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ABSTRACT

The paper provides a probabilistic analysis of an algorithm
which computes the ged of £ inputs (with ¢ > 2), with a
succession of £ — 1 phases, each of them being the Euclid
algorithm on two entries. This algorithm is both basic and
natural, and two kinds of inputs are studied —polynomials
over the finite field F; and integers—. The analysis exhibits
the precise probabilistic behaviour of the main parameters,
namely the number of iterations in each phase and the evolu-
tion of the length of the current gcd along the execution. We
first provide an average-case analysis. Then we make it even
more precise by a distributional analysis. Our results rigor-
ously exhibit two phenomena: (i) there is a strong difference
between the first phase, where most of the computations are
done and the remaining phases; (ii), there is a strong sim-
ilarity between the polynomial and integer cases, as can be
expected.

Keywords

GCD algorithm, average-case analysis, analytic combina-
torics, generating functions, dynamical analysis

1. INTRODUCTION

Computing gcd’s is a main operation, perhaps the fifth
main arithmetic operation. Indeed, in many symbolic com-
putation systems, a large proportion of the time is devoted
to computing gcd’s on numbers or polynomials in order to
keep fractions under an irreducible form (see [19, 20]). Here,
we deal with the case when inputs are either integers or poly-
nomials over a finite field ;. When there are only two in-
puts (polynomials or integers), various methods have been
designed to compute ged’s. The Euclid Algorithm or its
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variants play a central role here, and Knuth writes in [14]
that the Euclid algorithm can be called “the granddaddy of
all algorithms, because it is the oldest nontrivial algorithm
that has survived to the present day”.

In this paper, we are concerned by the case when the
ged of ¢ inputs z1,..., x¢, with £ > 2 has to be computed.
Since it is easy to compute the gcd of two entries, the most
straightforward algorithm which is also described in Knuth’s
book [14] is a sequence of £ — 1 gcd computations on two en-
tries: one lets y1 := x1, then, for k € [2..4], one successively
computes yi = ged(xg, yp—1) = ged(x1,x2,...,25). The
“total” ged is y¢ = ged(x1,x2,...,x¢), and it is obtained
after £ — 1 phases. We call it the plain ¢-Euclid algorithm.

This algorithm cannot be easily extended for computing
small Bezout coefficients and we do not claim it is efficient.
However, a first step in analysis of algorithms is to under-
stand and precisely analyze even the simplest algorithms;
Such an analysis then provides a basis of comparison for
other algorithms of the same class.

To the best of our knowledge, the plain /-Euclid algorithm
has not been yet analyzed®. The situation contrasts with the
case ¢ = 2, where the classical Euclid algorithm and its main
variants running on integers or on polynomials are now pre-
cisely analyzed. See [2, 10, 13] for analyses on polynomials,
[11, 6] for the first analyses on integers and [12, 18, 1, 15]
for more recent ones. As usual, the results are similar in the
two cases. The length is the degree of the polynomial, or
the logarithm of the integer, and the length of a pair is the
maximum of its components. With respect to the length,
the mean number of iterations is linear, the arithmetic com-
plexity is quadratic. There are also precise results on the
distribution of the number of iterations, which is asymp-
totically gaussian. Observe that the analysis is much more
difficult in the integer case. In the polynomial case, clas-
sical tools of analytic combinatorics, described in [8], may
be used, whereas the analysis in the integer case is based
on a methodology which mixes analytic combinatorics and

!The analysis of the plain algorithm was proposed as an ex-
ercise in Knuth’s book (second edition) [14], and quoted as
a difficult one (HM48). However, for reasons we do not un-
derstand, the exercise disappears in the third edition....Too
bad!



dynamical systems [18].

For the ¢-Euclid algorithm, it is natural to choose, as the
length of the input, the sum of the length of its components.
Changing the input length yields a different probabilistic be-
havior, even when ¢ = 2. We show the following: in the case
¢ = 2, the mean number of iterations remains linear with re-
spect to the (new) length but the distribution of number of
iterations is now asymptotically uniform. In the case £ > 3,
our analysis exhibits a strong difference between the first
phase and the following phases. In the first phase, the num-
ber of iterations has a linear mean and follows a beta law (the
same as the law followed by the minimum of ¢ — 1 reals i.i.d.
in the unit interval). In the following phases, the number of
iterations is constant on the average and follows a geometric
law. These results can be expected, as Knuth wrote “In most
cases, the length of the partial gcd decreases rapidly during
the first few phases of the calculation, and this will make the
remainder of the computation quite fast” [14]. Our analy-
sis shows that, in most cases, “almost all the calculation”
is done during the first phase. This will make possible to
compare (in the extended version of this paper) the ¢-Euclid
algorithm to another strategy proposed in [3].

Plan of the paper. Sections 2, 3, 4 are devoted to the
polynomial case, and Section 5 to the integer case. Section
2 describes the algorithm and states the main results, then,
Sections 3 and 4 are devoted to the proofs, mainly based
on analytical combinatorics: we use generating functions,
built in Section 3, and used in Section 4. Section 5 explains
the strong similarity between the two cases (polynomial and
integer); it presents the useful generating functions (here of
Dirichlet type), states the main results (only for the average-
case) and briefly describes the main steps of the proof. We
also explain why distributional results may be expected.

2. MAIN RESULTS FOR POLYNOMIALS.

We consider the ring Fq[X] of polynomials over the finite
field F, with ¢ elements, and the degree of a non zero poly-
nomial z is denoted by d(z).

