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NORMAL FORM OF HOLOMORPHIC VECTOR
FIELDS WITH AN INVARIANT TORUS UNDER
BRJUNO’S A CONDITION

par Claire CHAVAUDRET

RiSUME. On prouve Iexistence d’une forme normale analytique pour
certains champs de vecteurs holomorphes au voisinage d’un point fixe
et d’un tore invariant. Aprés avoir construit une forme normale for-
melle, on montre que le champ de vecteurs initial peut étre analyti-
quement normalisé sous deux conditions arithmétiques et une condi-
tion algébrique, connues comme les conditions v, w et A de Brjuno.

ABSTRACT. This article proves the existence of an analytic normal
form for some holomorphic differential systems in the neighborhood
of a fixed point and of an invariant torus. Once a formal normal
form is constructed, one shows that the initial system with quasili-
near part S can be holomorphically conjugated to a normal form,
i.e a vector field which commutes with S, under two arithmetical
conditions known as Brjuno’s 7 and w conditions, and an algebraic
condition known as Brjuno’s A-condition, which requires the formal
normal form to be proportional to S.

1. Introduction

The present article considers the problem of normal forms for autono-
mous differential systems defined on a product of a torus with a disk, i.e
systems of the form

(1.1) X=f(X,)Y); Y =¢g(X,Y), XeTd Yy eC"

Mots-clés : formes normales, tore invariant, condition de Brjuno, petits diviseurs,
KAM, résonances.
Classification math. : 34A34,34K17,37J40,32M25,37F75,37G05.
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We also assume that g(X,0) = 0, f(X,0) =w € R?and 9y g(X,Y )|y =
A where A is a diagonal matrix : thus, the system can be viewed as a per-
turbation of the integrable system

(1.2) X=w; Y =AY

where X € T4 Y € C". Such systems can appear when considering the
restriction of a larger system on an invariant torus supporting a quasipe-
riodic motion. We require the system to be analytic in both variables : thus
there exists a complex neighborhood V of T¢ and a neighborhood W of the
origin in C™ such that f and g are holomorphic on ¥V x W.

The invariant manifolds of the unperturbed system (1.2) can be easily
computed and form a foliation of the phase space. What happens after
perturbation, however, depends on possible resonances between w and the
spectrum o (A) of A. Assuming that w and o(A) are jointly non resonant (in
a sense that will be made explicit below), then linearization is possible : as
shown in [Aurl3], an analytic perturbation of (1.2) is analytically lineari-
zable if w and o(A) are non resonant, and if they satisfy some arithmetical
conditions known as Brjuno’s v and w conditions.

The problem of holomorphically linearizing a system with non resonant
linear part in the vicinity of a fixed point was extensively studied : Siegel
([Sie42]) showed that a diophantine condition on the spectrum of the linear
part implies the existence of an analytic linearization. Brjuno ([Bru72])
managed to relax the arithmetical condition on the spectrum. Giorgilli-
Marmi ([GM10]) obtained a lower bound for the radius of convergence
which is expressed in terms of the Brjuno function of the spectrum.

Systems with a fixed point and a resonant linear part have also been studied
by Brjuno : in [Bru72], it is proved that for a vector field in C™ with a fixed
point and a resonant linear part, a strong algebraic condition on the formal
normal form, known as Brjuno’s A condition and the well-known arithme-
tical "w condition" are sufficient in order to have an analytic normalization
(i.e an analytic change of variables conjugating the initial vector field to a
normal form). Also, the A condition and an arithmetical condition w which
is weaker than w are necessary for the analytic normalization.

In [Sto00], other links are given between algebraic conditions on a formal
normal form and the holomorphic normalizability of a vector field.

A refinement of the normal form theory near a fixed point can be found
in Lombardi-Stolovitch [LS10]) : if some eigenvalues of A are zero, then

ANNALES DE L’ INSTITUT FOURIER
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the normal form is defined with respect to a given unperturbed vector
field which might be nonlinear. This makes it possible to distinguish the
dynamics of distinct vector fields even if they have the same degenerate
linear part.

In the case under consideration, periodicity with respect to the set of va-
riables X implies a slightly different definition of the normal form : normal
forms will be taken in the kernel of adg, where

Lo & )
(13) S:ZWjWﬁLZ)\j/Y]—/W
j=1 J =1 7
i.e S is the unperturbed vector field generating the system (1.2), where
AL, ..., Ay are the eigenvalues of the matrix A and w; are the components of

w. More explicitly, a normal form for (1.1) is a formal vector field NF(X,Y)
which is a formal Fourier series in X and a formal series in Y and whose
Fourier-Taylor development,

NE(X,Y)= Y > NFpqe!"¥y?
Pezd QeNn
only has non zero coefficients N Fp g with indices P, @ satisfying

d n
iy Piwi+ Y QA =0
j=1 j=1

(such couples (P, Q) are the resonances between w and o(A)), and which
is conjugate to (1.1) by a formal change of variables (the precise meaning
of this formal conjugation will be given in section 2).

The tools used when dealing with vector fields close to an invariant torus
are similar to the ones that have been used before, in the study of vector
fields with a fixed point. The main difference comes from the presence of a
Fourier development which will make the small divisors more complicated
to deal with. In [Mez], Meziani considers the real-valued non resonant case
and obtains analytic normalization under a Siegel diophantine condition.

Here, we will combine techniques used by Brjuno, Stolovitch ([Sto00])
and Aurouet ([Aurl3]) to prove a conjecture by Brjuno in [Bru89], men-
tioned in [Aurl3], which is analytic normalization for systems of the form
(1.1), where the linear part might be resonant, under Brjuno’s v,w and A
conditions :

ARTICLE SOUMIS : CHVECTRES-AIF.TEX
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THEOREME 1.1. — Consider the following autonomous differential sys-
tem :
(1.4) X=w+F(X,Y); Y =AY +G(X,Y)

where F' and G are analytic on a neighborhood V of T x {0}, F(X,0) =
0,G(X,0) = 0yG(X,0) = 0, A is a diagonal n x n matrix and w € RY. Let
S be the quasilinear vector field given by (1.3). Assume that S satisfies
Brjuno’s "y and w conditions” (see assumption 1 below) away from the
resonances. If a formal normal form NF of (1.4) is such that there exists
a formal series a(X,Y’) such that a(0,0) =1 and

(1.5) NF(X,Y) = a(X,Y)S(Y)

then there exists (y > 0 depending only on A,w,n,d such that if the com-
ponents of F' and G are less than (y in the analytic norm, then (1.4) is
holomorphically normalizable in a complex neighborhood W of T¢ x {0}
and the holomorphic normal form has also the form b(X,Y)S(Y).

Remark: The assumption (1.5) is usually referred to as Brjuno’s A
condition. Note that W is strictly included in V in general : the loss of
analyticity comes from the presence of small divisors.

A first step will be the construction of a normal form by a direct me-
thod ; although the existence of a formal normal form is not a new result,
one does need to give an explicit construction since the definition of a nor-
mal form in the present case might not be completely standard because of
Fourier series. It is then proved that the algebraic assumption (1.5) on one
of the normal forms is preserved by the changes of variables that actually
appear in the proof. Then, by a Newton method adapted from Stolovitch
and Aurouet, one constructs a converging sequence of holomorphic diffeo-
morphisms conjugating the system to another one which is normalized up
to arbitrary order, which gives the analytic normal form.

Acknowledgments : The author is grateful to Laurent Stolovitch for a
useful discussion which helped to improve this article.

ANNALES DE L’INSTITUT FOURIER



NORMAL FORM OF VECTOR FIELDS WITH AN INVARIANT TORUS 5
2. Notations and general definitions
2.1. Topological setting

Let 7 > 0; in the following, V, € C% will denote a complex neighbou-
rhood of the d-dimensional torus, of width r, and Ws C C™ the ball centered
at the origin in C", of radius J.

