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Conservativity of embeddings in the lambda-Pi
calculus modulo rewriting

Ali Assaf
June 5, 2014

Abstract

The lambda-Pi calculus can be extended with rewrite rules to embed
any other functional pure type system. The normalization and conserva-
tivity properties of the embedding is an open problem. In this paper, we
show that the embedding is conservative. We define an inverse translation
into a pure type system completion and show that the completion is con-
servative using the reducibility method. This result further justifies the
use of the lambda-Pi calculus modulo rewriting as a logical framework.

1 Introduction

The MI-calculus modulo rewriting is an extension of the AII-calculus with rewrite
rules. Through the Curry-de Bruijn-Howard correspondence, it can express the
proofs of various logics. Cousineau and Dowek [5] introduced a general embed-
ding of functional pure type systems (FPTS) in the All-calculus modulo rewrit-
ing: for any FPTS AS, they contructed the system AII/S using appropriate
rewrite rules, and defined two translation functions |M| and || A that translate
the terms and types of AS to AIl/S. This embedding is complete!, in the sense
that it preserves typing: if I' Fxg M : A then ||I'|| Farys [M] : ||All. The con-
verse property, called conservativity, was shown to hold in some cases: assuming
AL/ S is strongly normalizing, if there is a term NN such that ||[I'[| Fam/s N : [|A]|
then there is a term M such that T' - g M : A.

Not much is known about normalization in AII/S. Cousineau and Dowek
showed that if A\II/S is strongly normalizing, then so is AS, but this was not
enough to show the conservativity of the embedding, even if AS' is itself strongly
normalizing. As a result, the proof of conservativity relied on the assumption
that AII/S terminates. This result is insufficient if one wants to consider the
MI-calculus modulo rewriting as a general logical framework for defining logics
and expressing proofs in those logics, as proposed in [3, 4].

Consider the PTS AHOL that corresponds to higher order logic:

= Prop,Type, Kind
A = (Prop:Type), (Type : Kind)
R = (Prop,Type),(Type, Prop),
(Type, Type), (Kind, Kind)

I This property is called soundness instead of completeness in the original paper [5].



This PTS is strongly normalizing, and therefore consistent. A polymorphic
variant of AHOL is specified by U~ = HOL + (Kind, Type). It turns out that
AU~ is inconsistent: there is a term w such that F ;- w : o : Prop.a and
which is not normalizing [1]. We motivate the need for conservativity with the
following example.

Example 1.1. The polymorphic identity function I = Aa:Type. Ax: . x is not
well-typed in AHOL, but it is well-typed in AU ~:

Fav- I :Ha:Type.a — «

Fav- (Ta:Type. o — ) : Type

However, the translation |I| = Aa: upype. AT erype .  is well-typed in NII/ HOL:
Fan/aOL [I| : Ha:urype. €Type 0 — EType O

}_)\H/HOL (Ha:UType~ EType X —7 EType a) : T'ype

It seems that AXII/HOL, just like AU, allows more functions than AHOL, even
though the type of |I| is not the translation of a AHOL type. Is that enough
to make AII/HOL inconsistent?

In this paper we show that AII/S is conservative in all cases, even when
AS is not normalizing. After identifying the main difficulties, we characterize
a completion [11, 10] S* containing S, and define an inverse translation from
AIL/S to AS*. We then prove that AS* is a conservative extension of A\S using
the reducibility method [12, 7].

2 Pure type systems

Pure type systems [1] are a general class of typed A-calculi parametrized by a
specification.

Definition 2.1. A PTS specification is a triple S = (S, A, R) where

e S is a set of of symbols called sorts
e ACS x Sisaset of azioms of the form (s1 : s2)

e RCS xS xS isaset of rules of the form (s1, s2, s3)

Definition 2.2. We write (s1,$2) as a short-hand for the rule (s1,ss2,$2).
The specification S is functional if the relations A and R are functional, that
is (s1,82) € A and (s1,s5) € A imply s2 = s5, and (s1,82,83) € R and
(s1,82,85) € R imply s3 = sb.

