part
of Proposition [3.4 and Parts (2), (3) of Proposition

4. Concentration

In this section we discuss the concentration of /N N[0, 1] around the set / N (cf. li ),
giving a proof of Theorems

4.1. General Setting of the Section. Let us stress that in the Pinning Model (1.1),
the factor 4 > 0 in the exponent of the Radon-Nikodym derivative plays a role to bias the law
of the renewal process. W.l.o.g. we may set A =0, provided to replace the original renewal 7
with a new one, 7 defined by P(f1 =n) = e "P(r1 =n) and P(; = 0o0) = 1 — e~ ". Note that the
renewal process T is terminating because & > 0. In this case (cf. Appendix [A) the renewal
function @(n) := P(n € T) satisfies

4.1) lim 0840 _

n—oo nY

-,

with the same y and ¥ used in Assumptions for the original renewal process 7.
In the sequel we assume % = 1, as already discussed in the Section[3} 2 = 0 and we omit
the tilde-sign on the notations, writing simply 7, u(-) instead of 7, @(-).

4.2. Proof of Theorem To prove Theorem [1.3] we proceed in two steps. In the first
one we consider a truncated version of the Gibbs measure in which we regard only
the firsts 2-maxima of w1, -+ ,wy—1 proving an analogous result for this truncated Pinning
Model (cf. Lemma [4.3). In the second step we show how to deduce Theorem

Let us thus define the truncated Pinning Model. For technical reasons it is useful write
the Energy by using 6 defined in (2.9).

DEFINITION 4.1. For N,k € N we define the k-truncated Pinning Model measure by the
following Radon-Nikodym derivative

(4.2) 4Phn =2 W Dy1 e 1)
) dPy - (k) ’
B.N

where Py is the law of 7/N Nn[0,1] used in (1.1).
In the sequel we use the convention that whenever 2 = N, the superscript (k) will be
omitted.

REMARK 4.2. Note that whenever f = By the Equation (4.2) with £ = N recovers the
original Gibbs measure (1.1) with § = Sn.

LEMMA 4.3. Let (fn)n be a sequence converging to p € (0,00). For any fixed €,5 > 0 there
exist v=v(e,0) >0, K = K(c,0) and (Np)p>g such that
5(k) 5(k) ~N'v B
(4.3) P (PﬁANyN (dH(I,IﬁNyN) >5) e >1-e
forall k > K and N > Nj,.

REMARK 4.4. Roughly speaking the proof of the Lemma is based on the estimation
of the probability that a given set ¢ = {11, 10}, with 1; <11, is included in 7/N, namely to
compute the probability that t1,---,i1, € /N when N is large enough.
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Precisely we fix ¢ = {11,--+,1,} = [0,1] and consider (V) = {L(IN)," (N)} where L ) is the
nearest point to (; on the lattice {0,1/N,---,1}. We define uxn (1) = Hle u(N(LEN) (N) )) (here
and henceforth we use the notation ¢y := 0) and we want to know the behavior of un(t) as
N — oco. The answer is given by the following result

PROPOSITION 4.5. Let t = {11, ,t¢} < [0,1] be a fixed and finite set and consider the
associated real sequence (un(1))n. Then limpy_ o %loguN(t) = —Zle(ti —1;_1)Y and it holds
uniformly in the space of the all subsets | with points spaced at least &, for any fixed & > 0.

PROOF. The convergence for a fixed set is a consequence of (4.I). To prove the uniformity
we note that if 1; —1;_1 > ¢, then L(iN ) (N ) > ¢/2 as soon as 1/N < ¢/2, which is independent of
such . This shows the claim for all such t with two points and it is sufficient to conclude the
proof because in general each factor of u (1) is written on the form of distance between two
points and we have at most % + 1-factors. O

Another simple, but important, observation is that for a fixed 2 € N w.h. probability the
minimal distance between Y(N ), - ,Y(N ), the positions of the first 2-maxima introduced in
Section [2| cannot go to 0 as N — o0. Precisely, by using Lemma we have that for any

fixed € > 0 and k € N there exists { = {(k,€) > 0 and N}, such that for any N > N}, the event
(4.4) ™=y ™| > e vV e@1-0,v0, i % je il k)

holds w.p. larger than 1—¢. By Proposition this implies that for any fixed ¢ > 0 on the
event (4.4) for all N large enough and uniformly on t ={ig=0<11 <+ <1y <1=1p41} C
YA the set of the fist k-maxima (2.15), we have that

(4.5) e NEONT <Py oo 1y € 1/N) < e N EOHNT

where E(1) = Z“l(tl —1;—1)" is the entropy (2.18).

