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Abstract

A visco-hyperelastic constitutive model, based nrmaginal approach initially developed
by (Billon, 2012) and applied to amorphous rubb@glymers for a one-dimensional
formalism, was extended in this study to three-disn@nal constitutive equations based on a
thermodynamic framework. The model was applied semi-crystalline polyamide polymer,
PAG66. The experiments included tension and slesaing coupled with synchronized digital
image correlation and infrared measurements dduiceapturing the time, temperature, and
stress state dependence, as well as the complendheechanical coupling exhibited by the
material under large deformation. A notion of e@lent strain rate (based on the time-
temperature principle superposition) was also tioed to show its capability to build master
curves and therefore decrease the number of teséeded to build a material database. The
model is based on the Edward Vilgis theory (1986) accounts for chains network
reorganization under external loading through titeoduction of an evolution equation for

the internal state variabl@, representing the degree of mobility of entangleinp®ints. The

model accounting for the equivalent strain rateamotvas calibrated using master curves. The
thermomechanical model agreed well with the expental mechanical and temperature
measurements under tension and shear conditioesafjproach developed in this study may

open a different way to model the polymer behavior.

Keywords. constitutive model, polymer, slip-link, disentanglent, viscohyperelasticity,

thermo-mechanical coupling, polyamide 66, tengt, tshear test.



Nomenclature

€, Specific internal energy (per unit volume)

r, Heat source per unit volume

q Heat flux per unit area

E}, Heat capacity per unit volume

A Heat conductivity

h Thermal convection coefficient (in air)

S, Specific entropy (per unit volume)

T Temperature

[V Helmholtz free energy per unit volume

(O Thermal dissipation

it Inelastic dissipation

J Determinant of the deformation gradient

Je Determinant of the elastic deformation gradient
JY Determinant of the inelastic deformation gratlien
F Deformation gradient

F° Elastic deformation gradient

FY Inelastic deformation gradient

ce Elastic Cauchy-Green tensor

I Velocity gradient

|® Elastic velocity spatial gradient

LY Inelastic velocity spatial gradient

d Symmetric part of the velocity gradient

de Symmetric part of the elastic velocity gradient
DY Symmetric part of the inelastic velocity gradien
c Cauchy stress tensor

M Mandel stress tensor

S Second Piola-Kirchhoff stress tensor

G hum Numerical stress tensor

Ocxp Experimental stress tensor

{I o l5 Ig} Thee invariants of the elastic Cauchy-Green tenso
k Boltzmann's constant

T, Reference temperature

N Density per unit volume of permanent nodes
Ng Density per unit volume of slip-link nodes

a Limit of chain extensibility

n Degree of mobility of the slip links (entanglem@oints)
B Taylor Quinney’s coefficient

W, Energy stored in permanent nodes

W Energy stored in entangled network



Parameters of the degree of mobility of the kitiks

Experimental strain-rate
First WLF parameter

Second WLF parameter
WLF shift factor
Equivalent strain-rate at the reference tempegat

Initial value of i
Tensile and shear correction coefficient



1 Introduction

Thermoplastics and more especially semi-crystallpggymers (SCP) have been
increasingly applied in the industry due to thestgmtial to fulfill the mechanical, electrical
and/or environmental requirements needed for strakt applications ranging from
automotive, aeronautic to medical sectors. Unfately the design of such structural parts
submitted overtime to complex loading is not rdealenough to optimally use these
polymers. This is mainly due to their complex meubal behavior that is sensitive to
external parameters (such as temperature, strnaad triaxiality). As a matter of fact, the
thermomechanical viscoelastic/viscoplastic behavadr polymers is not always well
understood and modeled.

A large number of material models developed to iptethe material response of
thermoplastic polymers can be found in the liter@{isee Bouvard et al. (2009) for a review).
Previous work proposed constitutive models comlgirlinear and non-linear springs with
dashpots enhanced by specific evolution equationgrédict the non-linear viscoelastic
response of polymers (Chaboche (1997), Moreau. §2@05), Khan et al. (2006), Ayoub et
al. (2010, 2011), Zairi et al. (2011), among othe@her constitutive models were proposed
to capture the elastic—viscoplastic deformationavedr of solid polymers. (e.g., Bardenhagen
et al. (1997), Buckley et al (1995), Khan and Zh&f@01), Zairi et al. (2005a, 2005b, 2007,
2008), Colak (2005), Pyrz and Zairi (2007), Duslinged Colak (2008), Ghorbel (2008),
Drozdov (2009), Regrain et al. (2009)). Differergpeoaches based on material models
initially developed for metals were also used tadeidhe mechanical behavior of polymers.
For instance, we refer to the viscoplastic modskldeon overstress (VBO) (Krempl and Khan
(2003), Dusunceli and Colak (2008), Khan and YegR@ll), or more recently to the
constitutive model based on the generalized FrekleAirmstrong—Philips—Chaboche theory

(Voyiadjis et al. (2012). Efforts were also deveddpio model the viscoelasticity or hyper-



viscoelasticity of polymers when deformed in theibbery state (e.g. G'Sell and Jonas
(1979), Lai et al. (2005), Roguet et al. (2007)).

More recently, the mechanical behavior of semitailise polymer has been
extensively investigated in the literature. A langember of models proposed for SCP are
based on mixture theory used to combine the beha¥iorystalline and amorphous phases.
The amorphous phase can be modeled based on tgewesk of Haward and Thackray
(1968). Improvement of this initial model was cadiout by several authors (Boyce et al.
(1988, 2000), Arruda et al. (1995), Buckley ande®1i1995), Wu and van der Giessen
(1995), Govaert et al. (2000), Tomita (2000), Anamtl Gurtin (2003), Anand and Ames
(2006), Dupaix and Krishnan (2006), Richeton ef{2007), Belbachir et al. (2010), Zairi et
al. (2010, 2011), among others). More recentlymigdations of thermomechanical model
were also proposed to capture the material selifigeander large deformation (Ames et al.
(2009), Anand et al. (2009), Srivastava et al. (20h), Bouvard et al (2012)).

