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Convolution of orbital measures on symmetric spaces:
a survey

P. Graczyk and P. Sawyer

This paper is dedicated to Philip Feinsilver, Salah Mohammed, and Arunava Mukherjea at the
occasion of their retirement.

ABSTRACT. This survey summarizes a long and fruitful collaboration of the
authors on the properties of the convolutions of orbital measures on symmetric
spaces or, equivalently, on the product formula for spherical functions on such
spaces. A special accent is put on recent results in the singular case. They are
presented in a simplified and unified manner in this survey.

New results for the flat symmetric spaces are also included, including a
new short proof of the Thompson’s conjecture in the complex case. Important
open problems and possible applications of our results are proposed.

1. Introduction

1.1. Introductory example: uniform measures on spheres in R". We
start by discussing a simple and well known but fundamental example: the con-
volution of the uniform measures on centered spheres S(r) in R". Let dg(y and
ds(r) be two such measures. If < R, the support S(r) + S(R) of the convolution
ds(ry * 0g(R) is equal to the annulus (see Figure 1)

{zeR": R—r<|z]| <R+r}.

(we use the usual Euclidean norm on R"™).
In order to prove the absolute continuity of dg(,) *ds(r) when r, R > 0, one uses
classically a Fourier-based approach. The knowledge of the Fourier transform

n n/2—-1
(1) Fosa)t) =) (1) Twvasllul)

where .J,, /51 is a Bessel function of the first kind (see e.g. [19, (2.30)]) allows one
to study the inverse Fourier transform of F(dg () *d5(r)). This approach also leads
to estimates and regularity properties of the density of dg(,) * dg(r)-

Let us look at this example from the point of view of the action of the compact
group K = O(n) on the vector space R™.

1991 Mathematics Subject Classification. Primary 54C40, 14E20; Secondary 46E25, 20C20.
Key words and phrases. orbital measures, spherical functions, product formula, root systems,
symmetric spaces, noncompact type.
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R+r

Rr

FIGURE 1. Support S(r) + S(R)

If X € R” and X # 0 then the orbit K - X is the sphere S(||X]||) of center 0
and radius || X||. The orbital measure 5& on K - X is the transport of the Haar
measure mg on K by the map k € K — k- X € K - X. In other words, for a test
function f on R™

() = [ f-X)d,
K
We have (Sg( = 6S(|\X\|)'
Suppose now X, Y # 0 and then consider the convolution measure
mxy = (5&' * 65/
In other words, for a test function f on R™
mX7y(f) = / f(k:lX + kQY) dkl de
O(n)x0O(n)
The measure mx,y is the transport of the Haar measure mg«x on K x K by the
analytic map
T(ki,ko) =k1- X + ko Y.
Let us now describe the support of mx y, namely
Sxy =0(n)- X +0(n)-Y

which is the image of the group O(n) x O(n) by the map T. It is not difficult to
see that

(1.2) Sxy = [|X[|O(n) -e1 + [[Y][O(n) - ex

where e; = (1,0, ...,0). Without loss of generality, we can assume that || X|| > ||Y|.
Observe that the set described in (1.2) is the annulus

Sxy ={Z e R": || X[| = Y]l < 1 Z] < [IX[] + [[Y[]}-
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Indeed, we have || Sx,y || = [|X|| — IY]l, |X]| + ||Y|]] which means that for every r
in this interval, there is a Z € Sxy with ||Z]] = r. Given that Sx y is invariant
under the action of O(n), the rest follows.

In order to study the existence of the density of mx,y, some basic differential
geometry arguments explained in the beginning of the Section 2 (see Theorem 2.3)
justify the equivalence of the following properties

e The measure mxy = T(mgxx) is absolutely continuous
e The support Sy y = T(K x K) has a nonempty interior
e The derivative of the map T is surjective at a point (k1, ka).

This gives two new approaches to the question of absolute continuity of mx y: the
support approach and the surjectivity approach.

Let us illustrate these two other methods on the introductory example.

The annulus Sx y has nonempty interior if and only if X and Y # 0. Thus, by
the support approach, the measure mxy = T(mgxx) is absolutely continuous
if and only if X and Y # 0.

The surjectivity approach is also very simple. The image of the derivative
of the map T at (k1,k2) is easily seen to be k1 s0(n) X + ko so(n)Y. There exists
(k1, ko) such that dT is surjective if and only if k1 so(n) X + kaso(n)Y = R™ or
if so(n) X + kso(n)Y = R" (taking k = k; ' ky) for some k. If, as before, we
assume that X = || X||e; and Y = ||Y]| e, the condition becomes [0, az, . .., a,]T +
k[0,bg,...,b,]T = R™ for some k (the a;’s and b;’s being arbitrary). The last
condition is easily satisfied.

The main objective of our study of convolutions of K-orbital measures 55 on
Riemannian symmetric spaces G/K is the existence of their density. Even though
the spherical Fourier transform of such measures is known to be the spherical func-
tion ¢x(g), the Fourier-based approach does not lead to sharp conditions due
to the lack of efficient estimates of ¢,(g) for singular g’s.

However, the support approach and the surjectivity approach can be used.
That’s why we wanted to explain them on the introductory example, where they
are particularly simple and rather unknown, in favor of the Fourier-based approach.

Let us notice that our introductory example can be realized as the Euclidean
symmetric space O(n) x R"/O(n) as discussed in Section 4.

1.2. Basic notations. Let G/K be a Riemannian symmetric space of non-
compact type (Helgason provides an excellent introduction in [16]):

Here G is a semisimple Lie group of noncompact type with finite centre and K
is a maximal compact subgroup of G. Let a* be the positive Weyl chamber. The
Cartan decomposition of the group G writes

g =k e9) ko

where ki, ko € K and a(g) € at is uniquely determined.

We define now the main objects of our work, the orbital measures and their
convolutions.

Consider X, Y € a and let mg denote the Haar measure of the group K. We
define

(ng = MK *6eX * MK .
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Measures Lives on support
65X:mK*6ex*mK G KeXK
Mmyy =0y x5y G | KfKe'K
px,y = Transport of mxy at a(eX Ke¥)
on at by the map
g = alg)

TABLE 1. Important measures

1.3. Motivations and applications. The problem of the absolute continuity
of the convolution of two orbital measures

mxy = (55;( *52y

and the study of the properties of its density that we address in this survey have
important applications in the harmonic analysis of spherical functions on G/K and
in probability theory.

1.3.1. Applications in harmonic analysis: product formula. The spherical Fourier
transform of 55)( is equal to the spherical function ¢y(eX) where \ is a complex-
valued linear form on a.

Thus the product ¢y (eX)px(e¥) is the spherical Fourier transform of the con-
volution mx y = 5EX * 52\/.

Therefore, using the fact that the probability measure px y is the Cartan-
transport of mx y on at,

Pr(e™) pa(e’) = /7 oa(e™) dux,y (H)
at

The last formula is a version of the product formula for spherical functions on
G/K. Like Helgason [16, 18], we reserve the name of product formula to the
case when px y has a density k(H, X,Y). Thus the product formula for spherical
functions

(1.3) oa(e¥X) pa(e”) = X oa(e") k(H,X,Y)6(H)dH,

a
where §(H) dH is the Cartan-transport of the invariant measure on G/ K, is equiv-
alent to the absolute continuity of the measure px y. Given that ¢y (eX) gr(e¥) =
[ or(e* ke¥)dk, formula (1.3) is equivalent to

(1.4) /Kf(eXkeY)dk: . fe™k(H, X,Y)6(H)dH

for every K-biinvariant function f.
The investigation of the product formula was initiated by Helgason [16, Prop.IV.10.13,

p.480]. Helgason proposes in [18, p. 367] studying the properties of j1x y in relation

to the structure of G as an interesting open problem. The questions of existence

and explicit expression of a density of pxy are thus of great importance. The
investigation of this problem was started by Flensted-Jensen and Koornwinder on
hyperbolic spaces [4, 23]. These questions were investigated by Rosler and other
authors (see [30] and references therein) with the hope of generalization in the
Dunkl and hypergroups setting.
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1.3.2. Applications in probability. They concern two groups of problems:

(1) Arithmetic of probability measures. In order to characterize the impor-
tant class Iy of probability laws without indecomposable factors (in the
sense of the convolution product), Ostrovskii [27], Trukhina [34] and Voit
[35] use as the main tool the product formula and some properties of its
kernel, respectively on R™/O(n), on real hyperbolic spaces and on some
hypergroups. We conjecture that our results will allow the characteriza-
tion of the Iy class on all symmetric spaces G/K as K-invariant Gaussian
measures.