The plain ¢-Euclid algorithm on Fy[X] deals with a se-
quence of £ nonzero polynomials and computes their greatest
common divisor y via a sequence of £ — 1 gcd computations
between two polynomials, as we previously explained.

Each phase is a 2-Euclid Algorithm which performs a gecd
computation between two polynomials, with a sequence of
Euclidean divisions, as recalled as follows:

The Euclid Algorithm on (a1, a2) with d(a1) > d(as2)
a1l = mias + as 0< d(ag) < d(ag)
as = moa3 + a4 0< d(a4) < d(a3)
= - +
ap—1 = Mp-10p + Gpt1 0 < d(ap+1) < d(ap)
ap = Mpapt1  + 0

Then, gcd(ai,a2) is the last non-zero remainder api1. It
can be chosen monic. The number of steps (here equal to p)
is one of the main parameters of interest.

This paper aims at precisely understanding the random
behavior of the plain algorithm. Since the algorithm is a
succession of phases, it is important to describe each phase
of index k (k € [1..£ — 1]), with the following parameters:

(7) the number Ly of divisions performed during the k-th
phase,

(é1) the degree Dy of the ged yi at the beginning of the
k-th phase.

We are also interested in the analysis of global parameters.
(#17) The algorithm may be interrupted as soon as Dy, = 0,
and II is the number of useful phases. Namely:
II=0if D; =0 and II := max{k|Dy > 0} if D1 > 0.
(iv) The total number of divisions of the interrupted al-
gorithm is defined as
L=0ifI=0and L=L1+ Lo+ ...+ Ly if II > 0.
The possible inputs are all the sequences x formed of ¢
polynomials, and we limit ourselves to monic polynomials,
without loss of generality. Then the set of inputs is Q = U*,
where U is the set of monic polynomials. Here, the size of
the input z is the total degree of the sequence (and not the
maximum, as it is often the case), and we let

d(z) =d(z1,z2,...,2¢) :=d(x1) + d(z2) + ... + d(z¢).

The subset (2, formed with the inputs of size n is a finite
set, and it is endowed with the uniform probability. Now,
the parameters of interest become random variables and we
are interested in their probabilistic features.

With analytic combinatorics methodology, we prove the
following two results. The first one deals with the expected
values, whereas the second one describes asymptotic limit
laws.

2.1 Average-case analysis.

Theorem 1 below exhibits a strong difference between the
first phase and the following ones. It shows that, on average,
the first phase performs a linear number of iterations which
involves the entropy 2¢/(q — 1) of the Euclid dynamical sys-
tem; then, even if the degree of the first ged is linear with
respect to the input size, the degree of the gcd is proven
to be of constant order after the first phase on the average.
Then, the number of divisions Li which will be performed
in the following phases, together with the degrees Dy, of the
following ged’s will be of constant order.

THEOREM 1. [Ezpectations]. When the set 2, is endowed
with the uniform distribution, the following holds:
(a) The expectation of the number of iterations L1 during
the first phase is linear with respect to the size n and satisfies
g—1n 3g+1 1
—_= of(=).
2q /£ + 4q + n
(b) For any k € [2..£ — 1], the expectation of the number

of iterations Ly during the k-th phase is asymptotic to a
constant, and satisfies

=23 ivo (1))

(¢) The expectation of the degree of the first polynomial x1
is linear with respect to the size n and satisfies

En[L1] =

E,[Ds] = %

(d) For any k € [2..£—1], the expectation of the degree Dy,
of the gcd yi at the beginning of the k-th phase is asymptotic
to a constant, and satisfies

wini oo 2]



2.2 Limit Laws.

The following result makes more precise the results ob-
tained in Theorem 1, and explains more deeply the difference
between the first phase (k = 1) and the following phases.
For k = 1, the expected degrees of the first two polynomials
z1 and x2 are linear, and the number of divisions is closely
related to min(d(z1),d(z2)). Then, it is natural to expect
beta laws for the first phase, more precisely a beta law of
parameter (1,¢ — 1), since it is the law of the minimum Y
of £ — 1 random variables i.i.d. on the unit interval, which
satisfies P[Y > x] = (1 — z)*~%. Such a law has a density
equal to (¢ — 1)(1 — z)¢"2. For £ = 2, this is the uniform
law. For the following phases, geometric laws are expected,
since the means of the gcd degrees are of constant order.

The next result describes the asymptotic distribution of
Ly, [Assertion (a)] and Dy [Assertion (b)]. At first glance,
the results do not seem to heavily depend on the index k of
the phase. However, it is not true, since the two ratios
pr = (g—1)/(¢" = 1) (in case L), 7y, :=¢*~* (in case D),
are equal to 1 for £ = 1 and strictly less than 1 for k > 2.

THEOREM 2. [Limit laws.] When the set Qy is endowed
with the uniform distribution, the following holds:
(a) The number of iterations L1 during the first phase asymp-
totically follows a beta law of parameter (1,¢— 1) on the in-
terval [0, (¢ — 1)/(2q)] whereas, the number of iterations Ly,
during each following phase asymptotically follows a geomet-
ric law with ratio py, := (¢ — 1)/(¢* = 1). One has:

Pn [Lr >n/(k+1)] =0, for any k.

