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KERNEL AND CAPACITY ESTIMATES IN DIRICHLET SPACES

O. EL-FALLAH, Y. ELMADANI, K. KELLAY

ABSTRACT. We study the capacity in the sense of Beurling-Deny associated with the
Dirichlet space D(u) where u is a finite positive Borel measure on the unit circle. First,
we obtain a sharp asymptotic estimate of the norm of the reproducing kernel of D(u). It
allows us to give an estimates of the capacity of points and arcs of the unit circle. We
also provide a new conditions on closed sets to be polar. Our method is based on sharp
estimates of norms of some outer functions which allow us to transfer these problems to
an estimate of the reproducing kernel of an appropriate weighted Sobolev space.

1. INTRODUCTION

The reproducing kernel plays an important role in the study of Hilbert spaces of analytic
functions. In particular, it allows to determine the rate of growth of functions near the
boundary and its tangential behavior; their properties are closely related to embedding
theorems, sampling and interpolation sets, and other topics. Here we shall be concerned
with Dirichlet spaces D(u).

Let H? denote the classical Hardy space of analytic functions on the unit disc D hav-
ing square summable Taylor coefficients at the origin. Every function f € H? has non-
tangential limits almost everywhere on the unit circle T = dD. We denote by f(() the
non-tangential limit of f at ( € T if it exists. Let p be a positive finite measure on T, the
Dirichlet space D(u) is the set of analytic functions f € H?, such that

_ L[ [0 .
D)= 5 [ [ R i) < .

The space D(p) is endowed with the norm

LI = 11£ 72 + Dulf).

If 4 =0, then D(pu) = H? and if du(e®) = dm(t) = dt /2w, the normalized arc measure on
T, then D(u) is the classical Dirichlet space D.
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These spaces were introduced by Richter in [14] by examining the 2-isometries on the
Hilbert spaces. A bounded operator 1" in a Hilbert space H is called 2-isometry operator
if

T27% —21"T — [ =0,

is said to be cyclic if there exists x € H such that span{7™z,n > 0} is dense in H and
is called analytic if (,»,T"H = {0}. Richter in [14] proved that every cyclic, analytic
2-isometry can be represented as a multiplication by z on a Dirichlet space D(u) for some
positive finite measure g on T.  As consequence [13; 14] Richter gave an analogue of
Beurling’s theorem for the classical Dirichlet space : every invariant subspace for D is of
the form ¢D(,) where dpy = |¢|?dm and ¢ is an extremal function for D, that is

[oll, =1, and (¢,2"¢) =0, n>1.

We refer to the monograph [7] for numerous results on the Dirichlet space.
By representation theorem for bounded linear functionals on a Hilbert space, to each
z € D, there is unique element k*(-, z) in D(u), such that

f(Z) = <fa k#(.’ Z)>D(u)a f € D(M)

The function k*((, z), with (¢, z) € D x D, is called the reproducing kernel for D(u). Let us
Shimorin [16] proved that all Dirichlet spaces have complete Nevanlinna—Pick reproducing
kernels. Let P[u] be the Poisson integral of the positive finite measure p on T

du(¢),  zeD.

In the following theorem, we provide an asymptotic estimate of the reproducing kernel k*
of D(p) on the diagonal.

Theorem 1. Let pu be a finite positive measure on T. We have

12l dr
/0 (L=n)Plul(rz/|z]) + (1 —r)*’

where the implied constants are absolute.

Ef(z,z) <1+

Our second aim here is to give estimates of capacity associated to the Dirichlet space
D(p) which is closely related to some notions of potential theory. Let D"(u) be the har-
monic version of D(u) given by

Dh() i= {f € LX) : 1% = I 1acr) + Dalf) < o0}

D"(11) is a Dirichlet space in the sense of Beurling-Deny [2]. Some aspects of the potential
theory associated to the general Dirichlet spaces were studied in several papers (see for
instance [10]). In this paper we will focus on the notion of capacity. We recall at first, the
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definition of capacity in the sense of Beurling—Deny. Let U be an open subset of the unit
circle. The ¢ -capacity of U is defined by

cu(U) = inf {Jlull’, : v e D"(p), u>0andu>1ae onU}. (1)
As usual we define the c,-capacity of any subset F' C T by
c,(F) = inf{c,(U) : U open, F C U}.