Many efforts were carried out to describe the caxphechanical behavior of SCP
under large deformation behavior. Such models fdusn capturing the heterogeneous
nature of the SCP microstructure at different scéd¢ the lamellae, at the spherulite, or at the
continuum level) as well as the material dependendbe external loading conditions (such
as strain rate, temperature, and/or strain patleréffore, constitutive equations were
proposed to account for the material internal ngttacture (such as crystal volume fraction)
(see Kennedy et al. (1994), Lee et al. (2003), Relkaand Galeski (2013), Poncot et al.
(2013), among others). We can also refer to thevipusly cited VBO model that was
extended to SCP by incorporating information regpydhe degree of crystallinity (Dusunceli
and Colak (2008)). Other approaches were basedhemde of rheological models (spring-
dashpots) to capture the complex mechanical beha?i®CP (Lee et al. (1993a, 1993b),

Boyce et al. (2000), van Dommelen et al. (2003)ziAdt al. (2003), Makradi et al. (2005),



Khan et al. (2006),Ayoub et al. (2010) , Ayoub kt(2011)). Recently, micro-mechanical
model using either analytical or either FE-basechdgenization scheme were also proposed
(Lee et al. (1993a), Nikolov and Doghri (2000), dlikv et al. (2002), Bédoui et al. (2006),
Gueguen et al. (2008), Li and Shojaei (2012), Uzhahd Tada (2013), Shojaei and Li
(2013)).

Despite the fact that the literature is abundantthe@ mechanical behavior of SCP
under isothermal condition, only few studies foonghe thermomechanical modeling of such
material. In this paper, a coupled thermomechanitsdoelastic viscoplastic was proposed
and validated for semi-crystalline polymers arouhéir glass transition temperature (TQ).
The model is based on the non-gaussian statispcoaph of entangled polymer network
developed by Edwards and Vilgis (1986) and follaiwve modification proposed by Billon
(2012).

The Edwards and Vilgis model is based on the Ball.e¢heory (1981) that introduces
the concept of slip-link to account for the entamgént slippage along the network chains.
Prior to Billon (2012), several authors have udeel Edwards and Vilgis model and have
showed its capability to model the polymer netweslolution under deformation (see for
instance, Urayama et al. (2001), Sweeney et abP512996, 1997, 2002), Meissner et al.
(2002), Marco et al. (2002) or Gorlier et al. (2D0Especially, Meissner et al. extended the
Edwards and Vilgis model to filler-reinforced netlk® by incorporating the concept of
strain-amplification function.

Recent effort by Billon (2012) focused on proposaugstitutive equations to model
the time-dependent mechanical behavior of polynoéwse to their Tg. In addition to the
Edward and Vilgis model, the author assumed speeifdlution equations for internal state
variables related to slip-link and related disegtament as a source of inelastic mechanisms.

Therefore, a phenomenological modeling of diserteangnt was used to reproduce the



viscoelastic behavior of polymers. Additionallyettime and temperature dependence of the
material was introduced by the use of a time-teatpee superposition principle. The one-
dimensional isothermal model (i.e. without thermeemanical coupling) was applied to
amorphous polymers such as PMMA.

In this paper, an extension of the isothermal mableloped by Billon (2012) to
thermomechanical conditions is presented and appiee a semi-crystalline polymer,
polyamide 66 (PA66). The model considers the polymerostructure at the mesoscopic
level. The Edward and Vilgis model was used teegan equivalent chain network to the
polymer. In our case, we consider that the crosghietwork may represent the crystalline
phase and the entangled network the deformatioan@rphous region (disentanglement).
This study focuses on validating the model on lie@grhomechanical behavior of the PA6.6 as
well as modeling the material self-heating undegdadeformation. Model refinement in term
of a better description of the semi-crystallineisture will be investigated in further effort.

The paper proceeds first by an experimental chaemaetion of a PA 66 polymer over
a wide range of strain rates, temperatures, loadomglitions (load-unload) and two different
stress states (tension and shear). Experimentahateazation was performed based on a
synchronized digital image correlation and infraneeasurements (Section 2). Next the three-
dimensional thermomechanical formalism of the model presented following the
Generalized Standard Materials (GSM) framework diesd by Lemaitre and Chaboche
(1985), Germain et al. (1983). All constitutive atjans were presented within large
deformation formalism and followed the thermodynafmamework (Section 3). In Section 4,
the model parameters were determined within anrgsvedentification method and the
thermomechanical response of the model was compardide experimental data. Finally,

conclusions were drawn in Section 5.



2 Material and experiments

2.1 PA66 material and protocol

An experimental database was built for a semi-atlysé polyamide 66 supplied by Solvay.
Tensile and shear samples were machined in thelenthe of a 3 mm-thick injection
molded plate. Fig.1 displays the sample geomeffaestensile and shear loading) as well as
their location in the injected plaque. The humidiging known to have an influence on the
mechanical properties of the polyamide (Valentiralef1987], Verdu [2000]), the material
was conditioned at the equilibrium with an air @ning 50% of relative humidity (RH50)
during the entire experimental campaign.

75 mm

T 25mm 12mm

SN
(b) 90°
360 mm (c)
Direction of 100 mm
injection
Entry Middle End

Fig.1. (a) Geometry of tensile sample; (b) Geometry ohslsample; (c) Location of the samples in the igjéc
plaque.

Fig. 2 presents the experimental acquisition deugssl in this study. Tests were performed at
temperatures ranging fromy-60 °C to [+30 °C and for constant true strain rates ranging
from 10* s! to 2.4 & (using video-controlled tests (G'sell et al. [2))0&s refer in Fig 2a).

Digital image correlation (DIC) on random patte(f#g. 2b) was used to analyze the strain

field on the front face of the sample, while thenperature was measured at the sample



surface using an infrared (IR) camera (FLIR SC508@e Maurel-Pantel et al. (2011) for

more details).

N
I
Load
interface 5
v .
L] L/
gf|/
Image
Acquisition [
Video Traction
[Jannnn 4 Aramis
A Devices
IR Camera Video
acquisition interface ooooooo
r-‘l ooooDooo
Actuator
interface
i
)
( a) Universal

tensile machine

Fig.2. (a) Experimental data acquisition system; (b) Vava tensile sample with a random patterns.

2.2 Tensiletests

Tensile tests were performed at constant truenstede between 10s?! and 2.4 3 (using
video control system described in Fig. 2) and atperatures ranging from -5°C to 60°C.
Typical results of DIC and IR measurements are layga in Fig. 3 for a tensile test

performed at room temperature.

llog.]