In the following, given a function f on C%/Z¢ x C", the notation frao
will refer to the complex coefficient appearing next to e“PX?Y < in the
Taylor-Fourier development of f, that is, the Taylor development near the
origin w.r.t. the second variable together with the Fourier development with
respect to the first variable (such a development might be purely formal).
Also, for all indices P = (Py,...,P;) € Z% and Q = (Q1,...,Q,) € N,

¢ |P;| (where |P;] is the absolute value

one will use the notation |P|:= .,

of Pj) and Q] := X0, Q.

The space of scalar-valued functions which are holomorphic on V. x W is
denoted by Cs. It is provided with the weighted norm

flrs =Y > froler”sl9

PeZd QeNn
where f(X,Y) = Y peg Ygenn Fre" Y9 is the Taylor-Fourier de-
velopment of f.

Remark: Such functions can be viewed as functions which are holomorphic
in Ws with respect to the set of variables Y, holomorphic in a strip {X €
C4,¥j,1 < j < d,|ImX;| < r} with respect to the set of variables X, and
2m-periodic with respect to each variable X;.

Also, notice that for all f € Crls

(2.1) sup  [f(X,Y)| < |flrs
(X,Y)EV, X W;s

and a classical estimate on the Fourier coefficients and a Cauchy estimate
imply that for all P € Z¢,Q € N”,

(2.2) Ifrol < sup  |f(X,Y)|e”Flrslel
(X,Y)EV, X W5

ARTICLE SOUMIS : CHVECTRES-AIF.TEX
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The space of vector fields defined on V. x W with components in C7s will
be denoted by V F,. 5. For

0
F;(X, Y F' (X,Y F,
-SRI 3 R eV
the norm of F is by deﬁnltlon

1F[lr,s = max{|Fj s, [Fj/lrs, 1 <j < d1<j <n}
For all r,7',4,8’ > 0, when dealing with an operator sending VF, ;s into
V Fys 6, we will denote its operator norm by ||[-[||vF. ;v F,, -

2.2. Formal aspects

DEFINITION 2.1. —  — A formal Fourier-Taylor series in (X,Y) is a
series [ of the form

(2.3) FXY) = S fpoePYe

PeZa,QeNn

with coefficients fp o € C and such that for all () € N,

(2.4) Z |f1:gQ|2 < o0
pezd
ie for all Y € C", f(-,Y) € L?(T?) (this restriction is motivated
by the fact that we need products and finite sums of Fourier-Taylor
series to be themselves Fourier-Taylor series).
— A formal vector field (on T? x C" ) is a d +n-uple whose components
are formal Fourier-Taylor series.

DEFINITION 2.2. — (truncation of a formal series, of a vector field) Let
f be a formal series. We will denote by T*f its truncation at order k € N
(or k-jet) :

T Y) = Y froelPOYe
PeZ4,|Q|<k
For a vector field (resp. diffeomorphism) F with components (Fi, ..., Fqin),
its truncation at order k is the vector field (resp. diffeomorphism) T* F with
components

ANNALES DE L’INSTITUT FOURIER
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(TEFy, ..., TFFy, TF Y Fyyq, . T* Y Fy L)

Remark: Thus for a vector field F, its truncation T*F has degree k (as a
vector field).

DEFINITION 2.3. — A formal diffeomorphism (of C¢/7Z4 x C") is a se-
quence of analytic diffeomorphisms (®y) defined on a non-increasing se-
quence of domains Vi, C C¢/Z% x C™ (for the order induced by the inclu-
sion), such that ®; has degree k and for all j < k, TI®), = Dy, We will
denote by T*® the analytic diffeomorphism ®}.

Remark: An analytic diffeomorphism is a particular case of a formal dif-
feomorphism.

DEFINITION 2.4. — (order of a formal series) A formal series f(X,Y) =
> Pezd,Qenn froe’PX)Y? has order k € Nif |Q| < k—1= fpg = 0.

Remark: Only the order in Y is considered. Thus, the product of two
formal series has order at least the sum of their orders. Notice that the
order is not uniquely defined by maximality : if f has order k and k' < k,
then f has order k'

DEFINITION 2.5. — (order of a vector field) For
d L 9
F= Fi(X,)Y)=— F,(X,)Y)=— € VF,
g XN g, + 2 XYy € Vs

the vector field F' has quasi-order k € N if all the F; have order k in Y and
the F, have order k + 1 in'Y (as formal series).

DEFINITION 2.6. — (degree of a vector field) A vector field F' has degree
k € N if its components F; have degree k for 1 < j < d and have degree
k+1ford+1<j<d+n.

Remark: In particular, if a vector field has degree k and order k, it is
quasi-homogeneous of order k. For instance, the quasilinear vector field .S
defined in (1.3) is quasi-homogeneous of order 0.

DEFINITION 2.7. — For a vector field F, its quasilinear part is the vector
field T°F.
DEFINITION 2.8. — A formal diffeomorphism ® = (®q,...,D,14) is

tangent to identity if for all 1 < L < d, ®1,(X,Y) — X, has order 1 and if
foralld+1< L<d+n, ®,(X,Y)—Y,_q4 has order 2.

ARTICLE SOUMIS : CHVECTRES-AIF.TEX



8 CLAIRE CHAVAUDRET
2.3. Resonances

The quasilinear part S defines an equivalence relation ~ on Z¢ x N” as
follows : for all (P,Q), (P",Q’) € Z¢ x N™,

(2.5) (P,Q) ~ (P, Q) & i(P,w) + (@, A) = i{P",w) + (Q', A)

DEFINITION 2.9. — The vectors w and A are jointly non resonant if the
equivalence classes of the relation ~ are reduced to singletons.

Remark: It does not hold in general. Moreover, if an equivalence class is
not a singleton, then it has infinitely many elements. In this article, w and
A are not assumed to be jointly non resonant.

For ¢ € C, C. denotes the equivalence class such that for all (P,Q) € Ce,
i(Pw) +(Q,A) =c.

Let f be an analytic function. Then the Fourier-Taylor development of f
has only indices in C. if and only if S(f) = cf, where S(f) is the Lie
derivative of f along S :

o d u d
S(f) = ;wjd—Xjf +j/z::1)\j'yj'mf

DEFINITION 2.10. —  — Monomials fp ge""X) Y with i(P,w)+(Q, A)
0 are resonant, or invariant, monomials (indeed they are constant in
the direction of the vector field S).

— For a formal series f, its resonant part is the sum of all its reso-
nant monomials, and its non resonant part is the sum of all other
monomials.

— A formal series is resonant if it is equal to its resonant part, and non
resonant if it is equal to its non resonant part.

Remark: This means that a formal series is resonant if all its monomials
are indexed by (P, Q) € Co, i.e if S(f) =0.

DEFINITION 2.11. — Let F = Z‘j:l Fjaixj +> 25—y Favyr a%j/ be a vec-
tor field on a domain in C?/Z% x C.
— F is non resonant if Fy,..., Fy are non resonant formal series and if
forall 1 <j<n, Fgp,;(X, Y)Yj_1 is a non resonant formal series.
— F is resonant if Fy,..., Fy are resonant formal series and if for all
1<j<n, Fup (X, Y)Yj_1 is a resonant formal series.

ANNALES DE L’INSTITUT FOURIER
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— There is a unique decomposition F' = F,.s + F,, where F,.s is a
resonant vector field and F,, is a non resonant vector field; then
F.es is called the resonant part of F' and F,, its non resonant part.

Remark: Let j with 1 < j < n and write the decomposition

Fusj(X,Y) =) FarjpeetPOV9
PQ
Then ijle_‘_j (X,Y) is resonant if

FdJr]'qPqQ#0:>7;<P7w>+<QaA>7)\j =0

This coincides with Aurouet’s definition of the invariants.

