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An extended Generalised Variance,
with Applications

Luc Pronzato? Henry P. Wynn'and Anatoly A. Zhigljavsky*

CNRS, London School of Economics and Cardiff University
November 24, 2014

Abstract

We consider a measure 1, of dispersion which extends the notion of Wilk’s
generalised variance, or entropy, for a d-dimensional distribution, and is based
on the mean squared volume of simplices of dimension £ < d formed by
k + 1 independent copies. We show how v, can be expressed in terms of
the eigenvalues of the covariance matrix of the distribution, also when a n-
point sample is used for its estimation, and prove its concavity when raised
at a suitable power. Some properties of entropy-maximising distributions are
derived, including a necessary and sufficient condition for optimality. Finally,
we show how this measure of dispersion can be used for the design of optimal
experiments, with equivalence to A and D-optimal design for k =1 and k = d
respectively. Simple illustrative examples are presented.

MSC: Primary 94A17; secondary 62K05
keyword: dispersion, generalised variance, ,quadratic entropy, ,maximum-entropy
measure, design of experiments, optimal design

1 Introduction

The idea of dispersion is fundamental to statistics and with different terminology,
such as potential, entropy, information and capacity, stretches over a wide area. The
variance and standard deviation are the most prevalent for a univariate distribution,
and Wilks generalised variance is the term usually reserved for the determinant of
the covariance matrix, V, of a multivariate distribution. Many other measures
of dispersion have been introduced and a rich area comprises those that are order-
preserving with respect to a dispersion ordering; see [21, 12, 5]. These are sometimes
referred to as measures of peakness and peakness ordering, and are related to the
large literature on dispersion measures which grew out of the Gini coeflicient, used
to measure income inequality [4] and diversity in biology, see [15], which we will
discuss briefly below.

In the definitions there are typically two kinds of dispersion, those measuring
some kind of mean distance, or squared distance, from a central value, such as
in the usual definition of variance, and those based on the expected distance, or
squared distance, between two independent copies from the same distribution, such
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as the Gini coefficient. It is this second type that will concern us here and we will
generalise the idea in several ways by replacing distance by volumes of simplices
formed by k independent copies and by transforming the distance, both inside the
expectation and outside.

The area of optimal experimental design is another which has provided a range
of dispersion measures. Good designs, it is suggested, are those whose parameter
estimates have low dispersion. Typically, this means that the design measure, the
spread of the observation sites, mazimises a measure of dispersion and we shall
study this problem.

We think of a dispersion measure as a functional directly on the distribution.
The basic functional is an integral, such as a moment. The property we shall
stress for such functionals most is concavity: that a functional does not decrease
under mixing of the distributions. A fundamental theorem in Bayesian learning is
that we expect concave functionals to decrease through taking of observations, see
Section 2.2 below.

Our central result (Section 3) is an identity for the mean squared volume of sim-
plices of dimension k, formed by k41 independent copies, in terms of the eigenvalues
of the covariance matrices or equivalently in terms of sums of the determinants of
k-marginal covariance matrices. Second, we note that after an appropriate (exte-
rior) power transformation the functional becomes concave. We can thus (i) derive
properties of measures that maximise this functional (Section 4.1), (ii) use this
functional to measure the dispersion of parameter estimates in regression problems,
and hence design optimal experiments which minimise this measure of dispersion
(Section 4.2).

2 Dispersion measures

2.1 Concave and homogeneous functionals

Let 2" be a compact subset of R, .# be the set of all probability measures on the
Borel subsets of 2" and ¢ : .# — R™ be a functional defined on .#. We will be
interested in the functionals ¢(-) that are (see Appendix for precise definitions)

(a) shift-invariant,
(b) positively homogeneous of a given degree ¢, and

(¢) concave: ¢[(1 — a)p1 + apa] > (1 — a)p(p1) + ag(pe) for any a € (0,1) and
any two measures i, g2 in .

For d = 1, a common example of a functional satisfying the above properties,
with ¢ = 2 in (b), is the variance

o) = P B2 =5 [ [~ ) o) (o).

where E,, = E,(z) = [z p(dz) and EP = [ 2? p(dz). Concavity follows from
linearity of El(f), that is, E((lz)—a)ul-i-aug = (1—a)E;(L21)+aEfL22), and Jensen’s inequality
which implies E(217a),u1+a,u2 <(1-a)E: +aE?,.

Any moment of p € .# is a homogeneous functional of a suitable degree. How-
ever, the variance is the only moment which satisfies (a) and (c). Indeed, the
shift-invariance implies that the moment should be central, but the variance is the
only concave functional among the central moments, see Appendix. In this sense,

one of the aims of this paper is a generalisation of the concept of variance.



In the general case d > 1, the double variance 202%(u) generalises to

6 = [ [ N = aalf ldon) e =2 [ o= By ) = 2enace(Vy), (21)

where ||-|| is the Lo-norm in R and V,, is the covariance matrix of x. This functional,
like the variance, satisfies the conditions (a)-(c) with ¢ = 2.

The functional (2.1) is the double integral of the squared distance between two
random points distributed according to the measure . Our main interest will be
concentrated around the general class of functionals defined by

T

o) = ouan0 = ([ [ Aol an) o)) k2

(2.2)
for some ¢ and 7 in R™, where ¥ (x1,...,xk11) is the volume of the k-dimensional
simplex (its area when k = 2) formed by the k + 1 vertices x1,...,zx+1 in R,

with & = d as a special case. Property (a) for the functionals (2.2) is then a
straightforward consequence of the shift-invariance of 7, and positive homogeneity
of degree ¢ = k §7 directly follows from the positive homogeneity of ¥} with degree
k. Concavity will be proved to hold for 6 = 2 and 7 < 1/k in Section 3. There,
we show that this case can be considered as a natural extension of (2.1) (which
corresponds to k = 1), with ¢ 2 (1) being expressed as a function of V,, the
covariance matrix of p. The concavity for k = 7 = 1 and all 0 < § < 2, follows
from the Schoenberg theory, which will be discussed briefly below. The functionals
(2.2) with 6§ =2 and 7 > 0, 1 < k < d, can be used to define a family of criteria for
optimal experimental design, concave for 7 < 1/k, for which an equivalence theorem
can be formulated.