0.800
0.750
0.720
0.690
0.660
0.630
0.600
0.570
0.540
0.510
0.480
0.450
0.420
0.390
0.360
0330
0.300
0.270
0.240
0.210
0.180
0.150
0.120
0.0%0
0.060

0.000

Fig.3. (&) Hencky strain in the longitudinal direction aisied from DIC measurement; (b) IR measurement on

the sample side and face for a tensile t&st2.4 10' st, T= 26°C).
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The DIC method was used to analyze the strain fielthe three directions. These three-
dimensional strain analyses showed that the mhteaa be considered as transverse
isotropic, which means that the lateral straindfisbm the front face is equal to the lateral
strain field computed from the sample thickness. & noticed that the volumic strain (or
hydrostatic strain) remains close to zero. Thesefdhe material can be considered as
isochoric. Thus, we assumed that the material wasmpressible. As displayed in Fig. 3a,
the strain field was observed to be localized ie thiddle of the process zone. We also
noticed that the temperature field observed onstraple surface could be superimposed to
the strain field, the warmer zone being locatethathigher strained zone. A small difference
was observed in tension for the temperatures medsom the back and side faces of the
sample. Such observation was assumed to be duketdow thermal diffusivity of the
polymer. However, this difference was so low coregato the overall temperature increase
during deformation that this phenomenon was neggtect

In the following, all the stress-strain curves regd to true stress and true strain quantities.
The true strain was obtained from DIC measuremgnpdsforming an average over a box
capturing a homogeneous longitudinal true strasnof@served in Fig. 3a). The true stress was
then calculated by applying the condition of traerse isotropy which allows to completely
define the evolution of specimen section over time.

Fig. 4 displays the stress-strain and the temperatuain curves for three different strain
rates at room temperature. As shown in Fig. 4a,niaerial exhibits a time dependent
behavior. We also noticed a material softeningtisgufrom strain rate of 0.01sfor a strain
level of 0.75. Such material softening is inducgdaterial self-heating (as observed in Fig.
4b) and emphasizes the strong thermomechanicalioelz such low strain rate. Fig. 4b also
displays: i) a thermoelastic effect that inducekearease of temperature at small deformation

for the different strain rates and; ii) a mateself-heating starting at 0.01sfor medium

11



strain levels. The thermoelastic effect was alsseoled for amorphous polymers by Moreau

et al. (2005).
2 a5
—0.2s-1
181 ::g; —0.025-1
161 I 40 —0.002 s-1
] G
i 1,2 ‘9_'; 35
@ 2
o 1 ©
4 ©
% L 8 30
£
06 °
04 25
0.2
(a) (b)
° 20 . . . : :

0 0,2 0,4 0,6 0,8 1 1,2 o 0,2 0,4 0,6 0,8 1 1,2

Strain Strain

Fig.4. (a) Stress-strain curves and (b) temperaturenstuaives for tensile loading conditions at threféedént

strain rates (0.001'$0.01 &, and 0.1 3) at room temperature.

2.3 Shear tests

Shear testing were performed using losipescu cordtgn (described in standard "ASTM D

5379") as illustrated in Fig. 5. The shear sam@engetry (displayed in Fig. 1) was chosen
for inducing strain localization in the sample. éed, Pierron and Vautrin (1997) showed that
a triangular notch shape with a specific angle @f®as providing a simple shear condition.

However, the experimental device described in Bigdid not allow getting strain field

measurement in the sample thickness. Shear teses peeformed at room temperature for

constant strain rates ranging from 333 to 4.10* s.

(b)
Samp'e Loading
_ and/or
Locking unloading
system

Fig.5. (a) Experimental shear test device based on losipesdiigaration, (b) schematic view of the mounted

shear sample.
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Fig. 6 displays results regarding DIC and IR measients for a shear test performed at3.10
st at room temperature. We noticed that the warmee asas localized in the shear band
(representing the higher sheared zone). As nobeéare, the self-heating zone was confined

and did not propagate due to the low thermal diftysof the polymer.

Fig.6. (a) Hencky strain in the direction of shear logdittained from DIC measurement, and (b) IR

measurement on the sample front face under shadinkp €= 3.7 1? s, T= 29°C)

Fig. 7 displays the stress-strain and the temperaiwain curves for four different strain rates
at room temperature. As shown in Fig. 7a, the ratexhibits a time dependent behavior.
The unloading path was observed to be non-linedr some residual strain. Similar to the
tensile tests, thermo-elastic effects inducing meteooling were also observed for small
strain levels (Fig. 7b). We also noticed that thetemial cooling effect was increased with the

applied strain rate.
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2.4 Dynamic mechanical analyses

Dynamic mechanical analyses (DMAEre performed in tension to characterize the nzter

a-transition temperature and the material viscotel@®mmain. Fig. 8 displays the evolution of

storage modulus, loss modulus, anddas a function of the temperature. We observed an

transition temperature closed to 78°C at 1 Hz. Mla¢erial also exhibits a strong visco-elastic

behavior around its transition temperature.

Dynamic Properties vs Temperature
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Fig.8. DMA curves at a frequency of 1 Hz for a PA66 mialer

The DMA tests performed at different temperatu@sffequencies ranging from 0.1 Hz to
100 Hz allowed building a master curve based on tthee-temperature superposition

14



principle. The time-temperature principle was dedfirusing the classical WLF's approach
given by

Cl (T_ Tref )

loga, =-
gar C2 + (T_ Tref)

1)

wherec, andc, are material parameters and is the reference temperature.

This relationship, introduced by Andrews and Tokpl§1952), was used to build a master
curve that accounts for both time and temperattfiecteon the mechanical behavior. For
polymers an increase of the deformation rate willftsthe DMA curves to higher
temperatures (i.e. the transition from glassy tdbary state will occur at higher
temperatures).The time-temperature superpositiorcipte was widely used for amorphous
polymers,. However few studies investigated thiagyple for semi-crystalline polymer such
as PA66. Fig. 9 displays the methodology used tll ke master curveWLF parameters of

C, = 45.685 andC, = 245.06°C at T, = 25°C were identified for the PA 66.

