N
N

N

HAL

open science

Kernel estimate and capacity in the Dirichlet spaces
Omar El-Fallah, Youssef Elmadani, Karim Kellay

» To cite this version:

Omar El-Fallah, Youssef Elmadani, Karim Kellay. Kernel estimate and capacity in the Dirichlet

spaces. 2014. hal-01083234v1

HAL Id: hal-01083234
https://hal.science/hal-01083234v1

Preprint submitted on 16 Nov 2014 (v1), last revised 29 Oct 2017 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01083234v1
https://hal.archives-ouvertes.fr

KERNEL ESTIMATE AND CAPACITY IN DIRICHLET SPACES

O. EL-FALLAH, Y. ELMADANI, K. KELLAY

ABSTRACT. Let p be a positive finite measure on the unit circle. The associated Dirichlet
space D(u) consists of holomorphic functions on the unit disc whose derivatives are square
integrable when weighted against the Poisson integral of . First, we give an estimate of
the norm of the reproducing kernel k* of D(u). Next, we study the notion of p-capacity
associated with D(u), in the sense of Beurling—Deny. Namely, we give an estimate of
pu-capacity of arcs in terms of the norm of k*. We also provide a new condition on closed
sets to be p-polar. Our method is based on sharp estimates of norms of some outer test
functions which allow us to transfer these problems to an estimate of the reproducing
kernel of an appropriate weighted Sobolev space.

1. INTRODUCTION

Let H? denote the classical Hardy space of analytic functions on the unit disc D hav-
ing square summable Taylor coefficients at the origin. Every function f € H? has non-
tangential limits almost everywhere on the unit circle T = 9D. We denote by f({) the
non-tangential limit of f at ¢ € T if it exists.

Let p be a positive finite measure on T, the Dirichlet type space D(u) is the set of analytic
functions f € H?, such that

1 _ 2
Duf) =5 [ [P =L acian(e) < o
The space D(p) is endowed with the norm

LAUT == 1F 172 + Dol f).
If du(e™) = 0, then D(u) = H? and if du(e™) = dm(t) = dt /2w, the normalized arc measure
on T, then D(u) is the classical Dirichlet space D.
These spaces were introduced by Richter in [12] by examining the 2-isometries on the
Hilbert spaces. A bounded operator 1" in a Hilbert space H is called 2-isometry if

T2 —2T*T — [ = 0,

is said to be cyclic if there exists © € H such that span{7"x,n > 0} is dense in H and
is called analytic if (., T"H = {0}. Richter in [12] proved that every cyclic, analytic
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2 O. EL-FALLAH, Y. ELMADANI, K. KELLAY

2-isometry can be represented as a multiplication by z on a Dirichlet type space D(u)
for some positive finite measure u. As consequence [11, 12| Richter gave an analogue of
Beurling’s theorem for the Dirichlet space.

1.1. Reproducing kernels. The reproducing kernel plays an important role in the study
of Hilbert spaces of analytic functions. In particular, it allows to determine the rate of
growth of functions near the boundary and its tangential behavior; their properties are
closely related to embedding theorems, sampling and interpolation sets, and other topics.
Let P[u] be the Poisson integral of the positive finite measure p on T

Plt) = | %du(é), eD.

In the following theorem, we provide an asymptotic estimate of the reproducing kernel
k* of D(u) on the diagonal.
Theorem 1. Let p be a finite positive measure on T. We have
/ 2 dr
o (L=7)Plul(rz/[z]) + (1 —7r)*

where the implied constants are absolute.

kf(z,z) <1+

Let us recall that Shimorin [15] proved that all Dirichlet type spaces have complete
Nevanlinna—Pick reproducing kernels. As an important consequence (see [2, §9.4] and
[14, Theorem 1]), each sequence Z = {z,} C D satisfying Shapiro—Shields condition
Y ez /K" (2,2) < 00 is a zero set of D(j). Theorem 1 allows to give examples of zero sets
of D(p).

To prove the lower estimates of k#(z, z), we establish a sharp norm estimates of some
outer functions which peak near z. This allows us to transfer our problem to an estimation
of the norm of the kernel of an appropriate weighted Sobolev space. In fact and roughly
speaking, Theorem 1 says that k#(z, z) < K, (1 —|2|,1 — |z|) where K, is the reproducing
kernel of the weighted Sobolev space defined by

W2(p) = {f € C((0.2n]) : f(x) = F1) + / " g(t)dt, g € 1((0, 21, b))},
where o(t) = tP[u]((1 —t)z/|z]) + t*.