For any k, the distribution of Lj satisfies when n — oo,

Py[Ly > m] = (qqk—_ll)m [1+O(%)} for m = o(n),

and for m/n — ¢ with ¢ €]0, k%tl ql;,:l[

=2 (- 528 o ()]

(b) The degree D1 of the first polynomial x1 asymptotically
follows a beta law of parameter (1,£—1) on the interval [0, 1],
whereas the degree Dy of the ged yir at the beginning of each
following phase asymptotically follows a geometric law with
ratiory :=¢*~*. Onehas: P, [Di > n/k] =0 for any k.
For any k, the distribution of Dy, satisfies when n — oo,

P,[Dy > m] = ¢ =F™ [1 +0 (%)} for m = o(n),

and for m/n — ¢ with ¢ €]0,1/k]
MU&znﬂ:¢kaUfkd“1P+O(lﬂ,
n

2.3 Global parameters.

The interrupted algorithm stops as soon as the ged yx is of
degree 0. Let II(z1,...,z¢) be the number of useful phases.
Since the event [II > k] coincides with the event [Dj > 1]
for k € [1..£ — 1], Theorem 2 leads to the following:

THEOREM 3. When the set 2, is endowed with the uni-
form distribution, the distribution of the number I1 of useful
phases satisfies Pp[I1 > 0] = 1, P,[II > £] =0,

PAHZH:q“kP+O<%ﬂ fork e [L.0—1].

The following result studies the total number L of divi-
sions performed by the interrupted version (see the proof in
the appendix). With Theorems 1 and 3, the mean is easy to
study. Moreover, Theorems 1 and 2 prove that the variance
of L, is quadratic whereas the variance of Ly (for k > 2) is
of constant order. Then, the linearity of the mean with the
Markov inequality entail that L has the same asymptotic
distribution as L.

THEOREM 4. When the set Q, is endowed with the uni-
form distribution, the total number of divisions L performed
by the interrupted version of the ¢-Fuclid algorithm has an
expected value E,[L] equal to

-1 o
q—1n 3qg+1 q qg—1 J4
—_— = ol—).
20 (1 4q +kzﬂ{qk+q’“—1}+ (ﬂ

Moreover, the number L asymptotically follows a beta distri-
bution of parameter (1,£—1) on the interval [0, (¢—1)/(2q)].

3. GENERATING FUNCTIONS
3.1 General setting

We use the analytic combinatorics methodology, and deal
with its main tool, the generating functions. We use a vari-
able z; to mark the degree of the i—th polynomial z;, and
the generating function F(z1,zs,...z) of the set Q = U*,
relative to the size d, is defined as

.2g) = Z Zl(E1) pdl=2) ...z?(”).
zeut
It is equal to the product U(z1) U(z2)...U(z¢), where U(z)

is the generating function of the set U of the monic polyno-
mials relative to the size d, namely

U(z) = sz(z) = q"z" = .

z
zeU n>0 q

F(z1,z22,..

Most of the time, we limit ourselves to the case when all
the variables z; are equal, and we write F(z) instead of
F(z,---,z). For studying a parameter (or a cost C') on
Q = 1%, a main tool is the bivariate generating function
relative to some cost C, obtained by introducing a further
variable u to mark the cost, and defined as

F(z,u) := Z 2@y C@
zeud

We are first interested in the mean value of parameter C,
and we deal with the cumulative generating function

ﬁ@:%ﬁwmh mdmm:%%%.m

The probability distribution of the cost C' can be studied
with the generating function F'(z,u), via the relation
[z" u'|F(z,u)
[z"]F(2)
Then, the probabilities P,,[C' > m] are expressed with the
“cumulative bivariate generating functions” defined as
"] F ()
[z"]F(2)
(

P,[C =1i] =

ﬁ[m](z) = Z[ui}F(%u), and P,[C > m] =

2)



3.2 Another expression for the generating func-
tion
We first obtain an alternative expression for the generat-
ing function F(z) with a product of £ — 1 factors, each of
them describing a phase of the algorithm.

PRrROPOSITION 1. The generating function of the set Q =
U* with the size equal to the total degree decomposes as

£—1
F(z)=U(2) =U(") - [] T(2 ")

and involves the phase-function T defined as
Ul)+U((t) -1

1-G(zt)
the generating function U(z) of monic polynomials, and the

generating function G(z) of general polynomials with strictly
positive degree, i.e.,

T(z,t) = 3)

Uz) = — Gz) = (4= Daz.

T 1-gz 1—gz

Proor. The Euclid algorithm first compares the degrees
of z1 and z2. There are three cases:

d(z1) = d(z2), d(z1) > d(z2), d(z1) < d(z2).
In the first case, there is an extra subtraction, which can be
viewed as a division with a quotient equal to 1.

In all the cases, the ged y := ged(z1,x2) together with
the sequence of quotients (m1,ma,...mp) completely deter-
mines the input pair (z1,z2). More precisely, one writes
(z1,22) = (yZ1,yT2) with a coprime pair (Z1,Z2) and the
execution of the Euclid algorithm on the pair (Z1,Z2) pro-
duces the same sequence (m1, ma, ... mp) as the pair (1, x2).
The first quotient m; is monic (this is due to the fact that
21 and z2 are monic) and the remainder of the sequence
3 = (ma,...myp) is formed with general polynomials m; (no
longer monic) with d(m;) > 1. As previously, the total de-
gree of ¥ is d(X) = d(m2) + ... + d(myp).