2.2 Quadratic entropy and learning

In a series of papers [15, 16, 17] C.R. Rao and co-workers have introduced a quadratic
entropy which is a generalised version of the k = 2 functional of this section but
with a general kernel K (1, 22) in R%:

Q= [ [ Ko aoudmn(dea). (2.3)

For the discrete version

N N
Qr=>Y_Y K(xix;)pip),

i=1 j=1

Rao and co-workers developed a version of the Analysis of Variance (ANOVA),
which they called Anaysis of Quadratic Entropy (ANOQE). The Gini coefficient,
also used in the continuous and discrete form is a special case with d = 1 and
K(Il,fbg) = |I1 — I2|.

As pointed in [17, Chap. 3], a necessary and sufficient condition for the functional
QR to be concave is

//K(:z:l,xg)u(d:rl)u(d:rg) <0 (2.4)

for all measures v with [ v(dz) = 0. The discrete version of this is

N N
ZZ xzu‘r] QZQJSO



for any choice of real numbers ¢y, ..., gy such that vazl gi = 0. Schoenberg [19]
solves the general problem of finding for what class of functions B(-) on ||z — x2]?
does the kernel K (z1,22) = B (|1 — x2||?) satisfy (2.4). The solution is that B
must be a so-called Bernstein function, see [18]. We do not develop these ideas
here, but note that B(A\) = A“ is a Bernstein function for all 0 < o < 1. This is the
reason that, above, we can claim concavity for k =1 and all 0 < § < 2 in (2.2).
Hainy et al [6] discuss the link to embedding and review some basic results related
to Bayesian learning. One asks what is the class of functionals ¥ on a distribution
1(0) of a parameter in the Bayesian statistical learning such that for all p(f) and
all sampling distributions m(x|f) one expects to learn, in the preposterior sense:
P(p(0)) < Ey,ib(w(0)X)), with X ~ v. The condition is that 3 is convex, a result
which has a history but is usually attributed to De Groot [2]. This learning is
enough to justify calling such a functional a generalised information functional, or
a general learning functional. Shannon information falls in this class, and earlier
versions of the result were for Shannon information. It follows that wherever, in
this paper, we have a concave functional then its negative is a learning functional.

3 Functionals based on squared volume

In the rest of the paper we focus our attention on the functional

pwe M — Pr(p) = ¢[k],2,1(ﬂ) = Eu{%f(xla e Tht1) )

which corresponds to the mean squared volume of simplices of dimension k£ formed
by k -+ 1 independent samples from u. For instance,

valp) = [ [ [ Hr.ai0) o) (o) utdas). (3.1)

with ¥%(x1,x9, x3) the area of the triangle formed by the three points with coordi-
nates 1, 5 and x3 in R?%, d > 2. Functionals Pri),5,- (1) for 6 # 2 will be considered
elsewhere, including the case of negative § and 7 in connection with space-filling
design for computer experiments.

Theorem 3.1 of Section 3.1 indicates how )y () can be expressed as a function
of V,, the covariance matrix of y, and shows that ¢ 21/x(-) satisfies properties
(a), (b) and (c) of Section 2.1. The special case of k = d was known to Wilks
[25, 26] in his introduction of generalised variance, see also [24]. The connection
with U-statistics is exploited in Section 3.2, where an unbiased minimum-variance
estimator of ¢y (1) based on a sample a1, ..., 2, is expressed in terms of the empir-
ical covariance matrix of the sample.

3.1 Expected squared k-simplex volume

Theorem 3.1. Let the x; be i.i.d. with the probability measure p € A . Then, for
any k € {1,...,d}, we have

k+1
veln) = > detl{Vidti.inyxinin)] (3.2)
’ i1 <t <---<ip
k+1
= k! Z )‘il [VH] X X /\zk [Vu] , (33)
T i<ia< <y,

where \;[V,,] is the i-th eigenvalue of the covariance matriz V,, and all i; belong

to {1,...,d}. Moreover, the functional z/Ji/k(-) is shift-invariant, homogeneous of
degree 2 and concave on A .



The proof uses the following two lemmas.

Lemma 3.1. Let the k + 1 vectors x1,...,x541 of R* be i.i.d. with the probability
measure u, k> 2. Fori=1,...,k+ 1, denote z; = (ZC;F 1)T. Then

k+1
Eu{m4§:a4W}=(h+mdmwm.

Proof. We have

k+1
E, {det [Z 2z

=1

E] 1

}_(h+mda[EM@£D B | — (ks 1ldetv),

see for instance [13, Theorem 1]. O

Lemma 3.2. The matriz functional p — V), is Loewner-concave on #, in the
sense that, for any pi, pe in A and any o € (0,1),

Vi—aymtaps = (L =)V, +aVy,, (3.4)
where A = B means that A — B is nonnegative definite.

Proof. Take any vector z of the same dimension as z. Then z'V,z = var,(z " z),
which is a concave functional of i1, see Section 2.1. This implies that ZTV(l—oz)m Faps? =
Var(—aymtaps (21 ) = (1—a)vary, (z"z)+avar,, (zTz) = (1—a)z "V, 2+az "V, 2,
for any g1, po in 4 and any a € (0,1) (see Section 2.1 for the concavity of var,,).
Since z is arbitrary, this implies (3.4).