1.2. Capacity. The Dirichlet type space is closely related to some notions of potential
theory. Let D"(u) be the harmonic version of D(u) given by

D) i= { € IA(T) + 1112 = 17 2ece) + Dulf) < o0}

D"(u) is a Dirichlet space in the sense of Beurling-Deny [3]. Some aspects of the potential
theory associated to the general Dirichlet spaces were studied in several papers (see for
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instance [8]). In this paper we will focus on the notion of capacity. We recall at first, the
definition of capacity in the sense of Beurling—Deny. Let U be an open subset of the unit
circle. The ¢ -capacity of U is defined by

cu(U) = 1nf{||u||i :u€D"p), u>0andu>1ae onU}. (1)
As usual we define the c,-capacity of any subset F' C T by
c,(F) =inf{c,(U) : U open, F C U}.

Since the L? norm dominates the Dirichlet type norm, it is completely obvious that sets
having c¢,—capacity 0 have Lebesgue measure 0. We say that a property holds c,-quasi-
everywhere (c,—q.e.) if it holds everywhere outside a set of ¢,—capacity 0. So, ¢,—q.e.
implies a.e.. A closed set of capacity zero will be called, throughout this paper, p—polar
set. If du(e®) = dt/2m, the normalized arc measure on T, then D(u) is the classical
Dirichlet space D and ¢, is comparable to the logarithmic capacity, see [10, Theorem 14]
and [1, Theorem 2.5.5].

Our first result on p-capacity gives an estimate of capacity of arcs in terms of the kernel.
More precisely we have:

Theorem 2. Let I C T be the arc of length |I| = 1 — p with the midpoint at ¢ € T. Then
1
cp(l) < ——

kr(pg, p¢)”

where the implied constants are absolute.

As a consequence,

dr

(e =0 = [ e = @)

In the sequel we will suppose that E is a closed set which has Lebesgue measure zero and
1 is a finite positive measure on T. Now our goal is to give sufficient condition on E to
be p—polar. Let us introduce the local modulus of continuity of p on E which will play a
crucial role in this paper. It is defined by

P (t) = sup{u(Ce™ Ce") : C € E}. (3)
Note that p, = p, is the classical modulus of continuity of p. Let us write
Ey = {C cT: d(gaE) < t}7

where d denotes the distance with respect to arc-length, and denote by |E;| the Lebesgue
measure of F;. We can express the function |E}| in terms of

Ng(t) =2 Z 152t
J
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where (I;) are the components of T\ £, as follows

t
/ Ng(s)ds = |Ey|.
0

In Theorem 5.4, we give a sufficient conditions on a closed subset E, in terms of p, g
and Ng, to be p-polar. To illustrate this theorem we give here some of its corollaries.

(i) It

—= +OO’

/ N dt

t
0 Jo(pu(s)Ne(s)/s)ds
then ¢,(E) = 0.

This result can be considered as an extension of Carleson’s Theorem [4, section IV, The-
orem 2|. In fact if 4 = m is the Lebesgue measure then p, g(t) =t and ¢, < ¢ (c is the
logarithmic capacity). We obtain Carleson’s theorem which says that if [ dt/|E| = oo,
then ¢(E) = 0.

(ii) Suppose that p, p(t) = O(t*) with 1 < a < 2. If

/7r dt .
- @@ @ @ - OO,
o tOTHE

(iii) If p, p(t) = O(t*) with a > 2, we have ¢,(E) = 0.

then ¢,(E) = 0.

Note also that if t* = O(p,, 13(t)) with o < 1, then by (2), ¢,({1}) > 0.

The proof of Theorem 5.4 uses an idea analogous to the proof of Theorem 1. However,
our test functions must peak on the whole set £ and the desired weighted Sobolev spaces
will depend on g and E. In fact, we prove that there is no bounded point evaluation at 0
for W2(y) (where ¢ depends on p, r and Ng), then ¢,(E) = 0. Note finally, that there is
no bounded point evaluation at 0 for W?(y) if and only if tl_i)r(% K,(t,t) = o0.

The plan of the paper is the following. In the next section we recall two formulas of the
Dirichlet type norm; we also give punctual estimates of some outer functions. In Section
3 we give norm estimates of our test functions. In Section 4 we give diagonal asymptotic
estimates of reproducing kernel. In section 5, we prove the announced results on capacity.

Throughout the paper, we use the following notations:

e A < B means that there is an absolute constant C' such that A < C'B.
e A=< Bifboth A< Band B < A.
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e C(xy,...,2,) denote a constant which depends only on variables x1,. .., z,.

2. PRELIMINARIES

2.1. Norm formulas. In this subsection we recall some results about norm formulas in
Dirichlet type spaces which will be used in what follows.