We now focus on the first quotient mi, and we consider
the three following possible cases:

(a) If d(z1) = d(x2), then m1 = 1.
(b) If d(z1) > d(z2) then

dmi) > 1, d@2)=4d(%), d(Z1)=d(mi)+d(D).
(¢) If d(z1) < d(z2) then
d(m1) >1, d(ﬁj\l) = d(E), d(/.fz) = d(m1) + d(E)

All these remarks provide an alternative expression of
the product U(z1) U(z2). Indeed, we use the two relations
ZT(Il)ZS(I’z) — (ZIZQ)d(y) ~Zf(z1)zg(m2),

2(2122)(1(2)]7

Z Zil(il)zg(iz) —1 +Zzi1(m1) _|_Z<21(m1):|
=

Z1,T2 mi

together with the conditions previously described on the first
quotient m1, the sequence ¥ and the gecd y. The first factor
gives rise to the generating function

14 (U(z1) = 1) + (U(z2) = 1) = U(z1) + U(za) — 1

which involves the generating function U(z) of monic poly-
nomials, whereas the second factor is expressed with the gen-
erating function G(z) of general polynomials with a strictly
positive degree, under the form 1/(1 — G(z122)). We have
then proven the following alternative form for the product

U(Zl) U(ZQ) = U(leg) . T(Zl, 22).
When we replace this expression into the total product
U(Zl)U(Zz)U(Zg) :F(Zl722,...,2£)
and iterate the transformation, we obtain an alternative ex-
pression for the generating function F(z1,22,...,2¢) with a
product of ¢ — 1 factors, each of them involving the phase-
function T' at points zx and tx = 21 ... 2%

£—1

2) =U(te) - [ [ T(zrra, ta).

k=1

F(Zl,ZQ,...

It can be useful in some studies to keep all the variables
zi, but here, we let z1 = 22 = ... = z¢, and we obtain an
expression of the generating function F(z). [

3.3 Generating functions for parameters of in-
terest

When studying the parameter Lj (number of steps in the
k-th phase), we use an extra variable v which marks each
step of the k-th iteration, and we deal with the generating
function

U(z)+U((t)—1
1 —uG(zt)

which replaces T'(z, 2*) inside F(z).

When studying the parameter Dy, (degree of the ged at the
beginning of the k-th phase), we use an extra variable w
which marks the degree of the ged yi, and we deal with the
generating function

T(z,t,u) =u with t = 2%,

U(t,u) = with t = 2",

1 —qut
which replaces U(z") inside F(z). Finally:

PROPOSITION 2. For any k € [1..£—1], the bivariate gen-
erating function Li(z,u) relative to the number of divisions
during the k-th phase satisfies
T(z, 2", u)

T(z,2%)
For any k € [1.4 — 1], the bivariate generating function

Dy (z,u) relative to the degree of the k-th ged yi at the be-
ginning of the k-th phase satisfies

Li(z,u) = U(z)" -

U(2",u)

Dy(z,u) = U(2)" - EIR

With Proposition 1, the functions T'(z, z*,u) and U(2*, u)
admit precise expressions, and Proposition 2 leads to the
expression of the bivariate generating functions Ly (z, v) and
Dy (z,u)

Ly(z,u) " 1 - G(zF) Di(z,u)  1—gz" (@)
U(z)! 1 —uG(zF1)  U(z)* 11— quzk’
Finally, taking the derivative with respect to u, we obtain
the cumulative generating functions
Li(z) 11— gt Dy (2) g (5)
U(2)t ™~ 1—g22k+0’ U(z)t  1—qzk’

Extracting in (4) the coefficient of [u’] in the bivariate gen-
erating functions and taking the sum over i > m gives

LM (z) D" (2)

U(2)*

oy~ O

= (@)™ (6)



4. FINAL STEPS FOR THE PROOFS.

We have obtained in (5) and (6) the expressions of useful
generating functions, that are always here fractional func-
tions. It is then possible to use (1) and (2) to obtain an
exact expression of the expectation and probability distribu-
tion of the parameters Dy and L;. However, we are mainly
interested in the asymptotic behaviour (as n — 00) of these
probabilistic features. Singularity analysis describes the pos-
sible transfer between the behavior of a generating function,
viewed as an analytic function, near its dominant singularity
(the singularity closest to 0) and the asymptotic behavior of
its coefficients. More precisely, the position and the nature
of the dominant singularity play a fundamental role.

4.1 Average-case analysis.

Here, the main tools are the cumulative generating func-
tions (5). They both admit a dominant pole in z = 1/g but
the order of the pole is different according to the phase. For
the first phase (kK = 1), the pole z = 1/q is of order £ + 1
whereas for the other phases (k > 2), this pole remains of
order /.

We now use the following result, here quite trivial since
we deal with rational fractions.

LeEMMA 1. Consider a function f(z) = g(2)/(1—qz)? with
J > 2 which involves a function g(z) which is analytic in the
disk |z| > 1/q and satisfies g(1/q) # 0. Then,

G =0 (5) (” Y 1)q“g' () (" I 2) ",

with a remainder term in O (njfsq"). The previous esti-
mate also holds if g admits simple isolated poles on the punc-
tured circle {|z| =1/q,z # 1/q}, as soon as j > 3.

