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MOURRE’S METHOD FOR A DISSIPATIVE FORM PERTURBATION

JULIEN ROYER

ABSTRACT. We prove uniform resolvent estimates for an abstract operator given by a dissi-
pative perturbation of a self-adjoint operator in the sense of forms. For this we adapt the
commutator method of Mourre. We also obtain the limiting absorption principle and uni-
form estimates for the derivatives of the resolvent. This abstract work is motivated by the
Schrédinger and wave equations on a wave guide with dissipation at the boundary.

1. INTRODUCTION

The purpose of this paper is to prove some uniform resolvent estimates and the limiting ab-
sorption principle for a dissipative operator obtained by a form-perturbation of a self-adjoint
operator. For this we prove a suitable version of the commutators method of Mourre.

Given a self-adjoint operator Hy on a Hilbert space H, the purpose of the Mourre method
(see [Mou81]) is to prove uniform estimates for the weighted resolvent

(A)7° (Hy—2)"1(4)~° (1.1)

when z is close to the real axis. Here A is a (self-adjoint) conjugate opearator and 6 > % The
main assumption on A concerns its commutator with Hy:

]IJ(HO)[HO, lA]]lJ(Ho) > Oé]lJ(Ho), for some a > 0. (12)

Here J is an open interval of R and 1 ; is the characteristic function of J. With this (and other)
assumption(s), the operator (1.1) appears to be uniformly bounded for Re(z) in a compact sub-
set of J and Im(z) # 0. In addition to these resolvent estimates, the method gives the limiting
absorption principle: the operator (1.1) is not only uniformly bounded for z close to the real
axis, but for Re(z) € J it has a limit when £ Im(z) \, 0.

The original motivation for this theory is to prove the absence of singular spectrum for Hy in
J. This is an important question in scattering theory.

Compared to previous commutators methods (see for instance [Put67, Lav69, Lav71, Lav73]),
we see that the assumption (1.2) on the commutator is spectrally localized with respect to Hy.
This result proved to be very efficient for difficult problems such as the N-body problem (see
for instance [PSS81, DG97, HS00] and references therein).

There are so many generalisations of the original result that we cannot mention them all, so
we refer to [ABGY1] for a general overview of the subject. See also [CFKS87].

In this paper we focus on dissipative operators. In [RoylOb], we generalized the result of
[Mou81] for a dissipative operator H = Hy — iV, where V' > 0 is relatively bounded with respect
to Hy. In this case we cannot localize spectrally with respect to the non-selfadjoint operator
H, but it turned out that we can obtain a similar result using the spectral projections of the
self-adjoint part Hy. It is even possible to use the dissipative part to weaken the assumption:

]IJ(HQ)([HQ,’LA]—FﬁV)]l‘](HQ) >Q]IJ(HO), a >0, ﬁ}O (13)

Notice that for a general maximal dissipative operator we only know that the spectrum is included
in the lower half-plane {Im(z) < 0} and the estimates for the weighted resolvent (1.1) (with Hy
replaced by H = Hy — iV') are only available for Im(z) > 0. Then in [BR14] we adapted to this
setting the results of [JMP84, Jen85] about the derivatives of the resolvent. We also mention
[BG10] for a closely related context.

The present work is motivated by the dissipative wave guide. If we consider a Schrédinger
operator on a domain with dissipation at the boundary, we obtain a dissipative operator H which

1



2 JULIEN ROYER

cannot be written as Hy — iV for Hy and V' > 0 as in [Roy10b]. However the quadratic form ¢
associated to H can be written as ¢ = qg — iqe where qq is the quadratic form corresponding to
a self-adjoint operator and geg is a non-negative quadratic form relatively bounded with respect
to qo. This example will be discussed with more details in Section 3. Our main purpose in
this paper is to prove uniform estimates for the resolvent of this kind of operators, as well as
estimates for the derivatives of the resolvent and the limiting absorption principle. A closely
related result has been proved in [ABG] for self-adjoint operators. Moreover the Mourre method
has already been used for wave guides (in a self-ajdoint context) in [KT04].

Compared to the self-adjoint analog, the first motivation for proving a dissipative Mourre
theorem is not to obtain results on the absolutely continuous spectrum and the corresponding
absolutely continuous subspace. Indeed, they are a priori only defined for self-adjoint operators.
However, an absolutely continuous subspace corresponding to a maximal dissipative operator H
on H has been defined in [Dav78] as the closure in H of

+oo
{oen: a0 zomen [ o)l ar< ool ).
0

This definition coincide with the usual one for a self-adjoint operator. Notice that there are
other generalizations for the notion of absolutely continuous subspace in the litterature (see for
instance [NF10, Rom04, Rom06, Ryz97a, Ryz97b, Ryz98]). We prove in this paper that the
uniform resolvent estimates given by the Mourre theory give results on the the absolutely con-
tinuous subspace in the sense of Davies. For this we will use the dissipative generalization of the
theory of relatively smooth operators in the sense of Kato.

This paper is organized as follows. In Section 2 we give precise definitions for the dissipative
operator H which we consider and the corresponding conjugate operator A. Then in Section
3 we describe the applications which motivated this abstract work: the Schrodinger operator
on a wave-guide or on a half-space with dissipation at the boundary, and then the Schrédinger
operator on R? whose absorption index becomes singular for low frequencies. In Section 4 we
state and prove the main theorem of this paper about uniform estimates and the limiting ab-
sorption principle. Finally we discuss the resolvent estimates for the derivatives of the resolvent
in Section 5 and the absolutely continuous subspace in Section 6.

We close this introduction by some general notation. We set
Cy={z€C : Im(z) >0},
and for I C R:
Cr4 ={2€C : Re(z) € I,LIm(z) > 0}.

If Hy and Hy are Hilbert spaces, we denote by £(H1,H2) the space of bounded operators from
H1 to Ho.

Acknowledgements: This work was motivated by discussions with David Krej¢itik, Petr
Siegl and Xue Ping Wang during a French-Czech BARRANDE Project (26473UL). I would
like to thank them warmly for their stimulating questions, their helpful remarks and their kind
hospitality in Prague/ Rez and Nantes. This research is also partially supported by the French
ANR Project NOSEVOL (ANR 2011 BS01019 01).

2. DISSIPATIVE OPERATORS AND ASSOCIATED CONJUGATE OPERATORS

In this section we recall some basic facts about dissipative operators given by form perturba-
tions of self-adjoint operators, and we introduce the corresponding conjugate operators. Let H
be a complex Hilbert space.

Definition 2.1. We say that an operator T" with domain D(T') on the Hilbert space H is
dissipative (respectively accretive) if

Vo € D(T), Im(Tp, @)y <0, (respectively Re (T, )y, =0).
Moreover T is said to be maximal dissipative (maximal accretive) if it has no other dissipative
(accretive) extension on H than itself.
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Notice that the conventions for accretive and dissipative operators may be different for other
authors. With our definition, an operator T is (maximal) dissipative if and only if T is (max-
imal) accretive. Moreover we recall that a dissipative operator T is maximal dissipative if and
only if (T — z) has a bounded inverse on H for some (and hence any) z € C with Im(z) > 0.

Let g9 be a quadratic form closed, densely defined, symmetric and bounded from below.
Let Hy (with domain D(Hp)) be the corresponding selfadjoint operator (see [Kat80, Theorem
VI1.2.6]). We denote by K the domain of the form ¢g (or the form-domain of the operator Hyp).
We identify H with its dual, and denote by K* the dual of K. Let Hy € L(K,K*) be such that

(Hop.v) . =ale,v) forall ¢, € K.

Let go be another symmetric form on H, non-negative and gg-bounded: there exists Cg > 0
such that for all ¢ € K we have

46(#,9)] < Co (lao(, @)l + llel?) - (2.1)

We set ¢ = qo — ige and denote by H the corresponding operator in L(/C, £*).

Proposition 2.2. There exists a unique mazximal dissipative operator H on H such that D(H) C
D(q) = D(qo) and

Vo € D(H), (Hp, )y = alp, ).
Moreover, the domain of H is the set of uw € D(q) such that

Ef € H,V¢ S D(q)a Q(ua ¢) = <f’ ¢>7—[ .