PROOF OF LEMMA [4.3l The aim of this proofis to prove that for any given § >0 and & €
N large enough, pge) N (d 204 g"’) N’I ) > 6) — 0 as N — oo, with an explicit rate of convergence.
Our strategy is theNfollowing:Néiven aset I c{0,1/N,---,1}, with 0,1 € I (chosen according to
the Pinning Model of Deﬁnition we regard Iy ) :=InN Y®:A) the intersection of I with
the set of the position of the firsts £-maxima: it can have distance bigger or smaller than
‘5 from [ I(Bk ) N This leads to make a partition of the set of the all possible I’s, therefore by

N >

using an inclusion of events and the triangle inequality we conclude
(4.6)

. N ) A o 0
(k) (k) v (k) et bl
{dH(IﬁAN,N,I) > 5} c {dH(IﬁAN’N,I(N,k)) = } U {dH(IﬁN,N,I(N,k)) <3 ,daI ), I) > 5 }

We have thus to prove our original statement for

» 2 0
4. p® i® 59
( 7) BN (dH( ﬁN,N’ (N,k)) > 2 ,
(4.8) pw (dH(f(k) I )< 0 dy,I ) > é)
' Bn.N fy. N7 RIS o A w)>5 -

Let us define the good event to consider for the disorder. Let ¢,5,{ > 0 and the associated
keN, n,K > 0 be fixed such that for any N > N,

(1) the event and the relation (4.5) hold w.p. larger than 1—¢/2 (the precise value
of { will be chosen in the sequel),
(2) the event {A(k) (012) < A“f’ —n} holds w.p. larger than 1—¢/2 (cf. Part ( l» of Propo-

sition[3.4] Deﬁnltlon 2.9 and [3.3).
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In the rest of the proof we work on the intersection of such two events, which has P-
probability larger than 1 —e.

We recall that our goal is to find a good upper bound for and (4.8). Let us start to
consider (4.7). Let

o
(4.9) A= {LCY(N’” dn, I;k)N) 5 and 0 1&}
Then (4.7) < Z P( ) (I v,k = 1) and if Ny, is sufficiently large
€A NN
(4.10)
B0 u ) Ex (eNYﬁNUEV)(I)ﬂ(I(N,k) =1);1l€ T/N) eNYﬁNég;)(‘)PN =) @3)
N =1l)= — < =
p, N R Ex (eNYﬁzvé;’j)(I); 1e T/N) Nyﬁ A(k)(I(fe) )
BN

NPy (f%’” V< I)

yenk) k) y v a(k) A(k) y
Sexp{ -NY@P | U (0)+2N c} sexp{ -NY@P a6/ +2N (}
*) N
where U has been defined in Definition By assumptlon ' we have that u‘6 N

A(k)

UgyN
Lh.s. of |i <e N YE, uniformly in 1 € A. Summarizing for all such £ and N, by observing
that A has at most 2* elements,

(4.11) l. < ZP( ) vy =< 1Al 72 <2k N2,
lEA N

(5/2) > 11. We conclude that if { is chosen small than 1/4, depending only of 77, then the

For (4.8) we introduce

. 5
(4.12) B= {L cYWVR  qu, i% )<=
pn.N

and 0,161},
2

1)
Thus (4.8) < Z P(k) (dH(L,I) > E’I(N’k) = L). Let us observe that for a given such ¢
1€EB NN

. 5 E (¥ A¥ON Dtdy (1,1) > §, Iy jy =031 € TN |
(4.13) P() (dH(L D> Iavp = ) —
EN(eNYﬁNUN(I);IET/N)
N(dH(t,I)>g,I(N,k)=l)
Py(cI)

We have brought back our problem to compute the probability under the renewal distri-
bution Py. Note that {dH(L D>% I =L} c (@x € I,dg(x,0) > §,Iv s = 1} and that if
t={w=0<13<--<iy=1}€ B and we define U, 5 = [1; + 2,L]+1 2]0 ]NV, which is empty
if the distance between 1; and ;1 is strictly smaller than §, then {3x € I,dg(x,1) > g,[ (Nk) =
1} = Uf;(} UreU;, (X € I,I(n 1) =u}. Therefore