L'y (a) Az, (b)
0E e
= L N
| N
IE ¢ e o
= i \\\
i N 1
01 e
log ("L To'fl) log ("’T2 7 S :) T, T, 1, r

Fig.9. (a) Methodology of getting a master curve at #fenence temperature By applying a horizontal
shifting (&) to the frequency curves obtained at differentgeratures. (b) Evolution of the coefficienta with

the applied temperature.

2.5 Introduction of the equivalent strain rate notion
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In this section, the notion of equivalent straiteraas introduced. This notion was: i) built
from the time-temperature superposition princigitamed from DMA tests and, ii) used to
reduce the number of experimental tests perfornmetbutensile and shear conditions. The
equivalent strain ratefa, € o ), was based on the time-temperature superpositiogiple

defined at the reference temperature of 25°C argdwydten using Eq.(1) as :

_ Cl(T_Tref)
(ar £o)=arxe =10 =TT xg )

where € is the experimental applied strain rate. Fig. $08aws the different strain rate and
temperature conditions investigated in this stughténsile tests. The experimental conditions

were defined by 46 couples ¢f, T) ranging from 1@ s to 2.4 &' for the strain rates and
from -5°C to 60°C for the temperatures. As desdriimeFig. 10b, these conditions, T) can
be plotted as a new cur{é; éeq,T) describing a range of equivalent strain ratesiranfgjom

10° st to 1 s. Notice that: i) one value of equivalent straiteris represented by several

couples of¢, T) ; and i) these points follow a master curve.
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Figs. 11 and 12 display the tensile stress-straies obtained for different couples @f,7)
corresponding to equivalent strain-rates a)ﬁeq:105 st and aTéeqzlo s, respectively.

Figs. 11b and 12b display similar mechanical bedravat the same equivalent strain rate.

Notice that the differences observed at large dedtion might be induced by material self-

heating.
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=6.05 10° s1); (7) (€= 4.7 10*s?, T= 40°Ca ¢, =1.09 16°sY), (12) (€ = 1.3 1 st, T=10°C, aféec:12.4

103 sY).
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Thus, main stress-strain curves were used to destne overall experimental database. As
shown in Fig. 13b, one master curve was used foin @alue of equivalent strain-rate (Fig
13a).

Regarding the tensile tests, twelve master strieasrscurves (obtained for twelve different
equivalent strains) were considered in this stitBgarding the shear tests, four stress-strain
curves were added to the experimental database, Titeithermo-mechanical behavior of the
material was studied through sixteen stress-stiaghtemperature-strain curves corresponding

to a wide range of experimental conditions (as showFig. 10).

3 Thermo-mechanical constitutive equations

A thermodynamic framework is used in this work twnfiulate the three-dimensional (3D)
constitutive equations of the polymer. The purpok¢éhe model is to capture: i) the visco-
elastic/visco-plastic behavior of the material;thig¢ different stress states (tension and shear);
iii) the thermo-mechanical coupling observed undeformation; iv) the material time-
temperature superposition through the introducttbran equivalent strain rate. In a first
section, the kinematics of the problem are desdribéen, the First and Second Laws of the
thermodynamics are used to express the stateqdmnging from the Helmholtz free energy)
and the complementary laws (deriving from a condissipative potential). The last section
will describe the 3D constitutive equations of thrddel, motivated by Billon [1]. The
constitutive equations of the model will be writi@rthe intermediate configuration following
methodology similar to Bouvard et al. [2010, 2012his work also uses Gibb's (direct)
notation [Gurtin, 1981] to express tensor quarditend their mathematical operations.
Considering two second order tensArandB, tensor operations between the tengoedB

are indicated a8 B for the inner product, aé [1 B for the dyadic product, anil:B for the

scalar product.
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3.1 Kinematics

In standard continuum mechanics form, weXetepresent an arbitrary material point in B
(body in a reference configuration). The motionBofvas described through the mapping
x = y(X,t) viaadeformation gradienk), velocity (), and velocity gradient) defined by:

F=0Oy,v=y,l=grad v=FF™* 3
Using the classical Kroner [1960] and Lee [1969]ltiplicative decomposition of the
deformation gradierft into elastic and inelastic components, we have,

F=F°F",J=detF = FJ', J'’=deF® J = detF" (4)

where F° represents the elastic part due to “reversiblstielanechanisms” ang' represents
the inelastic part due to “irreversible mechanisnidie decomposition (Eq. 3) suggests the
existence of an intermediate configuration betw#den undeformed 8and the current B
configuration, denoted b>§. The configuration§ was obtained from B by unloading
through F*™ to a zero stress state or relaxed state.
Using Eq. (4), the velocity gradiehis written ins as

| =FF =I°+F°L'F*", LY =F'F'" (5)
where1® = F°F®™. |® and L' can be decomposed into their symmetric and skets,@dee.,
[®=d®+w® andL'=D"+W".

Three main assumptions are made regarding the mpdéle material is incompressible (
detF =1); ii) the flow is incompressible, implyindetF' =1 and tr LY =0, and iii) the flow
is irrotational, meaningW ¥ = 0 [Boyce et al., 1989; Gurtin and Anand, 2005] ahdnt
LY =D". This last assumption was used to simplify theatiqns and was not based on

experimental evidence.

3.2 Thermodynamics
A reduced global form of balance energy (Holzag#000)) can be expressed in spatial

description as
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DEtjevdv:j(c:l—DmHV)dv (6)

where e, is the specific (per unit volume in the currentwoe) internal energy@ is the

Cauchy stress, g is the heat flux per unit ared, fan is the heat source per unit volume in B

The Clausius-Duhem inequality can be expressegatiad description as (Holzapfel (2000))

D
E-E[svdvzj O0g+—qUIT [dv (7)

B

wheres, is the specific entropy (per unit volume in thereat volume).