For a finite positive measure p on T, the harmonic Dirichlet space D" (1) consists of

functions f € L?(T) such that
)i= [ Del)in(e) <

where D¢(f) is the local Dirichlet integral of f at £ € T given by

/ S (e’ (P at
ezt £|2 27'('

The Douglas’ formula, see [6, Theorem 7.1.3], expresses the Dirichlet integral of a func-
tion f in terms of the Poisson transform of yx, namely

:/D|VP[f]\2P[,u]dA, fe DMu),

where dA(z) = dxdy/m stands for the normalized area measure in . In particular, if
f € D(u)(= D"(u) N H?), Douglas’ Formula becomes

a@ﬂm%w@mw<w

Another useful formula, due to Richter and Sundberg [13, Theorem 3.1], gives the local
Dirichlet integral of function f in terms of their zeros sequence, their singular measure
and the modulus of their radial limit. We will need, throughout this paper, the Richter—
Sundberg formula mainly for outer functions. Recall that outer functions are given by

(+2 |dc]|
’EC_ le @(C)%’ (Z S ]D)7

where ¢ is a positive function such that logp € L*(T). Note that the radial limit of f,
noted also by f, exists a.e. and |f| = ¢ a.e. on T.

f(z) = exp

Let f € H? be an outer function such that f(¢) exists at ¢ € T. We have the following
Richter-Sundberg formula :

/If (OF = 2f(Q)PPlog | £(A)/f(O)] |dA] (4)
A= (] 2m
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2.2. Punctual estimates of test functions. The result obtained in this subsection will
be used in the proof of the lower estimate of the kernel.

Lemma 2.1. Let 1/2 < r =1—a < 1 and let I}, = [e"%*, e%+1] with ag = 0, ap = 2%a
(k >1). Let N be the integer such that 2Na < m < 2N*1a, then

N-1

> (k+D@(r [, D) < 1,

k=0

where w(r, I;;, D) denotes the harmonic measure of I at r in D.

Proof. Without loss of generality, we may suppose that 2¥a = 7. Note that

N-—1 N-—1
Y (k+D)@(r [,D) > > w(r, I;,D) < L.
k=0 k=0

For the reverse inequality, let g(z) = log1/|1 — rz|. Since g is harmonic in the neighbour-

hood of D,
1™ 1z 1
- p— —df.
9(2) 27 /_7r |1 — ze=|2 ©8 |1 — re|
So,
R R 1
1 1 —lf. 5

g(r) = Ogl_r2 Z / — e )2 Og|1_rez9| (5)

For k=0,...,N—1,and 6 € (ak,akﬂ), we have
1 1 1

|1 — re®| 2’“1—7“

By (5), we get

N—1
1og1_7r2 = log - —logQRZ_Okw(r,Ik,]D))JrO(l)
and our result follows. OJ

Let w : (0,7) — (0, +00) be a continuous positive function such that logw € L'(T). As
before f,, denote the outer function satisfying

[fule)] =w(lt]) ae on (—m,m). (6)

Proposition 2.2. Let w : (—m,m) — (0,400) be an even continuous positive decreasing
function such that logw € LY(T). Suppose that w(x) < 2w(2x). Let f, be an outer
function given by (6). Then

w(l—71) < fulr)], 0<r<l.
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Proof. Let a , I, and N as in lemma 2.1, and suppose that ay = m. We have

2

FulP)] = exp{

M

1 |1 e log w(0)d0 |
k

N-1 1 1—r?
e 1 |1 —re?|
N-1 1 1—r?
> exp{ Y (logw(a) = (k+1) log2)~ mda}
k=0 T e

=

exp{logw(a) w(r, I,D) —log 2 2(k—|— Daw(r, Ik,]D)}.

v
=
l

We obtain from Lemma 2.1, that w(1 —r) < [f,(r)|. The case ay < 7 can be treated in
the same way by taking into account the interval [e¥  ¢'T]. 0

2.3. Regularization lemma. Let p be a positive finite measure on T, we set du(s) =
du(e®). Denote by

fils) = (e, ") (0<s<m) and fi(s) = fi(x) (s> ).
Let

F(z) = /ﬂ xid,u(s) x> 0. (7)

2 2
U s o

Note that F), is increasing and F),(z)/x? is decreasing. We extend F,, at the origin by
F,(0) = F,(07). In the following lemma we collect some elementary properties of F),
which will be used in the sequel.