DEFINITION 2.12. — Let ® be a formal difftomorphism. Suppose that
for all 1 < j < d, ®;(X,Y) = X; + ®;(X,Y) where ®;(X,Y) has or-
der 1, and that for all 1 < j' < n, @44 (X,Y) = Yj®ay j(X,Y) where
i)d_,_jr (X,Y) has order 1.

— @ is non resonant up to order k if for all 1 < j < n-+d, kai)j is non

resonant ;

— & is resonant up to order k if for all 1 < j < n+d, T’“i)j is resonant ;

— @ is non resonant (resp. resonant) if for all k € N it is non resonant

up to order k (resp. resonant up to order k).

Remark: This definition applies in particular if ® is an analytic diffeo-
morphism.

DEFINITION 2.13. — Let F be a formal vector field and G be an ana-
Iytic vector field; G is formally conjugate to F if there exists a formal
diffeomorphism ® such that for all k € N,

TH(DT*® - F) = T*(G o T*®)

Remark: If an analytic vector field G is formally conjugate to a formal
vector field F' and if G is also analytically conjugate to an analytic vector
field H, then H is formally conjugate to F. Indeed, assume that for all
keN

THDT*® - F) = T*(G o T*®)

and that there exists an analytic diffeomorphism ® such that

D® - G=Hod.

ARTICLE SOUMIS : CHVECTRES-AIF.TEX
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Let Uy, = T#(® o T*®) ; then DY), = T#(D® o T*® - DT*®); thus for all
k,

(2.6)
TH(DY, - F) =T*D® o T*® . DT*® - F] = T*[D® o T*® - G o T3]
=TFHo®oTkd] = T*[H o Uy

therefore the sequence (¥y) defines a formal diffeomorphism conjugating
H to F.

Other notations : For [ = (iy,...,i41,) € N¥™" the symbol 97 will be
a compact notation for the partial derivative 8;}1 e 8§§d 8%“ e 8%*"’.
Sometimes the remainder of order k£ in Y in a formal series or a formal
vector field will be denoted by O(Y'*).

If F € VF and g is a function, the Lie derivative of g with respect to F'

will be denoted by F(g).

3. Setting and arithmetical conditions

Let rg > 0,89 > 0. Consider the following system on the neighborhood
Vi X Wy C C4/Z4 x C™ of T¢ x {0} :

Xl = W1 +R1(X,Y)

X4 =wq+ Ry(X,Y)

3.1 .
(3.1) Y1 =Y+ Re1(X,Y)

Y, =AY, 4+ Rin(X,Y)

where (X1,...,X4) € Viy, (Y1,...,Y,) € Ws,, R, ..., Rg have order 1 and
Rgi1,..., Rq+n have order 2. Suppose that Ry, ..., Rgy, are all in C";;M;O.
Denote by S the quasilinear part of the vector field generating the system
(3.1) :

d n
0 0
SW) =D wigg T2 A Yigy
j=1 J j'=1 J

Thus for all 7,6 > 0, ||S]]rs = max{w;, A\;6,1 < j <d,1<j <n}andif
d < miny maxj|w;/Aj|, then ||S]|, s < max;|w;| :== C,,. For short, denote

ANNALES DE L’INSTITUT FOURIER



NORMAL FORM OF VECTOR FIELDS WITH AN INVARIANT TORUS 11

F = S + R where R is the vector field with components Ri,..., Rgin
defined in (3.1).

The following arithmetical condition, which will be assumed throughout
the article, is a reformulation of Brjuno’s v and w conditions (also used in
[Aur13]). It will be used in the theorem of analytic normalization.

ASSUMPTION 1. — There exists a positive increasing unbounded func-
tion g on [1,+00|, an increasing sequence of integers (mg)i>o and two
sequences of positive real numbers (eg)k>0, (kx>0 such that :

(1) mo = 1ympqr < 2my +1;

(2) B:=3 11 % < +0o9o,

(3) Vk =0, (n+ 2)g(mg) In g(my) > my,

(4) VP € 7Z4,¥Q € N",

Ilﬂ > mu, |Q < my, i(Pw) +(Q,A) # 0= |i{P,w) +(Q,A)]7! <
€Ek ’

(5) VP € 74,¥Q € N",

1P| < mue, | Q] < mu, i(Pw) +(Q, A) # 0 = [i{P,w) +(Q,A)|7" <
g(my),

(6) Yk, 420 (ry — g1 — ) M0 < g(my),

(7) Vk > 0,r; > 1.

Remark: The case when my, = 2% corresponds to Brjuno’s standard w
condition. However, the assumption 1.1 seems to prevent (my) from in-
creasing faster than 2%.

Note that the set of elements g, (my), (ex), (rr) satisfying assumption 1 is

non-empty. In [Aurl3], the conditions v and w correspond to the case my, =
k .

2k r =10 [T — > 11— i%), and g(my) = max{(i(P,w) +

g(my;)27 227 2
(Q,A))~1/|P| < my, |Q| < my}, with 79 big enough in order to have 7 >
1
5.

The case where g(my) = Cm], for my = 2F, for a positive constant C
and an exponent 7 > d + n + 1, corresponds to the situation where the
vector (w, A) satisfies a Siegel diophantine condition ; therefore the set of
(w, ) € C¥*™ satisfying the assumption 1 has a large Lebesgue measure.

Also, assumption 1 does not contain any upper bound on g(mg) : the only
upper bound on g comes from 2 and it is logarithmic ; therefore multiplying
g(my) by a constant does not change the condition. In section 5.2, we shall
assume that for all £ > 0, g(my,) is larger than a fixed constant.

ARTICLE SOUMIS : CHVECTRES-AIF.TEX
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4. Formal normal form

This section contains an explicit construction of a formal normal form for
the system (1.1). A direct method will be used, i.e the formal conjugation
will be written explicitly, by a Taylor development, as a recurrence relation
between two consecutive orders of truncation of the change of variables.
The following lemma explains why the recurrence can be solved.

LEMME 4.1. — Let ®4,. .., ®4 be analytic Fourier-Taylor series in (X,Y) e
T? x C™ which are of order 1 in Y and <f>d+1, R i)dJrn be analytic Fourier-
Taylor series in (X,Y) € T¢ x C™ which are of order 2 in Y. Let I =
(i1, ... insa) € N¥*" For any analytic vector field F, let

(4.1) DiF(X,Y) = c;0iF(X,Y) - &1 (X, Y)" ... &g (X,Y)ldtn
where ¢; € C* and Oy is a compact notation for 8}}1 e 8}&8@“ . 8;}1*".
If F has order k in Y, then DrF has order k4 i1 + -+ + td4n-

Proof: Tt is enough to prove the statement for elementary (i1, ..., id4+n).
For 1 < j < d, the derivative Jx; does not change the order in Y and
multiplying by <i>j adds a degree in Y. Thus the order of D, F'is k + 1 if
F' has order k.

For 1 < j <nand 1< <d, the derivative aijl has order £ — 1 and
multiplying by édﬂ- adds two degrees in Y, thus D,  F has order k +1;
for d+1 <1 <d+n, F; has order k + 1, therefore the derivative 8ijl has
order k, and multiplying by i)dﬂ adds two degrees in Y.

Finally, D.,, . F has order k + 1 (as a vector field). O

€d+j
The following Proposition gives a construction of a formal normal form :

PROPOSITION 4.2. — The system (3.1) can be formally normalized, i.e
there exist a formal diffeomorphism ® and a formal resonant vector field
NF such that for all k,

THD(T*®) - NF] = TF(F o TF®) = T*((S + R) o T*®)

Proof: One looks for a formal diffeomorphism ® tangent to identity, i.e
such that

T°(® —1d) =0

and for a resonant vector field NF = S + N where N has order 1, such
that

ANNALES DE L’INSTITUT FOURIER
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(4.2) THDT*® - NF)=SoT*® + T*(Ro T"®)

The formal diffeomorphism ® and the normal form N F will be constructed
gradually, every quasi-homogeneous part of degree k being given formally
by the data F and by the truncations T*"'NF and T#~1®.