(2) Properties of random walks on semi-simple groups. The property of abso-
lute continuity of sufficiently large convolution powers (52)()1 is essential

in the study of random walks on groups (see for example [20, 21, 24]).

The measures, with a certain convolution power allowing an absolutely

continuous part, are called spreadout. We also believe that the results

on the convolution powers of (SE x will be useful in the study of isotropic

K-invariant random walks on G/K, see [6] in the case R".

1.4. Plan of the survey. We present here the organization of this survey.

In Section 2 we present the results on the existence of the density of the mea-
sures mx,y and pxy.

In Section 3 we discuss formulas available for the density and we give a descrip-
tion of the support.

We conclude with Section 4 with a discussion of our problems in the case of
Euclidean (or flat) symmetric spaces. This section, in particular, contains new
results.

2. Absolute continuity of the convolution of orbital measures

Our goal in this section is to discuss sharp criteria guaranteeing the existence of
the density of the convolution of two orbital measures. We will develop the results
in a variety of symmetric spaces of noncompact type and show in Section 4 that
they apply in the case of symmetric spaces of Euclidean type.

Here are the three main Problems that we are discussing in this survey:

(1) Prove the existence of the density when X is regular and Y # 0.

(2) Provide a sufficient and necessary condition for the existence of the density
when X and Y are both singular.

(3) Provide a sufficient and necessary condition for the existence of the density
of 52:(1 kLK 52}% and (5gx)l.

2.1. Existence of the density: methods. We will discuss here the various
tools and equivalences that we have developed to prove the existence of the density.

Here are the methods we used in our research in order to show the absolute
continuity of measures mx,y and uxy.

(i) Support approach for Problem 1. Show that supp(ux,y) = a(e® KeY)
has a nonempty interior using local Taylor expansions of the map t —
a(eX kX eY) at X +Y (see [13]). Here X, denotes a root vector and
EXe = exp(t(Xo + 0Xa)).

(ii) Fourier-based approach for Problem 1. Using inverse spherical Fourier
transform (see [11]).
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(iii) Surjectivity approach for Problems 2 and 3. This technique was in-
troduced and used in [7, 8, 9] and is based on the study of the surjectivity
of the differential of the map T'(ky, ko, k3) = k1 eX kg ¥ k3, equivalent to
Theorem 2.3, part (7).

From today’s perspective, it is clear for us that the surjectivity approach
(2.1) is the simplest and the most powerful tool allowing a unified treatment of all
three Problems 1, 2, 3. That is why we present this method in detail in this
survey. However, the lemma that follows which was proven in [9] will be used in
conjunction with the “support approach” to prove that the criteria that we are
proposing are necessary (i.e. sharp).

T S

LEMMA 2.1. Let U = diag([Tigr -0 a0, Ui, - - -, un—yp] and V = diag([0: -0 0300, U1, - - - s UN—s]
where 1+ s > N, s < N, r < N and the u;’s and v;’s are arbitrary. Then each
element of a(eV SU(N,F)e") has at least r + s — N entries equal to ug + vy (here
a(g) corresponds to the singular values of g).

REMARK 2.2. The following two observations are used repeatedly in our work
on the product formula:

(1) Let f: M — R (or C) be a nonzero analytic function where M is a real
(or complex) analytic manifold. Then U = {m: f(m) # 0} is a dense
open set of M.

(2) The intersection of two dense open sets of M is a dense open set of M.

Observation 2 is simple but useful: it will be used to show that two properties
that are each valid almost everywhere are valid together almost everywhere.

THEOREM 2.3. Let F(k) = a(eX keY) and let T: K x K x K — G be defined

by T(ky, ko, k3) = k1 eX koe¥ k3. The following statements are equivalent:

) px,y is absolutely continuous.
(2) supp(ux,y) = a(eX Ke¥') has a nonempty interior.
(3) There exists k € K such that dF|, is surjective.
(4) mx,y is absolutely continuous.
(5) supp(mxy) = K e*X Ke¥ K has a nonempty interior.
(6) There exists (ki, k2, k3) € K x K x K such that dT'|, .. ., is surjective.
(7) Let Vx = span{Xy — 0(Xo): a(X) # 0} C p (similarly for Vy ).

(2.1) 3k € K Vx + Ad(k)Vy =p.|

ProOOF. We first observe that mx y is absolutely continuous if and only if its
support KeX K e¥ K has nonempty interior U. This implies that the derivative of T'
is surjective at least for some k. Indeed, by Sard’s theorem (see for example [16, p.
479] and the reference therein), given that T is analytic, on the set C' of its critical
points where dT is not surjective, the invariant measure of T(C') is zero. Given
that the image of T' contains an open set, C' cannot be the whole of K x K x K.
Hence, T is surjective at least at one point and therefore, using Remark 2.2, dT" is
surjective for every (ki, ks, ks) in a dense open subset of K x K x K. Using the
implicit function theorem, a density kg(-, X,Y) exists for the measure mx y. On
the other hand, if the image of T' does not contain an open set, the set of critical
points will be C' = K x K x K and the invariant measure of T (K x K x K) is zero.
Therefore, the measure mx y is not absolutely continuous.
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The same result is true for the measure px y although the proof requires some
adjustment since F(k) = a(eX keY) is continuous but not necessarily analytic
everywhere. In [13], we worked around this technical difficulty by observing that a
is analytic on G’ = K ¢®" " K where a™ = {H € a®: a(H) # B(H) for a # }.

Rather than reproducing here all the details, we can observe that pxy is
absolutely continuous if and only if mx y is and that the interiors of their supports
are closely related. If k(H,X,Y) and kg(g,X,Y) are the respective densities of
ix,y and mx y then

k(H,X,Y) = / ka(kr e ky, X,Y) dky dks,
KxK

kG(gaXv Y) = k(a(g)va Y)

Finally, we show that (6) allows us to deduce another more practical criterion.
We have

dTx(A,B,C) = %h:o etk eX et BhyeY et C ky
=AkieXkoe¥ ks+kieX Bhoe¥ ks +kieX kye¥ Cks
(2.2) =k1e™ [Ad(e ™) (ki" Aky) + B+ Ad(ko) Ad(e") (k3 Ck3")] ko€ ks.

We conclude from (2.2) that dT) is surjective if and only if there exists k € K
such that

Ad(e ™) e+t + Ad(k) Ad(e¥)e=gor
[€+ Ad(e %) €] + Ad(k) [£ + Ad(e¥) €] = g.

If we project this equation on p via the map X — X — 6(X), the criterion (6)
becomes equivalent to the existence of k € K such that (2.1) holds. Indeed, given
that

k+ Ad(e=X) € = span { X, 4 0(X,.),e*) X, + e X 9(X,)}
eO‘(X) _|_ eio‘(X)

2
+———— (Xa - 0(Xa))}

= span {X, + 0(X,), (Xo +0(Xa))

the result follows. O

If we refer to Remark 2.2, it is helpful to note that in (3) and (6), we could
write instead “There exists a dense open subset U of K (or of K x K x K) such
that dF|, (or dT'|, , i) is surjective everywhere on U.”