Lemma 2.3. Let v be a positive finite measure on T. We have the following
(1) F,(x) < zP](1 — x), for z > 0,
(2) v(x) S F,(x) forxz >0,

dv(s) _ F,(x)

2
x<|s|<m S

<

~Y

(3)

, for x>0,

(4) If h is a positive monotone function on (0,7). Then

[ pabhivte) 5 [ 520

a x

4—c

(5) If v(2z) < cv(x) for some constant ¢ < 4, then F,(x) <
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Proof. (1), (2) and (3) are obvious. To prove (4) suppose that h is a decreasing function.
Clearly if #({0}) > 0, then (4) is obvious. So, suppose that v({0}) = 0. We have

/ " h(a)dv(e) = > /2 _(n:) h(z)(dv(z) + dv(—x))

—a n>0
m

S D h(27"a)p(2 ")
< /a @ﬁ@x)daz.

Analogue argument works if A is increasing.
Finally to prove (5), suppose that 7(2z) < ¢v(z) with ¢ < 4. We have v(2"z) < "v(x)

and
dv(t) dv(t) p(2ntly) 4c ()
dt = < < )
AZm 12 Z / 2 - nz>0 g2 T 4 — ¢ 2

>
209 p<|t]<2n+1e

So

3. NORM ESTIMATE OF TEST FUNCTIONS

3.1. Norm estimate of analytic test functions. The purpose of this subsection is to
give estimate of norms of some outer functions which play an important role in what
follows.

The following lemma is the first step to prove Theorem 3.2.

Lemma 3.1. Let w : [0,7] — (0,+00) be a C' decreasing convex function such that
w(z) < 2w(2z). Suppose that *|w'(x)| is increasing and let f,, be the outer function given

by (6). Then
D.(fw) ST+ T+ Ts,

where

7= | / () o)LL ENEG) 4,

w(r) =«

Tom [ wsPsduts),

s=

S /;:/y”m ol Wholy) |Z/((§))| </ySS|S7T di28)>dxdy'
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Proof. Without loss of generality, we may assume that du(s) = du(—s). By Richter-
Sundberg formula (4) we have

| B 8 T t T , U}/(.T) dt
Deis (fuw) = Y- /to /xs /ysw (y)w(y) w(z) dydx|€is — eit]2’

:/so/m /SO/H/Q +/N/m

To complete the proof we will estimate each term separately.

So,

If 2s <t <7, we have |t — s| > t/2,

s [ e e s G
< [ eS8 ([ ) s

g/m/om w(y | )iy)dydx

Since w(2x) < w(z) and w'(2x) < w'(x), w

I, < / w'(s)?sdp(s).

If0<t<s/2 then |t —s| > s/2,

I < /SO/to/x t/ x|w )w(y |zUU,<<§>)‘dydx 1) gy
L w2 ([
| / et D /y;s<7rdi())xdxdy.

Theorem 3.2. Let w : [0,7] — (0,400) be a C' decreasing convex function such that
w(r) < 2w(2z). Suppose that x*|w'(z)| is increasing and let f,, be the outer function given
by (6). Then

)
have

N

N

0

Du(fw) S IEuwllsollw]]oo,
where F), is given by (7).
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Proof. By (3) of Lemma 2.3, we have i < F},. Now Lemma 3.1 gives

Note that z|w'(z)] < w(z) for all x €]0, 7.

T @) )
Bos [ ] wwme e

< Fal / 0 / (@) gyde
= y=x

w(x)y?

s s x
< JFale / 0 / /() S5y
=0 Jy=x

S I eollwlloo-

xdydx

Indeed, since w(2z) < w(z) and |w'(2z)| <

|w'()|, it suffices to prove the inequality for x € [0, 7/2]. We have

4 1 1 T
2 2
wiw) 2 [ Ol 2 @) (- 1) = F)
So, again by Lemma 2.3 we get
7 5 WEale [ [ @ dys
z=0 J y=0 w(z)w

We have

T2

p [ [ [
=0 Jy=0 Ju=y U}(.T)SL’
+ Fw'oo/ / w'(x dydx
e [* [ wn

= Ji2 + Ja.

S IEal ”“’( W N )] 3, g,
u=0 Jx=0 Jy=
(z)x
< |F. w’Hoo / / |w dudx+/ / u|w
u=0 J =0 "L‘ u=0 u

< |F, 0|l / d ud d
< |Eaw| (/M|w<x>\:c+/uo/m o uda)
Vi T !

PR uh/(u)
S 1Bl (ol [ [ S uas)

S Fwlsollwlloo-

(w)] dud:c)
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Since w is decreasing, we get
o < NFwle [ [ )y
=0 Jy=0 z

< Euw[lsollw]]oo-

Finally, applying (4) of Lemma 2.3 with dv(s) = sdu(s), we have v(t) < tp(t) and

T !/ t 2
5 [ ptend S | Falelo]
0
O

3.2. Norm estimate of test functions in D"(u). Our goal here is to give an estimate of
the norm of some distance functions in D"(p) (For analytic distance functions see [7]).The
result of this subsection will be used in the proof of Theorem 5.4.