In this case f is unique and we have Hu = f.
We recall from [Roy14] the following lemma:

Lemma 2.3. Let qr be a non-negative, densely defined, closed form on a Hilbert space H. Let
qr be a symmetric form relatively bounded with respect to qr. Then the form qr —iqr is sectorial
and closed.

Proof of Proposition 2.2. There exists v > 0 such that gy + v is non-negative. According to
Lemma 2.3, the form ¢, := go + 7 — ige is sectorial and closed. We denote by H. the maxi-
mal accretive operator associated to g, by the representation theorem (see Theorem VI.2.1 in
[Kat80]). This operator is dissipative. Since it is maximal accretive, (—1+1) belongs to its resol-
vent set, and hence it is also maximal dissipative. Then it remains to consider H = H, —~v. U

It is important to note that the form gg is not assumed to be closable, so it is not associated
to any operator on H. However it defines an operator © € L(K,K*) and we have

H=H,—i0 in L(K,K").
Compared to the setting of [Roy10b], this equality is not assumed to have a sense in L(D(Hy), H).
We will see in Paragraph 3 an example of operator of this form which cannot be written as

H, ., — 1V for Hy,. self-adjoint and V self-adjoint, non-negative and Hj , -bounded with rela-
tive bound less than 1. Our purpose in this paper is to recover the results of [Roy10b] in this case.

According to the Lax-Milgram Theorem the operators i(H — z) and hence (H — z) have
bounded inverses in L(K*,K) for all z € C;. Moreover we have in L(K*,K) the resolvent
identities

(H—2)" = (Hy—2)" 4i(Hy— 2)'O(H — 2)~*
= (Hy — 2)" ' +i(H — 2)7'O(Hy — 2) L.

Notice that for f € H C K* we have

(H—2)"'f=(H-2)f.

We now introduce the conjugate operator A for H. Before the definition we recall from [ABG]
(see Lemma 1.1.4) the following result:

(2.2)

Lemma 2.4. Let A be a self-adjoint operator on H. Assume that K is left invariant by e~ "4

for all t € R. Then the domain of the generator of the unitary group e_itA‘K 18
{peD(A)NK : Ap e K}.
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Given t € R, we remark that under the assumption of Lemma 2.4 we can extend by duality
the operator e~ to K*, which is also left invariant.

Definition 2.5. Let A be a self-adjoint operator on H. We say that A is a conjugate operator
(in the sense of forms) to H on the interval .J if the following conditions are satisfied:
(i) The form domain K is left invariant by e~®4 for all ¢t € R. We denote by & the domain of
the generator of e‘i“‘|]€.
(ii) The commutators By = [Hy,iA] and B = [H,iA], a priori defined as operators in £(E, £*),
extend to operators in L(IC, K*).
(iii) The commutator [B,iA], a priori defined as an operator in £(€, £*), extends to an operator
in L(IC, K*).
(iv) There exist & > 0 and 8 > 0 such that

1;(Ho)(Bo + 50)1.;(Ho) = ol ;(Ho). (2.3)

Remark 2.6. If H = Hy— 1V and A is a conjugate operator for H on J in the sense of Definition
2.3 in [Roy10b] then H can be seen as a perturbation of Hy in the sense of forms and A is a
conjugate operator for H on J in the sense of Definition 2.5.

When dealing with a family of operators indexed by a parameter )\, it may be important to
track the dependance in A of all the quantities which appear in this definition. In this case we
will refer to the following refined version of Definition 2.5:

Definition 2.7. We say that A is a conjugate operator (in the sense of forms) to H on J and
with bounds («, 8,Y) €]0,1] x Ry x R4 if all the assumptions of Definition 2.5 are satisfied (in
particular o and § are the constants which appears in (2.3)) and moreover

Bl <VaX, [B+B0O||Boll<aY and |[B,A]l+A8][©,A4]] <aT,

where all the norms are in L(/C, *).

These definitions include the assumptions we will need to prove a uniform estimate and the
limiting absorption principle for the resolvent of H. However it is known that in order to estimate
the derivatives of the resolvent we have to control more commutators of H with the conjugate
operator A:

Definition 2.8. Let N € N*. We set By = B. We say that the selfadjoint operator A is a
conjugate operator for H on J up to order IV if it is a conjugate operator in the sense of Definition
2.5 and if for all n € {1,..., N} the operator [B,,iA] defined (inductively) in £(&,E*) extends
to an operator in L(K, *), which we denote by By, +1.

Again, for a family of operators it may be useful to control the size of these multiple commu-
tators:

Definition 2.9. We say that A is a conjugate operator for H on J with bounds («, 5, Y n) up to
order N if it is a conjugate operator for H on J with bounds («, 8, T) in the sense of Definition
2.7, if it is a conjugate operator up to order N in the sense of Definition 2.8, and if

N+1

1
T+ o Z HB”HL(’C,IC*) < Ta.
n=2

3. THE DISSIPATIVE WAVE GUIDE AND OTHER APPLICATIONS

Before going further, we give some applications to illustrate the definitions of Section 2 and
to motivate the upcoming abstract theorems.

We first recall that for the free laplacian —A on R? an example of conjugate operator is given
by the generator of dilations

A:—%(m-V—l—V-x)z—i(m-V)——. (3.1)

Indeed for all ¢ € R the dilation e~ maps u to e 4 : & — e~ 2 u(e~'z). In particular
it leaves invariant the form domain H'(R?). Moreover a straightforward computation gives

[—A,iA] = —2A, so A is conjugate to —A on any interval J € R with bound o = 2inf(J) > 0.
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The study of more general Schrodinger operators is usually inspired by this model case.

The first example that motivated this abstract work is the following: let Q C R? be a wave
guide of the form Q = RP x w where p € {1,...,d — 1} and w is a smooth open bounded subset
of R4=P, A general point in Q is denoted by (x,y) with x € R? and y € w. Let a € Wh>(99).
We consider on L?(2) the operator

H,=-A (3.2)
with domain
D(H,) = {u € H*(), d,u = iau on 90} . (3.3)
We could also consider a (dissipative) perturbation of the free laplacian in the interior of 2. This
operator appears in the spectral analysis of the wave equation

2w —Aw =0 on Ry x Q,
Oyw ~+ adw =0 on Ry x 09, (3.4)
w(0,-) = wp, w(0,) =w; on
or the Schrodinger equation
—i0u —Au =0 on Ry x €,
dyu = iau on Ry x 99, (3.5)
u(0,-) = uo on €.

In [Royl4] we have studied (3.5) in the particular case where dimw = 1 and a is greater than
a positive constant at least on one side of the boundary. In this situation it was possible to
compute almost explicitely some spectral properties of H,. In particular we proved that o(H,)
is included in {z € C : Im(z) < —v} for some v > 0 with a uniform estimate for the resolvent
on the real axis, which gives exponential decay for the solution of (3.5). When the absorption
index a is not that strong, for instance if it is compactly supported on 052, the essential spectrum
will stay included in the real axis. Then we need more general tools to prove uniform resolvent
estimates up to the real axis in this case.

We know from [Royl4] that the operator H, is maximal dissipative. The corresponding
quadratic form is

Goipm / Vo2 i /6 el =5 () ~ igo (). (3.6)

It is defined on K = H'(Q2). The self-adjoint part gq is associated with the operator Hy (defined
as H, with the Neumann boundary condition ¢ = 0). However the imaginary part is not associ-
ated to any operator on L?(Q). Since D(H,) # D(H}) = D(H_,) there is no hope to write H,
as Hg o, — iV for some self-adjoint operator Hy, and some non-negative self-adjoint operator
V relatively bounded with respect to Hs,. with relative bound less than 1 as is required in
[Roy10b, BR14].

We define Hy and H, in £(K,K*) as in Section 2. Let L, denote the Laplacian with Neumann
boundary condition on the compact w. L, is self-adjoint on L?(w) with compact resolvent. We
denote by 0 = A\g < A1 < A2 < ... its eigenvalues and by (¢,), oy @ corresponding sequence
of orthonormal eigenfunctions. The spectrum of Hy is given by (J, ey An + Ry = Ry, and the
eigenvalues of L, are the thresholds in the spectrum of Hy. We denote by T the set of these
thresholds. Assume that u € D(Hp) and X € R are such that Hou = Au. Let

i:(&y) ERP X wi e @8y (z,y) da
TERP

be the partial Fourier transform of v with respect to z. Then for almost all £ € RP we have
2 N
(Lo + [E]7 = Mg, ) = 0.