2.2. Existence of the density: symmetric spaces of noncompact type.
We believe that the simplest method to prove the statement of Problem 1 is the
surjectivity approach via Theorem 2.3, part (7). Below, we provide a new proof
of Theorem 2.4 using Theorem 2.3, part (7). In [13], we showed that:

THEOREM 2.4. Let G/K be an irreducible symmetric space of noncompact type.

If X € aisregular and Y € a is not 0, then the convolution 52)( *5Ey is absolutely
continuous.
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The proof that we used in [13] to show that dF'|, is surjective for some k € K
was based on local Taylor expansions at X +Y. It goes like this: a(e* ef (Xot0(Xa)) e¥)
X +Y +St2H, + O(t?) where S # 0 whenever a(X) # 0 and a(Y) # 0. If we get
enough directions to generate a (we get every Hy, o > 0 when X, Y € a™) then
the density has to exist. We will show here that the criterion given in (2.1) can be
used to prove Theorem 2.4.

We reproduce here the following result from [13]:

LEMMA 2.5. Let A be an irreducible root system and Ag be the set of simple
positive roots. If 1 € Ag then one may order the elements of Ag in such a way

B2, ooy Br (r=1A0]) thatz:f:1 Bi €A forallk=1,...,r.

PRrROOF. We use induction on r. The result is trivial when r = 1.

Suppose that the statement is true for any root system with r—1 simple positive
roots. In this paper, the scalar product on a (and correspondingly on a*) is defined
via the Killing form: for X, Y € a, (X,Y) = B(X,Y).

Consider the Dynkin diagram D of a root system with |Ag| = r. As a graph,
this diagram is a finite tree so there exists a root a;,. € A such that (a,a,) # 0
for only one other root in A, say a@ = a,-—1 (geometrically, it means that the only
vertex of D connected with . is a;—1).

Let A’ be the root system generated by the simple roots Ag\{c.} (the Dynkin
diagram D’ of A’ is obtained from D by suppressing the vertex a,. and the edge

[O‘T—la ar])~
Let us order the elements of Ag \ {a,} in such a way ai, ..., a,_1 that
Z::_,i a; € Aforall k=1, ..., r—1. This is possible by the induction hypothesis.

Let f =a1+- -+ar—1 € A. As{ap,a,) =0whenp <r—1and (a,_1,a,) <0
(all this follows from the fact that D contains the edge [a,-—1, @] and no other edge
with vertex ;) we infer that (8, a,.) < 0. This implies [16, Lemma 2.18 page 291]
that 8+ a, = a1 + -+ + «, € A. The statement of the lemma is then true for
b1 = a4, i < r. It is also true for 81 = «, since Z::_,i a;+a. € Afork=1, ...,
r — 1 which follows from the same argument replacing 5 by ag + -+ - + ar_1.

The lemma could also be proven using the classification of root systems by a
case by case examination (see for instance [16]). O

PRrOOF (of the theorem). Let r be the rank of the symmetric space. We can
assume without loss of generality that X € a™ and that Y € at. We will show that

Vx + Ad(k)Vy = p.

Since X is regular, we have p = Vx @ a and therefore, dim Vx = dimp — r.
Since Y # 0, there exists a simple root 81 such that 81(Y) > 0. Let §;, i = 2,
.., 7 be as in Lemma 2.5. Let 7 = Zle B; and note that v(Y) > 0 for each
k. If H,, = [X,,,0(X,,)] then the H,,’s are linearly independent and generate a.
Indeed, Y ;_, by Hy, = 0 implies Y, _, by B(H,,,H) =0 for all H € a. We then
have 35 _, by (H) = 0 which is equivalent to Yr_; S2F | by Bi(H) = 0 for all
H € a. This means that X7, S b8 = 0or 7, (r_, bk) Bi = 0 from
which we easily conclude that all the b;’s must be 0.
Let

ke=exp(tY x%), Xt =x +0x,.
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Then, writing XP = X — 60X e p,

Ad(k)(XE) = f(1)

H

Vi

modulo Vx with f(t) = —2t + o(t) as t tends to 0.

Now, provided that ¢ is small enough so that the terms in ¢ H,do not disappear,

we have:

A SURVEY

Vx & span {Ad(k:t)(X!fl)} =Vx @& span{H,, }
Vx @ span {Ad(k:)(XP), Ad(k:)(XP )} = Vx @ span {H,,, H,,}

Vx @ span {Ad(k)(XP),..., Ad(k)(XP )} = Vx @ span {H,,,....

Since Vx @ span{H,,,...,

The density can however still exist when both X and Y are singular. In the

case of the root system A,, if X and Y are singular, then the density does not exist.
—1] and k € SO(3) then

Indeed, if X = z diag[1,1,

a(eX ke¥)

cosf)y —sinf; O

=aleX | sinf; cosh; O

0 0 1
cosf)y —sinf; 0

=a sinf); cost; O | e

0 0 1
1 0 0

=aleX | 0 coshy —sinb,

0 sinfy  cosfy

(any k € SO(3) can be written in that way). Hence, a(eX SO(3) e¥') has dimension

SO =R OO

GY

_1]7 Y= Y dla‘g[la 17

0
cos O
sin 6o

cos
sin 05

0
—sin 92
cos 05

—sin 92
cos 05

at most 1 and therefore does not contain an open set.

Table 3 shows however that even in the low rank cases such as Bs, As, it is

e

Y

Cos
sin

0

possible for the density to exist when both X and Y are singular.

We arrive in this way to the challenging Problem 2: characterize all pairs X,

Y of singular elements

such that the measure mx y = 65X * 65Y has a density. It should depend on how

irregular X and Y are.

In our most recent papers, we solved this problem for:
— classical symmetric spaces of type A,,
— the symmetric spaces SO(p,q)/SO(p) x SO(g), p < ¢, containing (for
p < q) the noncompact Grassmanians,
— their complex and quaternionic analogs SU(p, q)/SU(p) x SU(q) and

Sp(p,q)/Sp(p) x Sp(q),

— the spaces SO*(2n)/U(n

).

XY ¢W.at

C Vx + Ad(K) Vy.

H,, } =p, we have proven the Theorem.

) H’Yr}

O

93 —sin 93 0

03

cos b3
sin 93
0

cosfls 0
0 1

—sin 3
cos 03
0

0
0
1

e

Y
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THEOREM 2.6. In Table 2 and Table 3, we provide definitions of eligibility for
a pair of elements of a for the spaces SL(n,F), F =R, C, H for alln > 2, E¢/F4,
SO(p,q)/SO(p) xSO(q), SU(p,q)/SU(p) x SU(q), Sp(p.q)/Sp(p) xSp(q), p < q
and SO*(2n)/U(n), n > 2. In all these cases, the measure uxy 1is absolutely
continuous if an only if the pair (X,Y) is eligible.