Let E be a closed subset of T, p be a positive finite measure and denote by p,, g the local
modulus of continuity of 4 on E given by (3). Note that p,11(t) = fi(t). Recall that
Np(t) =23, 1qr>a2ry. where (I;) are the components of T\E.

Lemma 3.3. Let Q: (0,7] — RT be a positive decreasing function, then

[ owisc. Bpanco) < [ o) 220y, (1.

Proof. Write T\ E = U,I,,, where (I,,), = (¢! ), are the components of T\ E. Let
dpin,(t) = dp(t + o) + du(B, — t), By Lemma 2.3

[In]/2
/I Q(dist(C, B))du(C) = / Ot dpn (1)
< / " P g,

|Il/2 ;
S / Q)P Wy
0

Summing over all [,,, we get

[ oisc. Bpanco) 5 [ o220y, 1y,

and the proof is complete. O]

Lemma 3.4. Let E be a closed subset of T. Let w be a conver decreasing function and let
Q(C) = w(d(C, E)). Then
DM(Q) S Il +IQ +I37
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where

7, = // HS)) p“’f<t)NE(t)dsdt,

7, - / ()2 puE(2t)NE( \t,
B —w t+s)) PuE(8) .
7, - /to/st Np(t)dsdt,

S

Proof. Set 6 = d(¢, F) and ¢’ = d({’, E). By Lemma 3.3 we have

7= 5 /M O aclauc'
< / [ . i) =l L= g
< [ O e
< [ t+s>> s 0) v,

and

%= 5 /w WQ‘?“')) ¢ ldg

/ / +/ / = Ja1 + Ja.
CeT JI¢'—(¢|<d CET JI¢'=(¢|>6

A

A

Clearly we have

T < / W (000 (26)]dC] < / " ()20 5 (20 Nt
T 0

With the same calculation, as in Lemma 3.3, we have

522N/m/8 t HS)) Pu(8) N st

S

Since D, (w) = J1 + J2, we get our result.

For a positive increasing function v such that ¢ (0) = 0, we set

Y RE— /w o)

)
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where E, = {¢ € E : dist(¢, F) < t}. If ¢ is concave, then ¢ (x)/z is decreasing and
S S t

And if ¢ is convex then ¢ (z)/z is increasing, SO

/d’ par < ) /N Dt = <)\E|_M¢E()

The function v is called a—admissible if 1) is concave or convex and ¥ (s)/s® is decreasing
for some v > 0. Now we can state the main result of this subsection

Theorem 3.5. Let E be a closed subset of T. Let w be a convexr decreasing function and
let Q(¢) = w(d((, E)). Suppose that there exists an a—admissible function ¥, with o < 2,
such that p,.p(s) < (s). Then

D) < Cla)[|w' My, ploo ]| -
Proof. We apply lemma 3.4. An analogue calculation, as in the proof of Theorem 3.2, gives
T+ S [[w'Mp, g ellollw]lse.

Now we consider the integral Z3. We have

T, = /to/ t/u t/ p“SEg( ) Ny (1) dvdudsdt
S /to/st/ /H|w w)|jw' (v )|'°“E( )NE( t)dvdudsdt

< [ o [
s 1 v
5 /yo ‘w'(v)‘vg_a /uo |w/(u)|%‘Eu|dudv

< C(a)sup (m’mn@wﬁ) / ; |w'(v)|v%v2—adv

< claysup (o' 22 ] ol

u

0

Corollary 3.6. Let E be a closed subset of T. Let w be a convex decreasing function and

let Q(C) = w(d(C, E)). Suppose that p,p(t) = O(t) for some a > 0. Then
(1) D.(Q) < C(a) sup w'(t) /: taleE(t)dt)Hme, if0<a<l,
(2) Dul@) < Cla)sup [0/ (0| B[ [lw]lc, i1 @ <2,
(3) Du(Q2) < C(a) S;;lg) |w'(t)[log t]| Ey| | [l oo, if @ = 2,
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(4) Du(Q) < Cla, h)sup |w' (O)h(t)|Ey|[|wl|o, if a > 2, where h is a positive increasing
>0
function such that h(0) =0 and [, ds/h(s) < co.