Since L, has a discrete set of eigenvalues, (&, ) vanishes for £ outside a set of measure 0 in RP.
This proves that © = 0, and hence Hy has no eigenvalue.

We denote by V, the gradient with respect to the first p variables on 2. Then we consider
the generator A, of dilations in the first p variables, defined by
ip

(Apu)(z,y) = —iz - Vyu(z,y) — 5
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Then for u € L3(Q), t € R and (z,y) € RP x w we have

—itAg

e u(z,y) = e Tu (e'm,y). (3.7)

Proposition 3.1. Let J C RY. \ T be a compact interval. Let N € N*. Assume that for v € NP
with |y| < N we have
0 a(z.y)| < e ()7 (3.8)
Then A is conjugate to H, on J up to order N.
Proof.  According to (3.7) the form domain K = H'(Q) is left invariant by e~"4= for any
t € R. Let p,¢ € S(Q). If —A, denotes the Laplacian in the first p directions we have
[AiAL] = [- A, iA) = —2A, (on Q) and [a,id,] = —(z-Vy)a (on 9Q),

SO

(1HoriAclo ) =2(Vap Voo + [ (o Vo),

With a = 0 we simply obtain

<[I~{Oa iAzlp, 1/1> =2(Vuo, vIw>L2(Q) :
We similarly compute for any n € {0,..., N}
<ad?Am (ga)(pa 1/1> =2" <vz§0a vzw>L2(Q) - 1/89 ((—$ : Vz)na)@a

This implies in particular that the forms ad;4, (Ho) and adjy, (H,) forn € {1,..., N} extend
to forms on H'(€2). It remains to check the last assumption of Definition 2.5.

e There exist m € N and £ > 0 such that J C [Ay, + &, A\pt1 — €]. Let w € L2(Q). For almost
all z € RP we have u(z,-) € L?(w) so we can find a sequence (u,(x))nen in CY such that

u(z, ) = Z un (), and in particular Z lun (2)> = ||Ju(z, -)||2LQ(W) .
neN neN
This defines a sequence (uy),,cy of functions in L?(R?) with
2 2
Z HunHLz(Rp) = ||U||L2(Q) :
neN
With the same proof as for Proposition 4.3 in [Roy14] we can check that for z € C\ Ry we have
(Hy — 2) " 'u = Z(fAz + A —2) M, @ .
neN
Moreover if u € D(Hp) then u,, € H*(RP) for all n € N and we have
Hou = Z(—A + )t ® 0.
neN
Let n > m + 1. We have

(Ho(tn ® ©n), (Un ® <Pn>>L2(Q) =((—-A+ )\n)un,un>L2(RP) =M\ HUnHiZ(]Rp)
> At [Jun ® <Pn||i2(sz) :

In particular 1 ;(Ho)(u, ® ¢5,) = 0. For a bounded operator T we set Im(T") = (T — T*)/(2i).
Since Hyp and —A, have no eigenvalues we can write

]l.](HO)U = Z 11J(IJO)(UH ® ‘Pn)

n=0
= L Z/Im(—Am+)\n—(T+iM))_1uﬁ®§0ndT
—0JJ

T pn—0
n—

= Z ]IJ(_Am + )‘n)(un) oY Pn-

n=0
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This gives

<[g0,iAz]]lJ(Ho)Ua]lJ(HO)U> = (—24,1,(Ho)u, L;(Ho)u) 2o

L3(Q)

= Z (—28:1 (A + M) (Un) ® @n, Ly (—Ag + An)(un) ® Sﬁn>L2(Q)
n=0

> 26 Y |1Ls(=As + M) (un) © @72

n=0

2
> 2e |1 (Ho)ull72(q) -
This proves (2.3) with a = 2¢ and concludes the proof of the proposition. 0

We could similarly analyse the same problem on the half-space
Q= {(z1,...,24) €R* : 74> 0}. (3.9)

We also mention the Schrodinger operator on R? with dissipation on the hyperplane ¥ = R4~ x
{0} given by the transmission condition

Opyu(x’,01) — 0, u(2',07) = —ia(z')u(2’,0) on X. (3.10)
Here we have denoted by x = (2/,24) a general point in R? with 2/ € R4 and z4 € R.
When d = 1 this corresponds to the second derivative with (dissipative) Dirac potential, usually
denoted by
u— —u" —iad(z)u.
More precisely, given a € W1>°(2) we consider on L?(R?) the operator H, = —A with domain
D(H,) = {u e H'(R") N H*(R*\ ¥) : u satisfies (3.10)} .

Given u € D(H,) we define H,u as the function f € L?(R?) which coincide with the distribution
—Au on R?\ . The operator H, is associated to the quadratic form

Qo : ¢ »—)/ |V<p|2 dr — z/ a(x) |u(:v/,0)|2 dx’,
R4 P

defined on D(q,) = H'(Q).

In both cases, we can take the generator of dilations (3.1) as a conjugate operator on any
compact interval J C R% if for all k& € N the function (2’ - V/)*a is bounded on 99 or ¥ (we
have denoted by V' the gradient in the first (d — 1) variables).

In the same spirit as the last example, we can also mention the dissipative quantum graphs
with some infinite edges and dissipation at the vertices, given by the condition

u1(0) =+ = uy, (0) Zu’(O) = —ia,u(0), (3.11)
j=1
where for a vertex v the integer n, is the number of edges attached to v and a, > 0. For
precise definitions we refer to [Ong], which deals with the limiting absorption principle for such
a quantum graph with self-adjoint boundary conditions at the vertices (in particular (3.11) with
a, = 0 for all vertices v). For various non-selfadjoint conditions on quantum graphs we also
refer to [HKS14].

We finish this section with the example of the Schrodinger operator with dissipation by a
potential in low dimensions and for low frequencies. In this case the dissipative Mourre theory
in the sense of operators as given in [Roy10b, BR14] can be applied, but not uniformly.

We consider on R%, d > 3 the Schrédinger operator
1 x
]

where A > 0 and a € C®(R%,R,) is of very short range: for some p > 0 there exist constants
Ca, @ € N¢ such that

07 a(2)] < ey (z) 2710
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In order to obtain low frequency resolvent estimates for the Schrodinger operator —A—ia we have
to prove uniform resolvent estimates for H) close to the spectral parameter 1 uniformly in A > 0
(see [BR14] for the wave equation). Since a is bounded the multiplication by jza (%) defines a
bounded operator on L?(R%) so for any A > 0 we can apply to H) the dissipative Mourre theory
for perturbations in the sense of operators. However this absorption index becomes singular
when A is close to 0 and it is not clear that this method gives estimates which are uniform in A.
According to Proposition 7.2 in [BR14] we have for u € S

T
il < )2 .

o (5) . =
d d

whenever s and s + 2 belong to } — 5.5 [ The same applies if we replace a by (x - V)*a for
some k € N. This proves that the commutator between the dissipative part of Hy and the
generator of dilations A defines an operator in £(H?(R%), L?(R%)) uniformly in A > 0 if d > 5.
But not if d € {3,4}. However, for any d > 3 it defines a uniformly bounded operator in
L(HY(R?), H-Y(R%)), so it is fruitful to see it as a perturbation of the free laplacian in the sense

of forms. This idea will be used (in a more general setting) in [KR].

4. UNIFORM RESOLVENT ESTIMATE AND LIMITING ABSORPTION PRINCIPLE

In this section we prove the uniform resolvent estimates and the limiting absorption principle
in the abstract setting:

Theorem 4.1. Assume that A is a conjugate operator to H on the interval J with bounds
(o, 8,Y), in the sense of Definition 2.7.

(i) Let I C J be a compact interval and § > 3. Then there exists C > 0 (which only depends
on Ce, I, J, 6, B and Y) such that for all z € C; 4+ we have

[ -, <% (41)

(ii) Moreover for all X € J the limit

(A (H — (A+140)) " (A)° = Tlim (A)~° (H - (A+ip) " (A)~°

n—0t
exists in L(H) and defines a continuous function of A\ on J (it is Hélder-continuous of

. 26—1 . . __45
index 5577 with a constant of size o 2541 ),

1

Remark 4.2. Taking the adjoint we obtain the same estimate with (H — z)~' replaced by

(H* —z)~ L.