Definition 2.3. Given a PTS specification S = (S, .4, R) and an infinite set of
variables V, the abstract syntax of AS is defined by the following grammar:

(terms) T o= S|V|TT|AV:T.T|V:T. T
(contexts) C 1V T



DECLARATION SORT

EmpTy ThysA:s ¢l WFs(T)  (s1:8) €A
Wst(-) WFxs(F,JZ . A) I l_/\S S1 82
VARIABLE APPLICATION
WFAs(F) (l‘:A)GF I'Fas M :1Iz:A. B I'Fys N: A
F}—,\Sx:A Fl—ksMN:[N/J)]B
ABSTRACTION

I'z:AFy\s M : B 'y z:A. B:s
I'kys Az: A M :1lz:A. B

Probuct
I'kFyg A: sy I,z:Ablyg B:so (s1,82,83) ER

I'kasIlx:A. B : s3

CONVERSION
Fl—,\sM:A Fl—)\sB:S AE/BB

I'kFxs M : B

Figure 1: Typing rules of AS

We use lower case letters ., y, «, 3, . . . to denote variables, uppercase letters such
as M,N, A, B, ... to denote terms, and uppercase letters such as ', A, X, ... to
denote contexts. We write A — B for [Iz: A. B when = ¢ B.

The typing rules of AS are presented in Figure 1. We write ' - M : A
instead of I' Fyg M : A when the context is unambiguous. We say that M
is a I'-term when WF(I') and ' - M : A for some A. We say that A is a
I-type when WF(T') and either I' - A : s or A = s for some s € S. We write
I'EM:A:sasashorthand for TFM:Aand T'F A : s.

Example 2.4. The following well-known systems can be described as functional
pure type systems using the same set of sorts S = T'ype, Kind and the same set
of axioms A = (Type : Kind).

e Simply-typed A-calculus (A —):
R = (Type, Type)

e System F (A2):
R = (Type, Type), (Kind, Type)

e MlI-calculus (AP):
R = (Type, Type), (Type, Kind)

e Calculus of constructions (AC):
R = (Type, Type), (Kind, Type),
(T'ype, Kind), (Kind, Kind)

Example 2.5. Let I = Aa:Type. Ax:«. x be the polymorphic identity function.
The term I is not well-typed in the simply typed A-calculus but it is well-typed



in the Calculus of constructions AC"
Fac I :Ta:Type.a — «

The following properties hold for all pure type systems. The proofs can be
found in [1].
Proposition 2.6 (Confluence). If M; —% Mz and My —} M3 then there is
a term My such that My —>E My and Ms —>;‘3 My.

Proposition 2.7 (Subject reduction). If I' Fxs M : A and M —} M’ then
r }_)\S MI D A.

Proposition 2.8 (Correctness of types). IfT' Fyg M : A then eitherT'Fyg A : s
or A =s for some s € S.

The reason why we don’t always have I' Fyg A : s is because some sorts do
not have an associated axiom, such as Kind in Example 2.4.

Definition 2.9. A sort s € S is called a top-sort when there is no sort s’ € S
such that (s:s') € A.

The following proposition is very useful when proving properties about pure
type systems with top-sorts.

Proposition 2.10. IfT' Fyg A : s and s is a top-sort then either A = s’ for
some sort ' € S or A=1Tlx:B.C for some terms B,C.

Finally, we state the following property for functional pure type systems.

Proposition 2.11 (Uniqueness of types). Let S be a functional specification.
IfFI—,\SM:A andFl—,\sM:B thenAEﬂ B.

3 The All-calculus modulo rewriting

The AlI-calculus, also known as LF and as AP, is one of the simplest forms of
A-calculus with dependent types, and corresponds to first-order logic through
the Curry-de Bruijn-Howard correspondence. As mentioned in Example 2.4,
it can be defined as the functional pure type system AP with the following
specification:

S = Type, Kind
A = Type: Kind
R = (Type, Type), (Type, Kind)

The All-calculus modulo rewriting extends the All-calculus with rewrite
rules. We recall that a rewrite rule is a triple [A] M ~» N where A is a
context and M, N are terms. A set of rewrite rules R induces a reduction re-
lation on terms, written — g, defined as the smallest contextual closure such
that if [A] M ~» N € R then o(M) —pr o(N) for any substitution o of the
variables in A. The relation =g is the smallest congruence containing — g,
and =gpg is the smallest congruence containing both — 3 and — .

Definition 3.1. A rewrite rule [A] M ~ N is well-typed in a context ¥ when
there is a term A such that X, Abyqg M : Aand X, Abyg N : A.