Since the L? norm dominates the Dirichlet norm, it is completely obvious that sets having
c,—capacity 0 have Lebesgue measure 0. We say that a property holds c,-quasi-everywhere
(cy—q.e.) if it holds everywhere outside a set of ¢,—capacity 0. So, ¢,—q.e. implies a.e.. A
closed set of capacity zero will be called, throughout this paper, u—polarset. If u = m is the
Lebesgue measure on T, then ¢, = ¢, is comparable to the logarithmic capacity c, see [12,
Theorem 14] and [1, Theorem 2.5.5]. Every function f € D(u) has non-tangential limits
c,~q.e. Furthermore, if £ is a closed subset of T such that ¢,(£) = 0, then there exists
a cyclic function f € D(u) continuous on T and vanishing on E, see [9]. The generalized
Brown-Shields conjecture asserts that an outer function f € D(u) is cyclic if and only if
cu(Z(f)) =0, where Z(f) is the zero set of f. In [6, Theorem 1] we prove that this con-
jecture is true for measures with countable support. We also give in this case a complete
and explicit characterization of invariant subspaces see [6, Theorem 2|. The generalized
Brown—Shields conjecture is still open.

Let ¢ € T, if p = m then ¢,({) = ¢({) = 0 (c is the logarithmic capacity) and if
p = d¢, the dirac measure on ¢, then c; (¢) > 0. In a more general way, since c,(¢) <
1/ supgc <1 K*(pC, p¢) (see [6, Lemma 3.2]), we get from Theorem 1

dr

WD >0 = [ oy < .

This allows to construct examples of positive measure y and a countable closed set F such
that p(£) = 0 and FE is uniqueness set for D(u) [5, Corollary 3.6]. We obtain an estimate
of capacity of arcs, more precisely we have

Theorem 2. Let I C T be the arc of length |I| = 1 — p with the midpoint at ¢ € T. Then

I 14 / P dr
cu(1) o (L=r)Pp)(rd)+ (1 —r)*

In the sequel we will suppose that F is a closed set which has Lebesgue measure zero
and g is a finite positive measure on T. Now our goal is to give sufficient condition on F
to be pu—polar. Let us introduce the local modulus of continuity of u on E which will play
a crucial role in this paper. It is defined by

pue(t) = sup{u(Ce™ ¢e") : (€ B} (3)
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Note that p, = p, is the classical modulus of continuity of p. Let us write
E,:={CeT: dist((, E) < t},

where dist denotes the distance with respect to arc-length, and denote by |E;| the Lebesgue
measure of F;. We can express the function |E}| in terms of

Np(t) =2 L0,
J
where (I;) are the components of T\ £, as follows

t
/ Ng(s)ds = |Ey|.
0

In Theorem 5.4, we give a sufficient conditions on a closed subset £, in terms of p, g
and Ng, to be pu-polar. To illustrate this theorem we give here some of its corollaries.

(i) If
dt

/o J3 (P (s)Ne(s) /s)ds

+00,

then ¢,(E) = 0.
This result can be viewed as an extension of Carleson’s Theorem [3, section IV, Theorem

2] which says that if

/ Todt

- - OO,
o |Et]

then ¢(E) = 0.
In fact if = m then p, g(t) =t and ¢, < ¢ (c is the logarithmic capacity).

(ii) Suppose that p, p(t) = O(t*) with 1 <« < 2. If

/7r dt N
- = OO,
o 1THE

then ¢,(E) = 0.

Our proof is different from the one given in [3]
(iii) If p, p(t) = O(t*) with a > 2, we have ¢,(E) = 0.

Note also that if t* = O(p,, 13(t)) with o < 1, then by (2), ¢,({1}) > 0.

The plan of the paper is the following. In the next section we recall two formulas of the
Dirichlet norm; we also give punctual estimates of some outer functions. In Section 3, we
obtain norm estimates of our test functions. In Section 4, we state diagonal asymptotic
estimates of reproducing kernel. To prove the lower estimates of k*(z, z), we establish a
sharp norm estimates of some outer functions which peak near z. This allows us to transfer
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our problem to an estimation of the norm of the kernel of an appropriate weighted Sobolev
space. In fact and roughly speaking, Theorem 1 says that k*(z, z) =< K,(1 — |z|,1 — |2])
where K, is the reproducing kernel of the weighted Sobolev space defined by

27
W) = {f € C(0.2a1) : @) = F1)+ [ g0 g € L2(0.20) ) .
where ¢(t) = tP[u]((1 —t)z/|z]) + t2.

In section 5, we prove the results on capacities cited above. The proof of Theorem 5.4
uses an idea analogous to the proof of Theorem 1. However, our test functions must peak
on the whole set E and the desired weighted Sobolev spaces will depend on p and E. In
fact, we prove that there is no bounded point evaluation at 0 for W?2(p) (where ¢ depends

on p,.p and Ng), then ¢,(E) = 0. Note finally, that there is no bounded point evaluation
at 0 for W2(yp) if and only if lim K, (t,t) = o0
t—0

Throughout the paper, we use the following notations:

e A < B means that there is an absolute constant C' such that A < C'B.
e A= Bif both A< B and B < A hold.
e C(z1,...,1,) denote a constant which depends only on variables xy, ..., x,.