O
Proof of Theorem 3.1. When k = 1, the results follow from ;(n) = 2trace(V,),
see (2.1). Using Binet-Cauchy formula, see, e.g., [3, vol. 1, p. 9], we obtain

V2 (@1, Tpy1) =
.
E@ - xlgT (2 = 21) (w3 —21) -+ (wrp1 — 1))
1 T3 — 11
det
(k!)? :
($k+1 - $1)T
. [ {zo =21}, - Az —o1tas
2 . . .
11 <12 <- <t L {IQ — xl}ik P {IkJrl — Il}ik
[zl o {zrts
1 S :
= — det? : : :
5D ,
()2, = {wihiy - AZkgati,
1 1

where {z}; denotes the i-th component of vector x. Also, for all iy < is < -+ < i,

{oite, o Azksts
. . . k+1
: : : = det Z %]
{1ty Azrtti =
1 . 1

det?

where we have denoted by z; the k+1-dimensional vector with components {z;};,,¢ =
1,...,k, and 1. When the x; are ii.d. with the probability measure u, using
Lemma 3.1 we obtain (3.2), (3.3). Therefore

Ck+1

Y(p) = V[Vl = == E{ Vi, - AalVil} (3.5)



with E{Ai[V,.], ..., Aa[V.]} the elementary symmetric function of degree k of the d
eigenvalues of V,,, see, e.g., [11, p. 10]. Note that

EelVi] = E{ MV, - AalVul} = (=D aa—r ,

with aq_j the coefficient of the monomial of degree d — k of the characteristic
polynomial of V,; see, e.g., [11, p. 21]. We have in particular &[V,] = trace[V,,]

and £4[V )] = det[V,,]. The shift-invariance and homogeneity of degree 2 of 1/),1/ k()
follow from the shift-invariance and positive homogeneity of ¥}, with degree k. Con-
cavity of \Ill/k() follows from [11, p. 116] (take p = k in eq. (10), with & = 1).
From [9], the \Illlc/ k() are also Loewner-increasing, so that from Lemma 3.2, for any
i1, p2 in 4 and any a € (0,1),

VA= o) Faps] = U Vi tam)
> 0/F(1 - )V, +aV,]
> (1— )0/ [V, ] + oW/ [V,,]
= (1= ) (1) + oy * (o) -

O

The functionals 1 — @p2.-(1) = ¥f(n) are thus concave for 0 < 7 < 1/k,
with 7 = 1/k yielding positive homogeneity of degree 2. The functional ;(u)
is a quadratic entropy Qr, see (2.3), ¥4(n) is proportional to Wilks generalised
variance, and w;/z(u), see (3.1), and wé/g(u) can be respectively considered as
particular versions of cubic and quartic entropies.

From the well-known expression of the coefficients of the characteristic polyno-
mial of a matrix V', we have

k+1

wv) =" e w) (3:6)
trace(V) k-1 0
k1 trace(V?) trace(V)  k—2 e
:Wdet - - - e ,
' trace(VE=1)  trace(VF=2) ... 1
trace(VF)  trace(VF=1) ... trace(V)

see, e.g., [10, p. 28], and the & (V) satisfy the recurrence relations (Newton identi-
ties):

?vl»—'

k
Z YTl E_ (V) E(V, (3.7)

see, e.g., [3, Vol. 1, p. 88] and [9]. Particular forms of ¢ (-) are

k=1: 1 (p) = 2trace(V,),

k=2: Pa(p) = Z [trace®(V,,) — trace(Vi)] ,

E=3: P3(p) = % [trace®(V,,) — 3trace(V#2)trace(VH) + 2 trace(V?)],

w
d+1
d!

k=d:  da(u) = (Vi)



3.2 The empirical version and unbiased estimates

Let z1,...,2, be a sample of n vectors of R?, i.i.d. with the measure p. This
sample can be used to obtain an empirical estimate (1), of (1), through the
consideration of the ( kil) k-dimensional simplices that can be constructed with the
x;. Below we show how a much simpler (and still unbiased) estimation of 9y (p) can
be obtained through the empirical variance-covariance matrix of the sample. See
also [25, 26].

Denote
- 1 ¢
Tn - ﬁ Zx’i;
=1
T = e S B = )T = e e — ) — )T
n n—1 vt 7 n [ n n(n—l) o 7 J i 7 )

respectively the empirical mean and variance-covariance matrix of ;. Note that
both are unbiased. We thus have

(B = gy 2l =y 2 = 2tracelVi] = (V) = v ).

i<j

with 1, the empirical measure of the sample, and the estimator (121\1)" is unbiased.
More generally, for £ > 1 we have the following.

Theorem 3.2. For xy,...,x, a sample of n vectors of R?, i.i.d. with the measure
w, and for any k € {1,...,d}, the quantity

~ (n—k—1!(n—1)*k

B (n—k—1!(n—1)*k

(V) = (n—1)!

forms an unbiased estimator of Vi (p) and has minimum variance among all unbi-
ased estimators.

Proof. Denote

(1) = (k_ﬁl)l D K@i Ti) (3.9)

J1<J2<-<Jr41

It forms a U-statistics for the estimation of ¢ (u) and is thus unbiased and has
minimum variance, see, e.g., [20, Chap. 5]. We only need to show that it can be
written as (3.8).

We can write

@ = (1)

1
X Z e Z det?

J1<j2<-<jr+1 i <ig<--<ip {le }lk T {xjk+1}ik
1

1

{le }il T {‘Tjk+1 }il

n

-1
n 1 T
(2 G X de | Ttehatston ]

i <io<-<ip Jj=1




.....

~ n O\t pktl 1 & T
(Vi) = <k+ 1) W Z det n Zl{zj}n ..... ’ik{zj}il,...,ik )
J:

11 <dp < <ip

B n -1 nk+1
a k+1 (k!)2

% Z det[ (1/”){2?:1 xjij}(n,...,z'k)x(il,...,z'k) {Zntiy,..., i ] 7

ST
i1 <tg < - <ip {xn}zl """ ik 1
=1 k41
n n n—1 +
= <k+1) e Z | det [T {Vattinin) < inoon ik):| ;
11 <t2<--<1ip
and thus (3.8). O

Using the notation of Theorem 3.1, since E (V) = (—=1)*aq_(V), with az_x(V)
the coefficient of the monomial of degree d — k of the characteristic polynomial of
V', for a nonsingular V' we obtain

Ee(V) =det(V)Eqrn (V) (3.10)
see also [9, Eq. 4.2]. Therefore, we also have

n—d+k—-1ln—-19%F (d—k+1)k!
(n—1)! (k+1)(d—k)

(Va—k)n = Fdet(Vo) Wi (V7 h),  (3.11)
which forms an unbiased and minimum-variance estimator of ¥4_x(u). Note that
the estimation of ¥y (1) is much simpler through (3.8) or (3.11) than using the direct
construction (3.9).