Symmetric space Description of X € a™ Configuration of X
SL(n,F)/SU(n,F), diaglxy, ..., zn], X = Xl[s1,...,8:], i
F=R,C H,n>2, Yo, x =0, number of repetitions of
F=0,n=3 Ty >XTo > > Xy the x;’s
(ze E6/F4)

0 Dx 0
SO(p,q)/SO(p) x SO(q), Dx 0 0 X = X[s1,...,85u], s
p <q, 0 0 o0 number of repetitions of
SU(p,q)/SU(p) xSU(q), | in gl(p + ¢, R), the nonzero z;’s and u the
Sp(p,q)/Sp(p) x Sp(q), | Dx = diag[z1,...,z,), number of x; =0
p<gq T1 > T > > 2, >0
SO(p,p)/SO(p) x SO(p) { DOX DOX J € gl2p,R), | X = X[s1,...,5:;u], s

number of repetitions of

fX; ilag>[x1',..'. .>,a:§], S the nonzero |z;|’s and wu
‘;p| 2 p=1 the number of z; =0
SO*(2n)/U(n) [ —z 0} egl2n,R), | X = X[s1,...,85ul, s
X (n/2] number of repetitions of
Ex =211 the nonzero x;’s and u the
(Bakokr1 — Eapy12k), number of z; =0

Ty > x>0 > Xy >0

TABLE 2. Configurations of elements of a
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Symmetric space Eligibility X # 0, | Reference
(0:x)'
absolutely
contin-
uous
(optimal
value)
SL(n,F)/SU(n, F), X =X[s], Y =Yt I>n [9]
F=R,C,H n>2 max{s} + max{t} < n,
F=0,n=3 (and X or Y mnot of the form
(26 EG/F4) a diag(l,, 2,— 15 /2])
SO(p,q)/SO(p) x SO(q), | X = X[s;u], Y =Y[t;0]: l>p (7, 8]
p<gq, max(s, 2u) + max(t, 2v) < 2p

SU(p,q)/SU(p) x SU(q),
Sp(p, q¢)/Sp(p) x Sp(q),

P=q

SO(p,p)/SO(p) x SO(p) | X = X[s;u], Y =Y[t;0]: L > pif|[7]
ifu <1, v <1 then p >4,
max(s) + max(t) < 2p — 2, l>p+1
if u > 2 or v > 2 then ifp=2,3

max(s, 2u) + max(t, 2v) < 2p
(if p = 4, then {Dx,Dy}
#{diag[a,a,a,a],diag[b,b,c,c]})

SO*(2n)/U(n) X = X[s;u], Y =YT[t;v]: 1>1[n/2] |[31]
max(s,2u) + max(t,2v) < 2[7]

TABLE 3. Summary of results

2.2.1. Comments on Problem 3. The last column of the last table concerns the
absolute continuity of convolution powers.

Ragozin showed in [29] that for any Riemannian symmetric space G/K and
any X; #0€a, j=1,..., m, the measure

(2.3) 62X1 xeook O

eXm
is absolutely continuous for m > dim(G/K).

In [10], we proved a much stronger property: under the same conditions, the
measure in (2.3) is absolutely continuous for m > r+1, where r is the rank of G/ K.
As can be seen from Table 3, this bound cannot be improved since it is optimal for
the root systems of type A.

THEOREM 2.7. Table 3 provides the optimal values m which ensure that the con-
volution powers ((52)()1, X # 0, are absolutely continuous for the spaces SL(n,F),
F=R, C, H for alln > 2, E¢/F4, SO(p,q)/SO(p) x SO(q), SU(p, q)/SU(p) x
SU(q), Sp(p,q)/Sp(p) x Sp(q), p < q and SO*(2n)/U(n), n > 2. These values
m are optimal in the sens that there are choices of X # 0 for which (55)()[ is not
absolutely continuous when | < m. We provide in Table 4 examples of such choices
in each case. In a sense, these are the “most singular” elements of their respective
Cartan subalgebra.



12 P. GRACZYK AND P. SAWYER

Symmetric space (55 «)! not absolutely continuous

X

SL(n,F)/SU(n,F), X =Xn-1,1] l<n
F-—R,C H, n>2,
F:O,n:?)(ze Eﬁ/F4)

SO(p,q)/SO(p) x SO(q), p < ¢, | X = X[I;p—1] I<p
SU(p,q)/SU(p) x SU(q),
Sp(p,q)/Sp(p) x Sp(g9), p < q

SO(p,p)/SO(p) x SO(p) X =X[l;p-1] I<p,p>4
X = X[p| I<ptl,p=23
SO*(2n)/U(n) X =X[1;[n/2] — 1] 1< [n/2]

TABLE 4. Convolutions powers which are not absolutely continuous

2.3. Proofs. We sketch the idea of the proof in the case of the spaces SO (p, ¢)/SO(p) x
SO(q), p < ¢q. This is a good choice for illustration purposes: the proof for the
symmetric spaces of type A is simpler while the proof in the case of the spaces
SO¢(p,p)/SO(p) x SO(p) is more technical.

2.3.1. The case of the noncompact Grassmanians. In [7], we discussed the prod-
uct formula on the spaces

SO0 (p; q)/(SO(p) x SO(q)) with ¢ > p.

In what follows, with the help of selected examples, we will outline the tech-
niques that led to the results in Table 3. We start by presenting here the necessary
information on the spaces.

We defined SO(p,q) as the group of matrices ¢ € SL(p + ¢,R) such that

971, ,9=1,, where I, , = (;i’; 07}:‘1 } Therefore the Lie algebra so(p, q) of
SO¢(p, q) (the connected component of SO(p, q)) consists of the matrices

A B

BT D

where A and D are skew-symmetric.

e The maximal compact subgroup K =

= )

The Cartan involution is given by 6(X) = —X7T.

A 0
0 D :AGSO(p),BESO(q)}

0 Du Opx(q—p)
The Cartan subalgebra consists of a = ¢ H = Dy 0 0
Og—p)xp 0 0

where Dy = diag[H, ..., Hp).
We describe the root system of the Lie algebra so(p, q) in Table 5.
The positive roots can be chosen as a(H) = H;+ H;, 1 < i < j < p and
o(H) = H;, i =1, ..., p with simple roots «;(H) = H; — Hiy1,i=1, ..., p—1
and a,(H) = H,. The positive Weyl chamber a™ consists therefore of H € a with
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« M, root vectors X,
+H; q—p X'Lj; = Eioptr + Eopiri
1<i<p :l:(EP-H 2p+r — E2p+rp+z’)
r=1,...,q—0p
+(Hi—H;) | 1 Y = Eiptj + Bpiji + Ejpri+ Bprij
l<i<j<p £(Eij — Eji+ Epviptj — Eptjpti)
t(Hi+Hj) | 1 [ Z5=—(Biprj+ Eprji) + Ejpri + Epri
1<i<j<p +(Eij — Eji — Eptiptj + Eptjpti)

TABLE 5. Restricted roots and associated root vectors

Dy = diag(Hy, ..., Hp) such that
H1>H2>"'>Hp>0.
The elements of the Weyl group W are permutations of the diagonal entries of
Dx with eventual sign changes of any number of these entries.

We need to describe how irregular an element of a is: let X € at. We will
0 Dx 0

px(q—p)
write X = X[s;u] if X = Dx 0 0 with
Oq-p)xp 0 0
s1>1 s9>1 s >1 u=0
. —— ——N—
Dx =diag[ Z1,...,21,%2, ..., &2y ...y Zpry .-, Tar, 0. .., 0]

If X ¢ at then we will associate to X the configuration of w- X € aT.

DEFINITION 2.8. Let X = X[s;u] and Y = Y[t;v]. We say that X and Y are
eligible if

max{s, 2u} + max{t,2v} < 2p.

THEOREM 2.9. Let G = SOq(p,q) and let X, Y € a. Then the measure mx y
is absolutely continuous if and only if X and'Y are eligible.

PRrROOF. We now sketch the proof in the case SOg(p, q)/SO(p) x SO(q). We
start by showing that the eligibility is a sufficient condition.
Our proof uses the criterion developed in Theorem 2.3, part (7). It follows the
following steps.
(1) Proof forp=1, g =2.
In [8], our starting point was p = 2, ¢ = 3 but that was unnecessarily
complicated. If we start at p = 1, one only needs to notice that we either
have X =0 or X € at (similarly for V).
(2) Proof in the case ¢ = p + 1 using induction on p.
(a) For X = X[s;u] and Y = Y[t;v] with w > 0 or v > 0.
(b) For X = X[s;0] and Y = Y'[t;0].
In both cases, instead of the full proof, we will provide illustrative
examples.
(3) Proof that (p,p+ 1) = (p,q) for ¢ > p+ 1.
Again the proof given in [8] of this step can be simplified. It suffices
to notice that if the (2p + 1) X (2p + 1) submatrices X’ and Y’ of X,
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Y € so(p, q) are such that Dx, = Dx and Dy = Dy and using SO(p) X
SO(p+1) = 8SO(p) x SO(p + 1) X {I4—(p+1)}, then
a(e® SO(p) x SO(p+1)e¥") ~ a(eX SO(p) x SO(p+1) x {I,_ 11y} e¥)
C a(e¥ SO(p) x SO(g) e¥);
Therefore if the left hand side has an open set homeomorphic to an open
set of R?, the same has to be true of the rightmost side.