/-1 /-1

(4.14) Pn(da,D>6Inpn=1)<), Y Py(xel,Inp=1)< Z Y Pn(xelucl).
j=0 erj,é : EU] 5
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Take j for which (; <x <1;,1, then by using the i.i.d. structure of the interval-arrival of the
renewal process, we also have, recalling that u(n) =P(n € 1),
Py{xtuicl) w(N@-;)u(N( 1 —x)
PyGcI) w(N(@j+1—t5)
o N (@) 451 =2) =1~ HRUNY _ =N (@ =16 +2(NY

(4.15)

uniformly on N € N and on all such (;,1j,1 and x. Note that the last inequality follows by
observing that for all such ¢;,1j,1 and x one has (x—1;)" +(1j41—%)" = (1j11—1;)7) = @l-r-1)5".

We conclude that possibly decreasing the value of {, there exists a constant Cs > 0 such
that % < e CsN" yniformly in ¢ € B.

This leads to have that

. 8
(4.16) <y P(k) ( ( (ﬁk’ N,I) > oo dwvm = t) <|BINe CoN" < 2k Ne=ColN',
NN N »

1€EB
O

PROOF OF THEOREM [1.3| First of all we are going to prove concentration around I j) N
N

Let £ > 0 be fixed (which we will choose in the following). Then, recalling Definition

(4.17) Py (dmr (1Y) 1) >0) =

ap
5(k) #(k) _ pn.N
<H [an(151) ) | T a1 )5
pn.N
By Lemma [4.3| for any €,6 > 0 there exists v > 0 independent of % and N}, such that for all
N>N;, P (P(k ) (d (I (k) ) > 6) <e N y") >1—-¢. To control the Radon-Nikodym deriva-

pn.N BN’
tive we may write

- 5(k)
P, 7, NY @
(4.18) dAfk’;’N )= AﬁN’N € ﬁNU::) < oPVNT(Byon(D-Pyo D) ,BNNYp(k)
dp" Zs o oNPNOY D)
Bn.N pn.N

where pg\}}) =ik M; N is defined in li By using Part (1) of Proposition We choose &

(k)

large enough such that BN py <V/2w.p.1-¢, uniformly in N. This forces to have

) 5(k) ~NTv/2 3
(4.19) P (P, (da (IﬁN’N,I) >5)<e N2 212
The theorem follows by observing that for all large &, dg(I ;k ) N’f b N) <06/2 w.p. 1-¢, uni-
N > ’
formly on N (Proposition [3.5). O

4.3. Proof of Theorem In this section we prove Theorem The proof is based
on the following result

LEMMA 4.6. Let (<#,d &) be a metric space and let xn be a sequence converging to x. Let
UN € M1(F) be such that for any € >0, limy_oo un (x : d(xy,x) >€)=0. Then uny — 6;.

PROOF. The proof is a consequence of the Portmanteau’s lemma [Bil99, Section 2]. O

PROOF OF THEOREM [L5l Let uy = IS,BN,N and oo = 61}3’00. Note that py is a random

measure on X depending of the discrete disorder w®Y, while o, depends of the continuum
disorder w). Therefore if we couple together these disorders as in Lemma We have

that by Theorems (see Remark UN (I | dH(IAﬁAN)N,I) > 6) £ 0and IA[;N,N - Iﬁ oo
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To conclude the proof let us observe that the law of uy is a probability measure on
A(1(X), the space of the probability measures on X, which is a compact space because X is.
Therefore we can assume that p has a limit in distribution. We have thus to show that this
limit is the law of . For this purpose it is enough to show that there exists a subsequence
N, such that upy, @ Uoo- It is standard to check that we can find a subsequence N;, such that

P-a.s. P-a.s. 2

UN, (I | dp(f B N , 1) > 5) S%0and ] by Ne I fr007 therefore by Lemmawe conclude
k” kR B
that upy, Poas. oo and this conclude the proof. O

5. Proof of Theorem
The goal of this section is to give a proof of Theorem[1.6]

As preliminary fact let us show that if g < ,Bc then poo = 10,1}, while if § > ,Bc then
Ipoo#{0,1}.