Proof. (1) and (2) are direct consequences of Theorem 3.5.
Now we prove (3). The proof of Theorem 3.5 gives

s 1 v
7, < / ' (v)] log = / ! ()| Bl dudy,
v=0 v u=0

and we get our estimate.
Finally we prove (4). Since |E:| — 0, then there exists a positive increasing function h,
h(0) = 0, such that [ ds/h(s) < co. Again, by the proof of Theorem 3.5 we have
s v h
Lo [ Wl [ Sl
v=0 u=0 h(“)

which gives the desired estimate. O

4. KERNEL ESTIMATE

In this section we will prove Theorem 1. The reproducing kernel k* of D(u) is defined
by,
f(z) =}k 2),  feDp), zeD.
So,
k(z,2) = sup{|f(2)]" : f € D), IfIl <1} (9)
It follows obviously that for |z| < 1/2 we have

12l dr
/0 (L=r)Plul(rz/|z[) + (1 —r)*

By Littlewood—Paley identity, we have

IFIl: = 1f1Ze + Dulf)
= \f(O)\2+/D\f'(w)|2|H log [w]| + Plu](w)]dA(w)

= \f(O)\2+/D\f'(w)l2|[(1—\w|)+P[u](w)]dA(w)-

Let f € D(p)\{0} and let f = ;O be the inner-outer factorization of f. Then Oy € D(p)
and D,(Oy) < D,(f) (see [13]). Thus by (9), we get

k*(z,z) =sup{|f(2)|* : f € D(u) outer function and | f||, < 1}. (10)

kf(z,z) <1+

This observation will be useful in the proof of the lower estimate.
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4.1. Proof of the upper estimate. Let z = p € [1/2,1). By Lemma 2.3, it suffices to

prove that
! dx
F,(x)+a?

k“(p,p)SH/

1—p

Let f € D(u), since f € H?,

F(in)] <
So, for 0 < y < 1/2, we have
o+ i1 = ol = [ stin) + [ £+ i = 0yie| 5 [ 17+ i = oulde + e
0 0

Let A be the triangle with vertices —i/2, 1,4/2 and let A, ={z+iy € A: 0 <z < p}.
By change of variables w = u +iv =t +i(1 — t)y, we get

1 o) . 1/2 .
L o+ imldy = / F(o+i(1— p)y)ldy
IL—p —(1—p)/2 —-1/2

p r1/2
< / / /(01— t)y)|dyde + [ f ]
0 J-1/2

[PAIVE

<Vl Oy <12

/

< /A P @) L

1—u
12| dA(w) 1/2 ,
S D) /A e T Py M

1ol 7 du 1/2
R Y e il B

- 1 d 1/2
s 20 [ mayrml Wl (1)

Denote by D(A,r) the disc of radius r centered at A. Since
Dip, (1= p)/4) C {z =2 +iy : |o—p| < (1— p)/Aand |y| < (1 — )/},
by (11) and the subharmonicity of |f| we obtain

101 5 = [ T /_ £(o -+ ig)dy) da

=p

< D[ ] e (12

Now from (9), we get

1
kﬂ(p,msu/ =14
1-p
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4.2. Lower estimate.

4.2.1. Weighted Sobolev spaces. In this subsection we introduce weighted Sobolev spaces
which will be used in the proof of lower estimate of the norm of the kernel of D(u) and
in the proof of Theorem 5.4. Let ¢ be a nondecreasing continuous function. The Sobolev
space associated with ¢, W(¢), consists of real continuous functions f on |0, 27] given
by

flz) = f(2m) + /%g(s)ds, 0 <z <2m, (13)
where g is a measurable function satisfy:ivng
llg¢lloe = sup lg(z) p(z) < oo.
As usual g will be denoted by f’. Equipped with the following norm

1f llw=e) = [1/'¢lloo;
W(y) is a Banach space. It becomes a topological Banach algebra, if and only if,

/ dx -

—— < 0.

0 ¢(2)

We say that f is regular, and write f € R, if f is a C' convex decreasing function on
[0, 27], satisfying f(2t) < 2f(¢) and 3| f'(t)] is increasing.

Our goal is to estimate

Yola) =sup {f*(a) : f € W=(0) "R, | fllwee(o) I e + [IF]12 < 1}

First we will examine the hilbertian case

W2(p) = { f of the form (13) : [[f[lfy2(,) = I fII2 +/0 [f(O)Fe(t)dt < oo}

We also need the following subspace of W?2(y)

27
WOQ(cp) = {f of the form (13) : f(2w) =0, and HfH%’V(?(w) = /0 |f’(t)|2g0(t)dt < oo}

Clearly, evaluations at points of |0, 27| define continuous linear functionals on W?(p) and
on Wi (p). Let K, L, be the reproducing kernels of W?(¢) and of W () respectively. A
simple computation gives the following expression of the reproducing kernel L, of W ().