Sketch of the proof of the case X = X[s;u] and Y = Y[t;v] with v > 0 or
v > 0 via an example (p =3 and ¢ = 4).

03x3 | Dx  0Osx1 Osx3 | Dy 03x1
Suppose X[1;2] = Dx Ours and Y[2;1] = Dy O
O1x3 x O1x3 x

with Dx = diag[a,0,0], a > 0 and Dy = diag[b,b,0], b > 0. Note that X and YV’
are eligible: 2-24+2<2-3.
X’ Y’
A~
The induction step: Dx = diag[O,m and Dy = diag[b, b,0]: X' = X'[1;1]
and Y/ = Y’[1;1] are eligible: 2+2-1 < 2-2. There is a method in choosing “good”
predecessor X’ and Y’: we placed one of the zeros of Dy at the start and the rest
at the end while we ensured that the largest block of Dy was at the start. The
construction of X’ and Y’ is then as shown in all cases.

By induction, there exists k{, = 0 g such that Vx, + Ad(k}) Vi =p’ or
0 0 o ‘ 00 0 o
0 0 0 0 * * *
0 0 0 0 * * *
(2.4) Vx: +Ad(kg)Vy» = |70 0 00 0 0 0
0 * * 0 0 0 0
0 * * 0 0 0 0
0 * * 0 0 0 0
1 0 0 O Ny Ny
. 0 A0 O —
with ]CO = 0 0 1 0 . NOW, VX = Span ({Zlg,ylg}UVX/), Vy = Span ({Xl,le,Zlg,Ylg} UVy/).
0 0 0 B

By straightforward computations, we find that
Ad(ko) (span(Ny))

T 18 T 18
= span {Ad(ko)Xl = {%} L Ad(ko) Z1 = [ —241 /3'6 ] ’
T 7% T 78
Ad(kO)Zl?) = |: _OaQ ﬂg :| ,Ad(kO)Y13 = {%‘BTZ] }

where the «;’s are the columns of A and the f3;’s the columns of B. Given that A and
B are non-singular, it is easy to see that these matrices are linearly independent.
We want to have

4 O

Q
I

Ad(ko) (span(Ny)) =

cocod|looco
cooflooo
cocooloof
=
cocooloof
N
cocooloo§
w

[=NeNoNoe)

where the a;’s are arbitrary and 7 depends on the a;’s. This is possible as long
as the second component of oy is not zero. Since this is the case for a dense open
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subset of SO(2) and (2.4) is valid for a dense open subset of SO(2) x SO(3), we
can assume that this is the case (recall Remark 2.2). Hence, we have

0 0 0 0 al * *

Vy 0 0 0|7 o« = =

—N—— 0 0 0 * * * *

Vx: + Ad(ko) (span {Ny UVy/})= |70 + =[0 0 0 0
ay * * 0 0 0 0

* * * 0 0 0 0

* * * 0 0 0 0

where only the entry 7 is not arbitrary. If 7 = a;, then we pick Z; 5 from Ny, if
T = —aj, we pick Y] o otherwise, we pick either. To fix things, suppose that we
pick Y 2. Then

0O 0 0[]0 = % =
0 0 0 * * * *
0 0 0 * * * *
span {YLQ} ©® VX’ + Ad(k’o) (Vy) = 0 = |0 0 0 0
* * * 0 0 0 0
* * * 0 0 0 0
* * * 0 0 0 0

Next we note that for ¢t > 0 small enough

Ad(e! Z51025)) (span { V1) @ Vi) + Ad(ko) (Vi)

(for t small enough the dimension of this space remains the same; the position in
upper left angle of p is not affected).
Finally, we use the last vector Z; 5 from Nx:

¥ ¥ ¥ OO OO
* ¥ ¥ ¥|0OO0 O
* ¥ ¥ ¥|O OO
OO OO|* ¥ O
OO OO* % %
OO OO* ¥ ¥
OO O O* ¥ ¥

VX VY

—_—
Ad(e! (Zi2+0 Z1+2)) (span{Z12} @ span {Y1 2 U Vx:}) 4+ Ad(ko) (span(Ny ) + Vy+)

if ¢ is close to 0 since Ad(e! (Zi2+0212))(Zy5) = cos(4t) Zya + 2 sin(4t) (A1 + Ay).
Therefore,

=p

¥ ¥ ¥ ¥|OO0O
¥ ¥ ¥ ¥|OOO
¥ ¥ ¥ ¥|OO0O

OO OO|* * %
OO OO ¥ ¥ ¥
OO OO[* ¥ %
OO OO|* % ¥

k
—_—
Vy + Ad(e tZHH020) |y vy = Ad(e (240 Z0) ) = p

which means that the density exists.
Sketch of the proof of the case with « =0 and v = 0 via an example (p = 3
and ¢ =4).

If =0 and v = 0, we can assume that X = X[p] and Y = Y[p]. Indeed, For
all the X and Y with v = v = 0, this choice is the one with the smallest Vx and

| X _~

Vy. In our particular example, Dx = diag[a,’a,a] and Dy = [b, b,b]| with a > 0
and b > 0. Assuming that the case p = 2 has been solved, we can know that there
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exists k{ = [ 61 g } such that Vx: + Ad(ky) Vy» = p’ or

0 0 o ‘ 0 0 0 o0
0 00 00 x x =«
0 0 0 0 * * *
(2.5) Vxr + Ad(ko) Vyr = 0~ 0 00 0 0 O
o « x|0 0 0 o
0 x x|0 0 0 0
1 0 0 O Nx Ny
. 0 A0 O —_— —_——
with ko = 0 0 1 0 . NOW) VX = Span {XlaZ12a213}+VX'a VY = Span {X17Z127Z13} +VY’-
0 0 0 B
As before, we find that
opf7° o |87
Ad(ko) (span(Ny)) = span < Ad(ko) X1 = 510 , Ad(ko) Z12 = T 0 ,
o s
(2.6) fMKMﬂZB-[ 015 } }.

Suppose for an instant that A = —I5 and B = I3. The matrices in (2.6) together
with the matrices Z; o and Z; 3 are clearly linearly independent. By Remark 2.2,
the set of matrices ky for which this holds is dense in SO(2) x SO(3). The same is
true for the set of matrices for which (2.5) holds. By another application of Remark
2.2, we can assume that both properties hold. We therefore have

span {ZLQ, Zl73} ® Vxr + Ad(k}o) Vy) =

¥ ¥ ¥ OO OO
* ¥ ¥ ¥|O0OO0 O
¥ ¥ ¥ ¥|O OO
OO OO*x ¥ O
OO OO* % %
OO OO* ¥ ¥
OO OO* ¥ %

The remaining step is the same using X; € Nx instead of Z; 5 and k; =
ot (XF+0(XT).

To prove the necessity of the eligibility condition for the measures to be abso-
lutely continuous we use similar approaches in all cases. We first introduce a matrix
S which allows us to jointly diagonalize every elements of a.