To make this let us consider the maximum of the difference between the Continuum En-
ergy and the Entropy , Upoo= Gool B,00) -Ed B,00), defined in . Then when-
ever ilg o, < —1, we have that -1 =-E({0,1}) =g < —1 and this implies that 15, ={0,1}
by uniqueness of the maximizer. On the other hand, if Zig o, > —1, then there exists I #{0,1}
such that Upg(I) > —1 because Up ({0,1}) = —1, so that {0,1} C I B,00- In particular, since
B — g oo is non-decreasing, we have that IAﬁ,oo ={0,1}if B < ﬁc and fﬁ,oo #{0,1}if B> ﬁc.

To prove the theorem we proceed in two steps: in the first one we show that a.s. for any
€ > 0 there exists fo = fo(e) > 0 random for which fﬁ,oo c[0,e]ull—¢,1] for all B < Bo. In
the second one we show that if € is small enough, then the quantity of Energy that we can
gain is always too small to hope to compensate the Entropy. To improve this strategy we
use some results on the Poisson Point Process that we are going to recall.

Let us start to note that the process (Yi(oo),M §°°))i€N c [0,1] x R, is a realization of a
Poisson Point Process I1 with intensity
a

(5.1) u(dxdz) = 1[0,1](x)z1+a l[o,oo)(z)dxdz.
In such way, as proved in [Kin93|, the process

1
(5.2) X;= ) zlxel0,tlull-¢1]), te 0,5

(x,2)ell
is a a-stable subordinator. The behavior of a a-stable subordinator in a neighborhood of 0
is described by [Ber96, Thm 10 Ch. 3], precisely if (X;); is such subordinator with a € (0,1)
and & :R; — R, is an increasing function, then limsup,_, ¢+ X;/h(¢t) = co or 0 a.s. depending
on whether the integral fol h(t)~“dt diverges or converges. In particular by taking ¢ > 1 and
h(t) = tY%10g?%(1/t) in a neighborhood of 0, we have the following result

PROPOSITION 5.1. Let (X;); be a a-stable subordinator, with a € (0,1), then for every
q > 1 a.s. there exists a random constant C > 0 such that

1 ¢f1
(53) XtSCtD‘IOgU‘ (;)
in a neighborhood of 0.
REMARK 5.2. Let us stress that the process X; is the value of the sum of the all charges

in the set [0,2]U[1—¢,1]. Therefore it gives an upper bound on the energy that we can gain
by visiting this set.



PINNING MODEL WITH HEAVY TAILED DISORDER 19

~ 5.0.1. Step One. Let us show that a.s. for any € > 0 there exists fo = Bo(€e) > 0 for which
Ig 00 <10,e]Ul1-€,1] for all < By. Otherwise there should exist € > 0 and a sequence f;, > 0,
Br — 0 as k — oo such that I g, .,N(e,1—€) # @. Let x be one of such points, then, by Theorem
[2.5) we have that E(f, o) = E(0,2,1) = €” +(1—¢)". Let S = ¥y M{™, which is a.s. finite.
Therefore by observing that i g, oo = B0 p,,00) —E g, o) = —1 we get

(5.4) BrS = ProooIp,c0) ZEU g, o) —12€" +(1—€)' - 1.

There is a contradiction because the L.h.s. goes to 0 as f; — 0, while the r.h.s. is a strictly
positive number.

REMARK 5.3. Let us note that if we set By = Bo(e) = (¥ +(1—¢€)" —1)/S then for all § < By
it must be that I, < [0,e]U[1-¢,1]. Moreover let us stress that which such choice o | 0
ase 0.

5.0.2. Step Two. Now let us fix € > 0 small and Bg = fo(€) <1 as in Remark Let
(5.5) e1=suplpoonl0,el,
(5.6) eg =inflg oo N[1-e¢,1].
Let é = max{e1,1 —e€9}. If ¢ = 0 we have finished. Then we may assume that € > 0 and we

choose ¢ > 1, C > 0 for which Proposition 5.1 holds for any ¢ <€, namely

. 1
5.7) B6 0o p00) < PoXe < Céu logs (—) ,
é
Moreover, by Theorem [2.5| we have that
(5.8) E(po)z e +(1-8).