2. PRELIMINARIES AND TECHNICAL LEMMAS

2.1. Norm formulas. In this subsection we recall some results about norm formulas in
Dirichlet spaces which will be used in what follows.

For a finite positive measure p on T, the harmonic Dirichlet space D"(u) consists of

functions f € L?(T) such that
= | De(f)d 00
) /T e(f)du(8) <

where D¢(f) is the local Dirichlet integral of f at 5 € T given by

/\f () dt
e — £I2 21

The Douglas’ formula, see [7, Theorem 7.1.3|, expresses the Dirichlet integral of a func-
tion f in terms of the Poisson transform of ux, namely

f) = / VPUIEP[dA, e D).

where dA(z) = dxdy/m stands for the normalized area measure in . In particular, if
f € D(u)(= D"(u) N H?), Douglas’ Formula becomes

- / F(2)PPlu)(2)dA(2) < 0.
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Another useful formula, due to Richter and Sundberg [15, Theorem 3.1], gives the local
Dirichlet integral of function f in terms of their zero sequence, their singular measure
and the modulus of their radial limit. We will need, throughout this paper, the Richter—
Sundberg formula mainly for outer functions. Recall that outer functions are given by

d
[ oge0)ly, e,

where ¢ is a positive function such that logp € L*(T). Note that the radial limit of f,
noted also by f, exists a.e. and |f| = p a.e. on T. We have the following Richer—Sundeberg
formula [15] (see also [7, Theorem 7.4.2))

f(z) = exp

Theorem 2.1. Let f € H? be an outer function such that f(() exists at ( € T. Then

f):/If(A)I — IO = 2/ (O log | F(A)/F (O] [dA]

pyre: o W

2.2. Punctual estimates of test functions. The result obtained in this subsection will
be used in the proof of the lower estimate of the kernel.

Lemma 2.2. Let 1/2 < r =1—a < 1 and let I}, = [e"%*, e +1] with ag = 0, ar = 2%a
(k>1). Let N be the integer such that 2Na < m < 2¥+1a, then

N-1

> (k+Dw(r, L, D) < 1,

k=0

where w(r, I;;, D) denotes the harmonic measure of I, at r in D.

Proof. Without loss of generality, we may suppose that 2¥a = 7. Note that

N-1 N-1
> (k+D)w(r, 1, D) > > w(r, I, D) < 1.
k=0 k=0

For the reverse inequality, let g(z) = log1/|1 — rz|. Since ¢ is harmonic in the neighbour-

hood of D,
1 [ 1— |2 1
= — —— | — ().
9(2) 27 /_7r |1 — ze—10|? ©8 |1 — re®|
So,
N-1
1o 1—r2 1
=1 — —— ] — ). 5
9(r) = log 1— 7"2 kZ:o 7T/ —re~)2 % |1 — re®| (5)
For k=0,...,N — 1, and 0 € (ax, axs1), we have
1 1 1

|1 — re®| 2’“1—7‘
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By (5), we get

N-1
1 1
logl_ zlogl_ —log2;kw(r,fk,ﬂ))+0(1)
and our result follows. O

Let w : (0,7) — (0,+00) be a continuous positive function such that logw € L'(T). As
before f,, denote the outer function satisfying

|fu(e®)] =w(t]) a.e. on (—m, ). (6)

Proposition 2.3. Let w : (—m,m) — (0,400) be an even continuous positive decreasing
function such that logw € L'(T). Suppose that w(z) < 2w(2z). Let f, be an outer
function given by (6). Then

w(l—7r) < | fulr)], 0<r<l.

Proof. Let a , I, and N as in lemma 2.2, and suppose that ay = 7. We have

2

)] = exp{z 1 |1_T€€|2logw(9)d9}

k=

2

—1

1 1—r?
> k+1
> exp{ Y logw(2"a) e rewpde}
k=0 g
N-1
1 1—r?
> - @
> exp{ kzo(logw( a) — (k+ 1)10g2) A= €i€|2d9}
N-1 _
> exp { logw(a) » w(r, I,D) — log 2 Z(k + V)wo(r, I, ]D)}
k=

e
i

0

We obtain from Lemma 2.2, that w(1 —r) < |f,(r)|. The case ay < m can be treated in
the same way by taking into account the interval [e~ '] O

2.3. Regularization lemma. Let p be a positive finite measure on T, we set du(s) =
du(e®). Denote by

f(s) =pu(le™™, ")) (0<s<m) and fi(s)=f(m) (s> ).
Let

F(z) = /_ W %Jrszd,u(s) x> 0. (7)

Note that F), is increasing and F),(z)/x* is decreasing. We extend F, at the origin by
F,(0) = F,(07). In the following lemma we collect some elementary properties of F),
which will be used in the sequel.