Developing the composition R o T*® in Taylor series (recall that F is ana-
lytic), letting ® = & — Id and developing in ®, one obtains

(4.3)
Ro (Id+T"®) = R+ > crO R -TE®Y . TE@ln
I_('Ll 7777 id+n)7£(0 7777 0)

where ¢; = ﬁ and J; is the partial derivative 8;}1 ... 02*", that is
to say,

(4.4)

Ro(Id+T*®)(X,Y) = R(X,Y) + > Diy. in o R(X,)Y)
(i1,--s8d4n)#(0,...,0)
where Dj, . i,., is as in Lemma 4.1 as long as the i)j have order 1 for

7 < d and order 2 for j > d+ 1, i.e as long as ® is tangent to identity;
the operator Dy, . ;,,, therefore increases the order by iy + -+ + inyq.
Although the sum in (4.4) does not necessarily define a formal series since
it has an infinite number of terms, its truncation has a finite number of
terms, therefore it defines a formal series.

Thus if ® is tangent to identity, the conjugation (4.2) can be rewritten

(4.5)
TFNF +TH(DT*® - NF)

=SoTkd + TFR + Z (D Th—in—insa R)

i1, slntd

Let k > 1; suppose that T*"1NF and T*~'® are known and analytic, and
that T°® = 0. In Equation (4.5), the sum in the right-hand side is given
because R has order 1 and therefore for all I,

DiT*MIR = ¢;0;T* MR . TF1®! + O(Y'F)

ARTICLE SOUMIS : CHVECTRES-AIF.TEX
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On the left-hand side, since the N; have order 1 for 1 < j < d and order
2ford+1<j<d+n, then

THDT*® - N) =T" | Y ox, T* ' ON; + > oy, TF ' ON;i 14
J J’

and since T°® = 0, then
(4.6)
THDT*® - N) =T% [ Y " ox, TF T 'N; + > " 0y, T* '®T*Nj/ g
j i

Note that Tk_le and TkNjurd are exactly the components of TF~I N,
which is assumed to be a known analytic vector field. Since T*~1® is also
known and analytic, then the whole quantity (4.6) is given and analytic.
Thus, in (4.5), only T*N — T*=IN + T*(D® - S) — TF=Y(D® - S) — (S o
T*® — S o T*~1®) is unknown. One therefore has to solve
TEN —T*IN+TH(D®-S) - TFY(D®-S) — (SoT+*® - So T+ 1d) =G

where G is a given analytic vector field of degree k, namely
G =Y THD,T* M R)-S-T*'N-T*DT*®-N)-T*"' DS+ 5oT*"'®
T

which is homogeneous in Y € W, , of degree k, by construction of TF~1 N
and TF=1®. The Fourier-Taylor coefficient Gp,g is well defined since the
sum runs over a finite number of indices.

Letting

TN — TFIN = Ges

and

®rpq = (i(Pw) +(Q,A) 7 GLrq
for non resonant P, @ such that |Q| = k and L < d, and

®p.pg = (i(Pw)+(Q,A\) — A_a) 'GL,po
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for all P,Q such that i(P,w) 4+ (Q,A) — Ap_q # 0, with |Q| = k and
L > d + 1, the formal diffeomorphism ® and of the normal form NF are
defined up to order k. [

5. Analytic normal form

This section deals with the problem of the existence of an analytic nor-
malization.

5.1. Preliminary observations

The following is a lemma stating that being resonant is preserved by
composition with a resonant diffeomorphism.

LEMME 5.1. — Let ® be a resonant holomorphic diffeomorphism from
VxW C CHZ x C" to V' x W C C4/Z% x C", which is tangent to
identity.

If R is an analytic resonant vector field on V' x W' | then R o ® is also
resonant.

Proof: Developing in Taylor series, for all (X,Y) eV x W,

Ro®(X,Y)= Y  c0/R(X,Y)[(®—Id)(X,Y)
IeNn+d
with ¢; =
that

. Now @ is resonant, which implies (see Definition 2.12)
1l dayn!

(@ — Id)(X,Y) Y, 'y
is a resonant series.

Thus, for all I in the sum, 9;R(X,Y)[(® — Id)(X,Y)]! is a resonant
vector field, and this property passes to the sum. [

LEMME 5.2. — Let R be a formal resonant vector field and ® a resonant
analytic diffeomorphism which is tangent to identity. Then D® - R is a
formal resonant vector field.

Proof: Let @1, ceey <i>d+n be such that

D= (X1 +®1,...,Xq+ D0, YiPai1,..., YuPain)

ARTICLE SOUMIS : CHVECTRES-AIF.TEX
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then

(5.1)
D®-R=

Ry + axl(i)lRl + -+ axd(i)le + 8yli)1Rd+1 + -+ 8yn§>1Rd+n

Rg + 8X1 i)de + -+ axd(i)de + 8y1 éde+1 + -+ 8yn<i)de+n
Y; 2?21 Ox;Pat1Rj + @ay1Rat1 + Y120y Oy, Pav1Rayt

d . - -
Yn Zj:l an (I)dJrnRj + q)dJranJrn + Yn Z;‘llzl 8y], q)dJranJrj/
Since all the éj are resonant by assumption, and since R is a resonant

vector field, then D® - R is a resonant vector field. [J

The following proposition states that if a system has been normalized up to
some order k, then the formal normalizing diffeomorphism of this partially
normalized system has to be resonant up to order k.

PROPOSITION 5.3. — Let ® be a formal diffeomorphism.
Suppose that ® formally conjugates an analytic vector field S + Ny, + Ry
where Ny, is resonant of order 1 and Ry, has order k+1, to a formal resonant
vector field NFy = S + R, where R has order 1 : for all j € N,

T/(DT?® - NFy) = T7[(S + Ni + Ry) o T? @]
Then T*® is a resonant diffeomorphism.
Proof: By assumption and since Ry has order k£ + 1, for all [ < k,

TYDT'® - NF)) = SoT'® + T (N, o T'®)

and since Nj has order 1,

TYDT'® - NF)) = SoT'® + T' (N}, o T'1®)
Now NF; =S + R where R has order 1, thus

TYDT'® - 8)+ T (DT '® - R) = S o T'® + T' (N, o T 1®)-

By induction, let [ < k& — 1 and assume that 7'~ '® is a resonant diffeo-
morphism. By Lemma 5.1, this implies that T'(Nj, o T'=1®) is a resonant
vector field. Moreover, T!(DT'~1® - R) is resonant by Lemma 5.2.

Thus, T"(DT'® - S) — S o T'® is a resonant vector field.

ANNALES DE L’INSTITUT FOURIER
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Let j < d. Since

T'DT'®; - 8) —wj = Y T'®;poli{Pw)+(Q,A)e"PVY? —w;
P|Q|<I
and since this quantity is a resonant function as shown above, then for all
non-resonant (P, Q) with |Q| < I, ®; po = 0 and therefore ®; is resonant
up to order [. Similarly, if 7 > d + 1,

T DT'®;-S)~Nj_aT'®j = > ®;p,o(i{P,w)+(Q,A)~Aj_q)e! PV Y@
PRI

and since Yj__ld(Tl(DTltl)- - 8) — X\j_qT'®;) is resonant, then ®; po = 0 if

i(P,w)+{Q, A)—\;j_q # 0 for all |Q| < I, which implies that T'®, (X, Y)ij_ld

is a resonant function.

Therefore, T'® is a resonant diffeomorphism. By immediate induction, the
formal diffeomorphism ® is resonant up to order k. O

The next proposition states that the algebraic property (1.5) is preserved
by partial normalization tangent to identity; in other terms, if a vector
field has been normalized analytically up to order k, i.e if it is analytically
conjugate to a vector field Ny + Ry where Ny, is resonant and Ry has order
k41, and if the same vector field is formally conjugate to a resonant vector
field of the form (1.5), then the partial normal form N}, also satisfies (1.5).