The rest of this section is devoted to the proof of Theorem 4.1. To simplify the notation, the
symbol “ <7 will be used to replace “ < C' 7 where C' is a constant which depends on Cg, I,
J, ¢, 8 and Y. The dependance in « €]0,1], z € C; + and in the parameter ¢ (which will be
introduced in the proof) will always be explicit.

Let ¢ € C§°(R,[0,1]) be supported in J and equal to 1 on a neighborhood of I (notice
that all the estimates below will also depend on the choice of ¢). We set ® = ¢(Hp) and
®L = (1 — ¢)(Hy). We have

dc LK K) and & € L(H) N LK) N LK.
Now let
Mo = ®(By+ 0)® and M = &(B + $O)d.
The operators My and M are bounded on H, and Mj is the self-adjoint part of M. After
multiplication by ® on both sides, assumption (2.3) reads

My > a®? (4.2)
The proof of the following lemma is postponed to the end of the section:

Lemma 4.3. The operator [M, A], a priori defined as an operator in L(E,E*), extends to an
operator in L(K*, ) which we denote by [M, Alxc. Moreover we have

M, Alkll e ) S
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Let ¢ > 0. The operator H — ieM is maximal dissipative on H with domain D(H), so for
z € Cy4 it has a bounded inverse (H —ieM — z)~! in L(H,D(H)). As above for H, the operator

(H —ieM — z) € L(K,K*) has a bounded inverse
G.(¢) = (H —ieM — z)~' € L(K*,K).
The Mourre method relies on the so-called quadratic estimates (see Proposition IL.5 in [Mou81]).

Here we will use the following version:

Proposition 4.4. Let vy be a quadratic form closed, densely defined, symmetric and bounded
from below. Let Py be the corresponding selfadjoint operator. Let K., denote the domain of the
form ~g. Let v be a non-negative and ~o-bounded form on H. Let P be the maximal dissipative
operator associated to the form ~vo — ivyr, and P the corresponding operator in LKy, K5). Let vy
a non-negative form on K. which satisfies v < yr. Then for z € C4 and ¢ € K, we have

A((P= 279 < (P27 ee)

Ko K2

Y((P*=2)""p) < ‘<(p?)1<ﬁ, 50>zc7,;c* :

If p € H we can replace P by P in these estimates.

Proof. For z € C and ¢ € K7 we have

- 3 1 - - ~ 3 - B
WP =271) <5 (P =2) = (P=2) (P —2) "o, (P = 2)'p)

i K Ky
1 ~ -

SR e e P-97)
21 <( 27 KyKx o 21 # 27 Kz Ky

<1 <P7 Lo, > .
m (P —2z)"p,p s

The second estimate is proved similarly. O

Proposition 4.5. Let Ky stand either for K or H. Then there exists e €]0,1] (which depends
on Ce, I, J, B and Y) such that for Q € L(KF), z € Cr 4+ and € €]0,e0] we have

122G ()R £ ks ) S 1@ iz + 1Q7C=(E)QN 2 s i) (4.3)
1 N 1
Hq)Gz(E)QHL(ICS,IC) S m Q@ GZ(E)QHL(}CSJCU) ) (4.4)
1Q* G- (&)QIIZ s oy
1G=(€)Qll cicz i) S NQll ey + NG ; (4.5)
and for ¢ € K§ with ||¢] ky S L
16 (9G-()29) + 10 (B-G=(£)0¢) < 1Q10s) +1Q° G- pges - (46)

These estimates also hold if G,(¢) is replaced by G,(£)* on the left-hand sides.
Applied with @ = Idc-, (4.5) gives an estimate on G, (¢) alone:

Corollary 4.6. For z € C; 4 and € €]0,&0] we have
N 1
1G= ()l 2c- oy +1G=E) gy S o2
Proof of Proposition 4.5. ¢ Let z € Cy 4. Since ® + &+ =1, (4.5) is a direct consequence of
(4.3) and (4.4). Let ¢ € K. According to (4.2) and Proposition 4.4 applied with Qy € K* and

the form ¢ corresponding to ac®? we have

2G.()Qpl% = = (as9°C.(0)Qp, G- ()Q¢)y,
1
e ‘ (G.(e)Qe, Q‘P);c,)c*

1 *
s 1Q*G=()Q £z o) 1]

N

N

2
K
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Since ¢ is compactly supported in J, there exists a constant ¢ which only depends on J such
that

2 c * 2
[2G-(e)Qelc < e 1Q Gz(E)QHL(/cgJCO) ||<PH1C;; :
The same holds with G, (¢) replaced by G.(g)*, and (4.4) is proved.

e Since the quadratic form ¢g is non-negative we can apply the Cauchy-Schwarz inequality:
for 91,12 € K we have

ge (Y1 +¥2) < qo(¥1) + 2/ qe(¥1)V g (¥2) + go(v2) < 2q0 (Y1) + 2¢e (12).
In particular
4o (PG (e)Qp) < 240(G=(2)Qp) + 2q0(PTG.()Qp).
According to Proposition 4.4 we have

46 (G=(2)Q%) < |(Q"G=()Q¢, @)y 5| < 10" C=()Ql s ey IR - (4.7)
On the other hand, according to (2.1)
46(PG.(£)Q0) < Co |84 C.()Qy | . (4.8)
We obtain
46 (G- (6)Qp) < 2(1Q*C=()Qll s ko) 215, +2C0 |24 G- ()Q¢] . (4.9)

Thus we have to prove (4.3) to prove (4.6). The proof of (4.6) relies itself on (4.9).
e According to the resolvent identity (as in (2.2)) we have in L(K§, K)

LG, ()Q = dH(Ho — 2)'Q + i@ (Hy — 2) 71 (O + c®@ B + £ 209)G.(2)Q.

By functional calculus the operator ®*(Hy — 2)~! belongs to £(K*, K) uniformly in z € Cy 4.
Let ¢ € K and 9 € K*. According to the Cauchy-Schwarz inequality we have

(04— 2)7'0G.()Qw. ) = 40 (Gx()Q, @ (o —2) ')

N

< e (G=(e)Q¢) *qo (P4 (Ho —2)'9) .
According to (2.1) we have

2
K

4o (@*+(Ho ~2)"v) < vl
With (4.7) this proves that

[ot i - 2700000, . 2 1Q°C-EQNE ;x4

LKS.K

Then we have

|0 (s - 2 eBeG.()Q < Vae [ 262 (0)Ql £ ocs

1
SVe HQ*Gz(E)QHZ(;c;;JcU) :
On the other hand, according to the Cauchy-Schwarz inequality and (4.9) we have

L(KG:K)

ef Hd)l(flo - z)_1<I>@<I>GZ(5)Qg0H’C

Finally we obtain
||(I)LGZ(€)QH£(1<3J<)
< (191l 0cs) + 197 C-)QN 2 ey + 2 197 Co()Q s 1)) -
This gives (4.3) when & > 0 is small enough. Then (4.9) and (4.8) give (4.6). O

Lemma 4.7. On L(D(A),D(A)*) we have
G.(e)BG,(e) = 1AG,(e) — iG,(e)A — G, (e)[M, Al G (e).
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Proof. Let ¢, € D(A). Since &€ is dense in K we can consider sequences (¢n),cy and (¥n),cx
in £ such that ¢, = G, ()¢ and ¥, = G.(€)*¢y in K. Since B € L(K,K*) we have

(Ben, Ym) ——— (G=() BG=(€)p, 1) -
On the other hand, since ¢, ¥, € D(A) and Ay, A, € K we can write

<B(pnawm> = <[I~{32A](pnawm> = <[I~{ —1eM — zaZA](Pnawm> — € <[Ma A]‘Pna"ﬂm) .
According to Lemma 4.3 we have
(M, Alpn, Ym) ——— (G-(e)[M, Al G=(e)p, ¢) -

n,m—oco

And finally
lim <[H —ieM — 2,3 A, ¢m>

n,m—oo

=i lim lim <A¢n,(Hf¢stz)*¢m>M* — lim lim <(ﬁ—i€M—z)<pn,A1/)m>’C*’C

n—o0 mMm—0o0 mM—>00 N—00

=4 lim (Apn, ¥)x jor — ln%gnoo (@y Aim) e+

n—oo
=4 lim (App, P)y =1 im (@, )y,
=4 i (pn, AP)y =1 Tim (Ap, Pm)y,
=1 <Gz (E)QDa Aw>7-[ =1 <A90a G. (5)*1/1>H .
The lemma is proved. O

The strategy for the proof of Theorem 4.1 is standard and relies on the following abstract
result about ordinary differential equations (see Lemma 3.3 of [JMP84]):

Lemma 4.8. Let X be a Banach space, g9 €]0,1] and f € C*(]0,e0], X). Suppose there exist
v €10,1], v2 € [0,1], 73 € R, and ¢1,co > 0 such that
Ve €]0,e0l,  If' @I S cae™ (L +[IfEI™)  and |[[f(e)] < cae™™.