Lemma 2.4. Let v be a positive finite measure on T. We have the following
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(1) F,(z) < zP[v](1 — x), for x > 0,

(2) v(x) < Fy(x) for x>0,
dv(s) - F,(z)

2 ~J

(3)

. , forx >0,
z<[s|<m

(4) If h is a positive monotone function on (0,m). Then

[ wahavte) s [P o(zayan

(5) If v(2z) < cv(x) for some constant ¢ < 4, then F,(x) < V(_x)c

Proof. (1) For = € (0,1/2) we have obviously z(1 — (1 — 2)?) < 22 and ¢ — (1 — 2)|? =
x? + 62. Hence

2P[)(1 - z) = /_ t(L= (=) ) /W () = F,(x).

e =T —a)P PO

S

(2) Let x > 0, we have

D(x) = / " aw(6)

—x

T P T

T 1’2 9
< -
- 2/_xx2+92dy()

Il

[\)
e
—
Nak

(3) Fix x > 0, we have

L5 -2
SL’2 Z 22n 2 /

2"+xx +S
- 22” /n 22 + 82 dv(s)

2n+1

_2/2 x2+s2 v (s)

Fy(z)

xr2

2n+1

2n+1

)

IA

4

IN
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To prove (4) suppose that h is a decreasing function. Clearly if v({0}) > 0, then (4) is
obvious. So, suppose that v({0}) = 0. We have

[ mabavte) = 3= [ htaavta) + dv(—o)

—a ’fLZO ("+1)a
< h(27"a)v(27"a)
n=0
a h R
< / —x)y(2x)dx.
0 X

Analogue argument works if A is increasing.
Finally to prove (5), suppose that 7(2z) < c¢v(x) with ¢ < 4. We have v(2"x) < ¢"v(x)

and
dv(t) dv(t) v(2"tir) 4c v(x)
— < < .
/|th 12 dt Z / 2 = Z 2272 — 4 _ ¢ 22

n209n o <|t]<2n+1g n=20

So

. ) dv(z) _ v(x)
———dv(0) <v(x)+=z /92:2 09 S 1o

3. NORM ESTIMATE OF TEST FUNCTIONS

3.1. Norm estimate of analytic test functions. The purpose of this subsection is to
give an estimate of norms of some outer functions which play an important role in what
follows.

The following lemma is the first step to prove Theorem 3.2.

Lemma 3.1. Let w : [0,7] — (0,+00) be a C' decreasing convex function such that

w(r) < 2w(2z). Suppose that *|w'(z)| is increasing and let f,, be the outer function given
by (6). Then

D,(fuw) STh+ T2+ Ts,

where

7= / ! ()w(y) W) 4 g,

w(r) =«

7= [ " /(s sdu(s),

s=

S /:oﬂ/y: ol @he(v) ‘Z/((;C)ﬂ </ySS|S7T di(;))dxdy‘
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Proof. Without loss of generality, we may assume that du(s) = du(—s). By Richter-
Sundberg formula (4) we have

’( ) dt
Desefu) = 27r/t / / s ) ) 4 g

Dulfu) = /// / wg))d et 5—(82‘%
:/so/t2s /SO/ts/z +/50/t0

To complete the proof we will estimate each term separately.

So,

If 2s <t <7, we have |t — s| > t/2,

s [ Mot
<[] xo |w'<y>|w<y>'w/(<j)>‘ ( / ISydu( >) S duda
< [l
Since w(2z) = w(z) and w'(22) = w'(x), we have
- L oo
i )
// / // / “f; )
“

'(5)?sdpu(s).

/

)

1
2
3
4)n

Hence

I, < / w'(s)?sdp(s).
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If0<t<s/2 then |t —s| > s/2,

T; < /SO/M/H/HW Yw(y |Z,£§;‘dydx Sgh
S /tO/x t/y x\w'(y)lwy w/((;c |(/y<| ~ )dt
< [ ] wm /y;sgwdl;(g))xdxdy.

Theorem 3.2. Let w : [0,71] — (0,400) be a C' decreasing convex function such that

w(r) < 2w(2z). Suppose that x*|w'(z)| is increasing and let f,, be the outer function given
by (6). Then

O

Dy(fuw) S 1Fuw'|collw]loo,
where F), is given by (7).