DECLARATION

Empry WFEnT) ThayA:s agnT
W Fxmy () W Eym (T, x : A)
SORT VARIABLE
WF)\H/(F) (81 252) eA WF,\H/(F) (.%A) e,
I'Famy s1:s2 FEypyz: A
ABSTRACTION

Iz:Abyny M : B Iy Hx:A.B:s
ey Az:AM :Tlz: A. B

APPLICATION
by M :1lz:A.B gy N:A

Ty M N : [N/z]B

Probuct
Iy Ac:sy Loz Abany B: sy (s1,82,83) ER

I l_)\n/ IIz:A. B : S3

CONVERSION
Fl—AH/M:A F"AH/BZS AEﬁRB

F")\H/MZB

Figure 2: Typing rules of AII/(X, R)

Definition 3.2. Let X be a well-formed All context and R a set of rewrite rules
that are well-typed in X. The All-calculus modulo (X, R), written AII/(X, R),
is defined with the same syntax as the All-calculus, but with the typing rules of
Figure 2. We write AII/ instead of AII/(X, R) when the context is unambiguous.

Example 3.3. Let X be the context
(a: Type,c: a, f:a— Type)
and R be the following rewrite rule
[]fe~ (My:a. fy— fy)

Then the term
d=XMr:fcxcx

is well-typed in AIl/(3, R):
}_)\H/(E,R) 0: fC — fC

Note that the term 6 would not be well-typed without the rewrite rule, even if
we replace fcby (Ily:a. fy — fy).



4 Embedding FPTS’s in the AlI-calculus modulo

In this section, we present the embedding of functional pure type systems in
the All-calculus modulo rewriting as introduced by Cousineau and Dowek [5].
This is done in two steps. First, given a pure type system AS, we construct
AII/S by giving an appropriate signature and rewrite system. Second, we define
a translation from the terms and types of AS to the terms and types of A\II/S.

Definition 4.1 (The system AII/S). Consider a functional pure type system
specified by S = (S, A, R). Define Xg to be the context containing the declara-
tions:

us : T'ype VseS
€s 1 us — Type VseS
S1: Us, Vsy s € A

Tsysyss @ LiUs, . (€5, 0 = Ugy) —> Usy  V(S1,82,83) €ER
Let Rg be the rewrite system containing the rules
[] &5z 81~ us,
for all s1 : s5 € A, and
[As, s055) Ess (Tsys0s5 ADB) ~ Iz (eg, A). g5, (B )

for all (s1, $2,53) € R, where Ay, 5,5, = (A : us,, B: (€5, @ = us,)). The system
AIl/S is defined as the All-calculus modulo (Xg, Rg), that is, AII/(Xg, Rs).

There are two translations, one from the terms of A\S to the terms of \II/S,
the other from the types of AS to the types of AII/S.

Definition 4.2. The translation |M|n of I'-terms and the translation ||A|. of
I'-types are mutually defined as follows.

slp =
Zlp = @
IMN|. = [Mlp [N|p
‘)\J,‘AM|F = A33||‘4||I‘ |M|F,a::A
|H1‘5A.B|F - 7'1'513253 |A‘F (Ax”AHF |B|F,w:A)

where I' - A : 51
and Iz : A+ B : s
and (s1,s2,53) € R

Islp = us
Mz A.Blp = Ha:||Alp. Bl a4
|Alp = es|Alp whereT'F- A:s

Note that this definition is redundant but it is well-defined up to =gg. In par-
ticular, because some I'-types are also I'-terms, there are two ways to translate
them, but they are equivalent:

€s, 51 =BR Us,
€sy Hax:A. Bl =gr Ilz:||A. ”B”F,:p:A

This definition is naturally extended to well-formed contexts as follows.

I = -
”va : AH = HF” y Lt ”AHF



Example 4.3. The polymorphic identity function of the Calculus of construc-
tions AC is translated as

[I| = A urype. AT Epype @. T
and its type A = Ila:Type. a — « is translated as:
|A| = T Kind,Type, Type Type (Aaturype. |Aal)
where A, = o — « and
[Aal = Trype, Type, Type & (AT :EType . EType 1)
The identity function applied to itself is translated as:
[LAI| = 1] |A] |1]

The embedding is complete, in the sense that all the typing relations of AS
are preserved by the translation [5].