We first consider the case when the phase index k is at
least equal to 2. In this case, with the expressions of the
cumulative generating functions Dy (z) and Ly (z) given in
(5), the lemma applies with j = £ and

1—gzktt 1 -1
— -9 2 = L
9(2) = 7 e 90y g (case L),
k
gz 1\ 1

Consider now the case when the phase index k equals 1.
In this case, the integer j equals £ + 1, and

1 — gz?
D =
(case D). g(s) = T

In both cases L and D, the lemma applies. In case D, we

obtain:
"Di() = " <”+f_ 1)‘

We remark that, in case L, the function g admits z = —1/q

g9(z) =qz (case L).

as a simple pole and we obtain [2"]L1(z) =

_q_ln n+4 Q+3 n—1 n+f—1 -2 n
- 2qq<€)+ 1 1 <€—1>+O<n q)'

(n+l—1) qn

In all the cases, the normalization by card(Q.) = ("} ]

proves Theorem 1.

4.2 A general framework for limit laws.

The “cumulative bivariate generating functions” which are
useful for the study of the distributions at the k-th phase are,
due to (6), of the form

U(z)" - Ar(2)™,

where the function Ax(z) depends on the index of the phase,
and the type of parameter. One has

Ai(2) = ¢z* (type D), (7)

k+1

) = UZUE GG (e D). (9)
In all the cases, the generating functions are expressed as a
product of the function U(z)* which has a pole of order £ at
z =1/q, with a “large power” of a function A(z). The term
“large power” is used since the exponent m may depend on
the size n. As the following proposition shows it, there are
two main cases, according as the value of A at z = 1/q is
equal to 1 or not. The first case happens for £ = 1 and leads
to beta distribution, whereas the second case happens for
k > 2 and leads to geometric distributions.

The following result is proven in the appendix.

PROPOSITION 3. Consider the function
1
A=2)",

[m] _ .
F'"(z) = a2
where A(z) is analytic on the disk |z| < p with p > 1 and
satisfies a = A(1) # 0, b := A'(1) > 0 and for |z| close
enough to 1, |A(z)| < A(]z]).
Then, the coefficient of 2™ in FI™ (2) satisfies the following:
(a) When m/n — 0, then
-1

(;71)!'“7”[”0(%)}‘

2 F (2) =

(b) When m/n — ¢ for some ¢ €]0,a/b| then

0— -1
e (=2 o))
4.3 End of the proof of Theorem 2.

The probabilities P,,[Ly > m], P,[Dy > m] are related to
the coefficient of 2™ in the generating functions described in
(6), and the functions Ax(z) of interest are given in (7) and
(8). Since, in case D, A(z) is multiple of z*, and, in case
L, A(2) is multiple of 2", we first deduce the equalities

P, [Dk >n/l€] =0, P, [Lk >’I’L/(k'—|—1)] =0.
After a change of variable z — z/q, the hypotheses of Propo-
sition 3 are fulfilled for z — Ak (z/q), and one has,

(=" (2) =

_ b
ar=q"", a—k =k (case D),
k
o = 11 bk (k+1)L (case L)
k_qk_lv ak_ qk_la .

For k = 1, the constants aj, are equal to 1, whereas they are
strictly less than 1 for k£ > 2. Finally, the normalization by

card (),
e e (7))

proves Assertions (a) and (b) of Theorem 2.

card(Q,) =



S. THE INTEGER CASE.

We now briefly explain how a similar study can be per-
formed in the case of the Euclid algorithm on integers. As
usual (see for instance [15, 18]), the polynomial study shows
the road, and similar results are expected in the integer
study, even if they are often more difficult to obtain and
less precise.

5.1 The plain algorithm on integers.

In the integer case, the /—plain Euclid algorithm has ex-
actly the same structure as in the polynomial case. It is
composed with ¢ — 1 phases, each of them being the Euclid
algorithm which performs the gcd computation between two
integers. Its execution is described as in Figure of Section 2,
and the degree is just replaced by the integers themselves.
The main parameters of interest are the same, and Dy is
now the length of the gecd yx, namely its logarithm.

The possible inputs are all the sequences x formed of ¢
integers, and we limit ourselves to positive integers, without
loss of generality. Then the set of inputs is Q = N, where
N is the set of positive integers. Here, the size of the in-
put z equals the product of its components x1 - x2 - ... - z¢,
and the length of the input is the sum of the lengths of its
components.

Here again, the subset 2n formed with the inputs of size
at most IV is a finite set, and it is endowed with the uniform
probability.

5.2 Dirichlet generating functions.

The generating functions are now of Dirichlet type, and
the basic one is the generating function of the set N¢. We
deal with ¢—uples z of integers z = (x1,x2,...2,) and con-
sider the generating function

F(s1,82,...5¢) = Z %%...%:C(sl)..((se),

Ty

where the ¢ function is the generating function of N,

1
¢(s) := —.
(s) Lo
The main case of interest s1 = s2 = ...s¢ = s gives rise to
F(s):=F(s,...,s) =((s)"
However, we begin with the generic case when the f—uple
s=(s1,...,5¢) is general.
The first step derives, as previously, a decomposition for
the product ((s1) ((s2), of the form

C(s1) ¢(s2) = (51 + 82) - T'(s1, 52),

where T'(s1,s2) is the phase generating function which de-
scribes the Euclid algorithm on two integers. In the integer
case, the 2-Euclid algorithm is described with the transfer
operator, related to the underlying dynamical system, and
introduced by Ruelle in [16] in a general setting. This op-
erator deals here with the Gauss map S defined by S(z) :=
1/z — [1/z], and the set G of its inverse branches, namely

1
= m : e > .
G {h (Wit s m 1}

It depends on a complex parameter s, and acts for Rs > 1
on functions defined on the unit interval as

G.[f1(t) = D W (@)% f o h(t). (9)

heg

The following result provides an analog of Proposition 1.