PROPOSITION 5.4. — Let F» be an analytic vector field on V x W with
quasilinear part S. Assume that F5 is formally normalizable, i.e there exists
a formal diffeomorphism ® which is tangent to identity and a formal vector
field N1 such that ® conjugates Fs to N; : for all k € N,

(5.2) T*(DT*® - Ny) = T*(Fy o T*®)

For allk € N, if T*F is a resonant analytic vector field and if T*N; = aiS
where ay, is L? in the first set of variables X and has degree k in Y, with
constant part 1, then T*F, = bS, for a resonant analytic function b which
has constant part 1.

Proof: By (5.2) and by assumption on N7, one has

(5.3) TH(DT*® - ayS) = TH(Fy 0o T*®)
Nowlet =& —Id. If 1 <1< d

)
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(5.4)
DT*®)(X,Y) - ax(X,Y)S
= ap(X,Y)DT*®)(X,Y) - S
d n
= ap(X,Y)D_0x, THO(X,Y) - wj + Y Oy, TF®(X,Y) - A\ Yy

j=1 =1

d n
= an(X,Y)[D Gjuwj + 0x, THOI(X,Y) - wj + > Oy, TFOI(X,Y) - Ap/ Y]
j=1 j'=1
—ap(X,V)wi+ Y, @upeePIYOEP W) +(Q,A))]
P,|Q|<k

and the resonant part is merely ax(X,Y)w;. f d+1 <1 < d+n,

(5.5)
DT*®(X,Y) - ap(X,Y)S
d n
= ap(X,YV)D_0x, TF® (X, Y) -wj+ > Oy, TFO(X,Y) - Ay Y]
j=1 §'=1
d ~ n ~
= ax(X,Y)D_0x, T*0U(X,Y) - wj + D (v, T*OU(X,Y) + 650 )Ny Y]
j=1 j'=1
= ar(X,Y)[ Y @poe'PNYC>(P W) + (Q,A) + MY
P|QI<k

therefore the resonant part of YleTk(Dl(X, Y)-ap(X,Y)S is Njag(X,Y).
On the other side, if one assumes that T*Fy is resonant, then

TH(Fy o T*®) = T*(Ny, o T*® + Ry 0 TF®)
where Ry, has order k+1 and Ny, is resonant. Since the composition increases
the order,

TF(Fy o T*®) = T*(Ny o T*®)
By Proposition 5.3, T*® is resonant, therefore, by Lemma 5.1, T*(NyoT*®)
is resonant, which implies that 7% (F,oT*®) is resonant. Thus, keeping only
the resonant parts in (5.4) and (5.5) and substituting them in the resonant
part of (5.3), one has

ap - S =T*(Ny, o T*®)
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Now this implies that T* N}, itself is proportional to S : indeed, letting

Px(X,Y) = (TF®(X,Y),..., TF®4(X,Y))

and

Py (X,Y) = (T" a1 (X,Y),..., T 1 ®gin(X,Y))
(note that ®x and Py are analytic) then developing in Taylor series with
respect to the second set of variables Y, for all 0 < j <k,

TJ(Nk 9] ((I)X(va)a q)Y(Xa Y)))

(56 = 3 TN (@x(X,Y),Y) (@y(X,Y) - Y)!
TeN™, | 1|<j
where |I| =iy + -+ 4y for all T = (i1,...,4,) and 07 = 8;}1 8;}; (recall
that by Lemma 4.1, f ~— 97 f - (®y (X,Y) —Y)! increases the order by |I|).
By a simple recurrence on the order of truncation j, one finds that
— TONk = ap - S,
— forall 0<j<k—1,

TINJX.Y) = (X, V) S(Y)
(5.7) Lo ,
= 3D PO (N (@x (X, V), Y)) - (By (X, Y) — V)
|1]=1
and if by assumption T9"' Ny = b;_1 S for an analytic function b;_1,
then for all I in the sum, T9-MI(N,(®x (X,Y),Y)) is proportional to
S, therefore

T9(OrT7 (N (®x (X, Y),Y)) - (Py (X,Y) = V)]

is also proportional to S since (®y (X,Y) —Y)!

analytic in (X,Y).
Finally, T* Ny = b - S for an analytic function b. O

is a scalar, and it is

5.2. Proof of Theorem 1.1

This section is dedicated to the proof of the main result. Let dy be as in
Section 3; assume that d9 < min(1,C,) where C,, was defined in Section
3.
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THEOREME 5.5. — Assume that the analytic vector field S+R € V F,
generating (3.1) is formally conjugate to a - S, where the formal series a

0,00

has constant part 1.

There exists (o > 0 depending only on A,w,n,d such that if || R||r,,s, < Co,
then S + R is holomorphically conjugate to a resonant vector field b - S,
where b is a holomorphic function.

5.2.1. Sequences of parameters

Let (mg)r=0 and (rx)r>0 be the sequences defined in the assumption 1
(by assumption 1.7, the sequence (ry) has a positive limit as k — o). For
all £ > 0, let

(5.8) Ot1 = Og(my,) = (ATHLOM/mi

(recall that my > 1 and that g(my) is positive). By the assumption 1. 2,
the sequence 0 has a positive limit do, < 1 as k — +o0.

Notation : For all k¥ € N, we will hereafter denote by Oy, the set V,, x W, .

Let (Cx)r>0 be a real sequence such that

0o
n+d)(1+2C%(n+2)B)

(5.9) Go < 8(

and
20//
Chp1 = —2<C,
g(mg)

where C¢ is a fixed constant, depending only on n,d and S, which will
appear in the computations below, and B is the Brjuno sum defined in
the assumption 1.2. As mentioned in section 3, one can assume that for all
k>0,

2C%¢
g(mx)
so that (Cx)k>o0 is a strictly decreasing sequence. Moreover, let

k
=G
=0

(5.10)

Notice that for all £ > 0,
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b ey Y20y
= Go+ <O+ 5
= Go ;@gg(mn G ;Cog(mj,l)

Using the assumption 1.3, this implies that

k
2C (1 + 2) In g(m;_
<G+ Y. G s(n +m)‘ ?g(mj D < (o1 4+ 2C%(n + 2)B)
=1 9=

therefore, under the assumption (5.9), n; < 3.

5.2.2. Tteration step

Theorem 5.5 will be proved by an iteration of the following statement, the
proof of which is postponed to the last section :

PROPOSITION 5.6. — Let Ny, R, € VF,.
of order my,. Assume that

v, With Ny resonant and Ry,

(1) S+ Ny + Ry, is formally conjugate to the normal form a - S where a
is a formal series ;

(2) 1INk = Sllry.60 < s
(3) [[Rkllri,60 < Cks

then there exists an analytic diffecomorphism ®j on Oy4q1 with values in
Oy, conjugating S + N + Ry to S+ Niy1 + Ryi+1 where Ny41 is resonant,
Ry.41 has order my41, such that the following properties hold :

(1) 1INkt1 = Sllrisr,d0s1 < M1,
(2) [Rk+1llrisa 001 < Qo1

(3) [|®x = Idllri1 6010 < Chts
(4) the quantity

||D(I)k_1||7“k+1,5k+1 = maX{Han ((I)k_ld)||"'k+l76k+1’ ||6YJ/ (q)k_ld” |Tk+1,5k+1}
is less than (g1.

Remark: Under the assumptions of Theorem 5.5, the initial system
satisfies the assumptions of Proposition 5.6 with £k =0, Ny =0, Ry = R.