One may notice that ¢ (u,,) is clearly unbiased due to the linearity of ¥y (-), but
it is remarkable that v (u,) becomes unbiased after a suitable scaling, see (3.8).
Since Wg(-) is highly nonlinear for k > 1, this property would not hold if V, were
replaced by another unbiased estimator of V.

The value of (¢1,), only depend on V,,, with E{(t% ), } = ¥y, (V,.), but its variance

depends on the distribution itself. From [20, Lemma A, p. 183], the variance of (1, )y,

satisfies

(k+1)2

var((i)n] = w+0(n~?),

where w = var[h(z)], with h(z) = E{#?(z1,22,...,2k+1)[z1 = z}. Obviously,
E[h(z)] = ¥x () and calculations similar to those in the proof of Theorem 3.1 give

o= @ S det[{Vi}rxa] det[{V,}sx] (3.12)
: 1,J

X [E {(Eu - x)IT{VM}I_xlI(EM — ) (B — x);{vu};iJ(Eu - x)J} - kﬂ )

where I and J respectively denote two sets of indices i1 < ig < -+ and j; < jo <
<k in {1,...,k 4+ 1}, the summation being over all possible such sets. Simplifi-
cations occur in some particular cases. For instance, when p is a normal measure,
then

= e et l{Vibra] detl{Vi ]

x trace [{V,.} 7L Vi st Vit a1 Vi x| -



If, moreover, V), is the diagonal matrix diag{A1,..., A}, then

2
fWZﬂU,J)HAiHAJ—,
1,0 I J

with B(I,.J) denoting the number of coincident indices between I and J (i.e., the

size of IN.J). When p is such that the components of x are i.d.d. with variance o2,

then V, = o?1,, with I; the d-dimensional identity matrix, and

E {(Eu - x)IT{Vu}I_xll(Eu —z)1(E, — I)}{V#};iJ(E# - x)]} =
2) (2] b
(=4[5

where the z; = {x — E, };/0 are i.i.d. with mean 0 and variance 1. We then obtain

4k

(k1)2

w =

where

(E{z'} = 1) Bak,
Zz

d —i—(k—1)
- (6) (o) ()
d—k+1)2 [ d \°

L)
Example 1 We generate 1,000 independent samples of n points for different
measures u. Figure 1 presents a box-plot of the ratios (wk) /W (p) for various
values of k and n = 100 (left), n = 1,000 (right), when p = g1 uniform in [0, 1]1°
Figure 2 presents the same information when p = po which corresponds to the
normal distribution .47(0, I19/12) in R'?. Note that V,,, = V,,, but the dispersions
are different in the two figures. Table 1 gives (103 x) the values of E{(l/}k) /() —

1 for p = p1, po and the same series of values for k, with E{(wk) } denoting the
empirical mean over the 1,000 independent repetitions.

Bak=»_ BU.J) =

1,0

Figure 1: Box-plot of (1) /¥r (1) for different values of k: y is uniform in [0, 1]10
n = 100 (Left) and n = 1,000 (Right) — 1,000 repetitions; minimum, median and
maximum values are indicated, together with 25% and 75% quantiles.

Other properties of U-statistics apply to the estimator (zzk)n, including almost-
sure consistency and the classical law of the iterated logarithm, see [20, Section 5.4].



Figure 2: Same as in Figure 1 but for g normal .47(0, I;9/12).

Table 1: 6(n, k) = 10° x [E{(¢k)n }/tbx (1) — 1] for different values of n and k; 1 is uniform
in [0, 1]*°, p2 is normal #7(0, I19/12).
k 1 2 3 d—3 d—2 d-1 d
p1 no=100 09 19 29 7.7 9.0 10.3  11.6
n=1000 07 14 21 4.9 5.6 6.3 7.0
w2 n =100 1.2 23 32 4.3 3.9 3.0 1.9
n=1,000 05 1.0 1.5 3.6 4.1 4.7 5.2

In particular, (), is asymptotically normal A (¢ (1), (k + 1)%w/n), with w given
by (3.12). This is illustrated in Figure 3-left below for p uniform in [0,1]'9) with
n = 1,000 and k£ = 3. The distribution is already reasonably close to normality for
small values of n, see Figure 3-right for which n = 20.

350

300

250

200

150

100

s0F

L L L L L L L h
0.04 0.042 0.044 0.046 0.048 0.05 0052 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11

Figure 3: Dots: empirical distribution of (121\;6)" (histogram for 10,000 independent
repetitions); solid line: asymptotic normal distribution A" (¢ (), (k + 1)%w/n); u
is uniform in [0, 1]*° and k = 3; left: n = 1,000; right: n = 20.

4 Maximum-entropy measures and optimal designs

In this section we consider two types of optimisation problems on .# related to the
functions ¥y(-) introduced in Theorem 3.1. First, in Section 4.1, we are interested
in the characterisation and construction of maximum-entropy measures; that is,
measures ff € .4 which maximize 1, (p) = Vi (V,). The existence of an optimal
measure follows from the compactness of 2~ and continuity of ¥ (x1,...,zk1) in

10



each x;, see [1, Th. 1]; the concavity and differentiability of the functional 1/),1/ k()
allow us to derive a necessary and sufficient condition for optimality.

In Section 4.2 we consider the problem of optimal design of experiments, where
the covariance matrix V' is the inverse of the information matrix M () for some
regression model.