Then f has a limit at 0 and there exists ¢ = 0 which only depends on €y, Y1, Y2, Y3, 1 and co
such that
Ve €]0,e0f, [If(e)ll < e

Now we can prove Theorem 4.1:

Proof of Theorem 4.1. o For £ €]0,1] we set Q() = (A)° (¢A)°~". According to the func-
tional calculus we have

1QE) I <1 and  [AQE) g + 1Q(E)All Ly S 7 (4.10)
Denoting by a prime the derivative with respect to ¢ we also have
1Q" Nl gy S (4.11)

e For z € Cr 4 we set

F.(e) = Q(e)G:(e)Q(e)-
According to (4.10) and Proposition 4.5 applied with @ = Q(g) we have for £ €]0,¢] (g0 being
given by Proposition 4.5)

IF@) < I6-EQE 5 1+ 1591, (4.12)
and hence )
IP-0)] £ (413)

e We now estimate the derivative of F:

Fi(e) = Q'()G:()Q(e) + Q(e)G=(e)Q' (6) + iQ()G(e) ®(B + fO)2G()Q(e)
Proposition 4.5 and (4.11) yield

|@@@@W@+Q@@@m%ms&*Q+¥%%§) (4.14)
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and
1Q(e)G(e)2ORG(e)Q(e)ll S 1+ [[F=(e)ll 220 - (4.15)
For the remaining term we write in L(C, £*)
®B® = B — ®BP* — ' BP — ¢+ B
According to Proposition 4.5 we have
F
|Q(e)G(e)(®BP* + &+ B® + ¢+ BO)G()Q(e)|| S 1+ %

e According to Lemma 4.7 we have on L(H):
Q(e)G=(e)BG:(e)Q(e) = iQ(e) AG:(e)Q(e) — iQ() G- () AQ(e)
—eQ(e)G,(e)[M, Al G.(e)Q(e).
With (4.10), Proposition 4.5 and Lemma 4.3 we get

1 _ 3 1
1Q(e)G.(e)BG.(e)Q(e)|| S 1+ a 3~ 2 |F()]|7 + | Ea(e)] -
Together with (4.14) and (4.15) this gives
aF. ()| S 4% laFu(e)| + & [aF.(e)]|? (4.16)

and hence, according to Lemma 4.8, we finally obtain
1
||FZ(E)|| 5 aa (417)

which gives the uniform resolvent estimates (4.1) when ¢ goes to 0.
e Now we prove the limiting absorption principle on I. Without loss of generality we can
assume that § € ]%, 1}. We prove that there exists C' > 0 such that for all z, 2" € C; 4 we have
256—1
[ (=27 = (=) )| S - (4.18)
L(H)
For any ¢y > 0, (4.18) is a direct consequence of the uniform estimate (4.1) as long as |z — 2| >
co, 80 it is enough to prove (4.18) when |z — 2’| < ¢pa for some well chosen ¢y > 0. According
to (4.16) and (4.17) we have
IFL(e)]| S a™'e’2,
and hence
IF.(e) = FL(0)]| S a~'e" 2.

Of course we have the same estimate for z’. Moreover, according to (4.12) we have for all
e €]0, 0]

H%Fz(s) = |Q(e)G.()*Qe)| < 1G=(e)Q(e)]| £ év
and hence |
IF(e) = Fae)l| < la;l

Given z and 2’ we take

|z — 2'| T
(=)

If ¢y was chosen small enough then € €]0, £¢], and we obtain
IE(0) = P O)]] S a7 5% |2 — /|5
which is exactly (4.18). Now for all A € I the function
pos (A7 (H = (i)

has a limit when p goes to 0. Taking the limit Im z,Im 2’ — 0T in (4.18) proves that this limit

is a Holder-continuous function of index 52—;}. O

T

To conclude we have to give a proof of Lemma 4.3:
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Proof of Lemma 4.3. The proof is inspired by the proof of Lemma 1.2.1 in [ABG].
e For 6 € R we set

Hy = e Hoe™ 94 ¢ L(K,K¥).
We first prove that the map 6 — Hy is strongly C'! and that for all §,7 € R and ¢ € K we have
in ¥

(I:IT — I—ifg)go = —/ e A Bye A ds. (4.19)
0
This gives in particular

[ = 7o ) S 17 =011 Bollze (4.20)

Let # e R and ¢ € &. For € € R* we have

H —H, e“fA—l . oach —1 - i
9+e€ 05— e0+A ] - e"i0A, | elBA?HOQ—l“@. (4.21)
Since e~4¢p € £ we have
—icA __ 1 ) .
- g 6710A80 EEO ide 7161490,

and hence the first term in the right-hand side of (4.21) goes to —ie?AHyAe= 4o in K* when e
goes to 0. Now let g = Hpe "4 € K*. Since D(A) is dense in K*, we can consider a sequence
(9n)nen € D(A)N such that g, — g in K*. For all n € N we have in H:

eiaA -1

9 9

-
gn — 1Ag, = 1/ (eiTA —1)Ag, dr.
0

In £* we can let n go to infinity (we use the Lebesgue dominated convergence theorem for the
right-hand side). We obtain that the equality holds in £* when g, is replaced by ¢, and hence
the second term in the right-hand side of (4.21) goes to ie?AAH e~ 4, in £*. This proves that
the map 0 — Hyyp is differentiable with derivative —e®A[Hy, iAle= 4y € £*, and hence (4.19)
holds in £(&,E*). Since By = [Hy,iA] extends to an operator in £(K,K*), this is the case for
both terms in (4.19) and we have the equality in L(IC,K*).

e On L(K,K*) we have [Hy, €?4] = (Hy — Hyg)e?* and hence for t € R and § € R* we have in
the strong sense in L(IC, K*):

) ei@A 1 ei@A —1 . 1 t ~ ) )
etho : - : e’LtH[) == esto [iHo, ezGA]ez(tfs)Ho ds
0 0 0
¢ - -
_ isHo Ho — Hy A yi(t—s)Ho o
0 0

The operator 4 goes strongly to 1 in £(K) and ¢ p =L converges strongly to A in £(€,K) and

L(K*, E*). Moreover

¢isHo Hy — Hg 04 i(t—s)Ho
0
is uniformly bounded in £(K, K*) according to (4.20). Since ZozHe — By strongly in £(K, K*)
when 6 goes to 0 (see (4.19)) we can apply Lebesgue dominated convergence to obtain

t
[eitHg’A] :/ eisHOBOei(tfs)Ho dS,
0

in the strong sense in £(&,£*). But the right-hand side defines an operator in L(IC, £*), so the
operator on the left has an extension in £L(KC, *) and

H[eitHOaA]HL(K:Jc*) 5 |t| ||B0||L‘,(K:,IC*) : (422>

o Lety:zw ¢(x)(z—i)* and ¥ = ¢p(Hy). We have ® = (Hg — i) "1 W(Hy —14)~L. On L(E,E)

we have
[P, 4] = \/%/ ”H“ A P () dt.
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The right-hand side extends to an operator in L£(K,XC*). Then this is also the case for the
left-hand side, and moreover

109 Al ey S VBl | [e00)]

Then

[®,A] = [(Ho — i)™, AJW(Ho — i) ™" + (Ho — i)' [W, A](Ho — )"

+ (Ho — )" W[(Ho — i)™, AJ.
Since
[(Ho — )™, Al = i(Ho — i)' Bo(Ho — i)~ € L(K*,K),
this proves that [®, A] € L(K*,K) and
1@, All gy S 1Boll i

e Now it only remains to write

[Mo, A] = [®, A(B + 0)® + ®[B + 6, A|® + ®(B + 50)[D, A]
to conclude the proof. O

5. MULTIPLE COMMUTATOR ESTIMATES

In this section we generalize the multiple resolvent estimates known for a self-adjoint operator
(see [JMP84, Jen85]) or for the perturbation by a dissipative operator (see [Roy10b, BR14]).