ARTICLE SOUMIS : CHVECTRES-AIF.TEX



22 CLAIRE CHAVAUDRET

5.2.3. Convergence of the algorithm

We now proceed with the iteration of Proposition 5.6. For all £ € N, let

(5.11) Uy :=Pgo---0d

The map ¥y is well defined on Oy with values in Qg ; moreover, Uy
conjugates S + Ny + Ry to S+ R.

LEMME 5.7. — The map ¥y is a holomorphic diffeomorphism from
Ok+1 to \Ilk(OkJrl).

Proof: The map Wy, is analytic on Or41 by composition, since every @,
is analytic on O;11. Moreover, for all k and all (X,Y) € Oy,
(5.12) [|DUL(X,Y)—I|| = |[[(DVg—1 — I) 0 Dy - DDy, + Dy, — I||

' S(DWg—r = 1) 0 @y - DO| + G

which implies, by the property 4 of Proposition 5.6, that on Oy,

(5.13)  [IDUR(X,Y) = I|| < [[(DWg—1 — I) 0 Pp[|(1 + Crt1) + Cr1
Let (un)nen be defined by ug = ¢; and for all n > 1,

One computes easily that for all n > 2,

n

14+ [ JA+G)+ - ACn-2(1+¢a-1) (1+Ca)+Cno1 (146 ) +n

1 =2

b

un:<1
l

therefore u, < 7, [[j-,(1 + &) < %e”" < %eé. Now, assuming for all
(X,Y) € Ok that

[(DWr—1 = DX, Y]] < ug

(which is true for &k = 1 by the property 4 of Proposition 5.6 with k& = 0),
then on Og41, the estimate (5.13) implies that

(5.14) IDWR(X,Y) = T[] S uk(l+ Grpr) + Ghpr = upta

and one deduces by recurrence that for all &,
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1 .
(5.15) [|IDPL(X,Y) —I|| < geg <1
The map Wy is therefore an analytic diffeomorphism from Oki1 to its
image. [J
DEFINITION 5.8. — Let Oy = V,, X Wi, where ry is the limit of

the sequence (ry;) and 0 is the limit of the sequence (dy), or equivalently,
Os = N O

PROPOSITION 5.9. — The sequence (Uy)i>1 defined in (5.11) has a
subsequence which converges to a holomorphic diffeomorphism on Oy, :=
NkenOk.

Proof: A simple recurrence shows that ||Id — Y|, 5. < Mkt1. Indeed,

Id— Uy, = (Id — Uj_1) 0 &, + (Id — Dy)

therefore

||Id - \Ilk||'rk+175k+1 < ||Id - ‘Pkfl||m,6k =+ ||Id - @k||'rk+175k+1

and one sees that if |[Id— Vg _1[|, 5, < Nk, then [[Td—Wi|r, ) 5000 < Mhs1-
Thus (¥y) is uniformly bounded on O in the analytic weighted norm,
therefore there exists a subsequence (¥y,) which is a Cauchy sequence for
this norm. In particular, (¥, ) converges uniformly on every compact subset
of O to a map ¥, which is holomorphic on O.

Moreover, the estimate (5.15) is uniform in k. Therefore, ¥, is still injec-
tive on Oy, thus it is a holomorphic diffeomorphism on O. O

The sequence (Ni) = (axS) is convergent in the topology of the analytic
functions on O, since || Ny11— Ni|lro. 5. = || Rkres|lro 5. < G and since
(k is summable (there exists a constant ¢ < 1 such that (i < ckco). Let Noo
be the limit of (Nj) in this topology; then Noo = asoS for some resonant
function as, which is holomorphic on Q. The sequence Ry tends to 0 in
the analytic topology on O. Therefore W, conjugates S+ Ny to S+ R.

This concludes the proof of Theorem 5.5 based on Proposition 5.6, which
is proved in the next section.
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6. Proof of Proposition 5.6

We now make all the assumptions of Proposition 5.6.

If S+ Ni + Ry is formally conjugate to the normal form a - S, then by
Proposition 5.4, there exists a formal series a; with constant part 1 such
that Ny = a - S and since Ny, is analytic on V,, x W, , so is a. Moreover,
if ||Nk = S|lre.60 < Mk, then by our definition of the norm of a vector field
given in section 2, for all 1 < j < d,

(6.1) (@ = Dwjlre.sn <
therefore |ag — 1|6, < ma)?;\wﬂ < 8(nj—°§)cw < 1 (since it was assumed
that dy < C.,).

6.1. Homological equation

As a first step in the construction of the diffeomorphism @, one has to
solve the homological equation

ﬁGk = [Gk,Nk] = Rk
where R}, contains all non resonant monomials of R, with degree between
my, and my41 — 1. For every vector field F', one has

LF = [F,a;S] = ai[F,S] + F(ax)S
(where F'(ay) stands for the Lie derivative of ar under F'). Let D : F —
ag[F, S] and N : F +— F(ay)S which are defined and linear on the space of
formal vector fields.
The operator N satisfies :

NQF = N(F(ak)S) = F(ak)S(ak) =0

(since ay, is resonant). Moreover,

DNF = D(F(ak)S) = ak[F(ak)S, S] = fakS(F(ak))S

and

NDF = N(ak [F, S]) = —akS(F(ak))S
so that N and D commute. Thus, formally
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D+N) ' =I+D W) "D =D (T -ND})

where D=1 and (D~1)? are defined, i.e on non resonant formal vector fields.
Therefore, the solution will be

G = D_l(I *ND_l)Rk

since Ry, is a non resonant vector field. Now for all (P, Q) € Z® x N”,

(6.2)
d 9 n
§ (P,X)yQ_~ (P,X)yQ+E
> +Ze R
j=1 J i'= J
d 9 n 5
= (¢(P, A E WP,X)yQ i(P.X)y Q+E;
(e @A) j:le anJFJZ,:le oY,

therefore the operators adgs and ag- (the multiplication by aj) preserve
the equivalence classes C, of indices (P, Q) € Z¢ x N" such that i(P,w) +
(@, A) = ¢; moreover, N also preserves these equivalence classes since

(6.3)

d 9 n
Zez (P,X) YQ - Z GiP.X)y Q+E, N
j=1 .7 =1 J’

d d d
_ i(P,X) (P, X)yQ+E;
j:zle ye =° K(X,Y) +Z 'y delak(X,Y) S(Y)

Therefore,

(6.4)

(D+N)F=R& F=) F.andVceC,

d

0 0 -
_ i(P.X)yQ
D+ N)F.= E RLPQaX + E Ratj po+E, Y "oy, | Y
(P,Q)eC. \J=1 j’=1

This makes it possible to separate the homological equation into two parts :
the low frequency part, and the high frequency part. This means distingui-
shing two cases for ¢ :

(1) either C. contains a couple (P, Q) with |P| < my,
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(2) or all elements of C. satisfy |P| > my

(the equivalence class Cy does not enter into the computation, since Ry, is
non resonant). We will denote by Zy the set of all non empty equivalence
classes which are in the first case, and by Z,, the set of all equivalence
classes which are in the second case. Thus there is a decomposition

Ri= RO+ B
where RY only has monomials Ry, p.q such that (P, Q) belongs to an element
of Zy, and R{° only has monomials Ry p o such that (P,Q) belongs to an
element of 7., both being non resonant. Since Ry, is truncated with respect
to the degree in Y, the low frequency part R% has monomials whose indices
belong to a finite number of equivalence classes.

One will solve separately £LG) = R? and LGP = R, then let Gy =
GY 4+ GP°. As shown above, the solutions are given by

G =D I -ND HRY

and

X =D Y I - ND HRY
(since Rg and R,‘;O are non resonant, the solutions are defined and they will
be analytic under some assumptions on Rg, R;’O) It remains to estimate
GY and GY° in the analytic norm on Ojy1.