We have
/«27r d.T
— t> s,
Lot,s) =4 Jo ¢

L,(s,s) t<s.
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The estimates of K, on the diagonal is given by

2T d.T
K,(a,a) = 1+L¢(a,a):1+/ m
It means that
2 ) 2 ™ dx
sup {F(@)* 1 J € W) s Il < 1} =<1+ [ 2.

We have the following proposition.
Proposition 4.1. Suppose that t*/p(t) is increasing and p(t) > t2. Let a < 1/2, we have
Yo(a) < Ky(a,a).

Proof. Since || 3z, < 1/l | f s then 7,(a) < K, (a, ).
Conversely, let f = fy + 1, where

21 dS
folx :/ , 0<ax<2m.
)=, ae 26

27+a

Clearly f € R. Since ¢(2t) < ¢(t), we have

9l = [
< / / / dudvdt
=t+a Jv= t+a
< / / / dudvdt+ / / / dudvdt
v= agp u=t Jo tSO
< / / dudv+/ / dudv
v= GISO u=a v= u(p
S [ folloo-

Then we obtain

F(a)?
K <
o9 S T e TR < o)

And the proof is complete. OJ

4.2.2. Proof of the lower estimates. Let z = r €]|1/2,1] and let w € R. We consider the
outer function f,, given by

| fuw(e™)| = w(|t]), a.e on [—m, 7.
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Let p(z) = F,(z) + 2% By (10), Proposition 2.2 and Theorem 3.2 we have

iy > L)

2 3
1wl D
w(1 —7r)
Jwllweem)llwlleo + [lw]]3

w?(1—r)
Jwllwoe () [wlloo + w3

Thus
ki (r,m) 2 yp(1 —1).

By Proposition 4.1, we obtain the result.

5. CAPACITY

Let ;1 be a positive finite measure on T and let ¢, be the associated capacity given by
(1). The capacity ¢, is a Choquet capacity [4, 9] and so for every borelian set of T we have

cu(E) =sup{c,(K) : K compact , K C E}.
Note that ¢, satisfies a weak-type inequality. Namely:

2
WL rep.

o({CeT: [f(Ol =t ciqe}) <

As consequence of this inequality we have the following properties.

Proposition 5.1. The following properties are satisfied

o Let E C T be a Borel set and let M,(E) :={f D) :g|E=0 c,-qe}. Then
the set M, (E) is closed in D(u).

o If f € D(u) is cyclic for D(u) then f is outer function and c,(Zr(f)) = 0.

o Every function f € D(p) has non-tangential limits c,-q.e on T, more precisely The
radial limit lim,_,1_ f(r¢) exists and is finite for every f € D"(u) if and only if

cu(C) > 0.

Proof. See [5, 9]. O

Now we will give the proof of the estimate of the capacity of arcs.
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Proof Theorem 2. Suppose that ( = 1. Let w € R and let f, be the outer function
satisfying

[fu(e)l =w(lt]),  aeon[-m,7].
It’s clear that w(|I|) < w(x) for |z| < 2|I|. We have
Vo) S 1/cu(l).
By proposition 4.1, we obtain
cu(l) S /K (p,p), (p=1=|1]).
For the reverse inequality note that
cu(l) =if{[|f]? : feC,0O<f<land f=1onl}.

Consider the function u € D"(u) such that 0 <« < 1 and u; = 1. Hence u € D"(p) N C.
We have Plu|(1 —|I|) < 1. Let p = 1 — |I|, a similar argument, as in the proof of (12),
gives

Plu](p) < Du(w)'*v/k(p, p) + l[ull 2.
So 1#(p,p) M2 < Dy(u)!?, and

wll) 2 ki (p,p)”

As an immediate consequence, we obtain

Corollary 5.2. Let A€ T.
dx

w({A}) =0 = /0 (1 —2)P[u)(z)) + (1 — z)2

Now we will give some sufficient conditions on a closed subset of T to be p—polar. Let
be a closed subset of T. We define ng(c), the e—covering number of E, to be the smallest
number of the closed arcs of length 2¢ that cover E. Note that

= OQ.

eng(e) < |E.| < deng(e), 0<e<m.
Let
k(1) = inf{k"(r¢,7¢) : ¢ € supp p}.
It ’s easy to see that x, is unbounded if and only if, for each ¢ € T, we have ¢,(¢) = 0. In
this case one can prove easily, by the sub-additivity property of capacity, that

Corollary 5.3. Let E be a closed subset of T such that lim x,(r) = oco. If

r—1-
np(e) = o(k,(1 —¢)), e — 0,
then c,(E) = 0.
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Recall that for a positive increasing function ¢ on (0, 27) such that ¢(0) = 0, we set

My 5(s) :max(/os@NE(t)dt, M|ES|), s € (0,2n).