A local form of the First Law and the Second Lawtledrmodynamics can be expressed in the

configurationB as (see Bouvard et al. (2010) for more details)

&—(S:FaeFe+M: DY)+ 0@ -R, =0 (®)
. _R, 15 1 —

whereg, ands, are the specific (per unit volume) internal eneagy entropy, respectively;

Q is the heat flux per unit areR, is the heat source per unit volumé; = C°S is the

Mandel stress, withC®=F“F® being the elastic Cauchy-Green tensa; is the

corresponding second Piola-Kirchhoff stress exmessin configuration B as

S=JF%F T =F*tF " (; is the Kirchhoff stress).
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The Helmholtz free energy per unit volumg,, in the current relaxe® is related to the

internal energy and entropy by

¥, =e, -Ts,, U, =6, —T§, - T§, (10)
The Clausius-Duhem inequality can then be obtalmedsing Eq. (10) and substituting the
expression foR from Eq. (8) into Eq. (9), we get the following,

1, - Ts, +(S: FTdF* +M : D" )-=Q T > (11)

|+

The Helmholtz free energy function was assumecepedd on a number of independent state
variables: the elastic Cauchy-Green tensera set of internal state variables (ISV$), and

temperaturel as

v, =§,(c, A7) 12)
As described in [Billon, 2012], an IS\, was used to quantify the degree of mobility & th
slip links (entanglement points).
Thus, the time derivative ap can be calculated as

0P, =, OV, - O,
=L CO T
= o Mot 13)

The first term of Eq. (13) can be expressed as

O g2 O (e o) e 00 e popen o 00 pagepe
oc* i[O oc® oc®
Substituting Eq. (14) into Eq. (11), we obtain
5[ 200 )| pergepe s v 4| - e g (1o OWp L TQT20 (15)
6C oT on
Using standard arguments (Coleman and Gurtin, 194/8) obtain from Eq. (15) the

constitutive equations o ands, :
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s=29% ___af,

— = 1
ace Vot (16)
The dissipation inequality can now be reduced to
Vo' -2Yi-tomrso (17)
on 0
@ Prn

where the first termy,,, regroups the inelastic work dissipated from irrsitde mechanisms

and the internal work associated with the polymetimork reorganization (chains relaxation

inducing chains disentanglement). The second tepresents the thermal dissipation.

The heat equation can be expressed by a combinattisome of the above equations. Thus,
substituting Eqgs. (16) into Eq. (13), we obtain tbkowing for the derivative expression of

the free energy:

7, :1§:€e+a“iv
2 on

n-sT (18)

Using this equation in Eg. (10) with Eq. (8), weaib

A

—M:BHOaL_VﬁHé +O@-R, =0 (19)
Ll

Using Eg. (169, the material time derivative of the entropy can be obtained as

2 A 2 _
ALY AT AT
aTace oTan = aT

S =- (20)

The last term of Eq. (20) can be obtained usingdi@nition of the heat capacity per unit

volume EV with Eg. (16) as the following,

C,=—=—(p,+Ts,), C, = T— (21)
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Then, the heat equation can be found combining @49.and (20) and using Egs. (16) and

(21):

ey — A 2= .
—M:5V+%*—ﬁ 1 aS-Ee—Ta—iﬁmT (22)

-0.Q

After arranging some terms, one obtains

thermoelatic coupling int ernalwork
inelasticdissipatian fﬁ? a =~ 62 =
Ct= M:D" +-12:Ct - L1 q4+R,-0Q (23)
2 0T on 0Ton

3.3 Constitutive equations (based on Billon (2012))

* Helmholtz free energy
The model developed by Billon (2012) is based om bbn-gaussian statistic approach of
entangled polymer network developed by Edwards Vditgls (1986). The Edwards-Vilgis
free energy can be decomposed into two componéntbe energy due to the polymer
network deformation constrained by permanent ngdessslinks); and ii) the energy due to
the polymer network deformation constrained by Bhgs such as entanglement points. The

Edwards and Vilgis hyper-elastic model can theeetos described by:

@, (Con.T)= (W2kT(N.G,(Ce.a) + NG (Co ) (24)
where k is the Boltzmann’s constant; il the density per unit volume of crosslinking ibl
the density per unit volume of entanglement poitits; variablen accounts for the degree of
mobility of the entanglement pointg peing 0 for permanent nodeg);is the limit of chain

extensibility.

24



The energy of Edward and Vilgis can also be wridien

_N{%_a—;)gﬂn(l—aZP)J |
s 1

WC

@, (e T, T8 m,T) = (1 2)kT @em)-a?) (1°+2ms+3mq2s) (25)

+N| @-aZ) @+me+nis+niis)

winf-aze)o+mie +mas s i)

W

S

15 = tr(Ee)

with 11,° :%ll1 i —tracéﬁez)]

1,° =de(C,)

Some of the variables were assumed to be depentiém: time and temperature by the use
of an equivalent strain rat@Téeq (defined at the reference temperaturey).TThis equivalent
strain rate follows classical time — temperatureiegence principle. Let's emphasize that

this latter assumption did not rely on theoretidavelopments but on an experimental

observation described in Section 2.5. The use adcuivalent strain rate needs to be related
to the use of a corresponding equivalent tempaales The shift factord;, is well known at

each time for an instantaneous temperature. Saebhelopment of a temporal equivalence at

a reference temperature must be related to a tisweretization. The equivalent time at

reference temperaturd,,, is defined in Eq. (26). This equivalent time iguaction of the

physical history seen by the material during thadlog and is directly linked to the

temperature history.
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0t —a de,, de,, _de,

et T dt o (dt/a,)  dt,
dt

dt, =— 26

“ (26)
¢ dt

teg =

! !aT(t)

. |2 , . :
where€,, = §d :d is the equivalent rate of deformation.

Two new parameteriNZ(aTéeq), N;(aTéeq)}, was introduced in the Edwards-Vilgis model in

substitution Of{NCkT,NSkT}. The expression of the parameters will be clatifie Section
3.6.

e Cauchy stress
The Cauchy stress can be computed using Ea.. (@6ing the polar decomposition Bf

along with the spectral representationusfand C¢(see Bouvard et al. (2010) for more

details) such as

3 3

U®=>Am, O0n;, C°=U% =3 \*n 0N (27)

1=1 1=1
with ?\e—, being the positive eigenvalues ard being the orthonormal eigenvectors of.