PROPOSITION 4. The generating function of Q = N* with
the size “product of inputs” can be written as

-1
F(s) = ((s)" = C(ts) - [T Ts. ks),
k=1
and involves the phase-function T defined as

T(s.0) = 5 (1= Gued) Mo (G + O], (10)

where G is the transfer operator relative to the Fuclid dy-
namical system, defined in (9).

ProOF. The Euclid algorithm first compares the two in-

tegers x1 and x2. There are three cases:
xr1 = T2, xr1 > x2, r1 < T2.

In all the cases, the ged y := ged(z1, z2) together with the se-
quence of quotients (mi,ma,...mp) completely determines
the input pair (z1, z2). More precisely, one writes (z1,z2) =
(y 1,y T2) with a coprime pair (Z1,Z2) and the execution of
the Euclid algorithm on the pair (Z1, Z2) produces the same
sequence (mi,ma,...my) as the pair (z1,z2), with now re-
mainders Z; which satisfy x; = yZ;.

The execution of the Euclid algorithm on the pair (Z1, Z2)
with Z; > T2 builds continued fraction expansions

/IE\Q /$\3
=~ =h 0 — = ¢g(0).
5 0 g(0), z 9(0)

Here, h := h,y,, is related to the first quotient and g = hm, ©
hmg ©...0 hp, is related to the sequence (mz,msa, ..., mp).
Since the two pairs (Z1,Z2) and (Z2,Z3) are coprime, the
denominators of each rational are expressed with derivatives,

2 = [009) O = IO l§ 0Nl 25 =19 O]

Then, in the case when 1 > T, the sum

11 s s1+s
Y = = LW (g(O) 19 (0) T,
Ty Lo g

12T
can be expressed with the transfer operator G, as®

% [(I - GS1+£2)_1 © GSI [1}(0) + 1] .

The case To > Z1 can be dealt with exchanging the roles of
71 and T»2. Finally, the relations

1 1 1 1 1
zgg;z 5 2 zﬂ: ysits2 :?%2 T a
entail the equality ((s1)¢(s2) = ((s1 + s2) - T'(s1, $2),
where T is defined in (10). When we replace this expression
into the total product

(:(81) (:(52) e C(Sg) = F(Sl, S2,..., Sz),
and iterate the transformation, we obtain an alternative ex-
pression for the generating function F(s1,s2,...,s¢) with a
product of ¢ — 1 factors, each of them involving the phase-
function T' at points s, and tx = s1 + ... + Sk,

£-1
se) = C(te) - [[ T(skrnth).

k=1
2The factor (1/2) is here to take into account the fact that

any rational of ]0,1] admits two continued fraction expan-
sions: the proper one and the improper one.

F(Sl,SQ,...




It may be useful in some studies to keep all the variables
si, but, here again, we let s1 = s2 = ... = s/ = s, and we
obtain the expression of the generating function F(s). [

5.3 Dirichlet generating functions for param-
eters of interest

When studying the parameter Lj (number of steps in the
k-th phase), we use an extra variable u which marks each
step of the k-th iteration, and we deal with the generating
function

2T (s,t,u) = u(l — uGsis) " 0 (Gs + G¢)[1](0),

with ¢ = ks, which replaces 2T(s, ks) inside F(s).

When studying the parameter Dy (length of the ged at the
beginning of the k-th phase), we use an extra variable w
which marks the length of the ged yi, and we deal with the
generating function

ulog n

C(tv 'LL) = Z

n>1

=((t — logu) with t = ks,

nt
which replaces ((ks) inside F'(s). Finally, we obtain an ana-
log of Proposition 2.

PROPOSITION 5. For any k € [1..£—1], the bivariate gen-
erating function Lk (s,u) relative to the number of divisions
during the k-th phase satisfies

T(s, ks, u)

L (s,u) = ¢(s)" - T(s. ks)

For any k € [1..£ — 1], the bivariate generating function
Dy(z,u) relative to the size of the k-th ged yi at the be-
ginning of the k-th phase satisfies

C(ks — logu)
((ks)

With Proposition 4, the function T'(s, ks, u) admits a pre-
cise expression. Using Proposition 5, and taking the deriva-
tive with respect to u, we obtain the cumulative generating
functions

Di(s,u) = ¢(s)" -

Di(s) _ ¢(ks) Li(s) _ T(s,ks) (1)
) Llks)”  L(s)" T(s,ks)

Remark that the Dirichlet series

~

T(s,ks) = (89%(87 ks, u)|u=1

involves two occurrences of the quasi-inverse (I —G (x41s) -1

5.4 Average-case analysis results.

The following result is an exact analog of Theorem 1.
In particular, in Assertion (a), the entropy m2/(6log2) of
the integer Euclidean system replaces its polynomial analog
(29)/(g — 1) on Fy[X].

THEOREM 5. [Ezpectations|. When the set Qn is en-
dowed with the uniform distribution, the following holds:

(a) The expectation of the number of iterations L1 during
the first phase is linear with respect to the length log N and
satisfies

6log2 (1 1
En[L1] = 7‘:2g (ZlogN) {1+o<logN>].