21, 0 V2
2 P px(q—p) 2 Jp
Let Jp, = (0ip+1-i) € gl(p,R) and let S = % I Opxtgepy —%Jp | €
O(g—p)xp Iy—p O(g—p)xp
q-p
——
SO(p+q). We check easily that ST H S = diag[H1, ..., Hp,0,...,0,—H,,...,—Hj]

where, as before, Dy = diag[H;, ..., H,|.
This can be used to recover the diagonal part Dy of H € a(e® Ke¥) from
STXS  CSO(ptq) STYS

T X T T Y
astira (57X 9) (STK S) (ST ).
The other device we use is given by Lemma 2.1. Suppose now that X s, u], YLt, v] €
a are not eligible: max{s,2u} + max{t,2v} > 2p and apply Lemma 2.1 to H =
T T
aSL(erq)(eS X SSO(p +q) s Y S)-
There are essentially two cases:
o If u+v > p then for any H € a(eX KeY), the diagonal of Dy has
r+s—N=Q2u+qg—p)+Q2v+qg—p) —(p+q)=2(utv—p)+(¢—p)
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repetitions of 0 + 0 = 0 which implies that a(eX K eY) has an empty
interior.

——

o If 2u + max{t} > 2p and Y; # 0 is repeated ¢ times then for any H €
a(e® K e¥), the diagonal of Dy hasr —s =7+ (N —s) = N = (2u+q —
p)+t—(p+4q)=2u+t—2p> 0 repetitions of Y; + 0 # 0 which implies
that a(eX K e¥) has an empty interior.

U

We should note that the same result holds for the spaces SU(p,q)/S(U(p) x
Ul(q)) and Sp(p, q)/Sp(p) xSp(q), ¢ > p. Indeed, the same proof that the condition
of eligibility is necessary applies directly to these spaces while we can directly embed
the set a(eX (SO(p) x SO(q)) eX) for the space SOy (p, q)/SO([p) x SO(q) into the
corresponding sets a(eX (SU(p) x SU(q)) eX) and a(eX (Sp(p) x Sp(q)) eX) of the
spaces SU(p, q)/S(U(p) x U(q)) and Sp(p, q)/Sp(p) % Sp(q).

2.3.2. Conwolution powers. We will outline here how our previous results allow
us to prove Theorem 2.7. Again, for illustrations purposes, we will provide the
proof for one of the spaces, namely SL(n,F)/SU(n, F).

1
ProoF. We wish to prove that for X # 0, (52)() is absolutely continuous

for I > n in the case of the root system A,_; (Problem 3). We will first show
that this result cannot be improved. Indeed, consider X = X[n — 1,1] i.e. X =

n—1
) 1
diagfa, . ..,a,—al, a > 0. Observe that the support of the measure ((52)() is SX =

a(eX KeX ... KeX) where K is repeated | — 1 times. Using Lemma 2.1, [ — 1
times, one notes that for every H € S:X, Dy has n — [ diagonal entries equal to [ a.
Therefore, SX has an empty interior whenever [ < n.

1
We now show that for X # 0, (55 X) is absolutely continuous for [ > n. It is

enough to prove the following claim: S;* | Na* # . Indeed, if H € S;* ; Na* then
a(e” K eX) has nonempty interior and the result follows since a(e” K eX) C SX.

We now prove the claim using induction on n > 2. When n = 2 then
S¥ = a(eX K eX) has nonempty interior since in this case X € a® and there-
fore it intersects a*. Suppose now the result true for n — 1 and consider S;X ,:
there exists then Hy = S:X , with at least n — 1 distinct elements on its diagonal
and therefore, Hy = Ho[1"72,2] or Hy = Hy[1"]. In the second case, we are done
since SX , C SX ;.

If Hy = Ho[1"72,2] € ;X ,, we can assume that the diagonal entries which are
identical in Dx and in Dy, are at the end. We note that X and Hy considered
without their last entries are eligible in SL(n — 1, F) since the shortened Hy is in
at. Hence a(eX Ky e'0) has nonempty interior in the projection of the subspace a+
by removing the last row and column. Therefore, there exists H € a(e® Kjet) C
S*~" with H = H[1"] which proves the claim. O

In order to solve the Problem 2 for all classical symmetric spaces of
noncompact type, we still need to consider the spaces

Sp(n,R)/U(n), SO(2n+1,C)/SO(2n + 1),SO(2n,C)/SO(2n) and Sp(n, C)/Sp(n)
as can be seen from [16, Tables IV, V, Chapter X].
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3. Properties of the density of the convolution of orbital measures

Once we know that the measures my y and px y are absolutely continuous, it
is natural to study the properties of the corresponding density.

These questions are studied in [11, 12, 14] in the case of the measure px y on
at or, equivalently, for its W—invariant version on the space a

—1
MXY pxy ow
w2

Recall that the integration on G written in polar coordinates, with suitable
normalization, is given as

/f dg—// a+fkle ko) 6(H ) dH dky dks

where §(H) = [[,cx+ sinh™* a(H) and m,, denotes the multiplicity of the root a.
Hence ¢ is the density of the 1nvarlant measure on a in polar coordinates i.e.

/ h(g) dg = / h(e™) 6(H) dH
G at

for any K-biinvariant function h integrable on G.

It is thus relevant to study the density of the measures pxy or uY , with
respect to the measure §(H)dH. We denote these two densities, respectively, by
k(H,X,Y) and k" (H, X,Y). Their supports

Sxy = a(e*Ke¥) = supp(px,y), SXy =W -a(eXKe") = supp(u¥ y)
are compact since Sx y is the continuous image of the compact group K.

3.1. Support. The results on the support contained in this section are valid
for X, Y € a.

Helgason [17, Prop. 10.13, Chapter IV] proved, using the celebrated Kostant
convexity theorem, that

SYy CC(X)+C(Y),

where C(X) is the convex hull of the set W X.
We gave much more information on the support Sxy in [11, 12, 14]. We
describe a “skeleton” set I such that its convex hull equals Sx y.

DEFINITION 3.1. Suppose aq, ..., a, are the simple positive roots. For each i,
let £V be the smallest Lie subalgebra of ¢ containing all the vectors XE = X,+0X,
with X, € 9o, and j # i. Let K be the corresponding connected subgroup of K
and let

Ko=U_ WKDW.

For X, Y € at, we define the “skeleton” set I by

I =a(e® Kye¥).

Of course I C Sx y. Figure 2 shows an example of the set [ in the rank 2 case
SL(3,F)/SU(3,F). It may be then constructed from the hexagon (X + C(Y))
together with its main diagonals, using the projection on the positive Weyl chamber.
The details of this construction were provided in [12, Prop. 15].

The "skeleton” sets Ky and I are closely related to the surjectivity approach
from Section 2. Indeed, we proved in [11, Cor. 2.13] that if k ¢ Ko and a(e® keY) €
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FIGURE 2. X +C(Y) and I

at then the differential of the map k — a(eX keY) is surjective and a(eX ke¥) €
int SX,y.
In the case of the spaces SL(3,F)/SU(3,F), we proved in [12, Th. 25] that

Sx,y = conv(I).

In particular, we obtained that the set Sxy is convex. Note that if F = C,
the convexity of Sxy is a consequence of [14, Prop.4.4], which says that on

SL(3,C)/SU(3)
(31) Sxy=CX)+Y)NCY)+X)N{H €aT|H; < Xo+Ys < Hy}.

The last formula allowed us to produce the first images of the support of k" as
shown in Figure 3.

—7.01, Y =[3.0, 1.0, —4.0] =7.0, Y =[3.0,-1.0,-2.0]

. -

FiGURE 3. The support of /’L)VKY

Several years later, the convexity of Sx y was proved for all Riemannian sym-
metric spaces of noncompact type in [25]. It is a challenging problem to prove this
convexity result by the methods of spherical harmonic analysis. Using the convexity
of Sxy, we proved in [11, Th. 2.14] that

SX,Y = COnV(I)

on all Riemannian symmetric spaces of noncompact type.
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3.2. Explicit formulas for the density. Explicit formulas for the function
k(H,X,Y) for the rank one case were given by Koornwinder in [23]. These formulas
were derived using an addition formula for Jacobi functions, a tool that is not
available in higher rank situations.