In particular if € is small enough, we have that
. &Y
(5.9) E(fpe0)—1> %

Therefore with, if necessary, a further restrictions on € and By by recalling that a,y € (0,1)
we conclude that for all < o

. . 1 & .
(5.10) E(00)— 1= P60l 00) < Céw loge (—) < % <E(po0)-1,
€

which is a contradiction. Therefore ¢ must be 0 and this implies that I .00 = 10,1} for each

B < Po.
6. The Directed Polymer in Heavy Tailed Random Environment

Originally introduced by [HH85[, the directed polymer is a model to describe an inter-
action between a polymer chain and a medium with microscopic impurities. From a mathe-
matical point of view we consider the set of all paths of a 1+ 1 - dimensional simple random
walk starting from O and constrained to come back to 0 after N-steps. The impurities —
and so the medium-polymer interactions — are an i.i.d. sequence ({w; ;}; jen,P) placed on
all integers that can be touched by the walk (note that for any N we have about N? points
which can be touched). More precisely for a given path s we define the Gibbs measure

ePon(s)

6.1) (s)= ,
( HpN(s Qs

where on(-) =Y, ;w; j1(s; = j) is the Energy and @p v is a normalization constant.
In [AL11] is studied the case in which the impurities have heavy tails, namely the
distribution of w1 1 is regularly varying with index « € (0,2). In this case we have to consider
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an ordered statistics built on a sample of i.i.d. random variables of size about N2, therefore
in (2.5) we have to consider bp2 instead of by as good rescaling for the Energy, cf. [AL11],
(2.4),(2.5)]. This leads to have that to see interesting behavior in the limit of N — co we have
to send S to 0 with N by choosing = Sy ~ BN1"?*L(N), with L a slowly varying function.

Under this scaling of § by [AL11, Theorem 2.1] one has that the trajectories of the
polymer are concentrated in the uniform topology around a favorable curve 7, n. In [AL11,
Theorem 2.2] one shows that there exists a limit in distribution for the sequence of curves
Vsxy.N, denoted by 7. By working on this limit curve one shows that the existence of a
random threshold g, cf. [AL11) Proposition 2.5]. A problem still open concerns the complete
description of its structure. In our work we answer this problem, see Theorem The aim
of this section is to give its proof.

DEFINITION 6.1 (Entropy). Let us consider £° = {s:[0,1] — R: s is 1 - Lipschitz,s(0) =
s(1) = 0} equipped with L°°-norm, denoted by || - |lco-
For a curve y € £° we define its entropy as

1 (d
(6.2) E(y)= f e (—Y(x)) dx,
0 dx

where e(x) = 2((1+x)log(1 +x) + (1 - x)log(1 — x)).

Let us observe that such E(-) is the rate function in the large deviations principle for the
sequence of uniform measures on Z2, the set of linearly interpolated ]lv-scaled trajectories
of a simple random walk.

DEFINITION 6.2. We introduce the continuous environment 7., as

(6.3) Too(Y) =) T; "0z, (graph(y)),y € L.

Here graph(y) = {(x,y(x)) : x € [0,1])} € 2 = {(x,y) c R? : |y| < x A(1 —x)} is the graph of ¥,
a €(0,2) is the parameter related to the disorder, T'; is a sum of i-independent exponentials
of mean 1 and (Z;);en is an i.i.d.-sequence of Uniform(2) r.v.’s. These two sequences are
assumed to be independent with joint law denoted by P..

For 8 < co we introduce

(6.4) 75 = argmax {froo(y) — E(y)}
yeLo

and we set ug = Bro(7p) — E(¥p). Since fro(y =0)-E(y =0) =0 a.s. we have that ug=0
a.s., consequently we define the Random Phase Transition as

(6.5) e =inf{f>0:up >0} =inf{>0:75 %0}

_1
6.1. The Structure of .. The random set (Z;, T, )ienc2 xRy is a realization of a
PPP(u*) called IT* with density given by

N 1g(x,y) «
(6.6) ur(dxdydz) = ] aa 10 00)(2)dxd ydz.
Let us introduce the process
1
(6.7) U= Y 2W(xy)€A®), telo, —]
(x,y,2)ell* 2

with A(¢) = {(x,y) € 2 : x € [0,1],|y| < ¢t}. The problem is that (Ut)te[O,%] is not a Lévy Pro-
cess, but, at the same time, it is not too far from it. Indeed it has cadlag trajectories and
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independent but not homogeneous increments because the area of A(¢#) does not grow lin-
early. Therefore by introducing a suitable function ¢(¢) > ¢t we can replace A(t) by A(¢(t))
in order to obtain a process with homogeneous increment. In particular we take ¢(t) =
1/2(1 — v1-4¢) in such a way that Leb(A(¢p(¢))) = ¢ for all ¢ € [0,1/4]. Then the process
Wi = Uy is a subordinator and W; = U; for any ¢ € [0, 1/4].