One can express the streg<Eq. (16), as

< aﬁj $ aﬁv('?) aT?
S=2——=-=2 = — 28
ce ;‘ al;  ac* (28)

(3}

The Cauchy stress is then given by
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6 =J"F°SFT —p'l = 23°* Fe—ggg F -pl

2 9w 0l
= 2Je—1 FE[Z a'—'pv alI JFET _pul

1=1 (ﬂ? 566
= 20-tFe| | W, 00, 17| - MWy e lper i
ore  ale ol
= 23=1|| W, 99, 17 |b° _00y e -p'l
are  als ol

(29)
where p’ is a pressure term that must be deternfiroed the equilibrium equations and the

boundary conditions of the problem.

al¢ .
and a(_:e
e . —
2 =T -C*
oC
oy oy
The terms ;:_J_ev and ;lFeV are defined in Appendix (A).
1 2

« Evolution equation of theinternal state variable {f}
The evolution equation ofj is related to the rate of polymer chains networkganization
when submitted to an external loading. More esfigcithe variablen accounts for the
disentanglement of the polymer chains. FollowintioBi[2012], the kinetic off] depends on
the elastic energy stored in the entangled netWaniken byag) (Eq. (25)). Thus, more the

elastic energy stored in the entangled networknigortant, more this network is constraint
and would have a tendency to disentangle and &x.reTherefore, the evolution equation of

n was defined as

7 =2, (extiz,,(ca [b°.77) - ca 1.77))] 1) (30)
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Where{zgp , Zpl} are material parameters. The specific forni)g\fvill be clarified in Sections

3.5 and 3.6.

Notice that such concepts can easily be justif@damorphous phase of polymers. However,
in the case of a semi-crystalline polymer, theEdWwdilgis theory needs to be seen as an
equivalent chain network of the polymer. Crystalphases may be considered as a crosslink
network and the amorphous region as the entangledork. Disentanglement may represent
the reorganization of the amorphous region undérdetion as well as the possible change
of topology of the crystalline phases under largéodnation. The current effort focus on
validating a first approach of the model on theilabée material database. Further effort may
focus on the introduction of a new potential toalé® more accurately the crystalline phase

deformation.

* Inelastic mechanisms
To complement the constitutive description, theanal viscous flow needs to be described
in order to capture the kinetics of inelastic meutims observed during the deformation of

the polymer along with the non-linear loading/umliog response of the material.

The velocity gradient of deformatio®’, can be expressed frog,, in Eq. (17)

N

9 *1=0 (31)

=M :D'-
Qe on

During testing, mechanical loading provides eneltggt is made available to the polymer
chains networks to rearrange themselves. The iolegdtting an expression of the material
inelasticity was to assume that one part of thehaeical energy is stored elastically in the
chain network and another part is released and tosexbrganize/relax the polymer network.

This reorganization will lead to dissipative medsan such as heat. Therefore, we assumed
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that a part of the internal work is proportional ttee inelastic energy by introducing the

coefficient of Taylor-Quinneyj:

W= u-pM : D (32)
1

The coefficient of Taylor-Quinneyg = f (a,¢,,), was assumed to depend to the applied

strain rate and temperature. Its expression wifbb@ulated in Section 3.6.
Eq. (31) is given by

d

<>

M:D -y

Pint

S%)
=l

M:D'-@1-B)M : D" (33)
BM : DY

The rate of inelastic deformation can be deducesh fEgs. (30) and (32) as

5v=3 1 1 aﬁ_vﬁ dev(M) (34)
2 1-P) [dev(M)| om | |dev(M)|

where the Mandel stresk] , and the nornﬂ° can be expressed, respectively, as

M =J°R®gR®T (35)
3

o= [—eo’e 36
: (36)

The evolution equation foF' is then represented by
[':v :EVFV’ DY :7v NV (37)

where NV = deyM)/|dev(M)| is the direction of viscous flow, angis a viscous shear

. oV, . S .
strain rate. The termaWTVln Eq. (35) is defined in Appendix (B).

n

* Heat equation
The heat equation (written in the intermediate uwation) given by Eq. (23) can be
simplified into:
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— - —— 1. da, 0S = [0y, .. da 0%V, |. — —
CT=- 0Q +=T¢ —- CP | X -Te, —F +M: DY
T 28 e ek, { on e gT 6n6(aTaeq)]n (38)

heatonduction

thermoeléisity internalork+ thermoinastidissipatins
In this equation, different physical mechanisms evgéiustrated: the heat conduction, the
thermo-elasticity, the internal work and the thesimelastic dissipations. The thermo-elastic
processes are reversible and induce the cooliigeopolymer, whereas dissipative processes

are irreversible and cause the self-heating optitgmer.

Using Eq. (32) with Eqg. (38), the previous equatian also be written as

—— 1_, da, 8S = da. 0%y, . — —
=-0.Q+=T¢, —- C+Te, —L Y _n+BM: DY 9
Q+ 3wy olag.,) “UGT 00(at.,) g (39)
A B
where
17 . N= = . —
A=E(WC+WS)S C,B=(@-B)wL+wi)M :D" (40)
with
. _ T . da, 0N ._ T . 0a, ONg
We=—E&,——— , W, =—§&, - 41
°TN, " oT olat,) NG * 0T dlat,,) “1)
* * ra 2_ < .
The termua ONg oN, 9 a\lfv , %30S :C*®

, 1€, — X
26 6(aTeeq) art,) (aTeeq) ana(a seqi om ' T Aait,)

2 —
andTe, da, 0%y, 1 are expressed in details in Appendix (B).
“ 9T omolaty)

Finally, the heat equation can be expressed as

C,T=- 0.Q +l(w*c +w;)§:6e + (B+ (1—l3)(W:: +w;))ﬁ : D" (42)

heatconduction — int ernalwork + thermoindasticdissipations
thermoelasicity

3.4 Thermomechanical coupling
The heat equation is applied to calculate the teatpee from a computed stress. As a first

step, the model was implemented in MATLAB and ckdttans were made for the specimen
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thickness (1D) as shown in Fig.14. Only heat cohidocexpression and surface heat

convection equation were considered. The heat mouedn be rewritten using Eq. (14) as
: 0°T . e . R p——
pCthT:)\W+(WC Fwl)ride+(B+ A-pywi +wl) JM:D (43)
where A is the heat conductivity (equal to 0.3 in the ca$ePA66). The surface heat
convection equation is considered as a boundargtitton for the thermal resolution:

_ 4T _ h(T-T,) Neumann condition (44)

dx

where h is the thermal convection coefficient (classicalyual to 10 for a vertical surface

with natural air flow at temperatures close to rotemperature), andl,, is the applied

temperature.