S

Now we can state the main result of this section.

Theorem 5.4. Let I be closed subset of T such that p, r < ¢ where ¥ is a—admissible
for some av < 2. If

/ﬂ- L — +OO
o My, (t) ’
then c,(E) = 0.

Proof. Note that M, g is given by (5), so My g(s) is increasing. Let @ > 0. By the
definition of capacity and using Theorem 3.5 and Proposition 4.1 we have

Fany o (,0) = 22y, (a) S ——.
o M. CM(E)

When a goes to zero, we get

/ Toodt < 1
o Myp(t) ™ cu(E)
And the proof is complete. O

Remarks. Now we give some examples:

(i) Let E be a closed subset of T and let MM,E(t) = fot(pu(s)NE(s)/s)ds. If

/7r dt
— = 00,
o M 7E(t)

I

then ¢,(E) = 0.

(ii) If g = m is the Lebesgue measure, then ¢, is comparable to the logarithmic capacity
and M, g(s) = |E,|. Theorem 5.4 says that if

dt .
— OO,
o ||

then ¢(F) = 0. This result is du to Carleson [4, Theorem 2, p.30].

(iii) Let K be a closed subset of T such that p, r(s) = O(s'*7) for some 0 < 3. If 8 < 1,
then every subset of K" with Hausdorff dimension less than (5 is p-polar. If § > 1, then every
subset E of K with |E| = 0 is u-polar. The following measures du(¢) = d(¢, K)?dm(¢)
provide such examples.



KERNEL AND CAPACITY IN DIRICHLET SPACES 21

REFERENCES

[1] D. Adams, L. Hedberg, Function spaces and potential theory, Springer, Berlin 1996.
[2] J. Agler, J. McCarthy, Pick Interpolation and Hilbert Function Spaces. Graduate Studies in Mathe-

[

matics, vol. 44. Providence, RI: American Mathematical Society, 2002

3] A. Beurling, J. Deny, Dirichlet spaces, Proc. Nat. Acad. Sci. USA 45 (1959) 208-215.
4] L. Carleson, Selected Problems on Exceptional sets. Van Nostrand Mathematical Studies, No. 13.

Princeton, NJ: Van Nostrand.

[5] R. Chacén, Carleson-type measure on Dirichlet type spaces. Proc. Amer. Math. Soc. 139 (2011)

1605-1615.

[6] O. El-Fallah, K. Kellay, J. Mashreghi, T. Ransford. A primer on the Dirichlet space. Cambridge Tracts

in Mathematics. Cambridge University Press, Cambridge, 2014.

[7] O.El-Fallah, K.Kellay, T.Ransford, On the Brown-Shields conjecture for the cyclicity in the Dirichlet

space. Adv. Math. 222 (2009) 2196-2214.

[8] M. Fukushima, Y. Oshima, M. Takeda, Dirichlet Forms and Symmetric Markov Processes, extended

edition, de Gruyter Stud. Math., vol. 19, Walter de Gruyter & Co., Berlin, 2011

[9] D. Guillot, Fine boundary behavior and invariant subspaces of harmonically weighted Dirichlet spaces.

Complex Anal. Oper. Theory. 6 (2012) 1211-1230

[10] N. Meyers, A theory of capacities for potentials of functions inLebesgue classes, Math. Scand., 26

(1970), 255-292

[11] S. Richter, A representation theorem for cyclic analytic two-isometries, Trans. Am. Math. Soc., 328

(1994) 1-26.

[12] S. Richter, Invariant subspaces of the Dirichlet shift, J. Reine Angew. Math., 386 (1988) 205-220.
[13] S. Richter and C. Sundberg, A formula for the local Dirichlet integral, Michigan Math. J., 38 (1991)

355-379.

[14] K. Seip, Interpolating and Sampling in Spaces of Analytic Functions, American Mathematical Society,

Providence, 2004.

[15] S. Shimorin, Complete Nevanlinna—Pick property of Dirichlet type spaces. J. Funct. Anal., 191 (2002)

(2) 276-296.

O.EL-FALLAH & Y. ELMADANI, LABORATOIRE ANALYSE ET APPLICATIONS URAC/03, UNIVERSITE

MoHAMED V AGDAL-RABAT-, B.P. 1014 RABAT, MOROCCO

E-mail address: elfallah@fsr.ac.ma
E-mail address: elmadani@gmail.com

K. KELLAY, IMB, UNIVERSITE DE BORDEAUX, 351 COURS DE LA LIBERATION, 33405 TALENCE,

FRANCE

E-mail address: kkellay@math.u-bordeauxl.fr