To prove Theorem we start showing a general fact of this model: for any a € (0,2)
and for any € > 0 we have that ||Vl <€ (that is graph(yg) < A(e)) if § small enough. To do
this we need some preliminary results

PROPOSITION 6.3. Let E be the entropy of Definition|6.1] Then for all y € £° if z = (x,y) €
graph(yg) we have that

(6.8) E(y) = E(y.),
where v, is the curve obtained by linear interpolation of {(0,0),z,(1,0)}.
PrOOF. [AL11, Proposition 3.1] O

Moreover as shown in [AL11], Proof of Proposition 2.5], there exist two constants C1,Cqy >
2 2 2 2
0 such that for all z = (x,y) € 2 we have C1 (% + 1| < E(y.) < Ca (% + £ ). This leads to
have that there exists Cy > 0 for which
(6.9) E(y.)= Coy?,

uniformly on z € 2.

PROPOSITION 6.4. For any fixed a € (0,2), Poo-a.s. for any € > 0 there exists Bo = Po(e) >0
such that |7l <€ for all p < Bo.

PROOF. By contradiction let us suppose that there exists € > 0 such that for a sequence
Br — 0 as k — co we have ||}, |l = €. By continuity of 74, there exists a point x € [¢,1 €]
such that 74, (x) = €.

By [HMO07, Plroposition 4.1] with probability 1 there exists a random set A < N such

that S=Y,co T, “ < oo and for any y € £0 it holds that S = 7,.(y). For instance if a € (0,1),

then A =N, while if a > 1 then A CN. Since ug, = Br7o(¥p,) —E(¥p,) = 0 we obtain that a.s.

(6.10) ﬁkS > ﬁk”oo(?ﬁk) = E()Afﬁk) = E()/Zz(x’e)) => 0062.

Sending B; — 0 we obtain a contradiction because the L.h.s. converges to 0. O
PROOF OF PROPOSITION[1.7l. We have to prove only the point (1), the other one has

been already proven in [ALI1]. Let € > 0 be fixed and Sy = fo(€) such that || {4lle < € for all

B < Po < 1. Let moreover € = max|yg(x)|. Our intention is to estimate the energy gained by

¥p by computing the total charges contained in the region Ae. For this purpose let, ¢ > 1
and C > 0 for which Proposition[5.1] holds for the process W; and then for U;. Therefore

. _1 s q 1
(6.11) Too(¥p) = Z T, “1(z,ea,) =Ues < Céxloge 7
1eN
For the Entropy we use directly Equation (6.9):
(6.12) E(yp) = Coé®.
Conclusion: if € is small enough we get

1
(6.13) Brioo(7p) < Cé log® (;) < Coé® <E(yp),

because a < % and this forces to have ug =0 for all g < fo. O
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7. Possible Generalizations and Perspectives

Let us discuss what happens with different choices of the parameters y and A.

(y=1) If y =1, then for any (xi)f:1 c(0,1) one has that (Zzzlxk)y > Zzzlxz (where the
equality holds only if y = 1). This implies (by a simple induction argument) that the Entropy
function E(I) is non-increasing (strictly non-increasing if y > 1) on X™| therefore for any
fixed f >0 and N €N, the solution of Equation (2.3) is I y ={0,1/N,---,1}. Thus whenever
N — oo the limit set is the interval [0, 1], independently of our choice of . Unfortunately
with this choice of y, the function K(-) is not sub-exponential and thus we are not able to
prove concentration of 7/N around I, n. Anyway we conjecture that 7/N converges always
to the whole segment [0, 1].

(y = 0) To give sense to this limiting case it is convenient to consider Equation (1.4), that

is K(n) :=P(r1 = n) ~ L(n)nP, with p < —1. This particular case is very interesting, since the
power-polynomial case is the most studied case in this type of model, due to the physical
interpretation and its mathematical richness, see for instance [Gia07,|Gial0, dHO07]. If we
work with such renewal process, we conjecture that the correct rescaling will be given by
B =PBn ~N"V%logN and the limit measure for the the sequence P‘[‘;N () will be give by a
more complicated structure than the §-measure of a single set. This would mean that we do
not have concentration around a single favorable set.
The conjecture on Sy appears by analyzing the specific case in which p € (-2,-1). In that
case our strategy is to write the Gibbs measure in a Polynomial Chaos expansion, as done
in [[CSZ14] and consider the first term of the sum. Then we prove that if we take f = as
above, the Laplace transform converges, therefore if a good rescaling exists it should be Sy .
We thus conjecture that the same rescaling works for all possible choice of p < —1.