Estimate of the operator N. It is convenient first to give an estimate
of N acting on V F,» s into V F,, 5,, where the positive parameters r” >
r3, 8" > 63 will be given later. Applying A/ does not add small divisors.
One has

(6.5)
d p . ]
Flag)(X,Y) = ZF;‘(X,Y)K%(X,Y) +> F},(X,Y)=—ax(X,Y)
Jj=1 J /=1 Vi
d .
= Z(ak)RQ Z F;(X, Y)ine“PvX)yQ
PQ j=1
+ 3 (@re Y FL(X,Y)Qu YO P eiPX)
P.Q/Qy>1 |

which implies that
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(6.6)
|F(ak)|7“3,53

< Z rslP\E5|Q| Z| aK)pr,or Z|P ||Fj,p—pr,0— Q/|+Z|Qj ||[Fj . p—pr Q+E; — Q]
P,Q PLQ’

|ak|TH 5”||F||7‘” 57 Zerlp‘EélQl Z —|P’ ‘T//éll ‘Q‘ _|P P’ |T//5/I Q- Q' | Z|Pl

P,Q PLQ’ i
+>1Q)8"]
5’

Let ry = T3J£T” and §4 = /0”43, in order to have v’/ —ry = r4 — r3 and
5”/54 = 54/53. Then

(6.7)
|F(a’k)|7“3 03

|ak|T// 6//||F||TH s ZerlP‘E(S'Q' Ze_lp ‘T4€ |P— P’ ‘T// _|P |(T _T4)(|Pl| + n)
25 Q'] (8" /64)719'15"19=Q"(d 4 |Q"|6")

|aklr” 6”||F||T” s Z€TJ|P\E5|Q| Ze—ﬂg\me |P’ |(r//_r4)(|P/| + 7’L
P,Q

> 6;'Q'<6"/64>*'@ (d+1Q'15")
Q/

Now

Ze |P|(r" —74) |PI|+7’L Z Z K+n —K(r"—rs)

KeN|P/|=K

<Y CAETHK +n)e KO77ro)
KeN

< C(n,d)/ tde=t(r" =ra) gt
0

C(n,d)
~ (T” _ 7“4)d+1

and
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76" /6) 71N+ Q18" = S (07 /64)7H(d + L")

Q LeN|Q|=L

< C(n,d) Y L™(8"/62)~"
(6.9) LeN

< C(n,d) / (8" [64)tdt
0
< C(n,d)(Ind"/6,) "t

(here and below, C(d) and C(n, d) stand for generic constants which depend
only on n,d) therefore

(6.10)
|F(ak)|7“3,53
< C(TL, d)|ak|r”,6”||F||r“,5” Z €TS|P‘E5£Q|€7|P‘T4 (T“ _ T4)7(d+1)54—|Q|(1n 5///54)77171
P,Q
Thus,
C(n,d)
|F(ak)|7‘3,53 < ||F||T//76//|ak|T//’6// (T“ — r3)2d+4(ln 53 —1In 5//)2n+4
Therefore,
C(n,d)
(6:10) N lles, -5, < okl ey, e O

Low frequency part. First consider the set Zy and let C. € Zy with
¢ # 0. Let

d n
_ 0 _ o ;
R.(X,Y) = E E (Rk)j,P,Qa—vaLE (Rk)d+j’7P7Q+Ej/}/j/a—§/}, P Xy @
(P,Q)eC. \J=1 j'=1

The equation DF, = R, can be solved as follows :

-1
_n-1p _ (Rea )pq WP,X)yQ
(6.12) F,=D 'R.= ) : e Y
(P,Q)€C.
Now, since ay, is analytically close to 1 (i.e. |ax — 1|r, .5, < %), using the
sub-multiplicativity of the weighted norm, Rcalzl isin VF,, s,,
less than 2||R.||,.s, and Rca,;1 also has quasi-order my, in Y. Thus, using

with norm
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the estimate (2.2), for all 1 < j < d+n, (R.a;');,p,o has modulus less than
2||RC||Tk,5ke_Tk‘P|5,;|Q|. Therefore, letting § = oy, r = ry, for all v’ € (0,r)
and all ¢’ € (0,9),

Mp1—1

- 2 6/ —(r—r'
D7 R | < EHRCHT,tS Z (E)m Z o (r=r")IP|
Q,|Q[=my, P/(P,Q)€Ce

mk+171 /
(6.13) < 2lRellrs LEe]
= oe(r —rt)dtt Z (6)
Q7|Q|:mk
2||Re[lrs 0 1

9 ymy
= oe(r —rt)dtt ( ) ) (Ind’ — Ind)nt1

This implies the following estimate :

25Weez\ o€} |y poy S m
(T*T/)dJrl (hlg) ||Rk||r,6(g) k

(6.14) [[D7 Rl <

(since [|RY|lrs = Yoc. ez, || Rellr.s). Applying D~ once more on (6.12), one
has

1 —1
(D1)2R, = Z (D~ R.)a, )RQei(P,X)YQ
c
(P,Q)€C.

and since (D7!) R, is in Cy 5 and lag—1]m 5 < %, then forall 1 < 7 < d+n,

(D' Re)a jpl < (D71 R o gre P61

thus for all ¥ < 7" and §" < &,

4suchIo\{0}{c_1}2 0"

Dil 2RC r < —__\Mk
(6 15) ||( ) || ,0 (T — T')d""l(?“' _ T//)d-i—l ( § )
| - IR
(Iné’ —In o) +(In 6" — In ¢’ )n+1 ellr?
therefore, by the assumption 1.5,
_ 4g(mg)* "
D 1 2RC ! < —__\Mk
(6 16) ||( ) || ,0 (T — T')d""l(?“' _ T//)d-i—l ( § )
' 1
’ ||R0||T,5

(In¢’ —In o)1 (In§” — In §’)n+1

ARTICLE SOUMIS : CHVECTRES-AIF.TEX



30 CLAIRE CHAVAUDRET

Using now the estimate (6.11), for the low frequencies of Ry, one has,
for some constant C’ which only depends on n,d,

(6.17)
||D_1(I - ND_l)RC||T3753
C’g(my,)? ()™ || g CullRellrs
S (e =) = )] [(In(67/6)) (In (67 /67)] T (17 — 73)2d+4(In (65 /8") )2+
therefore
(6.18)
||G2||T3,53
C'g(my,)’ ()™ |agly s Cul R |15

= [0 = )67 = 1 [ /8) (@ )] (7 = a4 (n8/07)7

High frequency part. If C. is in the second case (which implies that
¢ # 0), by the Assumption 1, one has the estimate

_ 2 s o
D7 Rellrsr < ZlIRellrs Y. () 3 e

Q,1QIZmy P/(P,Q)eCe.
(6.19) 5 /
URelles Y ()3 e
Q,1QIZmy P/(P,Q)€eCe.

(the computation is similar to (6.13)) thus

(6.20)
_ Y ,
—1 poo el —(r—r'—ey)|P|
IDT R llrsr <23 NIRellrs D (5) Yoo *
Ce€Too Q,1QIZmy P/(P,Q)eCc
00 o' —(r—r'—¢
< 2/|R| |5 Z (E)IQI Z e ( k)| P
Q.1QIZmk P,|P|>my
AR Nls 8y e 0

)"

I ( ) (Ind’ — Ind)+t!

(as in (6.8) and (6.9), the sums on P and @) were estimated by means of
an integral). Applying D~! once more, one gets
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(6.21)
(D)2 R 6
< AR5 (5_N)mk o= (r=r"—ex)my, o= (r' —r" —e)my,
[(r =7 —er) (" =" — )]0 4 [(In(6"/8) In(8" /8")] "+

4||R130||T,5 0" )mk ef(T*T,,*QGk)mk
[(In(6"/6) In(o” /6")]"+1

S =1 —en) (1 — 1" — )]0t ( )

Finally, using the estimate (6.11),

||N(D_1)2Rzo||7“3,53

4] |R,§O [|r,5(6" /0)™ = (r=r"=2ex)my, |ak|r 5
(6.22) ST =7 =) — " — )] [((0'/8) (0" /&)
Cn,dcw

’ (r" — r3)2d+4(ln 85 — In §")2n+4

which implies that

(6.23)
||Gool| < Cn,d,SHRzO||T7§((SN/6)mk e~ (r—r""=2ex)my,
s S =0 = a0 — = [T [((8'/6) (3" /571
. [(7,// o 7’3)2d+4(1n 53 —1In 5//)2n+4]—1

where C), 4.5 depends on n,d, S but not on the step of iteration.