Theorem 4.4 (Completeness). For any context T' and terms M and A, if
I'bxs M A then [T Fanys [M]p: [|Allp.

5 Conservativity

In this section, we prove the converse of the completeness property. One could
attempt to prove that if |T'|| Far s [M]p : [[Allp then T Fyg M : A. However,
that would be meaningless because the translation | M| is only defined for well-
typed terms. A second attempt would be to define inverse translations ¢(M)
and 9 (A) and prove that if I' b/ M : A then (I') Fas (M) : ¥(A), but
that would not work either because not all terms and types of AII/S correspond
to valid terms and types of A\S, as was shown in Example 1.1. Therefore the
property that we want to prove is: if there is a term N such that ||| Fam/s
N :||A|lp then there is a term M such that ' Fyg M : A.

The main difficulty is that some of these external terms can be involved in
witnessing valid AS' types, as illustrated by the following example.

Example 5.1. Consider the context nat : Type. Even though the polymorphic
identity function I and its type are not well-typed in AHOL, they can be used
in MII/HOL to construct a witness for nat — nat.

nat : urype Fanyror (|I] nat) : (erype nat — erype nat)

We can normalize the term |I| nat to Az : epype nat. x which is a term that
corresponds to a valid AHOL term: it is the translation of the term Az:nat. x.
However, as discussed previously, we cannot restrict ourselves to normal terms
because we do not know if A\II/S is normalizing.

To prove conservativity, we will therefore need to address the following issues:
1. The system AII/S can type more terms than \S.

2. The AMII/S terms that inhabit the translation of AS types can be reduced
to the translation of AS terms.



First, we will eliminate S-redexes at the level of Kind by reducing AII/S to
a subset AII”/S. Then, we will extend AS to a minimal completion AS* that
can type more terms than AS, and show that AII~ /S corresponds to AS™ using
inverse translations (M) and ¢ (A). Finally, we will show that A\S* terms
inhabiting AS types can be reduced to AS terms. The procedure is summarized
in the following diagram.

AII/S — = M- /S
A B

Ml Al (D) | w(4)
As <——— A

5.1 Eliminating [-redexes at the level of Kind

In AI/S, we can have -redexes at the level of Kind such as (Az: A.us) M.
These redexes are artificial and are never generated by the forward translation
of any PTS. We show here that they can always safely be eliminated.

Definition 5.2. A I'-term M of type C' is at the level of Kind if I' - C : Kind.
We define AT~ /S terms as the subset of well-typed AIl/S terms that do not
contain any Kind-level 8-redexes.

Lemma 5.3. For any AII/S context T' and I'-term M, there is a A\II~/S term
M~ such that M —j5 M.

Proof. Reducing a Kind-level S-redex (Az:A. B) N does not create other Kind-
level B-redexes because N is at the level of Type. Therefore, the number of
Kind-level S-redexes strictly decreases, so any Kind-level S-reduction strategy
will terminate. O

Example 5.4. The term
I = X upype. AT €7ype (AB:urype. B) ).
is in AII” /HOL. The term
Iy = da:upype. AT (A8 urype. EType B) ).
is not in AXII- /HOL but
Iy — g A Urype. AT :ETyper. T

which is in AII-/HOL.

5.2 Minimal completion

In pure type systems, we can sometimes have types that do not have a type,
such as top-sorts because there is no associated axiom. Similarly, we can some-
times prove I';x : A Fyxg M : B but cannot abstract over x because there is
no associated product rule. Completions of pure type systems were originally
introduced by Severi [11, 10] to address these issues by injecting AS into a larger
pure type system.



Definition 5.5 (Completion). A specification S’ = (§’, A, R') is a completion
of S if

1. SCS,ACA, RCR and
2. for all sorts s; € S, there is a sort so € 8’ such that (sq : s2) € A’, and
3. for all sorts s1,s2 € &, there is a sort s3 € S’ such that (s, s9,53) € R'.

Notice that all the top-sorts of AS are typable in AS’ and that AS’ is full,
meaning that all products are typable. Not all completions are conservative
though, so we define the following completion.