Proof. By (3) of Lemma 2.4, we have i < F},. Now Lemma 3.1 gives

- w'(@)| Ey(y)
7 < /xo/ymm(ynw(y) w2 adyda

< |Fw||oo/ / ' ( “’<
=0 Jy=z

S nale [ [ |w'<x>|—2dyda:
=0 Jy=z Yy
S I lsolwlloe.
Note that z|w'(z)| < w(z) for all x €]0,x]. Indeed, since w(2z) < w(x) and |w'(2z)| <

|w'(x)], it suffices to prove the inequality for = € [0, 7/2]. We have

w(z) > / (1)) % 2 @) (1 - 1) 2 Sl

€T ™

So, again by Lemma 2.4 we get

- Y L VRN I€))
A5 Wl [ [ i) s
sinale [ [ [ O] 4 gy
z=0 Jy=0 Ju=y w(x):):

, i)
Ml [ [ @ e
= Ji2+ Jaa.
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We have

Jie S FL w/||oo/ / / Hw( )‘dudydx
u=0 J =0 Jy= )
< |E, w/||oo / / (= dud:c+/ / “'w >|dudx)
u=0 J =0 u=0 u
Nuuwn(Lﬂmqu+AﬂLm—7%@T—ux>

T ')
S 1E (ol [ )

S I lsollwlloe-

Since w is decreasing, we get

T2

IN

1l [ o)y
z=0 Jy=0

[Ft oo |0 o-

IA

Finally, applying (4) of Lemma 2.4 with dv(s) = sdu(s), we have v(t) < tp(t) and

T ,t2/\
%5/1%)WMﬁ§MMWdMM
0
]

3.2. Norm estimate of test functions in D"(u). Our goal here is to give an estimate of
the norm of some distance functions in D"(u) (For analytic distance functions see [8]). The
result of this subsection will be used in the proof of Theorem 5.4.

Let E be a closed subset of T, 1 be a positive finite measure and denote by p,, g the local
modulus of continuity of 1 on E given by

pur(t) = sup p(Ce ™, Ce™™).
CeE

Note that p, 13(t) = i(t). Recall that
1) =2 1y s
J

where (I;) are the components of T\E. Note also that for every measurable function
Q:(0,71] > RF

/T Q(dist(¢, E))|d¢| = /0 " Q) Nu(t)dt. (8)
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Lemma 3.3. Let Q: (0,7] — RT be a positive decreasing function, then

/T O(dist (¢, B))dyu(¢) < / o) 220 (1.

Proof. Write T\ E = U,I,,, where (I,,), = (¢ "), are the components of T \ E. Let
dpn(t) = du(t + an) + du(B, —t), By Lemma 2.4

[Tn|/2
/I Q(dist(C, B))du(C) = / () djun ()
< / 'In/zg(t)@dt

[1al/2
< / aeyLeED gy
0

Summing over all [,,, we get

/T Q(dist(¢, ))du(C) < / o) 2220 (1.

and the proof is complete. ([l

Lemma 3.4. Let E be a closed subset of T. Let w be a convex decreasing function and let
Q(¢) = w(dist(¢, E)). Then
D,(Q) ST+ I, + I3,

1, ._/ / )~ w HS)) P\ dsat,

t

where

T, - / <>puE<2t>NE< ),
w49 ()
I, = /t 0 / | Np()dsdt.

S

Proof. Set § = dist(¢, £') and ¢ = d({’, ) By Lemma 3.3 we have

5= —//M sziz)) aCldu(¢)

w(®) —w(d + ¢ — )’ ,
< / /M e dCldu(C)
< / / 0 @) =@+ D 4

t+s>> pui(t)
< / / 2 Nis(t)ds,
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o _w5,>> !
A= 5 /M o O
W@+l - CD?
// e du(¢))dc]

/ / +/ / = Jo1 + Ja.
CeT JI¢'—(¢|<d CET JI¢'=(¢|>4

Ta= [ [ vl @l

where 5c_c € (6,0 + |¢ — ¢'|). Since w is convex, then

T <[ w'(26)? du(¢')ld
. / '(26) /C RSN
< Aw'(25)2pu,E(5)|d<|-

and

A

A\

Clearly we have

Hence by (8) we get

T < / W (6)2pyp(20)]dC] < / " (1205 (26) N (1)t
0

With the same calculation, as in Lemma 3.3, we have

// (dist(¢', F)dp(C')dc]

where Q(s) = 154 (w(é) w(d + 8)> nd F' = {(}. Then

7 5 [ [T w’@w)ds\dcw

B / / LDt P
S

Again by (8) we get

T2 N/ / )~ t+s)> p“’E(S)NE(t)dsdt.
t=0 J s=t

S

Since D, (w) = J1 + J2, we get our result.

For a positive increasing function ¢ such that 1(0) = 0, we set

My p(s) = max /¢ t)dt, M\E\)
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where B, = {¢ € £ : dist(¢, F) < t}.

If 1 is concave, then ¥ (x)/x is decreasing and

) < X [ Npar < [ MO N0t = 2.