6.2. Choice of the parameters

We make the following choice of parameters :

§ = 616" = 6g(my) 7 3 & =670, 63 =6"2/8" and 64 = Spir
where D” = 10 + 6n, and

(6.24)
r /A . _ 3 . —
r = T*z(Tk*TkJrl)ﬂ’ = T*g(Tk*TkJrl), r3 = T*z(Tk*TkH),M = Tk+1

This choice implies that r — 7' =1’ — ¢ =" —r3 and

1

In(8'/3)| = [In(6"/8')] = In(35/8")| = 5|In(5" 3)| =

|
mE Hg(mk)
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as well as

Inds —Indy = (n+2)lng(7mk)
my,

Applied to estimate (6.18) on the low frequency part GY, this choice gives

C" k] 5 g(my)? (5 )™

6.25 Gollrs .85 < Z
( ) |Gl 3,03 (7“ — r,)4d+6[%k 1ng(mk)]4n+6

Cw”RkHT,&

Now by assumption 1.6,

44— 1 _4d— 44—
(7“ _ 7“/) 4d—6 _ [Z(Tk _ rk—i—l)] 4d—6 < 44d+6(7"k — Thg1 — €k) 4d—6 < g(mk)
Therefore,

gg(mk>3(%)mk

(5 In g (mye)] 47+

(6.26) 1G5 < 1Rkl

where C¢ only depends on n,d, S. By Assumption 1. 3,

"
(627)  [|GRllrssy < CSg(mie) O Ryllrs < —2< || Rillrs
g(mk)
since D = 10+ 6n. By the smallness assumption 3 on Rj, and the assump-
tion (5.10) on C§ and g, and by the definition of the sequence ((x),

Ck
(628) ||Gg||7“3,53 < TJrl

Concerning high frequencies, when applied to estimate (6.23), the choice
of parameters implies

(6.29) )
1G5, < CrtssIRElns@/0)™  enCr2me 1
73,03 X

7 T\ Tk
(=7 = D [P g 4

))72d74

Again by Assumption 1.3 and 1.6, this implies

(6.30)
G52 rg,55 < Crna,sl| R |1 g (my,) 1 HAT D204 (577 ) gymic o= (r=r7=2e)m

Therefore, since D" > 2+4(n+1)+2n+4 and since (8" /8)"™* < g(myg)~ 2",
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Cvn7 S
g(my)

which implies, using the assumption 3 and the definition of the sequence
(Ck), that

(6.31) NG s 55 < 123 Ir.s

k
162l < 2

The following estimate of Gy, is finally obtained :

(6.32) Gkllrs.65 < Chr1

Analytic bounds on the differential DGy of Gy, will also be necessary. For
all 1 < j <d,

(6.33)
10x,Grllross = > [liPiGrpolle™! "o
P,Q>my,
i - —(n
< (5_:)mk||Gk||r3,63 (rg —r4) (d+2)(1n53 — Indy) (n+1)

-/

Similarly, for all 1 < j' < n,

(6.34)
10y, Gillris = Y [1QyGrpglle™Pla¢ ™!
P,Q>my,
1)
< ()™ |Gl g5 (3 — 74) @D (In 65 — In §,) = +2)

ds

Therefore (using the estimate (6.32), the assumption 1.6 and the choice of
04),

||DG7€||T4754 = Hjl?,x{”axj Gk||7“4,547 ||8Yj/Gk||T4754}

(6.35) 54

< (g)m’“g(mk)nﬂﬁcﬂ < Crt1
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6.3. Change of variables

Let Gi, be the vector field on Oy41 with order my + 1 defined in Section
6.1, and let ®; = Id + G}, (this is a slight abuse of notation : we identify
the vector Gx(X,Y) € C? x C" with its projection on C?/Z? x C"). Then

||(I)k - Id||7“k+1,5k+1 = ||Gk||Tk+176k+1 < Ck-i-l

therefore property 3 holds. One sees that ®y, is a diffeomorphism from Oy
to O : indeed, if (X,Y) € Op41, then for all 1 < j < d,

,j I ~ X
(6.36) [P (X, V)| < | X5+ Crr < Thg1 + Chtr

and the assumption 1.6 implies that |®y ;(X,Y)| < rg, as long as g(my) is
large enough as a function of d,.S, which is not a restrictive assumption.
Foralll1<j <n

)

(6.37) @k, (X, V)] < |Yir [ 4 Copr < Okpr + G

therefore ®; has values in Oy, if it can be shown that

2Cg 17410
638 Sk b di = denglm) T~ 1)

Since by the assumption (5.9), (o < 261,,/ oo, then in particular 2C¢¢, <

S

Ok+1 ; Moreover,

174100 1 1 1 1
g(mk)”:li.o -1 > Mlng(mk) > M

-1 -1
o —— g(mx) g(mx)

which implies (6.38). Therefore ®;, has values in Oy.

By the estimate (6.35), for all (X,Y) € Op1, the spectrum of D®(X,Y)
cannot contain 0 since

|DPi(X,Y)| > 1 — 2(k41-
Therefore ®, is injective on Ok41 and <I>,;1 is defined on @ (Og+1) C Ok.
Property 4 also comes from the estimate (6.35).

Moreover, ®;, satisfies

@ (Nk41 + Riy1) = N + Ry,

where
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Nit1 = Ng + T"™ 'Ry, — Ry,

and

(6.39)
I+ DGy)Rys1 = —DGy, kaﬂ—le — Ri) + (R, — T™+1 7 Ry) + DRy Gy,
+

+Zh

122

Or(Ry + Ny) - GE
IdJrn

Thus, under the property 1 of Assumption 1, Riy1 has order myyi. Mo-
reover, for any vector field F of order mj, and any index I € N¢+n,

(6.40)
112 | P .
b ' o ! P 1QI—1]
= P 1Py Iq o FP ol Plrer g
P K%;mk " ) (@1 — Loy (@n — Tagn)! 79 k1

< (Bt /00) ™ (11 = Th1) T 7T (I0 G — I Gy ) T T T T B
< (h41/06)™ (C(n, d)g(m)) |, 5

which, applied to Ny and Ry, implies

(6.41)

||(I + DGk)Rk+1||Tk+l76k+1
< Celrg1 + (5k+1/5k)mk“ék + C(n,d)(Okt1/0k)™* g (M) CCrpa

+ 5k+1/5k Z . C(nvd)g(mk))uHHnQﬂl(Ck +77k)

[
[1]>2 dtn!

< Crlrt1 + 1—OCk+1 + CrCrt1
+ Gon B g(m)™ Y e (S D))

L
11]>2 d+n

1
g —
2Ck+1

Now
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(6.42)
||(I+ DGk)Rk+1||Tk+175k+1 2 ||Rk+1||ﬁc+175k+1 - ||DGkRk+1||Tk+175k+1
=

(1 - Ck+1)| |Rk+1 | |Tk+1,5k+1

which, together with (6.41), finally implies that |[Rey1l|re, 6000 < Co1,
whence property 2.

The vector field Ny satisfies the following estimate :

(643) ||Nk+1 _S||"'k+176k+1 < ||Nk - S||Tk,5k +||Rk||Tk76k < Mk +Ck < Mit1
whence property 1. This concludes the proof of Proposition 5.6. [
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