(b) For any k € [2..£ — 1], the expectation of the number
of iterations Ly during the k-th phase is asymptotic to a

constant ar which is expressed with the operator Gs at s =
k+1,

Exn (L] = ax [1 40 (10;1\7)} .

(¢) The expectation of the length of the first integer ui is
linear with respect to the length log N and satisfies

1
¢

(d) For any k € [2..£ — 1], the expectation of the length of
the ged yi at the beginning of the k-th phase is asymptotic
to a constant, and satisfies

w12 = o [+ ()|

5.5 Main principles for the analysis.

EN[Dl] = IOgN.

We have obtained in (11) the expressions of the cumu-
lative generating functions. It is now possible to “extract”
coefficients of these Dirichlet series, with an analog of (1).

However, for Dirichlet generating functions, it is (very of-
ten) only possible to study the sum of the coefficients for
n < N, and this is why we deal with the set Qx of inputs
with size at most N. Then the mean value of cost C on Qx
is obtained from the cumulative generating function as

Senn I (s)
EnSN[n_S]F(S) '

As previously, singularity analysis performs a transfer be-
tween the behavior of a Dirichlet generating function, viewed
as an analytic function, near its dominant singularity (here,
the singularity with the largest real part) and the asymptotic
behavior of its coefficients. The position and the nature of
the dominant singularity play a fundamental role.

En[C] =

However, this transfer is more difficult for Dirichlet series.
As previously, the basic tool is the Cauchy formula, but,
here, the circles centered at 0 are replaced by vertical lines,
which are not compact. For this short version, we use here
the following Tauberian theorem, due to Delange [5, 17],
which deals with Dirichlet series with positive coefficients,
but does not provide any remainder term. This is why we
only prove here, in this short version, a weak version of
Theorem 5, without remainder terms.

THEOREM 6. Let F'(s) = 3,5, ann”° be a Dirichlet se-
ries with non negative coefficients such that F(s) converges
for R(s) > o > 0. Assume the following:

(2) F(s) is analytic on R(s) = 0,s # o,

(it) for some v > 0, one has

F(s) = A(s)(s — o)1 + C(s),

where A, C' are analytic at o, with A(o) # 0.
Then, as N — oo,

> an= % N°log” N [14¢(N)], €(N)—0.

n<N

5.6 Sketch of proof for Theorem 5.

We apply Theorem 6 with o = 1 to the cumulative func-
tions defined in (11). We then study the series ¢(s)%, ¢’(s),
T(s,ks), T(s,ks). All is known about the first two, and this
entails a easy application of Theorem 6 in case D.



We focus now on case L, where we use precise results on
the operator G, when it acts on a convenient Banach space
B (not described here). First, the function (s = G.[1](0)
has a pole of order 1 at s = 1, and near s = 1, one has
Es ~ C/(s — 1), where C belongs to B. Then, near s =1,

22V T (s, ks) ~ 1/(s = (I = Grynys) 1 [C)(0),
for any k, (6(¢, ) is the Kronecker symbol).

Now, the following is known: for Rt > 2, the operator
G+ has a spectral radius strictly less than 1, and the quasi-
inverse (I — G)~! is analytic there. On the line Rt = 2, the
quasi-inverse (I — G¢)™' is analytic except at t = 2 where
it admits a simple pole with a residue which involves the
entropy. As T(s,ks) (resp. T(s,ks)) contains one (resp.
two) occurrence(s) of the quasi-inverse, the following holds:
— for k > 2, the series T'(s, ks) and T (s, ks) have a simple
pole at s =1,

— for k =1, the series T'(s, s) has a pole of order 2 at s = 1,
and the series f(s, s) has a pole of order 3 at s = 1.

Finally, the function Ly (s) satisfies the hypotheses of The-
orem 6, with o = 1; the exponent v equals £ for k£ > 2 and
¢+ 1 for k = 1. This concludes the “proof” in case L.

5.7 And now?

We can also study the number of useful phases, and re-
cover the classical result Py[Dy = 0] ~ 1/{(k). If we wish
to obtain remainder terms in Theorem 5, and an analog of
distributional results obtained in Theorem 2, we need the
analog of Proposition 3. For this purpose, we have to deal
with the Perron Formula, as for previous distributional anal-
yses performed in integer case.

The Perron Formula provides remainder terms as soon as
the Dirichlet series of interest possess a “tameness” region on
the left of the vertical line s = 1, where s = 1 is their only
pole and they are of polynomial growth for |Ss| — oo. Clas-
sical results [17] entail such tameness properties for the zeta
function and its derivatives, and results due to Dolgopyat-
Baladi-Vallée [7, 1] prove that they also hold for the transfer
operator Gas. Then, it would be possible to obtain the ana-
log of Theorem 2 where n,m are replaced by log N, log M
and the ratios py, rr which respectively appear in Assertions
(a) and Assertions (b) of Theorem 2 are replaced by

D :=A((k+1)/2) (case L), 7% :=exp(1—k) (case D).
Here, A(s) is the dominant eigenvalue of the operator Gas
(when acting on the functional space B), which plays a cen-
tral role in many analyses of Euclidean type. It satisfies
A(s) =1, and, for k = 3, we recover the constant A(2) which
plays a central role in Euclidean dynamics, notably in the
analysis of the Gauss lattice reduction algorithm [4, 9].