Let N > 2 be fixed for all this section. We will use the notation of Definition 2.9. Thus the
symbol “ <7 will stand for “ < C'” where C' is a constant which depends on Cg, I, J, ¢, 5 and
Ty.

Forn € {1,...,N} and € €0, 1] we set

n . ;
(716)] *
Cu(e) =) i B; € L(K,K*). (5.1)
j=1

In order to prove multiple resolvent estimates, we first need some estimates for the inverse of
(H + Cple) — z) It is not clear that this operator has an inverse, since for n > 3 there is an
anti-dissipative term in C),(g), but it will be the case for € small enough. The following result

generalizes Lemma 3.1 in [JMP84] (see also Lemma 3.1 in [Roy10b]) to our setting:

Proposition 5.1. Suppose A is a conjugate operator for H up to order N on J with bounds
(a, 3, Tn).

(i) There exists ey > 0 such that for n € {1,...,N}, z € Cr 4 and € €]0,en] the operator

(I:I + Ch(g) — 2) has a bounded inverse in L(K*,K), which we denote by G?(¢).

(ii) Forn €N, z € Cr 4 and e €]0,en] we have
” 1
G2 (5)||5(1<*,1<) S o
and

_ 1
n 1 <
Gz () {4) Hz:(%,;c) ~ayE’

(iti) The function e €]0,en[— GZ(e) is differentiable in L(K*,K). Moreover in L(D(A), D(A)*)

we have the equality

Lere =ore). 4 -1 e

n!
For the proof of Proposition 5.1 we need the following lemma, inspired by the standard
technique for factored perturbations (see [Kat66]):
Lemma 5.2. Let T € L(K,K*) and assume that T has an inverse T~1 € L(K*,K). Let P, €
L(H,K*) and P, € L(K,H) be such that HPQT_1P1HL(H) < 1. Then T+ PP, € L(K,K*) has a
bounded inverse given by T-1 — T 'PIT 'PT~1 € LIK*,K), where T =1+ P,T~1P, € L(H).
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Proof of Lemma 5.2. The assumptions ensure that I' is bounded on ‘H with bounded inverse, so
the operator R = T~ — T~ 'P,IT "' P,T~! is well-defined in L(K*,K). We only have to check
that R is indeed an inverse for 7'+ P; P,. On K* we have

(T+PP)R=1+PPT '~ PI 'RT '~ PPRT 'PT'PT!
=1+P(1-T' =PRI 'PT )PT™!
=1+P(1-(1+PT'P)I "PRT™!
=1.

Similarly we have on K:

R(T+PP)=1+T PP~ T 'PT !PT 'PT 'RT P P,
=1+T'P(1-T"'=T7'PRT'P)P
=1. ]

Proof of Proposition 5.1. We use the notation introduced in Section 4.
e Let g9 > 0 be given by Proposition 4.5. The operator PO is bounded and self-adjoint on
‘H. Tt is also non-negative, so its square root VOO is well-defined as a bounded operator on H.

As in Proposition 4.5, we write Ko either for H or K. Then for Q € L(K§), z € C; 4, € €]0, 0]
and ¢ € K we have according to Proposition 4.5:

(0G.(£)Qp, 9G.()Q%) 5 (1QN%cs) + 107G s e ) 1]
This proves that

2
K

|veere.@q, . . <@y +1Q°C-EQ 2k k.- (5:2)
Applied with Q = vV®O® € L(H), this gives
sup \/@@@GZ(E)\/Q)@@H < +o0. (5.3)
z€Cr 4 L(H)
e€]0,e0]

e For z € C; 4 and € €]0,e0] (where eg €]0, ] is chosen small enough) we can apply Lemma
5.2 with T = (H —ieM — 2) € L(K,K*), P, = iefvVPOP € L(H) and Po = VPOD € L(H). We

obtain that the operator (H — ic® B® — z) has a bounded inverse GO (¢) € L(K*,K), given by
GO(e) = G.(e) — iefG. (e)VPOII () IV DODG, (¢), (5.4)

where

I9(e) =14 iefVPODEG, (e)VPOD € L(H).
In particular I'?(¢)~! is bounded in £(H) uniformly with respect to z € C; 4 and € €]0,cg].
Corollary 4.6 and estimate (5.2) applied with @ = Idg- give

1
VEOTG. (¢ <—.
H (&) i1y~ yJan/e
With the similar estimate for G, (¢)v®O® and (5.4) we obtain

1
HG?(E)HL(;C*JC) 5 a_s (5'5)

With Proposition 4.5 we can check similarly that

1
||G?(€)@LH£(IC*,IC) S NCNG (5.6)
d
" GO(e) (A)~! < 5.7
H = ()4 Hz:(y,zc)N ayE (5:7)

e Now we want to apply Lemma 5.2 with T = (H — ie®B® — z), P, = ic®* B <H0>_% and
P, = (Hp)? ®. According to (5.6) we have

1 - _1 e
| o)t ec2 @)@t B i) | S e [2G2EP | i sy 1B i) S VE
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So if €, €]0,ee] is chosen small enough we can apply Lemma 5.2 for € €]0,e,]: for all z € Cy 4
and € €]0,,] the operator (H — z — ie B®) has a bounded inverse G (¢) € L(K*,K) given by

GL(e) = GO(e) — ieGO()B* B (Hy) "2 T-(e) ™" (Ho)? GO (e),
where

TL(e) = 1 +ie (Ho)? ®GO(e)®LB (Hy) % .

z

Then, as above we use (5.5), (5.6) and (5.7) to prove

1
HGZL(E)HL(IC*,IC) S e’ (58)
1
16z @2 |-y S 5z (5.9)
and .
1 -1 <
les@r @™, S o (5.10)

e In order to prove the existence of G1(g), it remains to apply Lemma 5.2 with T' = (f{ —ieBd — 2),
Py =ieB(Hy) 2 and P, = (Hp)? ®1. We have

L) 5 € H(I)J_G?(E)HL(,C*JQ ”BHL(IC,KZ*) /S \/E

So if 1 €]0,e] is chosen small enough we can apply Lemma 5.2, which proves that for z € Cy 4
and € €]0,£1] the operator (H — ieB — z) has a bounded inverse G1(¢) € L(K*,K) given by

GL(e) = GH(e) — ieGE(e) B (Ho) > TL(e) ™" (Ho)* G- (e),

e ||(Ho)* @1 G2 (e)B (o) 2

where

N

Fl

() = 1+ie (Ho)* GO (e) B (Ho)~

Moreover we have

1
HGi(E)H[:(]C*JC) 5 04_5 (511)
and 1
1 —1
let@ ™, 0 = 2 (512)

e Formne{2,...,N} we have

n

Z el ||Gi(E)HL(IC*,IC) 1B; ”ﬁ(ICJC*)

j=2

H<H0>% GL(e)(Cn(e) — C1(e)) <H0>7%

N

L(H)
9 1
Sefx —xafe.
ae
Thus for & €]0,ex], ey chosen small enough, we can apply Lemma 5.2 with T = H + C, (&) — z,
P = (Cn(e) — Ci(e)) <H0>7% and P, = <H0>%. This proves that the operator H + C,(g) — z
has a bounded inverse in £(K*, K), given by
_1
GZ(e) = G(e) = G2(e)(Cule) = Ci(e)) (Ho) ™2 (1+ G1(e)(Cule) — Ca(e)))
This proves the first statement, and the estimates are proved as above.
e Let e €]0,en[. For € € |5, en[ we have
GL(€) — GZ(e) = —GL(E) (Cn(é) — Cule)) GZ (o).