4.1 Maximum-entropy measures
4.1.1 Necessary and sufficient condition

Since the functionals 1/),1/ k() are concave and differentiable, for all k = 1,...,d, we
can easily derive a necessary and sufficient condition for a probability measure pj,
on 2 to maximise ¥ (1), in the spirit of the celebrated Equivalence Theorem of
Kiefer and Wolfowitz [8].
Denote by Vg, [V] the gradient of Uy (-) at matrix V' (a matrix of the same size
as V') and by Fy, (u;v) the directional derivative of ¢y (-) at p in the direction v;
Ukl[(1 — o)p + o] — Pu(p)

F : = 1 .
we(pyv) = lim -

From the expression (3.6) of Uy (V), we have

where Vg, [V] denotes the gradient of & () at V, which, using (3.7), can be shown
by induction to satisfy

>
|
_

Ve [VI=) (1) &—ia(V) V', (4.1)

%

Il
=]

see [9]. We thus obtain in particular
k=1: Vo, [V] =214,
k=2: V,[V] = g [trace(V) Ig — V],
k=3: Vg, [V] = % [trace? (V') — trace(V?)] I — %trace(V) V+ ; V2,
k=d: Vg,[V]= % det(V) VL.

Using the differentiability of Wy(+), direct calculation gives

b
a=0

= /[wa—(EM$T+$E;)] V(dx)—/x:vT u(d:v)+2EMEJ. (4.2)
a=0

d‘/(l—oz)u-i-oa/

Foulpsv) = trace { 7, 1] L2

with

dVv(lfa),quav
da

Notice that dV(l,a)#JrM/da|a:0 is linear in v.

Then, from the concavity of wi/k(-), fy, maximises ¢y, (1) with respect to p € A
if and only if ¢ (uy) > 0 and Fy, (uf;v) <0 for all v € ., that is

dVv(lfa),uerau

trace {V\pk [Viiz] To

}go,vue///. (4.3)

a=0

We obtain the following.
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Theorem 4.1. The probability measure pj such that i (py) > 0 is Yp-optimal,
that is, mazimises ¥y () with respect to p € A, k € {1,...,d}, if and only if

T Vi, [V#Z]

— B ) — ey L) < K. .
géayx(x Epu;) U, (Vo) (z—Eu) <k (4.4)
Moreover,
Vi, V]
r—E ) — - E,.) =k 4.5
(o= Bug) gy = B (45)

for all x in the support of uj .

Proof. First note that the Newton equations (3.7) and the recurrence (4.1) for Vg, []
imply that trace(VVy, [V]) = k¥, (V) forall k =1,...,d.

The condition (4.4) is sufficient. Indeed, suppose that p; such that ¥y (us) >0
satisfies (4.4). We obtain

@~ E) T Vig)(a ~ By (da) < trace {Vig Vs Vi ]}

for any v € .4, which gives (4.3) when we use (4.2). The condition is also necessary
since (4.3) must be true in particular for d,, the delta measure at any € 2", which
gives (4.4). The property (4.5) on the support of pj follows from the observation
that [(z — Eux )"V, [Vir](z — Eur) pi(da) = trace {V,: Vi, [Vir] }. O

Note that for k& < d, the covariance matrix V,: of a t¢x-optimal measure py
is not necessarily unique and may be singular; see, e.g., Example 1 below. Also,
() > 0 implies that ¢p_1(p) >0,k =2,...,d.

Remark 4.1. As a natural extension of the concept of potential in case of order-
two interactions (k= 1), we call Py ,(x) = ¥(p, ..., 1, 0z) the potential of p at x,
where

1/)k(u1,...,luk+1):/.../7/]€2(IE1,...,:Z?kJrl),ul(d:Z?l)...,U,kJrl(d:EkJrl).

This yields Fy, (u;v) = (+ 1) [e(p, ..., 1, v) — Yr(p)], where p appears k times
in Y, ..., pwv). Therefore, Theorem j.j states that pj is Vy-optimal if and
only if V(iy, .- i, v) < Yr(py) for any v € M, or equivalently Py . (x) <
Y (py) for allx € 2.

Remark 4.2. Consider Kiefer’s ®,-class of orthogonally invariant criteria and
their associated functional ¢, (-), defined by

)\max(VH) fO’f’p:OO,
{4 trace(VP)Y'/4  for p # 0,400,
4/7;0(,u) = QZD(V;U') = d(eitl/d(v )M fo,r,p =0
m =Y,
)\min(Vu) forp = -0,

where V), is a d x d matriz; see, e.g., [14, Chap. 6]. From a result in [7], if a
measure i, optimal for some @, () with p € (—o0, 1] is such that V,,, is proportional
to the identity matriz 1q, then p, is simultaneously optimal for all orthogonally
invariant criteria. A measure p, having this property is therefore 1y-optimal for
all k =1,...,d. Notice that 1(-) and wgll/d(-) respectively coincide with v1(+) and
wo(+) (up to a multiplicative scalar).

12



Remark 4.3. Using (3.10), when V is nonsingular we obtain the property

(k+1)(d—k)! 1
Up(V) = ——————— det(V) Uy_r(V
which implies that mazimising Y (V) is equivalent to mazimising logdet(V) +
log W, (V~Y). Therefore, Theorem J.J can be reformulated as: uj mazimises
Ui () if and only if

BT vyt Vou V] v E,)<d—k
;%?%(x— ui) i Vo W i (x = Ey;) <d—Fk,
k

with equality for x in the support of ;.. When k is large (and d — k is small), one
may thus check the optimality of uj without using the complicated expressions of

4.1.2 A duality property

The characterisation of maximum-entropy measures can also be approached from
the point of view of duality theory.

When k = 1, the determination of a i1-optimal measure pJ is equivalent to the
dual problem of constructing the minimum-volume ball % containing 2". If this
ball has radius p, then 11 (u}) = 2p?, and the support points of u} are the points
of contact between 2" and %; see [1, Th. 6]. Moreover, there exists an optimal
measure with no more than d + 1 points.