Definition 5.6 (Minimal completion). We define the minimal completion of
S, written S*, to be the following specification:

S = Su{r}
A = AU{(s1:7)|s1€S,(s1:82) & A}
R* = RU{(s1,82,7) | 81,82 € §*, (51, 82,53) € R}

where 7 &€ S.

Any well-typed term of A\S is also well-typed in AS*, but just like AXII~/S,
this system allows more functions than AS.

Example 5.7. The polymorphic identity function is well-typed in AHOL*.
Famors 1 : Ha:Type. a— o

Fagor Ha:Type.av — o= 7

Next, we define inverse translations that translate the terms and types of
A~ /S to the terms and types of AS*.

Definition 5.8 (Inverse translations). The inverse translation of terms (M)
and the inverse translation of types ¥(A) are mutually defined as follows.

o(§) = s
= da:s1-AB:(a— s9). Hx:a. B

(7.(-6162&3)
pa) = =
p(MN) = ¢(M)p(N)
pAr: A M) = Az:p(A). p(M)
Plus) = s
s M) = (M)
Y(Mx:A.B) = Tz:9p(A).¢(B)

Note that this is only a partial definition, but it is total for AII”/S terms.
In particular, it is an inverse of the forward translation in the following sense.

Lemma 5.9.
L op(|M|p) = M.
2. ¥(||Allp) =5 A



Proof. By induction on M or A. We show the product case M = Ilx: A. B.
Then

PIM]) = (s, 505) P([A]) Az ([l A])- (1 BY))

By induction hypothesis, ¢(|A]) =3 A and ¢(|B|) =g B. Since ¢(s,sy55) =
Aa:s1. A\B: (o — s2). Hz:a. Bz, we get

e(IM]) =g Ha:A (Az:y(]|A]]). B)x
=3 llz:A.B

Next we show that the inverse translations preserve typing.

Lemma 5.10.

L o([N/z]M) = [p(N)/z]p(M)
2. Y([N/z]A) = [p(N) /] (A)

Proof. By induction on M or A. We show the product case A = Ily: B. C. With-
out loss of generality, y # x and y ¢ N and y € p(N). Then [N/z|lly:B.C =
Iy : [N/z]B.[N/z]C. By induction hypothesis, ¥([N/x]B) = [p(N)/z](B)
and Y([N/z]C) = [p(N)/z](C). Therefore

([N/2]A) = (Hy [N/2]B.[N/z]C)
= y:([N/x]B). $([N/x]C)
= y:[p(N)/z]¢(B). [p(N)/x]$(C)
= [ ( iz : 9 (B). 4 (C)

N)/
= lpWN)/zly(lz:B.C)

Lemma 5.11.
L. If M — 3R N then (M) — ¢(N)
2. If A — g B then ¢(A) —>;§ ¥(B)

Proof. By induction on M or A. We show the case for f-redexes with M =
(Ax:Ay. My) Ny and N = [Ny/z]M;. Then

©(M) = (Mz:1p(Ar). p(My)) p(N1)

Therefore p(M) — 5 [@(N1)/x]p(M7) which is equal to ¢([N1 /] M;) by Lemma
5.10. O

Lemma 5.12.
1. If M =gr N then (M) =3 ¢(N)
2. If A =gr B then ¢(A) =5 ’lﬂ(B)

Proof. Follows from Lemma 5.11. O

10



Definition 5.13 (Abstraction context). We say that I' is an abstraction context
if T' Fanys A : Type forall z : A el IfT' = (21 0 Ay,... 2, Ay) is an
abstraction context, we define ¥(T") as (x1 : (A1), ..., 2, : P(An)).

Lemma 5.14. For any NI~ /S abstraction context T' and terms M, A:

1. If WF)\H/S(F) then WF)\S* (¢(F))
2. IfFI—AH/sM:A:Type then 1)/}(]_—‘) l_)\s* (p(M) ’(/J(A)
3. If T'Fanys A : Type then ¢(I') Fys- 1(A) : s for some sort s € S*.

Proof. By induction on the derivation. The details of the proof can be found in
the Appendix. O

5.3 Reduction to \S

In order to show that AS™* is a conservative extension of A.S, we need to prove that
B-reduction at the level of 7 terminates. A straightforward proof by induction
would fail because contracting a 7-level S-redex can create other such redexes.
To solve this, we use Girard and Tait’s reducibility method [7, 12]. The idea is
to strengthen the induction hypothesis of the proof by defining a predicate by
induction on the type of the term.