Fig.14. 1D calculation of the temperature field in the sénthpickness

3.5 Tensile and shear correction coefficient
Polymeric materials exhibit a strong dependencéhéostress state. A study was initially
performed to characterize which model parametelr lveilthe most influent in capturing the

material stress state dependence. We observeththatodel was able to fit the tensile and

shear tests by mainly modifying the parame@ Note that Z;p controls the kinetic of
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disentanglement. Such kinetic should be differemten tension and shear loading. Therefore

to account for the stress state dependence, wenadsihe following form forZZ,p:

z;p:aT*‘%d:ip:d (45)

with
2 1 1 1
gzpo _ézpo _ézpo 0 0 0
1 2 1
_ézpo §Zp0 _ézpo 0 0 0
1 1 2
-=2., —-=2Z —Z 0 0 0
z =| 3 o3 3 (46)
p
= 0 0 0 =Z,%x 0 0
1
0 0 0 0 EZ"OXX 0
1
0 0 0 0 0 EZpOX)(

whered is the velocity gradient,2_p is a tensorial expression dependent of the paeandgt

(fitted from tensile tests) and ok, a correction coefficient (fitted from shear t¢sts

3.6. Model parameters

The main parametefd\., N’ ,B,z’;)o,zpl,a} were summarized below:
. N;: The density per unit volume of crosslinking otefil nodes

. N;: The density per unit volume of entanglement oaortsliding nodes
« O : The limit of chain extensibility
* Z,, Zy: Evolution parameters of the sliding potentialvibegn the entanglement
points
* B : Taylor-Quinney coefficient
Moreover, six material parameters characteristihefpolyamide 6.6 were used:
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The WLF law parameters, andc,

* N, =0.2343 the theoretical value minimizing free gyasf molecular system [16]
* P, :the material density

« C,: the heat capacity

h : the thermal convection coefficient

To account for the equivalent strain rate notialrﬂ,éeq defined in Section 2.5, some of these

parameters needed to be refined. Thus, we havenasdsthat the parameterN;(, N; B)

follows a sigmoid function. This choice was motet by the range of investigated
experimental strain rates and temperatures thasesothe alpha transition temperature of the
material and leads to a wide variety of mechanbmmtavior. Thus, following the storage
modulus evolution with the temperature observe®MA (Fig. 8), a sigmoid function was

used to capture the important variation of mectarbehavior that characterizes the polymer

from its glassy to its rubbery state. Then we agsiithe following expressions foNl, I\E B

):

(47)
* * * 2
Ns = NSO + Nsl -2m
1+EzaT£eqj

Where{Ngo, N,,N,,N,,T, m} are material parameters.

2 } (48)

B=06,+5 (W

Where{,é’O ,,81} are material parameterﬁ,p is defined in case of tension loading as
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zy (@rée )= 2,0 B £
(49)
where Z,, is a material parameter.
cr(aT Eeq ) =a (50)
where & is a material parameteFinally a total of eleven parameters is neededilier

model. The identification of the parameters witlke #iquivalent strain rate can be found in

Appendix C.

4 Comparison model-experiments
The model was implemented in MATLAB®. The implemetidan details can be found in

Appendix D.

4.1. Parametersidentification on tensile and shear tests

An identification procedure based on an inversehotttwas set up to calibrate the model
parametel{d\lzo,N;l,N;O,N;,a,r,m,b’o,ﬁl,zpo,zpl,)(}. Fig.15a displays the experimental
testing conditions E@Té‘eq,T) available in the PA66 experimental databaset{&e 2) in term
of stress-strain master curves for tensile andrsloading conditions. Fig. 15b displays the
three tensile and three shear conditions (correpgrnto six equivalent strain rataTéeq)

used to fit the parameters.
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Fig.15. (a) The different testing conditiong ( € oq ,T) available in this study for the tensile andaheonditions.

(b) Presentation of the six conditions used tthit model parameters.

A cost function (Eg. 51) was defined using a cleasimean squared” expression between the
computed and the measured stress and temperatweefitiing algorithm was decomposed
into two steps: i) first a kriging method (Roux aBduchard (2013)) was used to build a
response surface in order to select the best geitiad parameters; ii) then a simplex method
was used to obtain the optimal parameters valueis. [&st method consists to identify for a

number of selected tests a set of paramelersninimizing the cost function S described

below:
jE num < exp |2 QE num /< exp |2 W
1 Nimech Z(oi’j (X)_O-i’j ) 1 Mtherm Z(TI’J (X) _Ti*j )
SY) - (Dlmech = + Z (qtherm J=i (51)
Niecn| =t : ( EXP)Z Niherm| ‘i=L > (-I-exp)2
Z O Z L
= J L =1 J

In Eg. 51, the same weight is chosen between tHeam@ mechanical information (i.e.

mech __ therm

W =W =1). After approximately 500 increments with the siexp method, the
identification converged to an optimal set of pastens with an error of 1,26 % with the

experimental response. The identified parametdtgesare reported in Table 1.
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Table.l
Parameters identification for PA66 based on théng&onditions described in Fig. 18

Parameters Identified Values Units
N(D 3.5794 10 m3
NCL 5.0974 16 m3
NSD 1.8275 10 m3
Noi 2.7971 10 m3
Bo 7.532 10 -

B, 1.368 10 -

m 3.04 17 :

T 1.4503 S
Zpo 4.08898 10 -
z pL 1.0 -

a 5.3 10° :

h 1.57689 16 W.nr2. K2
X 7.522 10 -
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Fig.16. Comparison model experiments for the six sets ofltmns used to fit the model parameters for fensi

conditions (8) (9) (10) and for shear condition$)((L5) (16) as related in Fig. 18.
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Fig. 16 displays the comparison between the nulegitd experimental results for the model
parameters. Fig. 16 (8) to (10) depicts resultstéosile loading while Fig. 16 (14) to (16)

displays results for shear loading. The computatiovere performed using parameters
reported in Table 1. In tension, the model resposisews good agreement with the
experimental testing. The model captures the viastie/viscoplastic behavior of the material

for different strain path (load-unload) as wellths material cooling/self-heating. Regarding
shear loading, we can notice more discrepancy.nbdel seems to have more difficulties
capturing the initial slope of the true stressistieurve as well as capturing accurately the
temperature evolution in the material. However rten trend in term of thermomechanical
coupling is captured. Further investigation woulded to be performed to improve the

material stress state dependence of the model.