In [14], we exploited the particularly simple form of the spherical functions in
the complex case (see for instance [17, Th. 5.7, Chapter IV]) to give an explicit
expression for the density of yx,y when X, Y € a*. Recall that the kernel K(X, H)
of the Abel transform is defined by

(3.2) ¢A(6X):/ e<IMI> K(X H)dH.
C(X)

In [14, Th. 2.1] we obtained the following expression for the density k" in the
complex case:
1 1
3.3 EW(H,X,)Y) = — o = det(w) K(X,w-H -Y).
( ) ( y Ay ) 61/2(H>(51/2(Y) |W| w;/v e(w) ( , W )
Let X8 be the set of positive roots, m(\) = Haezg (o, Ay and p the half-sum
of the positive roots. Graczyk and Loeb had shown in [5] that

__m(p)
(3.4) K(X, H) = <75 ) > e(w)T(wX — H).
weWw

where the function T is defined by

(3.5)

/ FOY awHe,)dy -+ dag =/ FQ @i Ha)T(Y | @i Hy,)day -+ du,.

i Ry, i1 i=1
Here the a;’s, i =1, ..., r, are the simple positive roots and H,, is defined by the

relation (H, H,) = o(H) for all H € a. This led ([14, Prop. 3.1]) to the following
explicit formula for " when X, Y € at:

~71(p) 2pwew Q) (W) T(w X +wY — H)

- W §1/2(X) 61/2(Y) 61/2(H)

Expression (3.6) was the main tool of the proof of the support formula (3.1) on

SL(3,C)/SU(3).

(3.6) EW(H,X,Y)

3.3. Integral formulas for the density and its regularity. In the Intro-
duction, we presented briefly the Fourier-based approach to the convolution of
orbital measures. We exploited this approach in [11].

In [11, Th.3.8], we proved the following integral formula for the density of ,u)v‘{’y.
Let a’ denote the set of regular points W - a™. Then we can write

(3.7) EW(H,X,Y)=|W|! /a da(eX) da(e¥) pa(e) |e(N)| 72 dA

on a’ xa’ xa’, with a few low rank exceptions: SL(n,R), n < 4, SL(2,C), SO(1, q),
q<2,80(p,q), 2<p<q<3,SU(2,2), Sp(2,R) and SO*(4).

The proof was based on an extension of the inversion formula for the spherical
Fourier transform #:

EV(H,X,Y) = H " (a(e¥) oa(eh))
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and on the following estimates of the spherical functions from [3]. If B is a compact
set of a*, then there exists a constant Cg such that for every H € B and A € (a*)*

(3-8) oa(e) < Cp T 1+ ap)—mr2.

aexXt

Formula (3.7) allowed us to deduce the following properties of the kernels
EW(H,X,Y) and k(H, X,Y):

e symmetry: k(H,X,Y) is symmetric in all 3 variables on the set a’ x a’ x
a.

e continuity: k(H,X,Y) is continuous in all 3 variables on the set a’ x
a xa.

e smoothness: using the co-area formula, we proved in [11, Th. 3.16] that
k(H,X,Y) is smooth in the variable H for each H = a(eXke¥) € a*
such that the differential of the map k¥ — a(eX keY') is surjective at k.
Thus the density k(H,X,Y) is smooth on int(Sx y \ I).

We can apply [11, Cor. 3.10] that says that k is of class C™ in its
three variables with m < (y — 2)/2 where

. Mq
= 11nf , Z @
{a: mi(a)>1}
(the ;s being the simple roots, &« = Y., n;i(a) a; and I(ar) = [{k: ne(a) >
1}))-

We end this section by an open question: when is £ bounded?

4. Symmetric spaces of Euclidean type

The results of this section concerning the density of the convolution of two
orbital measures of an infinitesimal flat symmetric space p are new.

There has been some recent literature on symmetric spaces of Euclidean type
such as the articles [1, 2, 36]. We note that the paper [36] by Wolf is a good
introduction to the topic of symmetric spaces of Euclidean type or flat symmetric
spaces. They are defined by R" ~ G/K where G = K x R™ and K is a subgroup
of O(n). We consider three different situations:

(1) the “maximal” case: R™ ~ O(n) x R™/O(n),

(2) the minimal case where K = {e}.

(3) the Cartan motion group Gy = K X p where p ~ Gy/K is called an
infinitesimal flat symmetric space

4.1. Existence of the density. We discussed the first case in the Intro-
duction since we felt that it was a good “classical” introduction to the questions
discussed in this survey. There, we said that the density of the measure mx y
exists if and only if both X and Y are nonzero. Using the inverse Fourier transform
approach, which we used to obtain formula (3.7), and the expression given in (1.1),
the density of mx y is given in [27] as

K(r,r1,m2) = L(n/2) {172 = (= 72)2) [(r1 + 7)? — 12} D72
sy 1, T2 on—3 F((’n — 1)/2) ﬁ (7“ " T2)”_2

on its support which is {r: |r1 —ro| <r <7y +ra} (here r1 = ||z| and r2 = ||y||).
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(2) The other extreme case, when K = {e}, is trivial: in this case, 5FX = dx
and the support of the measure mxy = dx * dy is {X +Y'}. The measure mx y
is therefore never absolutely continuous in this case.

(3) We will discuss here at some length the more interesting intermediate case,
the situation of the Cartan motion group. We start by providing some details and
notation.

The group operation in Gy = K x p is given by

(1, X) - (k2,Y) = (k1 k2, X + k1Y)

where we write k - X instead of Ad(k)X. Note that X € p is identified with
(e, X) € Gy and k € K is identified with (k,0) € Gy.

Recall that the convolution of two probability measures p and v on G is defined
by

(xv)(f) = / FXY) dp(X) du(Y)

GoxGo
for a test function on Gj.

PROPOSITION 4.1.

(i) The multiplicative convolution of K -invariant measures on Go corresponds
to the additive convolution of their images on .

(ii) Let X, Y € p. The support of 5& *55, as a measure on p is Ad(K) X +
AdK)Y.

ProOOF. We have

5§(f)=/a /KXK F(Uk1, 0) ks, Xo) (ks, 0)) dky dks dox (ka, Xo)

Z/ / f(k1 ko ks, ki Xo) dky dks ddx (k2, Xo)
G(, KxK

:/ / f(k1eks, ki X) dky dks
G() KxK
:/ f(k’l,kQX) dk/’l dk‘g
KxK
and
55(f)=/ fky, koY) dky dky.
KxK

Therefore,

8% % 0L (f) = / F(ky, ko X) - (ks, kg Y)) dky dks dks dky

KxKxKxK

:/ f(ky ks, k1 kg - Y + ko - X) dky dko dks dky
KxKxKxK
:/ f(k3,k4'Y+k‘2 X) dkig dk‘3 dk‘4
KXxKxK
If f is K-invariant then

8% % 0% (f) :/ fleky - X + ko - Y) dky dksy
KxK
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and the support of 5FX * 55, is then Ad(K) X + Ad(K)Y. O
We now consider the Euclidean analogue of Theorem 2.3, part 7:

PROPOSITION 4.2. The support Ad(K) X + Ad(K)Y of 6& * 52, has nonempty
interior if and only if there exists k € K such that
Vx + Ad(k)Vy =p.