Definition 5.15. If WEF)g(I') and I" Fyg» A : s then the predicate I' =g M : A
is defined as:

o if s# 7or A= forsome s’ € S thenI' Eg M : Aiff M —% M’, and
A —j A’ for some M’, A’ such that I' Fyg M’ : A,

o if s=7and A =1Ilz:B.C for some B,C then I' =g M : A iff for all N
such that T Eg N: B, T' =g M N : [N/z]C.

To show that this inductive definition is well-founded, we define the following
measure of the height of A.

Definition 5.16. If WF\g(I') and I Fyg« A : s then the height of A at the
level of 7 is defined as:

H(A) = 0 if s#7
H-(s) = 0 ifs=r1
H-Mz:B.C) = 1+max(H.(B)+H.(C)) ifs=r

Proposition 5.17. If T,z : Blyg« C : 7 then H.([N/z]C) = H,(C).

Proof. By induction on C. O
Corollary 5.18. Definition 5.15 is well-founded.

Proof. The measure H,(A) strictly decreases in the definition. O
Lemma 5.19. IfT'}=s M : A and M =g M’ then T =g M’ : A.

Proof. By induction on the height of A. O

11



o If s # 7 or A= s for some s’ € § then M —% M" and A —} A
for some M", A’ such that ' Fyg M” : A’. By confluence and subject
reduction, M’ —% M'" such that I'yg M : A’

e If s =7and A =Tlx: B. C for some B, C then for all N such that T" =g N :
B,T =5 M N : [N/z]C. By induction hypothesis, I =g M’ N : [N/z]|C.
Therefore I' =g M’ : Ilz: B. C.

Lemma 5.20. IfT'l=s M : A and A=5 A’ thenT =g M : A'.
Proof. By induction on the height of A. O

o If s# 7 or A= for some s’ € S then M —% M" and A —} A" for
some M', A" such that ' Fyg M’ : A”. By confluence and conversion,
A" —5 A" such that T' Fyg M’ : A"

e If s =7and A = Ilz : B.C for some B,C then for all N such that
I'Es N:B,T |Eg M N : [N/x]C. By induction hypothesis, I' =¢ M N :
[N/x]C'. Therefore I' =g M : Ilz: B.C".

Definition 5.21. If WF)\g(I") and o is a substitution, then IV =g o : T if
I" s o(x): 0(A) for all (z: A) €T

Lemma 5.22. IfT' kg« M : A : s then for any context T” and substitution o
such that WF\g(I") and I =g 0 : T, IV =g o(M) : 0(A).

Proof. By induction on the derivation of I' g« M : A. The details of the proof
can be found in the Appendix. O

Corollary 5.23. Suppose W Fys(I') and either I' s A: s or A =s for some
s€S. IfI'Fyg- M : A then M — M’ such that T'Fyxg M’ : A.

Proof. Taking o as the identity substitution, there are terms M’ and A’ such
thatM—>;§M’ and A —3 A" and T'kyg M': A" If A =5 € S then A" =5
and we are done. Otherwise by conversion we get I' Fyg M’ : A. O

We now have all the tools to prove the main theorem.

Theorem 5.24 (Conservativity). For any AS T-type A, if there is a term N
such that ||T'|| Fariys N @ [|All then there is a term M such that T'Fxs M : A.

Proof. By Lemma 5.3, there is a AIl” /S term N~ such that N —5 N™. By
subject reduction, ||I'l| Firyg N7 : [[Al|p. By Lemmas 5.14 and 5.9, I' Fyg-
¢(N7) : A. By Corollary 5.23, there is a term M such that o(N7) —j M
and I'yg M : A. O]

6 Conclusion

We have shown that AII/S is conservative even when AS is not normalizing.
Even though AII/S can construct more functions than AS, it preserves provabil-
ity. This effect is similar to various conservative extensions of pure type systems
such as pure type systems with definitions [11], pure type systems without the
IT-condition [10], or predicative polymorphism [9]. Inconsistency in pure type
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systems usually does not come from the ability to type more functions, but from
the impredicativity caused by assigning a sort to the type of these functions. It
is clear that no such impredicativity arises in AII/.S because there is no constant
sy s9s5 aSSOciated to the type of illegal abstractions.