The determination of an optimal measure p; is also dual to a simple geometrical
problem: it corresponds to the determination of the minimum-volume ellipsoid &}
containing 2. This is equivalent to a D-optimal design problem in R for the
estimation of 8 = (Bo, 8y )", B1 € RY, in the linear regression model with intercept
Bo+ B{ z, x € X, see [23]. Indeed, denote

= (ET T .’I]T ).
WH—/%u )T 27) u(da)

Then &, = {z € R4 : ZTWM_;Z < d+ 1}, with g} maximising det(W),), is
the minimum-volume ellipsoid centered at the origin and containing the set {z €
R¥*L . 2 = (1 2T)T, 2 € 27}. Moreover, & corresponds to the intersection
between &7, and the hyperplane {z}; = 1; see, e.g., [22]. This gives ¥a(u;) =
(d+1)/d! det(Wy). The support points of u; are the points of contact between 2~
and &, there exists an optimal measure with no more than d(d + 3)/2 + 1 points,
see [23].
The property below generalises this duality property to any k € {1,...,d}.

Theorem 4.2. 1
o) = .
lrtléa/.;({ k ( H) M,c: ;Kné%”(M,c) d)zo(M) ’
where & (M, c) denotes the ellipsoid &(M,c) = {z € R? : (z — ¢) M(z —¢) < 1}
and ¢3° (M) is the polar function
1
2 (M) = inf —_. 4.6
o (M) V-0: trace(MV)=1 \I/,lé/k(V) (4.6)

The proof is given in Appendix. The polar function ¢g°(-) possesses the prop-
erties of what is called an information function in [14, Chap. 5]; in particular, it
is concave on the set of symmetric non-negative definite matrices. This duality
property has the following consequence.
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Corollary 4.1. The determination of a covariance matriz V' that mazimises
U,(V,,) with respect to pn € A is equivalent to the determination of an ellipsoid
E (M}, cp) containing 2", minimum in the sense that M} maximizes ¢7°(M). The
points of contact between & (M}, ci.) and 2 form the support of .

For any V' = 0, denote by M. (V) the matrix

MLV) = s = 1 Vi V], (17)

Note that M.(V) = 0, see [14, Lemma 7.5], and that
trace[VM, (V)] =1,

see the proof of Theorem 4.4. The matrix V' > 0 maximises Uy(V) under the
constraint trace(MV) = 1 for some M > 0 if and only if V[M.(V) — M] = 0.
Therefore, if M is such that there exists Vi, = V., (M) = 0 such that M = M, [V.(M)],
then ¢°(M) = \Iflzl/k[V* (M)]. When k < d, the existence of such a Vi is not
ensured for all M = 0, but happens when M = M} which maximises ¢3° (M) under
the constraint 2" € &(M,c). Moreover, in that case there exists a pj € .# such
that My = M.(V, ), and this pj; maximises 9y (p) with respect to p € #.

Consider in particular the case k = 1. Then, M.(V) = I;/trace(V) and
¢ (M) = Amin(M)/2. The matrix M, of the optimal ellipsoid & (M, c}) is pro-
portional to the identity matrix and & (M}, ¢;;) is the ball of minimum-volume that
encloses 2.

When k£ = 2 and Iy = (d — 1)M/trace(M), direct calculations show that

63°(M) = W, *[V,(M)], with
V(M) = [Iytrace(M)/(d — 1) — M] [trace*(M)/(d — 1) — trace(M?)]~*;

the optimal ellipsoid is then such that trace?(M)/(d — 1) —trace(M?) is maximised.

4.1.3 Examples

Example 2 Take 2" = [0,1]%, d > 1 and denote by v;, i = 1,...,2% the 27 vertices

of 2. Consider u* = (1/2%) Zil dy;, With &, the Dirac delta measure at v. Then,
Vy+ = I3/4 and one can easily check that p* is ¢;-optimal. Indeed, E, - = 14/2,
with 1, the d-dimensional vector of ones, and max,c o (z—14/2) " (2 13)(z—14/2) =
d/2 = trace{V,~ Vg, [V,+]}. From Remark 4.2, the measure p* is ¢;-optimal for all
k=1,....d.

Note that the two-point measure pj = (1/2)[0o + d1,] is such that V. =
(141))/4 and 1 (p}) = d/2 = ¢1(p*), and is therefore t;-optimal too. It is
not ty-optimal for k > 1, since ¢y (pf) =0, k& > 1.

Example 3 Take 2" = %4(0, p), the closed ball of R¢ centered at the origin 0 with
radius p. Let po be the uniform measure on the sphere .#;(0, p) (the boundary of
#4(0,p)). Then, V,, is proportional to the identity matrix I, and trace[V,,,] = p?
implies that V,,, = p?I,/d. Take k = d. We have E,, = 0 and

d+ 1)p?
max( — Ep) Vi, Vi) — Ep) = (D07

TEX di—iqr trace{V,, Vu,[Viol},

so that pg is ¥4-optimal from (4.4).
Let pg be the measure that allocates mass 1/(d + 1) at each vertex of a d
regular simplex having its d + 1 vertices on .%4(0, p), with squared volume p??(d +
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1)4+1/[d4(d!)?]. We also have V,,, = p*I,/d, so that g is ¥g-optimal too. In view
of Remark 4.2, 1o and pg are tg-optimal for all k in {1,...,d}.

Let now pj be the measure that allocates mass 1/(k + 1) at each vertex of a
k regular simplex Z, centered at the origin, with its vertices on .#4(0,p). The
squared volume of &, equals p?* (k+1)k1/[k*(k!)2]. Without any loss of generality,
we can choose the orientation of the space such that V), is diagonal, with its first k
diagonal elements equal to p?/k and the other equal to zero. Note that 1y (j1x) = 0
for k' > k. Direct calculations based on (3.6) give

k+1 p2k k+1/d p2k
Vi () = T < Yr(po) = i \k) g
with equality for £ = 1 and k = d, the inequality being strict otherwise. Figure 4
presents the efficiency [tx (ur)/¥r(110)]/* as a function of k& when d = 20.

Figure 4: Efficiency [¢y (x)/%r (110)]*/* as a function of k& when d = 20 in Example
3.