And if ¢ is convex then ¢(z)/z is increasing, SO

/¢ e < ) /N Dt = ()|E|_MM()

The function v is called a—admissible if 1) is concave or convex and ¢ (s)/s® is decreasing
for some o > 0. Now we can state the main result of this subsection

Theorem 3.5. Let E be a closed subset of T. Let w be a convex decreasing function and let
Q(¢) = w(dist(¢, E)). Suppose that there ezists an a—admissible function 1, with o < 2,
such that p, p(s) < (s). Then

Du(Q) < Co)|[w'My,plloo|[wllo.
Proof. We apply lemma 3.4. An analogue calculation, as in the proof of Theorem 3.2, gives
L+ I S llw'Mp, .5llsollwllo-

Estimates of Z; : we have

7, / / ) —w t+8)) p“f(t)NE(t)dsdt,

Il w/(xt,sf"“f@NE<t>dsdt,

where z; (t t+ 8 . Since w is convex, we get

I, < / / "(t+ s 2'0”E(t)NE(t)dsdt
t=0 J s=0

Lo

< / w'(2t)?p, e Ne(t dt+/ / 252p“E(t)NE(t)dsdt
t=0 t=0 J s=t

t
T on2 T > [° Pur(t)
< w'(2t)°pueNp(t)dt + w'(2s) ==~ Ng(t)dtds
t=0 5=0 t=0 t
< 2 / w'(t)* M, ,(t)dt
0
< 2w My plloollw]loc-
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Estimates of Z,, we have
I, = / w'(t)?p, p(t)Np(t)dt
0

) / W (2 M, (t)dt
0

< 2fw' My, gllsol|w]lco-

IN

Now we consider the integral Z3. We have

i s t+s t+s p E(S>
I3 = 2/ / / / w'(u)w'(v) “’83 Ng(t)dvdudsdt
t=0 J s=t Ju=t
™ 2s
< / / / / w)|Jw'( |p“E()NE(t)dvdudsdt
t=0 J s=t v 8
s [ wwl / [ ()| Buldudo
v=0 v u=0

T B ()
S [ Wl [ WS
v=0 v u=0 u

< Cfa)sup (WW@\EUD / ; \w’(v)\m%&—adv

(W)

< Ofa)sup (Ju/(u)]

u

Bl 1]
U

Corollary 3.6. Let E be a closed subset of T. Let w be a convex decreasing function and
let QU(¢) = w(dist((, E)). Suppose that p, p(t) = O(t*) for some a > 0. Then

(1) Du(2) < C(a) sup w’(t)/ ta—lNE(t)dt) x ||wlloo, 0 < o < 1,

(2) D(9) < Cla)sup o/ (0B ol i1 < <2
(3) D,(Q2) < C(a) sup W' (t) | log t|| E|| % ||w]|e, if @ =2,
(4) D) < Clo Wy [ OROIE] < [l i > 2,
t=>
where h is a positive increasing function such that h(0) = 0 and [ ds/h(s) < oo

Proof. (1) and (2) are direct consequences of Theorem 3.5.
Now we prove (3). The proof of Theorem 3.5 gives

s 1 v
I3 < / |w'(v)| log—/ |w'(u)||E,|dudv,
v=0 U Ju=0
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and we get our estimate.
Finally we prove (4). Since |E;| — 0, then there exists a positive increasing function h,
h(0) = 0, such that [, ds/h(s) < oco. Again, by the proof of Theorem 3.5 we have

| ° h(u)

Iy < C(a) /:0 lw'(v) @) w'(u)|| Ey|dudv,

which gives the desired estimate. 0

4. KERNEL ESTIMATE

In this section we will prove Theorem 1. The reproducing kernel k* of D(u) is defined
by,
f(2) = {f;k"(2),  feDp), zeD
So,
k'(z,2) = sup{|f(2)]* : f D), IfIl; <1} (10)
It follows obviously that for |z| < 1/2 we have

12l dr
/0 (L=r)Plul(rz/|z[) + (1 —r)*

By Littlewood—Paley identity, we have
LA = I fle + Dulf)

= \f(O)\2+/D\f’(w)I2IH log [w]| + Plu](w)]dA(w)
= \f(O)\2+/D\f’(w)|2|[(1—\w|)+P[u](w)]dA(w)-

Let f € D(p)\{0} and let f = ;O be the inner-outer factorization of f. Then Oy € D(p)
and D,(Oy) < D,(f) (see [15]). Thus by (10), we get

k*(z,z) = sup{|f(2)|* : f € D(u) outer function and || f||, < 1}. (11)

kf(z,z) <1+

This observation will be useful in the proof of the lower estimate.