5.8 Some experiments

probabilcy dersty

o
wo oo a0 20 o0 5w 13 5 w0 10 20 20 w0 0

The figure shows the experimental densities of Ly for £ = 2
(left) and ¢ = 4 (right) and clearly exhibits the uniform limit
law (left) and the beta limit law (right). These experiments

are obtained with 5-10° executions on random integer inputs
(x1,...,x¢) whose (total) length satisfies log,, N = 10%.
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7. APPENDIX
7.1 Proof of Proposition 3

The residue theorem entails

(2" fm(2) = —Res (J;gﬁkz _ 1) L )y,

i 1
2im Jo, 2"F

where C, is the circle with radius » > 1 with r close enough
to 1. Then, with hypotheses on A, the following upper
bound holds when m is of the form m = cn,

i fm(z)dz‘ < (A(r)c>" 1 .
2im Jo, 2ntt r r(r—1)*¢
The function r — (1/r)A(r)° equals a® at » = 1 and the
conditions on ¢, a = A(1) and b = A’(1) prove that it is
strictly decreasing when r is close to 1. Hence, for r > 1
close enough to 1, we let p = A(r)°/r = 6a® with 8 < 1 and

1 fm(2) o | meygn
gir Jo, zntt dz‘ =a"0(0").

Furthermore, the residue at z = 1 equals

Zntl £—1)! |dzt=1 2zt

The successive derivatives of 1/z""*

£t e o 3]

There are two cases for the derivatives of A(z)™.
Case m/n — ¢ with ¢ > 0. Then

{%A(z)m} = v -m!-a" [1 +0 (%)} ;

and, inserting these relations into the Leibnitz formula for
the derivative provides the estimate

satisfy

Res (J;’Zﬁ)z = 1) = —a" (6":1)! (1 ~ Ze)“ {1 +0 (%)} :

This concludes the proof of Assertion (b).
Case m = ¢(n) - n with €(n) — 0. Then

[%,A(z)m] = (Z) O(e(n)’)

and, inserting these relations into the Leibnitz formula for
the derivative provides the estimate

Res <J;'j;(f1),z - 1) ——am (;:1)! [1+ O(e(n))] [1 +0 <%>} .

7.2 Proof of Theorem 4

The variable L equals L= L1+ ...+ Ly ifIT > 1 and
equals 0 if Il = 0. Then

L=0 1o+ L 1>y =L 1>y

When II > 1, the variable L is defined as

£—1

I
L= ZLk = ZLk 1<,
k=1

k=1

so that L - 1>y = L and then finally L = L. We then
study the variables

In particular, the difference L — Zk satisfies
Lk — Zk - Lk . 1[k>l'[]7

and the relations [k > II] = [Dy, = 0] C [Lx = 1], entail the
equality L - 1jg>1m) = 1je>m, and, finally

En L] —En[Li] = En[lpom] = Polk > 1] = 1 — P, [k < T1).
Then Theorem 3 applies and we obtain for k& > 2,

~ qg—1 q 1
En[Ly] = 4 io0(2),
Td= 2L+ L+ (n)

and for k =1,

L
n

En[L1] = En[L1] + O ( ) .

We conclude with the linearity of the mean.

We now prove the beta limit law. We split the random
variable L into two random variables:

— the main random variable L, which admits a beta limit
law (Theorem 2),

— the remainder random variable R = L — L; which is
“negligible” w.r.t Li; more precisely, Theorem 1 entails the
estimate E,[|R|] = o(E,[L1]).

The next proposition shows that, in this situation, the
sum L = L; + R asymptotically follows the same beta law
as Li. This provides an extension of the result obtained
in [15] for gaussian laws.

PROPOSITION 6. Consider two random wvariables X and
Y defined on Q. Assume that there exist

(7) a function f :[0,a] — [0,1], strictly increasing, Lips-
chitz, with f(0) =0 and f(a) =1,

(it) three sequences yn — 00, €, — 0, 1y — 0,
such that, one has, for all ¢ €]0,a], for all n,

PolX <c-ym]=fle)+en  Enf]Y[]]=7n-yn.
Then the following holds, for all ¢ €]0,a[, for all n,:
P.[X+Y <c -] = f(c) + O (en ++Tn).

The random variable X +Y asymptotically follows the same
law as X.

Proor. Consider a sequence §,, which will be made pre-
cise later, and define the two events F and F as

E=[X4+Y <c-v], F =1Y] < 0n].
The hypotheses on Y and the Markov inequality lead to

P.[ENF] <P, [F] =0 (’“g”") . (12)

On the other side, the following inclusions hold,
X<cywm—-6GNFCENFC[X<c v+d] (13)

The rightmost inclusion in (13) and the Lipschitz condition
on f entail the upper bound

P.[ENF]| < f (c+ j—:) +O0(en) = f(c)+ O (en+5—”>.

n



The leftmost inclusion in (13), together with (12) and the
Lipschitz condition entail the lower bound

P [ENF] > f(c)+ O <en + ’“g”" + j—") . (15)

With relations (12), (14) and (15), we obtain
n/n 57L
P,[E] = f(c) + O (en 4 I 7) :
dn Tn
Then the optimal choice §,, = yn+/7n concludes the proof. [

To derive the proof of Theorem 4, the previous proposition
was applied with

6n29(1>’ r”:9<l)’ tn=n, a=1"1
n n 2q

and