(h < 0) According to the first part of Section 4] in the Pinning Model we can always
assume A = 0 by changing the underlying renewal process. If 4 > 0 this new renewal process
turns out to be terminating. In this regime, however, the behavior of its renewal function
u(n) := P(n € 1) cannot be stretch-exponential, as proven in [BLO8, Theorem 2.1], thus our
proof about the concentration cannot work. We conjecture that in this case /N converges
always to [0, 1].

Appendix A. Asymptotic Behavior for Terminating Renewal Processes

In this section we consider a terminating renewal process (7,P) and K(n) = P(r1 = n),
with K(co) > 0. The aim is to study the asymptotic behavior of the renewal function u(N) =
PN € 1) =Y, K*™(N), where K*™ is the m!"-convolution of K with itself under the as-
sumption that K(-) is subexponential. We refer to [FKZ09] for the general theory on the
subexponential distribution and for the notations that we follow.

DEFINITION A.1 (Long-Tailed Distribution). We say that a discrete probability density
q on N is long-tailed if g(n) > 0 for any n large enough and if

+k
(A1) lim 220
n—oo q(n)
for any fixed & > 0.
DEFINITION A.2 (Sub-exponential Distribution). We say that a discrete probability den-
sity ¢ on N is subexponential if it is long-tailed and

(A.2) @) ~2q(n), n— oo.
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The result in which we are interested in is the following

THEOREM A.3. Let K(-) be a discrete probability density on NU {oo} such that K(co) >0
and let 5§ =1 —-K(co) < 1. Let q(-) defined as q(n) =6 1K(n). If q is subexponential, then
u(n) 1
K(n) K(oo0)?’

Its proof is a simple consequence of the Dominated Convergence Theorem by using the
following results

(A.3) lim
n—oo

LEMMA A.4. Let q be a subexponential discrete probability density on N, then for any
m=1

(A.4) 7" ™) "= mq(n).
Proor. [FKZ09, Corollary 4.13]. O

THEOREM A.5. Let q be a subexponential discrete probability density on N. Then we
have that for any € > 0 there exists Nog = No(e) and ¢ = c(€) such that for any n > Ng and
mz=1

(A.5) 7*™n) < c(1+e)q(n).
ProoF. [FKZ09, Theorem 4.14]. m]

A.1. The case of K(n) = e %", The goal of this section is to prove that if we take
a non-terminating renewal process such that K(n) ~ nPL(n)e" %" where Y €(0,1), 6 >0,
p € R and L(n) is a slowly varying function, then it is subexponential.

By [FKZ09, Theorem 4.11] w.l.0.g. we can assume K(n) = n?L(n)e™¢"", with L be an-
other slowly varying function. Since y € (0,1) it is not difficult to see that such K(:) is
long-tailed. We have to show that lim,_, K *@(n)/K(n) = 2. By [FKZ09, Theorem 4.7] it
is enough to prove that for any choice of A = h(n) — co as n — oo, with A(n) < n/2, we have
that Y4 K(n - m)K(m) = o(K(n)), as n — co.

Let us consider R(y) = y", with y € (0,1). R is a concave increasing function and R'(y) =
yy”_l is strictly decreasing, so that given two integer points n,m such that n —m > m we
have

(A.6) R(n)—R(n—-m)<mR'(n-m)<mR'(m)=ym" = yR(m),

By Karamata’s representation for slowly varying functions [BGT89, Theorem 1.2.1] there
exists ¢1 = 1 for which L(xr) < ¢1L(r) for any x € [%, 1] and r = 1. This implies also that for
any p € R there exists ¢ = ¢(p) such that (xr)PL(xr) < erPL(r) for any x € [%,1] and r = 1.

Therefore in our case, whenever n — m > n/2 we have that K(n — m) < nPL(n)e~¢-m)" =

K(n)eR(n)—R(n—m)_
Summarizing, by using all these observations we conclude that

Kn - m)K(m) <c io: mPL(m)e” ¢1-VEmM)

m=h(n) K(n) m=h(n)

MM\§

(A.7)

which goes to 0 as ~A(n) — oo and the proof follows by observing that

D K(n-mKm) & K(n-mKm)
@8 T Em 2% Ew
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