The results of this paper also indirectly imply that AII/S is weakly nor-
malizing when AS is weakly normalizing. The strong normalization of AIL/S is
still an open problem. The Barendregt-Geuvers-Klop conjecture states that any
weakly normalizing PTS is also strongly normalizing [6]. There is evidence that
this conjecture is true [2], in which case its proof could be adapted to prove the
strong normalization of AII/S. Weak normalisation could also be used as an
intermediary quasi-normalisation result to construct a proof of strong normali-
sation, as done by Luo [8] for the extended calculus of constructions (ECC).

Our proof can be simplified in some cases. A PTS is complete when it is a
completion of itself. In that case, the construction of S* is unnecessary. The
translations ¢(M) and t(A) translate directly into AS, and Section 5.3 can be
omitted. This is the case for example for the calculus of constructions with
infinite type hierarchy (AC®) [11], which is the basis for proof assistants such
as Coq and Matita.
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A  Proof details

Lemma 5.14
Proof. By induction on the derivation.

1. There are 2 cases.
EMPTY

* W)
Then W F(-) trivially.

DECLARATION
WEF(T) T'FA:Type g%, T
[ )
WFT,x: A)

Then = ¢ ¢ (T'). By induction hypothesis, WF(¢(T")) and ¢(T) +
Y(A) : s for some sort s € S*. Therefore WF(¢(T),x : ¥(A)).

2. There are 4 cases.

VARIABLE
WEF(T) (x:A)eX T
'tx: A
By induction hypothesis, W EF(¢(I)).

(a) If x = 1 then A = u,, and (s1 : s2) € A. Therefore ¥)(I') F s7 :
S2.

(b) If @ = Tr5,5,s, then A = Tl : ug,. (65, @ = ug,) — ug, and
(s1,82,83) € R. Therefore ('), : 81,8 : a0 = so F M. S :
s3, which implies ¥(I') F (Aa:s1. A\8: (o — s2). Hz:a. fz) : Ha
s1. (v = s2) — s3.

(c) Otherwise (z : A) € T, so (z : ¥(A)) € ¥(I'). By induction
hypothesis, WF(t)(T")). Therefore ¢(T") - 2 : ¢(A).

APPLICATION
I'tM:1lz:A.B '-N:A
' MN:[N/z|B
By induction hypothesis, ¥(I') - (M) : Hz:¢(A). (B) and () -

p(N) : ¢(A). Therefore (I') = o(M) p(N) : [p(N)/z]¢(B). By
Lemma 5.10, ¢(T) F (M) o(N) : 1 ([N/z]B)

ABSTRACTION
I'F1lx:A. B : Type I'z:A-M:B

I'EXe:A. M :Tlx:A. B
By induction hypothesis, ¥(T') F Hx : ¢(A).¢(B) : s and ¥(T'),z :
PY(A) F (M) : ¢(B) for some sort s € S*. Therefore ¢(I") F (Az:
Y(A). (M) : z:(A). (B).
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CONVERSION
TEFM:A I'F B:Type A=gr B

'-M:B
By induction hypothesis, ¥(I') = o(M) : ¢¥(A) and ¥(T) - ¢(B) : s
for some sort s € S*. By Lemma 5.10, ¥)(A) =g ¢(B). Therefore
(L) F (M) : )(B).

3. There are 4 cases.

VARIABLE
WEF(T) (x:Type) € X,T

't ax:Type
Since I' is an abstraction context we must have x € X, so © = us,
for some s; € S. By induction hypothesis, W F(¢(T")). By definition,
there is a sort sy € §* such that (s1 : sg) € A*. Therefore (T")
81+ S9.

APPLICATION
I'M:IIz:A.B I'EN:A

' MN:[N/z]|B
Since I is an abstraction context and M N is not a f-redex, we must
have M = e, and Ilz: A. B = us;, — Type and N : ug, for some
s1 € 8. By induction hypothesis, ¥(I") F ¢(N) : s1.

Probuct
' A:Type Iz:AF B: Type

T'FIlz:A.B: Type
By induction hypothesis, ¥(T') F ¥ (A) : s; and ¥(T),z : ¢(A) F
Y(B) : s for some sorts s1, s5 € S*. By definition, there is a sort s3 €
S* such that (sq1,s2,s3) € R*. Therefore ¢(I') = (Ix:¢(A).¢¥(B)) :
S3.