4.1. Proof of the upper estimate. Let z = p € [1/2,1). By Lemma 2.4, it suffices to
prove that
! dx

" <1 e —
k' (p,p) S +/ Foa) 22

1-p

Let f € D(u), since f € H?,

Il e, 0<y<1/2

fli)l < T <

]
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So, for 0 < y < 1/2, we have
p
fo+it=ol = |flin)+ [ Fe+it=oma
P
< / (4 (L — ) ldt + [ fe.
0

Let A be the triangle with vertices —i/2, 1, 4/2 and let A, ={z+iy € A: 0 <z < p}.
By change of variables w = u +iv =t +i(1 — t)y, we get

1 a-pe | 1/2 |
L Flo+inldy = / Flo+i(l - p)y)ldy
L=pJ q-py2 —1/2

1/2
< // 41— tyy)ldyde + || ]l e

1/2

< / 7)) £
dA(w)

1/2 r 1/2
S VA v ey R

1l 7 du 1/2
S e e ez i R T
< D[ ] e (12)

Denote by D(A, r) the disc of radius r centered at \. Since
D(p,(L=p)/4)cl{z=a+iy: v —p|<(1-p)/dand |y| < (1—-x)/4},
by (12) and the subharmonicity of |f| we obtain

1—p 1—x

0l 5 o [ ([ iy

p

! d /
S N e e L (13)

Now from (10), we get

k" (p. p)

N
[
+

N
é —
=
Ela
+ &
E%l\D

This achieves the proof.

4.2. Lower estimate.
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4.2.1. Weighted Sobolev spaces. In this subsection we introduce weighted Sobolev spaces
which will be used in the proof of lower estimate of the norm of the kernel of D(x) and
in the proof of Theorem 5.4. Let ¢ be a nondecreasing continuous function. The Sobolev
space associated with ¢, W (¢), consists of real continuous functions f on |0, 27] given
by

f(z) = f(2m) + /%g(s)ds, 0 <z <2m, (14)
where ¢ is a measurable function satisfy?ng
llg6lloe = sup lg(2)[p(z) < oo.
As usual g will be denoted by f’. Equipped with the following norm
1wy = 1" lloos

W(y) is a Banach space. It becomes a topological Banach algebra, if and only if,

/ dx -

— < 0.

0 p(z)

We say that f is regular, and write f € R, if f is a C' convex decreasing function on

[0, 2], satisfying f(2t) < 2f(¢) and ¢3|f'(¢)] is increasing.

Our goal is to estimate

Yola) =sup {f*(a) : f € W) "R, | fllweeo I e + [IF]2 < 1}

First we will examine the Hilbertian case
27
W2(p) = {f of the form (14) : || flI%2) = 115 +/ |f/(t)P(t)dt < oo},
0

We also need the following subspace of W2 (i)

2
W5 () = {f of the form (14) : f(27) =0, and ||-f||%/VO2(g0) = /0 |/ (8)Pe(t)dt < oo}

Clearly, evaluations at points of 0, 27| define continuous linear functionals on W?(y) and
on Wg(y). Let K, L, be the reproducing kernels of W?(¢) and of W (¢) respectively. A
simple computation gives the following expression of the reproducing kernel L, of W ().

We have
/27r dl’
—_— t>s,
Lot,s) =4 Jv ¢

L,(s,s) t <s.
The estimates of K, on the diagonal is given by

K(aa)V1+L(aa)—1+/27rd—I
T o e@)
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It means that

2
dx
Sup{f(d)z : f € W2(30) ) Hf”%/Vz(gp) S 1} =1 +/ TN
o #)
We have the following proposition.
Proposition 4.1. Suppose that t*/p(t) is increasing and p(t) > t2. Let a < 1/2, we have
Yo(a) < Ky(a, a).

Proof. Since || f[[fy2(,) < I1flwee)[[flloo; then y,(a) < Ky(a, a).
Conversely, let f = fo + 1, where

21 dS
folz :/ —, 0<ax<2m.
=, ae 265

27+a

Clearly f € R. Since p(2t) < ¢(t), we have

2w
Ifollz = fo(t)*dt
0
< / / / dudvdt
u=t+a J v= t+a
< / / / dudvdt+ / / / dudvdt
t=0 Ju=a Jv= aQD u=t Jv tQO
< / / dudv+/ / dudv
u=a Jv= aSO u=a Jv= uQP
S [l folleo-

Then we obtain

#(a)?
K <
49 S = e F 7R < el

And the proof is complete. O

4.2.2. Proof of the lower estimates. Let z = r €]|1/2,1] and let w € R. We consider the
outer function f, given by

| fu(e™)| = w(|t]), a.e on [—m, 7.
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Let p(z) = F,(z) + 2*. By (11), Proposition 2.3 and Theorem 3.2 we have

2
b 2 Lo
1 full B
w?(1 —7)
Jwllwee ) 1w]loo + llwll3

w(1—7r)
[wllwe) l[wlleo + w3
Thus
K (rr) 2 yo(1—r).