4.2 Optimal design in regression models

In this section we consider the case when V = M ~1(€), where M (€) is the informa-
tion matrix

M(E) = / ST (1) ()

in a regression model Y; = 07 f(t;) + ¢; with parameters § € R, for a design
measure { € =. Here = denotes the set of probability measures on a set T such
that {f(t) : t € T} is compact, and M ~1(£) is the (asymptotic) covariance matrix
of an estimator 6 of # when the design variables ¢ are distributed according to €.
The value 9, (1) of Theorem 3.1 defines a measure of dispersion for 0, that depends
on ¢ through V,, = M~1(¢). The design problem we consider consists in choosing
¢ that minimises this dispersion, as measured by W;[M~1(¢)], or equivalently that
maximises W, ' [M~1(€)].

4.2.1 Properties

It is customary in optimal design theory to maximise a concave and Loewner-
increasing function of M (€), see [14, Chap. 5] for desirable properties of optimal
design criteria. Here we have the following.
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Theorem 4.3. The functions M — \Illzl/k(M’l), k=1,...,d, are Loewner-
increasing, concave and differentiable on the set MT of d x d symmetric positive-
definite matrices. The functions Vi (-) are also orthogonally invariant.

Proof. The property (3.10) yields

(4.8)

—1/k 1/k
\I/,Zl/k(Mfl) _ <k + 1) det™ /" (M)

1/k
& Ea3(M)
which is a concave function of M, see Eq. (10) of [11, p. 116]. Since Wy(-) is

Loewner-increasing, see [9], the function M — \1;;1/ "(M~1) is Loewner-increasing

too. Its orthogonal invariance follows from the fact that it is defined in terms of

the eigenvalues of M. O

Note that Theorems 3.1 and 4.3 imply that the functions M — —log ¥y (M)
and M — log Wy, (M 1) are convex for all k = 1,...,d, a question which was left
open in [9].

As a consequence of Theorem 4.3, we can derive a necessary and sufficient con-

dition for a design measure & to maximise \I/,:Uk[Mfl(g)] with respect to € € Z,
fork=1,...,d.

Theorem 4.4. The design measure & such that M (&) € MY mazimises Pk &) =
q;;l/k[Mfl(g)] with respect to & € Z if and only if

max fT(t)M—l(é-z) V‘I’k [M_l (5;)]

—1 e
teT UL [M1(E))] M= (&) f(t) <k (4.9)

or, equivalently,

V\I’d—k [M(gl;k)]
Wa-k[M(&)]

Moreover, there is equality in (4.9) and (4.10) for all t in the support of & .

max {fT(t)Ml(f;;)f(t) )

teT

ﬂw}gd—k. (4.10)

Proof. From (4.8), the maximisation of ¢y () is equivalent to the maximisation of
bk (&) = logdet[M (€)] —log Wy_x[M(£)]. The proof is similar to that of Theorem 4.4
and is based on the following expressions for the directional derivatives of these two
functionals at ¢ in the direction v € E,

Fy, (€)= trace (1 2174(0) et S a1 ) - v
and
£y (€)= wace ({21740 - T & 1) - M)
and on the property trace{ MV, [M]} = j V;(M). O

In particular, consider the following special cases for k (note that Wo(M) =
Eo(M) =1 for any M).

k=d: () = logdet M),
k=d—-1: z/jd_l(S) = log det[M ()] — log trace[M (§)] — log 2,
k=d-2 Ya—2(§) = log det[M(S)]

—log {trace*[M (£)] — trace[M>(£)]} — log(3/4) .
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The necessary and sufficient condition (4.10) then takes the following form:

k=d: I?ea%fT( IMYEf(t) < d

—d—1: max T —1 * _M —
rma-ts {1 OMT @10 - S <1,
k=d—2: r?ea%{f M=HENF()

L tracelMENTWF) — FTOMED _
2T e M(€))] — trace M2(E)) }Sd .

Also, for k =1 condition (4.9) gives
T ) M_2(§T)

max f (¢

1 O (g W =

(which corresponds to A-optimal design), and for k = 2

o aceMHENST (M 2(E) /(1) — fTOM(E) /1) _
teT trace?[M —1(&3)] — trace[M —2(&3)] -

Finally, note that a duality theorem, in the spirit of Theorem 4.2, can be for-

mulated for the maximisation of \Illzl/k[M_l(S)]; see [14, Th. 7.12] for the general
form a such duality properties in optimal experimental design.

4.2.2 Examples

Example 4 For the linear regression model on 6y + 61 x on [~1,1], the optimal
design for ¢ (-) with k=d=2or k=11s

i={ e}

where the first line corresponds to support points and the second indicates their
respective weights.

Example 5 For linear regression with the quadratic polynomial model 0y + 61t +
62 t? on [—1, 1], the optimal designs for ¢ (-) have the form

e[ -1 0 1
k= Wi 1—2wk Wi ’

with wg = 1/3, wy = (v/33—1)/16 ~ 0.2965352 and w; = 1/4. Define the efficiency
Eff;(§) of a design € as

Eff () = ?k(g*) :
Y (519)
Table 2 gives the efficiencies Effy, (5 ) for j,k =1,...,d = 3. The design &;, op-

timal for 1/12( ), appears to make a good compromise between A-optimality (which
corresponds to 91 (+)) and D-optimality (which corresponds to 3 (-)).