Since C), is a continuous function in L£(IC,£*) and G7 is uniformly bounded in L(K*,K) (by
a constant which depends on «) on }%, EN [, the map G7 is continuous in L(K*,K). Then we
divide this equality by € — € et let € go to €. We obtain that G7 is differentiable and

“H(HY)? Gle).

d
pRCHORSCHOCHOICHOL
The derivative C, (¢) is well-defined in L£(IC, K£*). In the sense of forms on £ we can check that

Chie) = 1+ Cule) — 2.4 - T, )
But the right-hand side extends to an operator in L(C,*), and the last statement of the
proposition follows. O
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The following two results generalize Theorems 3.2 and 3.5 in [Jen85]:

Theorem 5.3. Suppose A is a conjugate operator for H up to order N on J with bounds
(o, B,Tn). Let 61,02 = 0 be such that 5 + 02 < N — 1. Let I be a compact subinterval of J.
Then there exists ¢ > 0 which only depends on Co, J, I, 61, d2, B and YN such that for all
z € Cy 4 we have

<*

~

() 1a_ (A)(H = 2) "1z, (4) (4)"

Moreover for Re(z) € J fized this operator has a limit when Im(z) \, 0. This limit defines in

L(H) a Holder-continuous function of index %ﬁ_‘b with respect to Re(z).

Proof. Let e be given by Proposition 5.1. For z € C; 4+ and ¢ €]0,en] we set
FN(e) = (A)" 1 (A)GY (e)Lr, (A)e ™54 (A4)

< o we

) ~

According to Proposition 5.1, the functional calculus and the fact that [|[Bx, All| 2 g
have

d N
‘ i (E)H = S [0 et (AGY (@) [B, AIGY (€)1, (A)e= A (1)
EN_61_62_2
Se P xa N2 e =
(0%

Since N — d; — 62 — 2 > —1, this proves that FV(¢) is uniformly bounded (we do not have to
use Lemma 4.8 here). Now let z,2" € Cy 4 and € €]0,¢¢]. The previous estimates give

[FN(e) = FN0)|| < =eN177% and  ||FV(e) — H< — e (Ot 5 )

We get the second statement as we did for Theorem 4.1, taking ¢ = o~ W |z — z’|m. O

Theorem 5.4. Suppose A is a conjugate operator for H up to order N on J with bounds
(o, B,Tn). Let d € }%,N[. Then there exists ¢ > 0 which only depends on Cg, J, I, 61, 62, B
and Y n such that for all z € Cr 4 we have
A (H—2) g (A A‘HH <&

Je (=2 ey | <
and for Re(z) € J fized this operator has a limit when Im(z) N\, 0. This limit defines in L(H)
a Holder-continuous function with respect to Re(z). Moreover we have similar results for the
operator

(A" r (A)H —2)7H (47",

Proof. We follow the proof given in [Jen85]. It relies itself on the results of [Mou83]. We also
refer to [Roy10a] for a proof in the dissipative case (perturbation by a dissipative operator). The
case of a dissipative perturbation in the sense of forms does not rise new difficulties, so we omit
the details. O

Now that we have Theorems 4.1, 5.3 and 5.4 we can follow the idea developped in [BR14,
Sec. 5]. The purpose is not only to prove uniform estimates for the powers of the resolvent, but
also to allow inserted factors. This is motivated by the wave equation. Indeed, the derivatives
of the corresponding resolvent are not its powers in this case (see Example 5.7 below).

Letn € {1,...,N}. We consider @5 € L(IC,H), ®1,...,P,—1 € LIK,K*) and D, € L(H,K*).
We assume (inductively) on m € {1,..., N} that the operator
ad3 (o) == [ad}y " (Po), i4]

(with adl,(®o) = @), at least defined as an operator in £(£,E*), can be extended to an
operator in L(K, ). We assume similarly that the commutators ad (®;) for m € {1,...,N}
and j € {1,...,n—1} extend to operators in L(/C, £*) and finally that the commutators ad}} (P, )
for m € {1,..., N} extend to operators in E(H K*). Then for j € {1,...,n — 1} we set

1950l a k) = Z adi%s ()] i e -
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We similarly define [[®ollc, 4 x.2) and |Pnllcy (a2 x> and then
n—1

(@0, -, @a)llen = 1Polley (a,x0,30) 1 ®nlley a,mcn) 11 195llc capce -
j=1

For z € C; we set
Rn(2) = ®o(H — 2) 'Oy (H —2)" ... &1 (H — 2)'0,,. (5.13)
The statement is the following:
Theorem 5.5. Suppose that the self-adjoint operator A is conjugate to the maximal dissipative
operator H on J up to order N with bounds (v, 3, Y n). Let I C J be a compact interval. Let
o€ }n — %,N[ and 61,09 = 0 such that 61 + 6 < N —n. Then there exists ¢ > 0 such that
_5 5 c
€7 Ru(2) (4072 || < < (@0, @)y,
—n -4 c
6™ e (AR (2) (47| < 5 (@0 Pl

[(4)7° Ru() 12, (4) ()"

&
< J H((I)Oa e 7(I)n)||CZT\‘]

and

(AR (2)1g, (A) (A4)%

o 1

C

Proof. We can follow the proof of the analogous Theorem 5.14 in [BR14]. We only briefly recall
the strategy. With the identity

(H—2)"'=H-0)"" + (=) (H =)+ (2 = )*(H — )" (H — )7 (H - )7,

we see that we can assume without loss of generality that the operators ®; and their commutators
with A are in £(H). Then the idea is to start from the estimates for a single resolvent (see
Theorems 4.1, 5.3 and 5.4), to prove analog estimates with (H — z)~! replaced by an operator
of the form ®;(H — z)~'®, (for this we use the commutation properties between ®; and A),
and finally we use Lemma 5.4 in [BR14] to obtain the multiple resolvent estimates with inserted
factors. We omit the details and refer to the proof of Theorem 5.14 in [BR14]. O

Remark 5.6. With the same idea we could even prove uniform estimates for an operator of the
form

R(2) = ®o(Hy — 2) 0y (Hy — 2)" 1. @y (H,y — 2) 1Dy,
where Hy, ..., H, are different maximal dissipative operators of the form dicussed in Section 2
with uniform constant Ceg in (2.1) and with the same form domain /C, under the assumption that
A is conjugated to Hy on J with bounds (ay, 3, Tn) for all k € {1,...,n}. Then the quotient
a™ is replaced by «; ..., in the estimates of the theorem.

Ezample 5.7. We consider the wave equation (3.4) on the half-space (3.9). Assume that wo = 0
on 9. Let w be the solution of (3.4). For u > 0 we set w,(t) = 1r, (t)e " w(t). Then the
inverse Fourier transform of w,,,

W, (1) = /R €T, (t) dt = /O - ety (¢) dt,
is solution of the problem
{(A — 22, () = —izwo +wy  on L,
Oy, (T) = tzaw,(T) on 0f2,
where z = 7 4+ ipu. In other words, we have
W, (7) = R(2)(—izwo +w1) where R(2)= (H,, —2*)"".

In order to study the properties of w,(7) and hence those of w(t) we have to prove uniform
resolvent estimates for the derivative of R(z) when Im(z) N\, 0 (see for instance Theorem 1.2 in
[BR14] for the wave equation on R?). We can check that for z € C; we have

R'(z) = R(2)(1© + 22)R(2),
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where © € L(H'(Q), H'(Q)) is the operator corresponding to the imaginary part ge of g, (see
(3.6)). Following Proposition 5.9 in [BR14] we can check that for n € N* the derivative R (z)
is a linear combination of terms of the form

2*R(2)01 R(2)0%2R(z)...0'" R(z),

where m € {0,...,n} (there are m + 1 factors R(z2)), k € N, j1,...,jm € {0,1}, ©! = O,
O =1Id and n = 2m — k — (j1 + -+ + jm). The difference is that © is not a bounded operator
on L%. However, we have checked the commutation properties between © and A in the proof of
Proposition 3.1, so with Theorem 5.5 we can prove the following result:

Proposition 5.8. Let n € N and assume that (3.8) holds for N > n. Let § > n+ L and let 1
be a compact subset of RY . Then there exists C > 0 such that for all z € Cr 4 we have

(@)~ R () )| iy <C

6. ABSOLUTELY CONTINUOUS SPECTRUM

In this section we discuss the properties of the absolutely continuous subspace for a dissipative
operator. We recall from [Dav78] the following definition:

Definition 6.1. Let H be a maximal dissipative operator on a Hilbert space H. The absolutely
continuous subspace Hq.(H) of H is the closure in H of

* oo i 2
Hao(H) = {sﬁ €H 30, 20,V € H,/ [(e™ o), [ dt < Cy leli}-
0

For a self-adjoint operator this definition coincide with the usual definition involving the spec-
tral measure (see for instance Proposition 1.7, Theorem 1.3 and Corollary 1.4 in [Per83]).