CONVERSION
I'HA:B 'k B: Kind B =g T'ype
'k A:Type
We must have B = T'ype. By induction hypothesis, ¢(I') - ¥(A) : s
for some sort s € S*.

O
Lemma 5.22
Proof. By induction on the derivation of I Fyg« M : A.
SORT
WEF(T) (s1:82) € A
[ ]

'k s1: 89
Since sq : s, we must have sy # 7, so (s1 : s2) € A. Therefore I b5 57 :
$2, which implies TV =g s : 9.
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VARIABLE
WF(F) (a: : A) e, I

I'ax: A

Then IV =5 o(M) : 0(A) by definition of I =g o : T

APPLICATION
I'-M:IIz:A.B I'N:A

I'+MN:[N/z|B

Without loss of generality, © & T, so o([N/z]|B) = [0(N)/z]o(B). By
induction hypothesis, I =g 0(M) : Oz :0(A).0(B) and I g o(N) :
a(A).

1.

IfT g Hz:A.B:ss#7then'Fyg« A:s;and 'z : Abyg« B:
so for some s1, s such that (s1,s2,s3) € S, which also means that
[ Fas+ [N/z]B : sy # 7. By induction hypothesis, o(M) —% M’,
0(A) — A’ and o(B) — B’ such thatI” Fyg« M’ : Hx: A'. B’
and o(N) —5 N', 0(A) —5 A” such that IV g« N’ : A”. By
confluence and subject reduction, we can assume A’ = A”. Therefore
["Fxs« M'"N'": [N'/x]B'. Since [N/z]B — [N'/x|B’, this implies
I’ =g M N : [N/]B.

. Otherwise I'  Ilz : A. B : 7. By definition, I'' =g o(M)o(N) :

[o(N)/a]o(B).

ABSTRACTION

Tz
[ ]

A M:B I'-Ilz:A.B:s

T'FXx:A M :Ilz:A. B

Without loss of generality, x & T”.

1.

If s # 7 then by induction hypothesis, o(A) —% A" and o(B) —
B’ such that IV Fyg IIz: A’. B’ : 5. By inversion, IV Fyg A’ : 51 for
some 81 #7 ,s0 ' Eg A : sy, which implies IV, z: A’ g o : (T, z :
A). By induction hypothesis, (M) —7% M" and 0(B) —7 B” such
that IV z : A’ Fyg M’ : B”. By confluence and subject reduction,
we can assume B’ = B”. Therefore IV Fyg (Ax: A’ M') : x: A" B,
which implies IV g (Az: A. M) : Tlz: A. B.

. If s = 7 then for all N such that IV g N : 0(A), we have IV =g

(o0,N/z): (T,z : A). By induction hypothesis, IV =g (o, N/z)(M) :
(o,N/z)(B). Since x ¢ I, we have (o, N/z)(M) = [N/z]oc(M) and
(0,N/z)(B) = [N/z]o(B). Therefore I" =g [N/z|o(M) : [N/x]o(B).
By Lemma 5.19, IV =g (Ax:0(B).0c(M))N) : [N/x]o(B). There-
fore I =g (Az:0(B).o(M)) : Ilz: A. B.

Probuct
I'kys A: sy F,Ji:Al—AsB:SQ (31,82,33)€R*
.

r l_)\S IIz:A. B : S3

Without loss of generality, x ¢ T'. Since s3 : s, we must have s3 # 7,
so (81,82,83) € R, which also means s; # 7 and s # 7. By induction
hypothesis, o(A) —% A’ such that TV Fyg A’ : s;. This means that

17



WE\s(I,z : A") and I,z : A’ g (0,z/z) : I,z : A). By induction
hypothesis, o(B) —% B’ such that IV Fyg B’ : s9. Therefore IV Fyg
(Ilz: A’. B') : s3, which implies IV =g (Hx: A’. B) : s3.

CONVERSION
'FM:A I'EB:s A= B
I'-M:B
By induction hypothesis, IV =g o(M) : o(A). Since A =g B, we have
0(A) =5 0(B). By Lemma 5.20, I'" =5 o(M) : 0(A).

O
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