4.2. Modd validation

Fig. 17 and Fig. 18 display the model predictiontijvthe set of parameters reported in Table
1) on the overall material database. We can ndtie# the model response is in good

agreement with the different tensile tests perfarraedifferent strain rates and temperatures.
The mechanical response of the material for loddimigading path was accurately captured
by the model as well as the self-cooling and se#timg of the material during loading. As

noticed in the previous section, more discrepanag wbserved for shear loading but again
the trend was well reproduced. Such discrepan@etlacome for differences of boundary

conditions assumed for the model and those obse&xeerimentally.

However, we can notice that this model charactdrizyzy only twelve parameters
{Néo, N, Ny, NS .a,7,;m B, B ,Zpo,zpl,)(} and written in term of equivalent strain rate was

able to capture the mechanical behavior of PA6 & @vwide range of strain rates (ranging

38



from 10* s to 2.4 &' and temperatures (ranging from -5°C to 60°C).efor of 4,12 % was

observed between experimental and numerical cunveke overall loading conditions.
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Fig.17. Model validation for all experimental tensile cotials.
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Fig.18. Model validation for all experimental shear corwtits.

6 Conclusions

A thermomechanical constitutive model, based on @hproach proposed by (Billon,
2012) for amorphous rubbery polymers was extendedhtee-dimensional constitutive
equations and framed in a thermodynamic framew®dHe model was applied to a semi-
crystalline polyamide polymer, PA66. The mechanbzttavior of the PA66 was investigated
through tensile and shear loading testing perforatedifferent strain rates and temperatures.
The mechanical tests were coupled with synchrondigial image correlation and infrared
measurements device with the purpose of captuhegtime, temperature, and stress state
dependence, as well as the complex thermomecharocgling exhibited by the polymer

under large deformation. A notion of equivalentastrrate based on the time-temperature
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superposition was also used to decrease the nuofileperimental testing needed for the
material characterization and the model calibratibime model based on the Edward Vilgis
theory (1986) and accounting for chains networkrganization under external loading

through the introduction of an evolution equatian the internal state variablg, was

validated on the experimental mechanical and teatper measurements under tension and
shear conditions. Good agreement was observed &etwmedel response and experimental
results. Further investigations are needed to ingthe stress state dependence of the model
as well as its implementation in FE code to fultggict the thermomechanical behavior of the

material.
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Appendix A
The terms% and ZETD: are defined below:
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Appendix C

Figure C1 displays: i) the value of the paramet{eNé,N;,,B, Zpo,a} identified for each
experimental condition in tensile tests (i.e. facke equivalent strain-rataTEeq selected on

the master curves described in Fig.13(a)) andhé)evolution of{N;, N,z Zpo,a} with the

equivalent strain rate given by Egs. 47 to 50.
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Fig.C1. Comparison between the parameter values idenfifiedach tensile stress-strain master curves (red
dots) and evolution of these parameters as debgdels. 46 to 49 (blue line).
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Appendix D
The model was implemented in MATLAB® following tisehema described in Fig. D1. The
1 variable was defined as the driver of the meclamdel. In a first step, the computation
and experimental conditions were initialized, tlreNewton-Raphson algorithm was used to

determine/s] with a criterion based on the inelastic straire-tahsor value.

| Fori=tan | _ 1
,L Initialization of Tensors and Global
- Invariants, F, C, D, 11, 12, 13
| Increment i=1 | %
i . Evelution Laws of Model Parameters

| Initial conditions |

Elastic Prediction Fe*, Fv*

’-v| Initialization 10 |a,£, & dr,

"'i Forj=1aN, l . Incompressibility

- ! :

e Mechanical n Galculation
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§ :'Hu. Implicit Loop D, Calculation Recaleulation
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| Thermai Resolution 10 (1] | oul
¥ F,. F,.C,, C,, D, Updating
Increment i+1 |
¥
| End for i=n |

Fig.D1. Schematic representation of the thermo-mechaniodefimplementation.

The heat equation was solved using a finite diffeesh-method, where we have defined a
number of elements, W\ in the sample thickness. The model is well coodéd and
converges quickly to the optimal value gf. Results are presented in Fig. D2.

Fig. D2 displays the model response in term ofsstsdrain curve and temperature evolution
during a tensile loading for the experimental ctindi (9) (€= 1.83 1& s', T= 21.6°C) as
displayed in Fig. 13 (a). Fig.D2a gives a comparigetween the experimental and numerical

stress-strain curves. The model correctly predists polymer mechanical behavior under

46



large deformation and captures the viscoelastiotykastic behavior for a load-unload strain
path. We can notice that the model slightly ovenesties the elastic modulus as well as the
transition between elastic and inelastic behawag. D2b gives a comparison between the
temperature-strain curve measured experimentallythen sample surface and the model
prediction. The model response is in good agreeméhtthe material self-heating induced
by the thermo-mechanical coupling evolving durihg tleformation. However, we observe
that the model overestimates the material selfithgaturing unloading. Fig. D2¢ shows two
numerical results: the temperature-strain respah$ize sample surface and in the bulk of the
material. Due to the small thickness of the spenintke thermal gradient in the thickness

stays limited. Such temperature evolution in thekiess is described in Fig. D2d.

Stress (Au) A Temperature (°C)
Model 38 Model
121 sennens Experimental || mame Experimental

/ @ o~ (b)

Strain ’ Strain
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...... Core temperature

....... Surface temperature Temperature (°C)

a5
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- (c) \ 0 —38 !
= = = ; Position in the 1 04 V.
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Fig.D2. Model predictions: (a) tensile stress-strain cifore€= 1.83 1# s?, T= 21.6°Cq ¢, =8.04 1&#s?t ; (b)

temperature-strain curve at the sample surfaceiuejerical prediction of the temperature at théaser and

core sample; (d) evolution of the predicted tenmfpeedfield in the sample thickness.
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