In the self-adjoint case, the uniform resolvent estimates and the L?(R,,H) norm of the
solution of the time-dependant problem are linked by the theory of relatively smooth operators
in the sense of Kato (see [Kat66] and [RS79, §XIIL.7]). It is less known that this link remains
valid for dissipative operators.

In order to extend the self-adjoint theory of relative smoothness for a dissipative operator
H, we use a self-ajdoint dilation of H. For the general theory of self-adjoint dilations we refer
to [NF10]. Here we only recall that a maximal dissipative operator H on a Hilbert space H
always has a self-adjoint dilation. This means that there exists a self-adjoint operator H on
some Hilbert space 7 (which contains H as a subspace) such that on L£(H) we have

VzeCy, Py(H—2)"'Iy=(H-2)"",
VzeCy,  Py(H -2 ‘'Iy=H" -7,
Vi>0,  Pye it — mitH
Vi>0,  Pyetip, —citi"

where Py € L£(#,H) denotes the orthogonal projection of H on # and I, € L(H,H) is the
embedding of # in 7. An explicit example of (minimal) self-adjoint dilation for the dissipative
Schrédinger operator on R? is given in [Pav77].

Proposition 6.2. Let Q be a closed operator on H. Assume that there exists C' > 0 such that
for all z € C4 and v € D(Q*) we have

((H =2 = (H =2 ™) Q 0, Q"¢),, < C el -
Then for 1 € H we have e~*Hyp € D(Q) for almost all t > 0 and

“+o0
—q 2
| el ar < o
We also have ey € D(Q) for almost allt > 0 and

+oo . 2
| Jacu)), at < clols,.
0 H



20 JULIEN ROYER

Proof. Let Hbea self-adjoint dilation of H on a Hilbert space 7 which contains H as a subspace.
We can write H = H®HL. We extend Q as an operator Q on H by 0 on H*. Then Q is a closed
operator on H with domain D(Q) = D(Q) ® H*. Then for all z € Cy4 and ¢ = (p, ), 9 =

(1, 1) € D(Q) we have

(=27 = (=27 @ 0.0, = (=27 = (T =9 7)Q 0.,

.

,}:[ =
S Cllelly 191l < Cliely

Let ¢ € . According to Theorem XII1.25 in [RS79] we have e~ ¢ € D(Q) for almost all t € R
and

o o Al]2 A
[ aeng], a < cndi,
R H
Now let ¢ € H and ¢ = (,0) € H. We have e~y = Pye~tHp € PyD(Q) = D(Q) for
almost all ¢ > 0 and moreover

e itH |12 T A et |2 2 2
A Qe MH“:A |@em e at < Cllol, = C el

We conclude similarly for the integral of HQe“H ’ ngi O

Corollary 6.3. Under the assumptions of Proposition 6.2 we have Ran(Q*) C H} (H).
Proof. Let ¢ € Ran(Q*) and ¢ € H be such that ¢ = @*(. Then for ¢ € H we have

+oo » 9 +oo - 9
[l e s [0, J@e ol e < el ol 0

Theorem 4.1 gives an estimate as in Proposition 6.2 with Q) = <A>_‘S but only for z € C; 4 for
some interval I. In order to obtain an estimate for all z € C, we have to localize spectrally. For
this we are going to use a function of the self-adjoint part Hy of H. We first prove the following
lemma:

Lemma 6.4. Let N € N*. Similarly to Definition 2.8, assume inductively that the commu-
tators BY := ad?y(Ho), at least defined as operators in L(E,E*), extend to bounded opera-
tors on L(K,K*) forn = 1,...,N. Then for all 6 € [-N,N] and x € C§°(R) the operator
(A)~° x(Hy) (A)° extends to a bounded operator in L(K*,K).

Proof. We consider an almost analytic extension x of x (see [DS99, Dav95]):

Ko+ i) = 6(0) Y @) Y-

k=0

where m > N + 1 and ¢ € C§°(R,[0,1]) is supported on [—2,2] and equal to 1 on [—1,1]. We
have

X )’ n 1 k iy)™
g—%((x +iy) = ¢2(y) ];)X(k) (x)% + @X(mﬂ)(@(g@_)!,

and in particular for ( € C

ox m
5—5(0‘ S Mm (™ T re(¢)esuppo, m(¢)1<23 (€)- (6.1)
Thus we can write the Helffer-Sjostrand formula for x(Ho):
1 X ~
o) ==+ [ Sy - o) de
T J¢=z+iyeC 5(

Then we can check by induction on n € {1,..., N} that the commutator ad;4 (x(Ho)) can be
written as a sum of terms of the form

:I:% /(C %(O(go - C)ilBgl(Ho - C)*1B22 e (]ZIO — 0713217 (HO _ OV dudy
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where p € {1,...,n} and nq,...,n, € N* are such that ny +--- +n, = n. For { € supp(x) and

Im(¢) # 0 we have
1
-1 <
< HL(IC*,IC) ~ Im(¢)
so with (6.1) we see that ad},(x(Hp)) extend to an operator in L(K*,K) for n € {0,...,N}.
Thus (A)~° x(Hy) (A)° extends to a bounded operator for § € {—N,..., N}, and we conclude

by interpolation. O

o

Now we can prove the main result of this section:

Theorem 6.5. Assume that A is a conjugate operator to H on the open interval J, and let
§ > L. Then Ran (1,(Ho) (A)™°) C Hae(H) .

Proof. Let I and I’ be compact intervals such that I ¢ I’ ¢ I’ C J. Let x € C5°(R) be
supported in I and equal to 1 on a neighborhood of I. According to Lemma 6.4 and Theorem
4.1 (and Remark 4.2) the operator

(A)™° x(Ho)(H — z)~"x(Ho) (A)~°

and its adjoint are bounded in £(#) uniformly in z € Cp/ ;. Then for z € Cg\p/ 4 and ,9 € H
we have by the resolvent identity (see (2.2)):

|(6) ™" X(Ho)(H = =) x(Ho) (4)0.)|
<[ ()" x(Ho) (Ho = )7 x(Ho) () 0.0). |
+a0 ((H — 2)~"x(Ho) (4)™" ¢, (Ho —2)~"x(Ho) (4) ™" ¥)

S el 11l + go (H — )™ x(Ho) (A) ™ ¢) 2o ((Ho —2) " x(Ho) (4)~° )
According to Proposition 4.4 and (2.1) we have

=

2

)7 x(H0) (H = )7 x(Ho) (4) | S 1+ ||(4) ™ x(Ho) (H — =)~ x(Ho) (4)°

and hence

3

|(4) ™ x(Ho)(H — )7 "x(Ho) (4) || S 1.

Since we have the same estimate for (H* —%)~! instead of (H — z) !, we conclude with Corollary

6.3 that Ran(x(Ho) (A)™°) C Hz.(H). Since Hae(H,) is closed in H by definition, the result
follows. g

We go back to the Schrodinger operator on the dissipative wave guide discussed in Section
3, see (3.2)-(3.3). In [Royl4] we have proved that under a strong assumption on the absorption
index then the norm of the solution of the Schrodinger equation (3.5) decays exponentially, which
implies in particular that H,.(H,) = L*(Q). In general we cannot expect such a fast decay but
the result concerning the L7 (R, L?(2)) norm remains valid:

Proposition 6.6. With the notation of Section 8 we have Ha(Hy) = L*(Q).

Proof. We recall that 7 is the (discrete) set of thresholds. Let § > 1. If J € R\ 7T then according

to Theorem 6.5 we have Ran (]IJ(HO) (Az)_é ) C Hae(H,). Since Hy has no eigenvalue, the union
of these sets for all suitable J is dense in L?(Q). Since H,.(H,) is closed in L?(Q), the result
follows. [l
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