By Proposition 4.1, we obtain the result.

5. CAPACITY

Let ;1 be a positive finite measure on T and let ¢, be the associated capacity given by
(1). The capacity ¢, is a Choquet capacity [3, 11] and so for every borelian set of T we
have

c,(E) = sup{c,(K) : K compact , K C E}.

Note that ¢, satisfies a weak-type inequality. Namely:

117
2

GHCET:fQI21t ¢rae)) < feD ().

As consequence of this inequality we have the following properties.

Proposition 5.1. The following properties are satisfied

(1) Let E C T be a Borel set and let M,(E) :={f €D(n) : g|E =0 c,-qg.e}. Then
the set M, (E) is closed in D(u).

(2) If f € D(p) is cyclic for D(p) then f is outer function and c,(Zr(f)) = 0.

(3) The radial limit lim,_,1_ f(r¢) exists and is finite for every f € D"(u) if and only
if ¢, (¢) > 0.

Proof. See [4, 11]. O

Now we will give the proof of the estimate of the capacity of arcs.
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Proof Theorem 2. Suppose that ( = 1. Let w € R and let f, be the outer function
satisfying

| fuw(e™)] = w([t]), a.e on [—m, .
It’s clear that w(|l]) < w(x) for |x| < 2|I|. We have

Yo(l1]) < 1/cu(l).
By proposition 4.1, we obtain
cul) S /K (p,p), (p=1—[1]).
For the reverse inequality note that
cu(l) = 1nf{||f||i cfeCho<f<land f=1onI}.

Consider the function v € D"(u) such that 0 < u <1 and u; = 1. Hence u € D"(p) N C™.
We have Plu|(1 — |I|) < 1. Let p = 1 — |I|, a similar argument, as in the proof of (13),
gives

Plul(p) < Dy(u)/k(p, p) + Il 2.
So k*(p, p)~'/* < Dyu(u)'/?, and

W2 5o

As an immediate consequence, we obtain

Corollary 5.2. Let A € T.

dx

wlir)) >0 = / Ao PEN + (12 =

Now we will give some sufficient conditions on a closed subset of T to be p—polar. Let F
be a closed subset of T. We define ng(e), the e—covering number of E, to be the smallest
number of the closed arcs of length 2¢ that cover E. Note that

eng(e) < |E| < deng(e), 0<e<m.

Let
kyu(r) = inf{k*(r{,r¢) : ¢ € supp p}.
It ’s easy to see that x, is unbounded if and only if, for each ¢ € T, we have ¢,(¢) = 0. In

this case one can prove easily, by the sub-additivity property of capacity, that
Corollary 5.3. Let E be a closed subset of T such that lim x,(r) = co. If

np(e) = o(ku(l —¢€)), e — 0,

then c,(E) = 0.
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Proof. Let (I;)o<i<np(e) be a e-coverning of £, then

cu(E) < Z%(Iz)

S L/EM((1 =€), (1 —€)Gi)

()

S Wi-9 =o(1).

O

Recall that the function v is called a—admissible if v is concave or convex and (s)/s®
is decreasing for some « > 0. For a positive increasing function ¢ on (0, 27) such that
¥(0) = 0, we set

M, 5(s) = max /w £)dt, Q\E |) s € (0,27).

Now we can state the main result of this section.

Theorem 5.4. Let E be closed subset of T such that p,p < 1 where ¢ is a—admissible

for some o < 2. If
/ i 400
o My p(t) ’

Proof. Note that M, g is given by (5), so My g(s) is increasing. Let @ > 0. By the
definition of capacity and using Theorem 3.5 and Proposition 4.1 we have

1
CH(E>.

then c,(E) = 0.

When a goes to zero, we get

[ <ot
o Myp(t) ™ cu(E)

And the proof is complete. O

Remarks. Now we give some examples:

(i) Let E be a closed subset of T and let

M, (1) = / (90 () Ni(s)/)ds

/7r dt
— = 00,
0 M,u,E(t)

If
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then ¢,(E) = 0.

(ii) If o = m is the Lebesgue measure, then ¢, is comparable to the logarithmic capacity
and M, g(s) = |E,|. Theorem 5.4 says that if

dt .
- = OO,
o |l

then ¢(F) = 0. This result is due to Carleson [3, Theorem 2, p.30].

(iii) Let K be a closed subset of T such that p, x(s) = O(s') for some 0 < 3. If 8 < 1,
then every subset of K with Hausdorff dimension less than S is p-polar. If § > 1, then every
subset E of K with |E| = 0 is p-polar. The following measures du(¢) = dist((, K)?dm/(()
provide such examples.
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