PROOF. Let T: K x K — p be defined by T(k1, ks) = Ad(k1) X + Ad(ks) Y
Its derivative at (A4, B) € ¢ x ¢ is given by

dT(A, B) = % (Ad(e" 4 ) X + Ad(eP k) Y)
t=0
_ % (Ad(e' ) Ad(k1) X + Ad(e! ) Ad(ky) )
t=0
_ % ( tad(A Ad(kl)X+6t ad(B) Ad(kg) )

— A, Ad(k) X+ [B.Ad(k) Y]
= Ad(k:) ([Ad(k; DA, X] + Ad(ky ! ko) [Ad(ke) 7! B, Y])
= Ad(k1) ([Ad(k{ 1A, X]+ Ad(ky ' k2) [Ad(k2) " B Y]).
We can conclude that dT is surjective if and only if
[, X]+Ad(k)[&,Y]=0p

for some k € K. Let Wz = [¢, Z] where Z € a. Then

W = span {[Xo + 0(Xa), 2] }aex = span {a(2) (Xa — 0(Xa))}aen

= span {X, — 0(X,): a(z) #0} =V,

([l

COROLLARY 4.3. The measure 5&*5@, is absolutely continuous on p if and only

if the measure 62)( *62,, is absolutely continuous on G. Therefore, Theorem 2.6 and
Theorem 2.7 are also valid for their infinitesimal flat symmetric space counterparts.

4.2. Properties of the density.
4.2.1. Formulas for the density. In what follows, we will write kyp for the density
of vYy (the Weyl-invariant version of vx y on a).

PROPOSITION 4.4. In the complex flat symmetric case, we have

7(p) ZU wew e)e(w)TwX +wY — H)

W] Tacss 2000 Maesy 20O Tocwy 2a()]
where T is as in (3.5), and

kp(H,X,Y) =

B(H)Y/2 8(X) /2 5()"/2

9 EV(H,X,Y),
2317 | ey [a(H) a(X) a(Y)]

(4.1) kp(H,X,Y) =

where kW' is the density of the Cartan-transport of the convolution of orbital mea-
sures in the curved case, given by(3.6).
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PROOF. Recall that the spherical functions on the flat symmetric space p are
given by the formula([15], [17, Prop. 4.10, Chapter IV])

() e (detw) el (0AXD)
(4.2) U\ (X) = ) Tvlvaez; .

(here ¥ is the set of positive roots, m(\) = Haezg (o, \) and p is the half-sum of

the positive roots).
It follows that

S
DO ey, 2ty 2
Setting
ko (H, X,Y) = O(H)2 6x)2 o)/ k(H,X,Y)

Moess 2aC)] [exs 2a(X)] Ty 2a(Y)]

where k is as in (3.6), we have using (1.3):

U, (X) \IIA(Y):/CI\I!A(H) [T kpt X Y) [20(H)]? dH.

aeE;
(Il

4.2.2. Thompson’s conjecture. The Thompson’s conjecture says that for X,
Y € p, the support of pxy = ((55)( * 551/) oa~! (where a is the Cartan projection
G — aT) is equal to the support of vx y = (65( * 62,) oa~! (where a is the Cartan
projection p = Ad(K)a — aT), i.e.

a(e*Ke¥) = a(Ad(K) X + Ad(K)Y).

THEOREM 4.5. The Thompson’s conjecture is true when G/K is a Riemannian
symmetric space of non-compact type with G complez.

PRrOOF. For regular X and Y, this is a direct consequence of formula (4.1).
For singular X and Y, we approximate them by regular X and Y and we use the
continuity of the Cartan projections a and a. O

The Thompson’s conjecture was first proved by Klyachko in [26] for complex
simple groups G. His proof, based on a lifting of random walks from the group G to
its Lie algebra g and on the Fourier-based approach (generalization of formula (3.7)
to convolutions of n measures) contains gaps (unjustified convergence of (3.7)-like
integrals). Our proof of Theorem 4.5 is very short and straightforward.

A proof of the Thompson’s conjecture in the general case was given by Kapovich,
Leeb, Milson in [25]. It is challenging to prove it by methods of spherical harmonic
analysis. Our simple proof of Theorem 4.5 in the complex case suggests that this
is feasible.

REMARK 4.6. 1. Corollary 4.3 follows evidently from the Thompson conjecture.
However the proof using Proposition 4.2 is elementary.

2. Observe that by Thompson’s conjecture, the results of Section 3.1 concerning
the support of px y extend to the support of vx y.
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4.2.3. Rational limits. The results of sections 4.1 and 4.2 are less surprising
if we look at the Cartan motion group case as a “rational limit” of the curved
counterpart (consider [1, 2]). In [2], the spherical functions ¥, (X) on Gq are
shown to be the limits of the spherical functions on the group G:

(4.3) WA(X) = lim gyc(e ™).

Let us show as in [2], as an illustration of this method, how the well-known
formula for the spherical functions in the case of symmetric spaces of complex type
(see for instance [17, Th. 5.7, Chapter IV]) leads to the Euclidean counterpart
(4.2):

det w) ¢ (w (Ve (e X))
U, (X) = 1 eX _ l W(p) ZweW(
A(X) e 2GR 20 (i A/e€) HaEEU+ [2 sinh a(e H)]

T(p) Swew (detw) et (WA

() Lwew (detw) et (WAXD)
7(iA)  Tlaest 2Za(X)]

If we proceed naively, i.e. without justifying taking the limit inside the integral,
we have in the general case

= lim Gy/e(e” ™) pse(e”)

= lim e’“/qb,\/e(eEH)k(eH,eX,eY)d(eH)dH
a

e—0
. 0(eH)
o eH\ r+N
_ll_r)r(l)/CIgbA/g(e Ve TNV E(eH e X,eY) N dH
:/ U\(H) (hr% eT+Nk(eH,eX,eY)) I 2agH)m dx
a e— n
a€X

where r is the rank and N = ¥,>9m,. We conjecture therefore the following
limit expression:

(4.4) kp(H, X, Y) = lim N Ek(eH e X,eY).
e—

To see that (4.4) is true in the complex case, one only has to observe that
lime ,o e V(e X) = Haezg [2(X)]? and that T'(e H) = eN/?~" T(H) (clear from
the definition of 7' and the fact that ¢ = || = N/2).
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It is interesting to note, still using the same naive approach and using the
expression (3.7), we have

—1; r+N
kp(H7X,Y)—11_r}(1)e k(eH,eX,eY)

= lim [W[7He™ [ gn(e) oa(e™) dale ™) |e(A)[ 7 dA

e—0

e—0

a
— lim, |W|! / (e Bagele) Dasele ™) (N e(M )] 2) dA

= Co /* \I’)\(X) \I/)\(Y) \I/)\(H) H <)\7a0>ma+m2a d\

acxy
(g = a/{a, @) noting that
: N -2 _ -2 2|=F| g=N+|=F| —N—|=F| Ma+maa
lim eV [e(A/e)] 7% = ¢ ? (4m)Fo 12 ole ol T (A o) 2a,
aEEg
We used the fact that [c(A\)]? = ¢(\) (=), that T(a+b4) ['(a—bi) = |['(a+bi)|?

when a and b are real, [T'(a + bi)| = V27 |b|* /2 e~ 1PI7/2[1 4 O(1/|b])] when
|b| = oo (refer to [22]) and

- 271 200D (§(A, a))
C()\) = o H F(% (% Mo +1+1 <)"0‘0>) F(% (% Mo + Moo +1 <>\’ a0>)

aeEg

(refer for example to [17]).
This leads us to a second conjecture: that

(4.5) k’p(H,X,Y) ZCO/ U\(X)UA(Y)UL(H) H <)\7a0>ma+m2a d)\

*

aEEJ

holds with the same exceptions as for formula (3.7).

The term Cy (A, ag)™eT™2e d\ corresponds to Plancherel measure in that setup
(see for instance [17, Th. 9.1, Chapter IV] or [28]). One could prove (4.5) formally
by using the same approach as in [11] provided that a result similar to the bound
given in (3.8) can be found.
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