Example 6 For linear regression with the cubic polynomial model 6y + 61 ¢ +
0212 + 0513 on [—1,1], the optimal designs for 1y (-) have the form

5*_ -1 —Zk Zk 1
L Wi 1/2—wk 1/2—wk Wi ’
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Table 2: Efficiencies Effy (&) for j,k =1,...,d in Example 5.
Effl Effz EHS
& 1 0.9770  0.9449
& 0.9654 1 0.9886
&3 0.8889  0.9848 1

Table 3: Efficiencies Effy (&) for j,k=1,...,d in Example 6.
Effy Eff Effs Effy
& 1 0.9785 0.9478 0.9166
&5 0.9694 1 0.9804 0.9499
&3 0.9180 0.9753 1 0.9897
& 0.8527  0.9213  0.9872 1

where
24 = 1/3/5 ~0.4472136, wy = 0.25,
23 ~ 0.4350486 , ws ~ 0.2149859 ,
29 ~ 0.4240013 , ws ~ 0.1730987 ,

21 = V37 —6/3 ~0.4639509, w; = (4 —/7)/9 ~0.1504721,

with z3 satisfying the equation 225 — 325 — 452% 4 623 — 422 — 1524+ 3 =0 and

5204520 4522+ 1 - V212 4+ 22104328 +6020+5921 45822473

N 12(26 + 24 + 22 - 3) ’
with z = z3. For k = d — 2 = 2, the numbers 29 and wy are too difficult to express
analytically. Table 3 gives the efficiencies Effy(£) for j,k = 1,...,d. Here again
the design &5 appears to make a good compromise: it maximises the minimum
efficiency miny, Eff ;(-) among the designs considered.

w3

Appendix

Shift-invariance and positive homogeneity Denote by .# the set of proba-
bility measures defined on the Borel subsets of 2", a compact subset of R?. For any
€ A, any € R and any A € R*, respectively denote by T g[u] and Hy-1[u]
the measures defined by:

for any p-measurable & C 2", T_g[u]( +0) = p(/), Hy-1[p](A\) = (o),

where & +0 = {z+0:2 € &/} and A = {Az : 2 € &/}. The shift-invariance
of ¢(-) then means that ¢(T_g[u]) = ¢(u) for any pu € .4 and any 6 € R?, positive
homogeneity of degree ¢ means that ¢(Hy-1[u]) = A\ ¢(u) for any u € 4 and any
AeRT.

The variance is the only concave central moment For g # 2, the ¢-th central
moment Ay(p) = [ ||l — E,||? u(dz) is shift-invariant and homogeneous of degree
g, but it is not concave on .#(Z2"). Indeed, consider for instance the two-point
probability measures

_Jo o1y [0 10
M=V 1y2 12 M2 7 w 1—w [

where the first line denotes the support points and the second one their respective
weights. Then, for
1 201971 —202¢ + 405
404 2019-1 — 101q + 102

w =
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one has 92A,[(1 — a)u1 + apg]/da?| _, > 0 for all ¢ > 1.84, the equality being
obtained at ¢ = 2 only. Counterexamples are easily constructed for values of ¢
smaller than 1.84.

Proof of Theorem 4.2
(¢) The fact that max,c_z \Ifllc/k(VM) > minpge. 2 cem,e) 1/07° (M) is a consequence

of Theorem 4.4. Indeed, the measure y;, maximises \Ifllc/ k(VM) if and only if
(z = Eur) ' Mo(Vir)(x — Epr) <1 for all z in 2. (4.11)

Denote My = M.(V,x), ¢ = Eux, and consider the Lagrangian L(V,a; M) for
the maximisation of (1/k)log ¥ (V) with respect to V' = 0 under the constraint
trace(MV) =1: L(V,o; M) = (1/k)log U1 (V) — aftrace(MV') — 1] . We have

IL(V,1; M)
ov V=V,

M

=M — M} =0

and trace(M;V,») = 1, with V- = 0. Therefore, V,,» maximises ¥)(V) under the
constraint trace(M}: V) 1, and moreover, 2 C é”(Mk,ck) from (4.11). This
implies

TR = ma \1/1/’“1/
e Vi) = V-0 tracez(M* Vi=1 * W)

1
> min max \Ifllc/k(V) = min .
M,c: ZCE(M,c) V=0: trace(MV)=1 M,c: 2 CE(M,c) ¢k (M)

(ii) We prove now that miny c. o ce(ar,e) /05 (M) > max,e.n V), /k(V#). Note
that we do not have an explicit form for ¢7°(M) and that the infimum in (4.6) can
be attained at a singular V', not necessarily unique, so that we cannot differentiate
¢°(M). Also note that compared to the developments in [14, Chap. 7], here we
consider covariance matrices instead of moment matrices.

Consider the maximisation of log ¢3°(M) with respect to M and ¢ such that
2 C &(M,c), with Lagrangian

L(M, ¢, B) =log oo (M Zﬁml— (x—c)"M(x—c)], B >0forall zin 2.
zed

For the sake of simplicity we consider here 2~ to be finite, but 8 may denote any pos-

itive measure on 2" otherwise. Denote the optimum by 7™ = maxy;,.. 2 ce () log o7° (M).

It satisfies T* = maxys,. ming>o L(M, ¢, ) < ming>o maxas. L(M, ¢, 8), and maxys . L(M, ¢, 5)
is attained for any ¢ such that Mec= M} . 5 B 2/(3_,c 9 Bz), that is, in partic-

ular for
= Zmeﬁlf ﬂg;-f
Zzeﬁ?f ﬁm 7
and for M* such that 0 € 9y, L(M, c*,ﬁ)‘M:M*, the subdifferential of L(M,c*, 3)

with respect to M at M*. This condition can be written as

Y Belz—c)a—c) =V edloge®(M)],,_y. »
zeX

with 0log ¢3° (M) the subdifferential of log ¢7° (M),

dlog ¢ (M) = {V = 0: 0,/ " (V)¢ (M) = trace(MV) = 1},
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see [14, Th. 7.9]. Since trace(MV) = 1 for all V € dlog ¢3°(M), trace(M*V) =
and thus Y, Bo (# — ¢*) TM*(z — ¢*) = 1. Also, klll/k( V) = 1/¢3°(M*), which
gives

L(M*,¢*, B) = —log ¥}/*

Zﬁm (x—c)(z—c)T

reX

+ ) Be—1.

rzeX

We obtain finally

L(M*
min L(M*, c*, 6)

Z g (x—c*)(z —c)T

= min {— 10g\IJl/k
zeZ

v>0, a>0

—log(v) — 1} ,

Z oy (x —c*)(:v—c*)—r] log\Ifl/k(Vk*),

reX

1/k

= m>1%1— log W,

where we have denoted v = Zme% B and «a, = B, /v for all . Therefore T* <
—log U,/*(V), that is, log [minas e 2 caor.e 1/65°(M)] > log W,/ (V).
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